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Abstract. We study cocycles of countable groups I" of Borel automorphisms of a standard
Borel space (X, B) taking values in a locally compact second countable group G. We
prove that for a hyperfinite group I' the subgroup of coboundaries is dense in the group of
cocycles. We describe all Borel cocycles of the 2-odometer and show that any such cocycle
is cohomologous to a cocycle with values in a countable dense subgroup H of G. We also
provide a Borel version of Gottschalk—Hedlund theorem.
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1. Introduction

Let I" be a countable group of Borel automorphisms of a standard Borel space
(X,B) and G be an abelian locally compact second countable (l.c.s.c.) group.
A Borel map «: I x X — G is called a cocycle if it satisfies the so called cocycle
identity for all (y, x):

a(y1yv2, X) = a(y1, v2x) + a(y2,x), a(,x) =0, (1.1)

where 1 is the identity map and 0 € G. A cocycle a(y, x) is called a coboundary
if there exists a Borel function f: X — G such that a(y,x) = f(yx) — f(x).
Two cocycles, o and 8, are cohomologous if « — B is a coboundary. The set
ZY(T x X, G) of all cocycles is an abelian group, and the coboundaries form a
subgroup B'(I" x X, G) of Z!(T" x X, G).

Cocycles play an important role in ergodic theory. They are studied up to null
sets: if I" is a countable group of non-singular automorphisms of a standard mea-
sure space (X, B, i), then relation (1.1) must be true p-a.e. Cocycles are widely
used in the theory of orbit equivalence of dynamical systems and in various con-
structions (e.g., skew product) helping to classify dynamical systems and clarify
the properties of automorphism groups of a measure space. They are also one of
the central tools in the representation theory, theory of groupoids, classification
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of ergodic actions of amenable and non-amenable groups, etc. Understanding the
structure of cocycles for a hyperfinite automorphism group (it is a group which
is orbit equivalent to a single transformation) led to a more detailed classification
than orbit equivalence [5, 12, 14, 15, 18]. We give here several principal ref-
erences which include some pioneering works of Moore [26], Ramsay [30, 11],
Schmidt [31, 32], and Zimmer [37]. (A more detailed list of papers devoted to co-
cycles is too long to mention all crucial contributions to the theory of cocycles.)

It is well known that there are impressive parallels between ergodic theory and
Borel dynamics, though the fact that, for a Borel dynamical system, there is no
prescribed measure on the underlying space makes these two theories essentially
different. In this paper, we prove several results about cocycles in the context of
Borel dynamics. They are motivated by the existing counterparts in the framework
of ergodic theory. There are many important problems in dynamics involving
Borel cocycles that deserve to be studied. For example, it would be interesting
to find out whether the notion of a ratio set makes sense for Borel cocycles
taking values in l.c.s.c. (abelian) groups. Another application of cocycles might
be related to the study of a Borel version of Mackey range. These concepts are
extremely important for the classification of automorphism groups in ergodic
theory. Remark that these and other results in ergodic theory remain true for
nonabelian groups, in general. In the case of Borel cocycles, even abelian case is
not well understood. We hope to contribute to the formulated problems in further
works. In this paper, we focused on cocycles with values in abelian groups. It is
worth mentioning that various properties of Borel cocycles were considered in the
papers [1, 7,9, 11, 24, 25], and some others.

We fix the main setting for the paper: I' is a hyperfinite free countable group
of Borel automorphisms on a standard Borel space (X, B) and o € Z!(T" x X, G)
is a cocycle of I' with values in an abelian l.c.s.c. group G. In this setting, the
following results are proved: (i) we introduce a topology on the space of Borel
functions (which is an analogue of the convergence in measure topology) and
prove that the set of coboundaries is dense in the set of all cocycles; (ii) using
an exact formula that describes cocycles over an odometer, we prove that every
cocycle is cohomologous to a cocycle with values in a dense countable subgroup;
(iii) we give a criterion (a version of Gottschalk—-Hedlund theorem) for a cocycle
with values in G to be a coboundary.

