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Algorithmic aspects of branched coverings III/V.

Erasing maps, orbispaces, and the Birman exact sequence

Laurent Bartholdi and Dzmitry Dudko1

Abstract. Let Qf W .S2; zA/ be a Thurston map and let M. Qf / be its mapping class biset:

isotopy classes rel zA of maps obtained by pre- and post-composing Qf by the mapping

class group of .S2; zA/. Let A � zA be an Qf -invariant subset, and let f W .S2; A/ be the

induced map. We give an analogue of the Birman short exact sequence: just as the mapping

class group Mod.S2; zA/ is an iterated extension of Mod.S2; A/ by fundamental groups of

punctured spheres, M. Qf / is an iterated extension of M.f / by the dynamical biset of f .

Thurston equivalence of Thurston maps classically reduces to a conjugacy problem in

mapping class bisets. Our short exact sequence of mapping class bisets allows us to reduce

in polynomial time the conjugacy problem inM. Qf / to that inM.f /. In case Qf is geometric

(either expanding or doubly covered by a hyperbolic torus endomorphism) we show that

the dynamical biset B.f / together with a “portrait of bisets” induced by zA is a complete

conjugacy invariant of Qf .

Along the way, we give a complete description of bisets of .2; 2; 2; 2/-maps as a crossed

product of bisets of torus endomorphisms by the cyclic group of order 2, and we show that

non-cyclic orbisphere bisets have no automorphism.

We finally give explicit, efficient algorithms that solve the conjugacy and centralizer

problems for bisets of expanding or torus maps.

Mathematics Subject Classification (2020). Primary: 57M12; Secondary: 20F36, 37E30,

37F20, 20H15.

Keywords. Thurston maps, mapping class group, mapping class biset, erasing punctures,

Birman exact sequence.

Contents

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

2 Forgetful maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

3 G-spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

4 Geometric maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

5 Algorithmic questions . . . . . . . . . . . . . . . . . . . . . . . . . . 54

6 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

1 Both authors were partially supported by ANR grant ANR-14-ACHN-0018-01, DFG grant
BA4197/6-1 and ERC grant “HOLOGRAM”.



2 L. Bartholdi and D. Dudko

1. Introduction

A Thurston map is a branched covering f WS2 of the sphere whose post-critical

set Pf WD
S
n�1 f

n.critical points of f / is finite.

Extending [21], we developed in [2, 3, 4, 5] an algebraic machinery that

parallels the topological theory of Thurston maps: one considers the orbisphere

.S2; Pf ; ordf /, with ordf WPf ! ¹2; 3; : : : ;1º defined by local orders

ordf .p/ D l: c:m:¹degq.f
n/ j n � 0; q 2 f �n.p/º;

and the orbisphere fundamental groupG D �1.S2; Pf ; ord; �/, which has for each

point p 2 Pf a generator (a “lollipop”: a small loop around p, connected to the

basepoint) of order ordf .p/, and one additional relation. Then f is encoded in the

structure of a G-G-biset B.f /: a set with commuting left and right actions of G.

By [5, Theorem 8.9] (see also Corollary 3.7), the isomorphism class of B.f / is a

complete invariant of f up to isotopy.

There is a missing element to this description, that of “extra marked points.”

In the process of a decomposition of spheres into smaller pieces, one is led to

consider Thurston maps with extra marked points, such as periodic cycles or

preimages of post-critical points. They can be added to Pf , but they have order

1 under ordf so are invisible in �1.S
2; Pf ; ordf /. The orbisphere orders can be

made artificially larger, but then other properties, such as the characterization of

expanding maps as those having a “contracting” biset (see [4, Theorem A]) are

lost.

We resolve this issue, in this article, by introducing portraits of bisets and

exhibiting their algorithmic properties. As an outcome, the conjugacy and cen-

tralizer problems for Thurston maps with extra marked points reduces to that of

the underlying map with only Pf marked.

This allows us, in particular, to understand algorithmically maps doubly cov-

ered by torus endomorphisms.

1.1. Maps and bisets. The natural setting is an orbisphere .S2; zA; ford/ and

a sub-orbisphere .S2; A; ord/; namely one has A � zA and ord.a/ j ford.a/

for all a 2 A. There is a corresponding morphism of fundamental groups

�1.S
2; zA; ford; �/ DW zG � G WD �1.S

2; A; ord; �/, called a forgetful morphism.

We considered in [5, §8] the inessential case in which ord.a/>1 () ford.a/>1,

so that only the type of singularities are changed by the forgetful functor. Here we

are more interested in the essential case, in which A ¤ zA.

In this introduction, we restrict ourselves to self-maps of orbispheres; the

general non-dynamical case is covered in §2. An orbisphere self-map

f W .S2; A; ord/

is a branched covering f WS2 with ord.p/ degp.f / j ord.f .p// for all p 2 S2.
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Given a map f W .S2; A/ , there may exist different orbisphere structures on

.S2; A/ turning f into an orbisphere self-map; in particular, the maximal one,

in which ord.a/ D 1 for every a 2 A, and the minimal one ordf , in which

ord.a/ D l: c:m:¹degq.f
n/ j n � 0; q 2 f �n.a/º. The self-map f is encoded by

the biset

B.f / WD ¹ˇW Œ0; 1� �! S2 n A j ˇ.0/ D � D f .ˇ.1//º=�A;ord; (1)

where �A;ord denotes homotopy rel .A; ord/, and the commuting left and right

�1.S
2; A; ord; �/-actions are given respectively by concatenation of paths or their

appropriate f -lift.

Bisets form a convenient category with products, detailed in [3]. A self-con-

jugacy of a G-G-biset B is a pair of maps .�WG ; ˇWB / with ˇ.hbg/ D
�.h/ˇ.b/�.g/; and an automorphism of B is a self-conjugacy with � D 1. Cyclic

bisets (that of maps z 7! zd W .yC; ¹0;1º/ ) have a special status; for the others,

Proposition A (= Corollary 4.30). If GBG is a non-cyclic orbisphere biset then

Aut.B/ D 1.

Consider zA D A t ¹dº, obtained by adding a point to the orbisphere

.S2; A; ord/, resulting in an orbisphere .S2; zA; ford/. Let us denote by Mod.S2; A/

the pure mapping class group of S2 nA; these are homeomorphisms of S2 fixing

A pointwise, considered up to isotopy. Note that the relation of isotopy �A does

not make use of the orbisphere structure. There is a short exact sequence, called

the Birman exact sequence,

1 �! �1.S
2 n A; d/ �!Mod.S2; zA/ �!Mod.S2; A/ �! 1: (2)

Let f W .S2; A; ord/ be an orbisphere map, and recall that its mapping class biset

is the set

M.f / WD ¹m0f m00 j m0; m00 2Mod.S2; A/º=�A;
with natural left and right actions of Mod.S2; A/. Assume first that the extra point

d is fixed by f , and write Qf W .S2; zA; ford/ for the map f acting on .S2; zA; ford/.

There is then a natural mapM. Qf /!M.f /, and we will see that it is an extension

of bisets (see Definition 2.10):

Theorem B (= Corollary 2.23). Subordinate to the exact sequence of groups (2),

there is a short exact sequence of bisets

�1.S2nA;d/

� G

f 02M.f /
B.f 0/

�
�1.S2nA;d/

,�!M. Qf / ��M.f /;

where B.f 0/ denotes the biset of f 0W .S2; A/ rel the base point d .
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Let us call a class m 2 Mod.S2; zA/ knitting if the image of m is trivial

in Mod.S2; A t ¹aº/ for every a 2 zA n A. Our statement covers the case of
zA D A t ¹periodic pointsº, up to knitting elements: for a cycle of length `, the

fibres in the short exact sequence are of the form B.f /` with left- and right-action

twisted along an `-cycle. This case is at the heart of our reduction of the conjugacy

problem fromM. Qf / to M.f /. Approximately the same picture applies if D con-

tains preimages of points in A, but there are subtle complications which are taken

care of in §2, see Theorem 2.13. In essence, the presence of preperiodic points

imposes a finite index condition on centralizers, and splits conjugacy classes into

finitely many pieces, see the remark after Lemma 4.24.

1.2. Portraits of bisets. Portraits of bisets emerge from a simple remark: fixed

points of f naturally yield conjugacy classes in B.f /. Indeed if f .p/ D p then

choose a path `W Œ0; 1�! S2nA from � to p, and consider cp WD `#`�1"p
f
2 B.f /,

the concatenation of ` with the reverse of its lift starting at p. It is well defined up

to conjugation by G, namely a different choice of ` would yield g�1cpg for some

g 2 G. Conversely, if f expands a metric, then every conjugacy class in B.f /

corresponds to a unique repelling f -fixed point.

A portrait of bisets in B.f /, see Definition 2.15, consists of a map f�W zA
extending f �A; a collection of peripheral subgroups .Ga/a2 zA of G: they are

such that every Ga is cyclic and generated by a “lollipop” around a; and a

collection of cyclicGa-Gf�.a/-bisets .Ba/a2 zA. Two portraits of bisets .Ga; Ba/a2 zA
and .G0

a; B
0
a/a2 zA parameterized by the same f�W zA are conjugate if there exist

.`a/a2 zA in G
zA such that Ga D `�1

a G0
a`a and Ba D `�1

a B 0
a f̀�.a/. The .`a/a2 zA

itself is called a conjugator, and the set of self-conjugators of a portrait is called

its centralizer. We will show in Lemma 2.17 that every conjugacy class contains

a unique representative with specified Ga.

In case A D zA, every biset admits a unique minimal portrait up to conjugacy,

which may be understood geometrically as follows. Consider a branched covering

f W .S2; A/ . For every a 2 A choose a small disk neighbourhood Da of it;

up to isotopy we may assume that f WDa n ¹aº ! Df .a/ n ¹f .a/º is a covering.

A choice of embeddings �1.Da n ¹aº/ ,! �1.S
2; A/ yields a family .Ga/a2A

of peripheral subgroups; and the corresponding embeddings B.f WDa n ¹aº !
Df .a/ n¹f .a/º/ ,! B.f / yields a minimal portrait of bisets .Ga; Ba/a2A in B.f /.

In case zA D A t ¹e1; : : : ; enº with .e1; : : : ; en/ a periodic cycle, the bisets

Bei
consist of single points, and almost coincide with Ishii and Smillie’s notion

of homotopy pseudo-orbits, see [16] and §4.2: imagine that .e1; : : : ; en/ � S2 is

almost a periodic cycle, in that f .ei / is so close to eiC1 that there is a well-defined

“shortest” path `i from the f .ei / to eiC1, indices being read modulo n. Choose

for each i a path mi from � to ei . Set then Bi WD ¹mi # .`iC1 # m�1
iC1/"

ei

f
º, the

portrait of bisets encoding .e1; : : : ; en/.
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Portraits of bisets may be defined algebraically in an orbisphere biset B ,

without reference to a map f . From the biset B , it is easy to compute the local

dynamics f�WA and local degree degWA ! N on its peripheral classes, and

not much harder to reconstruct a map f with B Š B.f /, see [5, Theorem 8.9].

Theorem B is proven via portraits of bisets. There is a natural forgetful intertwiner

of bisets

zG
zB zG WD B. Qf W .S

2; zA; ford/ / �! B.f W .S2; A; ord/ / DW GBG (3)

given by b 7! 1 ˝ b ˝ 1 where B Š G ˝ zG
zB ˝ zG G. Every portrait in zB, for

example its minimal one, induces a portrait in B via the forgetful map. We prove:

Theorem C (� Theorem 2.19). Let GBG be an orbisphere biset with local dy-

namics f�WA and degWA! N, and let zG� G and f�W zA and degW zA! N

be compatible extensions.

There is then a bijection between, on the one hand, conjugacy classes of

portraits of bisets .Ga; Ba/a2 zA inB parameterized by f� and deg and, on the other

hand, zG- zG-bisets zB projecting to B under zG� G considered up to composition

with the biset of a knitting element (see the remark after Theorem B). This bijection

maps a minimal portrait of bisets of zB to .Ga; Ba/a2 zA.

1.3. Geometric maps. A homeomorphism f W .S2; A/ is geometric if f is ei-

ther of finite order (f n D 1 for some n > 0) or pseudo-Anosov (there are two

transverse measured foliations preserved by f such that one foliation is expanded

by f while another is contracted). In both cases, f preserves a geometric struc-

ture on S2, and by a theorem of Thurston [28] every surface homeomorphism

decomposes, up to isotopy, into geometric pieces.

Consider now a non-invertible sphere map f W .S2; A/ , and let A1 � A

denote the forward orbit of the periodic critical points of f . The map f is Böttcher

expanding if there exists a metric on S2 nA1 that is expanded by f , and such that

f is locally conjugate to z 7! zdega.f / at every a 2 A1. The map f is geometric

if f is either

¹Expº Böttcher expanding; or

¹GTor/2º a quotient of a torus endomorphism z 7! Mz C qWR2=Z2 by the

involution z 7! �z, for a 2�2matrixM whose eigenvalues are different

from ˙1.
The two cases are not mutually exclusive. A map f 2 ¹GTor/2º is expanding

if and only if the absolute values of the eigenvalues ofM are greater than 1. Note

also that if f is non-invertible and covered by a torus endomorphism then either

f 2 ¹Expº or the minimal orbisphere of f satisfies #Pf D 4 and ordf � 2.
In that last case, we show that GBG is a crossed product of an Abelian biset

with an order-2 group. Let us fix a .2; 2; 2; 2/-orbisphere .S2; A; ord/ and let
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us set G WD �1.S
2; A; ord/ Š Z2 Ì ¹˙1º. We identify A with the set of all

order-2 conjugacy classes of G. By Euler characteristic, every branched covering

f W .S2; A; ord/ is a self-covering. Therefore, the biset of f is right principal.

We denote by MatC
2 .Z/ the set of 2� 2 integer matrices M with det.M/ > 0.

For a matrix M 2 MatC
2 .Z/ and a vector v 2 Z2 there is an injective endomor-

phism M vWZ2 Ì ¹˙1º given by the following “crossed product” structure:

M v.n; 1/ D .Mn; 1/ and M v.n;�1/ D .MnC v;�1/: (4)

Note that M v induces a map .M v/�WA on the four order-2 conjugacy classes

in G. Recall that with a group H and an endomorphism �WH are associated a

bisetB� , which isH set with actions h �b �h0 WD �.h/bh0. We then have a “crossed

product” decomposition BMv D BM Ì ¹˙1º of the biset of M v .

Proposition D (= Propositions 4.5 and 4.6). The biset of M v from (4) is an

orbisphere biset, and conversely every .2; 2; 2; 2/-orbisphere bisetB is of the form

B D BMv for some M 2MatC
2 .Z/ and some v 2 Z2. Two bisets BMv and BNw

are isomorphic if and only ifM D ˙N and v � w .mod 2Z2/. The biset BMv is

geometric if and only if both eigenvalues of M are different from ˙1.

A distinguished property of a geometric map is rigidity: two geometric maps

are Thurston equivalent (namely, conjugate up to isotopy) if and only if they are

topologically conjugate.

An orbisphere biset GBG is geometric if it is the biset of a geometric map, and

¹GTor/2º and ¹Expº bisets are defined similarly. If B is a geometric biset, then

by rigidity there is a geometric map fB W .S2; A; ord/ , unique up to conjugacy,

with B.fB/ Š B .

If GBG is geometric and zG zB zG ! GBG is a forgetful intertwiner as in (3), then

elements of zA nA (which a priori do not belong to any sphere) can be interpreted

dynamically as extra marked points on S2 n A. More precisely, if zB is itself

geometric, and B is the biset of the geometric map f W .S2; A/ , then there is

an embedding of zA in S2 as an f -invariant set, unique unless G is cyclic, in such

a manner that zB is isomorphic to B.f W .S2; zA/ /.

Since furthermore geometric maps have only finitely many periodic points of

given period, we obtain a good understanding of conjugacy and centralizers of

geometric bisets:

Theorem E (= Theorem 4.41). Let zG ! G be a forgetful morphism of groups

and let zG
zB zG ! GBG and zG

zB 0
zG ! GB

0
G be two forgetful biset morphisms

as in (3). Suppose furthermore that zB is geometric of degree > 1. Denote by

.Ga; Ba/a2 zA and .G0
a; B

0
a/a2 zA the portraits of bisets induced by zB and zB 0

in B

and B 0 respectively.

zB; zB 0
are conjugate under Mod. zG/ if and only if there exists � 2Mod.G/ such

that B� Š B 0 and the portraits .G
�
a ; B

�
a /a2 zA and .G0

a; B
0
a/a2 zA are conjugate.
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Furthermore, the centralizer of the portrait .Ga; Ba/a2 zA is trivial, and the

centralizer Z. zB/ of zB is isomorphic, via the forgetful map Mod. zG/!Mod.G/,

to ®
� 2 Z.B/

ˇ̌
.G�a ; B

�
a /a2 zA � .Ga; Ba/a2 zA

¯

and is a finite-index subgroup of Z.B/.

Let us call an orbisphere map f W .S2; A; ord/ weakly geometric if its mini-

mal quotient on .S2; Pf ; ordf / is geometric; an orbisphere biset B is weakly geo-

metric if its minimal quotient orbisphere biset is geometric. In Theorem 4.35 we

characterize weakly geometric maps as those decomposing as a tuning by home-

omorphisms: starting from a geometric map, some points are blown up to disks

which are mapped to each other by homeomorphisms.

1.4. Algorithms. An essential virtue of the portraits of bisets introduced above

is that they are readily usable in algorithms. Previous articles in the series already

highlighted the algorithmic aspects of bisets; let us recall below some salient

points.

From the definition of orbisphere bisets in [5, Definition 2.6], it is clearly

decidable whether a given biset HBG is an orbisphere biset; the groups G and

H may be algorithmically identified with orbisphere groups �1.S
2; A; ord; �/ and

�1.S
2; C; ord; �/ respectively, and the induced map f�WC ! A is computable. In

particular, if GBG is aG-G-biset, then the dynamical map f�WA is computable,

the minimal orbisphere quotient xG WD �1.S2; Pf ; ordf ; �/ is computable, and the

induced xG- xG-biset xB is computable. It is also easy (see [4, §5]) to determine from

an orbisphere biset whether it is ¹GTor/2º (and then to determine an affine map

Mz C q covering it) or ¹Expº.
We shall show that recognizing conjugacy of portraits is decidable, and give

efficient (see below) algorithms realizing it, as follows:

Algorithm 1.1 (= Algorithms 5.6 and 5.10).

Given a minimal geometric orbisphere biset GBG , an extension f�W zA ! zA of

the dynamics of B on its peripheral classes, and two portraits of bisets

.Ga; Ba/a2 zA and .G0
a; B

0
a/a2 zA with dynamics f�,

decide whether .Ga; Ba/a2 zA and .G0
a; B

0
a/a2 zA are conjugate, and Compute the

centralizer of .Ga; Ba/a2 zA, which is a finite group.

Algorithm 1.2 (= Algorithms 5.7 and 5.11).

Given a minimal geometric orbisphere biset GBG and an extension

f�W zA! zA of the dynamics of B on its peripheral classes,

produce a list of representatives of all conjugacy classes of portraits of bisets

.Ga; Ba/a2 zA in B with dynamics f�.
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Thurston equivalence to a map f W .S2; A/ reduces to the conjugacy problem

in the mapping class biset M.f /. Let X be a basis of M.f / and let N be a finite

generating set of Mod.S2; A/; so M.f / D
S
n�0N

nX . We call an algorithm

with input in M.f / �M.f / efficient if for f; g 2 N nX the running time of the

algorithm is bounded by a polynomial in n.

We deduce that conjugacy and centralizer problems are decidable for geomet-

ric maps, as long as they are decidable on their minimal orbisphere quotients:

Corollary F (= Algorithm 5.12). There is an efficient algorithm with oracle that,

given two orbisphere maps f; g by their bisets and such that f is geometric,

decides whether f; g are conjugate, and computes the centralizer of f .

The oracle must answer, given two geometric orbisphere maps f; g on their

minimal orbisphere .S2; Pf ; ordf / respectively .S2; Pg ; ordg/, whether they are

conjugate and what the centralizer of f is.

Algorithms for the oracle itself will be described in details in the last article

of the series [6]. Furthermore, we have the following oracle-free result, proven

in §5.3:

Corollary G. There is an efficient algorithm that decides whether a rational map

is equivalent to a given twist of itself, when only extra marked points are twisted.

1.5. Historical remarks: Thurston equivalence and its complexity. The con-

jugacy problem is known to be solvable in mapping class groups [14]. The state

of the art is based on the Nielsen–Thurston classification: decompose maps along

their canonical multicurve; then a complete conjugacy invariant of the map is

given by the combinatorics of the decomposition, the conjugacy classes of return

maps, and rotation parameters along the multicurve. For general surfaces, the cost

of computing the decomposition is at most exponential time in n, see [17, 27], and

so is the cost of comparing the pseudo-Anosov return maps [20]. Margalit, Yurt-

tas, Strenner recently announced polynomial-time algorithms for all the above. At

all rates, for punctured spheres the cost of computing the decomposition is poly-

nomial [9].

