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Divergence of finitely presented groups

Noel Brady and Hung Cong Tran

Abstract. We construct families of finitely presented groups exhibiting new divergence
behavior; we obtain divergence functions of the form r¢ for a dense set of exponents
a € [2,00) and " log(r) for integers n > 2. The same construction also yields examples
of finitely presented groups which contain Morse elements that are not contracting.
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1. Introduction

In classical geometry, one can distinguish between spherical, euclidean, and hy-
perbolic spaces by measuring the rates at which geodesics diverge apart. In [16],
Gersten defined divergence as a quasi-isometry invariant of geodesic metric spaces
and of finitely generated groups. Roughly speaking, divergence measures the dis-
tance distortion of the complement of an open ball of radius r. Gersten used di-
vergence to classify certain 3-manifold groups up to quasi-isometry (see [15]).
The concept of divergence has also been studied by Macura [20, 21], Behr-
stock [7], Duchin and Rafi [14], Ol’shanskii, Osin, and Sapir [22], Drutu, Mozes
and Sapir [13], Behrstock and Charney [4], Behrstock and Drutu [5], Sisto [25],
Levcovitz [18], Gruber and Sisto [17], and others.

It is known that the divergence of finitely presented groups can be polynomial
of arbitrary degree or exponential (see [21, 20, 5, 25, 12]). There are examples
of groups whose divergence function is not a polynomial or exponential function
(see [22, 17]) but these groups are not finitely presented.

As an application of our Main Theorem, we obtain families of finitely pre-
sented groups with diverse non-polynomial and non-exponential divergence func-
tions.

Corollary 2.10. There exist finitely presented groups whose divergence is equiv-
alent to r?® for a dense set of exponents a € [2,00) and to r" log(r) for integers
n>2.
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There are a number of geometric notions which are closely related to diver-
gence. These include the concepts of (geometric) thickness, geodesic divergence,
Morse elements, and contracting elements. Our Main Theorem has consequences
for all of these notions, which we describe briefly below.

In [6] there is a definition of a metric space being thick of order n, and the
corresponding definition of a group being (geometrically) thick of order n. If
a group is geometrically thick of order n, then its divergence is bounded above
by r*1. The following corollary provides a negative answer to Question 1.2 of [5]
which asked if every thick group of order n has divergence equal to 7" *1.

Corollary 2.11. For each integer n > 2 there exists infinitely many finitely
presented groups each of which is thick of order n and whose divergence lies
strictly between r" and r" 1!,

One can focus on the divergence of a particular bi-infinite geodesic in a metric
space. This leads to the notion of geodesic divergence (and the upper and lower
geodesic divergence variants). Lower geodesic divergence was used in [11, 3] to
characterize the important concepts of Morse geodesics and Morse elements in
groups. We note that when the geodesic is periodic, the upper and lower versions
of geodesic divergence agree.

In [27], the second author constructed a collection of Morse geodesics whose
divergence is equivalent to r® for arbitrary s € [2, 00). However, the geodesics
in [27] are not periodic. As a second application of the Main Theorem, we
construct a collection of periodic geodesics with diverse non-polynomial and non-
exponential divergence functions.

Corollary 2.12. There exist finitely presented groups containing an infinite peri-
odic geodesic whose divergence is equivalent to r® for a dense set of exponents
a € [1,00) and to r" log(r) for integers n > 1.

In [1], Abbott, Behrstock, and Durham defined the concepts of contracting
quasi-geodesics and contracting elements in a group. Contracting elements are
known to be Morse, and all previously known examples of Morse elements in
finitely presented groups are contracting. Another application of our Main Theo-
rem is the fact that Morse elements in finitely presented groups need not be con-
tracting.

Corollary 2.13. There exist finitely presented groups containing Morse elements
which are not contracting.
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2. Definitions and statement of the main results

Convention 2.1. Let M be the collection of all functions from positive reals
to positive reals. Let f and g be arbitrary elements of M. We say that f is
dominated by g, denoted f < g, if there are positive constants 4, B, C such that
f(x) < g(Ax) + Bx for all x > C. We say that f is equivalent to g, denoted
f~gif f Xqandg < f.

Let {3,} and {3}} be two families of functions of M, indexed over p € (0, 1].
The family {3,} is dominated by the family {§,}, denoted {5,} < {8}, if there
exists constant L € (0, 1] such that §, < &, for all p € (0, 1]. We say {8} is
equivalent to {3}, denoted {3} ~ {8}}, if {8,} < {8,} and {4} < {S,}. If fisa
function in M, the family {8,} is equivalent to f if there is b € (0, 1] such that §,
is equivalent to f for each p € (0, b].

We now recall Gersten’s definition of divergence from [16]. Let X be a
geodesic space and xo one point in X. Let d, ,, be the induced length metric
on the complement of the open ball with radius r about x¢. If the point xy is clear
from context, we will use the notation d, instead of d; .

Definition 2.2 (group divergence). Let X be a geodesic space with a fixed point
xo. For each p € (0, 1] we define a function §,: (0, 00) — (0, oo) as follows. For
each r > 0, let §,(r) = supd,,(x1.,x2) where the supremum is taken over all x;
and x» on the sphere S(xg, r) such that d,, (x1, x2) < oc. The family of functions
{8,} is the divergence of X.

Using Convention 2.1 the divergence of X does not depend on the choice of
Xxo and it is a quasi-isometry invariant (see [16]). The divergence of a finitely
generated group G, denoted Divg, is the divergence of the Cayley graph I'(G, §S)
for some (any) finite generating set S.

We now recall the definition of quasi-geodesic divergence and undistorted
cyclic subgroup divergence.

Definition 2.3 (quasi-geodesic divergence). Let X be a geodesic space and
a: (—00,00) — X be an (L, C)-bi-infinite quasi-geodesic. The divergence of «
in X is the function Divy: (0, 00) — (0, c0) defined as follows. Let r > 0 be an
arbitrary number. If there is no path outside the open ball B(«(0),r/L — C) con-
necting «(—r) and «(r), we define Div, (r) = co. Otherwise, we define Div, (r) to
be the infimum over the lengths of all paths outside the open ball B(«(0),r/L—C)
connecting o (—r) and (7).

Definition 2.4 (cyclic subgroup divergence). Let G be a finitely generated group
and (c) be an undistorted, infinite cyclic subgroup of G. Let S be a finite
generating set of G that contains ¢. Since (c) is undistorted, every bi-infinite



1334 N. Brady and H. C. Tran

path with edges labeled by c is a quasi-geodesic in the Cayley graph I'(G, S). The
divergence of the cyclic subgroup (c) in G, denoted Div(ci), is defined to be the
divergence of such a bi-infinite quasi-geodesic.

Using Convention 2.1 the divergence of the cyclic subgroup (c) in G does not
depend on the choice of finite generating set S. We leave the proof of this fact as
an exercise for the reader.

We now review the concept of Morse (contracting) quasi-geodesics and Morse
(contracting) elements in a finitely generated group.

Definition 2.5 (Morse quasi-geodesic). Let X be a geodesic space. A bi-infinite
quasi-geodesic « in X is Morse in X if for every K > 1,C > 0 there is some
M = M(K, C) such that every (K, C)-quasi—geodesic with endpoints on « is
contained in the M -neighborhood of «.

Definition 2.6 (contracting quasi-geodesic). Let X be a geodesic space. A bi-
infinite quasi-geodesic « in X is contracting in X if there exist a map 7y: X — «
and constants 0 < A < 1 and D > 1 satisfying:

(1) my is (D, D)-coarsely Lipschitz, i.e.,
d(me(x1), ma(x2)) < Dd(x1,x2) + D forall x1,x; € X;

(2) forany y € a, d(y, ma(y)) < D;
(3) forall x € X, if we set R = Ad(x, &), then diam (74 (Br(x))) < D.

Definition 2.7 (Morse element and Contracting element). Let G be a finitely
generated group and g an infinite order element in G. Let S be a finite generating
set of G that contains g. Let « be a path in the Cayley graph I'(G, ) with edges
labeled by g. The element g in G is Morse (resp. contracting) if the path « is a
Morse (resp. contracting) quasi-geodesic.

It is not hard to see that the notions of Morse quasi-geodesic and contracting
quasi-geodesic are quasi-isometry invariants. In particular, the concepts of Morse
elements and contracting elements in a finitely generated group do not depend on
the choice of finite generating set S.

We now define the concept of extrinsic distance function of an infinite cyclic
subgroup. This concept is a key ingredient in the Main Theorem.

Definition 2.8 (extrinsic distance function). Let G be a finitely generated group
with a finite generating set S and let g € G be an element of infinite order. The
extrinsic distance function of the infinite cyclic subgroup (g) is defined as follows

Sg,S(n) = |g"|s.

We can view this as a function (0, co) — (0, co) by precomposing with the greatest
integer function | x].
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Definition 2.9 (coarse Lipschitz equivalence of functions). We say the function
8¢,5(n) is coarse Lipschitz equivalent to a function f: (0, 00) — (0, oo) if there is
a positive constant K such that for each positive integer n we have

[ = K < Bg.5n) < Kf ) + K.

It is straightforward to verify that if 84 s(n) is coarse Lipschitz equivalent to a
function f:(0,00) — (0, 00), then 8¢ 7(n) is also coarse Lipschitz equivalent to
f for another finite generating set T of G.

We now state the Main Theorem in this paper.

Main Theorem. Let H be a finitely presented group with finite generating set T
containing a proper infinite cyclic subgroup {c) whose extrinsic distance function

nr—|c"|r

is coarse Lipschitz equivalent to a non-decreasing function f.
For each integer m > 1 there are finitely presented one-ended groups

G1 = (H 27 X 7.

