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Algorithmic aspects of branched coverings III/V.
Erasing maps, orbispaces, and the Birman exact sequence

Laurent Bartholdi and Dzmitry Dudko!

Abstract. Let f (52, A) © be a Thurston map and let M ( f ) be its mapping class biset:
isotopy classes rel A of maps obtained by pre- and post-composing 7 by the mapping
class group of (S2, A). Let A € A be an f invariant subset, and let f: (52, A) © be the
induced map. We give an analogue of the Birman short exact sequence: just as the mapping
class group Mod(S2, fT)~ is an iterated extension of Mod(S2, A) by fundamental groups of
punctured spheres, M ( f) is an iterated extension of M ( f) by the dynamical biset of f'.

Thurston equivalence of Thurston maps classically reduces to a conjugacy problem in
mapping class bisets. Our short exact sequence of mapping class bisets allows us to reduce
in polynomial time the conjugacy problem in M ( f) to thatin M (f'). Incase f is geometric
(either expanding or doubly covered by a hyperbolic torus endomorphism) we show that
the dynamical biset B(f) together with a “portrait of bisets” induced by A is a complete
conjugacy invariant of f .

Along the way, we give a complete description of bisets of (2, 2,2, 2)-maps as a crossed
product of bisets of torus endomorphisms by the cyclic group of order 2, and we show that
non-cyclic orbisphere bisets have no automorphism.

We finally give explicit, efficient algorithms that solve the conjugacy and centralizer
problems for bisets of expanding or torus maps.
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1. Introduction

A Thurston map is a branched covering f: S? © of the sphere whose post-critical
set Py =, f"(critical points of f) is finite.

Extending_[21], we developed in [2, 3, 4, 5] an algebraic machinery that
parallels the topological theory of Thurston maps: one considers the orbisphere
(S2, Pr,ordy), with ords: Py — {2,3,..., 0o} defined by local orders

ords(p) = 1.c.m{deg, (/") |n = 0.9 € f™"(p)}.

and the orbisphere fundamental group G = 71(S?, Py, ord, ), which has for each
point p € Py a generator (a “lollipop”: a small loop around p, connected to the
basepoint) of order ords (p), and one additional relation. Then f" is encoded in the
structure of a G-G-biset B(f): a set with commuting left and right actions of G.
By [5, Theorem 8.9] (see also Corollary 3.7), the isomorphism class of B(f) is a
complete invariant of f up to isotopy.

There is a missing element to this description, that of “extra marked points.”
In the process of a decomposition of spheres into smaller pieces, one is led to
consider Thurston maps with extra marked points, such as periodic cycles or
preimages of post-critical points. They can be added to Py, but they have order
1 under ordy so are invisible in 71 (S2, P, ords). The orbisphere orders can be
made artificially larger, but then other properties, such as the characterization of
expanding maps as those having a “contracting” biset (see [4, Theorem A]) are
lost.

We resolve this issue, in this article, by introducing portraits of bisets and
exhibiting their algorithmic properties. As an outcome, the conjugacy and cen-
tralizer problems for Thurston maps with extra marked points reduces to that of
the underlying map with only Py marked.

This allows us, in particular, to understand algorithmically maps doubly cov-
ered by torus endomorphisms.

1.1. Maps and bisets. The natural setting is an orblsphere (82, 4, ord) and
a sub-orbisphere (S2, 4,ord); namely one has A C A and ord(a) | ord(a)
for all @ € A. There is a corresponding morphism of fundamental groups
(82, A, ord, x) = G —> G = m1(S2, A, ord, %), called a forgetful morphism.
We considered in [5, §8] the inessential case in which ord(a) >1 < ord(a) >1,
so that only the type of singularities are changed by the forgetful functor. Here we
are more interested in the essential case, in which A & A.

In this introduction, we restrict ourselves to self-maps of orbispheres; the
general non-dynamical case is covered in §2. An orbisphere self-map

f1(S% A, ord) ©
is a branched covering f: §? © with ord(p) deg,(f) | ord(f(p)) forall p € S2.
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Given a map f:(S?, A) 9, there may exist different orbisphere structures on
(82, A) turning f into an orbisphere self-map; in particular, the maximal one,
in which ord(a) = oo for every a € A, and the minimal one ords, in which
ord(a) = l.c.m.{deg,(f") | n > 0,q € f7"(a)}. The self-map f is encoded by
the biset

B(f) ={B:[0,1] — S*\ A | B(0) = * = f(B(1)}/~4,0rd. (1)

where a4 orq denotes homotopy rel (4, ord), and the commuting left and right
m1(S?, A, ord, *)-actions are given respectively by concatenation of paths or their
appropriate f-lift.

Bisets form a convenient category with products, detailed in [3]. A self-con-
jugacy of a G-G-biset B is a pair of maps (¢: G O, : B O) with f(hbg) =
¢ (h)B(b)¢(g); and an automorphism of B is a self-conjugacy with ¢ = 1. Cyclic
bisets (that of maps z > z¢: (@, {0, 0o}) ©) have a special status; for the others,

Proposition A (= Corollary 4.30). If g Bg is a non-cyclic orbisphere biset then
Aut(B) = 1.

Consider A = A U {d}, obtained by adding a point to the orbisphere
(82, 4, ord), resulting in an orbisphere (S2, A, ord). Let us denote by Mod(S2, A)
the pure mapping class group of S? \ 4; these are homeomorphisms of S? fixing
A pointwise, considered up to isotopy. Note that the relation of isotopy a4 does
not make use of the orbisphere structure. There is a short exact sequence, called
the Birman exact sequence,

1 — 11(S2\ A, d) — Mod(S2, A) — Mod(S2, A) — 1. ()

Let f:(S2, A, ord) © be an orbisphere map, and recall that its mapping class biset
is the set
M(f) = {m' fm" | m',m" € Mod(S?, A)}/~4.

with natural left and right actions of Mod(S~, 2, A). Assume first that the extra point
d is fixed by f, and write f (82, A, ord) © for the map f acting on (S?2, A, ord).
There is then a natural map M ( ) = M(f), and we will see that it is an extension
of bisets (see Definition 2.10):

Theorem B (= Corollary 2.23). Subordinate to the exact sequence of groups (2),
there is a short exact sequence of bisets

nl(sz\A’d)<f/e%|(f)(f ))n1(S2\A,d) > M(F) —> M),

where B(f') denotes the biset of f': (S2, A) © rel the base point d.
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Let us call a class m € Mod(S2, A) knitting if the image of m is trivial
in Mod(S2, A U {a}) for every a € A\ A. Our statement covers the case of
A = A U {periodic points}, up to knitting elements: for a cycle of length £, the
fibres in the short exact sequence are of the form B( f)¢ with left- and right-action
twisted along an £-cycle. This case is at the heart of our reduction of the conjugacy
problem from M(f) to M(f). Approximately the same picture applies if D con-
tains preimages of points in A, but there are subtle complications which are taken
care of in §2, see Theorem 2.13. In essence, the presence of preperiodic points
imposes a finite index condition on centralizers, and splits conjugacy classes into
finitely many pieces, see the remark after Lemma 4.24.

1.2. Portraits of bisets. Portraits of bisets emerge from a simple remark: fixed
points of f naturally yield conjugacy classes in B(f). Indeed if f(p) = p then
choose a path £: [0, 1] — S2\ A from * to p, and consider ¢, := E#E_IT]’? € B(f),
the concatenation of £ with the reverse of its lift starting at p. It is well defined up
to conjugation by G, namely a different choice of £ would yield g~'c, g for some
g € G. Conversely, if f expands a metric, then every conjugacy class in B(f)
corresponds to a unique repelling f-fixed point.

A portrait of bisets in B(f), see Definition 2.15, consists of a map f: Ao
extending f* |4; a collection of peripheral subgroups (G4),.z of G: they are
such that every G, is cyclic and generated by a “lollipop” around a; and a
collection of cyclic G4-Gy, (q)-bisets (By) , 7. Two portraits of bisets (Ga, Ba) ,c 1
and (G, B}), . 7 parameterized by the same fi: A are conjugate if there exist
(a) 7 in G4 such that G, = €;'G/l, and B, = {;'B/ly, (). The ({a),c 1
itself is called a conjugator, and the set of self-conjugators of a portrait is called
its centralizer. We will show in Lemma 2.17 that every conjugacy class contains
a unique representative with specified G,.

In case A = A, every biset admits a unique minimal portrait up to conjugacy,
which may be understood geometrically as follows. Consider a branched covering
f:(S%, A)©. For every a € A choose a small disk neighbourhood D, of it;
up to isotopy we may assume that f: D, \ {a} — Dy \ {f(a)} is a covering.
A choice of embeddings 71(D, \ {a}) < m1(S?, A) yields a family (G,)aca
of peripheral subgroups; and the corresponding embeddings B(f: D, \ {a} —
Dy \{f(a@)}) = B(f) yields a minimal portrait of bisets (G4, Ba)aeca in B(f).

Incase A = AU {e1,...,en} with (eq,...,e,) a periodic cycle, the bisets
B, consist of single points, and almost coincide with Ishii and Smillie’s notion
of homotopy pseudo-orbits, see [16] and §4.2: imagine that (eq,...,e,) C S? is
almost a periodic cycle, in that f'(e;) is so close to e; 11 that there is a well-defined
“shortest” path ¢; from the f(e;) to e;+1, indices being read modulo n. Choose
for each i a path m; from * to ¢;. Setthen B; = {m; # ({1 # ml.jl)T}"}, the
portrait of bisets encoding (e, ..., ey).
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Portraits of bisets may be defined algebraically in an orbisphere biset B,
without reference to a map f. From the biset B, it is easy to compute the local
dynamics fy: A9 and local degree deg: A — N on its peripheral classes, and
not much harder to reconstruct a map f with B =~ B(f), see [5, Theorem 8.9].
Theorem B is proven via portraits of bisets. There is a natural forgetful intertwiner
of bisets

sBs = B(f:(S%, A,0otd)©) — B(f:(S%, 4,0rd)O) = GBs  (3)

givenby b = 1® b ® 1 where B =~ G Qg B ®g G. Every portrait in B, for
example its minimal one, induces a portrait in B via the forgetful map. We prove:

Theorem C (< Theorem 2.19). Let g Bg be an orbisphere biset with local dy-
namics fx: A and deg: A — N, and let G — G and fy: A and deg: A — N
be compatible extensions.

There is then a bijection between, on the one hand, conjugacy classes of
portralts of bisets (Ga, Ba),c7in B parameterlzed by f« and deg and, on the other
hand, G -G-bisets B projecting to B under G —» G considered up to composition
with the biset of a knitting element (see the remark after Theorem B). This bijection
maps a minimal portrait of bisets of B 10 (Gq. Ba) aed

1.3. Geometric maps. A homeomorphism f: (S2, A) © is geometric if f is ei-
ther of finite order (f” = 1 for some n > 0) or pseudo-Anosov (there are two
transverse measured foliations preserved by f such that one foliation is expanded
by f while another is contracted). In both cases, f preserves a geometric struc-
ture on S2, and by a theorem of Thurston [28] every surface homeomorphism
decomposes, up to isotopy, into geometric pieces.

Consider now a non-invertible sphere map f:(S?, A) ©, and let A® C A4
denote the forward orbit of the periodic critical points of f. The map f is Bottcher
expanding if there exists a metric on S2\ A that is expanded by £, and such that
f is locally conjugate to z > z9¢2 () at every a € A®. The map f is geometric
if f is either

{Exp} Bottcher expanding; or

{GTor/2} a quotient of a torus endomorphism z — Mz + q:R?/Z?© by the
involution z + —z, for a 2x2 matrix M whose eigenvalues are different
from +1.

The two cases are not mutually exclusive. A map f € {GTor/2} is expanding
if and only if the absolute values of the eigenvalues of M are greater than 1. Note
also that if f is non-invertible and covered by a torus endomorphism then either
f € {Exp} or the minimal orbisphere of f satisfies #Py = 4 and ordy = 2.

In that last case, we show that ¢ B¢ is a crossed product of an Abelian biset
with an order-2 group. Let us fix a (2,2,2,2)-orbisphere (S2, 4, ord) and let
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us set G = m1(S% A,ord) = 7Z? x {£1}. We identify A with the set of all
order-2 conjugacy classes of G. By Euler characteristic, every branched covering
f:(S?, A,ord) © is a self-covering. Therefore, the biset of f is right principal.
We denote by Mat;“ (Z) the set of 2 x 2 integer matrices M with det(M) > 0.
For a matrix M € Mat;r (Z) and a vector v € Z? there is an injective endomor-
phism M?V:7Z? x {£1} © given by the following “crossed product” structure:

M'(n,1)= (Mn,1) and M"(n,—1)= (Mn +v,-1). @

Note that M? induces a map (M").: A on the four order-2 conjugacy classes
in G. Recall that with a group H and an endomorphism ¢: H £ are associated a
biset By, which is H set with actions i-b-h' := ¢ (h)bh’. We then have a “crossed
product” decomposition Byrv = Bys x {1} of the biset of M?.

Proposition D (= Propositions 4.5 and 4.6). The biset of M? from (4) is an
orbisphere biset, and conversely every (2, 2, 2, 2)-orbisphere biset B is of the form
B = By for some M € Matj(Z) and some v € Z2. Two bisets Byv and Byw
are isomorphic if and only if M = &N and v = w (mod 2Z?2). The biset By is
geometric if and only if both eigenvalues of M are different from £1.

A distinguished property of a geometric map is rigidity: two geometric maps
are Thurston equivalent (namely, conjugate up to isotopy) if and only if they are
topologically conjugate.

An orbisphere biset g Bg is geometric if it is the biset of a geometric map, and
{GTor/2} and {Exp} bisets are defined similarly. If B is a geometric biset, then
by rigidity there is a geometric map fz: (S2, A, ord) ©, unique up to conjugacy,
with B(fg) = B.

If g Bg is geometric and GE & — 6 Bg is aforgetful intertwiner as in (3), then
elements of A\ A (which a priori do not belong to any sphere) can be interpreted
dynamically as extra marked points on S2 \ A. More precisely, if B is itself
geometric, and B is the biset of the geometric map f: (52, A) 9O, then there is
an embedding of A in S2 as an f -invariant set, unique unless G is cyclic, in such
a manner that B is isomorphic to B(f: (S2, A) ©).

Since furthermore geometric maps have only finitely many periodic points of
given period, we obtain a good understanding of conjugacy and centralizers of
geometric bisets:

Theorem E (= Theorem 4.41). Let G — G be a Jorgetful morphism of groups
~ ~/
and let zBz — ¢Bg and B g - G B'G be two forgetful biset morphisms
as in (3). Suppose furthermore that B is geometric of degree > 1. Denote by
~ ~
(Ga. Ba) ,c 5 and (G}, By) . 5 the portraits of bisets induced by B and B in B
and B’ respectively.
~ o~/

B. B are conjugate under Mod(G) if and only if there exists ¢ € Mod(G) such
that B® =~ B’ and the portraits (GZ’, Bg’)aeg and (G, B,) . 1 are conjugate.
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Furthermore, the centralizer of the portrait (Ga, Ba),c 7 is trivial, and the
centralizer Z(B) of B is isomorphic, via the Jorgetful map Mod(G) — Mod(G),
to

{6 € Z(B) [(GF, B e ~ (Ga> Ba)ye 1}

and is a finite-index subgroup of Z(B).

Let us call an orbisphere map f: (S2, A, ord) © weakly geometric if its mini-
mal quotient on (S2, Py, ordy) is geometric; an orbisphere biset B is weakly geo-
metric if its minimal quotient orbisphere biset is geometric. In Theorem 4.35 we
characterize weakly geometric maps as those decomposing as a tuning by home-
omorphisms: starting from a geometric map, some points are blown up to disks
which are mapped to each other by homeomorphisms.

1.4. Algorithms. An essential virtue of the portraits of bisets introduced above
is that they are readily usable in algorithms. Previous articles in the series already
highlighted the algorithmic aspects of bisets; let us recall below some salient
points.

From the definition of orbisphere bisets in [5, Definition 2.6], it is clearly
decidable whether a given biset g Bg is an orbisphere biset; the groups G and
H may be algorithmically identified with orbisphere groups 71 (S2, A4, ord, *) and
m1(S2, C, ord, 1) respectively, and the induced map fi: C — A is computable. In
particular, if g Bg is a G-G-biset, then the dynamical map fi: A © is computable,
the minimal orbisphere quotient G := 71(S2, Pr, ordy, *) is computable, and the
induced G-G-biset B is computable. It is also easy (see [4, §5]) to determine from
an orbisphere biset whether it is {GTor/2} (and then to determine an affine map
M z + g covering it) or {Exp}.

We shall show that recognizing conjugacy of portraits is decidable, and give
efficient (see below) algorithms realizing it, as follows:

Algorithm 1.1 (= Algorithms 5.6 and 5.10).

Given a minimal geometric orbisphere biset g Bg, an extension f: A — Aof
the dynamics of B on its peripheral classes, and two portraits of bisets
(Ga. Ba) e 5 and (G}, By) . 7 with dynamics f,

pecipe whether (Gg, By), 7 and (G}, B,) . ; are conjugate, and ComMpPUTE the

centralizer of (G4, By) . 7> Which is a finite group.

Algorithm 1.2 (= Algorithms 5.7 and 5.11).

GIVEN a m@pimal~ geometric orbisphere biset g B¢ and an extension
f«: A — A of the dynamics of B on its peripheral classes,

PRODUCE A LIST of representatives of all conjugacy classes of portraits of bisets
(Ga. Ba) 7 in B with dynamics fi.
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Thurston equivalence to amap f: (S2, A) © reduces to the conjugacy problem
in the mapping class biset M(f). Let X be a basis of M(f) and let N be a finite
generating set of Mod(S?2, A); so M(f) = U,~o N"X. We call an algorithm
with input in M(f) x M(f) efficient if for f,g € N"X the running time of the
algorithm is bounded by a polynomial in 7.

We deduce that conjugacy and centralizer problems are decidable for geomet-
ric maps, as long as they are decidable on their minimal orbisphere quotients:

Corollary F (= Algorithm 5.12). There is an efficient algorithm with oracle that,
given two orbisphere maps f, g by their bisets and such that [ is geometric,
decides whether f, g are conjugate, and computes the centralizer of f.

The oracle must answer, given two geometric orbisphere maps f, g on their
minimal orbisphere (S?, Pr,ordy) respectively (S?, Pg,ordg), whether they are
conjugate and what the centralizer of f is.

Algorithms for the oracle itself will be described in details in the last article
of the series [6]. Furthermore, we have the following oracle-free result, proven
in §5.3:

Corollary G. There is an efficient algorithm that decides whether a rational map
is equivalent to a given twist of itself, when only extra marked points are twisted.