The study of Borel cocycles is mostly motivated by the theory of orbit equiv-
alence of groups of Borel automorphisms. The property of orbit equivalence for
groups of Borel automorphisms is equivalent to isomorphism of the correspond-
ing equivalence relations generated by orbits. The notion of a countable Borel
equivalence relation (CBER) has been extensively studied in the descriptive set
theory and Borel dynamics. This concept has many applications in other adjacent
areas. We refer to [2, 10, 19, 20, 21, 23, 27, 35, 36], where the reader can find
connections of orbit equivalence theory with the descriptive set theory and further
references.
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Our main results about cocycles are of the following nature. Firstly, it is not
hard to see that orbit equivalent groups of Borel automorphisms have isomorphic
groups of cocycles and coboundaries and therefore the cohomology groups. This
means that the study of cocycles is naturally reduced to the case when cocycles
are considered on some “model” CBERs. In this connection, two types of dynam-
ical systems are of crucial importance: odometers and shifts. The classification
of hyperfinite CBERs up to isomorphism was a significant achievement due to
Dougherty, Jackson, and Kechris [10]. They proved that the complete invariant of
isomorphism of hyperfinite CBERs is the cardinality of the set of invariant mea-
sures. Odometers represent CBERs with a unique probability invariant measure.
They are also the main ingredient for the constructions of CBERs with finite (or
countable) set of probability ergodic invariant measures. In Section 5, we give an
explicit formula for cocycles of the 2-odometer. Our proof follows the approach
used in [13, 14] for measurable dynamical systems.

Another key result about cocycles in ergodic theory states that coboundaries
of a non-singular group of automorphisms I' C Aut(X, B, 1) are dense in the
group of all cocycles if I' is hyperfinite, see, e.g., [29, 32] for a proof. Here the
set ZI(I' x X, G) is endowed with the topology of convergence in measure. In
Borel dynamics we do not have a prescribed measure on (X, B). Hence, to define
an analogue of the topology of convergence in measure, we have to work with all
Borel probability measures. (Our approach is similar to that used in [3] where an
analogue of the uniform topology on Aut(X, B) was defined). In Sections 3 and 4,
we consider topological properties of Z!(I" x X, G) and prove that coboundaries
are dense in Z'(I" x X, G) if T is hyperfinite.

Gottschalk and Hedlund (see [16, Theorem 4.11]) provided a criterion for de-
termining when a bounded cocycle of a minimal homeomorphism of compact
space is a coboundary. It was extended to minimal homeomorphisms of non-
compact topological space in [6]. It is a well-know fact that every Borel automor-
phism admits a continuous model, i.e., it is Borel isomorphic to a homeomorphism
of a Polish space. Using this model we extend the Gottschalk—-Hedlund theorem
to bounded Borel cocycles (taking value in an abelian l.c.s.c. group) of minimal
homeomorphisms of Polish space (see Theorem 6.1).

The outline of the paper is as follows. In Section 2, we provide basic definitions
and preliminary results about groups of Borel automorphisms and cocycles. In
Section 3, we define a topology on the space of G-valued functions and discuss
properties of this topology. We show that the group of cocycles of a hyperfinite
group of automorphisms is a separable Hausdorff topological group. In Section 4,
we prove the main result stating that for a hyperfinite Borel action the subgroup of
coboundaries is dense in the group of cocycles with respect to the topology defined
in Section 3. We study cocycles of the 2-odometer in Section 5. In Section 6, we
prove the Borel version of Gottschalk—-Hedlund theorem.
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Notation and Terminology. Here are a few remarks about the exposition of our
results in this paper. Firstly, we prefer to use the terminology which is traditional
for dynamical systems in ergodic theory. This means that our principal objects
are countable groups of Borel automorphisms not equivalence relations. But we
also use the language of CBERs when it is convenient. Secondly, we are aware
that some results can be reproved for cocycles with values in non-abelian l.c.s.c.
groups, for example, those in Section 5. Meantime, we will work with abelian
groups in this section for consistency. The case of non-abelian groups deserves a
separate study.
Throughout the paper, we use the following notations.

e (X, B)is a standard Borel space with the o-algebra of Borel sets B = B(X).

e A one-to-one Borel map T of the space (X, B) onto itself is called a Borel
automorphism of X. In this paper the term “automorphism” means a Borel
automorphism of (X, B).

e Aut(X, B) is the group of all Borel automorphisms of X with the identity
map I € Aut(X, B).

e A countable subgroup I' of Aut(X, B) is called a group of Borel automor-
phisms. The full group generated by I is denoted by [I'].

e M, (X) is the set of all Borel probability measures on (X, B).

e E(S,T)={xe X |Tx#Sx}U{x e X |T 'x # S 'x} where S, T €
Aut(X, B).

2. Preliminaries

In this section we provide the basic definitions from Borel dynamics and descrip-
tive set theory.