(c=apa
where 72 = {(ag,a; | apa; = aiay) and

Gm = (Gm—lsam|a;,laoam =am-1)

for m > 2, with the following properties. The subgroup (a,,) is undistorted and
the following table holds:

m Div(Ga’fn) Divg,,
2 rf(r) r?
=3 0 |70

The proof of the divergence of each group G,, for m > 3 is obtained from
Proposition 4.3 and Corollary 4.17 while the proof of the divergence of the group
G, is obtained from Proposition 4.4 and Corollary 4.19. We also prove each group
G, is one-ended in Proposition 4.5. In order to talk about DlvG’” we need to know
that each cyclic subgroup (a,,) in G, is undistorted; this is proved by Lemma 3.3.
More precisely, for each m > 2 we choose a finite generating set Sy, of the group
G, such that the bi-infinite paths «,, in the Cayley graph I'(G,, S;,) with edges
labeled by a,, are geodesic. Then we prove the divergence of o, is equivalent to
r™=1 £(r) in Proposition 5.1. Thus, divergence of cyclic subgroup (a,,) in G, is
equivalent to 7™~ £(r).
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We note that although the divergence of the bi-infinite geodesic o, in the
Cayley graph I'(G»,, S») is equivalent to rf(r), this is not the divergence of the
ambient group G,. In fact, we can always find from the construction of G, another
bi-infinite geodesic in I'(G», S») with quadratic divergence (see Proposition 4.18)
and Proposition 4.4 also shows that the divergence of G, is dominated above by a
quadratic function.

The corollaries below provide four important applications of the Main Theo-
rem.

Corollary 2.10. There exist finitely presented groups whose divergence is equiv-
alent to r® for a dense set of exponents a € [2,00) and to r" log(r) for integers
n>2.

Proof. First we establish the r* divergence functions. Given integers p > g > 2,
let H be a snowflake group with defining Perron-Frobenius matrix the 1-by-1
matrix (¢) and scaling factor p and let ¢ be a generator of an edge group in the
snowflake construction of [8]. Then by [8], Proposition 4.5, the extrinsic length
function of the (c) subgroup of H is equivalent to f(r) = r'°%@. The Main
Theorem implies that for m > 3, the finitely presented group G,, has divergence
equivalent to 711192, Taking o = m — 1 + log,,(q) gives the first result.
For the functions r” log(r), choose H in the proof of the Main Theorem to be
the Baumslag-Solitar group (c, | tct™! = ¢2). By [10] for example, the extrinsic
distance function of (c¢) in H is coarse Lipschitz equivalent to the function log(r).
The Main Theorem implies that the finitely presented groups G, for m > 3
have divergence equivalent to 1 log(r). Taking n = m — 1 yields the second
result. |

Corollary 2.11. For each integer n > 2 there exists infinitely many finitely
presented groups each of which is thick of order n whose divergence lies strictly
between r" and r"+1,

Proof. For each integer m > 3 and integers p > g > 2, the groups G, defined in
the first paragraph of the proof of Corollary 2.10 above are thick of order m — 1
(proof given in the next paragraph) and have divergence r™~1119¢»(@)  Setting
n = m — 1 yields the result.

In order to establish thickness of the G,,, first note that each group G is thick
of order zero (also known as unconstricted) because it is a direct product (see
example 1 following Definition 3.4 of [6]). By induction on m and the recursive
construction of the G, it follows from Definition 7.1 of [6] that the groups G,
are thick of order at most m — 1. If G,, were thick of order less than m — 1,
Corollary 4.17 of [5] would imply that they have divergence at most 1. Since
the groups G,, have divergence strictly greater than r™~!, we conclude that they
are thick of order exactly m — 1. O
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Corollary 2.12. There exist finitely presented groups containing an infinite peri-
odic geodesic whose divergence is equivalent to r® for a dense set of exponents
a € [1,00) and to r" log(r) for integers n > 1.

Proof. The Main Theorem implies that for each m > 2 the divergence of an
infinite periodic geodesic f with edges labeled by a,, in group G,, is equivalent
to the function ™! f(r). Given integers p > g > 2, let H be the finitely
presented group and let {c) be the subgroup of H with the extrinsic length function
equivalent to f(r) = r'°% @ as in the proof of Corollary 2.10 above. Then, the
divergence of B is equivalent to r™ '8 (@ Taking o = m — 1 + log, (¢) gives
the first result.

Similarly, let H be the finitely presented group and let (c) be the subgroup of
H with the extrinsic length function equivalent to f(r) = log(r) as in the proof
of Corollary 2.10 above. Then, the divergence of 8 is equivalent to 1 log(r).
Taking n = m — 1 yields the second result. |

Corollary 2.13. There exist finitely presented groups containing Morse elements
which are not contracting.

Proof. By Corollary 2.12 there are finitely presented groups G, and undistorted
infinite cyclic subgroups (a,) whose divergence functions are equivalent to r* for
a dense set of @ € (1,2) or to r log(r). By Theorem 1.3 in [3] the group element
g is Morse. If g is a contracting element, we can prove the divergence of the
cyclic subgroup (g) is at least quadratic by using an analogous argument as in the
proof of Theorem 2.14 in [11]. (We provide a proof of this fact for the reader’s
convenience in Proposition 5.3). This is a contradiction. Therefore, g is not a
contracting element. O

Remark 2.14. We refer the reader to the work of Ol’shanskii-Sapir [23] for more
examples of extrinsic distance functions of cyclic subgroups of finitely presented
groups. These will furnish new variants of Corollaries 2.10, 2.11, 2.12, and 2.13
above.

Remark 2.15. One can ask about the behavior of higher dimensional divergence
functions of groups with appropriate finiteness conditions. There are a number of

interesting ways of generalizing the examples and constructions in this paper to
approach analogous questions about higher dimensional divergence.

3. Algebraic and geometric properties of the groups G,,

We fix generating sets Sy, for the groups G, in the Main Theorem.
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Definition 3.1 (generating sets S,,). The group G is defined in the Main Theorem
as an amalgam
Gy = (H * 1) 7)< 7.

c=apa

where H has finite generating set 7 and the free abelian group Z? is generated
by a¢ and a;. We may assume 7' contains the infinite order element c. Let b be
a generator for the Z factor. Then S; = T U {ayp, a1, b} is a finite generating set
for G;.

For each integer m > 2 the groups G,, are defined recursively by

Gm = (Gm-1.am |a;,laoam =am—1)
and so have recursively defined finite generating sets S;, = Sy—1 U {am}.

The following lemma will be used repeatedly to prove the group divergence by
induction in the Main Theorem.

Lemma 3.2. Let m > 2 be an integer. Then the inclusion map
l F(Gm—lv Sm—l) — I‘(G}’)’la Sm)
is an isometric embedding.

Proof. The group G, is an isometric HNN extension in the sense of [9], with base
group G,,—; and edge groups (ag) and {(a,,—1). The homomorphism G,,—; — Z
taking all the a; (0 < j < m — 1) to a generator of Z and all other generators
of Gp—1 to the identity shows that each (a;) is a retract of G,,—; and so are
isometrically embedded subgroups. By Lemma 2.2(2) in [9] (taking G = H =
G—1) the inclusion G,,—1 < Gy, is an isometric embedding. O

The following two lemmas will be used to define the concepts of k-corner (see
Definition 4.8 and Definition 4.9) which appear in the proof of the lower bound
of group divergence in the Main Theorem.

Lemma 3.3. Let0 <i < j < m be integers such that j > 2. Let p, q be arbitrary
q

integers. Then |ajalls,, = |p| + lql.
Proof. There is a group homomorphism W: G; — 7?2 taking a; to the generator
(0, 1), taking each a; to the generator (1,0) for 0 < i < j — 1, and taking each
elementin S;—{ao, a1, . .., a;} to the identity (0, 0). Therefore, ¥(a/a) = (p,q).
This implies that
lafalls; > [W(afal)| = |p| + lq|.
Since a; and a; are also elements in the finite generating set S;, we have

lalafls, = |pl + Iql.

Also, the inclusion map i: I'(G;, S;) <> I'(Gm, Sm) is an isometric embedding
by Lemma 3.2. Therefore, |a/a]|s,, = |ajalls; = |p|+ lql. O
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Lemma 34. Let0 <i < j <k < m be integers. Let p, q,n be arbitrary integers
such that a? = a]q.a,’; in Gy. Thenp =q=n=0.

Proof. We first prove that n = 0. In fact, there is a group homomorphism
®: G — Z taking ap to 1 and each generators in Sy — {ax} to 0. Therefore,
®(af) = 0 and ®(afa}) = n which imply that n = 0. Thus, ¢/ = af which
implies that p = ¢ = 0 by Lemma 3.3. O

Let f be a coarse Lipschitz representative for the extrinsic length function of
the subgroup (c) in H. This means that there exists a constant C > 1 such that

%f(n) ~C <|c"lr < Cfm) +C

for each positive integer n. In order to simplify the algebra in several proofs in
this paper, we will choose the coarse Lipschitz representative f of |c”|r so that it
satisfies the following two conditions:

e there exists a constant C; > 1 such that f(n) < |c*|7 < Cyf(n) + C; for
each positive integer n, and

e f(x) < xforall x € (0, 00).

The following lemma establishes inequalities which will be used in the proofs
of the upper and lower bounds on the divergence in the Main Theorem.

Lemma 3.5. Let H be as in the Main Theorem and let c € H have extrinsic length
function satisfying
fU) < Ikl < C1fl) + €y

for some function f. Then, for all pairs of integers n, m,

(1) ds,(ag.at) < Ci1f(In|) + C: and there is a geodesic in the Cayley graph
I'(G1, S1) which connects aj and a’l and lies outside the open ball B(e, |n|);

(2) lag'ails, = f(n)).

Proof. We first claim that for each integer n and each group element 7 € H we
have |agh|s, > |n| and |aTh|s, > |n|. In fact, there is a group homomorphsim
®: G; — Z that maps each element in S; — {ag, a1} to 0 and maps both ay, a;
to 1. Therefore, |®(g)| < |g|s,. Also, ®(agh) = ®(a’th) = n. This implies that
laZhls, = In| and [a7hls, > |nl.