1.5. Historical remarks: Thurston equivalence and its complexity. The con-
jugacy problem is known to be solvable in mapping class groups [14]. The state
of the art is based on the Nielsen—Thurston classification: decompose maps along
their canonical multicurve; then a complete conjugacy invariant of the map is
given by the combinatorics of the decomposition, the conjugacy classes of return
maps, and rotation parameters along the multicurve. For general surfaces, the cost
of computing the decomposition is at most exponential time in n, see [17, 27], and
so is the cost of comparing the pseudo-Anosov return maps [20]. Margalit, Yurt-
tas, Strenner recently announced polynomial-time algorithms for all the above. At
all rates, for punctured spheres the cost of computing the decomposition is poly-
nomial [9].

Kevin Pilgrim developed, in [23], a theory of decompositions of Thurston
maps extending the Nielsen—Thurston decomposition of homeomorphisms. This
theory brings a deep understanding of Thurston equivalence of maps, without any
claims on complexity.

In [7], a general strategy is developed, along with computations of the mapping
class biset for the three degree-2 polynomials with three finite post-critical points
and period respectively 1, 2, 3. The Douady—Hubbard “twisted rabbit problem” is
solved in this manner (it asks to determine for n € Z the conjugacy class of r o ¢"
with r(z) ~ z2 — 0.12256 + 0.74486i the “rabbit” polynomial and #(z) the Dehn
twist about the rabbit’s ears). Russell Lodge computed in [19] the solution to an
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array of other “twisted rabbit” problems, by finding explicitly the mapping class
biset structure.

If M(f) is a contracting biset, then its conjugacy problem may be solved in
quasi-linear time. In terms of a twist parameter such as the n above, the solution
has O(logn) complexity. However, this bound is not uniform, in that it requires
e.g. the computation of the nucleus of M(f), which cannot a priori be bounded.
Nekrashevych showed in [22, Theorem 7.2] that the mapping class biset of a
hyperbolic polynomial is contracting. Conversely, if M (f') contains an obstructed
map then it is not contracting.

In the case of polynomials, however, even more is possible: bisets of poly-
nomials admit a particularly nice form by placing the basepoint close to infinity
(this description goes hand-in-hand with Poirier’s “supporting rays” [24]). As a
consequence, the “spider algorithm” of Hubbard and Schleicher [15] can be im-
plemented directly at the level of bisets and yields an efficient algorithm, also in
practice since it does not require the computation of M(f)’s nucleus. This al-
gorithm was implemented in the GAP package Imc [1] available from the GAP
website, and will be described in [6].

Selinger and Yampolsky showed in [26] that the canonical decomposition is
computable. In this manner, they solve the conjugacy problem for maps whose
canonical decomposition has only rational maps with hyperbolic orbifold: a com-
plete conjugacy invariant of the map is given by the combinatorics of the decom-
position, the conjugacy classes of its return maps, and rotation parameters along
the canonical obstruction.

We showed in [5] that the conjugacy problem is decidable in general: a com-
plete conjugacy invariant of a Thurston map is given by the combinatorics of the
decomposition, together with conjugacy classes of return maps, rotation parame-
ters along the canonical obstruction, together with the induced action of the cen-
tralizer groups of return maps.

We finally mention a different path towards understanding Thurston maps, in
the case of maps with four post-critical points: the “nearly Euclidean Thurston
maps” from [10]. There, the restriction on the size of the post-critical set implies
that the maps may be efficiently encoded via linear algebra; and as a consequence,
conjugacy of NET maps is efficiently decidable. We are not aware of any direct
connections between their work and ours.

1.6. Notations. Throughout the text, some letters keep the same meaning and are
not always repeated in statements. The symbols A4, C, D, E denote finite subsets
of the topological sphere S2. There is a sphere map f: (S2, CUE) — (S?, AUD),
which restricts to a sphere map f: (S2,C) — (S2, A). Implicit in the definition,
we have f(C)U{critical values of f} € A. Wewrite C = CLUE and A = AUD.
If there are, furthermore, orbisphere structures on the involved spheres, we denote
them by (52, 4,ord) etc., with the same symbol “ord”. We also abbreviate
X = (52, 4,0rd) and Y := (52, C, ord).
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For sphere maps fy. f1: (S2,C) — (52, A), we mean by fy ~¢ fi that fy and
/1 are isotopic, namely there is a path (f;);ejo,17 Of sphere maps f;: (S%,C) —
(82, A) connecting them. Note that f; does not move the critical values.

For y a path and f a (branched) covering, we denote by yT]’ﬁ the unique f-lift
of y that starts at the preimage x of y(0).

We denote by f |z the restriction of a function f to a subset Z of its domain.
Finally, for a set Z we denote by Z+{ the group of all permutations of Z.

2. Forgetful maps

We recall a minimal amount of information from [5]: a marked orbisphere is
(82, A,ord) for a finite subset A C S? and a map ord: 4 — {2,3,...,00},
extended to S? by ord(S? \ 4) = 1. For a choice of basepoint x € §2\ 4,
its orbispace fundamental group is generated by “lollipop” loops (v4)sc4 based
at * that each encircle once counterclockwise a single point of A, and with
A ={ay,...,a,} has presentation

ord(a;) ord(an)

G = m1(S?, A, ord, ¥) = (Va,» - .- Va, | Va, N Vay **Van) (5)

Abstractly, i.e. without reference to a sphere, an orbisphere group is a group G as
in (5) together with the conjugacy classes I'y, ..., Iy of y4,, ..., Vq, respectively.
An orbisphere map f:(S?,C,ordc) — (S?, A, ordq) between orbispheres is
an orientation-preserving branched covering between the underlying spheres, with
f(C) U {critical values of f'} € A, and with ordc (p) deg,(f) | orda(f(p)) for
all p € S2.
To avoid special cases, we make, throughout this article except in §6.3, the
assumption
#4 >3 and #C > 3. (6)

For #4 = 2, many things go wrong: one must require ord to be constant; the
fundamental group has a non-trivial centre; and the degree-d self-covering of
(82, A, ord) has an extra symmetry of order d — 1. All our statements can be
modified to take into account this special case, see §6.3.
Fix basepoints * € S2\ A and 1 € S?\C. The orbisphere biset of an orbisphere
map
£:(8%,C,ordc) — (S?, A, ordy)

is the 71 (S2, C, ordc, 1)-1(S?, A, ordy, *)-biset
B(f) ={B:[0.1] > S>\ C | B(0) = 1. f(B(1)) = *} / ~C ordc -

with “ac org” denoting homotopy in the orbispace (S2, C, ord). An orbisphere
biset i Bg can also be defined purely algebraically, see [5, §8 and Defini-
tion 2.6]. By [5, Theorem 8.9], there is an orbisphere map f:(S2,C,ordc) —
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(82, A, ordy), unique up to isotopy, such that B is isomorphic to B(f). We de-
note by Bx: C — A the induced map on the peripheral conjugacy classes of H
and G - they are identified with the associated punctures.

__Let(S 2, A,ord) and (S2, AU D, ord) be orbispheres, and suppose that ord(a) |
ord(a) for all @ € A. We then have a natural forgetful homomorphism

ffD:nl(Sz,A L D,(;;El, *) —> JTI(Sz,A,OI'd, *)

given by y, = y, fora € Aand y; +— 1 for d € D. We write the forgetful map

(S2, Au D, ord) --> (S2, A, ord) with a dashed arrow, because even though JFp is

a genuine group homomorphism, the corresponding map between orbispheres is

only densely defined. Note, however, that its inverse is a genuine orbisphere map.
Consider forgetful maps

(S2,C U E,ord) --> (S, C, ord)
and ~
(S%, AU D,ord) --> (S2, A, ord);
in the sequel we shall keep the notations
X = (8% A,ord), Y :=(S%C,ord), A:=AuUD, C:=CUE.

Let f:(S2,C,ord) — (S2, A, ord) be an orbispace map, with such that f restricts
to an orbisphere map f: (52, C,ord) — (S2, A, ord). We thus have
(52,C,ord) —L— (52, 4, ord)
X = (82,C,ord) —L— (52, 4,0rd) = ¥

(In particular, f (C) € A and A contains all critical values of f .) We are
concerned, in this section, with the relationship between B( f) and B( f); we shall
show that B(f) may be encoded by B(f) and a portrait of bisets, and that this
encoding is unique up to a certain equivalence. The algebraic counterpart of (7)
is

H = m(82,C,ord, 1) & B(f) <P m1(S% A, 0rd, ) =: G

lsE l’f“’ l?D ®)

H = m,(52,C,ord, ) & B(f) <P m1(S?, A4,0rd, %) = G
where we denote by
Fe.p:B(f) — B(f) = H®g B(f)®s G ©)

the natural map givenby b~ 1 b ® 1.
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2.1. Braid groups and knitting equivalence. We recall that Mod(S?, A) and
Mod(X) are by definition the same groups, and coincide with the groups of outer
automorphisms of both 71 (S2, A) and 7 (X) that preserve peripheral conjugacy
classes, see [5, Theorem 8.3]. We shall define a subgroup Mod(X|D) interme-
diate between Mod(X) = Mod(S2, 4) and Mod(S2, A) which will be useful to
relate B(f) and B(f).

Definition 2.1 (pure braid group). Let D be a finite set on a finitely punctured
sphere S2 \ A. The pure braid group Braid(S? \ A, D) is the set of continuous
motions m: [0, 1] x D — S?\ A considered up to isotopy so that

e m(t,—): D < S?\ A is an inclusion for every ¢ € [0, 1];
e m(0,—)=m(l,—) =1]p.

The product in Braid(S? \ 4, D) is concatenation of motions, and the inverse is
time reversal.

Note that in the special case D = {x} we have
Braid(S2 \ A, {*}) = 71 (S%\ A4, %).

Theorem 2.2 (Birman [8]). For every m € Braid(S2 \ A, D) there is a unique
mapping class push(m) € ker(Mod(S%, 4 U D) — Mod(S2, A)) such that
push(m) is isotopic rel A to the identity via an isotopy moving D along m™!.

The map

push: Braid(S? \ 4, D) — ker(Mod(S?, AU D) — Mod(S?, 4))  (10)
is an isomorphism (it would be merely an epimorphism if #4 < 2).

From now on we identify Braid(S? \ A, D) with its image under (10).

Definition 2.3 (knitting group). Let X = (S?2, A4, ord) be an orbisphere and let D
be a finite subset of S2\ A. The knitting braid group knBraid(X, D) is the kernel
of the forgetful morphism

Ep:Braid(S”\ 4, D) — [[m(X.d);
deD

it is the set of D-strand braids in S2 \ A all of whose strands are homotopically
trivial in X.

In case X = (S2, A), knitting elements are the “(#D — 1)-decomposable
braids” from [18]. The terminology states that the strands of the braid may be
knitted among themselves, while each strand is individually trivial in X.
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Lemma 2.4. knBraid(X, D) is a normal subgroup of Mod(S2, A U D).

Proof. We show that for every m € knBraid(X, D) and h € Mod(S2, AU D) we
have h~'mh € knBraid(X, D). Indeed, & restricts to an orbisphere map /: X ©
fixing D pointwise. Thus, m(d,—) is a trivial loop in 7{(X, d) if and only if
h(m(d,—)) is a trivial loop in 71 (X, d) forevery d € D. O

Define
Mod(X|D) := Mod(Sz, AU D)/knBraid(X, D). (11D

With G = 71(X, %), we write
Mod(G|D) = Mod(X|D) and Mod(G) = Mod(X).

We interpret elements of Mod(G) as outer automorphisms of G, as mapping
classes and as biprincipal bisets. We also introduce the notation

m (X, D) =[[m(X.d) = G".
deD

Note the following four exact sequences:

knBraid(X, D)

T

Braid(S2\ 4, D)

—~
/ P~

Mod(G) = Mod(S2, AU D) (X, D)

push /
/
Ip

Mod(X|D)

Mod(G) = Mod(S2, A)

(12)
Exactness follows by definition except surjectivity in the top sequence. Given a
sequence of loops (y4)aep € m1(X, D), we may isotope them slightly to obtain
va(t) # yg(t) forallt € [0,1]and all d # d’. Then b(d, t) := y4(¢) is a braid in
S2\ A and defines via “push” an element of Braid(S? \ A4, D) mapping to (yz).
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2.2. f -impure mapping class groups. As in (7), consider an orbisphere map
f:(S%,C U E,ord) — (S%,4 U D,ord) that projects to f:(S?, C,ord) —
(S2, A,ord). We will enlarge the groups in (12) to “f-impure mapping class
groups” so that exact sequences analogous to (16) hold.

Let Mod*(S2, C U E) be the group of homeomorphisms m: (S2,C U E) ©
considered up to isotopy rel C U E such that m |¢ is the identity and for every

e € E we have f(m(e)) = f(e); i.e., m may permute points in f_l(f(e)) NnE.
There is a natural forgetful morphism
FE:Mod*(S2,C U E) — Mod(S2, C).

Asin Definition 2.1, the braid group Braid* (S2\ C, E) is the set of continuous
motions m: [0, 1] x E — S?\ C considered up to isotopy so that

e m(t,—): E = S2\ C is an inclusion for every ¢ € [0, 1];

e m(0,—) =1]g;

e m(l,e) € f_l(f(e)) foreverye € E.

Every m € Braid*(S? \ C, E) induces a permutation m,,:e + m(1,e) of E.
The pure braid group consists of those permutations with w,,, = 1. The product
in Braid*(S?> \ C,E)ism -m' = m# (m' o (1 x 7)), with as usual “ #”
standing for concatenation of motions. Birman’s theorem (a slight generalization
of Theorem 2.2) still holds: the group Braid*(S? \ C, E) is isomorphic to the
kernel of Mod*(S2, C U E) — Mod(S2, C) via the push operator.

Let (Y, E) be the group of motions m:[0,1] x E — Y = (52, C,ord),
considered up to homotopy, such that

e m(0,-) =1]g;
e m(l,e) € f_l(f(e)) forevery e € E;

here m,m’: E < Y are homotopic if m(—, e) and m’(—, e) are homotopic curves
(relative to their endpoints) in Y for all e € E. The product in 7] (Y, E) is again
m-m' =m# (m' o (1 xm,)). We have

at(VE) = [[m.ox[[(f @ n B, (13)

ecE def(E)

the isomorphism mapping m to its restrictions m(—, e) and its permutation 7,.
Lemma 2.5. The following sequence is exact:
E3
knBraid(Y, E) —> Braid*(S2\ C, E) —> 71 (Y, E), (14)

where g is the natural forgetful morphism.
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Proof. Suppose than Eg(m) = Eg(m’). Then m~'m’ is pure and so one has
m~!'m’ € knBraid(Y, E). The converse is also obvious. |

The same argument as in Lemma 2.4 shows that knBraid(Y, E) is a normal
subgroup of Mod*(S?2, C U E). We may thus define

Mod*(Y |E) := Mod*(S?, C U E)/knBraid(Y, E). (15)
As in (12) we have the following exact sequences

knBraid(Y, F)

T

Braid*(S2\ C, E)

/ \SE\

Mod*(S2,C U E) 7*(Y.E)
\ —
push
—
55 Mod*(Y|E)

S
“

Mod(H) = Mod(S2, C)
(16)

2.3. Branched coverings. Recall that, for orbisphere maps
fo. f1: (82, C,ord) —> (S?, 4, ord),

we write
Jo~c fi,

and call them isotopic, if there is a path (f);e[o,1] of orbisphere maps
f;:(S%,C,ord) — (S2, A4, ord).
Equivalently,

Lemma 2.6 ([5, §2.12]). fo ~c f1ifand only if hfy = f1 for a homeomorphism
h: (82, C) © that is isotopic to the identity.

Proof. If there exists an isotopy (h;) witnessing 1 =~¢ h, then f; = h:fo
witnesses fo =~c¢ f1. Conversely, since all critical values of f; are frozen in A, the
set f,71(y) moves homeomorphically for every y € S? (equivalently, no critical
points collide). Therefore, we may factor f; = h; fo, with h;(z) the trajectory of
z € f;71(y); this defines an isotopy from 1 to & := h;. O
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Consider orbisphere maps f,g: (S2,~C L E,(;;a) — (52,4 |_|~D,6;El) as
in (7). We write f ~c|g g, and call f, g knitting-equivalent, if f = hg for
a homeomorphism 4: (S2, C U E) © in knBraid(Y, E); we have
frcued = fropd = f~cé.
For m € Braid(S2 \ A4, D) we define its pullback (f)*m:[0,1] x E — §2\ C by

fu o m= f@)1s if f(e) e D,
(f)*m)(—.e) == {e it Fe) e

This defines a motion of E; note that ( f )*m(1, e) need not equal e:

Lemma 2.7. If push(m) € Braid(S2 \ A, D), then push((f)*m) defines an
element of Braid*(S? \ C, E) and we have the following commutative diagram:

push((f)*m)

(S2,C UE) (S2,CUE)
fl RCUE lf (17)
2 2
(52, AU D) —— (S2, AU D)

Proof. Let us discuss in more detail the operator “push”. Consider a simple arc
y:[0,1] — S?\ Aandlet U C S?\ A be a small disk neighborhood of y. We can
define (in a non-unique way) a homeomorphism push(y): (S2, A) © that maps
y(0) to y(1) and is identity away from U. Let Uy, Us, ..., Uy be the preimages
of U under f, where d = deg(f). Each U; contains a preimage y; of y. Let
push(y;): U; © be the lift of push(y) |1 under f: U; — U, extended by the identity
on S?\ U;. Then

push(y;)push(ys) - -push(yq) - f = £ - push(y). (18)

For m € Braid(S?\ A4, D), we can define push(m) as a composition of pushes
along finitely many simple arcs ;. Using (18) we lift all push(8;) through f;
considering the equation rel C U E we obtain (17). |

We note that push(m) does not necessarily lift to a “push” if m moves a critical
value. Indeed if y is a simple loop then push(y) is the quotient of two Dehn twists
about the boundary curves of an annulus surrounding y, see [12, §4.2.2]; however
the lift of y will not be a union of simple closed curves if y contains a critical value;
an annulus around y will not lift to an annulus, but rather to a more complicated
surface F'; and the quotient of Dehn twists about boundary components of F will
not be a quotient of Dehn twists about boundary components of annuli.
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Proposition 2.8. Let f:(S2,C U E,ord) — (S2, AU D, ord) be an orbisphere
map as in (7). Then every element in knBraid(X, D) lifts through f to an element
of knBraid(Y, E).

If 3:(S2,C U E,ord) — (S2, A U D,ord) is another orbisphere map, then
f ~c|e & if and only if one has f ~c hgk for some h € knBraid(Y, E),
k € knBraid(X, D).

Proof. Consider & € knBraid(X, D). By Theorem 2.2 we may write & =
push(b). Since b(—, d) is homotopically trivial in X for every d € D, the curve
b(—, f (e))T‘} ends at e for all e € E with f (e) € D, because this curve is
in Y. Therefore, (f)*b(1,—) = 1 |g, and push((f)*b) € Braid(S2\ C, E).
Since the lifts b(—, f (e))T‘} are homotopically trivial in Y for all e € E, we have
push(( f )*b) € knBraid(Y, E) and Lemma 2.7 concludes the first claim.