2.1. Automorphisms of standard Borel space. Let X denote a separable com-
pletely metrizable space (also known as a Polish space), and let B be the o-algebra
generated by the open sets in X. Then the pair (X, B) is called a standard Borel
space.

A countable subgroup I' of Aut(X, B) is called a Borel automorphism group.
In this paper we focus only on countable Borel automorphism groups. Let G be
a countable group with identity e. A Borel action of the group G on (X, B) is a
group homomorphism

p:G — Aut(X,B), gr+r— pg.

In other words, for each g € G, pg: X — X is a Borel automorphism such that
(i) pgn(x) = pg(pn(x)) for every h € G and (ii) p.(x) = x for every x € X.
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Clearly, p(G) = {pg: g € G} C Aut(X, B) is a countable subgroup. If, for some
x € X, the relation pg(x) = x implies g = e, then p is called a free action
of G. In this case, the group homomorphism p is injective. We note that every
Borel automorphism 7" € Aut(X, B) defines a Borel action of the group Z by the
formulaZ > n+— T" € Aut(X, B).

Countable Borel equivalence relation (CBER). An equivalence relation £ on
(X, B) is called Borel if it is a Borel subset of the product space £ C X x X, where
X x X is equipped with the Borel o-algebra B x B. It is called countable if every
equivalence class [x]g :={y € X:(x,y) € E}is countable forall x € X. If C is
a Borel set, then [C]g denotes the saturation of C with respect to the equivalence
relation £, i.e., [C]g contains the entire class [x]g for every x € C.

For a countable subgroup I' of Aut(X, B), we denote

Ex(I')={(x,y) e X x X:x = yy forsome y € I'}.

Then Ex (I") is called the orbit equivalence relation generated by the group I'
on X. Clearly, Ex(I") is a CBER. An equivalence relation E is called aperiodic
if every E-class [x]g is countably infinite. In contrast, finite E-classes will be
called periodic. Similarly, a Borel automorphism P is called periodic at a point
x if there exists k € N such that P*x = x. The least such k is called the period
of P at x.

It turns out that all CBER’s are generated by group automorphisms.

Theorem 2.1 (Feldman and Moore [11]). Let E be a countable Borel equivalence
relation on a standard Borel space (X, B). Then there is a countable group T of
Borel automorphisms of (X, B) such that E = Ex(I).

A Borel set B is a complete section for an equivalence relation £ on (X, B)
if it intersects every E-class, i.e., [B]g = X. If a complete section intersects
each E-class exactly once then it is called a Borel transversal. An equivalence
relation £ which admits a Borel transversal is called smooth. Equivalently, one
can say that an equivalence relation £ on a standard Borel space (X, B) is smooth
if there is a Borel function f: X — Y, where Y is a standard Borel space, such
that (x,y) € E < f(x) = f(y). We remark that in this paper we will deal
only with non-smooth CBERs. See [22] for a survey of the state of the art in the
theory of countable Borel equivalence relations.

Definition 2.2. Let I" be a countable automorphism group acting on (X, B). We
will denote by Cr the collection of Borel subsets C such that C and X \ C both
are complete sections for Ey (I").
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Full group of automorphisms. For a countable subgroup I of Aut(X, B), we
denote by I'x the orbit {yx:y € I'} of x with respect to I'. We say that I is a free
group of automorphisms if yx # x forevery y # e and x € X.

The set

[['] ={R € Aut(X,B): Rx e I'x forall x € X}

is called the full group of automorphisms generated by I'. The full group generated
by a single automorphism 7" € Aut(X, B) is denoted by [T].

Let ' C Aut(X, B) be a freely acting group of automorphisms of a standard
Borel space (X,B). Then, for every R € [I'], there exists a Borel function
yr: X — I such that Rx = yg(x)x, x € X. It follows that every R € [I'] defines
a countable partition of X into Borel sets 4, = {x € X:yr(x) = y}, y € T.
Conversely, if {4, } is a Borel partition of X, such that {yA,} also constitutes a
Borel partition of X, then the map Rx = yx, x € A,, defines an element of [I'].
In case when I is generated by a single automorphism 7', the same construction
holds, and each R from [T'] is represented in terms of piecewise constant function
X = ngr(x).

A countable subgroup I" of Aut(X, B) is called hyperfinite if Tx = | ;= Tix
for every x € X, where each I is a finite subgroup of [['] and I; C Tj4; for
all i. Equivalently, a countable Borel equivalence relation E is called hyperfinite
if E =, En where E, C E,4; for all n, where each E, is a finite Borel sub-
equivalence relation of E.