Kevin Pilgrim developed, in [23], a theory of decompositions of Thurston

maps extending the Nielsen–Thurston decomposition of homeomorphisms. This

theory brings a deep understanding of Thurston equivalence of maps, without any

claims on complexity.

In [7], a general strategy is developed, along with computations of the mapping

class biset for the three degree-2 polynomials with three finite post-critical points

and period respectively 1; 2; 3. The Douady–Hubbard “twisted rabbit problem” is

solved in this manner (it asks to determine for n 2 Z the conjugacy class of r ı tn
with r.z/ � z2 � 0:12256C 0:74486i the “rabbit” polynomial and t .z/ the Dehn

twist about the rabbit’s ears). Russell Lodge computed in [19] the solution to an
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array of other “twisted rabbit” problems, by finding explicitly the mapping class

biset structure.

If M.f / is a contracting biset, then its conjugacy problem may be solved in

quasi-linear time. In terms of a twist parameter such as the n above, the solution

has O.log n/ complexity. However, this bound is not uniform, in that it requires

e.g. the computation of the nucleus of M.f /, which cannot a priori be bounded.

Nekrashevych showed in [22, Theorem 7.2] that the mapping class biset of a

hyperbolic polynomial is contracting. Conversely, ifM.f / contains an obstructed

map then it is not contracting.

In the case of polynomials, however, even more is possible: bisets of poly-

nomials admit a particularly nice form by placing the basepoint close to infinity

(this description goes hand-in-hand with Poirier’s “supporting rays” [24]). As a

consequence, the “spider algorithm” of Hubbard and Schleicher [15] can be im-

plemented directly at the level of bisets and yields an efficient algorithm, also in

practice since it does not require the computation of M.f /’s nucleus. This al-

gorithm was implemented in the GAP package Img [1] available from the GAP

website, and will be described in [6].

Selinger and Yampolsky showed in [26] that the canonical decomposition is

computable. In this manner, they solve the conjugacy problem for maps whose

canonical decomposition has only rational maps with hyperbolic orbifold: a com-

plete conjugacy invariant of the map is given by the combinatorics of the decom-

position, the conjugacy classes of its return maps, and rotation parameters along

the canonical obstruction.

We showed in [5] that the conjugacy problem is decidable in general: a com-

plete conjugacy invariant of a Thurston map is given by the combinatorics of the

decomposition, together with conjugacy classes of return maps, rotation parame-

ters along the canonical obstruction, together with the induced action of the cen-

tralizer groups of return maps.

We finally mention a different path towards understanding Thurston maps, in

the case of maps with four post-critical points: the “nearly Euclidean Thurston

maps” from [10]. There, the restriction on the size of the post-critical set implies

that the maps may be efficiently encoded via linear algebra; and as a consequence,

conjugacy of NET maps is efficiently decidable. We are not aware of any direct

connections between their work and ours.

1.6. Notations. Throughout the text, some letters keep the same meaning and are

not always repeated in statements. The symbols A;C;D;E denote finite subsets

of the topological sphereS2. There is a sphere map Qf W .S2; CtE/! .S2; AtD/,
which restricts to a sphere map f W .S2; C /! .S2; A/. Implicit in the definition,

we have f .C /[¹critical values of f º � A. We write zC D C tE and zA D AtD.

If there are, furthermore, orbisphere structures on the involved spheres, we denote

them by .S2; A; ord/ etc., with the same symbol “ord”. We also abbreviate

X WD .S2; A; ord/ and Y WD .S2; C; ord/.
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For sphere maps f0; f1W .S2; C /! .S2; A/, we mean by f0 �C f1 that f0 and

f1 are isotopic, namely there is a path .ft /t2Œ0;1� of sphere maps ft W .S2; C / !
.S2; A/ connecting them. Note that ft does not move the critical values.

For  a path and f a (branched) covering, we denote by "xf the unique f -lift

of  that starts at the preimage x of .0/.

We denote by f �Z the restriction of a function f to a subset Z of its domain.

Finally, for a set Z we denote by Z#: the group of all permutations of Z.

2. Forgetful maps

We recall a minimal amount of information from [5]: a marked orbisphere is

.S2; A; ord/ for a finite subset A � S2 and a map ordWA ! ¹2; 3; : : : ;1º,
extended to S2 by ord.S2 n A/ � 1. For a choice of basepoint � 2 S2 n A,

its orbispace fundamental group is generated by “lollipop” loops .a/a2A based

at � that each encircle once counterclockwise a single point of A, and with

A D ¹a1; : : : ; anº has presentation

G D �1.S2; A; ord; �/ D ha1
; : : : ; an

j ord.a1/
a1

; : : : ; ord.an/
an

; a1
� � � an

i: (5)

Abstractly, i.e. without reference to a sphere, an orbisphere group is a group G as

in (5) together with the conjugacy classes �1; : : : ; �n of a1
; : : : ; an

respectively.

An orbisphere map f W .S2; C; ordC / ! .S2; A; ordA/ between orbispheres is

an orientation-preserving branched covering between the underlying spheres, with

f .C / [ ¹critical values of f º � A, and with ordC .p/ degp.f / j ordA.f .p// for

all p 2 S2.
To avoid special cases, we make, throughout this article except in §6.3, the

assumption

#A � 3 and #C � 3: (6)

For #A D 2, many things go wrong: one must require ord to be constant; the

fundamental group has a non-trivial centre; and the degree-d self-covering of

.S2; A; ord/ has an extra symmetry of order d � 1. All our statements can be

modified to take into account this special case, see §6.3.

Fix basepoints� 2 S2nA and � 2 S2nC . The orbisphere biset of an orbisphere

map

f W .S2; C; ordC / �! .S2; A; ordA/

is the �1.S
2; C; ordC ; �/-�1.S

2; A; ordA; �/-biset

B.f / D ¹ˇW Œ0; 1�! S2 n C j ˇ.0/ D �; f .ˇ.1// D �º =�C;ordC
;

with “�C;ord” denoting homotopy in the orbispace .S2; C; ord/. An orbisphere

biset HBG can also be defined purely algebraically, see [5, §8 and Defini-

tion 2.6]. By [5, Theorem 8.9], there is an orbisphere map f W .S2; C; ordC / !
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.S2; A; ordA/, unique up to isotopy, such that B is isomorphic to B.f /. We de-

note by B�WC ! A the induced map on the peripheral conjugacy classes of H

and G – they are identified with the associated punctures.

Let .S2; A; ord/ and .S2; AtD; ford/ be orbispheres, and suppose that ord.a/ j
ford.a/ for all a 2 A. We then have a natural forgetful homomorphism

FDW�1.S2; A tD; ford; �/ �! �1.S
2; A; ord; �/

given by a 7! a for a 2 A and d 7! 1 for d 2 D. We write the forgetful map

.S2; AtD; ford/Ü .S2; A; ord/ with a dashed arrow, because even though FD is

a genuine group homomorphism, the corresponding map between orbispheres is

only densely defined. Note, however, that its inverse is a genuine orbisphere map.

Consider forgetful maps

.S2; C tE; ford/Ü .S2; C; ord/

and

.S2; A tD; ford/Ü .S2; A; ord/I
in the sequel we shall keep the notations

X WD .S2; A; ord/; Y WD .S2; C; ord/; zA WD A tD; zC WD C tE:

Let Qf W .S2; zC; ford/! .S2; zA; ford/ be an orbispace map, with such that Qf restricts

to an orbisphere map f W .S2; C; ord/! .S2; A; ord/. We thus have

.S2; zC; ford/ .S2; zA; ford/

X D .S2; C; ord/ .S2; A; ord/ D Y

 !
Qf

 ! FE  ! FD

 !f
(7)

(In particular, Qf .C / � A and A contains all critical values of Qf .) We are

concerned, in this section, with the relationship betweenB. Qf / andB.f /; we shall

show that B. Qf / may be encoded by B.f / and a portrait of bisets, and that this

encoding is unique up to a certain equivalence. The algebraic counterpart of (7)

is

zH WD �1.S2; zC; ford; �/# B. Qf /" �1.S
2; zA; ford; �/ DW zG

H WD �1.S2; C; ord; �/# B.f /" �1.S
2; A; ord; �/ DW G

 ! FE  ! FE;D

 ! FD
(8)

where we denote by

FE;DWB. Qf / �! B.f / Š H ˝ zH B. Qf /˝ zG G (9)

the natural map given by b 7! 1˝ b ˝ 1.
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2.1. Braid groups and knitting equivalence. We recall that Mod.S2; A/ and

Mod.X/ are by definition the same groups, and coincide with the groups of outer

automorphisms of both �1.S
2; A/ and �1.X/ that preserve peripheral conjugacy

classes, see [5, Theorem 8.3]. We shall define a subgroup Mod.X jD/ interme-

diate between Mod.X/ Š Mod.S2; A/ and Mod.S2; zA/ which will be useful to

relate B. Qf / and B.f /.

Definition 2.1 (pure braid group). Let D be a finite set on a finitely punctured

sphere S2 n A. The pure braid group Braid.S2 n A;D/ is the set of continuous

motions mW Œ0; 1� �D ! S2 n A considered up to isotopy so that

� m.t;�/WD ,! S2 n A is an inclusion for every t 2 Œ0; 1�;
� m.0;�/ D m.1;�/ D 1�D .

The product in Braid.S2 n A;D/ is concatenation of motions, and the inverse is

time reversal.

Note that in the special caseD D ¹�º we have

Braid.S2 n A; ¹�º/ D �1.S2 n A; �/:

Theorem 2.2 (Birman [8]). For every m 2 Braid.S2 n A;D/ there is a unique

mapping class push.m/ 2 ker.Mod.S2; A t D/ ! Mod.S2; A// such that

push.m/ is isotopic rel A to the identity via an isotopy moving D along m�1.
The map

pushWBraid.S2 n A;D/ �! ker.Mod.S2; A tD/ �!Mod.S2; A// (10)

is an isomorphism (it would be merely an epimorphism if #A � 2).

From now on we identify Braid.S2 n A;D/ with its image under (10).

Definition 2.3 (knitting group). Let X D .S2; A; ord/ be an orbisphere and letD

be a finite subset of S2 nA. The knitting braid group knBraid.X;D/ is the kernel

of the forgetful morphism

EDWBraid.S2 n A;D/ �!
Y

d2D
�1.X; d/I

it is the set of D-strand braids in S2 n A all of whose strands are homotopically

trivial in X .

In case X D .S2; A/, knitting elements are the “.#D � 1/-decomposable

braids” from [18]. The terminology states that the strands of the braid may be

knitted among themselves, while each strand is individually trivial in X .
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Lemma 2.4. knBraid.X;D/ is a normal subgroup of Mod.S2; A tD/.

Proof. We show that for everym 2 knBraid.X;D/ and h 2Mod.S2; AtD/ we

have h�1mh 2 knBraid.X;D/. Indeed, h restricts to an orbisphere map hWX
fixing D pointwise. Thus, m.d;�/ is a trivial loop in �1.X; d/ if and only if

h.m.d;�// is a trivial loop in �1.X; d/ for every d 2 D. �

Define

Mod.X jD/ WDMod.S2; A tD/=knBraid.X;D/: (11)

With G D �1.X; �/, we write

Mod.GjD/ DMod.X jD/ and Mod.G/ DMod.X/:

We interpret elements of Mod.G/ as outer automorphisms of G, as mapping

classes and as biprincipal bisets. We also introduce the notation

�1.X;D/ WD
Y

d2D
�1.X; d/ Š GD:

Note the following four exact sequences:

knBraid.X; D/

Braid.S2 n A; D/

1.X; D/Mod. zG/ DMod.S2; A tD/

Mod.X jD/

Mod.G/ DMod.S2; A/

ED

FD

FD

push

(12)

Exactness follows by definition except surjectivity in the top sequence. Given a

sequence of loops .d /d2D 2 �1.X;D/, we may isotope them slightly to obtain

d .t / ¤ d 0.t / for all t 2 Œ0; 1� and all d ¤ d 0. Then b.d; t/ WD d .t / is a braid in

S2 n A and defines via “push” an element of Braid.S2 n A;D/ mapping to .d /.
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2.2. Qf -impure mapping class groups. As in (7), consider an orbisphere map
Qf W .S2; C t E; ford/ ! .S2; A t D; ford/ that projects to f W .S2; C; ord/ !
.S2; A; ord/. We will enlarge the groups in (12) to “ Qf -impure mapping class

groups” so that exact sequences analogous to (16) hold.

Let Mod�.S2; C t E/ be the group of homeomorphisms mW .S2; C t E/
considered up to isotopy rel C t E such that m �C is the identity and for every

e 2 E we have Qf .m.e// D Qf .e/; i.e., m may permute points in Qf �1
. Qf .e// \ E.

There is a natural forgetful morphism

FE WMod�.S2; C tE/ �!Mod.S2; C /:

As in Definition 2.1, the braid group Braid�.S2nC;E/ is the set of continuous

motions mW Œ0; 1� �E ! S2 n C considered up to isotopy so that

� m.t;�/WE ,! S2 n C is an inclusion for every t 2 Œ0; 1�;
� m.0;�/ D 1�E ;

� m.1; e/ 2 Qf �1
. Qf .e// for every e 2 E.

Every m 2 Braid�.S2 n C;E/ induces a permutation �mW e 7! m.1; e/ of E.

The pure braid group consists of those permutations with �m D 1. The product

in Braid�.S2 n C;E/ is m � m0 D m # .m0 ı .1 � �m//, with as usual “ # ”

standing for concatenation of motions. Birman’s theorem (a slight generalization

of Theorem 2.2) still holds: the group Braid�.S2 n C;E/ is isomorphic to the

kernel of Mod�.S2; C tE/!Mod.S2; C / via the push operator.

Let ��
1 .Y; E/ be the group of motions mW Œ0; 1� � E ! Y D .S2; C; ord/,

considered up to homotopy, such that

� m.0;�/ D 1�E ;

� m.1; e/ 2 Qf �1
. Qf .e// for every e 2 E;

here m;m0WE ,! Y are homotopic if m.�; e/ and m0.�; e/ are homotopic curves

(relative to their endpoints) in Y for all e 2 E. The product in ��
1 .Y; E/ is again

m �m0 D m # .m0 ı .1 � �m//. We have

��
1 .Y; E/ Š

Y

e2E
�1.Y; e/Ì

Y

d2 Qf .E/

. Qf �1
.d/ \ E/#: ; (13)

the isomorphism mapping m to its restrictions m.�; e/ and its permutation �m.

Lemma 2.5. The following sequence is exact:

knBraid.Y; E/ ,�! Braid�.S2 n C;E/ EE�� ��
1 .Y; E/; (14)

where EE is the natural forgetful morphism.
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Proof. Suppose than EE .m/ D EE .m
0/. Then m�1m0 is pure and so one has

m�1m0 2 knBraid.Y; E/. The converse is also obvious. �

The same argument as in Lemma 2.4 shows that knBraid.Y; E/ is a normal

subgroup of Mod�.S2; C tE/. We may thus define

Mod�.Y jE/ WDMod�.S2; C tE/=knBraid.Y; E/: (15)

As in (12) we have the following exact sequences

knBraid.Y; E/

Braid .S2 n C; E/

1 .Y; E/Mod .S2; C tE/

Mod .Y jE/

Mod.H/ DMod.S2; C /

EE

FE

FE

push

(16)

2.3. Branched coverings. Recall that, for orbisphere maps

f0; f1W .S2; C; ord/ �! .S2; A; ord/;

we write

f0 �C f1;
and call them isotopic, if there is a path .ft /t2Œ0;1� of orbisphere maps

ft W .S2; C; ord/ �! .S2; A; ord/:

Equivalently,

Lemma 2.6 ([5, §2.12]). f0 �C f1 if and only if hf0 D f1 for a homeomorphism

hW .S2; C / that is isotopic to the identity.

Proof. If there exists an isotopy .ht / witnessing 1 �C h, then ft WD htf0
witnesses f0 �C f1. Conversely, since all critical values of ft are frozen inA, the

set f �1
t .y/ moves homeomorphically for every y 2 S2 (equivalently, no critical

points collide). Therefore, we may factor ft D htf0, with ht .z/ the trajectory of

z 2 f �1
t .y/; this defines an isotopy from 1 to h WD h1. �
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Consider orbisphere maps Qf ; QgW .S2; C t E; ford/ ! .S2; A t D; ford/ as

in (7). We write Qf �C jE Qg, and call Qf ; Qg knitting-equivalent, if Qf D h Qg for

a homeomorphism hW .S2; C tE/ in knBraid.Y; E/; we have

Qf �CtE Qg H) Qf �C jE Qg H) Qf �C Qg:

For m 2 Braid.S2 nA;D/ we define its pullback . Qf /�mW Œ0; 1��E ! S2 n C by

.. Qf /�m/.�; e/ WD
´
m.�; Qf .e//"eQf if Qf .e/ 2 D;
e if Qf .e/ 2 A:

This defines a motion of E; note that . Qf /�m.1; e/ need not equal e:

Lemma 2.7. If push.m/ 2 Braid.S2 n A;D/, then push.. Qf /�m/ defines an

element of Braid�.S2 n C;E/ and we have the following commutative diagram:

.S2; C tE/ .S2; C tE/

.S2; A tD/ .S2; A tD/

 !push.. Qf /�m/

 !Qf �CtE  ! Qf

 !
push.m/

(17)

Proof. Let us discuss in more detail the operator “push”. Consider a simple arc

 W Œ0; 1�! S2 nA and let U � S2 nA be a small disk neighborhood of  . We can

define (in a non-unique way) a homeomorphism push./W .S2; A/ that maps

.0/ to .1/ and is identity away from U. Let U1;U2; : : : ;Ud be the preimages

of U under Qf , where d D deg. Qf /. Each Ui contains a preimage i of  . Let

push.i /WUi be the lift of push./�U under Qf WUi ! U, extended by the identity

on S2 n Ui . Then

push.1/push.2/ � � �push.d / � Qf D Qf � push./: (18)

Form 2 Braid.S2 nA;D/, we can define push.m/ as a composition of pushes

along finitely many simple arcs ˇi . Using (18) we lift all push.ˇi / through Qf ;

considering the equation rel C tE we obtain (17). �

We note that push.m/ does not necessarily lift to a “push” ifmmoves a critical

value. Indeed if  is a simple loop then push./ is the quotient of two Dehn twists

about the boundary curves of an annulus surrounding  , see [12, §4.2.2]; however

the lift of  will not be a union of simple closed curves if  contains a critical value;

an annulus around  will not lift to an annulus, but rather to a more complicated

surface F ; and the quotient of Dehn twists about boundary components of F will

not be a quotient of Dehn twists about boundary components of annuli.
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Proposition 2.8. Let Qf W .S2; C t E; ford/ ! .S2; A t D; ford/ be an orbisphere

map as in (7). Then every element in knBraid.X;D/ lifts through Qf to an element

of knBraid.Y; E/.

If QgW .S2; C t E; ford/ ! .S2; A t D; ford/ is another orbisphere map, then
Qf �C jE Qg if and only if one has Qf �C h Qgk for some h 2 knBraid.Y; E/;

k 2 knBraid.X;D/.

Proof. Consider h 2 knBraid.X;D/. By Theorem 2.2 we may write h D
push.b/. Since b.�; d / is homotopically trivial in X for every d 2 D, the curve

b.�; Qf .e//"eQf ends at e for all e 2 E with Qf .e/ 2 D, because this curve is

in Y . Therefore, . Qf /�b.1;�/ D 1 �E , and push.. Qf /�b/ 2 Braid.S2 n C;E/.
Since the lifts b.�; Qf .e//"eQf are homotopically trivial in Y for all e 2 E, we have

push.. Qf /�b/ 2 knBraid.Y; E/ and Lemma 2.7 concludes the first claim.

The second claim is a direct consequence of the first. �

As a consequence, we may detail a little bit more the map ED in (12). Choose

for every d 2 D a path `d in S2nA from � to d . This path defines an isomorphism

�1.X; d/! �1.X; �/ D G by  7! `d #  # `�1
d

. We thus have a map

EDWBraid.S2 nA;D/ �� GD; m 7�! .`d # .push�1.m/�d /# `
�1
d /d2D; (19)

and ker.ED/ D knBraid.X;D/.