The second claim is a direct consequence of the first. |

As a consequence, we may detail a little bit more the map €p in (12). Choose
for every d € D apath{; in S?\ A from * to d. This path defines an isomorphism
m1(X.d) —> m1(X, %) = G by y > Ly #y #{;'. We thus have a map

€p:Braid(S?\ 4, D) —» GP, m+— (Lg#(push™ ' (m) |2)#€; )aep. (19)

and ker(€p) = knBraid(X, D).

2.4. Mapping class bisets. We introduce some notation parallel to that in (12)
and (16) for mapping class bisets. Let Fz: H — H and Fp: G — G be forgetful
morphisms of orbisphere groups as in (8), and let B be an orbisphere biset. Let
B = H ® 5 B ® G be the induced H-G-biset. We have forgetful morphisms of
groups Fp: Mod(G) — Mod(G) and Fz: Mod(H) — Mod(H). Corresponding
mapping class bisets are written respectively, with f and f the orbisphere maps
associated with B and B,

M(B)=M(f):={n®B®m|necMod(H),m e Mod(G)}/=
= {nfm|neMod($% C),m e Mod(S?, A)}/~¢,
M(B)=M(f):={n®@B®m|necMod(H),m e Mod(G)}/=
={nfm|n eMod(S? C),m e Mod(52, A)}/~c

together with the natural forgetful intertwiner

Fep:M(B)— M(B), B —TFgp(B)=H®zB ®5G.  (20)
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We may also define the following mapping class biset, sometimes larger than
M(B): assume first that ord is constant on E, possibly co, and set

M*(B) = M*(f) = {E/ an H-G-orbisphere biset

FE, D(B ) € M(B)
(B, = B, } =

2D
where (E/)*: C — A denotes the induced map on marked conjugacy classes. It is
an Mod* (52, C)-Mod(S2, A)-biset; note indeed that we have n ® B € M*(B)
for B € M*(B) and n € Mod*(S2,C), because Tz p(n ® B) = F(n) ® B.
Again there is a natural forgetful intertwiner

H:E,D5Mod*(sz,ﬁ)M*(f)Mod(Sajf) - Mod(Sz,C)M(f)Mod(SZ,A)- (22)

We note that the left action of Mod(S~, 2 C)on M( f ) does not necessarily extend to
an action of Mod* (52, C) on M( f), because the result of the action is in general
in M*(f) and notin M(f), see Example 6.2.

In case ord is not constant on £, we should be careful, because permutation
of points in E does not leave H invariant; rather, the image of H under such a
permutation gives an orbisphere group isomorphic to H. However, M*(B) and
Mod* (52, C ) do not depend on the orbisphere structure, so the definition may be
applied with A and G replaced by orbisphere groups with larger orders.

Let us call the set of extra marked points E saturated if

7 (f(E) cCUE.

Lemma 2.9. (1) The mapping class biset M *( f ) is left-free.
(2) Suppose that E is saturated and that

20, €1:(S2,C U E,ord) —> (S2, AU D, ord)

are orbisphere maps coinciding on C U E and such that g _p(go) algd FE.p(g1)
are isotopic through maps (S*,C) — (82, A). Then go, g1 € M*(f), and there
is an m € Braid*(S? \ C, E) such that mgy = g, holds in M*( f).

(3) If E is saturated, then
M*(f) ={mfn|meMod*(S*,CUE),n € Mod(S%, AL D)}/~z. (23)

Proof. The proof of the first claim follows the lines of [5, Proposition 6.4]:
suppose that g, mg are isotopic through maps (S2,C) — (52, 4) for some
m € Mod*(S2?,CUE)and g € M*(f). By Lemma 2.6, we may assume g = mg
as maps; then the homeomorphism m is a deck transformation of the covering
induced by g, so m has finite order because deg(g) < oco. Recall that #C > 3 by
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our standing assumption (6). Since m fixes at least 3 points in C and m has finite
order, we deduce that m is the identity. This shows that M *(f) is left-free.
For the second claim, let (g;: (S?, C) — (52, A));<[0.1] be an isotopy between
go and g;. By Lemma 2.6, we may write g, at m,go for m,: (S, C) ©. Then m;
preserves E because E is saturated, so m; € Braid*(S? \ C, E) as required.
The third claim directly follows from the second. O

Definition 2.10 (extensions of bisets, see [5, Definition 5.3]). Let g, Bg, be a
G1-G,-biset and let N;, N, be normal subgroups of G; and G, respectively, so
that for i = 1, 2 we have short exact sequences

1 — N; — Gi — Q; —> 1. (24)

If the quotient Q;-Q,-biset N1\ B/N,, consisting of connected components of
N Bn,, is left-free, then the sequence

¥ BN, = G,BG, —> o, (N1\B/N2)o, (25)
is called an extension of left-free bisets.

Definition 2.11 (inert biset morphism). Let H — H and G — G be surjective
group homomorphisms, and let B be a left-free H-G-biset. Recall that the tensor
product

B:=H®g B ®sz G

is isomorphic to the double quotient ker(H — H)\B/ker(G — G) with natural
H-G-actions. The natural map F: B — B is called inert if B is a left-free biset
and the natural map {-} ® B—>{}®gBisa bijection. In particular, B has the
same number of left orbits as B. In other words, assuming that the groups A and
H have similarly-written generators and so do G and G, the wreath recursions of
B and B are identical.

Yet said differently, in the extension ker Brer <> HE & — HBg the kernel
is a disjoint union of left-principal bisets. If G = H and G = H so that the
bisets can be iterated, then B — B is inert precisely when we have a factorization
G—>G — IMGg (B), the latter group being the quotient of G by the kernel of
the right action on the rooted tree {-} ® |_|,,~¢ B®" see [5, §8.3].

Define
M*(B|E, D) := knBraid(Y, E)\M *(B) /knBraid(X, D): (26)

this is naturally a Mod™ (Y | E)-Mod(X | D)-biset, and Proposition 2.8 implies in
particular that it is left-free:
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Proposition 2.12. The natural forgetful maps
Mod(ﬁ)M(E)Mod(é) — Mod(H|E)M(B|E, D)podG| D)
and
Mod*(s2,cur)M* (B)Mod(s2,4uD) — Moa*v|5)M *(BIE, D)moacx|p)
are inert.

Let E4* denote the group of all permutations ¢: E £ such that f (t(e)) = f (e).
We denote by HE x EY" the semidirect product where E4" acts on HE by
permuting coordinates; compare with (13). We have 7}(Y, E) =~ HE x E v

We denote by graia*(v,£)M ™ (B)Braia(x,p) a0d 1 *(v,gyM *(B|E. D), x,p) the
restrictions of M*(B) and M*(B|E, D) to braid and fundamental groups.

Theorem 2.13. If E is saturated, then the following sequences are extensions of
bisets:

knBraid(v,£) M * (B)knBraid(x,D)

T

Braia* (v,£)M " (B)Braid(x.D)

/ T,
2

M*(B) *(YE)M*(B|E D), (x.p)
/ M (B|E, D)

{ (B" € M(B), (B )ced) }
M(B) HEXEL™

(B.).c¢ is a portrait in B’

(27)
(The isomorphism on the right is the topic of Theorem 2.19, and will be proven
there.)

Proof. By Lemma 2.9 (2), we know that J D(B) is a connected subbiset of
Braia*(v,E)M " (B)Brald(X p)s thus, the central-to-left sequence is an extension of
bisets. Exactness of other sequences follows from Proposition 2.12. |

Note that, if E were not saturated or if we replaced M*(B) by M(B) in (27),
then we wouldn’t have exact sequences of bisets anymore, because the fibres of
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M*(B) — M(B) wouldn’t have to be connected; see Example 6.1. The failure
of transitivity is described by Lemma 2.20. There are similar exact sequences in
case f.: E — D is a bijection, see Theorem 2.22.

2.5. Portraits of bisets. First, a portrait of groups amounts to a choice of repre-
sentative in each peripheral conjugacy class of an orbisphere group:

Definition 2.14 (portraits of groups). Let G be an orbisphere group with marked
conjugacy classes (I'y)qse4 and let A be a finite set containing A. A portrait of
groups (Gg) . 7in G is a collection of cyclic subgroups G, < G so that

(g) forsome g €Ty, ifa € A,
Ga = .
(1) otherwise.

IfA = A, then (Gg)geq is called a minimal portrait of groups.

Definition 2.15 (portraits of bisets). Let H, G be orbisphere groups with periph-
eral classes indexed by C, A respectively, let g Bg be an orbisphere biset, and let
Jf«: C — A be its portrait. We also have a “degree” map deg: C — IN. A portrait
of bisets relative to these data consists of

e portraits of groups (H.), .z in H and (Gg) 7 in G;
e extensions fi:C — A of f, and deg: C — N of deg;

e acollection (B.),.& of subbisets of B such that every B, is an H.-Gy, (c)-biset
that is right-transitive and left-free of degree deg(c), and such that if f.(c) =
f«(c’) and HB, = HB,. qua subsets of B thenc = ¢’.

If C = C and A = A, then (B¢)ccc is called a minimal portrait of bisets.

Note in particular that if ¢ € C \ C then H. is trivial and the subbiset B,
consists of deg(c) elements permuted by Gy, (). If moreover fi«(c) ¢ A, then
deg(c) = 1. For simplicity the portrait of bisets is sometimes simply writ-
ten (B¢) &, the other data fi,deg, (Hc),.&, (Ga) e 7 being implicit.

Here is a brief motivation for the definition. Consider an expanding Thurston
map f and its associated biset B. Recall from [21] that bounded sequences in B
represent points in the Julia set of f; in particular constant sequences represent
fixed points of f and vice versa. On the other hand, fixed Fatou components
of f are represented by local subbisets of B with same cyclic group acting on
the left and on the right. All of these are instances of portraits of bisets in B.
Furthermore, (pre)periodic Julia or Fatou points are represented by portraits of
bisets with (pre)periodic map fx. E.g., closures of Fatou components intersect if
and only if they admit portraits that intersect; and similarly for inclusion in the
closure of a Fatou component of a (pre)periodic point in the Julia set.
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Let ¥p:G — G be a marked forgetful morphism of orbisphere groups as
in (8). For all a_€ A choose a smgll disk neighbourhood U, > a that avoids all
other points in A, so that 71 (U, \ A) = Z. We call a curve y close to a if y C U,.

Lemma 2.16. Every minimal portrait of groups (G ) weiin G is uniquely char-
acterized by a family of paths (L4) ,c 7 with

0a:[0,1] > 82, La(t) ¢ A for t <1, £4(0) = x, £4(1) =a, (28)
considered up to homotopy rel A, and such that for any sufficiently small € > 0
Ga = {lalpo1—c #ota # (Lo l[0,1-)) " | cta is close to a}/~ 7. (29)

Conversely, every collection of curves (28) defines by (29) a minimal portrait of
groups for every sufficiently small € > 0.

Proof. This follows immediately from the definition of “lollipop” generators,
see (5). O

It follows that every G is self-normalizing in G: conjugating G, by an element
g ¢ G, amounts to precomposing the path £, with g, resulting in a different path.

Lemma 2.17. Let g Bg be an orbisphere biset. Then every pair of minimal
portraits of groups (H.)cec in H and (Gg)qea in G can be uniquely completed
to a minimal portrait of bisets (B)cec in B.

As a consequence, the minimal portrait of bisets is unique up to conjugacy. We
note that the lemma is also true in case g B is a cyclic biset, namely if H, G =~ Z;
in this case all B, are equal to B.

Proof. Since by Assumption (6) the sets A and C contain at least 3 elements, H
and G are non-cyclic, and in particular have trivial centre.

Let fi.: C — A be the portrait of B. Choose generators g, € G, and h, € H,
in marked conjugacy classes. Recall from [3, §2.6] or [5, Definition 2.5] that there
are b, € B and k. € H such that kc_lhckcbc = b, g}?f)(c) for all ¢ € C. Set then
B. = Hc:kebe Gy, and note that these subbisets satisfy Definition 2.15.

Suppose next that (B/).ec is another portrait of bisets, and choose elements
bl € B. Then by [5, Definition 2.6(SB3)] the conjugacy class A, appears exactly
once among the lifts of (), so Hb, N B, # @, so we may choose k. € H with
kb, € Bc. Then kB, = kcb.Griy = BcGr() = B.. We have kcH, = Hcke,
so k. € H. because H, is self-normalizing in H, and therefore B, = B. O

Consider next a forgetful morphism Fg p: 5 B & — H Bg of orbisphere bisets,
and let (B,) ¢ be the minimal portrait of bisets given by Lemma 2.17.
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Lemma 2.18. Let (m.) ¢ and (L) ,c 5
ciated with the respective portraits of bisets (H.) ceq and (Ga) sci- The por-

be the paths (see Lemma 2.16) asso-

trait (Fg.p (Ec)) ce& admits the following description: for every sufficiently small
€ >0,

Be = {me |[0.1- #Bc # (Lr() d10.1-a) 15V | Be is close to ¢} /~c. (30)

Proof. Since B, is obtained from EC by the intertwiner I p (see (9)), it suffices
to consider the case E = D = @; and in that case, by Lemma 2.17 it suffices to
note that B, is indeed an H -Gy, ()-biset. O

Let 5 Bg be an orbisphere biset; let f.:C — A be an abstract portrait
extending B.; let deg: C — NN be an extension of degp:C — N; and let (B.), &
be a portrait of bisets in B with portraits of groups (H.),.& in H and (G4), 5 in
G. A congruence of portraits is defined by a choice of () & in H and (g4)
in G, and modifies the portrait of bisets by replacing

acA

He v h ' Hehe,  Be v h;'Begro),  Ga > £, "'Gaga.
By Lemma 2.17, any two minimal portraits of bisets are congruent.

2.6. Main result. Consider an orbisphere map
£:(8%,C,ord) — (S2, A, ord).
We call it compatible with
Fg: (82, C,ord) --» (S, C, ord)

and o
Fp:(S?2, A, ord) ——> (S2, 4, ord)

and fy: C— A and deg: C — Nif deg(e) = 1 forall e € E with fi(e) € D, and
ord(c) deg(c) | ord(f*(c)) forall ¢ € C, and {deg,— 1(a)(f)} = {deg(f* (a)} for

alla € A. Equivalently, there is an orbisphere map f: (S2, C, ord) — (S2, 4, ord)
that can be isotoped within maps (S2, C, ord) — (S, A, ord) to a map making (7)
commute and such that deg: C — N and f,:C — N are induced by f.
Compatibility of an orbisphere biset g Bg with Fg: H — H, Fp: G — G,
fu:C — fL anddeg: C — NN is defined similarly, and is equivalent to the existence
of a biset B making (8) commute.
We are now ready to relate the mapping class bisets M * to portraits of bisets:

Theorem 2.19. Let Fg: H — H and Fp:G — G be forgetful morphisms of
orbisphere groups as in (8), and let g Bg be an orbisphere biset compatible with
FE, Fp, f«:C — A, and deg: C — IN.
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Then for every portrait of bisets (B;), . in B parameterized by f, and deg
there exists an orbisphere biset ;IE & mapping to B under g p with a minimal
portrait mapping to (B¢) .-

Furthermore, B is unique up to pre- and post-composition with bisets of
knitting mapping classes and we have a congruence of bisets (see (19))

7t v, EyM*(B|E. D)., (x,p)

P

l
HExpy \(B' € M(B), (By).cz) | B € M(B),(B,) g aportraitin B'};
(€2))
~/ ~/ ~/
given by P(B') = (Fg,p(B), induced portrait of B').

The H£-GP-action on {(B’, (B),..&)} is given by

(he)eer (B’ (By) .cg)(8a)aep = (B’ (he Bigf.()ced)

with the understanding that 7, = 1if ¢ ¢ E and g7, () = 1if fi(c) ¢ D, and the
action of EV" is given by permutation of the portrait of bisets.

In the dynamical situation (i.e. when H = G and H = G), Theorem 2.19
proves Theorem C.

Proof of Theorem 2.19. Clearly, (31) is an intertwiner: firstly, the actions of E v
are compatible; we may ignore them in the sequel. Secondly, let (B;), & be the

induced portrait of bisets of B . Fore € E we may write
By ={me#p~' | p:[0.1] — Y. p7(0) =e, fop=Lreh

see (30). Consider ¥ € Mod(Y | E); the action of ¥ on B, replaces m, by ¥ om,;
and if Eg(Y¥) = (he)eck then ¥ o m, = h.m, by the very definition of “push”
and (19). The same argument applies to the right action.

Let us now show that P is a congruence. Since P is an intertwiner between left-
free bisets with isomorphic acting groups, it is sufficient to show that P preserves
left orbits.

We proceed by adding new points to D and E. If E = @, then the forgetful
maps M*(B|E, D) — M(B) and

{(B" € M(B),(B)..¢) | B € M(B), (B,)..¢ aportrait in B’} — M(B)

are bijections and the claim follows. Therefore, it is sufficient to assume that
D =4.
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By [5, Theorem 8.9], the biset B may be written as B(f) for a branched
covering f:(S2,C,ord) — (52, A, ord), unique up to isotopy rel C. We lift f
to a branched covering f+:(S2, f~1(A4)) — (52, A). Let B be its biset and let
(}E?j—)cE f—1(4) be its minimal portrait of bisets, which is unique by Lemma 2.17.

Let us show that for every portrait of bisets (B.)..& in B there is an orbisphere
biset B whose minimal portrait of bisets maps to (B.). This B will be of the form
B(m) ® ?f_l(A)\a@(EJr) for a homeomorphism m: (S2, f~1(A)) ©.

First, consider the images of all E: in{}®g B ~ {-} ®y B, and compare
them to the images of all B.. The condition that as ¢’ ranges over f, '( f«(c)) the
B,/ lie in different H -orbits of B lets us select which preimages of A correspond to
the marked points in C, and thus produces a well—deﬁned map C — f~1(A). Let
m’ be an isotopy of (S2, C) whichmaps C to f ~1(A) in the specified manner then

m' f+:(S2, 5 ord) — (S2, A, ord) has biset B’ and portrait of blsets (B, )cec’

and Jg, @(B ) C HB. for all ¢ € C, so we may write & TE, @(B ) = B, for
some h. € H. (We recall that B, consists of d(c) elements permuted by Gy, (),

where d(c) is the local degree of f at c. We have h.Fg g (ES) = B, if and only if
hcﬁ"E,g(E(c)) N B, # @.) We set B = [leer push(hc)go, and note that the minimal
portrait of bisets of B maps to (B.)_ .& under Fg g.

The only choice involved is that of a mapping class that yields push(k.) when
restricted to C U {c}, namely that of knitting mapping classes. O

2.7. Fibre bisets. Consider an orbisphere map
£:(S2,C U E,ord) — (S2, AU D, ord)
as above and define the saturation of E as

E=|]F " (fen\c.

ecE

Lemma 2.20. Let f:(S2,C U E,ord) — (S2, A U D,ord) be an orbisphere
map and let m: (S, C U E)“ be a homeomorphism such that m |c= 1 and
for every e € E we have f (m(e)) = f (e). If the isotopy class of m is not in
Mod* (S2, C U E), namely if m moves at least one point in E to E \ E, then
mf #cue f.