Let I'; be a countable subgroup of Aut(X;, B;), i = 1,2. The groups I'; and
I'; are called orbit equivalent (denoted o.e.) if there exists a Borel isomorphism
¢:(X1,B1) = (X3, By) such that "1 x = [hex, for all x € X;. Equivalently,

p[T1le™" =[]

If Ex(I") is the equivalence relation generated by a free action of I, then the
orbit equivalence of I'; and I'; is equivalent to the isomorphism of Ey, (I'1) and
Ex 2 (FZ) .

We refer readers to [10] for the classification of hyperfinite aperiodic CBER
with respect to orbit equivalence.

Theorem 2.3 (Slaman and Steel [33] and Weiss [36]). Suppose E is a CBER. The
Jollowing facts are equivalent:

1. E is hyperfinite;
2. E is generated by a Borel Z-action.
Below we recall the definition of an odometer (known also as an adding

machine). There are many papers devoted to odometers and their generalizations.
We refer the interested reader to [17, 28] for detailed discussion.
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Definition 2.4. Let {p,}5, be a sequence of integers such that p, > 2 for eachn.
LetQ = []724{0, ..., pn—1} be equipped with product discrete topology. Then 2
is a Cantor set. We define S: Q2 — Q as follows: S(po—1, p1—1,...) = (0,0,...),
and for any other x € €, find the least k such that x; # pi — | and put
S(x) =(0,0,...,0,x¢ + 1, Xg41, Xk+2, - . . ). A Borel automorphism 7 is called
an odometer if it is Borel isomorphic to some S. An odometer S is called the
2-adic odometer, if p, = 2 for each n € INy. In Section 5 we will work with the
2-adic odometer. For brevity, we will call it the 2-odometer.

2.2. Cocycles of Borel automorphism group. As above, let I' be a countable
subgroup of Aut(X, B) acting freely, and let G denote a locally compact second
countable abelian group with identity 0 (we will use the additive group operation).
We remark that the assumption that G is an abelian group is made for convenience
and can be dropped in the following definitions.

Definition 2.5. A Borel function a:I" x X — G is called a cocycle over I if for
any elements y;,y, € 'and all x € X

a(y1y2,x) = a(y1, y2x) + a(yz, x) 2.1
and
a(l,x) =0, (2.2)
where 1 denotes the identity map. The set of all cocycles of I" is denoted by
ZYT x X, G).
A cocyclea: ' x X — G is called a coboundary if there exists a Borel function
¢: X — G such that

a(y,x) =c(yx)—c(x), forallyerl,x e X. (2.3)

The set of all coboundaries of T is denoted by BY(I" x X, G).

Cocycles aj, az:I' x X — G are called cohomologous (a; ~ a,) if their
difference is a coboundary, i.e., if there exists a Borel function c: X — G, such
that

ay(y, x) = c(yx) + az(y, x) — c(x). (2.4)

Sometimes it is useful to define cocycles over an equivalence relation as
described below.

Definition 2.6. Let £ be a CBER. A Borel function u: E — G is an orbital
cocycle over E if for every (x, y), (y,2),(x,z) € E
ulx,z) =u(x,y) +u(y,z). (2.5)

An orbital cocycle is a coboundary if there exists a Borel function c¢: X — G such
that for (x,y) € E

u(x,y) = c(x) —c(y). (2.6)
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As before, two orbital cocycles are cohomologous if their difference is a cobound-
ary.

Remark 2.7. Let I" be a freely acting countable group of automorphisms. Given
any cocyclea € Z'(I'x X, G), define a function u,: Ex (I') — G by the following
rule: for any pair (y, x) € Ex(I") determine unique y € I" such that y = yx and
then set

Ua(y,x) = a(y. x). 2.7

Since I is free, u, is well defined. It is clear that u, satisfies (2.5), hence it is an
orbital cocycle. Moreover, u, is a coboundary if and only if @ is a coboundary.
Conversely, every orbital cocycle of Ex(I") defines a cocycle of I

Remark 2.8. Let 7 be an automorphism of (X, B) which determines an action of
the group Z. Every Borel function f: X — G with values in the group G defines
acocyclea:Z x X — G by the formula

fx)+ f(Tx)+---+ f(T'7'x) ifj > 1,
a(j,x) =40 if j =0, (2.8)
—f(T7'%) = f(T2x) —---— f(T/x) ifj <—1,

Conversely, if a: Z x X — G is a cocycle of the group {T",n € Z}, then it is
completely determined by the function f(x) = a(l, x). Moreover, the properties
of the cocycle a(j, x) are represented in terms of the function f.