We first prove Statement (1). It is straightforward to see that there is a group
homomorphism W: G; — H that maps ag to ¢, maps a; to e, maps b to e and maps
each element in 7 to itself. Therefore, for each g in G we have |¥(g)|r < |gls,-
Also, W(c") = c¢". Then, |c"|r < |c"|s,. On the other hand, |c"|s, < |c¢"|T
because T is a subset of Sy. Therefore, |c"|7 = |c"|s,. Since ¢" = a;"ag and
lc"|7 < Cy f(|n]) + C1, we have ds, (aj.a) < Cy f(|n]) + C.
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Let yo be a geodesic in the Cayley graph I'(H,T) C I'(Gy, S1) connecting
e and ¢". Since |c¢"|r = |c"|s,, the path y, is also a geodesic in I'(Gy, S1).
Therefore, y = a'yo is a geodesic in I'(Gy, S1) connecting a} and ag. Each
vertex in y has the form a7/ for some 7 € H and such a vertex lies outside the
open ball B(e, |n|) by paragraph one above. Therefore, y lies outside the open ball
B(e, |n|).

We now prove Statement (2). It is straightforward to see that there is a group
homomorphism ¥': G; — H that maps ao to e, maps a; to ¢~!, maps b to
e and maps each element in 7 to itself. Therefore, for each g in G; we have
V()T < |gls,. Also, ¥'(ag'al) = c¢™". Therefore, |ay'al|s, = |V (aga})|r =
™ = f(In]). O

We now discuss some geometric properties of the group G; and these proper-
ties will be used in the proof of the Main Theorem.

Lemma 3.6. Let {3,} be the divergence of the Cayley graph I' (G, S1). Then there
is a constant Co > 1 such that §;(r) < Cor + C; for each r > 0.

Proof. The linear upper bound on divergence in this case follows from the direct
product structure of G and the fact that Z has extendable geodesics. We give a
proof of this fact for completeness below. The proof is similar to that of Lemma 7.2
of [2].

Assume that G and H are infinite, finitely generated groups and that the Cayley
graph of H has extendable geodesics. If {6, } is the divergence of the Cayley graph
of the group G x H, then there is a constant C; > 1 such that §; (r) < Cor + C»
for each r > 0.

Given two elements (g1,/h1) and (g2,h2) on the n-sphere centered at the
identity in the Cayley graph of G x H, we show how to connect them by a linear
length path that avoids the open n-ball centered at the identity in the Cayley graph
of G x H. To this end, we extend the geodesic [1, /1] to a geodesic [1, h1k]
with endpoint on the n-sphere centered at the identity in the Cayley graph of H.
Likewise we extend the geodesic [1, /,] to a geodesic [1, hk,] with endpoint on
the n-sphere centered at the identity in the Cayley graph of H. Pick a point go on
the n-sphere centered at the identity in the Cayley graph of G.

The following concatenation of paths avoids the n-ball centered at the identity
in the Cayley graph of G x H and has length at most 8n. The arrows indicate
geodesic paths in the Cayley graph of G x H which are geodesic in one factor and
constant paths in the other factor:

=< <2n
(1. h1) = (g1. h1k1) == (g0. h1ky)

<2n

<2n <n
—> (g0, h2k2) = (g2. h2kz) —> (g2, h2). O

The following lemma is a direct result of Lemma 3.6 and it will be used for
the proof of the upper bound of the group divergence in the Main Theorem.
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Lemma 3.7. There is a constant C5 > 0 such that for each non-zero integer n we
have the following holds:

(1) thereis apathinT'(Gy, S1) which connects ay™ and ag, lies outside the open
ball B(e, |n|), and has length at most Cz|n| + Cs;

(2) for each group element s € S; U Sy! there is a path in T'(G1, S1) which
connects a3" and sa3", lies outside the open ball B(e, |n|), and has length at
most Cz|n| + Cs.

Proof. Statement (1) follows directly from Lemma 3.6 with C3 > C,. State-
ment (2) also follows directly from Lemma 3.6 with C3 = C; + 2 since the paths
based at e and labeled by 2" and sa3" intersect S(e, |n|). O

4. The divergence of G,,

4.1. The upper bound. The following two lemmas will be used in the proof of
the upper bound of the group divergence in the Main theorem (see Proposition 4.3
and Proposition 4.4). Note that Lemma 4.1 is a variation of Lemma 5.5 in [19].
We include its proof here for the convenience of the reader.

Lemma 4.1. Let X be a geodesic space and xg be a point in X. Let r be a positive
number and let x be a point on the sphere S(xg, r). Let a1 and ay be two rays with
the same initial point x such that a1 U a5 is a bi-infinite geodesic. Then either o
or ay has an empty intersection with the open ball B(xg,r/2).

Proof. Assume by the way of contradiction that both rays «; and o, have non-
empty intersection with the open ball B(x¢, r/2). Thus, thereisu € o; and v € a»
such that d(xo,u) < r/2 and d(x¢,v) < r/2. Since d(xg,x) = r, then by the
triangle inequality we have d(x,u) > r/2 and d(x,v) > r/2. Also, o; U a, is a
bi-infinite geodesic. Therefore, we have

du,v) =du,x) +d(x,v) >r/24+r/2>r.
By the triangle inequality again, we have
du,v) <d,xo) +d(xo,v) <r/2+r/2<T

which is a contradiction. Therefore, at least one of «; and o, has an empty
intersection with the open ball B(x r/2).

Note that this can be interpreted as a type of quasi-convexity result; namely, it
states that the r/2-ball is “r/2-quasi-convex.” O

Lemma 4.2. For each integer m > 2 there are constants M, and Ny, such that
the following two statements hold:
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(Pm) for each non-zero integers n and r such that |n| = r and € € {—1,+1}
there is a path in T(Gm, Sm) which connects a3" and a%,a", lies outside
the open ball B(e,r), and has length at most My, r™2(f (Mpr) + 1);

(QOm) for each non-zero integers ny, no and r such that |ny| = |ny| = r there is a
path in T (G, Sm) which connects ay' and an?, lies outside the open ball
B(e, r), and has length at most Ny r™ 1 (f(Npr) + 1).

Proof. We prove the above lemma by induction on m using the following strategy.
We first prove Statement P,. Then we prove the implication (P,) = (Q) for
each m > 2. Finally, we prove the implication (Q,,) = (P +1) for each m > 2.

For Statement (P,) we only prove it for the case of ¢ = —1 and the proof for
the case of € = 1 is almost identical. Let C; be the constant in Lemma 3.5. By
Lemma 3.2 and Lemma 3.5 there is a path « in I'(G,, S2) which connects a(z)”
and a3", lies outside the open ball B(e, r), and has length at most Cy £ (2r) + Cj.
Since aSad" = ay'a?" = a?"a;", we can connect a?" and a§a3” by an edge f
labeled by a» and this edge lies outside the open ball B(e, r). Therefore, @ U f
is a path in I'(G», S»2) which connects a(z)” and aga(z)”, lies outside the open ball
B(e,r), and has length at most C; f(2r) + C; + 1. Therefore, Statement P, is
proved by choosing an appropriate constant M, > max{Cy + 1, 2}.

We now prove the implication (P,,) = (Q,) for each m > 2. We only
prove Statement (Q,,) for the case n, > 0 and the proof for the case n, < 0
is almost identical. We first connect a;' and ag”‘ by a path no labeled by the
word ag'” . By Lemma 3.3, the path «; lies outside the open ball B(e, r) and has
the length exactly 3r. By Statement (Py,) there is a path 1y in I'(G,,, S») which
connects ag'“ and amagnl, lies outside the open ball B(e, 2r), and has length at
most M, 2r)"2(f2M,,r) + 1).

Foreach 1 < i < npletn = ain_lm. Then each n; is a path in the
Cayley graph T'(Gy,, S,,) which connects a’'ag"" and a’,ag"", lies outside the
open ball B(al!,2r), and has length at most My, (2r)"~2(f(2M,,r) + 1). Since
ds,, (e,a, 1) =i—1 < ny = r, each path n; lies outside the open ball B(e, r). Let
Nn,+1 be the path connecting afnzagnl and ap? labeled by a, "1 Then ,,+1 has

length exactly 4r and each vertex in 71,4+ has the form af,,zag for0 < j < 4n;.

By Lemma 3.3 we have |ay’aj|s,, = n> + j > r. Therefore, n,,+1 lies outside
the open ball B(e,r). Letn = noUn1 UnaU---Unu, Unp,+1. Then nis a path in
['(Gm, Sm) which connects a;' and ap?, lies outside the open ball B(e, r), and has
length at most r[ M, (2r)"2( f(2M,,r) + 1)] + 7r. Therefore, Statement (Q,,) is
proved by choosing an appropriate constant N, > max{2" 2M,,,2M,,} + 7.
‘We now prove the implication (Q,,) = (Pm+1) for eachm > 2. For Statement
(Pm+1) we only prove it for the case of ¢ = —1 and the proof for the case of
€ = 1 is almost identical. By Lemma 3.2 and Statement (Q,,) there is a path « in
T'(Gm+1, Sm+1) which connects 2" and a2, lies outside the open ball B(e, r),
and has length at most Ny, (2r)" ' ( f(2Npr) + 1). Since af, 1a3" = a,, a3 =
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aZa;l |, we can connect a3 and af,, ;a3" by an edge f labeled by ap,41 which

m “m+1> m
lies outside the open ball B(e, r). Therefore, « U f is a path in I'(Gm+1, Sm+1)
which connects a3™ and af, | ;a3", lies outside the open ball B(e, r), and has length
at most Ny, (2r)" "1 (f(2N;ur) + 1) + 1. Therefore, Statement (P, 1) is proved

by choosing an appropriate constant My, +1 > 2" 1N, + 1. O

We are now ready to prove the upper bound of the divergence of the group
G, for m > 3. The proof of the next two propositions follow the same strategy.
Here is the geometric intuition behind this strategy. The basic idea is to connect
an arbitrary point x on the sphere S(e, r) to one of the points ag or a;” by a path
lying outside the ball B(e, r/2) with desired control on its overall length. This is
achieved as follows.

e Consider the bi-infinite geodesic path through the point x with edges labeled
by ag. Because this path is a geodesic, Lemma 4.1 implies that the two rays
emanating from x cannot both penetrate B(e, r/2). Suppose that the positive
ap-ray emanating from x does not penetrate B(e, r/2).

e Construct a “comb” by attaching a path (“tooth”) labeled ag” at each vertex
along a geodesic from e to x. We argue that it is possible to connect the
endpoints of successive teeth of this comb by paths which avoid B(e, r) and
which have controlled total length. The upper bounds on these lengths come
from Lemma 4.2 and Lemma 3.7.