For every g € M* (f) there is a homeomorphism m: (S2,CUE) © as above
(i.e.m|c=1and f(m(e)) = f(e)fore € E) such that § ~cug mf.

Note that Mod* (52, C U E) does not act on M*( f ): there are orbisphere
maps fifa (S, CUE, ord) — (82, AU D,ord) such that f, ~cug f, but
mf, %cug mf, for a homeomorphism m: (52 C U E) © as above.
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Proof. Suppose m f ~cug f. Since E is saturated, by Lemma 2.9(2) there is an
n:(S%,C U E)© withn |cug=1 and f(n(e)) = f(e) fore € E \ E such that
nmf ~c,g f. This contradicts Lemma 2.9(1): the biset

M*(f:(S2,CLUE) — (S2, AU D)) (32)

is left-free while nm # 1.
The second claim follows from Lemma 2.9(2) applied to the biset (32). O

We are interested in the fibre biset ECT"ED (B');p under the forgetful map
Fep:M*(B|E,D) — M(B). Foreverya € A define E, == E N fYa), where
f«:C — A is the portrait.

Proposition 2.21. We have

aTE D B)gp = [ [ aea M*(B'|Ea. 0), %[ | s M*(B'|Ea. {d ) giar. (33)
acA deD

Suppose that B’ is the biset of g: (S?, C,ord) — (§2, A, ord); then
HEaM*(B'|Eq.0), = HE x {1 E; — g7 (a) \ C}.
The biset gy, M*(B'|Eq,{d})gta; is congruent to the biset

{(be)ecE, € B'Ea | Hbe # Hb, ife # €'}

endowed with the actions
(he)eeEd : (be)eeEd g = (hebeg)eeEd'

Proof. By Theorem 2.19, the biset EEFE}D (B') gp 18 isomorphic to the biset
of portraits (B),..gz in B’. Recall that (B;)cec is fixed (by Lemma 2.17) while
(Be)eck varies; this shows (33).

The second claim follows from Lemma 2.20.

Ford € D and e € E; we have B, = {b.}; i.e. the choice of (B.)cck,
is equivalent to the choice of (be)ecr, € B’ Eq subject to the condition stated
above. O

Note that ; £, M*(B’| E,, @), will not be transitive, as soon as there are at least
two maps t: E;, — g '(a) \ C.
Let us define

M(B|E, D) := Mod(Y |E) ® M(B) ® Mod(X|D).
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Theorem 2.22. Suppose f.(E) C D and, moreover, that f.,: E — D is a
bijection. We then have a congruence

e (FEn(B)gp — (uB'6)" (34)

mapping the portrait (Ec)eeé in B 10 (be)ecr where B, = {b.). The group GP
is identified with GE via the bijection fi: E — D.

Moreover, M*(B) = M(B), M*(B|E,D) = M(B|E, D), and exact se-
quences similar to (27) hold:

knBraid(¥, E) M (B )knBraid(x, D)

T

Braid(v,£) M (B)Braid(x,D)

/" \eE.D\»

M(B) (Y, E)M(B|E D)., (x.p)

\/

M(B|E D)

(B’ € M(B),(Bc)ce )
\k// . { 7 . . .C ,}GD
M(B)

£ (B[),.c¢ is a portrait in B

(35)
The bottom sequence in (35) can be written (using (34)) as

| | (B)E — M(B|E. D) — M(B). (36)
B’eB

Proof. The first claim follows from Proposition 2.21. Since (B’)f is a transi-
tive biset, we obtain M(B|E, D) = M*(B|E, D) and the exact sequences (36)
and (35) hold because the fibres are connected. O

Corollary 2.23. Let f:(S% A,ord)© be an orbisphere map and let D =
|l;c; Di be a finite union of periodic cycles D; of f. Then (36) takes the form

|| ||B()®*P? < M(f|D. D) —> M(f). (37)

geM(f)iel

2.8. Centralizers of portraits. Let us now consider the dynamical situation:
H = G and G = H; we abbreviate Fp = Fp p and M(B|D) = M(B|D, D).
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Given an orbisphere biset B we denote by Z(B) < Mod(G) the centralizer of
B in M(B) and by Z(B|D) < Mod(G|D) the centralizer of the image of B in
M (B|D), see Theorem 2.19. We have a natural forgetful map

Z(B) — Z(B|D) (38)

which is, in general, neither injective nor surjective. However, we will show in
Corollary 4.28 that (38) is an isomorphism if B is geometric non-invertible.
Recall from (12) the short exact sequence

71 (X, D) — Mod(G|D) —» Mod(G).
We have the corresponding sequence for centralizers:
1 — Z(B|D) N m1(X, D) —> Z(B|D) —> Z(B). (39)
If B is geometric non-invertible, then Z (B|D)Nmy (X, D) is trivial, so Z(B|D) =

Z(B) is naturally a subgroup of Z(B), and in Theorem 4.41 we will show that it
has finite index.

Definition 2.24. The relative centralizer Zp((Ba)
(Ba), e 7 is the set of (g4) € GP such that

2cq) of a portrait of bisets

By = g;'Bygs.ay foralld e D,

with the understanding that gz, (@) = 1 if f«(d) & D.

We remark that we could also have defined the “full” normalizer, consisting
of all (g,) € G4 with G§* = G, and B, = g;'Bugs,() for all a € A4, and its
subgroup the “full” centralizer, in which g, centralizes G, and g;'-—-g7, (o) is the
identity on B,; but we will make no use of these notions. The “full” normalizer
is the direct product of [[,c 4 G, and the relative centralizer.

We also note that, if (g4)qep belongs to the relative centralizer of (B,)

acd
and f"(d) € A for somen € N, then g; = 1.
Applying Theorem 2.19 to the dynamical situation we obtain:
Proposition 2.25. Let GB —> ¢ Bg be a forgetful morphism and let (B,) ;. 7 b

the induced portrait of bisets in B. Then any choice of isomorphisms w1(X, d) = G
gives an isomorphism

~

Z(BID) N 71 (X, D) — Zp((Ba)yep)-
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3. G-spaces

Let us recall that we prefer the algebraic order of compositions: the composition
of f:X — Y and g:Y — Z is written as fg: X — Z. With this convention,
functions have a natural right action on points:

X8 = (fe)(x) = (g0 f)(x) = g(f(x)) forallx e X.

We start by general considerations. Let Y be a right H-space, and let X be a
right G-space. For every map f:Y — X there exists a natural H-G-biset M(f),
defined by

M(f):=1{hfg:x — x"'¢ |h e H, g € G}, (40)

namely the set of maps ¥ — X obtained by precomposing with the H -action and
post-composing with the G-action. Note that M ( f) is right-free if the action of
G is free on X. We have a natural G-equivariant map ¥ ® g M(f) — X given by
evaluation: y ® b — y®. Define

Hy :=1{h € H | there exists g € G with hf = fgin M(f)}

the stabilizer in H of fG € M(f)/G. Then f descends to a continuous map
fY/Hf > X/G.

Lemma 3.1. Suppose that X and Y are simply connected and that G, H act freely
with discrete orbits. Then M () is isomorphic to the biset of the correspondence

Y/H < Y/Hy 1) X /G as defined in [3].
Proof. Let us define the following subbiset of M( f):
M'(f)={hfg|he Hf, geG}. 41)

Since Y, X are simply connected, the biset of f:Y/H '+ — X/ G is isomorphic to
M’(f). The isomorphism is explicit: choose basepoints 1 € ¥ and * € X so that
m(Y/H,tH) = H and 71(X/G, *G) = G. Given b € B(f), represent it as a
path B:[0,1] — X/G with B(0) = f(Hy) and B(1) = *G, and lift it to a path
B:10,1] — X. We have B(0) = f(f)h and B(1) = *g forsome h € Hr,g € G,
and we map b € B(f)to h™' fg € M'(f). This map is a bijection because both
B(f) and M'(f) are right-free. We finally have

M(f) = H ®u, M'(f) = B(Y/H «— Y/H; — X/G). O

In case the actions of G, H are discrete but not free, there still is a surjective
morphism B(X/G < Y/H) — M(f), when X/G and Y/H are treated as
orbispaces.
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3.1. The modular correspondence. We discuss briefly here an application of
the previous section to X, Y Teichmiiller spaces: for a marked sphere (52, A) recall
that the Teichmiiller space T4 is the space of homeomorphisms A: (S2, A) — C
considered up to isotopy rel A and post-composition by Mobius transformations.
The modular group Mod(S?2, A) naturally acts on the left on 74 by precomposition
(pullback), and this action is free. Taking quotients, we obtain the modular space
of the associated marked sphere:

My = Mod(S?, A)\T4.

Consider now a sphere map f:(S2,C) — (S2, A). It induces a pullback map
between Teichmiiller spaces or: 74 — Tc. Letting

Hy = {g € Mod(S?, A) | there exists 1 € Mod(S?, C) with fg = hf}

denote the subgroup of liftable elements and setting Wy := Hz\ T4, we obtain the
modular correspondence [11]:

of
Jc Ta

/ 42
6/ Wf \ h
Mc =MA

in which all non-labeled arrows represent covering maps. Since the pullback
action of Mod(S2,C) on J¢ is free, the mapping class biset M(f) from §2.4
is isomorphic to

M(oy) = {op00r 00 | h € Mod(S?,C), g € Mod(S?, A)} 43)

(where in oy, o o7 o 0, the composition is from right to left). Lemma 3.1 now
identifies M(oy) with the biset of the modular correspondence, yielding the

Theorem 3.2 ([5, Theorem 9.1]). The mapping class biset M(f) from §2.4 is
naturally isomorphic to the biset of the correspondence

o
Mc <— Wy — My.

An explicit isomorphism between these bisets is given in [5].
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3.2. Universal covers. Let us now generalize Lemma 3.1 by dropping the re-
quirement that X, Y be simply connected. Choose basepoints T, x, write

Q:nl(Y’TL PZT[I(X’*)’
H=m(Y/H,tH), G=m(X/G,*G);

so we have exact sequences
1—>Q—>I—~IL>H—>1, l—P—G-5G—1. 44)
The universal cover of X may be defined as

={B:[0,1] — X [ B(1) = *}/~; (45)

it has a natural basepoint * given by the constant path at *, and admits a right P-
action by right-concatenation of loops at . The projection X — X is a covering,
and is given by 8 — ((0). We denote by XV the left P-set structure on X, with
action g - B := (B - g~1)V. We may naturally identify XV with {8~ | B € X}
and its natural left P-action.

Let us consider the universal covers X, ¥ of X, Y respectively and a lift f of f.
We have the following situation, with the acting groups represented on the right,
and omitted in the left column:

% ! £« 6
= f
Y/Q =Y X <P G
Y/Hs ]
Y/H ~Y/H X/G

Let H s be the full preimage of Hy in H. Note that H ; is the stabilizer of fG
in M(f)/G: wehave hf € fG if and only if 7(h) f € fG by the unique lifting
property. By Lemma 3.1, we have

M(f)=B(Y/H «—Y/Hy — X/G)
~ B(Y/H «— Y/Hy — X/G),

and we shall see that M( 7) is _an extension of bisets. We have a natural map
w:M(f) — M(f), givenby hfgr n(h)frn(g)forallh e H,g € G.
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Lemma 3.3. There is a short exact sequence of bisets
oM(/)p = M(f) —> M(f). (46)

in which every fibre w~ (hfg) is isomorphic to a twisted form B(hfg) of the biset
of f.

Proof. This follows immediately from Lemma 3.1 applied to ¥, X with actions of
0, P respectively. |

Let us now assume that the short exact sequences (44) are split, so 71 (X/G) =
P x G and 71(X/H) =~ Q x H. We shall see that the sequence (46) is split, and
that some additional structure on M(f) and B(f) allow the extension M(f) =
B(Y/H < X/G) to be reconstructed as a crossed product.

The splitting of the map n: 71 (X/G, *G) — G means that there is a family
{ag}gec of curves in X such that oy connects *g to * and ag, ¢, ~ (g, g2) # g, .
Similarly there is a family {8 }scg of curves in Y such that 8 connects {4 to
and B, n, ~ (Bn,h2) # P,

For every h € Hy there is a unique element of G, written h/ € G, such that
h-f=f-h/in M'(f). Forevery h € Hy and every b € B(f'), represented as
a path b: [0, 1] — X with »(0) = f(}) and b(1) = x*, define

b= (f o) # b -h ) #ay,r.

We clearly have (q - b - p)" = ¢ - b" - phf, so Hy acts on B(f) by congruences.

We convert that right action to a left action by "5 := ph,
For every ¢ € M'(f) and every p € P, write ¢ = fg and define “p .= &p =
gpg~'. We clearly have € p = (8 p).

Lemma 3.4. The biset of f:Y/H '+ — X /G is isomorphic to the crossed product
B(f)xM'(f), which is B(f) x M'(f) as a set, with actions of Hs = Q x Hy
and G = P x G given by

(g.h)-(b.c)-(p.g) =(q-"(b-p).h-c-g).
As a consequence,
BOY/H «— Y/Hy > X/G) = Hog B(f)»M'(f).
Proof. This is almost a tautology. The short exact sequence (46) splits, with

sectionh - f-g+— (1,h) - f-(1,g), and the actions of G, H on X,Y can be
identified with concatenation of lifts of the paths oy, f5. d
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3.3. Self-similarity of G -spaces. We return in more detail the situation in which
Y, X are universal covers; we rename them to Y, X so as to keep Y, X for the
original space.

Consider two pointed spaces (Y, ) and (X, ) with H := 71(Y, 1) and G :=
m1(X,*),and let f:Y — X, be a continuous map. Recall that its biset is defined
by

wB(f)g ={B:[0,1] — X | B(0) = (1), B(1) = *}/~, 47)

with the natural actions by left- and right-concatenation. We thus naturally have
B(f) € X, see (45), with corresponding right actions, and left action given by
composing loops via f.

The map f:Y — X naturally lifts to amap ¥ — ¥ — X, and every
choice of B € B(f) defines uniquely, by the lifting property of coverings, a lift
fpg:Y — X with the property that § + B. Furthermore, we have the natural
identities f g(=-h)-g = f npg» SO that the biset B(f) as defined in (47) is
canonically isomorphic to every biset M ( f p) as defined in (40), when an arbitrary
B € B(f)ischosen, andto B(f), whenan arbitrary lift f:Y — X of fischosen.

If f:Y — X isacovering, then we may assume Y =X; choosingf~ = 1 gives
the simple description B(f) = g Gg. Recall that the biset of a correspondence
(f,i):Y < Z — X is defined as B(f,i) = B(i)¥ ® B(f). In the case
of a covering correspondence, in which f is a covering, we therefore arrive at
B(f.i) = B(i)¥ ®x,(z) G. We shall give now a more explicit description of this
biset using covering spaces, just as we had in [3, eq. (15)]

B(f.i) ={(:[0,1] — Y, p € Z2) | §(0) = 1.8(1) = i(p). f(p) = *}/~
and the special case, when i: Z — Y is injective, of
B(fi) ={8:[0,1] — Y | §(0) = 1, f(7'(8(1)) = *}/~.
Still assuming that f: Z — X is a covering map, define
Zp ={G6.p) e ¥ x Z |i(p) = 8(0)}, (48)

the fibre product of Y with Z above Y, see Diagram (50) left. (Note that Zp is
not the universal cover of Z.) In casei: Z — Y is injective, we may write

Zp =1{8€Y |800)€i(Z)},

s0 Zg is the full preimage of i (Z) under the covering map Y >7Y.
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Proposition 3.5. If (f,i) is a covering correspondence, the following map defines
an isomorphism of H -spaces:

®: 4 B(f.i)g®X¥ — (Zg)" given by ®((5. p)®a") = (#(ioa™'12))™", p).
For everyb = (8, p) € B(f,i) the map
fb_lz XV > (Zg)¥ givenbya" > &b QaY)

is the unique lift of the inverse of the correspondence Y < Z — X mapping *
to b; we have the equivariance properties

Frpe =h-Fp (g--). (49)

The inverses and contragredients may seem unnatural in the statements above;
but are necessary for the actions to be on the right sides, and are justified by the
fact that we construct a lift of the inverse of the correspondence, rather than the
correspondence itself:

(50)
¥
/’ ’ \\f>
Y X
Proof. It is obvious that ® is H-equivariant, and it is surjective: given (6, p) €
7, chooseapatha € X with f(p) = «(0), and write § = (a_lTp) l#a_lTp#S
expressing in this manner (8, p)¥ = dD(((a_lTp #68)71, _le(l)) ®aY).

If (5,p) @ a¥) = ®((8,p) ® (a’)v), then o and o' start at the same
point, so & = o'g for some g € G, and we have then (8, p) = (8, p))g~! so
G, p)@aY = (8, p) ® (&)Y and @ is injective.

It is easy to see that f ;1 is a lift of f~!. Conversely, every lift f - of 1
maps * to an element b € B(f,i) because f _1(>T<V) ends at an f-preimage of *
by construction; and then f = f b_l by unicity of lifts. Finally, equivariance
follows from f;l(gav) =0b®ga’)=dbgRaY) = f,:gl (V). O

3.4. Planar discontinuous groups. A planar discontinuous group X <P G is
a group acting properly discontinuously on a plane, which will be denoted by X:
for every bounded set V the set {g € G | Vg NV # @} is finite.
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Let X := (52, A, ord) be an orbifold with non-negative Euler characteristic,
consider x € §2\ A a base-point, and write G := 71(X, *). Then the universal
cover Xg of X is a plane endowed with a properly discontinuous action of G. We
denote by 7: X — X the covering map.

By the classification of surfaces, there are only two cases to consider: X = C
with G a lattice in the affine group {z +—>az + b |a,b € C,|la| = 1},and X = H
the upper half plane, with G a lattice in PSL, (R).

Consider another orbisphere ¥ := (S2,C,ord) and a branched covering
f1Y — X, and fix basepoints ¥ € Y and * € X with corresponding fundamental
groups H = m;(Y,T) and G = m1(X, *). Let g B(f)s be the biset of f. As
usual, we view f as a correspondence Y < Z — X with Z = (52, f~1(A), ord)
and i a homeomorphism S? — $2 mapping a subset of f~!(4) to C. The fibre
product Z constructed in (48) is naturally a subset of the plane ¥, with orbis-
pace points and punctures at all H-orbits of f~!(A4)\ C. We need the following
classical result.

Theorem 3.6 (Baer [29, Theorem 5.14.1]). Every orientation-preserving home-
omorphism of a plane commuting with a properly discontinuous group action is
isotopic to the identity along an isotopy commuting with the action.

Let us reprove [5, Theorem 8.9] using our language of group actions:

Corollary 3.7. Let two orbisphere maps f.g:(S?,C,ord) — (52, A, ord) have
isomorphic orbisphere bisets. Then f ~c g.

In other words, the orbisphere biset of f:(S?,C,ord) — (S2, A,ord) is a
complete invariant of [ up to isotopy rel C.