Remark 2.9. If a: T x X — G is a cocycle of a freely acting countable group of
automorphisms T', then it can be extended to a cocycle @ over the full group [I'].
Indeed, for R € [I'] take the uniquely determined function x + y(x) such that
Rx = y(x)x. Then we set

a(R,x) =a(y(x),x), xeX.

It can be easily seen that a coincides with a on elements of the group I', and a
satisfies the cocycle identity (2.1) and (2.2).

2.3. Topologies on the group Aut(X, B). We will need the notion of conver-
gence of a sequence of Borel automorphisms. Recall that several topologies on
Aut(X, B) were defined and studied in [3]. We will work with the so-called uni-
form topology v whose origin lies in ergodic theory (see Section 1 for the defini-
tion of M;(X) and E(S, T)).

Definition 2.10. The uniform topology t, on Aut(X, B) is defined by the base of
neighborhood V = {V(T; u1,..., un;€)} where, T € Aut(X,B), t1,..., un €
Mi(X), e >0, and

V(T 1y fim€) = LS € Aut(X, B) | wi(E(S.T)) <€, i =1,....n}. (2.9)
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Remark 2.11. It can be seen that (Aut(X, B), t) is a Hausdorff, topological group.
It is also relevant to mention that topology t coincides with the topology 7/,
which is defined by the base of neighborhood V' = {V'(T; i1, ..., tn; €)} wWhere,
T € Aut(X, B), 1, ..., un € M1(X), € > 0, and

V(T p1, ... ns €)
={S e Aut(X,B) | sup wi(TFASF)<e,i=1,....n}. (210
FeB

3. Topologies on the space of cocycles

For a standard Borel space (X, B) and an abelian l.c.s.c. group G, we denote by
F(X, G) the set of Borel functions f: X — G. Clearly, this set is an abelian group
under pointwise addition of functions. We will write simply & when X and G are
understood. Since G is metrizable, we will denote by | - | a translation invariant
metric on G compatible with the topology on G.

In this section we will define and study topologies on F(X, G) which are
analogous to the topology of convergence in measure. For a countable group of
Borel automorphisms I' C Aut(X, B), we will consider the subgroups of cocycles
and coboundaries in F(X, G). Our goal is to show that, for a hyperfinite group I',
coboundaries form a dense subgroup in the group of all cocycles.

Remark 3.1. Let I" be a hyperfinite countable subgroup of Aut(X, B). Without
loss of generality, we can assume that I" acts freely. Then I is orbit equivalent
to a Borel Z-action, i.e., there exists an automorphism 7" € Aut(X, B), such that
the orbits I'(x) coincide with those of the group {T”x,n € Z}. For any two orbit
equivalent automorphism groups, their groups of cohomology are isomorphic (see
Proposition 3.8 below). This means that, studying cocycles of I, it suffices to
work with cocycles of the group {T":n € Z}. The benefit of this fact is that we
can explicitly write down the formula for Z- cocycles as in (2.8). Hence (as was
mentioned above), every cocycle a: Z x X — G of {T",n € Z} is represented by
a Borel function from X to G.

In the following definition, we discuss several topologies on F(X, G) which
are analogous to the topology defined by convergence of measure.

Definition 3.2. The topologies t;, 12, 73, and 74 on F(X, G) are defined by their
bases of neighborhoods U, U, W and W', respectively, where

u = {U(f;/“l'la L ,Mn;fyg)},

u/ = {U/(f; /\’le MR I’Ln; 6)}7

W =AW(f;p1,..., tns€)},
W ={W'(f; 11, .., 1n;€)},
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and
U(f,/.Ll,,/JLn,E,S) (31)
= {g e T ({x:[f(x) —g(x)| > €}) < Sforall i = 1,....n}, |
U'(fipas.-.s tns€) (3.2)

={geFui{x:|f(x)—gx)| >€}) <eforalli =1,...,n},
Wi,y fhns€)

= {g = ?:/min(|f(x)—g(x)|,1)d,u,~ <eforalli = 1,...,n}, 3.3)
X

W/ (fift1s. . [n€)
= {ge?:/ /() — g dui<ef0ralli=1,...,n}. 34

14+ [f(x) —gx)]
X
In the above definitions, we take f € F(X,G), uy,..., un € M1 (X), €,8 > 0,
andn € IN.