In the proof of Proposition 4.3 we have to consider all the stable letters as, . . ., apn-.
The proof of Proposition 4.4 is easier since we only are dealing with a single
generator a, which lies outside of a group with linear divergence.

Proposition 4.3. Letm > 3 be an integer. Let {5, } be the divergence of the Cayley
graph T'(Gy,, Sm). Then there is a constant Ay, such that for each p € (0, 1/2] we
have

8p(r) < Amr™ N (f(Amr) + 1) for each r > 1.

In particular, §,(r) < r™=! f(r) for each p € (0,1/2],

Proof. We can assume that r is an integer. Let C5 be the constant in Lemma 3.7.
Then there is a path which connects a;,” and ag, lies outside the open ball B(e, r),
and has length at most C3r + C3. It suffices to show there is a constant By,
depending only on m such that for each point x on the sphere S(e, r) we can either
connect x to ag or connect x to a,” by a path outside the open ball B(e, r/2) with
the length at most B, 7™ !( f(B;,r) + 1). Now the proposition follows choosing
a suitable constant A,, > 2B,, + 2Cs.

Now we establish the By,r™ 1(f(Bmr) + 1) bound. Let a be a bi-infinite
geodesic which contains x and has edges labeled by a¢. Then « is the union of two
rays o and o, that share the initial point x. Assume that ¢; traces each edge of «
in the positive direction and «, traces each edge of « in the negative direction. By
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Lemma 4.1, either «; or «, (say o) lies outside the open ball B(e, r/2). We now
construct a path n which connects x and ay, lies outside the open ball B(e,r/2),
and has the length at most B,,,r™ ' (f(B,r) + 1). We note that we can use an
analogous argument to construct a similar path connecting x and a," in the case
o, lies outside the open ball B(e, r/2).

Constructing the comb and connecting endpoints of successive teeth. First, we
connect a, and ag” by the geodesic 7o labeled by a”. Then 7o lies outside the
open ball B(e,r) and has length exactly 3r. Since |x|s,, = r, we can write
X = §182-+-Sr_15, where s; € S, U S;l. Let R,, be a constant which is greater
than four times of the constant C3 in Lemma 3.7 and greater than 4™ times of
each constant M; for 2 <i < m in Lemma 4.2. By Lemma 3.2, Lemma 3.7, and
Lemma 4.2 we can connectag” and syag” by a path n; which lies outside the open
ball B(e,2r) and has length at most R, 7™ 2(f(Rur) + 1).

Similarly for2 < i < r we can connect (sys2 - -+ si—1)ag’ and (s152 -+ - s;)ag’ by
apath ; which lies outside the open ball B(s;s> - --s;—1, 2r) and has length at most
Ryur™2(f(Rmr)+1). Finally, we connect xag” and x using the subsegment 7, 41
of @1. Then 7,4 lies outside the open ball B(e, r/2) and has length exactly 4r.

Letn =mnoUny Una U---Un, Unrt1. Then n is a path which connects ag
and x, lies outside the open ball B(e, r/2), and has length at most

Ryt Y (f(Rpr) + 1) + 7r.

Since f is a non-decreasing function, the length of » is bounded above by
Bur™ 1(f(Bur) + 1) by some appropriate choice of B, > R, + 7. |

The following proposition gives the quadratic upper bound for the divergence
of the group G,. The proof of this proposition proceeds exactly as the proof of
Proposition 4.3 and we leave it to the reader. The main difference is that we
only need the upper bounds on lengths on paths avoiding B(e, 2r) which connect
ag” with apag” from statement (P,) in Lemma 4.2. This bounds path lengths by
M, f(Myr) + M, and since f(r) is sub-linear, we can replace this bound by a
linear function of . The other length estimates are on paths avoiding B(e, 2r)
which connect ag” with sag” for s a generator of G; and these are also linear.

Proposition 4.4. Let {3,} be the divergence of the Cayley graph I'(G2, S2). Then
there is a constant A such that for each p € (0, 1/2] we have

8p(r) < Ar*> + Ar  for each r sufficiently large.
In particular, §,(r) < r? for each p € (0,1/2],

We end this subsection by proving each group G, in the Main Theorem is
one-ended.
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Proposition 4.5. Let m > 1 be an integer. Then the group G, is one-ended.

Proof. G is one-ended because it is a direct product of two infinite groups. For
m > 2 note that (by retracting along geodesic rays based at ¢) it is sufficient
to prove that any two points on the sphere S(e, r) can be connected by a path
avoiding B(e,r/2) for large integers r. In the proof of Proposition 4.3 and
Proposition 4.4 we construct paths which avoid B(e, r/2) and which connect an
arbitrary x € S(e, r) to one of ag or a;”, and we can connect a; to a,” by a path
outside of B(e, r/2) in the aga;-plane. Therefore, the group G,, is one-ended. O

4.2. The lower bound

4.2.1. Lower bound strategy. In this section, we prove the lower bound for the
group divergence of G,,. In order to estimate divergence, we give lower bound
estimates for the lengths of open r-ball avoidant paths connecting two points on
the r-sphere. These lower bound estimates are obtained by cutting these paths
into pieces using a,,-hyperplanes (or a,,-corridors) and estimating the lengths of
these pieces. We use a 2-dimensional geometric model X,, for G,, to introduce
the hyperplanes and to make the lower bound estimates.

The lower bound for the divergence of G, is obtained by considering the diver-
gence of the corner (¢, ). based at the identity e in X,,, where the geodesic ray «
has edges labeled by a( and the geodesic ray B has edges labeled by a,,. Proposi-
tion 4.16 shows that the length of an open r-ball avoidant path connecting « () to
B(r) in X, has length which dominates the function »™~! f(r). The main part of
the proof of Proposition 4.16 is done by induction on the degree of the polynomial
portion of the estimate 7! f(r). The induction step is treated in detail (and in
more generality) in Proposition 4.14. In order to prove Proposition 4.14 we will
need to introduce the notions of a (0, k)-ray and of a k-corner. These are defined
below. Some of these definitions (hyperplane, k-corner, and r-avoidant path over
a k-corner) are modeled on the work of Macura [21].

4.2.2. Lower bound details. Let Y; be the standard presentation 2-complex for
the group G; with the finite generating set S;. For each m > 2 we construct
a presentation 2-complex for the group G,, by induction on m. Let C,, be the
Euclidean unit square with the torus orientation. We label two opposite directed
edges by a,, and identify them to obtain a cylinder U,,. The remaining two edges of
C,, map to loops in U,,, and we label them a,,—; and a¢ respectively. We glue the
cylinder Uy, to Y,,—; by the identification map which is the orientation preserving
isometry prescribed by the labeling of the edges. Then the resulting complex Y,
is a graph of spaces with one vertex space Y,,—; and one edge space S.

Let X, = fm be the universal cover of Y,,. We consider the 1-skeleton of X,
as the Cayley graph I'(G, Sp). For 1 <i < m—1 the preimage of ¥; in X, = Y
consists of infinitely many disjoint isometrically embedded copies of X; = Y;. For
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each m > 2 we let s, be the line segment in C,, connecting the midpoints of the
opposite edges labeled a,,. We also denote by s, the image of sy, in U,,, as well as
its image in Yy, after the gluing. Each component H of the preimage of s, C Y
in X,, = Y, is isometric to the real line and separates X,,. Therefore, we call
H a hyperplane in X,,. Moreover, each hyperplane H is contained in a single
component ostar(H ) of the preimage of Int(U,,) C Y, in X, = f’m. ‘We note that
U,, is a cylinder. Therefore, the closure star(H ) of ostar(H ) is isometric to a flat
strip.

The following definitions will be used many times in the proof of the lower
bound of our group divergence.

Definition 4.6 (k-rays and (0, k)-rays). Let m > 1 be an integer. A geodesic ray
« in the complex X, is a k-ray for 0 < k < m if all edges of « are labeled by ay.
A geodesic ray B in the complex X, is a (0, k)-ray for 2 < k < m if one of the
following holds:

(1) Bisa O-ray;
(2) B is a concatenation of 070, where o is a non-degenerate segment with
edges labeled by a¢ and o3 is a k-ray.

Note that we do not assume that edges of each k-ray or edges of each (0, k)-ray
are oriented away from the base point.

Remark 4.7. Note that we only define (0, k)-ray for k > 2. The notion of a
(0, 1)-ray does not make sense, because

lagay” |s,, = f(r)

and f(r) may be smaller than 2r. In particular, the path labeled by aga;” is not
a geodesic. Therefore, the definition of 1-corner given below is more restricted
than the definition of k-corner for & > 2.

Definition 4.8 (1-corner). Let o be a O-ray and let 8 be a 1-ray in the complex
Xm such that they share the same initial point x. Then («, ) is called a 1-corner
at x.

We define k-corners for k > 2 as follows.
Definition 4.9 (k-corner for k > 2). Let 2 < k < m be integers. Let « be a
(0, k)-ray and let 8 be a k-ray in the complex X, such that they share the same

initial point x. Then («, B)y is called a k-corner at x.

The following definition recalls Macura’s notion of detour paths over corners
in [21].
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Definition 4.10 (an r-avoidant path over k-corner). Let 1 < k < m be integers
and let (o, B)x be a k-corner in X,,,. For each r > 0 the path outside the open ball
B(x,r) in X, connecting a vertex of « to a vertex of 8 is called an r-avoidant
path over the k-corner (a, f)x in Xy,.