Proof. Let us write X = (S§2,4,ord) and Y = (S2,C,ord) and G = m{(X, *)
and Y = m1(Y, ). We may represent f, g respectively by covering pairs (f,7)
and (g, 1), with coverings f, g: (S2, P,ord) — (S2, A,ord) and i: (S2, P,ord) —
(82, C, ord). Let us furthermore write Z = (S2, P, ord) and Zp its fibre product
with Y. Identifying B(f,i) and B(g, i), choose b € B(f,i) = B(g.i), and let

~—1 __ 4 o~ ~
I ,gbl:XV—> (Zg)Y

be the corresponding lifts as in Proposition 3.5.

Since i is injective, the map (Zu)Y — Zisa covering, so f;l and g;l are
coverings. We may therefore consider their quotient 7 p O g;l, which is a well-
defined map (X)V ©, and is normalized to preserve the base point *. By (49) it
is a homeomorphism commuting with the action of G.

By Theorem 3.6 there is an isotopy (ﬁ;j) tefo,1] of maps satisfying (49) between

ﬂandfbogb_l.
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Since the set of fixed points of G is discrete, h preserves all fixed points
of G and therefore projects to an isotopy (//):efo,1] 1n X. We have hy = 1 and
hyog = f,sothe maps f and g are isotopic rel B. |

4. Geometric maps

Let M be a matrix with integer entries and with det(M) > 1. We call M
exceptional if one of the eigenvalues of M lies in (—1, 1); so the dynamical system
M :R? © has one attracting and one repelling direction.

For r € R2, denote by (Z?, —z + r) the group of affine transformations of R?
generated by translations z — z + v with v € Z? and the involution z > —z + r.
The quotient R?/(Z?, —z + r) is a topological sphere, with cone singularities of
angle 7 at the four images of %(r + 72).

We call a branched covering f: S? © a geometric exceptional map if f: 529
is conjugate to a quotient of an exceptional linear map M : R? © under the action
of (Z*,—z + r) for some r € R?; in particular, (1 — M)r € Z2. A Thurston
map f:(S?, 4,ord) © is called geometric if the underlying branched covering
f: 8?9 is either Bottcher expanding (see [4, Definition 4.1]; there exists a metric
on S? that is expanded everywhere except at critical periodic cycles), a geometric
exceptional map, or a pseudo-Anosov homeomorphism. We refer to the first two
types as non-invertible geometric maps.

We may consider more generally affine maps z + M z+¢q on R?, and then their
quotient by the group (Z?, —z); the map z — Mz on R?/(Z?, —z +r) is converted
to that form by setting ¢ = (M — 1)r. Conversely, if 1 is not an eigenvalue of M,
then we can always convert an affine map into a linear one, at the cost of replacing
the reflection —z by —z + r in the acting group.

Lemma 4.1. Let M:R? % be exceptional. Then for every bounded set D C
R? containing (0,0) there is an n > 0 such that for every m > n we have
M~™(D) N 7Z?> = {(0,0)}. Moreover, n = n(D) can be taken with n(D) <
log diam(D).

Proof. Let A1, A, be the eigenvalues of M, and let e; and e, be unit-normed
eigenvectors associated with A; and A,. It is sufficient to assume that D is a
parallelogram centered at (0, 0) with sides parallel to e; and e5:

D ={ve R? | v = t1eq + ey With |ll| < x and |12| <y} (28]

In particular, the area of D is comparable to xy. Then M ™" (D) is again a
parallelogram centered at (0, 0) with sides parallel to e¢; and e,.

We claim that there is § > 0 such that if D is a parallelogram of the form (51)
with area(D) < §, then D N Z2? = {(0,0)}. This will prove the lemma because
area(M (D)) = area(D)/(det M)" and logdiam(D) < logarea(D).
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Without loss of generality we assume x > y, so D is close to Re;. Let p; be
the slope of Re;. Since M is exceptional, the numbers Ay, A5, (1 are quadratic
irrational, so they are not well approximated by rational numbers: there is a
positive constant C such that | — §| > q% for all g e Q.

Suppose that D contains a non-zero integer point w = (p,q); so x > |q]|.
Also, w is close to Rej, and in particular ¢ # 0 if ¢ is sufficiently small; we may
suppose g > 0. It also follows that 4 is close to §~ The distance from w to Re;

is
D
dw,Rey) <y x area( ).
X

On the other hand,
d(w,Rey) = |w|sin<(w, e1) > ¢ ‘m _ g“

Combining, we get
d(w, Rey) < area(D) < i
q q-x q?
and the claim follows for § << C. O

‘Hl—g‘ <
q

Corollary 4.2. Let f:(S?, A) © be a geometric exceptional map, let p € S? \ A
be a periodic point with period n, and let y € m(S? \ A, p) be a loop starting
and ending at p. Let |y| be the length of vy with respect to the Euclidean metric
of the minimal orbifold structure (Pr,ords). If y is trivial rel (Pr,ords) and
m > log|y|, then the lift )/ij,,m is a trivial loop rel A.

Proof. By passing to an iterate, we may assume that p is a fixed point of f. Since
f is geometric exceptional, we have a branched covering map 7: R? — S?2 under
which £ lifts to an exceptional linear map M, and we may assume 7 (0, 0) = p. By
assumption, yTJ(TO’O) is a trivial loop in R?. By Lemma 4.1, the sets M ™™ (y T;o,o))
and ! (A) are disjoint for m > log |y|; hence yT}’nm is a trivial looprel A. O

Geometric exceptional maps all admit a minimal orbifold modeled on the

quotient R?/(Z?, —z), which has cone singularities of angle 7 at the images of
{0.1} x {0.1}. We consider this class in a little more detail:
4.1. (2,2,2,2)-maps. A branched covering f:(S?, Pr,ords) 9 is of type
(2,2,2,2) if |Pr| = 4 and ords(x) = 2 for every x € Pr. In this case, f is
isotopic to a quotient of an affine map z + Mz + ¢ under the action of (Z?, —z),
see Proposition 4.6(B).

Lemma 4.3. Let M be a matrix with integer entries and det(M) > 1. Denote by
A1 and A, the eigenvalues of M, ordered as |A2| > |A1]| > 0. Then the following
are all mutually exclusive possibilities:
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o if M is exceptional, that is 0 < |A1| < 1 < |Az]| and A1,A2 € R, then
M :R? © is expanding in the direction of the eigenvector corresponding to A,
and M : R? © is contracting in the direction of the eigenvector corresponding
to A1

o if Ay € {1}, then M?:R? O preserves the rational line {z € R? | Mz = z};

o the map M:R? S is expanding in all other cases; that is A\; = A ¢ R, or
A1, A2 € R but |A1|, |A2| > 1.

Proof. If M’s eigenvalues are non-real, then A; = A, and |[A1] = |Az], so M is
expanding. If A; and A, are real, then they are of the same sign and their product
is greater than 1. The lemma follows. |

The following lemma follows from [26, Main Theorem II]:

Lemma 4.4. If f:(S?, Pr,ords) O is doubly covered by a torus endomorphism
z+> Mz + q, then f is geometric if and only if f is Levy-free.

Proof. We consider the exclusive cases of Lemma 4.3. In the first case, f is
geometric and z — Mz + g preserves transverse irrational laminations (given
by the eigenvectors of M), so z — Mz + ¢ admits no Levy cycle and a fortiori
neither does f.
In the second case, f is not geometric and admits as Levy cycle the projection
of the 1-eigenspace of M.
In the third case, f is expanding, and admits no Levy cycle by [4, Theorem A].
O

We shall mainly study (2, 2,2, 2)-maps algebraically: we write the torus as
R?/7Z? and the (2,2,2,2)-orbisphere as R?/(Z?, —z). Its fundamental group G
is identified with (Z2, —z) = 72 x {£1}. The orbifold points are the images on
the orbisphere of {0, 3} x {0, 1}. We start with some basic properties of G:

Proposition 4.5. (A) Every injective endomorphism of G is of the form
MV:(n,1)— (Mn,1) and (n,—1)+— (Mn+v,—1) (52)

for some v € Z? and some non-degenerate matrix M with integer entries. We
have
Nw OMU — (NM)w+NU.

There are precisely 4 order-2 conjugacy classes in G, each of the form
(a.—1)% ={(a + 2w, —1) | w € Z?} for some a € {0, 1} x {0, 1} C Z2.

The set of order-2 conjugacy classes of G is preserved by M".
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(B) The automorphism group of G is {M" | detM = =x1} and is naturally
identified with 7> x GLy(Z). The inner automorphisms of G are identified with
272 x{%1}, and the outer automorphism group of G is identified with (Z./27.)* x
PGL,(Z). The index-2 subgroup of positively oriented outer automorphisms is
Outt(G) = (Z/27)? x PSLy(Z).

(C) The modular group Mod(G) is free of rank 2, and we have

Mod(G) = {M” | det(M) = I,M =1 (mod 2), v € 272} /(+1)?%
~{M°| M =1 (mod2)}/{%1).

(D) Two bisets Byv and Byw are isomorphic if and only if M = N and
(M?) = (NY), as maps on order-2 conjugacy classes, if and only if M = £N
and v = w (mod 27?).

We remark that (52) also follows from Lemma 3.4.

Proof. (A) It is easy to check that M7 defines an injective endomorphism. Con-
versely, let M': G — G be an injective endomorphism. Then M’ (0, —1) = (v, —1)
for some v € 72 because all (w, —1) have order 2. On the other hand, M’ |2 m=
M |, for anon-degenerate matrix M with integer entries because M’ is injective.
It easily follows that M’ = MV as given by (52).

The claims on composition and order-2 conjugacy classes of G follow from
direct computation.

(B) Follows directly from (A) and the identification of G with {:I:]I}Zz.

(C) We use (B); the modular group of G is the subgroup of Outt(G) =
(Z,/2)? xPSL;(Z) that fixes the order-2 conjugacy classes. The action of (Z/27)?
on these classes is simply transitive, so the set of order-2 classes may be put
in bijection with (Z/2)? under the correspondence (a + 272, —1) < a; then
the action of PSL,(Z) on order-2 conjugacy classes is identified with the natural
linear action (noting that —1 acts trivially mod 2). It follows that Mod(G) is the
congruence subgroup {M € PSL,(Z) | M = 1 (mod =+ 2)}, and it is classical
that it is a free group of rank 2.

(D) The bisets Bp» and Byw are isomorphic if and only the maps M7, NV
are conjugate by an inner automorphism; so the claimed description follows
from (B). O

We turn to (2,2,2,2)-maps, and their description in terms of the above; we
use throughout G = 72 x {#1}:
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Proposition 4.6. Let f be a (2,2,2,2)-map with biset B = B(f, Pr,ordy).
Then,

(A) the biset B is right principal, and for any choice of by € B there exists an
injective endomorphism MV of G satisfying gbo = boM?(g) for all g € G;

(B) the map f is Thurston equivalent to a quotient of z — Mz + %v: R? © under
the action of G;

(C) the map f is Levy obstructed if and only if M has an eigenvalue in {£1};

(D) if f is not Levy obstructed then for every by € B, writing M" as in (A)
and (52), the map f is Thurston equivalent to the quotient of z +— M z: 7* ©
by the action of (Z*,z +— —z + r) & R? for a vector r € R? satisfying
Mr = r + v. The G-equivariant map of Proposition 4.17 takes the form

6B ® (72, nyR> — 22, nR% bo®z+—> M"'z. (53)

Proof. (A) Since f is a self-covering of orbifolds, g B¢ is right principal. The
claim then follows from Proposition 4.5(A).

(B) We claim that the quotient map, denoted by £, has a biset isomorphic to
¢ Bg. Indeed, for g € G it suffices to verify that

(Mz + Lv)og(z) = MY (g) o (Mz + 3v).

If g = (¢, 1) then both parts are Mz + Mt + %v, and if g = (0, —1) then both parts
are —(M z+ %v) Therefore, f and f have isomorphic orbisphere bisets because
marked conjugacy classes are preserved automatically by Proposition 4.5 (A). By
Corollary 3.7 the maps f and f are isotopic.

(C) Suppose that M has an eigenvalue in {1, —1}; let w be the eigenvector of
M associated with this eigenvalue. Consider the foliation F,, of R? parallel to
w. Then F,, is invariant under z — Mz + %v as well as under the action of
(Z2,z — —z). Therefore, the quotient map has invariant foliation Fyp = Fy /G.
There are two leaves in F,, connecting points in pairs in the post-critical set of the
quotient map; any other leave is a Levy cycle.

(D) Since det(M —1) # 0, there is a unique r such that Mr = r 4+ v. It is easy
to see (as in (C)) that the quotient map in (E) has a biset isomorphic to ¢ Bg. By
Corollary 3.7 the quotient map is conjugate to f, and (53) is immediate. |

Corollary 4.7. Let f be a (2,2,2,2)-map. Then its biset B(f: (S?, Pr,ords) ©O)
is of the form Bygv for an endomorphism MV of G .= 7? x {1}, namely it is G
qua right G-set, with left action given by g -h = MV (g)h.
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Let us also recall how the biset of a (2,2,2,2)-map is converted to the
form Bpv. First, the fundamental group G is identified with Z? x {£1}. The
group G has a unique subgroup H of index 2 that is isomorphic to Z?, so H is
easy to find. The restriction of the biset to H yields a 2 x 2-integer matrix M ; and
the translation part v is found by tracking the peripheral conjugacy classes. Note
that this procedure applies as well to non-invertible maps as to homeomorphisms;
and that the map is orientation-preserving precisely if det(M) > 0.

4.2. Homotopy pseudo-orbits and shadowing. Let f: S? © be a self-map, and
let / be an index set together with an index map also written f: 1 ©. An I -poly-
orbit (x;)iey is a collection of points in S such that f(x;) = Xf@)- If all points
x; are distinct, then (x;);es is an [ -orbit.

Thus, a poly-orbit differs from an orbit only in that it allows repetitions. Every
poly-orbit has a unique associated orbit, whose index set is obtained from / by
identifying i and j whenever x; = x;. Note that we allow / = N, / = Z and
1 = 7Z./nZ as index sets, with f(i) =i+ l,aswellas/ ={0,...,m,...,m+n}
with f(i) =i + 1 except f(m + n) = m, an orbit with period n and preperiod m.

We shall consider a homotopical weakening of the notion of orbits. Our
treatment differs from [16] in a subtle manner (see below); recall that 8 ~4 orq ¥
means that the curves 8, y are homotopic in the orbispace (52, A4, ord):

Definition 4.8 (homotopy pseudo-orbits). Let f: (S2, 4, ord) © be an orbisphere
self-map, and let / be a finite index set together with an index map also written
fi1%.

An I -homotopy pseudo-orbit is a collection of paths

(Bi)ier with B;:[0,1] — S?\ A satisfying Bray(0) = f(Bi(1)).
Two homotopy pseudo-orbits (B;)ic; and (B;)iecr are homotopic, written
(Bi)ier ~a,0rd (B)ier.

if Bi ~4.0rd B forall i € I. In particular, 8;(0) = B/(0) and B; (1) = B/ (1).

Two homotopy pseudo-orbits (8;);e; and (y;);er are conjugate, written

(Bidier ~ (Vi)ier,

if there is a collection of paths (¢;);ey with

£:(0) = Bi(0), €i(1) =yi(0), B #ef(i)Tfi(l) ~a,ord Li # Vi

Poly-orbits are special cases of homotopy pseudo-orbits, in which the paths §; are
all constant.

Remark 4.9. A homotopy pseudo orbit can also be defined for an infinite / with
the assumption that (¢;);e; and (B;);es in Definition 4.8 have uniformly bounded
length. Then Theorem 4.22 still holds.
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In a homotopy pseudo-orbit, the curves (B;);c; encode homotopically the
difference between x; = pB;(0) and a choice of preimage of x(;). Note that
Ishii-Smillie define in [16, Definition 6.1] homotopy pseudo-orbits by paths f;
connecting f(x;) to xz(); their B; may be uniquely lifted to paths 8; from x; to
an f-preimage of xy(;) as in Definition 4.8, but our definition does not reduce to
theirs, since our B; are defined rel (4, ord), not rel (f~1(A), f*(ord)).

e

Xfay X2

2 -~ \ra . Hr2i)
g//yf\/ﬂfj Ve
yi* VIGy® L Yr23)

Choose a length metric on S2, and define the distance between homotopy
pseudo-orbits by

d((Bidier, (Vidier) = eax d(yi(1), Bi(1)). (54)
The following result states that the set of conjugacy classes of homotopy
pseudo-orbits is discrete:

Lemma 4.10 (discreteness). Let us consider a homotopy pseudo-orbit (B;)ier of
f:(82, A, ord) ©. Then there is an ¢ > 0 such every homotopy pseudo-orbit at
distance less than e from (B;)ier is conjugate to it.

Proof. Set & = ming+peq d(a,b). Consider a homotopy pseudo-orbit (y;);es at
distance § < & from (B;);ey. Connect B;(0) to y;(0) by a path ¢; of length at
most §. Since S \ A4 is locally contractible space, the curve ¢; is unique up to

homotopy and B; #Ef(i)TJé"(l) ~Xgord Ui #Yi. |

We recall that A denotes the union of all periodic cycles containing critical
points.

Definition 4.11 (shadowing). A homotopy pseudo-orbit (8;)e; shadows rel
(A, ord) a poly-orbit (p;)ier in S \ A if they are conjugate; namely if there are
curves {; connecting f3; (0) to p; that lie in $? \ A4 except possibly their endpoints
and such that for every i € / we have

i ~(4,010) Bi #ef(i)Tfi(l)-

Lemma 4.12. The homotopy pseudo-orbit (B;)e; shadows the poly-orbit (p;)ier
if and only if every neighbourhood (U;)ier of (pi)ier contains a homotopy pseudo-
orbit (B})icr conjugate to (B;)icr; namely, B, CU; > p; foralli € 1.
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Proof. If (B;) can be conjugated into a small enough neighbourhood of (p;);er,
then it is conjugate to (p;);es by Lemma 4.10. The converse is obvious. O

Proposition 4.13. Suppose f:(S2, A, ord) © is a geometric non-invertible map.
Then a periodic pseudo-orbit (B;)ier shadows (p;)ier rel (A,ord) if and only if
(Bi)ier shadows (p;i)ier rel (Pr,ordy).

Proof. Clearly if (B;)ie;r shadows an orbit (p;)ie; rel (A,ord) then (B;)ier
shadows (p;)ier rel (Pr,ords). Conversely, suppose (B;)ie; shadows an or-
bit (pi)ier rel (Pr,ordy), so there are paths ¢; connecting B;(0) to p; with
ti ~p,ond, Bi #Zf(i)Tfi(l). Thus, Zi_l #B; #Zf(i)Tﬁi(l) is a loop which is trivial
rel (Pr, ordy), but may not be trivial rel A.

Consider the following pullback iteration. Set

(B)ier = (Bi)ier and  (£D)ier = ({D)ier.
Define

n n—1 48771 n n— ;
(Bier = (Bfgy 1y Jier and  (€})ier = (L} 15 D)ier.

Clearly the (B!")ier are all conjugate. Observe that (£7)~! # B; # E}(i)Tfi(l) is
1

is a degree-1 preimage

a
loop passing through p; and that (€7)~! # B; # Z}(i)Tfi
of ()1 # B # I D.