2.4. Mapping class bisets. We introduce some notation parallel to that in (12)

and (16) for mapping class bisets. Let FE W zH ! H and FDW zG ! G be forgetful

morphisms of orbisphere groups as in (8), and let zB be an orbisphere biset. Let

B WD H ˝ zH
zB˝ zG G be the inducedH -G-biset. We have forgetful morphisms of

groups FDWMod. zG/!Mod.G/ and FE WMod. zH/!Mod.H/. Corresponding

mapping class bisets are written respectively, with Qf and f the orbisphere maps

associated with zB and B ,

M. zB/ DM. Qf /´ ¹n˝ zB ˝m j n 2Mod. zH/;m 2Mod. zG/º=Š
D ¹n Qf m j n 2Mod.S2; zC/;m 2Mod.S2; zA/º=� zC ;

M.B/ DM.f /´ ¹n˝ B ˝m j n 2Mod.H/;m 2Mod.G/º=Š
D ¹nf m j n 2Mod.S2; C /; m 2Mod.S2; A/º=�C

together with the natural forgetful intertwiner

FE;DWM. zB/ �!M.B/; zB 0 �! FE;D.B
0/ D H ˝ zH

zB 0 ˝ zG G: (20)
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We may also define the following mapping class biset, sometimes larger than

M. zB/: assume first that ford is constant on E, possibly1, and set

M�. zB/ DM�. Qf / WD
´
zB 0

an zH - zG-orbisphere biset

ˇ̌
ˇ̌
ˇ
FE;D. zB

0
/ 2M.B/

. zB 0
/� D zB�

µ
=Š;

(21)

where . zB 0
/�W zC ! zA denotes the induced map on marked conjugacy classes. It is

an Mod�.S2; zC/-Mod.S2; zA/-biset; note indeed that we have n ˝ zB 0 2 M�. zB/
for zB 0 2 M�. zB/ and n 2 Mod�.S2; zC/, because FE;D.n ˝ zB/ D FE .n/ ˝ B .

Again there is a natural forgetful intertwiner

FE;DWMod�.S2; zC/M
�. Qf /Mod.S2; zA/ �! Mod.S2;C/M.f /Mod.S2;A/: (22)

We note that the left action of Mod.S2; zC/ onM. Qf / does not necessarily extend to

an action of Mod�.S2; zC/ onM. Qf /, because the result of the action is in general

in M�.f / and not in M.f /, see Example 6.2.

In case ford is not constant on E, we should be careful, because permutation

of points in E does not leave zH invariant; rather, the image of zH under such a

permutation gives an orbisphere group isomorphic to zH . However, M�. zB/ and

Mod�.S2; zC/ do not depend on the orbisphere structure, so the definition may be

applied with zH and zG replaced by orbisphere groups with larger orders.

Let us call the set of extra marked points E saturated if

Qf �1
. Qf .E// � C tE:

Lemma 2.9. (1) The mapping class bisetM�. Qf / is left-free.

(2) Suppose that E is saturated and that

g0; g1W .S2; C tE; ford/ �! .S2; A tD; ford/

are orbisphere maps coinciding on C tE and such that FE;D.g0/ and FE;D.g1/

are isotopic through maps .S2; C / ! .S2; A/. Then g0; g1 2 M�. Qf /, and there

is an m 2 Braid�.S2 n C;E/ such that mg0 D g1 holds in M�. Qf /.
(3) If E is saturated, then

M�. Qf / D ¹m Qf n j m 2Mod�.S2; C tE/; n 2Mod.S2; A tD/º=� zC : (23)

Proof. The proof of the first claim follows the lines of [5, Proposition 6.4]:

suppose that g;mg are isotopic through maps .S2; zC/ ! .S2; zA/ for some

m 2Mod�.S2; C tE/ and g 2M�. Qf /. By Lemma 2.6, we may assume g D mg
as maps; then the homeomorphism m is a deck transformation of the covering

induced by g, so m has finite order because deg.g/ < 1. Recall that #C � 3 by
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our standing assumption (6). Since m fixes at least 3 points in C and m has finite

order, we deduce that m is the identity. This shows that M�. Qf / is left-free.

For the second claim, let .gt W .S2; C /! .S2; A//t2Œ0;1� be an isotopy between

g0 and g1. By Lemma 2.6, we may write gt at mtg0 for mt W .S2; C / . Then m1
preserves E because E is saturated, so m1 2 Braid�.S2 n C;E/ as required.

The third claim directly follows from the second. �

Definition 2.10 (extensions of bisets, see [5, Definition 5.3]). Let G1
BG2

be a

G1-G2-biset and let N1; N2 be normal subgroups of G1 and G2 respectively, so

that for i D 1; 2 we have short exact sequences

1 �! Ni �! Gi
��! Qi �! 1: (24)

If the quotient Q1-Q2-biset N1nB=N2, consisting of connected components of

N1
BN2

, is left-free, then the sequence

N1
BN2

,�! G1
BG2

��� Q1
.N1nB=N2/Q2

(25)

is called an extension of left-free bisets.

Definition 2.11 (inert biset morphism). Let zH � H and zG� G be surjective

group homomorphisms, and let zB be a left-free zH - zG-biset. Recall that the tensor

product

B WD H ˝ zH
zB ˝ zG G

is isomorphic to the double quotient ker. zH ! H/n zB= ker. zG ! G/ with natural

H -G-actions. The natural map FW zB ! B is called inert if B is a left-free biset

and the natural map ¹�º ˝ zG
zB ! ¹�º ˝G B is a bijection. In particular, B has the

same number of left orbits as zB . In other words, assuming that the groups zH and

H have similarly-written generators and so do zG and G, the wreath recursions of
zB and B are identical.

Yet said differently, in the extension ker
zBker ,! zH

zB zG � HBG the kernel

is a disjoint union of left-principal bisets. If zG D zH and G D H so that the

bisets can be iterated, then zB ! B is inert precisely when we have a factorization
zG ! G ! IMG zG.

zB/, the latter group being the quotient of G by the kernel of

the right action on the rooted tree ¹�º ˝H
F
n�0 B

˝n, see [5, §8.3].

Define

M�.BjE;D/ WD knBraid.Y; E/nM�. zB/=knBraid.X;D/I (26)

this is naturally a Mod�.Y jE/-Mod.X jD/-biset, and Proposition 2.8 implies in

particular that it is left-free:
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Proposition 2.12. The natural forgetful maps

Mod. zH/M.
zB/Mod. zG/ �! Mod.H jE/M.BjE;D/Mod.GjD/

and

Mod�.S2;CtE/M
�. zB/Mod.S2;AtD/ �! Mod�.Y jE/M

�.BjE;D/Mod.X jD/

are inert.

LetE#:
�

denote the group of all permutations t WE such that Qf .t.e// D Qf .e/.
We denote by HE Ì E#:

�
the semidirect product where E#:

�
acts on HE by

permuting coordinates; compare with (13). We have ��
1 .Y; E/ Š HE Ì E#:

�
.

We denote by Braid�.Y;E/M
�. zB/Braid.X;D/ and ��

1
.Y;E/M

�.BjE;D/�1.X;D/
the

restrictions of M�. zB/ and M�.BjE;D/ to braid and fundamental groups.

Theorem 2.13. If E is saturated, then the following sequences are extensions of

bisets:

knBraid.Y;E/M . zB/knBraid.X;D/

Braid .Y;E/M . zB/Braid.X;D/

1
.Y;E/M .BjE; D/

1.X;D/

H E
ÌE#:

°

.B 0 2 M.B/; .B 0
c/

c2 zC
/

.B 0
c/c2 zC is a portrait in B 0

±

GD

M . zB/

M .BjE; D/

M.B/

EE;D

FE;D

FE;D

P
Š

(27)

(The isomorphism on the right is the topic of Theorem 2.19, and will be proven

there.)

Proof. By Lemma 2.9 (2), we know that F�1
E;D.B/ is a connected subbiset of

Braid�.Y;E/M
�. zB/Braid.X;D/; thus, the central-to-left sequence is an extension of

bisets. Exactness of other sequences follows from Proposition 2.12. �

Note that, if E were not saturated or if we replaced M�. zB/ by M. zB/ in (27),

then we wouldn’t have exact sequences of bisets anymore, because the fibres of
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M�. zB/� M.B/ wouldn’t have to be connected; see Example 6.1. The failure

of transitivity is described by Lemma 2.20. There are similar exact sequences in

case f�WE ! D is a bijection, see Theorem 2.22.

2.5. Portraits of bisets. First, a portrait of groups amounts to a choice of repre-

sentative in each peripheral conjugacy class of an orbisphere group:

Definition 2.14 (portraits of groups). Let G be an orbisphere group with marked

conjugacy classes .�a/a2A and let zA be a finite set containing A. A portrait of

groups .Ga/a2 zA in G is a collection of cyclic subgroups Ga � G so that

Ga D
´
hgi for some g 2 �a; if a 2 A;
h1i otherwise.

If zA D A, then .Ga/a2A is called a minimal portrait of groups.

Definition 2.15 (portraits of bisets). LetH;G be orbisphere groups with periph-

eral classes indexed by C;A respectively, let HBG be an orbisphere biset, and let

f�WC ! A be its portrait. We also have a “degree” map degWC ! N. A portrait

of bisets relative to these data consists of

� portraits of groups .Hc/c2 zC in H and .Ga/a2 zA in G;

� extensions f�W zC ! zA of f� and degW zC ! N of deg;

� a collection .Bc/c2 zC of subbisets of B such that every Bc is anHc-Gf�.c/-biset

that is right-transitive and left-free of degree deg.c/, and such that if f�.c/ D
f�.c0/ and HBc D HBc0 qua subsets of B then c D c0.

If zC D C and zA D A, then .Bc/c2C is called a minimal portrait of bisets.

Note in particular that if c 2 zC n C then Hc is trivial and the subbiset Bc
consists of deg.c/ elements permuted by Gf�.c/. If moreover f�.c/ … A, then

deg.c/ D 1. For simplicity the portrait of bisets is sometimes simply writ-

ten .Bc/c2 zC , the other data f�; deg; .Hc/c2 zC , .Ga/a2 zA being implicit.

Here is a brief motivation for the definition. Consider an expanding Thurston

map f and its associated biset B . Recall from [21] that bounded sequences in B

represent points in the Julia set of f ; in particular constant sequences represent

fixed points of f and vice versa. On the other hand, fixed Fatou components

of f are represented by local subbisets of B with same cyclic group acting on

the left and on the right. All of these are instances of portraits of bisets in B .

Furthermore, (pre)periodic Julia or Fatou points are represented by portraits of

bisets with (pre)periodic map f�. E.g., closures of Fatou components intersect if

and only if they admit portraits that intersect; and similarly for inclusion in the

closure of a Fatou component of a (pre)periodic point in the Julia set.
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Let FDW zG ! G be a marked forgetful morphism of orbisphere groups as

in (8). For all a 2 zA choose a small disk neighbourhood Ua 3 a that avoids all

other points in zA, so that �1.Ua n zA/ Š Z. We call a curve  close to a if  � Ua.

Lemma 2.16. Every minimal portrait of groups . zGa/a2 zA in zG is uniquely char-

acterized by a family of paths .`a/a2 zA with

`aW Œ0; 1�! S2; `a.t / … zA for t < 1; `a.0/ D �; `a.1/ D a; (28)

considered up to homotopy rel zA, and such that for any sufficiently small � > 0

zGa D
®
`a�Œ0;1��� #˛a # .`a�Œ0;1���/

�1 ˇ̌
˛a is close to a

¯
=� zA: (29)

Conversely, every collection of curves (28) defines by (29) a minimal portrait of

groups for every sufficiently small � > 0.

Proof. This follows immediately from the definition of “lollipop” generators,

see (5). �

It follows that every zGa is self-normalizing in zG: conjugating zGa by an element

g 62 zGa amounts to precomposing the path `a with g, resulting in a different path.

Lemma 2.17. Let HBG be an orbisphere biset. Then every pair of minimal

portraits of groups .Hc/c2C in H and .Ga/a2A in G can be uniquely completed

to a minimal portrait of bisets .Bc/c2C in B .

As a consequence, the minimal portrait of bisets is unique up to conjugacy. We

note that the lemma is also true in caseHBG is a cyclic biset, namely ifH;G Š Z;

in this case all Bc are equal to B .

Proof. Since by Assumption (6) the sets A and C contain at least 3 elements, H

and G are non-cyclic, and in particular have trivial centre.

Let f�WC ! A be the portrait of B . Choose generators ga 2 Ga and hc 2 Hc
in marked conjugacy classes. Recall from [3, §2.6] or [5, Definition 2.5] that there

are bc 2 B and kc 2 H such that k�1
c hckcbc D bcg

deg.c/

f .c/
for all c 2 C . Set then

Bc WD HckcbcGf .c/, and note that these subbisets satisfy Definition 2.15.

Suppose next that .B 0
c/c2C is another portrait of bisets, and choose elements

b0
c 2 B 0

c . Then by [5, Definition 2.6(SB3)] the conjugacy class�c appears exactly

once among the lifts of �f .c/, so Hb0
c \ Bc ¤ ;, so we may choose kc 2 H with

kcb
0
c 2 Bc. Then kcB

0
c D kcb

0
cGf .c/ D BcGf .c/ D Bc . We have kcHc D Hckc,

so kc 2 Hc becauseHc is self-normalizing in H , and therefore Bc D B 0
c. �

Consider next a forgetful morphism FE;DW zH
zB zG ! HBG of orbisphere bisets,

and let . zBc/c2 zC be the minimal portrait of bisets given by Lemma 2.17.
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Lemma 2.18. Let .mc/c2 zC and .`a/a2 zA be the paths (see Lemma 2.16) asso-

ciated with the respective portraits of bisets . zH c/c2 zC and . zGa/a2 zA. The por-

trait .FE;D. zBc//c2 zC admits the following description: for every sufficiently small

� > 0,

Bc D
®
mc �Œ0;1��� #ˇc # . f̀�.c/�Œ0;1���/

�1"ˇc.1/

f

ˇ̌
ˇc is close to c

¯
=�C : (30)

Proof. Since Bc is obtained from zBc by the intertwiner FE;D (see (9)), it suffices

to consider the case E D D D ;; and in that case, by Lemma 2.17 it suffices to

note that Bc is indeed an Hc-Gf�.c/-biset. �

Let HBG be an orbisphere biset; let f�W zC ! zA be an abstract portrait

extending B�; let degW zC ! N be an extension of degB WC ! N; and let .Bc/c2 zC
be a portrait of bisets in B with portraits of groups .Hc/c2 zC in H and .Ga/a2 zA in

G. A congruence of portraits is defined by a choice of .hc/c2 zC in H and .ga/a2 zA
in G, and modifies the portrait of bisets by replacing

Hc  h�1
c Hchc ; Bc  h�1

c Bcgf�.c/; Ga  g�1
a Gaga:

By Lemma 2.17, any two minimal portraits of bisets are congruent.

2.6. Main result. Consider an orbisphere map

f W .S2; C; ord/ �! .S2; A; ord/:

We call it compatible with

FE W .S2; zC; ford/Ü .S2; C; ord/

and

FDW .S2; zA; ford/Ü .S2; A; ord/

and f�W zC ! zA and degW zC ! N if deg.e/ D 1 for all e 2 E with f�.e/ 2 D, and
ford.c/ deg.c/ j ford.f�.c// for all c 2 zC , and ¹degf �1.a/.f /º D ¹deg.f �1

� .a/º for

all a 2 A. Equivalently, there is an orbisphere map Qf W .S2; zC; ford/! .S2; zA; ford/

that can be isotoped within maps .S2; C; ord/! .S2; A; ord/ to a map making (7)

commute and such that degW zC ! N and f�W zC ! N are induced by Qf .

Compatibility of an orbisphere biset HBG with FE W zH ! H , FDW zG ! G,

f�W zC ! zA, and degW zC ! N is defined similarly, and is equivalent to the existence

of a biset zB making (8) commute.

We are now ready to relate the mapping class bisets M� to portraits of bisets:

Theorem 2.19. Let FE W zH ! H and FDW zG ! G be forgetful morphisms of

orbisphere groups as in (8), and let HBG be an orbisphere biset compatible with

FE , FD, f�W zC ! zA, and degW zC ! N.
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Then for every portrait of bisets .Bc/c2 zC in B parameterized by f� and deg

there exists an orbisphere biset zH
zB zG mapping to B under FE;D with a minimal

portrait mapping to .Bc/c2 zC .

Furthermore, zB is unique up to pre- and post-composition with bisets of

knitting mapping classes and we have a congruence of bisets (see (19))

��
1
.Y;E/M

�.BjE;D/�1.X;D/

HE
ÌE#:

�¹.B 0 2M.B/; .B 0
c/c2 zC / j B 0 2M.B/; .B 0

c/c2 zC a portrait in B 0º
GD

P

(31)

given by P. zB 0
/ D .FE;D. zB

0
/; induced portrait of zB 0

/.

The HE -GD-action on ¹.B 0; .B 0
c/c2 zC /º is given by

.hc/c2E .B
0; .B 0

c/c2 zC /.gd /d2D D .B 0; .hcB
0
cgf�.c//c2 zC /;

with the understanding that hc D 1 if c 62 E and gf�.c/ D 1 if f�.c/ 62 D, and the

action of E#:
�

is given by permutation of the portrait of bisets.

In the dynamical situation (i.e. when H D G and zH D zG), Theorem 2.19

proves Theorem C.

Proof of Theorem 2.19. Clearly, (31) is an intertwiner: firstly, the actions of E#:
�

are compatible; we may ignore them in the sequel. Secondly, let .B 0
c/c2 zC be the

induced portrait of bisets of zB 0
. For e 2 E we may write

B 0
e D ¹me # p�1 j pW Œ0; 1� �! Y; p�1.0/ D e; f ı p D f̀�.e/º;

see (30). Consider  2Mod.Y jE/; the action of  on B 0
e replacesme by  ıme;

and if EE . / D .he/e2E then  ı me D heme by the very definition of “push”

and (19). The same argument applies to the right action.

Let us now show that P is a congruence. SinceP is an intertwiner between left-

free bisets with isomorphic acting groups, it is sufficient to show that P preserves

left orbits.

We proceed by adding new points to D and E. If E D ;, then the forgetful

maps M�.BjE;D/! M.B/ and

¹.B 0 2M.B/; .B 0
c/c2 zC / j B 0 2M.B/; .B 0

c/c2 zC a portrait in B 0º �! M.B/

are bijections and the claim follows. Therefore, it is sufficient to assume that

D D ;.
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By [5, Theorem 8.9], the biset B may be written as B.f / for a branched

covering f W .S2; C; ord/ ! .S2; A; ord/, unique up to isotopy rel C . We lift f

to a branched covering f CW .S2; f �1.A//! .S2; A/. Let zBC
be its biset and let

. zBC
c /c2f �1.A/ be its minimal portrait of bisets, which is unique by Lemma 2.17.

Let us show that for every portrait of bisets .Bc/c2 zC inB there is an orbisphere

biset zB whose minimal portrait of bisets maps to .Bc/. This zB will be of the form

B.m/˝ Ff �1.A/n zC;;. zB
C
/ for a homeomorphism mW .S2; f �1.A// .

First, consider the images of all zBC
c in ¹�º ˝ zH

zBC Š ¹�º ˝H B , and compare

them to the images of all zBc. The condition that as c0 ranges over f �1
� .f�.c// the

Bc0 lie in differentH -orbits ofB lets us select which preimages ofA correspond to

the marked points in zC , and thus produces a well-defined map zC ! f �1.A/. Let

m0 be an isotopy of .S2; C /which maps zC to f �1.A/ in the specified manner; then

m0f CW .S2; zC ; ord/ ! .S2; A; ord/ has biset zB0 and portrait of bisets . zB0c/c2 zC ;

and FE;;. zB
0

c/ � HBc for all c 2 zC , so we may write hcFE;;. zB
0

c/ D Bc for

some hc 2 H . (We recall that Bc consists of d.c/ elements permuted by Gf�.c/,

where d.c/ is the local degree of f at c. We have hcFE;;. zB
0

c/ D Bc if and only if

hcFE;;. zB
0

c/\Bc ¤ ;.) We set zB D
Q
c2E push.hc/ zB

0
, and note that the minimal

portrait of bisets of zB maps to .Bc/c2 zC under FE;;.

The only choice involved is that of a mapping class that yields push.hc/ when

restricted to C [ ¹cº, namely that of knitting mapping classes. �

2.7. Fibre bisets. Consider an orbisphere map

Qf W .S2; C tE; ford/ �! .S2; A tD; ford/

as above and define the saturation of E as

xE WD
G

e2E

Qf �1
. Qf .e// n C:

Lemma 2.20. Let Qf W .S2; C t E; ford/ ! .S2; A t D; ford/ be an orbisphere

map and let mW .S2; C t xE/ be a homeomorphism such that m �CD 1 and

for every e 2 xE we have Qf .m.e// D Qf .e/. If the isotopy class of m is not in

Mod�.S2; C t E/, namely if m moves at least one point in E to xE n E, then

m Qf 6�CtE Qf .

For every Qg 2 M�. Qf / there is a homeomorphismmW .S2; C t xE/ as above

(i.e. m�CD 1 and Qf .m.e// D Qf .e/ for e 2 xE) such that Qg �CtE m Qf .

Note that Mod�.S2; C t xE/ does not act on M�. Qf /: there are orbisphere

maps Qf 1; Qf 2W .S2; C t E; ford/ ! .S2; A t D; ford/ such that Qf 1 �CtE Qf 2 but

m Qf 1 6�CtE m Qf 2 for a homeomorphism mW .S2; C t xE/ as above.
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Proof. Supposem Qf �CtE Qf . Since xE is saturated, by Lemma 2.9(2) there is an

nW .S2; C t xE/ with n�CtED 1 and Qf .n.e// D Qf .e/ for e 2 xE n E such that

nm Qf �Ct xE
Qf . This contradicts Lemma 2.9(1): the biset

M�. Qf W .S2; C t xE/ �! .S2; A tD// (32)

is left-free while nm ¤ 1.