Theorem 3.3. All the topologies t1, 12, 13, and t4 from Definition 2.10 coincide
on the group F(X, G).

Proof. For the entire proof, we assume that i € {1,2,...,n}. Also note that the
notation t; C 1k, for topologies t;, t, j.k € {1,2,3,4}, j # k, means that
7% is stronger than ;. Because our topologies are determined in terms of the
bases of neighborhoods, it suffices to check that the base for t; contains that
for 7;. For example, t; C 1o, implies that for every f € J(X,G) and a base
element U(f; u1,...,Un;€,8) of 71 containing f, there exists a base element
U'(fip1,..., n; k) of 75 such that

U'(fiftt,-o i k) CUf A, oo fni €,6).

(1) t1 coincides with T, on F(X, G). Clearly, for § = €, we have 7, C ;. To
prove the converse, we will show, as mentioned above, that for a base element
U(f;u1,..., Un;€,8) € U, there exists a base element U'(f; 1, ..., Un; k) € W
such that

U'(fiftts-o i k) CUf A, oo fni €,6).
If 0 < € < 6, take k = €, and we are done, since for € < §,

Ufipr, ... ptns€) CUf 1,0 i €,6).

Now assume that 0 < § < €. Then take ¥k = § and show that

Ufipt,....ptns8) CUfi s ns €,6).
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To see this, take any function g € U’(f; 1, ..., in; ) and note that 0 < § < ¢
implies

{x:|f(x) —g(x)| > €} C{x:[f(x) —g(x)| > 8.
Thus for all i, we have

pi{x: | f(x) —g(x)| > €}) < pi({x: [ f(x) — g(x)| > 8}) < 6.
Hence g € U(f; p1,- .., n; €, §) as needed.

(2) 71 coincides with t3 on F(X, G). First we show that t3 C 7. We need to verify
that, for any neighborhood W(f; 1, ..., n; €) € W, there exists a neighborhood
U(f;u1,..., dns€',8) € Usuch that

U(fiprs.sins€,8) CW(fi ..., hns€).

To see this, let e’ = €/4, and consider g € U(f; i1, ..., ihn;€',8), where § > 0
will be chosen later. Then, for all i, we have

pi(fx: ] f(x) — g(0)| > €/4}) < 6. (3.5

We will prove that

[ min(e) = g0l 1) dys < e (3.6)
X
Choose a Borel set B such that

_ "
min(| /' (x) —g(x)[. 1) = {|lf(x) gx)| ifx e B,

ifxe X\ B.
Define O = {x € B:|f(x) — g(x)| > ¢/4}. Then, for all i,

/|f —gldu; = / \f — gldui + / f — gldpus.
B o B\Q

Choose § > 0, sufficiently small such that the condition u; (Q) < § implies

/If—gIdui <e€/4.
0

For x € B\ Q, we have | f — g| < ¢/4. Since every u; is a probability measure,
we obtain

/ \f — gldpi < (/)i (B Q) < ¢/4. 3.7)
B\Q
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Thus, for all i, we see that

/ min (| f(x) — g (). s < /2. (3.8)
B

Using (3.5) and choosing€/4 < 1and § < €/2 we get u; (X \ B) < €/2. Therefore,
for all i, the following inequality holds

/ min (| f(x) — g (Ol s < /2. (3.9)
X\B

Relations (3.8) and (3.9) imply (3.6). This completes the proof of 73 C 7.
Now we prove that t; C t3. We show that, for a base element

U(fspm1,...s pns€,8) €U,

there exists a base element W( f; i1,..., in: k) € W such that

W(fipr, oo ptnsk) CUCS s s €,9).

For this, let k = €§ and let g € W( f; 1, ..., in; k). Then for all i, we get

/min (|f —gl Ddu; < €. (3.10)
X

Assume, toward a contradiction, that g ¢ U(f; 1, ..., Un;€,6), ..,

pi{x: | f(x) — g(x)| > €}) = 6. (3.11)
Denote P = {x:| f(x) — g(x)| > €}; then for all 7,

[ 15 = std = [ 11 = gld = es.

X P
which contradicts (3.10). Hence, we conclude that g € U(f; i1, ..., in;€,6) as
needed.