If f is expanding, then the diameter of (£7)~! # B; # 6}(1.)T fi M tends to 0

M s trivial rel (A, ord) for all

exponentially fast, hence (¢7)~! # B; # Gty
sufficiently large n, and the claim follows.
If f is exceptional, then (¢7)~! # B; # {Z}(i)T fi(l) is trivial rel (4, ord) for all

sufficiently large n by Corollary 4.2. |

At one extreme, homotopy pseudo-orbits include poly-orbits, represented as
constant paths. At the other extreme, homotopy pseudo-orbits may be assumed
to consist of paths all starting at the basepoint *. As such, these paths represent
elements of the biset B(f) of f, see 1.

4.3. Symbolic orbits. We shall be interested in marking periodic orbits of reg-
ular points. These are conveniently encoded in the following simplification of
portraits of bisets (in which the subbisets are singletons and therefore represented
simply as elements):

Definition 4.14 (symbolic orbits). Let / be a finite index set with self-map
f:1%, and let B be a G-biset. An [I-symbolic orbit is a sequence (b;);e; of
elements of B, and two I-symbolic orbits (b;);e; and (c;)ie; are conjugate if
there exists a sequence (g;)ies in G with g;¢; = b;gr;) forall i € I.
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Lemma 4.15. Every homotopy pseudo-orbit can be conjugated to a symbolic
orbit, unique up to conjugacy, in B(f, A, ord).

Proof. Given (B;)ie; 2 homotopy pseudo-orbit, choose paths £; from f;(0) to =
and define y; = £;' # B # L;)1'". Then y; € B(f.A.ord) and (Bi)ies ~
(yi)ier. Furthermore another choice of paths (¢});cy differs from (¢;);cs by £; =
¢;g; for some g;, so the symbolic orbits (y;)ies and (€)™ # B; # 6}(1.)Tf"(1)),~€1
are conjugate. O

Let f: (S2, P, ords) © be an expanding map, and let ¢ B¢ be its biset. Recall
that the Julia set J(f) of f is the accumulation set of preimages of a generic

point *,
aNn=MNU s,

n>0m=>n

Every bounded sequence bgb; --- € B®> defines an element of J( f) as follows:
setcog = boand ¢; = c;_1 #b; T;ii“(l) for all i > 1; then lim,— o ¢, (1) converges
to a point p(bob; ---) € J(f). The following proposition directly follows from the
definition:

Proposition 4.16 (expanding case). Suppose f:(S?, Pr,ordy) © is an expanding
map with orbisphere biset g Bg, and let (b;);ie be a finite symbolic orbit. Let 3 be
a generating set of g Bg containing all b; and let p: 7 — J( f) be the symbolic
encoding defined above. Then (b;)ier shadows (p(bibsi)by2(y - -))ier-

This proposition is useful to solve shadowing problems (namely, determin-
ing when two symbolic orbits shadow the same poly-orbit) using language of au-
tomata.

It also follows from the proposition that every orbit homotopy pseudo-orbit
shadows a unique orbit in J( f).

Proposition 4.17 (shadowing and universal covers). Let f: (S2,A4,0rd) © be
an orbisphere map with biset g Bg, let m:gU — (S2, A, , ord) be the universal
covering map of (S2, A, ord), and let ®: g B ® gU < gU be the G equivariant
map defined by Proposition 3.5.

Then there is a completion U of gU such that & and ® extend to continuous
maps w:gUT — S2\ A® and ®:gBg @ Ut — gU™T with the following
property: a symbolic orbit (b;)ie; shadows an orbit (x;)iey in S? \ A% if and
only if

O(b; ® Xri)) = X for some % € UT with n(%;) = x;.

Furthermore, if ord(a) < oo for everya € A\ A% then we may take Ut =0.
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Proof. To define U™, add to U all limit points of parabolic elements correspond-
ing to small loops around punctures a € A\ A% with ord(a) = oco. The extension
of 7= and & is given by continuity; = is a branched covering with branch locus
Ut\ 0.

If (b;)ier shadows (x;);es, then there are curves

%i1[0,1] — (8%, A ord)  with %;(0) = * and % (1) = x;

such that X, ! #b; #X f(i)Tj’," M s a homotopically trivial loop. This exactly means
that ®(b; ® Xr(;)) = X;. Conversely, if ®(b; ® Xr(;)) = X; foralli € I then (b;)ier
shadows (n(fci))ie[. O

Proposition 4.18 (shadowing in the (2, 2,2, 2) case). Using notations of Propo-
sition 4.6, suppose f is a (2,2,2,2) geometric non-invertible map and

D:6B6 ® (12, 1nyR> — 22,4 nR% (bo.2) — M7z

is as in Proposition 4.6(D). Then for every symbolic orbit (b;);cr of g Bg there is
a unique collection (r;)ier of points in R? such that r; = ®(b; ® ry;)). The points
r; are solutions of linear equations (55).

By Proposition 4.17, the image of (r;);e; under the projection
m:R?* — R?/G ~ (S, Pr,ordy)

is the unique poly-orbit shadowed by (b;);cy.
The proof will use the following easy fact.

Lemma 4.19. If M is non-invertible geometric, then |det(M" + €l)| > 1 for
everyn > 1 and every € € {£1}.

Proof. If A1, A, are M’s eigenvalues, then Lemma 4.3 gives
|det(M” + €1)| = |(AM} + €)(A5 + €)| > 1. O

Proof of Proposition 4.18. Write b; = bog;. Recall that every g; acts on R? as
z > €;z + t; with ¢; € {£1}. We get the following system of linear equations:

M_l(eirf(,-)—i—t,-)=r,-, iel

By splitting f: I £ into grand orbits and eliminating variables we arrive at equa-
tions of the form
(IT+60M™"r =t with0 e {£1} (55)

and n the period of an orbit and € R? some parameters depending on ¢; and t;.
By Lemma 4.19, the system (55) has a unique solution. O
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Consider an [-symbolic orbit (b;);e; shadowing a poly-orbit (x;);cs. This
means (see Definition 4.11) that there are curves ({;);e; connecting * to Xx;
such that ;! # b; # éf(i)Tff M s a trivial loop rel (A,ord). The local group
Gx;, < m1(X, *) = G consists of loops of the form

00,1 —el#a#£;'0,1—¢], aisclose to x;. (56)

If x; & A, then Gy, is a trivial group; otherwise Gy, is an abelian group of
order ord(x;). If (4, ord) = (Py, ordyr), then Gy, is afinite abelian group. Clearly,
(gibih;); also shadows x; for all g; € Gy, and all h; € Gy, . Conversely:

Lemma 4.20. Let f:(S?, A, ord) © be a geometric non-invertible map. Suppose
that the symbolic orbits (b;)ie; and (c;)ier shadow (x;);. Let Gy, be the local
group associated with (b;);. Then there are h; € G such that (c;)iey is
conjugate to (bjh;)iery.

If I consists only of periodic indices, then (c;)iey is conjugate to (gib;)iey for
some g; € Gy;.

Xf(@)

Proof. By conjugating (c;);e; we can assume that Ei_lci&- Tj’} M s a trivial loop;

i.e. local groups associated with (c;);ey coincide with whose associated with
(bi)ier. It is now routine to check that (b;);e; and (c;);es differ by the action
of local groups. Indeed, b; is of the form

0:[0.1— ] # Bi # (Lpy[0.1— eV By s close to x;,
and, similarly, ¢; is of the form
Ci[0.1— ] #yi # (Lpy[0.1—e) T4 D .y s close to x;.

Let o; be the image of ;! #y; and define h; to be £5;)[0, 1 —e]#a #e;(ll.)[o, 1—e¢];
compare with (56). Then ¢; = b;h; forall i € I.

If 1 has only periodic indices, then B;! and y; end at the same point and we
seta; == y; #B; and g; = {4;[0,1 — &) #o; #£;'[0, 1 — ¢]. We obtain ¢; = g;b;
foralli € I. O

Corollary 4.21. Let f:(S?, P, ords) © be a geometric non-invertible map. For
every poly-orbit there are only finitely many symbolic orbits that shadow it.
Therefore, there are only finitely many conjugacy classes of portraits in B(f).

Theorem 4.22. Let f:(S2, A, ord) © be a non-invertible geometric map. Then
the shadowing operation defines a map from conjugacy classes of symbolic finite
orbits onto poly-orbits in S? \ A%. If (A, ord) = (Py,ordy), then the shadowing
map is finite-to-one.

Proof. Follows from Propositions 4.13, 4.16, 4.18, and Corollary 4.21. O
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4.4. From symbolic orbits to portraits of bisets. The centralizer of a symbolic
finite orbit (b;);e is the set of (g;)ies € G such that gibi = bigryyforalli € 1.

Lemma 4.23. If g Bg is the biset of a geometric non-invertible map f and (b;);er
is a symbolic finite orbit shadowing a poly-orbit (x;)iey, then its centralizer is
contained in [ [;c; Gx;, where Gy, are the local groups associated with (b;);er.

Proof. By Definition 4.11 there are curves ({;);c; connecting * to x; such that
Ei_l #b;, #U; T?"(l) is a trivial loop rel (A4, ord). Suppose that (g;)ic; € G!
centralizes (b;)ier. Set §; = {;' # g; # {;. Then gf(,-)T;" is isotopic to g; rel
(A, ord). By the expanding property of f, or Corollary 4.2 if f is exceptional, g;
is trivial rel (A4, ord). This implies that (g;)ier € [[;c; Gx;- O

Consider a portrait of bisets (Gg, Ba) ;¢ 7 in ¢ Bc. We may decompose A=
AU F U with f}(F) € Aforn >» 0and f.(/) € I. Then foreveryi € [
the group G; is trivial and B; = {b;} is a singleton. We obtain the symbolic orbit
(bi)ier which is the essential part of (G4, By) 7

Lemma 4.24. The relative centralizer Zp ((Ga, Ba) ,c 1) (see §2.8) is isomorphic
to the centralizer of (b;)iey via the forgetful map (g4)aecp — (gi)iel-
Let (Gq, Ba) 7 and (G, B}) . 7 be two portraits of bisets with associated

symbolic orbits (b;)ie; and (b}))icr. Assume that G, = G}, and B, = B, for all
a € A. Then (Gq, By) . 7 and (G}, B,) . 1 are conjugate if and only if

(1) (bi)ier and (b,{)iel are conjugate; and
(2) G®c, Ba =G ®c, B) foreveryd € F.

This reduces the conjugacy problem of portrait of bisets to the conjugacy prob-
lem of symbolic orbits; indeed Condition (2) is easily checkable. Note that every
preperiodic point in A imposes a finite condition on conjugators and centralizers:
for points attracted to A, Condition (2) imposes a congruence condition modulo
the action on {-} ® g B on the conjugator; for preperiodic points in /, conjugacy
again amounts (by Condition (1) and Definition 4.14) to a congruence condition
modulo the action on {-} ® B.

Proof. If d € D with fi(d) ¢ D, then from g;B; = Bggf.a) = Ba follows
that g; = 1. Induction on the escaping time to A gives g; = 1 foralld € F.
Similarly, if d € D with fi(d) € D, then there is a g € G with g4B; =
B!, = Bgf.(a if and only if G ®¢, B; = G ®¢, B),. By induction on the
escaping time, (G4, Ba)acaur and (G|, B.)acaur are conjugate if and only if
Condition (2) holds. O

We are now ready to show that a geometric map, equipped with a portrait of
bisets, yields a sphere map — possibly with some points infinitesimally close to
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each other. A blowup of a two-dimensional sphere is a topological sphere S2
equipped with a monotone map S2 — $2, namely a continuous map under which
preimages of connected sets are connected. We remark that arbitrary countable
subsets of $2 may be blown up into disks.

Proposition 4.25. Let f:(S%, A)© be a non-invertible geometric map, let A be
a set containing a copy of A, let f: A be a symbolic map which coincides with
f onthe subset A C A, and let (B,) , 7 be a portrait of bisets in B(f).

Then there exists a unique map e: A— §? extending the identity on A, and a
blowup b: S? — S2, with the following properties. The locus of non-injectivity of
e is disjoint from A, and b blows up precisely at the grand orbits of

{x | there exista # a' € A:x = e(a) = e(d’)}

replacing points by disks on which the metric is identically 0 and all points in
A c §2 are disjoint. The maps fv: A and f:(S2, A)© extend to a map
f. (52, A) ©, which is semiconjugate to f via b, and whose minimal portrait
of bisets projects to (Ba) 4 z-
Proof. Letus set G := m1(S?\ A, *). We may decompose A= AUIUJ with
f«(I) = 1 and f}(J) € AU [ forn > 0. On A, we naturally define e as the
identity. If i € I, then i is fi-periodic and the bisets B;, By, (), ... determine
a homotopy pseudo-orbit which shadows a unique periodic poly-orbit in S2, by
Theorem 4.22. Thus, e is uniquely defined.

We now blow up the grand orbits of all points in S? which are the image of
more than one pointin A LI/ under e, replacing them by a disk on which the metric
is identically 0. We inject A LI / arbitrarily in the blown-up sphere $2, and now
identify A U I with its image in the blowup.

Let us next extend f to a self-map f of §2 so that (Ba)aecaur is the induced
portrait of bisets. We first do it by arbitrarily mapping the disks to each other by
homeomorphisms restricting to fix on A U I. Let (B])qec4ur be the projection of
the minimal portrait of bisets of f viam(§2,AUT) - G. Consideri € 1. By
Lemma 4.20 (the periodic case), we can assume that b; = h,-blf with h; € Ggg).
(Note that if e(i) & A, then h; = 1 and b; = b].) Letm’ € Braid(S2\ 4,/) be a
preimage of (h;);ey under &; (see (19)) and set m := push(m’); it is defined up to
pre-composing with a knitting element. Since h; € G,(;), we can assume that m
is identity away from the blown up disks. Then (Bg)4c4u7 is a portrait of bisets
induced by m 7.

Consider next j € J and assume that f.(j) has already been defined. The
biset B;, and more precisely already its image in {-} ®c B(f), see Defini-
tion 2.15(B), determines the correct f -preimage of fx(j) € S §2 that corresponds
to j, and thus determines e(j) uniquely. O
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4.5. Promotions of geometric maps. Let X := (52, 4, ord) be an orbisphere,
and consider a subset D C S?\ A. Recall from (11) the quotient Mod(X |D) of
mapping classes of (S2, A U D) by knitting elements; there, we called two maps
/. & (X, D) © knitting-equivalent, written f ~4|p g, if they differ by a knitting
element in knBraid(X, D). We shall show that knitting-equivalent rigid maps are
conjugate rel A LI D:

Theorem 4.26 (promotion). Suppose f, g: (X, D) £ are orbisphere maps, and
assume that either

e g is geometric non-invertible, or
e g™ (D) C A for some m > 0.

Then every conjugacy h € Mod(X|D) between [ and g rel A|D lifts to a unique
conjugacy h € Mod(S?, AU D) between f and g rel AU D such that h ~4|p h.

Proof. We begin by a

Lemma 4.27. Under the assumption on g, consider that b € Braid(S? \ 4, D).
If for every m > 1 the element b is liftable through g™, then (g*)™b is trivial for
all m > log|g|, where | - | is the word metric.

Proof. Consider first the case that g is expanding. Then the lengths of curves
(g")™(b)(—,a) tend to 0 as m — oo, so (g*)™(b) = 1 for sufficiently large m. If
g is exceptional, then Corollary 4.2 replaces the expanding argument. If finally
g™(E) C A, then (g*)™(b) = 1 for the same m. A

We resume the proof. Let ho € pMod(S2, AL D) be any preimage of & under
the forgetful map Mod(S?2, A U D) — Mod(X|D). Then hofho_1 AR ALD hl_lg
for some /; € knBraid(X, D). Setting 51 = hlﬁo we get ﬁlfﬁl_l A AUD h;lg,
where h5 ! is the lift of 47! through g. Continuing this process we eventually get
ﬁm f 5;11 ~4up g because athe corresponding lift of hl_1 is trivial by Lemma 4.27.
We have shown the existence of h. ~ ~

If 4’ is another promotion of /4, then 4’ and & differ by a knitting element

commuting with f. By Lemma 4.27, that knitting element is trivial, hence
h' = h. O

Corollary 4.28. Let

Mod(s2,4uD) M (f IMod(s2,4uD) — Mod(x|D)M (f | D)Mod(x|D)

be the inert map forgetting the action of knitting elements (see Proposition 2.12).
Suppose that either f is geometric non-invertible or f™ (D) C A for some m > 0.
Then f, g are conjugate in M(f) if and only if their images are conjugate in
M(f|D). Moreover, the centralizers Z(f) and Z(f|D) (see §2.8) are naturally
isomorphic via the projection Mod(S?, A U D) — Mod(X|D).
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4.6. Automorphisms of bisets. Recall that the automorphism group of a biset
H Bg is the set Aut(B) of maps t: B © satisfying t(hbg) = ht(b)g for all
he HgegG.

Proposition 4.29. If i Bg is a left-free, right-transitive biset and H is centreless,
then Aut(B) acts freely on B, so B/ Aut(B) is also a left-free, right-transitive
H-G-biset.

Proof. Aut(B) acts by permutations on {-} ® z B, and commutes with the right
G-action, which is transitive, so Aut(B)/ ker(action) acts freely. Consider now
T € Aut(B) that acts trivially on {-} ® g B, and consider b € B. We have 7(b) = tb
for some t € H, and for all 1 € H there exists g € G with hb = bg, because B is
right-transitive. We have

htb = ht(b) = t(hb) = t(bg) = t(b)g = thg = thb,
sot € Z(H) = 1 and therefore = 1. It follows that Aut(B) acts freelyon B. O

Corollary 4.30 (no biset automorphisms). For an orbisphere biset g Bg with H
non-cyclic, we have Aut(B) = 1.

In the dynamical situation ¢ Bg is a cyclic biset if and only if G is a cyclic
group.

Proof. Since B is an orbisphere biset, it is left-free and right-transitive; and since
itis not cyclic, H is a non-abelian orbisphere group and in particular is centreless,
so Proposition 4.29 applies. Now B cannot have a proper quotient, because
conjugacy classes of elements of H appear exactly once in wreath recursions of
peripheral elements, by [5, Definition 2.6(SB3) of orbisphere bisets]. |

Corollary 4.31. Suppose f,g:(S?,C,ord) — (S2, A,ord) are isotopic orbi-
sphere maps. Let B(f) and B(g) be the bisets of f and g with respect to the
same base points T € S?\ C and * € S?\ A. Then there is a unique isomorphism
between B(f) and B(g).

Proof. Consider an isotopy (f7):e[0,1] rel A from f to g. It induces a continuous
motion B(f;, A, ord, x) of the bisets of f;. Therefore, all B(f;, A, ord, ) are
isomorphic. This shows existence, the uniqueness follows from Corollary 4.30.