The second claim follows from Lemma 2.9(2) applied to the biset (32). �

We are interested in the fibre biset
HE

F�1
E;D.B

0/
GD

under the forgetful map

FE;DWM�.BjE;D/!M.B/. For every a 2 zA define Ea WD E \ f �1
� .a/, where

f�W zC ! zA is the portrait.

Proposition 2.21. We have

HEF�1
E;D.B

0/
GD Š

Y

a2A
HEaM

�.B 0jEa; ;/1�
Y

d2D
HEdM

�.B 0jEd ; ¹dº/G¹dº : (33)

Suppose that B 0 is the biset of gW .S2; C; ord/! .S2; A; ord/; then

HEaM
�.B 0jEa; ;/1 Š HEa � ¹�WEa ,! g�1.a/ n C º:

The biset HEdM
�.B 0jEd ; ¹dº/G¹dº is congruent to the biset

¹.be/e2Ed
2 B 0Ed j Hbe ¤ Hbe0 if e ¤ e0º

endowed with the actions

.he/e2Ed
� .be/e2Ed

� g D .hebeg/e2Ed
:

Proof. By Theorem 2.19, the biset
HE

F�1
E;D.B

0/
GD

is isomorphic to the biset

of portraits .Bc/c2 zC in B 0. Recall that .Bc/c2C is fixed (by Lemma 2.17) while

.Be/e2E varies; this shows (33).

The second claim follows from Lemma 2.20.

For d 2 D and e 2 Ed we have Be D ¹beº; i.e. the choice of .Be/e2Ed

is equivalent to the choice of .be/e2Ed
2 B 0Ed subject to the condition stated

above. �

Note thatHEaM
�.B 0jEa; ;/1 will not be transitive, as soon as there are at least

two maps �WEa ! g�1.a/ n C .

Let us define

M.BjE;D/ WDMod.Y jE/˝M. zB/˝Mod.X jD/:
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Theorem 2.22. Suppose f�.E/ � D and, moreover, that f�WE ! D is a

bijection. We then have a congruence

HE .F
�1
E;D.B

0//
GD �! .HB

0
G/
E (34)

mapping the portrait . zBc/e2 zC in B 0 to .be/e2E where zBe D ¹beº. The group GD

is identified with GE via the bijection f�WE ! D.

Moreover, M�. zB/ D M. zB/, M�.BjE;D/ D M.BjE;D/, and exact se-

quences similar to (27) hold:

knBraid.Y;E/M. zB/knBraid.X;D/

Braid.Y;E/M. zB/Braid.X;D/

1.Y;E/M.BjE; D/
1.X;D/

H E

°

.B 0 2 M.B/; .B 0
c/c2 zC /

.B 0
c/c2 zC is a portrait in B 0

±

GD

M. zB/

M.BjE; D/

M.B/

EE;D

FE;D

FE;D

P
Š

(35)

The bottom sequence in (35) can be written (using (34)) as

G

B02B
.B 0/E ,�!M.BjE;D/ ��M.B/: (36)

Proof. The first claim follows from Proposition 2.21. Since .B 0/E is a transi-

tive biset, we obtain M.BjE;D/ D M�.BjE;D/ and the exact sequences (36)

and (35) hold because the fibres are connected. �

Corollary 2.23. Let f W .S2; A; ord/ be an orbisphere map and let D DF
i2I Di be a finite union of periodic cyclesDi of f . Then (36) takes the form

G

g2M.f /

G

i2I
B.g/˝.#Di / ,�!M.f jD;D/ ��M.f /: (37)

2.8. Centralizers of portraits. Let us now consider the dynamical situation:

H D G and zG D zH ; we abbreviate FD D FD;D and M.BjD/ DM.BjD;D/.
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Given an orbisphere biset zB we denote by Z. zB/ �Mod. zG/ the centralizer of
zB in M. zB/ and by Z. zBjD/ � Mod.GjD/ the centralizer of the image of zB in

M.BjD/, see Theorem 2.19. We have a natural forgetful map

Z. zB/ �! Z. zBjD/ (38)

which is, in general, neither injective nor surjective. However, we will show in

Corollary 4.28 that (38) is an isomorphism if zB is geometric non-invertible.

Recall from (12) the short exact sequence

�1.X;D/ ,�!Mod.GjD/ ��Mod.G/:

We have the corresponding sequence for centralizers:

1 �! Z. zBjD/ \ �1.X;D/ �! Z. zB jD/ �! Z.B/: (39)

If zB is geometric non-invertible, thenZ. zBjD/\�1.X;D/ is trivial, soZ. zB jD/ Š
Z. zB/ is naturally a subgroup of Z.B/, and in Theorem 4.41 we will show that it

has finite index.

Definition 2.24. The relative centralizer ZD..Ba/a2 zA/ of a portrait of bisets

.Ba/a2 zA is the set of .gd / 2 GD such that

Bd D g�1
d Bdgf�.d/ for all d 2 D;

with the understanding that gf�.d/ D 1 if f�.d/ 62 D.

We remark that we could also have defined the “full” normalizer, consisting

of all .ga/ 2 G zA with G
ga
a D Ga and Ba D g�1

a Bagf�.a/ for all a 2 zA, and its

subgroup the “full” centralizer, in which ga centralizesGa and g�1
a ���gf�.a/ is the

identity on Ba; but we will make no use of these notions. The “full” normalizer

is the direct product of
Q
a2AGa and the relative centralizer.

We also note that, if .gd /d2D belongs to the relative centralizer of .Ba/a2 zA
and f n.d/ 2 A for some n 2 N, then gd D 1.

Applying Theorem 2.19 to the dynamical situation we obtain:

Proposition 2.25. Let zG zB zG� GBG be a forgetful morphism and let .Ba/a2 zA be

the induced portrait of bisets inB . Then any choice of isomorphisms�1.X; d/ŠG
gives an isomorphism

Z. zBjD/ \ �1.X;D/
Š�! ZD..Ba/a2 zA/:
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3. G -spaces

Let us recall that we prefer the algebraic order of compositions: the composition

of f WX ! Y and gWY ! Z is written as fgWX ! Z. With this convention,

functions have a natural right action on points:

xfg WD .fg/.x/ D .g ı f /.x/ D g.f .x// for all x 2 X:

We start by general considerations. Let Y be a right H -space, and let X be a

right G-space. For every map f WY ! X there exists a naturalH -G-biset M.f /,

defined by

M.f / WD ¹hfgW x 7�! xhfg j h 2 H; g 2 Gº; (40)

namely the set of maps Y ! X obtained by precomposing with theH -action and

post-composing with the G-action. Note that M.f / is right-free if the action of

G is free on X . We have a natural G-equivariant map Y ˝H M.f /! X given by

evaluation: y ˝ b 7! yb . Define

Hf WD ¹h 2 H j there exists g 2 G with hf D fg in M.f /º

the stabilizer in H of f G 2 M.f /=G. Then f descends to a continuous map
Nf WY=Hf ! X=G.

Lemma 3.1. Suppose thatX and Y are simply connected and thatG;H act freely

with discrete orbits. Then M.f / is isomorphic to the biset of the correspondence

Y=H  Y=Hf
Nf! X=G as defined in [3].

Proof. Let us define the following subbiset of M.f /:

M 0.f / WD ¹hfg j h 2 Hf ; g 2 Gº: (41)

Since Y;X are simply connected, the biset of Nf WY=Hf ! X=G is isomorphic to

M 0.f /. The isomorphism is explicit: choose basepoints � 2 Y and � 2 X so that

�1.Y=H; �H/ Š H and �1.X=G; �G/ Š G. Given b 2 B. Nf /, represent it as a

path ŇW Œ0; 1� ! X=G with Ň.0/ D Nf .�Hf / and Ň.1/ D �G, and lift it to a path

ˇW Œ0; 1� ! X . We have ˇ.0/ D f .�/h and ˇ.1/ D �g for some h 2 Hf ; g 2 G,

and we map b 2 B. Nf / to h�1fg 2 M 0.f /. This map is a bijection because both

B. Nf / and M 0.f / are right-free. We finally have

M.f / Š H ˝Hf
M 0.f / Š B.Y=H  � Y=Hf �! X=G/: �

In case the actions of G;H are discrete but not free, there still is a surjective

morphism B.X=G $ Y=H/ � M.f /, when X=G and Y=H are treated as

orbispaces.



30 L. Bartholdi and D. Dudko

3.1. The modular correspondence. We discuss briefly here an application of

the previous section toX; Y Teichmüller spaces: for a marked sphere .S2; A/ recall

that the Teichmüller space TA is the space of homeomorphisms hW .S2; A/ ! bC
considered up to isotopy rel A and post-composition by Möbius transformations.

The modular group Mod.S2; A/ naturally acts on the left on TA by precomposition

(pullback), and this action is free. Taking quotients, we obtain the modular space

of the associated marked sphere:

MA DMod.S2; A/nTA:

Consider now a sphere map f W .S2; C /! .S2; A/. It induces a pullback map

between Teichmüller spaces �f W TA ! TC . Letting

Hf D ¹g 2Mod.S2; A/ j there exists h 2Mod.S2; C / with fg D hf º

denote the subgroup of liftable elements and setting Wf WD Hf nTA, we obtain the

modular correspondence [11]:

Wf

TATC

MC MA

�f

N�f
(42)

in which all non-labeled arrows represent covering maps. Since the pullback

action of Mod.S2; C / on TC is free, the mapping class biset M.f / from §2.4

is isomorphic to

M.�f / D ¹�h ı �f ı �g j h 2Mod.S2; C /; g 2Mod.S2; A/º (43)

(where in �h ı �f ı �g the composition is from right to left). Lemma 3.1 now

identifies M.�f / with the biset of the modular correspondence, yielding the

Theorem 3.2 ([5, Theorem 9.1]). The mapping class biset M.f / from §2.4 is

naturally isomorphic to the biset of the correspondence

MC

�f � Wf �!MA:

An explicit isomorphism between these bisets is given in [5].
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3.2. Universal covers. Let us now generalize Lemma 3.1 by dropping the re-

quirement that X; Y be simply connected. Choose basepoints �; �, write

Q D �1.Y; �/; P D �1.X; �/;
zH D �1.Y=H; �H/; zG D �1.X=G; �G/I

so we have exact sequences

1 �! Q �! zH ��! H �! 1; 1 �! P �! zG ��! G �! 1: (44)

The universal cover of X may be defined as

zX WD ¹ˇW Œ0; 1� �! X j ˇ.1/ D �º=�I (45)

it has a natural basepoint z� given by the constant path at �, and admits a right P -

action by right-concatenation of loops at �. The projection zX ! X is a covering,

and is given by ˇ 7! ˇ.0/. We denote by zX_ the left P -set structure on zX , with

action g � ˇ_ WD .ˇ � g�1/_. We may naturally identify zX_ with ¹ˇ�1 j ˇ 2 zXº
and its natural left P -action.

Let us consider the universal covers zX; zY ofX; Y respectively and a lift Qf of f .

We have the following situation, with the acting groups represented on the right,

and omitted in the left column:

zY zX " zG

zY=Q Š Y X " G

Y=Hf

zY= zH Š Y=H X=G

 !
Qf

 !  !

 !f

 !

 

!  

! !  

!
Nf

Let zHf be the full preimage of Hf in zH . Note that zHf is the stabilizer of Qf zG
in M. Qf /= zG: we have Qh Qf 2 Qf zG if and only if �. Qh/f 2 f G by the unique lifting

property. By Lemma 3.1, we have

M. Qf / Š B. zY= zH  � zY= zHf �! zX= zG/
Š B.Y=H  � Y=Hf �! X=G/;

and we shall see that M. Qf / is an extension of bisets. We have a natural map

� WM. Qf /!M.f /, given by h Qf g 7! �.h/f�.g/ for all h 2 zH; g 2 zG.
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Lemma 3.3. There is a short exact sequence of bisets

QM.
Qf /P ,�! M. Qf / �� M.f /; (46)

in which every fibre ��1.hfg/ is isomorphic to a twisted form B.hfg/ of the biset

of f .

Proof. This follows immediately from Lemma 3.1 applied to zY; zX with actions of

Q;P respectively. �

Let us now assume that the short exact sequences (44) are split, so �1.X=G/ Š
P ÌG and �1.X=H/ Š Q ÌH . We shall see that the sequence (46) is split, and

that some additional structure on M.f / and B.f / allow the extension M.f / Š
B.Y=H $ X=G/ to be reconstructed as a crossed product.

The splitting of the map � W�1.X=G; �G/ ! G means that there is a family

¹˛gºg2G of curves in X such that ˛g connects �g to � and ˛g1g2
� .˛g1

g2/#˛g2
.

Similarly there is a family ¹ˇhºh2H of curves in Y such that ˇh connects �h to �

and ˇh1h2
� .ˇh1

h2/ # ˇh2
.

For every h 2 Hf there is a unique element of G, written hf 2 G, such that

h � f D f � hf in M 0.f /. For every h 2 Hf and every b 2 B.f /, represented as

a path bW Œ0; 1�! X with b.0/ D f .�/ and b.1/ D �, define

bh WD .f ı ˇ�1
h / # .b � hf / # ˛hf :

We clearly have .q � b � p/h D qh � bh � phf
, so Hf acts on B.f / by congruences.

We convert that right action to a left action by hb WD bh�1

.

For every c 2 M 0.f / and every p 2 P , write c D fg and define cp WD gp D
gpg�1. We clearly have cgp D c.gp/.

Lemma 3.4. The biset of Nf WY=Hf ! X=G is isomorphic to the crossed product

B.f / ÌM 0.f /, which is B.f / �M 0.f / as a set, with actions of zHf Š Q ÌHf
and zG Š P ÌG given by

.q; h/ � .b; c/ � .p; g/ D .q � h.b � cp/; h � c � g/:

As a consequence,

B.Y=H  � Y=Hf
Nf�! X=G/ Š zH ˝ zHf

B.f / ÌM 0.f /:

Proof. This is almost a tautology. The short exact sequence (46) splits, with

section h � f � g 7! .1; h/ � Qf � .1; g/, and the actions of zG; zH on zX; zY can be

identified with concatenation of lifts of the paths ˛g ; ˇh. �



Erasing maps, orbispaces, and the Birman exact sequence 33

3.3. Self-similarity of G -spaces. We return in more detail the situation in which

Y;X are universal covers; we rename them to zY; zX so as to keep Y;X for the

original space.

Consider two pointed spaces .Y; �/ and .X; �/ with H WD �1.Y; �/ and G WD
�1.X; �/, and let f WY ! X , be a continuous map. Recall that its biset is defined

by

HB.f /G WD ¹ˇW Œ0; 1� �! X j ˇ.0/ D f .�/; ˇ.1/ D �º=�; (47)

with the natural actions by left- and right-concatenation. We thus naturally have

B.f / � zX , see (45), with corresponding right actions, and left action given by

composing loops via f .

The map f WY ! X naturally lifts to a map zY ! Y ! X , and every

choice of ˇ 2 B.f / defines uniquely, by the lifting property of coverings, a lift
Qf ˇ W zY ! zX with the property that z� 7! ˇ. Furthermore, we have the natural

identities Qf ˇ .� � h/ � g D Qf hˇg , so that the biset B.f / as defined in (47) is

canonically isomorphic to every bisetM. Qf ˇ / as defined in (40), when an arbitrary

ˇ 2 B.f / is chosen, and toB. Qf /, when an arbitrary lift Qf W zY ! zX of f is chosen.

If f WY ! X is a covering, then we may assume zY D zX ; choosing Qf D 1 gives

the simple description B. Qf / D HGG . Recall that the biset of a correspondence

.f; i/WY  Z ! X is defined as B.f; i/ D B.i/_ ˝ B.f /. In the case

of a covering correspondence, in which f is a covering, we therefore arrive at

B.f; i/ D B.i/_ ˝�1.Z/ G. We shall give now a more explicit description of this

biset using covering spaces, just as we had in [3, eq. (15)]

B.f; i/ D ¹.ıW Œ0; 1� �! Y; p 2 Z/ j ı.0/ D �; ı.1/ D i.p/; f .p/ D �º=�

and the special case, when i WZ ! Y is injective, of

B.f; i/ D ¹ıW Œ0; 1� �! Y j ı.0/ D �; f .i�1.ı.1/// D �º=�:

Still assuming that f WZ ! X is a covering map, define

zZH WD ¹.ı; p/ 2 zY � Z j i.p/ D ı.0/º; (48)

the fibre product of zY with Z above Y , see Diagram (50) left. (Note that zZH is

not the universal cover of Z.) In case i WZ ! Y is injective, we may write

zZH D ¹ı 2 zY j ı.0/ 2 i.Z/º;

so zZH is the full preimage of i.Z/ under the covering map zY ! Y .
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Proposition 3.5. If .f; i/ is a covering correspondence, the following map defines

an isomorphism of H -spaces:

ˆWHB.f; i/G˝ zX_ ! . zZH /_ given by ˆ..ı; p/˝˛_/ D ..ı#.i ı˛�1"p
f
//�1; p/:

For every b D .ı; p/ 2 B.f; i/ the map

Qf �1
b W zX_ ! . zZH /_ given by ˛_ 7! ˆ.b ˝ ˛_/

is the unique lift of the inverse of the correspondence Y  Z ! X mapping z�
to b; we have the equivariance properties

Qf �1
hbg D h � Qf

�1
b .g � �/: (49)

The inverses and contragredients may seem unnatural in the statements above;

but are necessary for the actions to be on the right sides, and are justified by the

fact that we construct a lift of the inverse of the correspondence, rather than the

correspondence itself:

. zZH /_

zY _ zX_

Z

XY

 

!

Q{

 
!

 

!
 

!

 

!Qf
1

b

 

!

i

 

!

f

(50)

Proof. It is obvious that ˆ is H -equivariant, and it is surjective: given .ı; p/ 2
zZH , choose a path ˛ 2 zX with f .p/ D ˛.0/, and write ı D .˛�1"p

f
/�1#˛�1"p

f
#ı,

expressing in this manner .ı; p/_ D ˆ...˛�1"p
f

# ı/�1; ˛�1"p
f
.1//˝ ˛_/.

If ˆ..ı; p/ ˝ ˛_/ D ˆ..ı0; p0/ ˝ .˛0/_/, then ˛ and ˛0 start at the same

point, so ˛ D ˛0g for some g 2 G, and we have then .ı; p/ D .ı0; p0/g�1 so

.ı; p/˝ ˛_ D .ı0; p0/˝ .˛0/_ and ˆ is injective.

It is easy to see that Qf �1
b is a lift of f �1. Conversely, every lift Qf �1

of f �1

maps Q� to an element b 2 B.f; i/ because Qf �1
. Q�_/ ends at an f -preimage of �

by construction; and then Qf �1 D Qf �1
b by unicity of lifts. Finally, equivariance

follows from Qf �1
b .g˛

_/ D ˆ.b ˝ g˛_/ D ˆ.bg ˝ ˛_/ D Qf �1
bg .˛

_/. �

3.4. Planar discontinuous groups. A planar discontinuous group zX " G is

a group acting properly discontinuously on a plane, which will be denoted by zX :

for every bounded set V the set ¹g 2 G j Vg \ V ¤ ;º is finite.
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Let X WD .S2; A; ord/ be an orbifold with non-negative Euler characteristic,

consider � 2 S2 n A a base-point, and write G WD �1.X; �/. Then the universal

cover zXG of X is a plane endowed with a properly discontinuous action of G. We

denote by � W zX ! X the covering map.

By the classification of surfaces, there are only two cases to consider: X D C

with G a lattice in the affine group ¹z 7! az C b j a; b 2 C; jaj D 1º, and X D H

the upper half plane, with G a lattice in PSL2.R/.

Consider another orbisphere Y WD .S2; C; ord/ and a branched covering

f WY ! X , and fix basepoints � 2 Y and � 2 X with corresponding fundamental

groups H D �1.Y; �/ and G D �1.X; �/. Let HB.f /G be the biset of f . As

usual, we view f as a correspondence Y  Z ! X with Z D .S2; f �1.A/; ord/

and i a homeomorphism S2 ! S2 mapping a subset of f �1.A/ to C . The fibre

product zZH constructed in (48) is naturally a subset of the plane zY , with orbis-

pace points and punctures at all H -orbits of f �1.A/ n C . We need the following

classical result.

Theorem 3.6 (Baer [29, Theorem 5.14.1]). Every orientation-preserving home-

omorphism of a plane commuting with a properly discontinuous group action is

isotopic to the identity along an isotopy commuting with the action.

Let us reprove [5, Theorem 8.9] using our language of group actions:

Corollary 3.7. Let two orbisphere maps f; gW .S2; C; ord/ ! .S2; A; ord/ have

isomorphic orbisphere bisets. Then f �C g.