The following lemma and its corollary study some basic facts about k-corners
for k > 2 and avoidant paths over them.

Lemma 4.11. Let k > 2 be an integer. Let o be a (0, k)-ray and let B be a k-ray
in the complex X, such that they share the same initial point x. Assume that there
is a hyperplane in Xy that is dual to edges labeled by ay. in « and B. Then H only
intersects the first edge of p.

Proof. Let i be the smallest positive integer such that the hyperplane H; dual to
the i'" edge of B intersects o. We observe that if i > 2, the hyperplane H;_; dual
to the (i — 1)™ edge of B must intersect H; which is a contradiction. Therefore,
i must be equal to 1. Assume that some hyperplane H; dual to the j™ edge of B
for j > 2 intersects «. Then the hyperplane H, dual to the second edge of 8 must
intersect «. We note that for i = 1,2 each star(H;) — ostar(H;) consists of two
bi-infinite geodesics: one has edges labeled by a¢ and the other has edges labeled
by ax_;. Therefore, we have a loop based at the endpoint other than x of the first
edge of § which is labeled by az_la,f ag form # 0 and n # 0. This contradicts
to Lemma 3.4 and therefore the lemma is proved. O

Corollary 4.12. Let 2 < k < m be an integers. Let y be an r-avoidant path over
a k-corner (a, B)x in Xy. Then the length of y is at least r — 1 (therefore, at least

f(r)y—=1.

Proof. We assume that « is a (0, k)-ray, 8 is a k-ray and y connects a vertex u in
o to a vertex v in B. It suffices to prove that d,, (v, v) > r — 1. By Lemma 3.2, we
have dg,, (4, v) = ds, (u,v). Therefore, we only need to show ds, (u,v) > r —1
and this inequality is a direct result of Lemma 4.11. |

The following lemma provides a technique to modify an avoidant path over a
k-corner to obtain another avoidant path over the same k-corner with the length
bounded above by the length of the original avoidant path multiplied by a fixed
constant. This technique will be used in the proof of Proposition 4.14.

Lemma 4.13. Let m be a positive integer. Let o be a geodesic segment labeled by
ao with endpoints x and y. Let z be a vertex in the complex X,, and assume that
r = min{ds,, (x, z), ds,, (v, z)} is positive. Then we can connect x and y by a path
B with edges labeled by ag and b such that B lies outside the open ball B(z,r/2)
and £(B) < 114().
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Proof. If « lies outside the open ball B(z,r/2), then we let 8 = «. We now
assume that « has non-empty intersection with B(z,r/2). Let u be a vertex in
a N B(z,r/2). We note that the endpoints x and y of « lie outside the open ball
B(z,r). Therefore,

o) = ds,, (x,y) = ds,, (x,u) + ds,, (u, y)
> (dSm (X, Z) - dSm(u’ Z)) + (dSm (y7Z) - dSm(u’ Z))
>r—=r/2)4+(r—r/2)>r.

Since « is a geodesic segment with edges labeled by ay, it is a subsegment
of a bi-infinite geodesic y with edges also labeled by ay. By Lemma 4.1 we can
choose two vertices x; and y; on y such that the following hold.

(1) The point x lies between two points u and x; on y. The subsegment 8 of
y connecting x and x; lies outside the open ball B(z, r/2) and its length is
exactly 2r.

(2) The point y lies between two points u and y; on y. The subsegment 8, of
y connecting y and y; lies outside the open ball B(z, r/2) and its length is
exactly 2r.

Since x lies between u and x; on the bi-infinite geodesic y, we have dg,, (4, x1) >
ds,, (x,x1) = 2r. Therefore, ds,, (z,x1) > ds,, (u,x1) — ds,,(u,z) > 3r/2.
Similarly, we also have ds,,(z, y1) > 3r/2.

Let x, = x1b" and y, = y1b". Let B3 be the geodesic connecting x; and x»
with edges labeled by . Similarly, let 84 be the geodesic connecting y; and y»
with edges labeled by . Then the lengths of both geodesics 83 and 4 are exactly
r. Since ds,, (x1,z) = 3r/2 and ds,, (y1, z) = 3r/2, both geodesics 3 and f4 lies
outside the open ball B(z, r/2).

Since b commutes with ag, we can connect x, and y, by a geodesic 85 with
edges labeled by a¢ and £(85) = ds,, (x2, y2) = ds,, (x1, y1). This implies that

L(Bs) = ds,, (x1.y1) = ds,, (x1,x) + ds,, (x,y) +ds,, (¥, y1)
=2r + (o) + 2r = L(a) + 4r.

We now claim that 85 lies outside the open ball B(z, r/2). By the construction, we
observe that each point v in 85 has distance at least  from u. Since ds,, (u,z) <
r/2, we have

ds, (v,z) > ds,, (v,u)—ds, (u,z)y >r—r/2>r/2.

In other words, 5 lies outside the open ball B(z, r/2) and we proved the claim.
Let 8 = B1 U B3 U Bs U B4 U By. Then B connects two points x and y, all
edges of 8 are labeled by a¢ and b, and § lies outside the open ball B(z,r/2). We
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note that the length of « is at least r. Therefore,

€(B) = L(B1) + £(B3) + L(Bs) + £(Ba) + L(B2)
=2r+r+ {a)+4r)+r+2r
={(x) + 10r < 114(x). O

The following proposition is the most technical part of this section. Roughly
speaking, the following proposition shows the connection between the length
of an avoidant path over a k-corner and the length of an avoidant path over a
(k + 1)-corner.

Proposition 4.14. Let d > 2 be an integer and g: (0, 0c0) — (0, 00) be a function.
Assume that for all m > d all r-avoidant paths over an m-corner in X,,+1 have
length at least g(r) for r sufficiently large. Then for alln > d + 1 all r-avoidant
paths over an n-corner in the complex X, +1 have length at least (r/180)g(r/4)
Jor r sufficiently large.

Proof. Letn > d 4+ 1 and let y be an r-avoidant path over an n-corner (o, §)x
in the complex X, 41, where « is a (0, n)-ray and f is an n-ray. We can assume y
is the r-avoidant path with the minimal length over all n-corners in the complex
Xyn+1. In particular, y N« is consists of a vertex u and y N B is consists of a vertex
v in X,. We can also assume that x is the identity e. Therefore, the vertex u has
the form aja’, for some integers s # 0 and ¢ such that |s| + |¢| > r. Similarly, the
vertex v has the form a2 for some integer p such that |p| > r. We only prove for
the case p > 0 and the proof for p < 0 is almost identical.

Since the endpoints of y both lie in X,, C X, +1, the path y is the concatenation

01710272 - 0¢T40¢41

satisfying the following conditions.

(1) Each o; intersects X, only at its endpoints x; and y;. Here we consider
x1 =u and yg4, = v. We also assume that x; is also an endpoint of t;_; for
i > 2 and y; is an endpoint of t; fori < ¢;

(2) Each 7; lies completely in the 1-skeleton of X,.

We also observe that x; ! y; is a group element in the cyclic subgroup (a,) or
in the cyclic subgroup (ao) for each i. If x;'y; is a group element in the cyclic
subgroup (a,), then we replace o; by a geodesic o/ labeled by a,. We note that
o/ in this case may have non-empty intersection with the open ball B(e,r/2). If
x;'y; is a group element in the cyclic subgroup (ao), then by Lemma 4.13 we
can replace o; a path o] with edges labeled by ao and b such that o/ lies outside
the open ball B(e,r/2) and £(o]) < 11ds,(x;,yi) < 11£(o;). The new path
Yy = ojnio3t2 10,140, 41 lies completely in the 1-skeleton of X, shares two
endpoints u and v with y, and £(y’) < 11£(y). We call each subsegment o] of



1350 N. Brady and H. C. Tran

y’ labeled by a, (resp. labeled by ao and b) a short-cut segment of type 1 (resp.
type 2).

We claim that y’ does not intersect 8 at any point other than v. In fact, assume
by the way of contradiction that y’ intersects B at some point other than v. Then
some short-cut segment o/ of type 1 must contain an edge of B. Therefore, the
endpoint x; of o/ has the form aj for some |g| > r. Therefore, the subpath ¢ of
y connecting u and x; is also an r-avoidant path over an n-corner in the complex
Xn+1. Also, || < |y| which contradicts to the choice of y.

For each positive integer j we call e; the j ™ edge of 8. We know that all edges
ej are labeled by a,,. Let H; be the hyperplane of the complex X, that corresponds
to the edge e;. We now considerr/8 < j < r/4. Assumethatr > 16. Then j > 2.
Therefore by Lemma 4.11 each hyperplane H; must intersect y’. Let m; be the
point in the intersection H; N y’ such that the subpath of y’ connecting m; and v
does not intersect H; at point other than m;. Then m; is an interior point of an
edge f; labeled by a, in y’. Since y’ does not intersect  at any point other than v,
two edges e; and f; are distinct.

Let B, be the path in star(H;) — ostar(H,) that connects the terminal a;, of the
edge e; to some endpoint vj’. of the edge f;. Then B, is a part of an (n —1)-ray. If f;
is not an edge of a short-cut segment of y’, then we let v; = v’. Otherwise, f; is
an edge in some short-cut segment oéj of type 1 of y’. In this case, we let v; be the

endpoint y;; of o . Let ; be the path in star(H;+1) — ostar(H,+1) that connects
J .

the initial endpoint a;, of the edge ;41 to some endpoint u; 41 of the edge fj11.

Then «; is a part of an O-ray. If f;; is not an edge of a short-cut segment of y’,

then we let uj 1 = “}+1' Otherwise, f;+1 is an edge in some o, e In this case,
J

we let u; 11 be the endpoint xg; | of o, L
N J

We see that (o, ﬁj)a£ is a part of an (n — 1)-corner at a;, (see Figure 1). Let
y; be the subpath of y’ that connects v; and u}, ;. Let y/ be the subpath of y” that
connects v; and u; 1. Let y; be the subpath of y that connects v; and ;4. Then
by the construction of y’ we have

Ly) < 11L(y)).