O

Theorem 4.32 (rigidity). Suppose f:(S2, A,ord)© is a geometric map. If
h: (S2%, A) © commutes with f, is the identity in some neighbourhood of A®°, and
is isotopic to 1 rel A, then h = 1.
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Proof. Fix a basepoint x € S2\ A and the fundamental group G = 71(S?\ 4, *).
Since £ is isotopic to the identity rel A, there is a path £: [0, 1] — S?\ A from x*
to h(x) such thaty ~ £ # (hoy)# (™! forall y € G. Define then

ha:gB(f)g O, h«(B) =L#(hop)# (Z—I)T?(ﬂ(l))‘

Since 4 commutes with f, this defines an automorphism of B(f). By Corol-
lary 4.30, it is the identity on B(f). It also fixes, therefore, all conjugacy classes
in B(f)®" for all n € IN. By Theorem 4.22, these are in bijection with peri-
odic orbits of f. It follows that 4 is the identity on all periodic points of f, and
therefore on f’s Julia set. Since furthermore / is the identity near A*°, and every
point of S2 \ A4 either belongs to J(f) or gets attracted to A%, we get h = 1
everywhere. O

4.7. Weakly geometric maps. We are now ready to show that maps whose
restriction to their minimal orbisphere is geometric are of a particularly simple
form.

Definition 4.33 (tunings). Let f:(S2, A) © be a Thurston map. A tuning multi-
curve for a f is an f-invariant! multicurve € such that f~!(€) does not contain
nested components rel f~!(A4); namely, the adjacency graph of components of
S§2\ f71(€)is a star.

A tuning is an amalgam of orbisphere bisets in which the graph of bisets is a
star. Equivalently, it is an amalgam of Thurston maps along a tuning multicurve.

Every tuning has a central map, corresponding to the centre of the star, as well
as satellite maps, corresponding to its leaves. Furthermore, unless the star has two
vertices, its central map is uniquely determined.

Definition 4.34 (weakly geometric maps). A tuning by homeomorphisms is a
tuning in which all satellite maps are homeomorphisms.

A map is weakly geometric if it is a (possibly trivial) tuning by homeomor-
phisms in such a manner that the central map is isotopic to a geometric map.

Theorem 4.35. Let f:(S?, A) © be a non-invertible Thurston map. Then f is
weakly geometric if and only if its restriction f:(S?, Pr,ords) 9 is isotopic to a
geometric map.

Proof. 1f f is weakly geometric, then its central map f is isotopic to a geometric
map, and f is isotopic to f rel Py.

11n the sense that f~!(€) equals € rel A.
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Conversely, assume that the restriction f: (52, Pr,ordy) © of f is geometric,
and consider its portrait of bisets (B,;)ze4 induced from the minimal portrait of
bisets of /. By Proposition 4.25, there exists a blown-up sphere §2 and extension
S of 1, such that the portraits of bisets of f and f are conjugate portraits of bisets
in B(f). The tuning multicurve we seek is the boundary of the blowup disks.

By Theorem 2.19, the bisets B( /) and B( /') differ by a knitting element, so we
may write / = mf for some m € knBraid(S?\ 4, A\ A). By Proposition 2.8, the
class m is liftable arbitrarily often through /', and by Lemma 4.27 its lift becomes
eventually trivial; in other words, we have a relation n~! fn = mf for some m
with trivial image in Braid(S? \ A), and therefore 7 is a product of mapping
classes in the infinitesimal disks. Its restriction to these disks yields the required
homeomorphisms of the tuning. O

We now turn to the algebraic aspects of geometric maps.

Definition 4.36. An orbisphere biset is geometric if it is the biset of a geometric
map. A biset B is weakly geometric if its projection B to its minimal orbisphere
group is geometric.

Corollary 4.37. A Thurston map f is [weakly] geometric if and only if its biset
is (weakly) geometric.

The following result was already obtained by Selinger and Yampolsky in the
case of torus maps [26]:

Corollary 4.38. A non-invertible Thurston map is isotopic to a geometric map if
and only if it is Levy-free.

Proof. Let f be a non-invertible Thurston map. If f admits a Levy cycle, then
either f shrinks no metric under which a curve in the Levy cycle is geodesic, or
f is doubly covered by a torus endomorphism with eigenvalue +1; in all cases,
f is not geometric. B

Conversely, if f is Levy-free, then its restriction f to (S2, Pr,ordy) is still
Levy-free. By [4, Theorem A] (for {Exp} maps) or Lemma 4.4 (for {GTor/2}
maps) the map f is geometric. By Proposition 4.25, there is a map e: 4 — S2
whose image is preserved by f. If e were not injective, there would be a Levy cycle
for f consisting of curves surrounding elements of A with same image under e.
Now if e is injective then the tuning constructed in Theorem 4.35 is trivial, so f
is geometric. O

4.8. Conjugacy and centralizer problem. We are now ready to show how
conjugacy and centralizer problems may be solved in geometric bisets. We review
the algebraic interpretation of expanding maps: by [4, Theorem A], a map is
expanding if and only if its minimal biset is contracting. We recall briefly that
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a left-free G-G-biset B is contracting if, for every basis X C B, there exists a
finite subset N € G with the following property: for every g € G thereisn € IN
such that X"g € NX" € B®",

The minimal such subset N is called the nucleus associated with (B, X). Note
that different bases yield different nuclei, but that finiteness of N is one basis
implies its finiteness for all other bases, or even for all finite sets X generating B
qua left G-set.

The biset B may be given by its structure map X x G — G x X, written
(x,g) — (g@x, x¥); it is defined by the equality xg = (g@x)x¥ in B. Then B
is contracting with nucleus N if for every g € G every sufficiently long iteration
of the maps g — g@ux eventually gives elements in N.

We may assume, without loss of generality, that XN € N X holds. For finitely
generated groups, there is perhaps more intuitive formulation of contraction: there
exists a proper metric on G and constants A < 1, C such that |g@x| < A|g||+C
forallg e G,x € X.

Lemma 4.39. Let g Bg be a contracting biset;, choose a basis X of B, and let
N C G be the associated nucleus.

Then every symbolic finite orbit (b;);cy is conjugate to one in which b; € NX
foralli € 1.

Proof. Write every b; in the form g; x; with g; € G and x; € X. Conjugate the
symbolic orbitby (g;);es; then each b; becomes g; 'b; gri) = xigri) = gix, € B
for some g; € G, x] € X. Note that each g is a state of some g;. Conjugate again
by (g})icE, etc.; after a finite number of steps, each b; will belong to N.X. |

Lemma 4.40. Let f:(S2, A, ord) © be a geometric map. Then for everyn € N
the number of n-periodic points of f is finite.

Proof. If f is doubly covered by a torus endomorphism z — Mz + g, then its
period-n points are all solutions to z € (1 — M)~ 'q + (1 — M™)~'7?; the image
of this set under R? — R?/(Z?, —z) is finite, of size at most det(1 — M™).

If f is expanding, then consider its biset B, which is orbisphere contracting,
see [4, Theorem A]. By Lemma 4.39, there are finitely many conjugacy classes of
period-n finite symbolic orbits in B, and by Theorem 4.22, every symbolic orbit
shadows a unique finite poly-orbit. |

Theorem 4.41. Let G — G be a forgetful morphism of groups and let
ggg —> gBg and GE/("; — ¢Bg

be two forgetful biset morphisms as in (8). Suppose furthermore that B is geomet-
ric of degree > 1. Denote by (G4, B,) , 7 and (G, B)) . 7 the portraits of bisets

induced by Band B in B and B' respectively.
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Then B, B are conjugate under Mod(G) if and only if there exists ¢ €
Mod(G) such that B® ~ B’ and the portraits (G2, Bg’)aeg and (G, B))acAuE
are conjugate.

Furthermore, the centralizer of the portrait (Ga, Ba),c 7 is trivial, and the
centralizer Z(B) of B is isomorphic, via the forgetful map Mod(G) — Mod(G),
to

{# € ZB) [(GF. B e ~ (Gas Ba)ye s}

and is a finite-index subgroup of Z(B).

Proof. 1f B, B are conjugate, then certainly their images and subbisets are con-
jugate. Conversely, let ¢ € Mod(G) be such that B® =~ B’ and the portraits
(GZ’, Bg’)aeg and (G, B))acauE are conjugate, and let f f/ be maps realizing
B.B / respectively, with / geometric. By Theorem 2.19, we have f "= m f
for a knitting mapping class m. Since m is liftable by Propos1t10n 2.8, we have
m f fm’ for some knitting mapping class m’ and therefore m f (m/ Y l=m f
Repeating with m’, we obtain m® ... ;' £ (m® ... ") ~1 = m® f forall k € NN,
and m®) = 1 when k is large enough by Lemma 4.27. Therefore, f , f " are con-
jugate, and so are B, B B

The description of Z(B) follows. The centralizer of the portrait (Ga, Ba),c 1
is trivial, because (since B is geometric) all points shadowed by bisets B, are
unmarked in G. The Z(B)-orbit of (G4, B,) . ; contains finitely many conjugacy
classes by Lemma 4.40, since all of them are induced from a geometric biset, and
therefore are encoded in periodic or pre-periodic points for a map realizing B. O

5. Algorithmic questions

We give some algorithms that decide whether two portraits of bisets are conjugate,
thereby reducing the conjugacy and centralizer problem from orbisphere maps to
their minimal orbisphere (with only the post-critical set marked).

All the algorithms we describe make use of the symbolic description of maps
via bisets, and are inherently quite fast and practical. Their precise performance,
and implementation details, be studied in the last paper [6] of this series.

There are two implementations of Algorithms 1.1 and 1.2, one for {GTor/2}
maps and one for {Exp} maps. We describe them in separate subsections.

We already gave the following algorithms:

Algorithm 5.1 ([4, Algorithms 5.1 and 5.2]).
GIveN an orbisphere biset ¢ Bg,

pECIDE whether B is the biset of a map double covered by a torus endomor-
phism, and if so

COMPUTE parameters M, g for a torus endomorphism z — Mz + g covering B.
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Algorithm 5.2 ([4, Algorithms 5.4 and 5.5]).
GIveN an orbisphere biset ¢ Bg,

pecIDE whether B is the biset of a {GTor/2} or an {Exp} map, and in particular
whether B is geometric.

5.1. {GTor/2} maps. In the case of {GTor/2} maps, we can decide, without
access to an oracle, whether two such maps are conjugate, and we can compute
their centralizers, as follows. We shall need the following fact:

Theorem 5.3 (Corollary of [13]). There is an algorithm deciding whether two
matrices M, N € Mat;r (Z) are conjugate by an element X € SL,(Z), and
produces such an X if it exists.

There is an algorithm computing, as a finitely generated subgroup of SL;(Z),
the centralizer of M € Mat (Z).

Algorithm 5.4.
GIVEN g Bg, gCg two minimal {GTor/2} bisets
peciDE whether B and C are conjugate by an element of Mod(G), and if so
CONSTRUCT a conjugator; and comPUTE the centralizer Z(B),

as roLLows. (1) If B, # C. as maps on peripheral conjugacy classes, then
return fail.

(2) Using Proposition 4.5(A), identify G with Z?x{=£1}, and with
Algorithm 5.1 present B and C as Bjsv and Byw respectively,
see (52).

(3) Using Theorem 5.3 check whether M and N are conjugate. If
not, return no; otherwise find a conjugator X and compute the
centralizer Z(M) of M.

(4) Check whether there is a Y € Z(M) such that By xo conju-
gates Bpsv to Byw, as follows. The orbit of Bys» under conju-
gation of

{BYo | Y (S Z(M), B(YX)O € MOd(G)}

is finite and hence computable; so is its image under X°.
Check whether Byw belongs to it; if not, return no, and if
yes, return yes and the conjugator By xyo.

(5) The centralizer of B is

{Byo | Y € Z(M), Byo € Mod(G), and
Byo centralizes Bysv},

naturally embeds as a subgroup of finite index in Z(M).
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Here is an algorithmic version of Proposition 4.18:

Algorithm 5.5.

Given a minimal {GTor/2} orbisphere biset g Bg with G = (Z?, —z + r),
a base point by € B specifying the map

®:6B6 ® (721 nR> — 72, R (bo.2) > M~z (57)

(see Proposition 4.18), an extension f: A — A of the dynamics of
B on its peripheral classes, and a portrait of bisets (Gg, Ba) ;¢ 7
COMPUTE (74),c 7 Shadowed by (Gg, Ba) ,c 72 Ta = ®(Ba ® 14,()), the local
groups Gy, where 7, is the image of r, in R2/G (see (56)), and
the relative centralizer Zp((Ga, Ba),c 7)» Which is a finite abelian

group
as FoLLows. (1) Choose b, € B,. Proceed through all periodic cycles E of I.

Choose e € E and solve the linear equation

re = ®Fl(be ® by.o) ® - ®biri-1(e) ® 1)

the equation takes form (1 4+ OM™)r; = ¢ with 8 € {1}
(see (55)) and has a unique solution by Lemma 4.19.

(2) Inductively compute r, = ®(b, ® 1, (a)) for all a € A.

(3) Fora € A we have G7, = Gq.

(4) Fora € ,Zf\ A check whetherr, —z € G. If r, — z € G, then
Gy, is the trivial subgroup; otherwise Gy, = (rs — z).

(5) By a finite check compute Zp ((Ga, Ba) ,c 7): by Lemma 4.24
it is the set of self-conjugators of the corresponding homo-
topy pseudo-orbit, and by Lemma 4.20 it is a subgroup of

[1,c 1 G#., and is therefore an easily computable finite group.

Algorithm 5.6.

Given a minimal {GTor/2} orbisphere biset g B, an extension fy: A — A
of the dynamics of B on its peripheral classes, and two portraits of
bisets (Gq, Ba) 7 and (G, B)) ,c 1
pecipE whether (Gq, By) . 7 and (G}, B)) , 5 are conjugate
as FoLLows. (1) Normalize the portraits in such a manner that G, = G/, and
B, = B/ forall a € A; by Lemma 2.17 this follows from the
conjugacy for subgroups: find (£4)4cq € G4 with Gl = G,
and conjugate (Gg, Ba) ,c 7 by (ba) ;e g With £, = 1ifa & A.
(2) Identify G with (Z2, —z+r) and choose by € B characterizing
the map &, see (57).
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(3) Using Algorithm 5.5 compute the points r, and r/, shadowed
by (Ga, Ba),. 7 and (G, B}) . 7 respectively.

(4) Check if 7, = 7, in R2/G. If 7, # 7/, for some a € A, then
return no. Otherwise find {, € G with {47, = r, with £, =1
for a € A and conjugate (G, B;,) by (r4),, 5. This reduces to
original problem to the case r, = r,.

(5) Using Algorithm 5.5 compute the (finite abelian) local groups
G, and by a finite check decide if an element in [],. 7 G7,
conjugates (Gg, Ba), 50 (G}, B)) ,c 1-

If (¥4),c 7 is an actual orbit, then Gy, are trivial groups for all a ¢ A\ A
and Step (5) can be omitted. This is the case when the algorithm is called from
Algorithm 5.12.

Algorithm 5.7.

Grven a minimal {GTor/2} orbisphere biset ¢Bg and an extension
f«: A — A of the dynamics of B on its peripheral classes,

PRODUCE A LIST of all conjugacy classes of portraits of bisets (Gg, By), 5 in B
with dynamics f
Aas FoLLows. (1) Write G = (Z?,—z + r) and B = Byv, using Algo-
rithm 5.1. Choose by € B characterizing the map &,
see (57).
(2) Using Algorithm 5.5 compute the orbit (7;),c4 of the map
M:R?/G ©. Produce a list of all possible poly-orbits
(Ta) 4 7 €xtending (7g)aea.
(3) For every poly-orbit (74),. 7 find a portrait (Ga, Ba) ¢ 7
that shadow (7). 7-

(4) Using Algorithm 5.5 compute the (finite) local groups Gy, .
By Lemma 4.20 the finite set

{(Ga» Baha) ye g | ha € Gry ha = 1ifa € A}

contains a representative of every conjugacy class of por-
traits that shadows (74) , 7. Using Algorithm 5.5 produce
a list of all conjugacy classes of portraits of bisets that

shadow (74)geAa-

5.2. {Exp} maps. We now turn to expanding maps, and start by a short example
showing how the conjugacy problem may be solved algorithmically. We note, by
following the proof of Lemma 4.39, that every portrait of bisets can be algorith-
mically conjugated to one in which the terms belong to NX, for X a basis and N
the associated nucleus.
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Example 5.8. Suppose £ = {e} with fi.(e) = e, and let (G, By)acaur and
(Ga, Cy)acaukr be two portraits of bisets. Then G, = 1 and B, = {b} and
C. = {c}.

The portraits (Gq, By)acaur and (Gg4, Cy)acaug are conjugate if and only if
there exists £ € G such that £71h{ = c.

Write B, = {gx} in a basis X of B, with associated nucleus N; recall that
N is symmetric, contains 1 and generates G. Then gx is conjugate to xg =
(g@x)x8 = g'x’. After iterating finitely many times the process gx ~ xg = g’x’,
we can assume g € N, as in Lemma 4.39. Similarly, we may replace C, by a
conjugate biset {hy} with h € N.

Find, by direct search, a ¢t € IN with N*™3X D XN’; such at > 4 exists
because B is contracting. Then B, and C, are conjugate if and only if there exists
{ € G with bl = {c, namely gx{ = Lhy. Letu € N be such that £ € N* \ N¥71;
if u >t then gx¢ € NN¥ 73X while thy ¢ N*"! NX, a contradiction. Therefore
the search for a conjugator ¢ is constrained to £ € N'~1,

As in Example 5.8 we have

Lemma 5.9. Let ¢ Bg be a contracting biset; choose a basis X of B, and let
N C G be the associated nucleus. Supposethatt € Nis suchthat N'~>X D XN'.

If two symbolic orbits (b;)ic; and (ci)ie; with b;j,c; € NX are conjugate
by (gi)ier, then gi € N* 7 foralli € 1.

Proof. Suppose g; € N¥ \ N¥~! for some u > t andi € I; write b; = n;x;
with n; € N and x; € X. We can also assume that g; € N* for all j € I.
Then g;b; = gin;x; ¢ N 2X: if g;n; belonged to N*~2, we would have
gi € N'2n7! € N*7!. On the other hand, gib; = c¢;igr,;) € NXN¥ C
NN¥73X = N¥2X. This is a contradiction. O

Algorithm 5.10.

Grven a minimal {Exp} orbisphere biset g Bg, an extension f: A—> A
of the dynamics of B on its peripheral classes, and two portraits of
bisets (G4, Ba),c 7 and (G, B))

acd’

pecipE whether (Gg, By), . 7 and (G}, B,) . 5 are conjugate, and COMPUTE
the centralizer of (G, By) ,¢ 7> Which is a finite group,

AasroLLows. (1) Writte A = AU J U I with f*(J) € A and fu(I) C 1.
Normalize (Gq, Ba), ;5 and (G, B}), . 7 such that G, = G,
and B, = BJ; by Lemma 2.17 this follows from the conjugacy
for subgroups: find (£;)aea € G4 with Gﬁ“ = G/, and
conjugate (Gg, Ba),c 7 by (ba) ez With{, = 1ifa & A.