In other words, the orbisphere biset of f W .S2; C; ord/ ! .S2; A; ord/ is a

complete invariant of f up to isotopy rel C .

Proof. Let us write X D .S2; A; ord/ and Y D .S2; C; ord/ and G D �1.X; �/
and Y D �1.Y; �/. We may represent f; g respectively by covering pairs .f; i/

and .g; i/, with coverings f; gW .S2; P; ord/! .S2; A; ord/ and i W .S2; P; ord/!
.S2; C; ord/. Let us furthermore write Z D .S2; P; ord/ and zZH its fibre product

with zY . Identifying B.f; i/ and B.g; i/, choose b 2 B.f; i/ D B.g; i/, and let

Qf �1
b ; Qg�1

b W zX_ �! . zZH /_

be the corresponding lifts as in Proposition 3.5.

Since i is injective, the map . zZH /_ ! Z is a covering, so Qf �1
b and Qg�1

b are

coverings. We may therefore consider their quotient Qf b ı Qg�1
b , which is a well-

defined map . zX/_ , and is normalized to preserve the base point Q�. By (49) it

is a homeomorphism commuting with the action of G.

By Theorem 3.6 there is an isotopy . Qh�1
b;t
/t2Œ0;1� of maps satisfying (49) between

1 and Qf b ı Qg�1
b .
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Since the set of fixed points of G is discrete, Qh�1
b;t

preserves all fixed points

of G and therefore projects to an isotopy .ht /t2Œ0;1� in X . We have h0 D 1 and

h1 ı g D f , so the maps f and g are isotopic rel B . �

4. Geometric maps

Let M be a matrix with integer entries and with det.M/ > 1. We call M

exceptional if one of the eigenvalues ofM lies in .�1; 1/; so the dynamical system

M WR2 has one attracting and one repelling direction.

For r 2 R2, denote by hZ2;�z C ri the group of affine transformations of R2

generated by translations z 7! zC v with v 2 Z2 and the involution z 7! �zC r .
The quotient R2=hZ2;�z C ri is a topological sphere, with cone singularities of

angle � at the four images of 1
2
.r C Z2/.

We call a branched covering f WS2 a geometric exceptional map if f WS2
is conjugate to a quotient of an exceptional linear map M WR2 under the action

of hZ2;�z C ri for some r 2 R2; in particular, .1 � M/r 2 Z2. A Thurston

map f W .S2; A; ord/ is called geometric if the underlying branched covering

f WS2 is either Böttcher expanding (see [4, Definition 4.1]; there exists a metric

on S2 that is expanded everywhere except at critical periodic cycles), a geometric

exceptional map, or a pseudo-Anosov homeomorphism. We refer to the first two

types as non-invertible geometric maps.

We may consider more generally affine maps z 7!MzCq onR2, and then their

quotient by the group hZ2;�zi; the map z 7!Mz onR2=hZ2;�zCri is converted

to that form by setting q D .M � 1/r . Conversely, if 1 is not an eigenvalue ofM ,

then we can always convert an affine map into a linear one, at the cost of replacing

the reflection �z by �z C r in the acting group.

Lemma 4.1. Let M WR2 be exceptional. Then for every bounded set D �
R2 containing .0; 0/ there is an n > 0 such that for every m � n we have

M�m.D/ \ Z2 D ¹.0; 0/º. Moreover, n D n.D/ can be taken with n.D/ 4
log diam.D/.

Proof. Let �1; �2 be the eigenvalues of M , and let e1 and e2 be unit-normed

eigenvectors associated with �1 and �2. It is sufficient to assume that D is a

parallelogram centered at .0; 0/ with sides parallel to e1 and e2:

D D ¹v 2 R2 j v D t1e1 C t2e2 with jt1j � x and jt2j � yº: (51)

In particular, the area of D is comparable to xy. Then M�n.D/ is again a

parallelogram centered at .0; 0/ with sides parallel to e1 and e2.

We claim that there is ı > 0 such that if D is a parallelogram of the form (51)

with area.D/ < ı, then D \ Z2 D ¹.0; 0/º. This will prove the lemma because

area.M�n.D// D area.D/=.detM/n and log diam.D/ � log area.D/.
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Without loss of generality we assume x > y, so D is close to Re1. Let �1 be

the slope of Re1. Since M is exceptional, the numbers �1; �2; �1 are quadratic

irrational, so they are not well approximated by rational numbers: there is a

positive constant C such that j�1 � p
q
j > C

q2 for all p
q
2 Q.

Suppose that D contains a non-zero integer point w D .p; q/; so x � jqj.
Also, w is close to Re1, and in particular q ¤ 0 if ı is sufficiently small; we may

suppose q > 0. It also follows that �1 is close to p
q

. The distance from w to Re1
is

d.w;Re1/ � y �
area.D/

x
:

On the other hand,

d.w;Re1/ D jwj sin^.w; e1/ < q
ˇ̌
ˇ�1 �

p

q

ˇ̌
ˇ:

Combining, we get

ˇ̌
ˇ�1 �

p

q

ˇ̌
ˇ 4 d.w;Re1/

q
4

area.D/

q � x 4
ı

q2
;

and the claim follows for ı �� C . �

Corollary 4.2. Let f W .S2; A/ be a geometric exceptional map, let p 2 S2 n A
be a periodic point with period n, and let  2 �1.S2 n A; p/ be a loop starting

and ending at p. Let j j be the length of  with respect to the Euclidean metric

of the minimal orbifold structure .Pf ; ordf /. If  is trivial rel .Pf ; ordf / and

m � log j j, then the lift "p
f nm is a trivial loop rel A.

Proof. By passing to an iterate, we may assume that p is a fixed point of f . Since

f is geometric exceptional, we have a branched covering map � WR2 ! S2 under

which f lifts to an exceptional linear mapM , and we may assume�.0; 0/ D p. By

assumption, ".0;0/� is a trivial loop in R2. By Lemma 4.1, the setsM�m.".0;0/� /

and ��1.A/ are disjoint for m � log j j; hence "p
f nm is a trivial loop rel A. �

Geometric exceptional maps all admit a minimal orbifold modeled on the

quotient R2=hZ2;�zi, which has cone singularities of angle � at the images of®
0; 1
2

¯
�

®
0; 1
2

¯
. We consider this class in a little more detail:

4.1. .2 ; 2 ; 2 ; 2/-maps. A branched covering f W .S2; Pf ; ordf / is of type

.2; 2; 2; 2/ if jPf j D 4 and ordf .x/ D 2 for every x 2 Pf . In this case, f is

isotopic to a quotient of an affine map z 7!MzC q under the action of hZ2;�zi,
see Proposition 4.6(B).

Lemma 4.3. Let M be a matrix with integer entries and det.M/ > 1. Denote by

�1 and �2 the eigenvalues of M , ordered as j�2j � j�1j > 0. Then the following

are all mutually exclusive possibilities:
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� if M is exceptional, that is 0 < j�1j < 1 < j�2j and �1; �2 2 R, then

M WR2 is expanding in the direction of the eigenvector corresponding to �2
andM WR2 is contracting in the direction of the eigenvector corresponding

to �1;

� if �1 2 ¹˙1º, thenM 2WR2 preserves the rational line ¹z 2 R2 jMz D zº;
� the map M WR2 is expanding in all other cases; that is �1 D �2 … R, or

�1; �2 2 R but j�1j; j�2j > 1.

Proof. If M ’s eigenvalues are non-real, then �1 D �2 and j�1j D j�2j, so M is

expanding. If �1 and �2 are real, then they are of the same sign and their product

is greater than 1. The lemma follows. �

The following lemma follows from [26, Main Theorem II]:

Lemma 4.4. If f W .S2; Pf ; ordf / is doubly covered by a torus endomorphism

z 7!Mz C q, then f is geometric if and only if f is Levy-free.

Proof. We consider the exclusive cases of Lemma 4.3. In the first case, f is

geometric and z 7! Mz C q preserves transverse irrational laminations (given

by the eigenvectors of M ), so z 7! Mz C q admits no Levy cycle and a fortiori

neither does f .

In the second case, f is not geometric and admits as Levy cycle the projection

of the 1-eigenspace of M .

In the third case, f is expanding, and admits no Levy cycle by [4, Theorem A].

�

We shall mainly study .2; 2; 2; 2/-maps algebraically: we write the torus as

R2=Z2 and the .2; 2; 2; 2/-orbisphere as R2=hZ2;�zi. Its fundamental group G

is identified with hZ2;�zi Š Z2 Ì ¹˙1º. The orbifold points are the images on

the orbisphere of
®
0; 1
2

¯
�

®
0; 1
2

¯
. We start with some basic properties of G:

Proposition 4.5. (A) Every injective endomorphism of G is of the form

M v W .n; 1/ 7�! .Mn; 1/ and .n;�1/ 7�! .MnC v;�1/ (52)

for some v 2 Z2 and some non-degenerate matrix M with integer entries. We

have

Nw ıM v D .NM/wCNv:

There are precisely 4 order-2 conjugacy classes in G, each of the form

.a;�1/G D ¹.aC 2w;�1/ j w 2 Z2º for some a 2 ¹0; 1º � ¹0; 1º � Z2:

The set of order-2 conjugacy classes of G is preserved by M v .
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(B) The automorphism group of G is ¹M v j detM D ˙1º and is naturally

identified with Z2 Ì GL2.Z/. The inner automorphisms of G are identified with

2Z2Ì ¹˙1º, and the outer automorphism group of G is identified with .Z=2Z/2Ì
PGL2.Z/. The index-2 subgroup of positively oriented outer automorphisms is

OutC.G/ D .Z=2Z/2 Ì PSL2.Z/.

(C) The modular group Mod.G/ is free of rank 2, and we have

Mod.G/ D ¹M v j det.M/ D 1;M � 1 .mod 2/; v 2 2Z2º=.˙1/2Z2

Š ¹M 0 jM � 1 .mod 2/º=¹˙1º:

(D) Two bisets BMv and BNw are isomorphic if and only if M D ˙N and

.M v/� D .Nw/� as maps on order-2 conjugacy classes, if and only if M D ˙N
and v � w .mod 2Z2/.

We remark that (52) also follows from Lemma 3.4.

Proof. (A) It is easy to check that M v defines an injective endomorphism. Con-

versely, letM 0WG ! G be an injective endomorphism. ThenM 0.0;�1/ D .v;�1/
for some v 2 Z2 because all .w;�1/ have order 2. On the other hand,M 0�Z2�¹1ºD
M �Z2 for a non-degenerate matrixM with integer entries becauseM 0 is injective.

It easily follows that M 0 DM v as given by (52).

The claims on composition and order-2 conjugacy classes of G follow from

direct computation.

(B) Follows directly from (A) and the identification of G with ¹˙1ºZ2

.

(C) We use (B); the modular group of G is the subgroup of OutC.G/ D
.Z=2/2ÌPSL2.Z/ that fixes the order-2 conjugacy classes. The action of .Z=2Z/2

on these classes is simply transitive, so the set of order-2 classes may be put

in bijection with .Z=2/2 under the correspondence .a C 2Z2;�1/ $ a; then

the action of PSL2.Z/ on order-2 conjugacy classes is identified with the natural

linear action (noting that �1 acts trivially mod 2). It follows that Mod.G/ is the

congruence subgroup ¹M 2 PSL2.Z/ j M � 1 .mod ˙ 2/º, and it is classical

that it is a free group of rank 2.

(D) The bisets BMv and BNw are isomorphic if and only the maps M v; Nw

are conjugate by an inner automorphism; so the claimed description follows

from (B). �

We turn to .2; 2; 2; 2/-maps, and their description in terms of the above; we

use throughout G D Z2 Ì ¹˙1º:
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Proposition 4.6. Let f be a .2; 2; 2; 2/-map with biset GBG D B.f; Pf ; ordf /.

Then,

(A) the biset B is right principal, and for any choice of b0 2 B there exists an

injective endomorphismM v of G satisfying gb0 D b0M v.g/ for all g 2 G;

(B) the map f is Thurston equivalent to a quotient of z 7!MzC 1
2
vWR2 under

the action of G;

(C) the map f is Levy obstructed if and only if M has an eigenvalue in ¹˙1º;
(D) if f is not Levy obstructed then for every b0 2 B , writing M v as in (A)

and (52), the map f is Thurston equivalent to the quotient of z 7!MzWZ2
by the action of hZ2; z 7! �z C ri # R2 for a vector r 2 R2 satisfying

Mr D r C v. The G-equivariant map of Proposition 4.17 takes the form

ˆWGBG ˝ hZ2;�zCriR
2 �! hZ2;�zCriR

2; b0 ˝ z 7�!M�1z: (53)

Proof. (A) Since f is a self-covering of orbifolds, GBG is right principal. The

claim then follows from Proposition 4.5(A).

(B) We claim that the quotient map, denoted by Nf , has a biset isomorphic to

GBG . Indeed, for g 2 G it suffices to verify that

�
Mz C 1

2
v
�
ı g.z/ DM v.g/ ı

�
Mz C 1

2
v
�
:

If g D .t; 1/ then both parts areMzCMtC 1
2
v, and if g D .0;�1/ then both parts

are �
�
MzC 1

2
v
�
: Therefore, f and Nf have isomorphic orbisphere bisets because

marked conjugacy classes are preserved automatically by Proposition 4.5 (A). By

Corollary 3.7 the maps f and Nf are isotopic.

(C) Suppose that M has an eigenvalue in ¹1;�1º; let w be the eigenvector of

M associated with this eigenvalue. Consider the foliation Fw of R2 parallel to

w. Then Fw is invariant under z 7! Mz C 1
2
v as well as under the action of

hZ2; z 7! �zi. Therefore, the quotient map has invariant foliation xFw D Fw=G.

There are two leaves in xFw connecting points in pairs in the post-critical set of the

quotient map; any other leave is a Levy cycle.

(D) Since det.M �1/ ¤ 0, there is a unique r such thatMr D rCv. It is easy

to see (as in (C)) that the quotient map in (E) has a biset isomorphic to GBG . By

Corollary 3.7 the quotient map is conjugate to f , and (53) is immediate. �

Corollary 4.7. Let f be a .2; 2; 2; 2/-map. Then its biset B.f W .S2; Pf ; ordf / /

is of the form BMv for an endomorphism M v of G WD Z2 Ì ¹˙1º, namely it is G

qua right G-set, with left action given by g � h DM v.g/h.
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Let us also recall how the biset of a .2; 2; 2; 2/-map is converted to the

form BMv . First, the fundamental group G is identified with Z2 Ì ¹˙1º. The

group G has a unique subgroup H of index 2 that is isomorphic to Z2, so H is

easy to find. The restriction of the biset toH yields a 2� 2-integer matrixM ; and

the translation part v is found by tracking the peripheral conjugacy classes. Note

that this procedure applies as well to non-invertible maps as to homeomorphisms;

and that the map is orientation-preserving precisely if det.M/ > 0.

4.2. Homotopy pseudo-orbits and shadowing. Let f WS2 be a self-map, and

let I be an index set together with an index map also written f W I . An I -poly-

orbit .xi /i2I is a collection of points in S2 such that f .xi / D xf .i/. If all points

xi are distinct, then .xi /i2I is an I -orbit.

Thus, a poly-orbit differs from an orbit only in that it allows repetitions. Every

poly-orbit has a unique associated orbit, whose index set is obtained from I by

identifying i and j whenever xi D xj . Note that we allow I D N, I D Z and

I D Z=nZ as index sets, with f .i/ D iC 1, as well as I D ¹0; : : : ; m; : : : ; mCnº
with f .i/ D i C 1 except f .mC n/ D m, an orbit with period n and preperiod m.

We shall consider a homotopical weakening of the notion of orbits. Our

treatment differs from [16] in a subtle manner (see below); recall that ˇ �A;ord 

means that the curves ˇ;  are homotopic in the orbispace .S2; A; ord/:

Definition 4.8 (homotopy pseudo-orbits). Let f W .S2; A; ord/ be an orbisphere

self-map, and let I be a finite index set together with an index map also written

f W I .

An I -homotopy pseudo-orbit is a collection of paths

.ˇi /i2I with ˇi W Œ0; 1� �! S2 n A satisfying f̌ .i/.0/ D f .ˇi .1//:
Two homotopy pseudo-orbits .ˇi /i2I and .ˇ0

i /i2I are homotopic, written

.ˇi /i2I �A;ord .ˇ
0
i /i2I ;

if ˇi �A;ord ˇ
0
i for all i 2 I . In particular, ˇi .0/ D ˇ0

i .0/ and ˇi .1/ D ˇ0
i .1/.

Two homotopy pseudo-orbits .ˇi /i2I and .i /i2I are conjugate, written

.ˇi /i2I � .i /i2I ;
if there is a collection of paths .`i /i2I with

`i .0/ D ˇi .0/; `i .1/ D i .0/; ˇi # f̀ .i/"ˇi .1/

f
�A;ord `i # i :

Poly-orbits are special cases of homotopy pseudo-orbits, in which the paths ˇi are

all constant.

Remark 4.9. A homotopy pseudo orbit can also be defined for an infinite I with

the assumption that .`i /i2I and .ˇi /i2I in Definition 4.8 have uniformly bounded

length. Then Theorem 4.22 still holds.
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In a homotopy pseudo-orbit, the curves .ˇi /i2I encode homotopically the

difference between xi WD ˇi .0/ and a choice of preimage of xf .i/. Note that

Ishii-Smillie define in [16, Definition 6.1] homotopy pseudo-orbits by paths ˇi
connecting f .xi / to xf .i/; their ˇi may be uniquely lifted to paths ˇi from xi to

an f -preimage of xf .i/ as in Definition 4.8, but our definition does not reduce to

theirs, since our ˇi are defined rel .A; ord/, not rel .f �1.A/; f �.ord//.

xi xf .i/ xf 2.i/

ˇi f̌ .i/f f

yi yf .i/ yf 2.i/

i f .i/
f f

`i f̀ .i/ f̀ 2.i/

Choose a length metric on S2, and define the distance between homotopy

pseudo-orbits by

d..ˇi /i2I ; .i /i2I / WD max
i2I;t2Œ0;1�

d.i .t /; ˇi.t //: (54)

The following result states that the set of conjugacy classes of homotopy

pseudo-orbits is discrete:

Lemma 4.10 (discreteness). Let us consider a homotopy pseudo-orbit .ˇi /i2I of

f W .S2; A; ord/ . Then there is an " > 0 such every homotopy pseudo-orbit at

distance less than " from .ˇi /i2I is conjugate to it.

Proof. Set " D mina¤b2A d.a; b/. Consider a homotopy pseudo-orbit .i /i2I at

distance ı < " from .ˇi /i2I . Connect ˇi .0/ to i .0/ by a path `i of length at

most ı. Since S n A is locally contractible space, the curve `i is unique up to

homotopy and ˇi # f̀ .i/"ˇi .1/

f
�A;ord `i # i . �

We recall that A1 denotes the union of all periodic cycles containing critical

points.

Definition 4.11 (shadowing). A homotopy pseudo-orbit .ˇi /2I shadows rel

.A; ord/ a poly-orbit .pi /i2I in S n A1 if they are conjugate; namely if there are

curves `i connecting ˇi .0/ to pi that lie in S2 nA except possibly their endpoints

and such that for every i 2 I we have

`i �.A;ord/ ˇi # f̀ .i/"ˇi .1/

f
:

Lemma 4.12. The homotopy pseudo-orbit .ˇi /2I shadows the poly-orbit .pi /i2I
if and only if every neighbourhood .Ui /i2I of .pi /i2I contains a homotopy pseudo-

orbit .ˇ0
i /i2I conjugate to .ˇi /i2I ; namely, ˇ0

i � Ui 3 pi for all i 2 I .
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Proof. If .ˇi / can be conjugated into a small enough neighbourhood of .pi /i2I ,

then it is conjugate to .pi /i2I by Lemma 4.10. The converse is obvious. �

Proposition 4.13. Suppose f W .S2; A; ord/ is a geometric non-invertible map.

Then a periodic pseudo-orbit .ˇi /i2I shadows .pi /i2I rel .A; ord/ if and only if

.ˇi /i2I shadows .pi /i2I rel .Pf ; ordf /.

Proof. Clearly if .ˇi /i2I shadows an orbit .pi/i2I rel .A; ord/ then .ˇi /i2I
shadows .pi /i2I rel .Pf ; ordf /. Conversely, suppose .ˇi /i2I shadows an or-

bit .pi/i2I rel .Pf ; ordf /, so there are paths `i connecting ˇi .0/ to pi with

`i �Pf ;ordf
ˇi # f̀ .i/"ˇi .1/

f
. Thus, `�1

i # ˇi # f̀ .i/"ˇi .1/

f
is a loop which is trivial

rel .Pf ; ordf /, but may not be trivial rel A.