(3) 11 coincides with t4 on F(X, G). To see this, let K = {x:| f(x) — g(x)| > €}
and note that the equality

(el -] > 6 = e LD EOL_ €} G

T f)—g()] T T+e

holds. We first show that t; C 74. Let U(f; i1, ..., Un: €,8) € U be a neighbor-
hood from 7;. Show that there exists a neighborhood W' (f; i1, ..., tn;k) € W

such that W/(f; p1, ... nsk) CU(f5 1, ... Uni €, 8).
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Letk = =<5 andletg € W/(f: 1. ... in: k). Then,

Tte
/ | f(x) —g(x)]

;i < ——  foralli.
T+ /) — g0 M ST+

X

Relation (3.12) implies

€ k< |f(x) —g(x)| ik < /() —g(®)]
1+e L+ f(x) — g L+ f(x) =gl

Lte [ 1/ =gl
i d i S.
k)< = e gt <

Hence,

be
which implies that g € U(f; i1, ..., n; €, 0).

It remains to prove that 74 C t;. Show that for a neighborhood
W'(fiir. .., fini€) €W,

there exists a basis element U(f; 1,..., Un; €,8) € U such that

U(fipr, ... pn:€.8) CW'(fipr, ... tnte).

Take a function g € U(f; i1, ..., Un; €, 8), then

i (K) = i ({x: [ f(x) — g(x)| > €}) < 6.

2

Choose § such that § < ; then we obtain for each measure u;
€

/ ) —gl
T+ [f() —go)] ™

</ [/ (x) — ()] i+/ |f(x) —g(x)|

d du;
1+ /() — (o) “H T+ /() — (o)
K K¢

€
< wi(K) + T M (K°)

< E.

X

<8+
1+ €

Thus, g € W/(f; i1, ..., Un; €) as needed. O

Remark 3.4. Since the topologies 11, 12, 73 and 14, on F(X, G) coincide, we will
will use the notation J to denote them.
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Theorem 3.5. F(X, G) is separable Hausdor{f topological group with respect to
the topology 7.

Proof. We denote by A = {B;}ien the countable base for the space X which
generates B. Recall that G is an abelian L.c.s.c. group with identity 0. Let G¢ be a
countable dense subgroup of G. Denote by «; y g, a function X — G which takes
the value «; € G on the set B; and is 0 everywhere else. Note that we refrain
from using the term “characteristic function” as G is an additive abelian group
with identity O but the notion of multiplicative identity is not defined.

Consider the set S(X, Go) of all finite linear combinations of such constant
functions with values in Gy, i.e., they can be described as piecewise constant func-
tions that take values from Gy on sets from the family A and are zero everywhere
else. We will call elements of S(X, G¢) simple functions.

For notational purpose, we will denote such a function as follows:

p
) =) axs (%),
=1

where o € Gopand By e Aforl =1,2,...,p.

We first observe that the set S(X, Gy) is a countable subset of F(X,G). In
what follows we will show that S(X, Gy) is dense in F(X, G) with respect to the
topology 7.

For f € F(X, G), consider a neighborhood of f

U(f,/_Ll,,/Ln,é,(g)
={geF: ui{x:|f(x)—gx)| >€}) <bforalli =1,2,...,n},

where (y,..., Uy € M1(X). To prove the result, it suffices to find an element
from the set 8(X, Go) in U(f; 1, ..., Un; €,6).

Since f € JF(X, A) is a Borel function, there exists a sequence {s;};en of
simple function taking value in Gy which converges pointwise to f. Again using
the same notation as above we denote s; as follows

m
N Zak,j)(gk!j, j € IN.
k=1

where oy ; € Go forallk =1,2,...,m, and
Er,; ={x € X:5;(x) = cx,; forall k}.

For the measure p;, we use Egoroff’s theorem and find a Borel set F; € X
such that s; — f uniformly on Fi, and pi(X \ F1) < % (Note that this
convergence is uniform in the usual sense: for € > 0 there exists N; € N, such

that for all j > N; and for all x € F, |f(x) — sj(x)] < €). Similarly, there
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exists a Borel set /> C F; such that the sequence (s;) converges uniformly to
f on Fp, and ux(Fy \ F2) < % Repeating this process n times we obtain a
Borel set F C X such that the convergence s; — f is uniform on F, and, for
i=1,2,...,n,wehave u;(X \ F) < 6. Hence for any € > 0 one can find some
N € N such that | f(x) — s;(x)] < e fort > N and x € F. In other words,
wil{x: | f(x)—s:;(x)] >€}) <6},i =1,2,...,n.