Erasing maps, orbispaces, and the Birman exact sequence 1255

(2) Check whether there is (£4)geaus With £, = 1 fora € A
conjugating (Gg, Ba)acaus and (G}, B))aecaus. If not, return
no. This reduces the conjugacy problem of portraits to the
conjugacy problem of symbolic orbits: writing B; = {b;} and
B/ = {b]} for i € I solve a conjugacy problem of (b;);cs
and (b))ier.

(3) Write the biset B in the form GX for a basis X, and let N be its
nucleus. Find, by direct search, ar € N with N*™3X D XN?;
such a ¢ > 4 exists because B is contracting.

(4) Write b; = g;x; and replace b; with x;g; = gix]. After
iterating finitely many times this process, we obtain b; €
NX by Lemma 4.39. By a similar iteration, we can assume
b} e NX.

(5) Answer whether (b;);c; and (b]); s are conjugate by elements
in N'~1, This is correct by Lemma 5.9.

(6) By a direct search compute the centralizer of (G4, Ba) ¢ 7
the centralizer of (Gg, B;)aecauy is trivial, while elements
centralizing (G4, By)aes are within N?71,

Algorithm 5.11.

Grven aminimal {Exp} orbisphere biset ¢ B and an extension f: A—
A of the dynamics of B on its peripheral classes,

PRODUCE A LIST of all conjugacy classes of portraits of bisets (G, Bs),. 5 in B
with dynamics fs

Aas roLLows. (1) Write A = AU J U I with fI(J) € Aand fi(I) € 1.
Produce a list £4,,5 of all conjugacy classes of portraits of
bisets (G4, Ba)acaur-

(2) Write the biset B in the form G X for a basis X, and let N be
its nucleus. Produce a list of all symbolic orbits (b; ); ey with
b; € NX. Using Algorithm 5.10 produce a list £ of all
conjugacy classes of symbolic orbits (b;);c; withd; € NX.

(3) Combine L4,,7 and £ to produce a list L4,7 x L5 of
all conjugacy classes of portraits of bisets (G, Ba),c 1 by
setting B; :={b;} and G; := {1} fori € I.

5.3. Decidability of conjugacy and centralizer problems. The statements of
Theorem E can be turned into an algorithm:
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Algorithm 5.12.

GIVEN

AND GIVEN

DECIDE

COMPUTE

AS FOLLOWS.

L. Bartholdi and D. Dudko

GBg. 5C g two geometric bisets,

an oracle that decides whether two minimal {Exp}\{GTor/2} bisets
are conjugate, and computes their centralizers,

whether B and C are conjugate by an element of Mod(G), and if so
CONSTRUCT a conjugator; and

the centralizer Z (E),

ey

2)

3)

“4)

&)

(6)

If B, # C, as maps on peripheral conjugacy classes, then
return no.

Let GEG — gBg and 566 — ¢ Cg’ be the maximal
forgetful morphisms. If G # G’, then return no.

From now on assume G = G’. Using Algorithm 5.4 or the
oracle, decide whether B, C are conjugate; if not, return no.
Using Algorithm 5.4 or the oracle compute the centralizer
Z(B).

From now on, assume B? = C for some ¢ € Mod(G). Com-
pute the action of Z(B) on the list of all conjugacy classes
of portraits of bisets (this list is finite by Corollary 4.21; Al-
gorithms 5.7 and 5.11 compute the list) and check whether

(Ga, Ba), ez and (GZ’_l , Cf_l)aeg belong to the same orbit.
Return no if the answer is negative. Otherwise replace ¢ by
an element in Z(B)¢ such that (G, BY),. 7 and (G4, Ca) e 1

are conjugate portraits.

Choose an arbitrary lift q§ € Mod(G) of ¢, and compute
k € Mod(G) such thatk B* = €. It follows that k is a knitting
element. Compute inductively k) with

k(") E(;k/k//...k(n—l)

I

C;

proceed until k™ g tpe identity (guaranteed to happen by
Lemma 4.27). Return ¢pk’k” --- k=D,

To compute the centralizer of B, consider first Z(B). Com-
pute the action of Z(B) on the list of all conjugacy classes of
portraits of bisets (this list is finite by Corollary 4.21; Algo-
rithms 5.7 and 5.11 compute the list) and compute the stabi-
lizer Zy(B) of the Z(B)-action. Note that Zy(B) is a finite-
index subgroup of Z(B).



Erasing maps, orbispaces, and the Birman exact sequence 1257

(7) Lista generating set S of Zo(B). For every ¢ € S compute its
1~ift¢3 € Mod(G) with B v ~ B: compute first an arbitrary lift
¢ of ¢, then inductively define K with

k(”) E(jyk!k”...k(n—l) ~ E

until k@™ is identity, and set ¢ = k’k”---k@ D  Return
{¢1¢eSh

Proof of Corollary F. We claim that Algorithms 5.5, 5.6, 5.7, 5.10, 5.11 are effi-
cient. Indeed, the efficiency of Step 4 of Algorithm 5.10 follows from expansion.
The efficiency of Steps 5 and 7 of Algorithm 5.12 follows from Lemma 4.27. All
the remaining steps are obviously efficient. |

We note that, in the case of (2, 2, 2, 2) bisets, the oracle itself is efficient. Indeed
the oracle reduces to solving conjugacy and centralizer problems in the group
SL,(Z), and Theorem 5.3 is efficient, because SL;(Z) has a free subgroup of
index 12.

Corollary 5.13. There is an algorithm that, given two geometric bisets g Bg and
uCp, decides whether B and C are conjugate, and computes the centralizer of B.

Proof. We briefly sketch an algorithm that justifies an existence of an oracle:
given two minimal {Exp} orbisphere bisets, whether they are conjugate and com-
putes their centralizers; details will appear in [6].

Let B, C be two minimal {Exp} orbisphere G-G-bisets. They admit a decom-
position into rational maps along the canonical obstruction, which is computable
by [25]. The graph of bisets along this decomposition is computable, and ratio-
nal maps may be computed for each of the small bisets in the decomposition, e.g.
by giving their coéfficients as algebraic numbers with floating-point enclosures
to distinguish them from their Galois conjugates. The bisets B, C are conjugate
precisely when their respective rational maps are conjugate and the twists along
the canonical obstruction agree; the first condition amounts to finite calculations
with algebraic numbers, while the second is the topic of [5, Theorem B].

The centralizer of a rational map is trivial, and [5, Theorem B] shows that the
centralizer of B is computable. |

Proof of Corollary G. If the rational map is (2, 2, 2, 2), then the oracle is efficient,
as we noted above, so Corollary F applies. In the other case, the rational map is
hyperbolic, so it has trivial centralizer and no oracle is needed in the application
of Algorithm 5.12. O
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6. Examples

Finally, in this brief section, we consider some examples of portraits of bisets.
The first ones come from marking points on the Basilica map f(z) = z2 — 1, and
more generally maps with three post-critical points. The second ones from cyclic
bisets (which are particularly simple, but to which our main results apply with
restrictions because these bisets have automorphisms).

6.1. Twisted marked Basilica. Consider the Basilica polynomial
f(z) =22 —1:(C, {0, ~1, 00}) .

It has two fixed points « and g8, with @ € (—1,0) and 8 > 1. Let us take « to be
the basepoint and let ¢ Bg be the biset of f. Denote respectively by y_; and y,
the loops circling around —1 and 0 as in Figure 1, and let yoo = (y—1Y0)~! be the
loop around infinity. Then

G = (Y-1, Y0, Yoo | YooV=1Y0)-

The basepoint « has two preimages o and —«. Let x; be the constant path at
« and let x; be a path slightly below 0 connecting « to —«. The presentation of B
in the basis S = {x1, x5} is

y_1 =<K1,y9>(1,2),
Yo =<Ky—1, 1>,
Yoo =Y 1ye L 13>(1,2).

Figure 1. The dynamical plane of z2 — 1. Loops y—1, Yo, ¥ circle around 0, —1, 8 respec-
tively. The curve x» connects « to its preimage —«. The simple closed curve ¢ surrounds

{-1.8}.
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We shall consider first the effect of marking a fixed point, and then of marking
some preimages of the post-critical set.

6.1.1. Marking . Consider a marked Basilica
f(z) =22 = 1:(C,{00,0,—1, B}) ©.

Let yg be the loop around B depicted in Figure 1. The fundamental group of
(€, {00,0,—1, B}), based at «, is

G = (V-1 Y0, VB> Voo | YooV—1YY0)

and the f~orgetful map G — G sends v to 1. The presentation of the biset
B = B(f) in the basis S is
y-1 =<1, 70>(1,2),
vg =<1, >,
Yo =<y-1, >,
Yoo =<¥Z1vg - vp >(1.2).

Write A = {00, —1,0} and A= {o0,—1,0, B8}; then B has a minimal portrait of
bisets

G-_1=(y-1 G_1x1,
Gg = (vp)s Bg=G_1x3,
Go = (yo). Bo = Gox1 UGox2 = x1G_q,

Under the forgetful intertwiner B — B the portrait (G4, B,) ac A Projects to
G-1=(y-1), B-1=G_1x1,
Gp =1, Bg = {x2},
Go = (o), By = Gox1 U Goxz = x1G—y,
Goo = (Vo),  Boo = Goo(y-1X1) U Goo(y-1x2).

Note that Bg = {x»} encodes B in the sense that x, shadows B. This can be
seen directly as follows: set xJ = x, and let x*! be the f-lift of x that starts
at x;(l). Then the sequence of endpoints xé(l) converges to §, and the infinite
concatenation xj # x, #- -+ is a path from « to B.

Let now T be the clockwise Dehn twist around the simple closed curve ¢
surrounding an interval 0 and 8 as in Figure 1. The action of T on G is given
by

—1 —1
R L e e N e
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The biset C of g :== T o f is B ® Br,. Let us show that g is conjugate to
z2 —1:(C, {00, —1,0,a}) ©. By Theorem 2.19,

(Ca,Ga)yeg = (Ba. Ga) e 7E(T).

Note that we have C, = B, for all a € A, so it remains to compute Cg.

Let? € m1(C\ {0, —1}, B) be the simple loop below 0 circling around —1; then
T = push(r). Let £g:[0,1] — C \ {—1,0} (using notations of Lemma 2.16)
be an arc from « to B slightly below 0 so that yg may be homotoped to a
small neighborhood of £5. We have Cg = Bgy_;; the claim then follows from
x2y~{ = x1 and the fact that x; shadows a.

More generally, suppose that g = push(s) f push(?) for some motions 5,7 €
71(C\ {0, —1}, B) of B; then

Cp=(lp#s#ig")Bg(lpg#i#lg").
The process

(Lp #5# L )xa(bg #T#LGY) = g1xi(r) ~ Xi()&1 = g2%i2) ~ Xi(2)82 = - -

eventually terminates in either x; or x;.
In the former case, g is conjugate to z2 —1:(C, {00,0, —1,a}) ©. In the latter
case, g is conjugate to z2 — 1: (C, {00,0, -1, B}) ©.

6.1.2. Marking 1 and /2. Consider now
F(z) =22 =1:(C, {00, —1,0,1,/2}) ©

with A\A = {1, v/2} and A = {00, 1, 0}. The dynamicsare v/2 > 1 > 0 <> —1.
As in §6.1.1 we readily compute a presentation of B = B( f) in the basis S:

y—1 =<1, 70>(1,2),
Yyz =<1 1>,
=<1,y 5>,
Yo =<y-1,Y1>>,
Voo =<¥71%0 1 Y 5>(1,2),

with G = (Yoo, V-1,V /3, V1. Y0 | YooV-1V./3V1Y0)-

As in Lemma 2.16, let £_; and £y, C R respectively be simple arcs from « to
—1 and to 0 so that y_; and y¢ may be homotoped to small neighborhoods of y_;
and yo respectively. Let £; and £ /5 be simple arcs from « to 1 and V2 slightly
below 0 as in Figure 2.
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Figure 2. Curves £_1, 4o, 41, Zﬁ and their lifts.

Denote by (G4, Ba) ¢ 7 the portrait of bisets in B induced by B = B(f). Then
G, and B, are the same as in §6.1.1 for all a € A, while (by Lemma 2.18)

By = {6 #45"1 )} = {x2} and B 5 = {L5#67177) = (xa).

We consider again some twists of f . Consider g = m; f my with my, mop
trivial rel A. Suppose that m; moves 1 and +/2 along s; € 7;(C \ {—1,0},1)
and s 5 € m(C\ {-1,0}, V2) respectively while m, moves 1 and +/2 along
n € m(C\{-1,0},)and ¢ ;5 € m (C\{-1,0}, V2) respectively. If (G4, C,)
is the portrait of bisets in B induced by B(g), then

acA

C1 = {(L1 #s51 #07")x2},
Cys = {(ef#sf#el1)x2(ef#z1¢f#ef)}

Write C; = {h;x3} and Cﬁ = {hyxj}. We may conjugate (C;,C3) to
({x2},{x;h’}), and write x; i’ = h”xk

If k =1,then g g is conjugate to 22— 1: (C {c0,—1,0, 1, 4/2}) ©. Otherwise,
g is conjugate to z% — 1: (C, {oo, —1,0, 1, —+/2}) ©.

6.1.3. Mapping class bisets. We continue the discussion from §6.1.2, and con-
sider the related mapping class bisets. The biset M (B) is of course reduced to { B},
with Mod(G) = 1.

On the other hand, the biset M(B) is a left-free Mod (G )-biset of degree 2.
This can be seen in various ways: analytically, the point V2 may be moved
to —+/2, and a basis of M(B) may be chosen as {(z% — 1, {oco, —1,0,1, +/2}),
(z2 — 1,{c0,—1,0, 1, —+/2})}. More symbolically, the action of exchanglng V2
with «/_ 2 amounts to changing, in the wreath recursion of £, the entry “y; =
Ll yz>»7into “y1 = Ly sz, 137

Note that the biset M(B) is nevertheless connected, and M(B) = M*(B):
indeed the right action by the mapping class that pushes 1 once along the circle
{|z| = 1} has the effect of exchanging the two left orbits.
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Example 6.1. Let us now consider the sets 4 = {oo, —1,0,1} and D = {/2},
still with the map f(z) = 22— 1:(C,4)© and f = f:(C,A U D)©. Then
the fibres of the map Fp p: M*(f) = M(f) — M(f) are not connected (by the
second claim of Proposition 2.21).

Indeed the left action of Mod(@ \ 4, D) has two orbits, while the right action
does not identify these orbits since 1 is not allowed to move around a critical value.

6.2. Belyi maps. The Basilica map f(z) = z2 — 1 is an example of dynamical
Belyi map, namely a map whose post-critical set consists of 3 points. All such
maps are realizable as holomorphic maps, and the three points may be normalized
as {0, 1, co}.

In this subsection, we briefly state how the main results of this article sim-
plify considerably. We concentrate on the dynamical situation, namely a map
f:(S%, A)© covered by f:(S%, AU D)o, with #4 = 3.

In that case, Mod(S2, A) = 1, and we have a short exact sequence

1 — knBraid(S%, AU D) — Mod(S2, AU D) — m1(S?>\ A, D) — 1.

Assume first that D consists only of f-fixed points. Then the extension of bisets
decomposition of M( f) from Theorem B reduces to the statement that M( f) is
an inert extension of B( f)?. The case of D consisting of a single fixed point was
considered in [5, §9.2].

More concretely: if we are given a wreath recursion G — G ¢ S¥ for B(f),
with G = (52 \ A, ), then a generating set for Mod(S?2, A LU D) can be chosen
to consist of #D copies of a generating set of G, corresponding to point pushes of
D in S2\ A, together with some additional knitting elements. A wreath recursion
for M( f) will then be of the form Mod(S?, A LI D) — Mod(S2, AL D)2 (SP)¥,
consisting of D parallel copies of the wreath recursion of B(f). The wreath
recursion associated with the knitting elements is trivial.

In case D consists of periodic points of period > 1, then the actions of G on
the left and the right should be appropriately permuted. If D contains n; cycles
of period i, then abstractly M ( f') will consist in the direct product of n; copies of

B(f") = B(f)®".

Example 6.2. Consider the map f(z) = f(z) = z3 with A = {0, 1,00} and
D = {w = exp(2ri/3)}. The biset M(f') is of course reduced to { f}, while
M(f) = Mod(@ \A,D) = m(@ \ A) with trivial right action. Indeed D is not
in the image of f, so pushing w has no effect.

However, M™*( f ) has two left Mod(@ \ A, D)-orbits by Lemma 2.20. Repre-
sentatives may be chosen as {(z3, A U{w}), (z3, AU {w?})}, or equivalently (if the
marked set is to remain 4 U D) as the maps {z*, z* o m} for a homeomorphism
m: (C, A) © that pushes » to w?.
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6.3. Cyclic bisets. We finally consider the easy case of a cyclic biset, namely
the biset g Bg of a monomial map f(z) = z%: (@, {0, o00}) © for some d €
Z\ {—1,0,1}. Then G =~ Z and B is a left-free right-principal biset. Choosing
by € B we can identify B = byG with Z with the actions are given by

m-b-n=dm-+b+n.

Observe first that b — b 4k is an automorphism of B for all k € Z. Therefore,
contrarily Proposition A we have Aut(B) = Z.

Suppose that (G4, Ba), 7 is a portrait of bisets in B. Then Aut(B) acts on
portraits by

(Gas Ba)aG/T + k = (Ga, Ba + k)(JE/T'

We denote by (Ga, Ba), 7/ Aut(B) the orbit of this action. We can now adjust
Theorem C for cyclic bisets:

Lemma 6.3. Let G — G be a forgetful morphism of groups with G = 7, and let
6 Bg be the biset of z%: (C, {0, 0o}) ©.

There is then a bijection between, on the one hand, conjugacy classes of
portraits of bisets (Bg),.z in B considered up to the action of Aut(B) and, on
the other hand, G-G-bisets projecting to B under G —» G considered up to

composition with the biset of a knitting element. This bijection maps every minimal
portrait of bisets of B to (B,) ,c 7/ Aut(B).

Proof. Mark an extra fixed point in (@, {0, 00}) so as to remove automorphisms,
and apply Theorem C. |

To illustrate Lemma 6.3, consider f (z) = z¢: (@, {0,00} U D)% and let
(Ga. Ba) , 1 be the induced portrait of bisets on (@, {0, 00}). Let us also assume
that d > 1. Fora € D write B, = {b,} with b, € B =~ Z.

Let us consider a twisted map g = mfn. For a € D let m, and n, be the
number of times m and n push a around 0. If (G4, Cy), 5 is the induced portrait
of bisets, then C; = {dmgy + bg + ny, (4} = {ca} fora € A. Fora € D set

Xg 1= ca/d +cf*(a)/d2 +Cf*2(a)/d3 +... modZe R/Z.

Then (C;)aep shadows (x4)sep. The map g is unobstructed if and only if all
points x, are pairwise different. If g is unobstructed, then (x,)gep considered up
to the action

(Xa)aeD — (xa + k)aEDyk € Z/(d - 1)Z

is a complete conjugacy invariant of g.
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