Consider the following pullback iteration. Set

.ˇ0i /i2I WD .ˇi /i2I and .`0i /i2I WD .`0i /i2I :
Define

.ˇni /i2I WD .ˇn�1
f .i/"

ˇn�1
i

.1/

f
/i2I and .`ni /i2I WD .`n�1

f .i/"
ˇi .1/

f
/i2I :

Clearly the .ˇni /i2I are all conjugate. Observe that .`ni /
�1 # ˇi # `n

f .i/
"ˇi .1/

f
is a

loop passing through pi and that .`ni /
�1 # ˇi # `n

f .i/
"ˇi .1/

f
is a degree-1 preimage

of .`n�1
i /�1 # ˇi # `n�1

f .i/
"ˇi .1/

f
.

If f is expanding, then the diameter of .`ni /
�1 # ˇi # `n

f .i/
"ˇi .1/

f
tends to 0

exponentially fast, hence .`ni /
�1 # ˇi # `n

f .i/
"ˇi .1/

f
is trivial rel .A; ord/ for all

sufficiently large n, and the claim follows.

If f is exceptional, then .`ni /
�1 # ˇi # `n

f .i/
"ˇi .1/

f
is trivial rel .A; ord/ for all

sufficiently large n by Corollary 4.2. �

At one extreme, homotopy pseudo-orbits include poly-orbits, represented as

constant paths. At the other extreme, homotopy pseudo-orbits may be assumed

to consist of paths all starting at the basepoint �. As such, these paths represent

elements of the biset B.f / of f , see 1.

4.3. Symbolic orbits. We shall be interested in marking periodic orbits of reg-

ular points. These are conveniently encoded in the following simplification of

portraits of bisets (in which the subbisets are singletons and therefore represented

simply as elements):

Definition 4.14 (symbolic orbits). Let I be a finite index set with self-map

f W I , and let B be a G-biset. An I -symbolic orbit is a sequence .bi /i2I of

elements of B , and two I -symbolic orbits .bi /i2I and .ci /i2I are conjugate if

there exists a sequence .gi /i2I in G with gici D bigf .i/ for all i 2 I .
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Lemma 4.15. Every homotopy pseudo-orbit can be conjugated to a symbolic

orbit, unique up to conjugacy, in B.f; A; ord/.

Proof. Given .ˇi /i2I a homotopy pseudo-orbit, choose paths `i from ˇi .0/ to �
and define i D `�1

i # ˇi # f̀ .i/"ˇi .1/

f
. Then i 2 B.f; A; ord/ and .ˇi /i2I �

.i /i2I . Furthermore another choice of paths .`0
i /i2I differs from .`i /i2I by `0

i D
`igi for some gi , so the symbolic orbits .i /i2I and ..`0

i /
�1 # ˇi # `0

f .i/
"ˇi .1/

f
/i2I

are conjugate. �

Let f W .S2; Pf ; ordf / be an expanding map, and let GBG be its biset. Recall

that the Julia set J.f / of f is the accumulation set of preimages of a generic

point �,
J.f / WD

\

n�0

[

m�n
f �m.�/:

Every bounded sequence b0b1 � � � 2 B˝1 defines an element of J.f / as follows:

set c0 D b0 and ci D ci�1 # bi"ci�1.1/

f i for all i � 1; then limn!1 cn.1/ converges

to a point �.b0b1 � � � / 2 J.f /. The following proposition directly follows from the

definition:

Proposition 4.16 (expanding case). Supposef W .S2; Pf ; ordf / is an expanding

map with orbisphere biset GBG , and let .bi /i2I be a finite symbolic orbit. Let† be

a generating set of GBG containing all bi and let �W†C1 ! J.f / be the symbolic

encoding defined above. Then .bi /i2I shadows .�.bibf .i/bf 2.i/ : : : //i2I .

This proposition is useful to solve shadowing problems (namely, determin-

ing when two symbolic orbits shadow the same poly-orbit) using language of au-

tomata.

It also follows from the proposition that every orbit homotopy pseudo-orbit

shadows a unique orbit in J.f /.

Proposition 4.17 (shadowing and universal covers). Let f W .S2; A; ord/ be

an orbisphere map with biset GBG , let � WG zU ! .S2; A; ord/ be the universal

covering map of .S2; A; ord/, and let ˆWGBG ˝ G
zU ,! G

zU be the G equivariant

map defined by Proposition 3.5.

Then there is a completion G zUC of G zU such that � andˆ extend to continuous

maps � WG zUC ! S2 n A1 and ˆWGBG ˝ G
zUC ! G

zUC with the following

property: a symbolic orbit .bi /i2I shadows an orbit .xi /i2I in S2 n A1 if and

only if

ˆ.bi ˝ Qxf .i// D Qxi for some Qxi 2 zUC with �. Qxi / D xi :

Furthermore, if ord.a/ <1 for every a 2 A n A1 then we may take zUC D zU .
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Proof. To define zUC, add to zU all limit points of parabolic elements correspond-

ing to small loops around punctures a 2 AnA1 with ord.a/ D1. The extension

of � and ˆ is given by continuity; � is a branched covering with branch locus
zUC n zU .

If .bi /i2I shadows .xi /i2I , then there are curves

Qxi W Œ0; 1� �! .S2; A; ord/ with Qxi .0/ D � and Qxi .1/ D xi

such that Qx�1
i # bi # Qxf .i/"bi .1/

f
is a homotopically trivial loop. This exactly means

thatˆ.bi˝ Qxf .i// D Qxi . Conversely, ifˆ.bi˝ Qxf .i// D Qxi for all i 2 I then .bi /i2I
shadows .�. Qxi //i2I . �

Proposition 4.18 (shadowing in the .2; 2; 2; 2/ case). Using notations of Propo-

sition 4.6, suppose f is a .2; 2; 2; 2/ geometric non-invertible map and

ˆWGBG ˝ hZ2;�zCriR
2 �! hZ2;�zCriR

2; .b0; z/ 7�!M�1z

is as in Proposition 4.6(D). Then for every symbolic orbit .bi /i2I of GBG there is

a unique collection .ri /i2I of points in R2 such that ri D ˆ.bi˝rf .i//. The points

ri are solutions of linear equations (55).

By Proposition 4.17, the image of .ri/i2I under the projection

� WR2 �! R2=G � .S2; Pf ; ordf /

is the unique poly-orbit shadowed by .bi /i2I .

The proof will use the following easy fact.

Lemma 4.19. If M is non-invertible geometric, then j det.M n C �I /j � 1 for

every n � 1 and every � 2 ¹˙1º.

Proof. If �1; �2 are M ’s eigenvalues, then Lemma 4.3 gives

j det.M n C �1/j D j.�n1 C �/.�n2 C �/j � 1: �

Proof of Proposition 4.18. Write bi D b0gi . Recall that every gi acts on R2 as

z 7! �iz C ti with �i 2 ¹˙1º:We get the following system of linear equations:

M�1.�i rf .i/ C ti / D ri ; i 2 I:

By splitting f W I into grand orbits and eliminating variables we arrive at equa-

tions of the form

.1C �M n/ri D t with � 2 ¹˙1º (55)

and n the period of an orbit and t 2 R2 some parameters depending on �i and ti .

By Lemma 4.19, the system (55) has a unique solution. �
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Consider an I -symbolic orbit .bi /i2I shadowing a poly-orbit .xi /i2I . This

means (see Definition 4.11) that there are curves .`i /i2I connecting � to xi

such that `�1
i # bi # f̀ .i/"bi .1/

f
is a trivial loop rel .A; ord/. The local group

Gxi
� �1.X; �/ D G consists of loops of the form

`i Œ0; 1� "� # ˛ # `�1
i Œ0; 1� "�; ˛ is close to xi : (56)

If xi 62 A, then Gxi
is a trivial group; otherwise Gxi

is an abelian group of

order ord.xi /. If .A; ord/ D .Pf ; ordf /, thenGxi
is a finite abelian group. Clearly,

.gibihi /i also shadows xi for all gi 2 Gxi
and all hi 2 GxiC1

. Conversely:

Lemma 4.20. Let f W .S2; A; ord/ be a geometric non-invertible map. Suppose

that the symbolic orbits .bi /i2I and .ci /i2I shadow .xi /i . Let Gxi
be the local

group associated with .bi /i . Then there are hi 2 Gxf .i/
such that .ci /i2I is

conjugate to .bihi /i2I .

If I consists only of periodic indices, then .ci /i2I is conjugate to .gibi /i2I for

some gi 2 Gxi
.

Proof. By conjugating .ci /i2I we can assume that `�1
i ci`i"bi .1/

f
is a trivial loop;

i.e. local groups associated with .ci /i2I coincide with whose associated with

.bi /i2I . It is now routine to check that .bi /i2I and .ci /i2I differ by the action

of local groups. Indeed, bi is of the form

`i Œ0; 1� "� # ˇi # . f̀ .i/Œ0; 1� "�/�1"ˇi .1/

f
; ˇi is close to xi ;

and, similarly, ci is of the form

`i Œ0; 1� "� # i # . f̀ .i/Œ0; 1� "�/�1"i .1/

f
; i is close to xi :

Let ˛i be the image of ˇ�1
i #i and define hi to be f̀ .i/Œ0; 1�"�#˛i #`�1

f .i/
Œ0; 1�"�;

compare with (56). Then ci D bihi for all i 2 I .

If I has only periodic indices, then ˇ�1
i and i end at the same point and we

set ˛i WD i # ˇ�1
i and gi WD `i Œ0; 1� "� # ˛i # `�1

i Œ0; 1 � "�. We obtain ci D gibi
for all i 2 I . �

Corollary 4.21. Let f W .S2; Pf ; ordf / be a geometric non-invertible map. For

every poly-orbit there are only finitely many symbolic orbits that shadow it.

Therefore, there are only finitely many conjugacy classes of portraits in B.f /.

Theorem 4.22. Let f W .S2; A; ord/ be a non-invertible geometric map. Then

the shadowing operation defines a map from conjugacy classes of symbolic finite

orbits onto poly-orbits in S2 n A1. If .A; ord/ D .Pf ; ordf /, then the shadowing

map is finite-to-one.

Proof. Follows from Propositions 4.13, 4.16, 4.18, and Corollary 4.21. �
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4.4. From symbolic orbits to portraits of bisets. The centralizer of a symbolic

finite orbit .bi /i2I is the set of .gi /i2I 2 GI such that gibi D bigf .i/ for all i 2 I .

Lemma 4.23. If GBG is the biset of a geometric non-invertible map f and .bi /i2I
is a symbolic finite orbit shadowing a poly-orbit .xi /i2I , then its centralizer is

contained in
Q
i2I Gxi

, where Gxi
are the local groups associated with .bi /i2I .

Proof. By Definition 4.11 there are curves .`i /i2I connecting � to xi such that

`�1
i # bi # `i"bi .1/

f
is a trivial loop rel .A; ord/. Suppose that .gi /i2I 2 GI

centralizes .bi /i2I . Set Qgi WD `�1
i # gi # `i . Then Qgf .i/"

xi

f
is isotopic to Qgi rel

.A; ord/. By the expanding property of f , or Corollary 4.2 if f is exceptional, Qgi
is trivial rel .A; ord/. This implies that .gi /i2I 2

Q
i2I Gxi

. �

Consider a portrait of bisets .Ga; Ba/a2 zA in GBG . We may decompose zA D
A t F t I with f n� .F / � A for n � 0 and f�.I / � I . Then for every i 2 I
the group Gi is trivial and Bi D ¹biº is a singleton. We obtain the symbolic orbit

.bi /i2I which is the essential part of .Ga; Ba/ zA:

Lemma 4.24. The relative centralizerZD..Ga; Ba/a2 zA/ (see §2.8) is isomorphic

to the centralizer of .bi /i2I via the forgetful map .gd /d2D ! .gi /i2I .

Let .Ga; Ba/a2 zA and .G0
a; B

0
a/a2 zA be two portraits of bisets with associated

symbolic orbits .bi /i2I and .b0
i /i2I . Assume that Ga D G0

a and Ba D B 0
a for all

a 2 A. Then .Ga; Ba/a2 zA and .G0
a; B

0
a/a2 zA are conjugate if and only if

(1) .bi /i2I and .b0
i /i2I are conjugate; and

(2) G ˝Gd
Bd D G ˝Gd

B 0
d

for every d 2 F .

This reduces the conjugacy problem of portrait of bisets to the conjugacy prob-

lem of symbolic orbits; indeed Condition (2) is easily checkable. Note that every

preperiodic point in zA imposes a finite condition on conjugators and centralizers:

for points attracted to A, Condition (2) imposes a congruence condition modulo

the action on ¹�º ˝G B on the conjugator; for preperiodic points in I , conjugacy

again amounts (by Condition (1) and Definition 4.14) to a congruence condition

modulo the action on ¹�º ˝G B .

Proof. If d 2 D with f�.d/ 62 D, then from gdBd D Bdgf�.d/ D Bd follows

that gd D 1. Induction on the escaping time to A gives gd D 1 for all d 2 F .

Similarly, if d 2 D with f�.d/ 62 D, then there is a gd 2 G with gdBd D
B 0
d
D B 0

d
gf�.d/ if and only if G ˝Gd

Bd D G ˝Gd
B 0
d
. By induction on the

escaping time, .Ga; Ba/a2AtF and .G0
a; B

0
a/a2AtF are conjugate if and only if

Condition (2) holds. �

We are now ready to show that a geometric map, equipped with a portrait of

bisets, yields a sphere map – possibly with some points infinitesimally close to
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each other. A blowup of a two-dimensional sphere is a topological sphere zS2
equipped with a monotone map zS2 ! S2, namely a continuous map under which

preimages of connected sets are connected. We remark that arbitrary countable

subsets of S2 may be blown up into disks.

Proposition 4.25. Let f W .S2; A/ be a non-invertible geometric map, let zA be

a set containing a copy of A, let f�W zA be a symbolic map which coincides with

f on the subset A � zA, and let .Ba/a2 zA be a portrait of bisets in B.f /.

Then there exists a unique map eW zA! S2 extending the identity on A, and a

blowup bW zS2 ! S2, with the following properties. The locus of non-injectivity of

e is disjoint from A1, and b blows up precisely at the grand orbits of

¹x j there exist a ¤ a0 2 zAW x D e.a/ D e.a0/º

replacing points by disks on which the metric is identically 0 and all points in
zA � zS2 are disjoint. The maps f�W zA and f W .S2; A/ extend to a map
Qf W . zS2; zA/ , which is semiconjugate to f via b, and whose minimal portrait

of bisets projects to .Ba/a2 zA.

Proof. Let us set G WD �1.S
2 n A; �/. We may decompose zA D A t I t J with

f�.I / D I and f n� .J / � A t I for n � 0. On A, we naturally define e as the

identity. If i 2 I , then i is f�-periodic and the bisets Bi ; Bf�.i/; : : : determine

a homotopy pseudo-orbit which shadows a unique periodic poly-orbit in S2, by

Theorem 4.22. Thus, e is uniquely defined.

We now blow up the grand orbits of all points in S2 which are the image of

more than one point inAtI under e, replacing them by a disk on which the metric

is identically 0. We inject A t I arbitrarily in the blown-up sphere zS2, and now

identify A t I with its image in the blowup.

Let us next extend f to a self-map Qf of zS2 so that .Ba/a2AtI is the induced

portrait of bisets. We first do it by arbitrarily mapping the disks to each other by

homeomorphisms restricting to f� on A t I . Let .B 0
a/a2AtI be the projection of

the minimal portrait of bisets of Qf via �1. zS2; A t I / ! G. Consider i 2 I . By

Lemma 4.20 (the periodic case), we can assume that bi D hib
0
i with hi 2 Ge.i/.

(Note that if e.i/ 62 A, then hi D 1 and bi D b0
i .) Let m0 2 Braid. zS2 n A; I / be a

preimage of .hi /i2I under EI (see (19)) and setm WD push.m0/; it is defined up to

pre-composing with a knitting element. Since hi 2 Ge.i/, we can assume that m

is identity away from the blown up disks. Then .Ba/a2AtI is a portrait of bisets

induced by m Qf .

Consider next j 2 J and assume that f�.j / has already been defined. The

biset Bj , and more precisely already its image in ¹�º ˝G B.f /, see Defini-

tion 2.15(B), determines the correct Qf -preimage of f�.j / 2 zS2 that corresponds

to j , and thus determines e.j / uniquely. �
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4.5. Promotions of geometric maps. Let X WD .S2; A; ord/ be an orbisphere,

and consider a subset D � S2 n A. Recall from (11) the quotient Mod.X jD/ of

mapping classes of .S2; A tD/ by knitting elements; there, we called two maps

f; gW .X;D/ knitting-equivalent, written f �AjD g, if they differ by a knitting

element in knBraid.X;D/. We shall show that knitting-equivalent rigid maps are

conjugate rel A tD:

Theorem 4.26 (promotion). Suppose f; gW .X;D/ are orbisphere maps, and

assume that either

� g is geometric non-invertible, or

� gm.D/ � A for some m � 0.
Then every conjugacy h 2Mod.X jD/ between f and g rel AjD lifts to a unique

conjugacy Qh 2Mod.S2; A tD/ between f and g rel A tD such that Qh �AjD h.

Proof. We begin by a

Lemma 4.27. Under the assumption on g, consider that b 2 Braid.S2 n A;D/.
If for every m � 1 the element b is liftable through gm, then .g�/mb is trivial for

all m � log jgj, where j � j is the word metric.

Proof. Consider first the case that g is expanding. Then the lengths of curves

.g�/m.b/.�; a/ tend to 0 as m!1, so .g�/m.b/ D 1 for sufficiently large m. If

g is exceptional, then Corollary 4.2 replaces the expanding argument. If finally

gm.E/ � A, then .g�/m.b/ D 1 for the same m. 4

We resume the proof. Let Qh0 2 pMod.S2; AtD/ be any preimage of h under

the forgetful map Mod.S2; A t D/ ! Mod.X jD/. Then Qh0f Qh�1
0 �AtD h�1

1 g

for some h1 2 knBraid.X;D/. Setting Qh1 WD h1 Qh0 we get Qh1f Qh�1
1 �AtD h�1

2 g,

where h�1
2 is the lift of h�1

1 through g. Continuing this process we eventually get
Qhmf Qh�1

m �AtD g because a the corresponding lift of h�1
1 is trivial by Lemma 4.27.

We have shown the existence of Qh.

If Qh0 is another promotion of h, then Qh0 and Qh differ by a knitting element

commuting with f . By Lemma 4.27, that knitting element is trivial, hence
Qh0 D Qh. �

Corollary 4.28. Let

Mod.S2;AtD/M.f /Mod.S2;AtD/ �! Mod.X jD/M.f jD/Mod.X jD/

be the inert map forgetting the action of knitting elements (see Proposition 2.12).

Suppose that either f is geometric non-invertible or f m.D/ � A for somem � 0.
Then f; g are conjugate in M.f / if and only if their images are conjugate in

M.f jD/. Moreover, the centralizers Z.f / and Z.f jD/ (see §2.8) are naturally

isomorphic via the projection Mod.S2; A tD/!Mod.X jD/.



50 L. Bartholdi and D. Dudko

4.6. Automorphisms of bisets. Recall that the automorphism group of a biset

HBG is the set Aut.B/ of maps � WB satisfying �.hbg/ D h�.b/g for all

h 2 H; g 2 G.

Proposition 4.29. IfHBG is a left-free, right-transitive biset andH is centreless,

then Aut.B/ acts freely on B , so B=Aut.B/ is also a left-free, right-transitive

H -G-biset.

Proof. Aut.B/ acts by permutations on ¹�º ˝H B , and commutes with the right

G-action, which is transitive, so Aut.B/= ker.action/ acts freely. Consider now

� 2 Aut.B/ that acts trivially on ¹�º˝HB , and consider b 2 B . We have �.b/ D tb
for some t 2 H , and for all h 2 H there exists g 2 G with hb D bg, because B is

right-transitive. We have

htb D h�.b/ D �.hb/ D �.bg/ D �.b/g D tbg D thb;

so t 2 Z.H/ D 1 and therefore � D 1. It follows that Aut.B/ acts freely onB . �

Corollary 4.30 (no biset automorphisms). For an orbisphere biset HBG with H

non-cyclic, we have Aut.B/ D 1.

In the dynamical situation GBG is a cyclic biset if and only if G is a cyclic

group.

Proof. Since B is an orbisphere biset, it is left-free and right-transitive; and since

it is not cyclic,H is a non-abelian orbisphere group and in particular is centreless,

so Proposition 4.29 applies. Now B cannot have a proper quotient, because

conjugacy classes of elements of H appear exactly once in wreath recursions of

peripheral elements, by [5, Definition 2.6(SB3) of orbisphere bisets]. �

Corollary 4.31. Suppose f; gW .S2; C; ord/ ! .S2; A; ord/ are isotopic orbi-

sphere maps. Let B.f / and B.g/ be the bisets of f and g with respect to the

same base points � 2 S2 nC and � 2 S2 nA. Then there is a unique isomorphism

between B.f / and B.g/.