Also, yj/. = n U yj// U 12, where n; (resp. 12) is the (possibly degenerate)
subsegment of y connecting v} and vj (resp. u} ., and u;41). Therefore,

Ey) = Lyj) — L) + L(n2)).

Since 1y and 7, are subpaths of short-cut segments of type 1 which are also
geodesics, we have

Lm) =d@}.vj) and €() = d )1y, 1541).
This implies that
L)) = (A}, v)) + d W)y uj41) < T1EY;).
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Figure 1. (e, B;),,/ is a part of a (n — 1)-corner at a,];.
n
Therefore,

d(vj, v) + L) + dW)yq uie1) = Lyp)/11.
We note that each short-cut segment ¢’ of type 2 of y’ lies outside the open
ball B(e,r/2) by the construction. Therefore, o also lies outside each open ball

B(aj,r/4) for r/8 < j < r/4. We now consider the case of type 1 short-cut
segments ¢’ and we have two cases:

Case 1. For each short-cut segment o’ of type 1 of y’ such that o’ Ny} # @
the intersection o’ N y} lies outside the open ball B(aj, r/4). Then, y; is an
(r/4)-avoidant path over the (n — 1)-corner containing (e, B;) ; in X,. Also,
n — 1 > d. Therefore, E(y]/.) > g(r/4) for r sufficiently large by the induction
hypothesis. This implies that

d(v,vj) +(y)) + dWjyq. ujv1) = g(r/4)/11.

Case 2. We now assume that there is a short-cut segment o’ of type 1 of y’ such
that o’ Ny} # @ and it intersects the open ball B(aj, r/4)) (see Figure 2). We will
prove that some subsegment of y; is an (r/4)-avoidant path over an n-corner in
Xn+1. Let f beanedge of o' N y]’. that lies inside the open ball B(a,ﬁ, r/4H+1)).
Then f is labeled by a,. Let H be the hyperplane in X, that is dual the edge f.
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apn

Figure 2. Some short-cut segment of JJ’. intersect the open ball B(a,é. ,r/4) and the subseg-
ment 7 of y; that connects ¥ and w is an (r/4)-avoidant path over an n-corner in X, 4 1.

Then H must intersect y]’- . Let x be the point in the intersection H N y]/- . Then x
is an interior point of an edge f’ labeled by a, in y;. Let &’ be the path labeled
by ay in star(H) — ostar(H ) that connect a vertex w of f to a vertex w’ of f’. If
f’ is not an edge in short-cut segment of ', then w’ is a vertex of y. In this case,
we let 0 = w’ and @ = o’. In the case f’ is an edge in short-cut segment of ¢”
of y’, we let w is an endpoint of ¢ that belongs to y;, let o” be the subsegment o
connecting w’ and W, and let & = o’ U o”. Therefore, & is a part of an (0, n)-ray.
Let ¥ be the endpoint of ¢’ that belongs to y; and let j is a subsegment of ¢’ that
connects w and v. Then B is a part of an n-ray and (&, B)w is a part of an n-corner.

Let n be the subsegment of y; that connects ¢ and . We note that n lies outside
the open ball B(e, r) in X, 41 and therefore it lies outside the open ball B(a 7.3r/4)
in X,41. Also, d(aj,,w) < r/4 + 1 < r/2if we assume that r > 4. Therefore,
n lies outside the open ball B(w, r/4). Thus, 7 is an (r/4)-avoidant path over an
n-corner in X, 4. Also,n > d 4+ 1 > d. Therefore,

Eyj) = t(n) = g(r/4).

Overall, we always have

d(vy, vj) +(y) + dWjp . ujv1) = g(r/4)/11.

Therefore,

() = S5 07) + ) + d oy uen))

r/8<j<r/4
= (1) (47) = e -
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In the following, Lemma 4.15 and Proposition 4.16 provide lower bounds on
the lengths of avoidant paths over k-corners. We note that Proposition 4.16 will
be used for the proof of the lower bound of the divergence of the group G,, for
m > 3.

Lemma 4.15. Letk > 1 be an integer. Then all r-avoidant paths over an k-corner
in Xr41 have length at least f(r) — 1 for r sufficiently large.

Proof. The proof of the above lemma follows from Corollary 4.12 for the case
k > 2 and follows from Lemma 3.2 and Statement (2) in Lemma 3.5 for the case
k=1 O

Proposition 4.16. For each integer d > 1 there is a positive number ng and a
(d — 1)-degree polynomial pg with a positive leading coefficient such that the
Jollowing holds. Let k > d be integers and let (o, B)x be a k-corner. Let y be an
r-avoidant path over the k-corner (o, B)y in the complex Xi. Then the length of

y is at least pg (r) f(r/ng) for r sufficiently large.

Proof. We first prove the following claim. For each integer d > 1 there is a
positive number n4 and a (d — 1)-degree polynomial p; with a positive leading
coefficient such that the following holds. Let k > d be integers and let («, B)x be
a k-corner. Let y be an r-avoidant path over the k-corner («, 8)x in the complex
Xi+1. Then the length of y is at least py(r) f(r/ng) for r sufficiently large.

The above claim can be proved by induction on d. In fact, the claim is true for
the base case d = 1 due to Lemma 4.15 and the fact that f(r) — 1 > f(r)/2 for
r sufficiently large. Then Proposition 4.14 establishes the inductive step and the
above claim is proved. By Lemma 3.2, we observe that if y is an r-avoidant path
over a k-corner in the complex X C Xy then y is also an r-avoidant path over
the same k-corner in the complex X ;. Therefore, the proposition follows from
the above claim. O

We now prove the lower bound for the divergence of the groups G, for m > 3.

Corollary 4.17. Let m > 3 be an integer. Let {3, } be the divergence of the Cayley
graph T(Gy, Sm). Then ™= f(r) < 8,(r) for each p € (0,1/2].

Proof. Let n,, be the positive number and p,, be the (m —1)-degree polynomial in
Proposition 4.16. We will prove that 6,(r/p) > pm(r) f(r/nm) for r sufficiently
large. Let o be a O-ray and let 8 be a m-ray such that they share the initial
point at the identity e. Then (¢, ), is an m-corner. Let y be an arbitrary path
which connects «(r/p) and B(r/p) and lies outside the open ball B(e, r). Then by
Proposition 4.16, the length of the path y is bounded below by p,, (r) f(r/ny,) for
r sufficiently large. This implies that §,(r/p) > pm(r) f(r/nm) for r sufficiently
large. Therefore, r™~1 f(r) < §,(r) for each p € (0, 1]. O
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Before we prove the quadratic lower bound for the divergence of the group G,
we need the following proposition.

Proposition 4.18. Let n be an arbitrary integer greater than 16 and s be a
generator of G, in H — (c). Let y be a path with endpoints (a»s)™" and (as)"
which avoids the open ball B(e,n). Then the length of y is at least n?/16.

Proof. Foreach0 < i < n/8lete; be an edge labeled by a, with endpoints (a5s)
and (a»s)a,. Then the hyperplane H; of the complex X, that corresponds to e;
intersects y. Let u; be the point in this intersection such that the subpath of y
connecting u; and (a,s)" does not intersect H; at point other than u;. Then u; is
the midpoint of an edge f; of y.

Let o; be the path in star(H;) — ostar(H;) that connects (a,s)’ to an endpoint
of f;. Therefore, ; is labeled by a¢ and the endpoint v; of «; in y has the form
(azs)'ag’. Since |(a25)'|s, < 2i <n/2and (azs)'ay’ lies outside the open ball
B(e,n), then |m;| > n —n/2 > n/2. Let §; be the path in star(H;) — ostar(H;)
that connects (a»s)'a, to an endpoint of f;. Therefore, f; is labeled by a; and the
endpoint w; of B; in y has the form (azs) aza}’. Since |(a25)'aals, <2i +1 <
n/2 and (a25)'aza’’ lies outside the open ball B(e,n), then |n;| > n—n/2 > n/2.

For each 1 < i < n/8 let y; be the subpath of y that connects w;_; and v;.
Therefore, the length of y; is at least ds, (w;—1, v;). Also,

1

ds,(wi—1,v;) = |wivils, = la;" " 'say|s,

1

and the length of the element a; " ~'say" is |n;—1| + |m;| + 1. We see this as

follows
de,(1,a;""'sag’) = dg,(1,a;"""'sag")

= dH*<C>Z2 (1 ’ al_ni_l Sagni)

> dzp(1,a7" 7 e)) +dr (), s{e)) + dga((c), ag ")

= |ni1| + 14 |m;].
The first two equalities hold because the subgroup inclusions are isometric em-
beddings with the respective generating sets. The inequality holds from Bass-
Serre theory (of free products with amalgamation). For the last equality, we have
dg({c),s{c)) = 1 because s ¢ (c). The remaining parts are easily seen by killing

¢ = apaj! in Z? to get Z generated by ag = aj.
Therefore,

Lyi) = |nj—1| + |mi| +1>n/2+n/2+ 1> n.

This implies that
L(y) = Y Ly = n*/16. O

1<i<n/8
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We now prove the quadratic lower bound for the divergence of the group G».

Corollary 4.19. Let {8,} be the divergence of the Cayley graph I' (G, S). Then
r2 < 8,(r) for each p € (0,1/2].