Proof. Consider an isotopy .ft /t2Œ0;1� rel A from f to g. It induces a continuous

motion B.ft ; A; ord; �/ of the bisets of ft . Therefore, all B.ft ; A; ord; �/ are

isomorphic. This shows existence, the uniqueness follows from Corollary 4.30.

�

Theorem 4.32 (rigidity). Suppose f W .S2; A; ord/ is a geometric map. If

hW .S2; A/ commutes with f , is the identity in some neighbourhood of A1, and

is isotopic to 1 rel A, then h D 1.
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Proof. Fix a basepoint � 2 S2 nA and the fundamental groupG D �1.S2 nA; �/.
Since h is isotopic to the identity rel A, there is a path `W Œ0; 1� ! S2 n A from �
to h.�/ such that  � ` # .h ı / # `�1 for all  2 G. Define then

h�WGB.f /G ; h�.ˇ/ WD ` # .h ı ˇ/ # .`�1/"h.ˇ.1//
f

:

Since h commutes with f , this defines an automorphism of B.f /. By Corol-

lary 4.30, it is the identity on B.f /. It also fixes, therefore, all conjugacy classes

in B.f /˝n for all n 2 N. By Theorem 4.22, these are in bijection with peri-

odic orbits of f . It follows that h is the identity on all periodic points of f , and

therefore on f ’s Julia set. Since furthermore h is the identity near A1, and every

point of S2 n A either belongs to J.f / or gets attracted to A1, we get h D 1

everywhere. �

4.7. Weakly geometric maps. We are now ready to show that maps whose

restriction to their minimal orbisphere is geometric are of a particularly simple

form.

Definition 4.33 (tunings). Let f W .S2; A/ be a Thurston map. A tuning multi-

curve for a f is an f -invariant1 multicurve C such that f �1.C/ does not contain

nested components rel f �1.A/; namely, the adjacency graph of components of

S2 n f �1.C/ is a star.

A tuning is an amalgam of orbisphere bisets in which the graph of bisets is a

star. Equivalently, it is an amalgam of Thurston maps along a tuning multicurve.

Every tuning has a central map, corresponding to the centre of the star, as well

as satellite maps, corresponding to its leaves. Furthermore, unless the star has two

vertices, its central map is uniquely determined.

Definition 4.34 (weakly geometric maps). A tuning by homeomorphisms is a

tuning in which all satellite maps are homeomorphisms.

A map is weakly geometric if it is a (possibly trivial) tuning by homeomor-

phisms in such a manner that the central map is isotopic to a geometric map.

Theorem 4.35. Let f W .S2; A/ be a non-invertible Thurston map. Then f is

weakly geometric if and only if its restriction f W .S2; Pf ; ordf / is isotopic to a

geometric map.

Proof. If f is weakly geometric, then its central map Nf is isotopic to a geometric

map, and f is isotopic to Nf rel Pf .

1 In the sense that f �1.C/ equals C rel A.
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Conversely, assume that the restriction Nf W .S2; Pf ; ordf / of f is geometric,

and consider its portrait of bisets .Ba/a2A induced from the minimal portrait of

bisets of f . By Proposition 4.25, there exists a blown-up sphere zS2 and extension
Qf of f , such that the portraits of bisets of f and Qf are conjugate portraits of bisets

in B. Nf /. The tuning multicurve we seek is the boundary of the blowup disks.

By Theorem 2.19, the bisetsB.f / andB. Qf / differ by a knitting element, so we

may write Qf D mf for somem 2 knBraid.S2nA; zAnA/. By Proposition 2.8, the

classm is liftable arbitrarily often through Nf , and by Lemma 4.27 its lift becomes

eventually trivial; in other words, we have a relation n�1 Qf n D mf for some m

with trivial image in Braid.S2 n A/, and therefore n is a product of mapping

classes in the infinitesimal disks. Its restriction to these disks yields the required

homeomorphisms of the tuning. �

We now turn to the algebraic aspects of geometric maps.

Definition 4.36. An orbisphere biset is geometric if it is the biset of a geometric

map. A biset B is weakly geometric if its projection xB to its minimal orbisphere

group is geometric.

Corollary 4.37. A Thurston map f is [weakly] geometric if and only if its biset

is (weakly) geometric.

The following result was already obtained by Selinger and Yampolsky in the

case of torus maps [26]:

Corollary 4.38. A non-invertible Thurston map is isotopic to a geometric map if

and only if it is Levy-free.

Proof. Let f be a non-invertible Thurston map. If f admits a Levy cycle, then

either f shrinks no metric under which a curve in the Levy cycle is geodesic, or

f is doubly covered by a torus endomorphism with eigenvalue ˙1; in all cases,

f is not geometric.

Conversely, if f is Levy-free, then its restriction Nf to .S2; Pf ; ordf / is still

Levy-free. By [4, Theorem A] (for ¹Expº maps) or Lemma 4.4 (for ¹GTor/2º
maps) the map Nf is geometric. By Proposition 4.25, there is a map eWA ! S2

whose image is preserved by Nf . If ewere not injective, there would be a Levy cycle

for f consisting of curves surrounding elements of A with same image under e.

Now if e is injective then the tuning constructed in Theorem 4.35 is trivial, so f

is geometric. �

4.8. Conjugacy and centralizer problem. We are now ready to show how

conjugacy and centralizer problems may be solved in geometric bisets. We review

the algebraic interpretation of expanding maps: by [4, Theorem A], a map is

expanding if and only if its minimal biset is contracting. We recall briefly that
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a left-free G-G-biset B is contracting if, for every basis X � B , there exists a

finite subset N � G with the following property: for every g 2 G there is n 2 N

such that Xng 2 NXn � B˝n.
The minimal such subsetN is called the nucleus associated with .B;X/. Note

that different bases yield different nuclei, but that finiteness of N is one basis

implies its finiteness for all other bases, or even for all finite sets X generating B

qua left G-set.

The biset B may be given by its structure map X � G ! G � X , written

.x; g/ 7! .g@x; xg /; it is defined by the equality xg D .g@x/xg in B . Then B

is contracting with nucleus N if for every g 2 G every sufficiently long iteration

of the maps g 7! g@x eventually gives elements in N .

We may assume, without loss of generality, thatXN � NX holds. For finitely

generated groups, there is perhaps more intuitive formulation of contraction: there

exists a proper metric onG and constants � < 1; C such that kg@xk � �kgkCC
for all g 2 G; x 2 X .

Lemma 4.39. Let GBG be a contracting biset; choose a basis X of B , and let

N � G be the associated nucleus.

Then every symbolic finite orbit .bi /i2I is conjugate to one in which bi 2 NX
for all i 2 I .

Proof. Write every bi in the form gixi with gi 2 G and xi 2 X . Conjugate the

symbolic orbit by .gi /i2I ; then each bi becomes g�1
i bigf .i/ D xigf .i/ D g0

ix
0
i 2 B

for some g0
i 2 G; x0

i 2 X . Note that each g0
i is a state of some gi . Conjugate again

by .g0
i /i2E , etc.; after a finite number of steps, each bi will belong to NX . �

Lemma 4.40. Let f W .S2; A; ord/ be a geometric map. Then for every n 2 N

the number of n-periodic points of f is finite.

Proof. If f is doubly covered by a torus endomorphism z 7! Mz C q, then its

period-n points are all solutions to z 2 .1�M/�1q C .1�M n/�1Z2; the image

of this set under R2 ! R2=hZ2;�zi is finite, of size at most det.1�M n/.

If f is expanding, then consider its biset B , which is orbisphere contracting,

see [4, Theorem A]. By Lemma 4.39, there are finitely many conjugacy classes of

period-n finite symbolic orbits in B , and by Theorem 4.22, every symbolic orbit

shadows a unique finite poly-orbit. �

Theorem 4.41. Let zG ! G be a forgetful morphism of groups and let

zG
zB zG �! GBG and zG

zB 0
zG �! GB

0
G

be two forgetful biset morphisms as in (8). Suppose furthermore that zB is geomet-

ric of degree > 1. Denote by .Ga; Ba/a2 zA and .G0
a; B

0
a/a2 zA the portraits of bisets

induced by zB and zB 0
in B and B 0 respectively.
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Then zB; zB 0
are conjugate under Mod. zG/ if and only if there exists � 2

Mod.G/ such that B� Š B 0 and the portraits .G
�
a ; B

�
a /a2 zA and .G0

a; B
0
a/a2AtE

are conjugate.

Furthermore, the centralizer of the portrait .Ga; Ba/a2 zA is trivial, and the

centralizer Z. zB/ of zB is isomorphic, via the forgetful map Mod. zG/!Mod.G/,

to ®
� 2 Z.B/

ˇ̌
.G�a ; B

�
a /a2 zA � .Ga; Ba/a2 zA

¯

and is a finite-index subgroup of Z.B/.

Proof. If zB; zB 0
are conjugate, then certainly their images and subbisets are con-

jugate. Conversely, let � 2 Mod.G/ be such that B� Š B 0 and the portraits

.G
�
a ; B

�
a /a2 zA and .G0

a; B
0
a/a2AtE are conjugate, and let Qf ; Qf 0

be maps realizing

zB; zB 0
respectively, with f geometric. By Theorem 2.19, we have Qf 0 D m Qf

for a knitting mapping class m. Since m is liftable by Proposition 2.8, we have

m Qf D f m0 for some knitting mapping classm0 and thereforem0 Qf 0
.m0/�1 D m0 Qf .

Repeating with m0, we obtainm.k/ � � �m0 Qf 0
.m.k/ � � �m0/�1 D m.k/ Qf for all k 2 N,

and m.k/ D 1 when k is large enough by Lemma 4.27. Therefore, Qf ; Qf 0
are con-

jugate, and so are zB; zB 0
.

The description of Z. zB/ follows. The centralizer of the portrait .Ga; Ba/a2 zA
is trivial, because (since zB is geometric) all points shadowed by bisets Ba are

unmarked in G. TheZ.B/-orbit of .Ga; Ba/a2 zA contains finitely many conjugacy

classes by Lemma 4.40, since all of them are induced from a geometric biset, and

therefore are encoded in periodic or pre-periodic points for a map realizingB . �

5. Algorithmic questions

We give some algorithms that decide whether two portraits of bisets are conjugate,

thereby reducing the conjugacy and centralizer problem from orbisphere maps to

their minimal orbisphere (with only the post-critical set marked).

All the algorithms we describe make use of the symbolic description of maps

via bisets, and are inherently quite fast and practical. Their precise performance,

and implementation details, be studied in the last paper [6] of this series.

There are two implementations of Algorithms 1.1 and 1.2, one for ¹GTor/2º
maps and one for ¹Expº maps. We describe them in separate subsections.

We already gave the following algorithms:

Algorithm 5.1 ([4, Algorithms 5.1 and 5.2]).

Given an orbisphere biset GBG ,

decide whether B is the biset of a map double covered by a torus endomor-

phism, and if so

compute parameters M; q for a torus endomorphism z 7!Mz C q covering B .
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Algorithm 5.2 ([4, Algorithms 5.4 and 5.5]).

Given an orbisphere biset GBG ,

decide whether B is the biset of a ¹GTor/2º or an ¹Expº map, and in particular

whether B is geometric.

5.1. ¹GTor/2º maps. In the case of ¹GTor/2º maps, we can decide, without

access to an oracle, whether two such maps are conjugate, and we can compute

their centralizers, as follows. We shall need the following fact:

Theorem 5.3 (Corollary of [13]). There is an algorithm deciding whether two

matrices M;N 2 MatC
2 .Z/ are conjugate by an element X 2 SL2.Z/, and

produces such an X if it exists.

There is an algorithm computing, as a finitely generated subgroup of SL2.Z/,

the centralizer of M 2MatC
2 .Z/.

Algorithm 5.4.

Given GBG , GCG two minimal ¹GTor/2º bisets

decide whetherB and C are conjugate by an element of Mod.G/, and if so

construct a conjugator; and compute the centralizer Z.B/,

as follows. (1) If B� ¤ C� as maps on peripheral conjugacy classes, then

return fail.

(2) Using Proposition 4.5(A), identifyG with Z2Ì¹˙1º, and with

Algorithm 5.1 presentB andC asBMv andBNw respectively,

see (52).

(3) Using Theorem 5.3 check whetherM and N are conjugate. If

not, return no; otherwise find a conjugatorX and compute the

centralizer Z.M/ of M .

(4) Check whether there is a Y 2 Z.M/ such that B.YX/0 conju-

gates BMv to BNw , as follows. The orbit of BMv under conju-

gation of

¹BY 0 j Y 2 Z.M/; B.YX/0 2Mod.G/º

is finite and hence computable; so is its image under X0.

Check whether BNw belongs to it; if not, return no, and if

yes, return yes and the conjugator B.YX/0 .

(5) The centralizer of B is

¹BY 0 j Y 2 Z.M/; BY 0 2Mod.G/; and

BY 0 centralizes BMvº;

naturally embeds as a subgroup of finite index in Z.M/.
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Here is an algorithmic version of Proposition 4.18:

Algorithm 5.5.

Given a minimal ¹GTor/2º orbisphere biset GBG with G D hZ2;�z C ri,
a base point b0 2 B specifying the map

ˆWGBG ˝ hZ2;�zCriR
2 �! hZ2;�zCriR

2W .b0; z/ 7!M�1z (57)

(see Proposition 4.18), an extension f�W zA! zA of the dynamics of

B on its peripheral classes, and a portrait of bisets .Ga; Ba/a2 zA,

compute .ra/a2 zA shadowed by .Ga; Ba/a2 zA: ra D ˆ.Ba ˝ rf�.a//, the local

groups G Nra where Nra is the image of ra in R2=G (see (56)), and

the relative centralizer ZD..Ga; Ba/a2 zA/, which is a finite abelian

group

as follows. (1) Choose ba 2 Ba. Proceed through all periodic cycles E of I .

Choose e 2 E and solve the linear equation

re D ˆjE j.be ˝ bf�.e/ ˝ � � � ˝ bf jEj�1
�

.e/˝ re/I

the equation takes form .1 C �M n/ri D t with � 2 ¹˙1º
(see (55)) and has a unique solution by Lemma 4.19.

(2) Inductively compute ra D ˆ.ba ˝ rf�.a// for all a 2 zA.

(3) For a 2 A we have G Nra D Ga.
(4) For a 2 zA n A check whether ra � z 2 G. If ra � z 62 G, then

G Nra is the trivial subgroup; otherwise G Nra D hra � zi.
(5) By a finite check compute ZD..Ga; Ba/a2 zA/: by Lemma 4.24

it is the set of self-conjugators of the corresponding homo-

topy pseudo-orbit, and by Lemma 4.20 it is a subgroup ofQ
a2 zA G Nra , and is therefore an easily computable finite group.

Algorithm 5.6.

Given a minimal ¹GTor/2º orbisphere biset GBG , an extension f�W zA! zA
of the dynamics of B on its peripheral classes, and two portraits of

bisets .Ga; Ba/a2 zA and .G0
a; B

0
a/a2 zA,

decide whether .Ga; Ba/a2 zA and .G0
a; B

0
a/a2 zA are conjugate

as follows. (1) Normalize the portraits in such a manner that Ga D G0
a and

Ba D B 0
a for all a 2 A; by Lemma 2.17 this follows from the

conjugacy for subgroups: find .`a/a2A 2 GA with G
`a
a D G0

a

and conjugate .Ga; Ba/a2 zA by .`a/a2 zA with `a D 1 if a 62 A.

(2) IdentifyG with hZ2;�zCri and choose b0 2 B characterizing

the map ˆ, see (57).
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(3) Using Algorithm 5.5 compute the points ra and r 0
a shadowed

by .Ga; Ba/a2 zA and .G0
a; B

0
a/a2 zA respectively.

(4) Check if Nra D Nr 0
a in R2=G. If Nra ¤ Nr 0

a for some a 2 zA, then

return no. Otherwise find `a 2 G with `ar
0
a D ra with `a D 1

for a 2 A and conjugate .G0
a; B

0
a/ by .ra/a2 zA. This reduces to

original problem to the case r 0
a D ra.

(5) Using Algorithm 5.5 compute the (finite abelian) local groups

G Nra and by a finite check decide if an element in
Q
a2 zA G Nra

conjugates .Ga; Ba/a2 zA to .G0
a; B

0
a/a2 zA.

If . Nra/a2 zA is an actual orbit, then G Nra are trivial groups for all a 62 zA n A
and Step (5) can be omitted. This is the case when the algorithm is called from

Algorithm 5.12.

Algorithm 5.7.

Given a minimal ¹GTor/2º orbisphere biset GBG and an extension

f�W zA! zA of the dynamics of B on its peripheral classes,

produce a list of all conjugacy classes of portraits of bisets .Ga; Ba/a2 zA in B

with dynamics f�
as follows. (1) Write G D hZ2;�z C ri and B D BMv , using Algo-

rithm 5.1. Choose b0 2 B characterizing the map ˆ,

see (57).

(2) Using Algorithm 5.5 compute the orbit . Nra/a2A of the map

M WR2=G . Produce a list of all possible poly-orbits

. Nra/a2 zA extending . Nra/a2A.

(3) For every poly-orbit . Nra/a2 zA find a portrait .Ga; Ba/a2 zA
that shadow . Nra/a2 zA.

(4) Using Algorithm 5.5 compute the (finite) local groupsG Nra .

By Lemma 4.20 the finite set

¹.Ga; Baha/a2 zA j ha 2 G Nra ; ha D 1 if a 2 Aº

contains a representative of every conjugacy class of por-

traits that shadows . Nra/a2 zA. Using Algorithm 5.5 produce

a list of all conjugacy classes of portraits of bisets that

shadow . Nra/a2A.

5.2. ¹Expº maps. We now turn to expanding maps, and start by a short example

showing how the conjugacy problem may be solved algorithmically. We note, by

following the proof of Lemma 4.39, that every portrait of bisets can be algorith-

mically conjugated to one in which the terms belong to NX , for X a basis and N

the associated nucleus.
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Example 5.8. Suppose E D ¹eº with f�.e/ D e, and let .Ga; Ba/a2AtE and

.Ga; Ca/a2AtE be two portraits of bisets. Then Ge D 1 and Be D ¹bº and

Ce D ¹cº.
The portraits .Ga; Ba/a2AtE and .Ga; Ca/a2AtE are conjugate if and only if

there exists ` 2 G such that `�1b` D c.
Write Be D ¹gxº in a basis X of B , with associated nucleus N ; recall that

N is symmetric, contains 1 and generates G. Then gx is conjugate to xg D
.g@x/xg D g0x0. After iterating finitely many times the process gx � xg D g0x0,
we can assume g 2 N , as in Lemma 4.39. Similarly, we may replace Ce by a

conjugate biset ¹hyº with h 2 N .

Find, by direct search, a t 2 N with N t�3X � XN t ; such a t � 4 exists

because B is contracting. Then Be and Ce are conjugate if and only if there exists

` 2 G with b` D `c, namely gx` D `hy. Let u 2 N be such that ` 2 N u nN u�1;
if u � t then gx` 2 NN u�3X while `hy 62 N u�1NX , a contradiction. Therefore

the search for a conjugator ` is constrained to ` 2 N t�1.

As in Example 5.8 we have

Lemma 5.9. Let GBG be a contracting biset; choose a basis X of B , and let

N � G be the associated nucleus. Suppose that t 2 N is such thatN t�3X � XN t .

If two symbolic orbits .bi /i2I and .ci /i2I with bi ; ci 2 NX are conjugate

by .gi /i2I , then gi 2 N t�1 for all i 2 I .

Proof. Suppose gi 2 N u n N u�1 for some u � t and i 2 I ; write bi D nixi
with ni 2 N and xi 2 X . We can also assume that gj 2 N u for all j 2 I .

Then gibi D ginixi … N u�2X : if gini belonged to N u�2, we would have

gi 2 N u�2n�1
i � N u�1. On the other hand, gibi D cigf�.i/ 2 NXN u �

NN u�3X D N u�2X . This is a contradiction. �

Algorithm 5.10.

Given a minimal ¹Expº orbisphere biset GBG , an extension f�W zA ! zA
of the dynamics of B on its peripheral classes, and two portraits of

bisets .Ga; Ba/a2 zA and .G0
a; B

0
a/a2 zA,

decide whether .Ga; Ba/a2 zA and .G0
a; B

0
a/a2 zA are conjugate, and Compute

the centralizer of .Ga; Ba/a2 zA, which is a finite group,

as follows. (1) Write zA D A t J t I with f n� .J / � A and f�.I / � I .

Normalize .Ga; Ba/a2 zA and .G0
a; B

0
a/a2 zA such that Ga D G0

a

andBa D B 0
a; by Lemma 2.17 this follows from the conjugacy

for subgroups: find .`a/a2A 2 GA with G
`a
a D G0

a and

conjugate .Ga; Ba/a2 zA by .`a/a2 zA with `a D 1 if a 62 A.
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(2) Check whether there is .`a/a2AtJ with `a D 1 for a 2 A

conjugating .Ga; Ba/a2AtJ and .G0
a; B

0
a/a2AtJ . If not, return

no. This reduces the conjugacy problem of portraits to the

conjugacy problem of symbolic orbits: writing Bi D ¹biº and

B 0
i D ¹b0

iº for i 2 I solve a conjugacy problem of .bi /i2I
and .b0

i /i2I .

(3) Write the bisetB in the formGX for a basisX , and letN be its

nucleus. Find, by direct search, a t 2 N with N t�3X � XN t ;

such a t � 4 exists because B is contracting.

(4) Write bi D gixi and replace bi with xigi D g0
ix

0
i . After

iterating finitely many times this process, we obtain bi 2
NX by Lemma 4.39. By a similar iteration, we can assume

b0
i 2 NX .

(5) Answer whether .bi /i2I and .b0
i /i2I are conjugate by elements

in N t�1. This is correct by Lemma 5.9.

(6) By a direct search compute the centralizer of .Ga; Ba/a2 zA:

the centralizer of .Ga; Ba/a2AtJ is trivial, while elements

centralizing .Ga; Ba/a2I are within N t�1.

Algorithm 5.11.

Given a minimal ¹Expº orbisphere biset GBG and an extension f�W zA!
zA of the dynamics of B on its peripheral classes,

produce a list of all conjugacy classes of portraits of bisets .Ga; Ba/a2 zA in B

with dynamics f�

as follows. (1) Write zA D A t J t I with f n� .J / � A and f�.I / � I .

Produce a list LAtJ of all conjugacy classes of portraits of

bisets .Ga; Ba/a2AtJ .

(2) Write the bisetB in the formGX for a basisX , and letN be

its nucleus. Produce a list of all symbolic orbits .bi /i2I with

bi 2 NX . Using Algorithm 5.10 produce a list LI of all

conjugacy classes of symbolic orbits .bi /i2I with bi 2 NX .

(3) Combine LAtJ and LI to produce a list LAtJ � LI of

all conjugacy classes of portraits of bisets .Ga; Ba/a2 zA by

setting Bi ´ ¹biº and Gi ´ ¹1º for i 2 I .

5.3. Decidability of conjugacy and centralizer problems. The statements of

Theorem E can be turned into an algorithm:
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Algorithm 5.12.

Given zG
zB zG , zG

zC zG two geometric bisets,

and given an oracle that decides whether two minimal ¹Expºn¹GTor/2º bisets

are conjugate, and computes their centralizers,

decide whether zB and zC are conjugate by an element of Mod. zG/, and if so

construct a conjugator; and

compute the centralizer Z. zB/,

as follows. (1) If zB� ¤ zC � as maps on peripheral conjugacy classes, then

return no.

(2) Let zG zB zG ! GBG and zG zC zG ! G0CG0 be the maximal

forgetful morphisms. If G ¤ G0, then return no.

(3) From now on assume G D G0. Using Algorithm 5.4 or the

oracle, decide whether B;C are conjugate; if not, return no.

Using Algorithm 5.4 or the oracle compute the centralizer

Z.B/.

(4) From now on, assume B� D C for some � 2Mod.G/. Com-

pute the action of Z.B/ on the list of all conjugacy classes

of portraits of bisets (this list is finite by Corollary 4.21; Al-

gorithms 5.7 and 5.11 compute the list) and check whether

.Ga; Ba/a2 zA and .G
��1

a ; C
��1

a /
a2 zA belong to the same orbit.

Return no if the answer is negative. Otherwise replace � by

an element in Z.B/� such that .G
�
a ; B

�
a /a2 zA and .Ga; Ca/a2 zA

are conjugate portraits.

(5) Choose an arbitrary lift Q� 2 Mod. zG/ of �, and compute

k 2Mod. zG/ such that k zB
Q� Š zC . It follows that k is a knitting

element. Compute inductively k.n/ with

k.n/ zB
Q�k0k00���k.n�1/

Š zC I

proceed until k.n/ is the identity (guaranteed to happen by

Lemma 4.27). Return Q�k0k00 � � �k.n�1/.

(6) To compute the centralizer of zB , consider first Z.B/. Com-

pute the action of Z.B/ on the list of all conjugacy classes of

portraits of bisets (this list is finite by Corollary 4.21; Algo-

rithms 5.7 and 5.11 compute the list) and compute the stabi-

lizer Z0.B/ of the Z.B/-action. Note that Z0.B/ is a finite-

index subgroup of Z.B/.
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(7) List a generating set S ofZ0.B/. For every � 2 S compute its

lift O� 2Mod. zG/ with zB
O Š zB: compute first an arbitrary lift

Q� of �, then inductively define k.n/ with

k.n/ zB
Q�k0k00 ���k.n�1/

Š zB

until k.n/ is identity, and set O� WD Q�k0k00 � � �k.n�1/. Return

¹ O� j � 2 Sº.

Proof of Corollary F. We claim that Algorithms 5.5, 5.6, 5.7, 5.10, 5.11 are effi-

cient. Indeed, the efficiency of Step 4 of Algorithm 5.10 follows from expansion.

The efficiency of Steps 5 and 7 of Algorithm 5.12 follows from Lemma 4.27. All

the remaining steps are obviously efficient. �

We note that, in the case of .2; 2; 2; 2/bisets, the oracle itself is efficient. Indeed

the oracle reduces to solving conjugacy and centralizer problems in the group

SL2.Z/, and Theorem 5.3 is efficient, because SL2.Z/ has a free subgroup of

index 12.

Corollary 5.13. There is an algorithm that, given two geometric bisets GBG and

HCH , decides whetherB and C are conjugate, and computes the centralizer ofB .

Proof. We briefly sketch an algorithm that justifies an existence of an oracle:

given two minimal ¹Expº orbisphere bisets, whether they are conjugate and com-

putes their centralizers; details will appear in [6].

Let B;C be two minimal ¹Expº orbisphere G-G-bisets. They admit a decom-

position into rational maps along the canonical obstruction, which is computable

by [25]. The graph of bisets along this decomposition is computable, and ratio-

nal maps may be computed for each of the small bisets in the decomposition, e.g.

by giving their coëfficients as algebraic numbers with floating-point enclosures

to distinguish them from their Galois conjugates. The bisets B;C are conjugate

precisely when their respective rational maps are conjugate and the twists along

the canonical obstruction agree; the first condition amounts to finite calculations

with algebraic numbers, while the second is the topic of [5, Theorem B].

The centralizer of a rational map is trivial, and [5, Theorem B] shows that the

centralizer of B is computable. �

Proof of Corollary G. If the rational map is .2; 2; 2; 2/, then the oracle is efficient,

as we noted above, so Corollary F applies. In the other case, the rational map is

hyperbolic, so it has trivial centralizer and no oracle is needed in the application

of Algorithm 5.12. �
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6. Examples

Finally, in this brief section, we consider some examples of portraits of bisets.

The first ones come from marking points on the Basilica map f .z/ D z2 � 1, and

more generally maps with three post-critical points. The second ones from cyclic

bisets (which are particularly simple, but to which our main results apply with

restrictions because these bisets have automorphisms).

6.1. Twisted marked Basilica. Consider the Basilica polynomial

f .z/ WD z2 � 1W .yC; ¹0;�1;1º/ :

It has two fixed points ˛ and ˇ, with ˛ 2 .�1; 0/ and ˇ > 1. Let us take ˛ to be

the basepoint and let GBG be the biset of f . Denote respectively by �1 and 0
the loops circling around �1 and 0 as in Figure 1, and let 1 D .�10/�1 be the

loop around infinity. Then

G D h�1; 0; 1 j 1�10i:

The basepoint ˛ has two preimages ˛ and �˛. Let x1 be the constant path at

˛ and let x2 be a path slightly below 0 connecting ˛ to �˛. The presentation of B

in the basis S WD ¹x1; x2º is

�1 D�1; 0�.1; 2/;
0 D��1; 1�;
1 D��1

�1 
�1
0 ; 1�.1; 2/:

˛

11 0

0 ˇ

ˇ

˛

x2

t

Figure 1. The dynamical plane of z2 � 1. Loops �1; 0; ˇ circle around 0;�1; ˇ respec-

tively. The curve x2 connects ˛ to its preimage �˛. The simple closed curve t surrounds

¹�1; ˇº.
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We shall consider first the effect of marking a fixed point, and then of marking

some preimages of the post-critical set.

6.1.1. Marking ˇ. Consider a marked Basilica

Qf .z/ D z2 � 1W .yC; ¹1; 0;�1; ˇº/ :

Let ˇ be the loop around ˇ depicted in Figure 1. The fundamental group of

.yC; ¹1; 0;�1; ˇº/, based at ˛, is

zG D h�1; 0; ˇ ; 1 j 1�1ˇ0i

and the forgetful map zG � G sends ˇ to 1. The presentation of the biset
zB D B. Qf / in the basis S is

�1 D�1; 0�.1; 2/;
ˇ D�1; ˇ�;
0 D��1; 1�;
1 D��1

�1
�1
0 ; �1

ˇ �.1; 2/:

Write A D ¹1;�1; 0º and zA D ¹1;�1; 0; ˇº; then zB has a minimal portrait of

bisets

zG�1 D h�1i; zB�1 D zG�1x1;
zGˇ D hˇ i; zBˇ D zG�1x2;
zG0 D h0i; zB0 D zG0x1 t zG0x2 D x1 zG�1;
zG1 D h1i; zB1 D zG1.�1x1/ t zG1.�1x2ˇ /:

Under the forgetful intertwiner zB� B the portrait . zGa; Ba/a2 zA projects to

G�1 D h�1i; B�1 D G�1x1;

Gˇ D 1; Bˇ D ¹x2º;
G0 D h0i; B0 D G0x1 tG0x2 D x1G�1;

G1 D h1i; B1 D G1.�1x1/ tG1.�1x2/:

Note that Bˇ D ¹x2º encodes ˇ in the sense that x2 shadows ˇ. This can be

seen directly as follows: set x02 D x2 and let xiC12 be the f -lift of xi2 that starts

at xi2.1/. Then the sequence of endpoints xi2.1/ converges to ˇ, and the infinite

concatenation x02 # x12 # � � � is a path from ˛ to ˇ.

Let now T be the clockwise Dehn twist around the simple closed curve t

surrounding an interval 0 and ˇ as in Figure 1. The action of T on zG is given

by

T�W �1 �! 
.�1ˇ/

�1

�1 ; ˇ �! 
.�1ˇ/

�1

ˇ
; 0 �! 0; 1 ! 1:
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The biset zC of g WD T ı f is zB ˝ BT� . Let us show that g is conjugate to

z2 � 1W .yC; ¹1;�1; 0; ˛º/ . By Theorem 2.19,

. zC a; zGa/a2 zA D . zBa; zGa/a2 zAE.T /:

Note that we have Ca D Ba for all a 2 A, so it remains to compute Cˇ .

Let Nt 2 �1.Cn ¹0;�1º; ˇ/ be the simple loop below 0 circling around �1; then

T D push.Nt /. Let `ˇ W Œ0; 1� ! C n ¹�1; 0º (using notations of Lemma 2.16)

be an arc from ˛ to ˇ slightly below 0 so that ˇ may be homotoped to a

small neighborhood of `ˇ . We have Cˇ D Bˇ
�1
�1 ; the claim then follows from

x2
�1
�1 D x1 and the fact that x1 shadows ˛.

More generally, suppose that Qg D push.Ns/ Qf push.Nt / for some motions Ns; Nt 2
�1.C n ¹0;�1º; ˇ/ of ˇ; then

Cˇ D .`ˇ # Ns # `�1
ˇ /Bˇ .`ˇ # Nt # `�1

ˇ /:

The process

.`ˇ # Ns # `�1
ˇ /x2.`ˇ # Nt # `�1

ˇ / D g1xi.1/ � xi.1/g1 D g2xi.2/ � xi.2/g2 D : : :

eventually terminates in either x1 or x2.

In the former case, Qg is conjugate to z2 � 1W .yC; ¹1; 0;�1; ˛º/ . In the latter

case, Qg is conjugate to z2 � 1W .yC; ¹1; 0;�1; ˇº/ .

6.1.2. Marking 1 and
p

2. Consider now

Qf .z/ D z2 � 1W .yC; ¹1;�1; 0; 1;
p
2º/

with zAnA D ¹1;
p
2º andA D ¹1;�1; 0º. The dynamics are

p
2 7! 1 7! 0$ �1.

As in §6.1.1 we readily compute a presentation of zB D B. Qf / in the basis S :

�1 D�1; 0�.1; 2/;
p

2 D�1; 1�;
1 D�1; p

2�;
0 D��1; 1�;
1 D��1

�1
�1
0 ; �1

1 �1p
2
�.1; 2/;

with zG D h1; �1; p
2; 1; 0 j 1�1p

210i.
As in Lemma 2.16, let `�1 and `0 � R respectively be simple arcs from ˛ to

�1 and to 0 so that �1 and 0 may be homotoped to small neighborhoods of �1
and 0 respectively. Let `1 and `p

2 be simple arcs from ˛ to 1 and
p
2 slightly

below 0 as in Figure 2.
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˛1 ` 1 0`0 1

`1

` 1
0
"1

f˛

p
2

`p
2

` 1
1
"

p
2

f

Figure 2. Curves `�1; `0; `1; `p
2

and their lifts.

Denote by .Ga; Ba/a2 zA the portrait of bisets in B induced by zB D B. Qf /. Then

Ga and Ba are the same as in §6.1.1 for all a 2 A, while (by Lemma 2.18)

B1 D ¹`1 # `�1
0 "1f º D ¹x2º and Bp

2 D ¹`p
2 # `�1

1 "
p
2

f
º D ¹x2º:

We consider again some twists of Qf . Consider Qg D m1 Qf m2 with m1; m2
trivial rel A. Suppose that m1 moves 1 and

p
2 along s1 2 �1.C n ¹�1; 0º; 1/

and sp2 2 �1.C n ¹�1; 0º;
p
2/ respectively while m2 moves 1 and

p
2 along

t1 2 �1.Cn ¹�1; 0º; 1/ and tp2 2 �1.Cn ¹�1; 0º;
p
2/ respectively. If .Ga; Ca/a2 zA

is the portrait of bisets in B induced by B. Qg/, then

C1 D ¹.`1 # s1 # `�1
1 /x2º;

Cp
2 D ¹.`p

2 # sp2 # `�1
1 /x2.`

p
2 # t1"

p
2

f
# `�1p

2
/º:

Write C1 D ¹h1x2º and Cp
2 D ¹h2xj º. We may conjugate .C1; C2/ to

.¹x2º; ¹xjh0º/, and write xjh
0 D h00xk.

If k D 1, then Qg is conjugate to z2 � 1W .yC; ¹1;�1; 0; 1;
p
2º/ . Otherwise,

Qg is conjugate to z2 � 1W .yC; ¹1;�1; 0; 1;�
p
2º/ .

6.1.3. Mapping class bisets. We continue the discussion from §6.1.2, and con-

sider the related mapping class bisets. The bisetM.B/ is of course reduced to ¹Bº,
with Mod.G/ D 1.

On the other hand, the biset M. zB/ is a left-free Mod. zG/-biset of degree 2.

This can be seen in various ways: analytically, the point
p
2 may be moved

to �
p
2, and a basis of M. zB/ may be chosen as ¹.z2 � 1; ¹1;�1; 0; 1;

p
2º/;

.z2 � 1; ¹1;�1; 0; 1;�
p
2º/º. More symbolically, the action of exchanging

p
2

with �
p
2 amounts to changing, in the wreath recursion of Qf , the entry “1 D

�1; p
2�” into “1 D�p

2; 1�”.

Note that the biset M. zB/ is nevertheless connected, and M. zB/ D M�. zB/:
indeed the right action by the mapping class that pushes 1 once along the circle

¹jzj D 1º has the effect of exchanging the two left orbits.
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Example 6.1. Let us now consider the sets A D ¹1;�1; 0; 1º and D D ¹
p
2º,

still with the map f .z/ D z2 � 1W .yC; A/ and Qf D f W .yC; A t D/ . Then

the fibres of the map FD;DWM�. Qf / D M. Qf /! M.f / are not connected (by the

second claim of Proposition 2.21).

Indeed the left action of Mod.yC nA;D/ has two orbits, while the right action

does not identify these orbits since 1 is not allowed to move around a critical value.

6.2. Belyi maps. The Basilica map f .z/ D z2 � 1 is an example of dynamical

Belyi map, namely a map whose post-critical set consists of 3 points. All such

maps are realizable as holomorphic maps, and the three points may be normalized

as ¹0; 1;1º.
In this subsection, we briefly state how the main results of this article sim-

plify considerably. We concentrate on the dynamical situation, namely a map

f W .S2; A/ covered by Qf W .S2; A tD/ , with #A D 3.
In that case, Mod.S2; A/ D 1, and we have a short exact sequence

1 �! knBraid.S2; A tD/ �!Mod.S2; A tD/ �! �1.S
2 n A;D/ �! 1:

Assume first that D consists only of Qf -fixed points. Then the extension of bisets

decomposition of M. Qf / from Theorem B reduces to the statement that M. Qf / is

an inert extension of B.f /D . The case ofD consisting of a single fixed point was

considered in [5, §9.2].

More concretely: if we are given a wreath recursion G ! G o S#: for B.f /,

with G D �1.S2 nA; �/, then a generating set for Mod.S2; AtD/ can be chosen

to consist of #D copies of a generating set of G, corresponding to point pushes of

D in S2 nA, together with some additional knitting elements. A wreath recursion

for M. Qf / will then be of the form Mod.S2; AtD/!Mod.S2; AtD/ o .SD/#: ,
consisting of D parallel copies of the wreath recursion of B.f /. The wreath

recursion associated with the knitting elements is trivial.

In case D consists of periodic points of period > 1, then the actions of G on

the left and the right should be appropriately permuted. If D contains ni cycles

of period i , then abstractlyM. Qf / will consist in the direct product of ni copies of

B.f i / D B.f /˝i .

Example 6.2. Consider the map Qf .z/ D f .z/ D z3 with A D ¹0; 1;1º and

D D ¹! D exp.2�i=3/º. The biset M.f / is of course reduced to ¹f º, while

M. Qf / D Mod.yC n A;D/ Š �1.yC n A/ with trivial right action. Indeed D is not

in the image of f , so pushing ! has no effect.

However, M�. Qf / has two left Mod.yC n A;D/-orbits by Lemma 2.20. Repre-

sentatives may be chosen as ¹.z3; At¹!º/; .z3; At¹!2º/º, or equivalently (if the

marked set is to remain A t D) as the maps ¹z3; z3 ı mº for a homeomorphism

mW .yC; A/ that pushes ! to !2.
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6.3. Cyclic bisets. We finally consider the easy case of a cyclic biset, namely

the biset GBG of a monomial map f .z/ D zd W .yC; ¹0;1º/ for some d 2
Z n ¹�1; 0; 1º. Then G Š Z and B is a left-free right-principal biset. Choosing

b0 2 B we can identify B D b0G with Z with the actions are given by

m � b � n D dmC b C n:

Observe first that b ! bCk is an automorphism ofB for all k 2 Z. Therefore,

contrarily Proposition A we have Aut.B/ Š Z.

Suppose that .Ga; Ba/a2 zA is a portrait of bisets in B . Then Aut.B/ acts on

portraits by

.Ga; Ba/a2 zA C k WD .Ga; Ba C k/a2 zA:

We denote by .Ga; Ba/a2 zA=Aut.B/ the orbit of this action. We can now adjust

Theorem C for cyclic bisets:

Lemma 6.3. Let zG� G be a forgetful morphism of groups with G Š Z, and let

GBG be the biset of zd W .yC; ¹0;1º/ .

There is then a bijection between, on the one hand, conjugacy classes of

portraits of bisets .Ba/a2 zA in B considered up to the action of Aut.B/ and, on

the other hand, zG- zG-bisets projecting to B under zG � G considered up to

composition with the biset of a knitting element. This bijection maps every minimal

portrait of bisets of zB to .Ba/a2 zA=Aut.B/.

Proof. Mark an extra fixed point in .yC; ¹0;1º/ so as to remove automorphisms,

and apply Theorem C. �

To illustrate Lemma 6.3, consider Qf .z/ D zd W .yC; ¹0;1º [ D/ and let

.Ga; Ba/a2 zA be the induced portrait of bisets on .yC; ¹0;1º/. Let us also assume

that d > 1. For a 2 D write Ba D ¹baº with ba 2 B Š Z.

Let us consider a twisted map Qg D m Qf n. For a 2 D let ma and na be the

number of times m and n push a around 0. If .Ga; Ca/a2 zA is the induced portrait

of bisets, then Ca D ¹dma C bd C nf�.a/º D ¹caº for a 2 A. For a 2 D set

xa ´ ca=d C cf�.a/=d
2 C cf 2

� .a/
=d3 C � � � mod Z 2 R=Z:

Then .Ca/a2D shadows .xa/a2D . The map Qg is unobstructed if and only if all

points xa are pairwise different. If Qg is unobstructed, then .xa/d2D considered up

to the action

.xa/a2D �! .xa C k/a2D ; k 2 Z=.d � 1/Z

is a complete conjugacy invariant of Qg.
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