Proof. We will prove that 8,(r/p) > r?/256 — 2r/p for r sufficiently large. Let
s be a generator of G, in H — (c¢). Let o be bi-infinite geodesic containing the
identity element e with edges labeled by a, and s alternately. Let x and y be the
two points in the intersection « N S(e, r/p). We assume that the subsegment of «
from e to x traces each edge of « in the positive direction and the subsegment of
« from e to y traces each edge of « in the negative direction. Let 8 be an arbitrary
path with endpoints x and y that lies outside the ball B(e, r). Let n be the largest
integer such that n < r/2. Therefore, n > r/2 — 1 > r/4 for r sufficiently large.
Let o1 be a subsegment of « that connects (a,s)” to x. Therefore, «; lies outside
the open ball B(e, n) and has the length bounded above by r/p. Similarly, let o, be
a subsegment of « that connects (a,s)™" to y. Therefore, o, lies outside the open
ball B(e, n) and has the length bounded above by r/p. Lety = a; U S U, Then,
y is a path with endpoints (a,s)™ and (a,s)” which avoids the open ball B(e, n).
Therefore, the length of y is at least n?/16 by Proposition 4.18. Therefore,

LB) = L(y)—2r/p >n?/16 —2r/p > r?/256 — 2r/p.

Thus, 8,(r/p) > r?/256 — 2r/p for r sufficiently large. This implies that r2 <
8p(r)~ O

5. Geodesic divergence

Proposition 5.1 establishes the geodesic divergence statements in the Main Theo-
rem; namely, that Div(cjl’;‘7 ) is equivalent to ! £(r). In Proposition 5.3 we prove
that the divergence of a contracting quasi-geodesic is at least quadratic. The latter
result can be found implicitly in the literature (for example, it can be deduced by
combining techniques of Lemma 6.5 of [26] and Proposition 3.5 of [24]), but we
provide a detailed proof here for completeness.

Proposition 5.1. Let m > 2 be an integer. Let oy, be a bi-infinite geodesic in the
Cayley graph T'(G,, Sm) with edges labeled by a,,. Then the divergence of oy, is
equivalent to the function r™' f(r).

Proof. Without loss of generality we can assume that o, (0) = e and o, (1) = ap,-
Let 8:[0,00) — ['(Gy,, Si) be a O-ray with 8(0) = e. By Lemma 4.2 there is a
number M > 0 such that the following hold. Let r > 0 be an arbitrary number.
There are a path y; outside the open ball B(w;,(0), r) connecting o, (—r) and B(r)
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and a path y, outside the open ball B(«,,(0), r) connecting o, (r) and B(r) such
that the lengths of y; and y, are both bounded above by Mr™~1(f(Mr) + 1).
Therefore, the path y = y; U y, lies outside the open ball B(w,,(0), r), connects
om(—r) and o, (r), and has length at most 2M r™~1( f(Mr) + 1). This implies
that Divy,, (r) < 2Mr™ Y (f(Mr) + 1).

We now prove a lower bound for Divy,,. Let n,, be the constant and p,, be
the (m — 1)-degree polynomial in Proposition 4.16. Let y’ be an arbitrary path
outside the open ball B(w,,(0), r) connecting o, (—r) and «,, (7). Let e; be the
edge of «,, with endpoints e and a,,. Then the hyperplane H of the complex X,
corresponding to e; must intersect y’. Therefore, there is a O-ray §; with initial
point at e that intersects y’ at some vertex v. This implies that the subpath y; of y’
connecting a,,(r) and v is an r-avoidant path over the m-corner (m|[o,00)s B1)e-
By Proposition 4.16 for r sufficiently large we have

L") 2 L(y1) = pm(r) f(r/nm).

This implies that Divy,, (¥) > pm(r) f(r/nm,) for r sufficiently large. Therefore,
the divergence of o, is equivalent to the function r™~! £(r). O

We now give the proof for the fact the divergence of a contracting quasi-
geodesic is at least quadratic. First we need the following lemma.

Lemma 5.2. Let a: (—00,00) — X be an (L, C)-quasi-geodesic in a geodesic
space X and let D > 1 be a constant. For all r > 4L3(C + 1) + 4LC and all
paths y lying outside the open ball B(x(0),r/L — C) and connecting o(—r) and
a(r), there exist points x and y in y with the following properties:

(1) dx,a) =d(y,a) =sand d(x,y) = 6Ds, and

(2) the subsegment of y connecting x and y lies outside the open s-neighborhood

of o,
where s = r/[(8L> 4 4L)(6D + 4)].

Proof. We first claim that y does not lie in the (2s)-neighborhood of «. We
assume by the way of contradiction that y lies in the (2s)-neighborhood of «.

Let «(—r) = x¢, X1, ..., X, = a(r) be points y such that d(x;—, x;) < 1 for each
i €{1,2,...,n}. Foreachi € {1,2,...,n — 1} we let t; in (—o0, 00) such that
d(x;,a(t;)) < 2s. Wealsolettg = —r andt, = r. Foreachi € {1,2,...,n} we

let /; be the interval in (—oo, co) with endpoints #;_; and ¢;. Then we observe that
[—r,r] C | I;. Therefore, 0 € I, for some p € {1,2,...,n}.

We remind the reader that the endpoints of I, are t,_; and #,. By the choice
of t,—1 and 1, and the triangle inequality, we have

d(a(tp—1), a(tp)) < d(a(tp—1), Xp—1) + d(xXp—1.xp) + d(xp, (1p))
<25+ 1425 <4s+1.
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Since « is an (L, C)-quasi-geodesic, we have |t, —1,_1| < L(4s + 1 + C). Also,
0 lies between 7,1 and t,. Therefore, |t, — 0| < L(4s + 1+ C). This implies that

d(xp,(0)) < d(xp, a(tp)) + d(e(tp), «(0))
<2s+L|t, -0+ C
<254 L*(4s+14+C)+C
<@L*+2)s+ L3 (C+1)+C

r r
< — ——-C
— 2L + (2L )

p
<—-C
- L
that contradicts to the fact y lies out side the open ball B(«(0),r/L — C). There-
fore, y does not lie in the (2s)-neighborhood of «.
Now we let o (—r) = yo, V1, - - ., Ym = a(r) be points y such that the following
hold:

(1) d(yj,a) = sforeachi € {1,2,....,m —1};

(2) foreachi € {1,2,...,m} either the subpath y; of y connecting y;_; and y;
lies completely outside the open s-neighborhood of « or all the points in y;
excepts its endpoints y;—; and y; lies inside the open s-neighborhood of «.

We let s; in (—o0, o0) such that d(y;, a(s;)) < 2s fori € {1,2,...,m — 1}. We
let so = —r and s,, = r. Foreachi € {1,2,...,m} we let J; be the interval with
endpoints s;—; and s;. Then we observe that [—r, r] C |J J;. Then 0 € J, for some
q €{1,2,...,m}.

We remind the reader that the endpoints of J, are s,—; and s,. If the all
points of the subsegment y, of y excepts y,—1 and y, lie in open s-neighborhood
of «, then we can obtain a contradiction by using a similar argument as above.
Therefore, the subsegment y,, of y must lie outside the open s-neighborhood of a.

We observe that

d(a(sq), a(0)) = d(yg, @(0)) = d(yq, a(sq))

_(%—C)—2s
r r r

=L 4L 4L

LA

)

Therefore,
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Similarly, |s;—1 — 0] > r/(4L?). Since O lies between s;—; and s, we have
[5¢ — 811 = r/(2L). So,
d(yp, yp—1) = d(a(sp), a(sp—1)) —d(a(sp), yp) — d(a(sp-1), Yp-1)
> (%|sq —Sg—1| — C) — 25 —2s

r

>——C—4s
2L3
’
TR
> (6D + 4)s —4s
> 6Ds.
This implies that x = y,—; and y = y, are the desired points on y. O

‘We now prove the fact the divergence of a contracting quasi-geodesic is at least
quadratic in the following proposition.

Proposition 5.3. Leta: (—o0, 00) — X be an (L, C)-quasi-geodesic in a geodesic
space X. Assume that « is also an (A, D)-contracting quasi-geodesic. Then the
divergence of « is at least quadratic.

Proof. Since « is an (A, D)-contracting quasi-geodesic, there exist a map
Mg X — o

satisfying:

(1) my is (D, D)-coarsely Lipschitz;

(2) forany y € o, d(y, mo(y)) < D;

(3) forall x € X, if we set R = Ad(x, «), then diam(wy(Br(x))) < D.
We first show that for all x € X,

d(x,me(x)) <2Dd(x,a) + 4D.

Let y € « such that d(x,y) < d(x,a) + 1. Then from the definition of
(A, D)-contracting we have

d(x, ma(x)) =d(x,y) + d(y, ma(y)) + d(7a(y), Talx))
<d(x,0)+1+ D+ Dd(x,y)+ D
<d(x,a)+ 1+ D+ D(d(x,a) + 1)+ D
<(D+ d(x,a) +3D +1
<2Dd(x,a) + 4D.
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We now prove that

. y
Dive(r) 2 (4(8L3 ¥ 4L)2(6D + 4)2)r2

foreach r > 4L3(C + 1) + 4LC + 8(8L> +4L)(6D + 4). Let
_ r
5T (8L3 + 4L)(6D + 4)
and let y be a path outside the open ball B(«(0),r/L — C). Then by Lemma 5.2
we can find two points x and y in y with the following properties:
(1) d(x,0) =d(y,a) =sand d(x, y) > 6Ds;
(2) T the subsegment n of y connecting x and y lies outside the open s-neigh-
borhood of «.

Therefore,

d(7a(x), e (y)) = d(x,y) — d(x, 7a(x)) —d(y, 7a(y)))
>6Ds— (2Dd(x,a) +4D) — (2Dd(y,a) + 4D)
>6Ds —2(2Ds +4D)
>2Ds—8D > Ds.
Let R = As, let x = Xx¢,x1,Xx2,...,X, = y be points in 7, and let n; be

the subsegment of 7 connecting x;—; and x; for i € {1,2...,x,} such that
R/4 < {(n;) < R/2and £(n) = Y_7_, £(n;). This implies

(o =Y e =
i=1

Since 7, is an (A, D)-contracting map and d (x;_1, x;) < Ad(xj—1,®), we have
d(my(xi—1), me(x;)) < D foreach 1 <i < n. Thus

d(7a(x), 7a(y)) < ) d(wa(xi-1), Ta(xi)) < nD.

i=1
Since d(my(x), 74 (y)) > Ds, we have n > s. Therefore,

nR sR  As? Ar?
n)>—>—>—> )
4 4 4 4(8L3 +4L)%2(6D + 4)2

This implies that

o 4 )
Dive(r) 2 (4(8L3 ¥ 4L)2(6D + 4)2)r

foreachr > 4L3(C + 1) + 4LC + 8(8L> + 4L)(6D + 4). Thus, the divergence
of « is at least quadratic. |



1360 N. Brady and H. C. Tran

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

References

C. Abbott, J. Behrstock, and M. G. Durham, Largest acylindrical actions and stability
in hierarchically hyperbolic groups. Trans. Amer. Math. Soc. Ser. B 8 (2021), 66—104.
7Zbl 07319368 MR 4215647

A. Abrams, N. Brady, P. Dani, M. Duchin, and R. Young, Pushing fillings in
right-angled Artin groups. J. Lond. Math. Soc. (2) 87 (2013), no. 3, 663—-688.
7Zbl 1294.20052 MR 3073670

G. N. Arzhantseva, C. H. Cashen, D. Gruber, and D. Hume, Characterizations of

Morse quasi-geodesics via superlinear divergence and sublinear contraction. Doc.
Math. 22 (2017), 1193-1224. Zbl 06810409 MR 3690269

J. Behrstock and R. Charney, Divergence and quasimorphisms of right-angled Artin
groups. Math. Ann. 352 (2012), no. 2, 339-356. Zbl 1251.20036 MR 2874959

J. Behrstock and C. Drutu, Divergence, thick groups, and short conjugators. Illinois
J. Math. 58 (2014), no. 4, 939-980. Zbl 1251.20036 MR 3421592

J. Behrstock, C. Drutu, and L. Mosher, Thick metric spaces, relative hyperbolicity,
and quasi-isometric rigidity. Math. Ann. 344 (2009), no. 3, 543-595. Zbl 1220.20037
MR 2501302

J. A. Behrstock, Asymptotic geometry of the mapping class group and Teichmiiller
space. Geom. Topol. 10 (2006), 1523-1578. Zbl 1145.57016 MR 2255505

N. Brady, M. R. Bridson, M. Forester, and K. Shankar, Snowflake groups, Perron—
Frobenius eigenvalues and isoperimetric spectra. Geom. Topol. 13 (2009), no. 1,
141-187. Zbl 1228.20031 MR 2469516

M. R. Bridson, Controlled embeddings into groups that have no non-trivial finite quo-
tients. In L. Rivin, C. Rourke, and C. Series (eds.), The Epstein birthday schrift. Ge-
ometry & Topology Monographs, 1. Geometry & Topology Publications, Coventry,
1998, 99-116. Zbl 0922.20045 MR 1668335

J. Burillo and M. Elder, Metric properties of Baumslag—Solitar groups. Internat.
J. Algebra Comput. 25 (2015), no. 5, 799-811. Zbl 1332.20046 MR 3384081

R. Charney and H. Sultan, Contracting boundaries of CAT(0) spaces. J. Topol. 8
(2015), no. 1, 93-117. Zbl 1367.20043 MR 3339446

P. Dani and A. Thomas, Divergence in right-angled Coxeter groups. Trans. Amer.
Math. Soc. 367 (2015), no. 5, 3549-3577. Zbl 1368.20049 MR 3314816

C. Drutu, S. Mozes, and M. Sapir, Divergence in lattices in semisimple Lie groups
and graphs of groups. Trans. Amer. Math. Soc. 362 (2010), no. 5, 2451-2505.
Zbl 1260.20065 MR 2584607

M. Duchin and K. Rafi, Divergence of geodesics in Teichmiiller space and the map-
ping class group. Geom. Funct. Anal. 19 (2009), no. 3, 722-742. Zbl 1187.30041
MR 2563768

S. M. Gersten, Divergence in 3-manifold groups. Geom. Funct. Anal. 4 (1994), no. 6,
633-647. Zbl 0841.57023 MR 1302334


http://zbmath.org/?q=an:07319368
http://www.ams.org/mathscinet-getitem?mr=4215647
http://zbmath.org/?q=an:1294.20052
http://www.ams.org/mathscinet-getitem?mr=3073670
http://zbmath.org/?q=an:06810409
http://www.ams.org/mathscinet-getitem?mr=3690269
http://zbmath.org/?q=an:1251.20036
http://www.ams.org/mathscinet-getitem?mr=2874959
http://zbmath.org/?q=an:1251.20036
http://www.ams.org/mathscinet-getitem?mr=3421592
http://zbmath.org/?q=an:1220.20037
http://www.ams.org/mathscinet-getitem?mr=2501302
http://zbmath.org/?q=an:1145.57016
http://www.ams.org/mathscinet-getitem?mr=2255505
http://zbmath.org/?q=an:1228.20031
http://www.ams.org/mathscinet-getitem?mr=2469516
http://zbmath.org/?q=an:0922.20045
http://www.ams.org/mathscinet-getitem?mr=1668335
http://zbmath.org/?q=an:1332.20046
http://www.ams.org/mathscinet-getitem?mr=3384081
http://zbmath.org/?q=an:1367.20043
http://www.ams.org/mathscinet-getitem?mr=3339446
http://zbmath.org/?q=an:1368.20049
http://www.ams.org/mathscinet-getitem?mr=3314816
http://zbmath.org/?q=an:1260.20065
http://www.ams.org/mathscinet-getitem?mr=2584607
http://zbmath.org/?q=an:1187.30041
http://www.ams.org/mathscinet-getitem?mr=2563768
http://zbmath.org/?q=an:0841.57023
http://www.ams.org/mathscinet-getitem?mr=1302334

[16]

[17]

(18]

[19]

(20]

(21]

(22]

(23]

(24]

[25]
(26]

(27]

Divergence of finitely presented groups 1361

S. M. Gersten, Quadratic divergence of geodesics in CAT(0) spaces. Geom. Funct.
Anal. 4 (1994), no. 1, 37-51. Zbl 0809.53054 MR 1254309

D. Gruber and A. Sisto, Infinitely presented graphical small cancellation groups are
acylindrically hyperbolic. Ann. Inst. Fourier (Grenoble) 68 (2018), no. 6, 2501-2552.
Zbl 07002324 MR 3897973

I. Levcovitz, Divergence of CAT(0) cube complexes and Coxeter groups. Algebr.
Geom. Topol. 18 (2018), no. 3, 1633-1673. Zbl 06866409 MR 3784015

J. M. Mackay and A. Sisto, Quasi-hyperbolic planes in relatively hyperbolic groups.
Ann. Acad. Sci. Fenn. Math. 45 (2020), no. 1, 139-174. Zbl 1453.20058 MR 4056532

N. Macura, Detour functions and quasi-isometries. Q. J. Math. 53 (2002), no. 2,
207-239. Zbl 1036.20033 MR 1909513

N. Macura, CAT(0) spaces with polynomial divergence of geodesics. Geom. Dedi-
cata 163 (2013), 361-378. Zbl 1329.57002 MR 3032700

A. Yu. Ol’'shanskii, D. V. Osin, and M. V. Sapir, Lacunary hyperbolic groups. With an
appendix by M. Kapovich and B. Kleiner. Geom. Topol. 13 (2009), no. 4, 2051-2140.
Zbl 1243.20056 MR 2507115

A. Yu. Ol'shanskii and M. V. Sapir, Length and area functions on groups and
quasi-isometric Higman embeddings. Internat. J. Algebra Comput. 11 (2001), no. 2,
137-170. Zbl 1025.20030 MR 1829048

J. Russell, D. Spriano, and H. C. Tran, Convexity in hierarchically hyperbolic spaces.
Preprint, 2018. arXiv:1809.09303

A. Sisto, On metric relative hyperbolicity. Preprint, 2012. arXiv:1210.8081

H. C. Tran, Relative divergence of finitely generated groups. Algebr. Geom. Topol. 15
(2015), no. 3, 1717-1769. Zbl 1371.20048 MR 3361149

H. C. Tran, Divergence of Morse geodesics. Geom. Dedicata 180 (2016), 385-397.
7Zbl 1380.20049 MR 3451473

Received February 17, 2020

Noel Brady, Department of Mathematics, University of Oklahoma, 601 Elm Ave,
Room 423, Norman, OK 73019-3103, USA

e-mail: nbrady @ou.edu

Hung Cong Tran, Department of Mathematics, University of Oklahoma, 601 Elm Ave,
Room 423, Norman, OK 73019-3103, USA

e-mail: Hung.C.Tran-1@ou.edu


http://zbmath.org/?q=an:0809.53054
http://www.ams.org/mathscinet-getitem?mr=1254309
http://zbmath.org/?q=an:07002324
http://www.ams.org/mathscinet-getitem?mr=3897973
http://zbmath.org/?q=an:06866409
http://www.ams.org/mathscinet-getitem?mr=3784015
http://zbmath.org/?q=an:1453.20058
http://www.ams.org/mathscinet-getitem?mr=4056532
http://zbmath.org/?q=an:1036.20033
http://www.ams.org/mathscinet-getitem?mr=1909513
http://zbmath.org/?q=an:1329.57002
http://www.ams.org/mathscinet-getitem?mr=3032700
http://zbmath.org/?q=an:1243.20056
http://www.ams.org/mathscinet-getitem?mr=2507115
http://zbmath.org/?q=an:1025.20030
http://www.ams.org/mathscinet-getitem?mr=1829048
http://arxiv.org/abs/1809.09303
http://arxiv.org/abs/1210.8081
http://zbmath.org/?q=an:1371.20048
http://www.ams.org/mathscinet-getitem?mr=3361149
http://zbmath.org/?q=an:1380.20049
http://www.ams.org/mathscinet-getitem?mr=3451473
mailto:nbrady@ou.edu
mailto:Hung.C.Tran-1@ou.edu

	Introduction
	Acknowledgements
	Definitions and statement of the main results
	Algebraic and geometric properties of the groups G_m
	The divergence of G_m
	Geodesic divergence
	References