This implies that, for > N, the functions s, = >, ax xE,, belong to
U(f;p1,-.., Un;€,8). Since this is true for any § > 0, choose N such that for
t € N we have s; € U(f;/Ll, ooy Mt €, g), where ¢ is a positive integer to be
chosen later. It follows that

8
wil{x: | f(x) —s;(x)] > €}) < 5 i=12,...,n.

In other words, we obtain that, for k = 1,2,...,m,
5 .
Hilx € Exsi | f(x) —ax | > €}) < 5 i=12,...,n. (3.13)
where oy ; € Go, k =1,2,...,mandt > N.
Since each Ej ; is a Borel set, it can approximated by an open set, i.e., there
exists an open set O,i ;o> O, such that

. S )
,ul(O}mAEk,,)<Z, i=1,...,n.
Define Oy, = ﬂ?=1 O,i ;> then, forevery i = 1,2,...n, one has

]
,bLi(Ok’, A Ek,t) < 2—
q

Each open set O, is a countable union of base elements i.e., Ox; = |J;cn Bi»
where B; € A. Thus there exists a finite number, r(k,#) € IN such that for every

i=12,...,n,
r(k,t)

u,(( l=LJ1Bl) A ok,,) < %. (3.14)

Let us denote by I ; the index set Iy, = {1,2,...,r(k,t)}. Thus, (3.14) implies

that p
pi(((UBi) i) < o

lely ¢
Since

{xe( UBI)AEk,z5|f(X)—(¥k,z|>€}C( UBI) A Eg,

lely lely ¢
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we have

/Li({xe( UB;)AEk,,:|f(x)—ak,,|>e})<§, i=12,...,n. (3.15

lelk’t

Now take g = 2m where m is as in the definition of s; above, then by (3.13) and
(3.15), we obtain

Mi({x e | Bl f(0) —anel > e}) < % foralli =1,2,....,n.  (3.16)

lEIk.t

Note that (3.16) is true forall m = 1,2, ..., k. Let I, = | Jy—; Ix.. then

ui({x e | Bl f () — gyl > e}) <§ foralli=1,2,....n. (3.17)
lely

Define the sequence of functions s}, for r € IN, as follows

s’(x): Okt ifoBl,lelk’,,
! 0 ifx¢ B lel,.

Then, by (3.17), we have
wi{x:| f(x) —s;| >€}) <§ foralli =1,2,...,n. (3.18)

Relation (3.18) implies that s, € U(f;pu1,...,1n:€,6) for t > N. Therefore
8(X, Gy) is dense in F(X, G), and F(X, G) is a separable space.

To prove the second part of the theorem, we will show that F(X, G) is a
topological group with respect to the topology T. We will do it for the topology t3

(see Definition 3.2) because it is easier to work this topology. Note the following
facts:

A Wit tni€) = =W(=fi i1, ..., Un; €);
) W(fipr, .. pni€/2) +W(gi 1, tni€/2) CW(f +gi 1, ..., hns€).
Both (i) and (ii) are clear by the definition of

W(finr,...,unie) and W(g; 1, ..., Un:€).

It follows from (i) that the map f + — f is continuous and (ii) implies that the
map (f, g) — f + g is also continuous.

To see that F(X, G) is Hausdorff in the topology T, consider f, g € F(X, G)
such that f # g. Then there exists x € X ,such that f(x) # g(x). We work with
topology 7 and put ; = 85 (the Dirac measure at x). Note that, for § < 1, the
open set U (defined below) contains f but does not contain g:

U=1{heF5{y:[f(y) —h(y)| > €}) <8}
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For § < 1, we get

U={heF:6x{y:|f(y)—h(y)|>e€}) =0}
Therefore x ¢ {y:|f(y) —h(y)| > €} and g ¢ U. O

Proposition 3.6. Let I' be a hyperfinite countable subgroup of Aut(X, B). The
group ZY(T' x X, G) is closed in F(I' x X, G), and it is a separable topological
group.

To prove Proposition 3.6, we will show that if {a,} ¢ Z'(I' x X,G) is a
sequence of cocycles such that @, — a in 71, thena € Z(I" x X, G). For this,
we will prove the following lemma.

Lemma 3.7. Let {a,} be a sequence of cocycles from Z'(I' x X, G). Thena, — a
in the topology t1 if and only if for every x € X there exists n(x) € N such that
ay(x) = a(x) forall n > n(x).

Proof. As mentioned in Remark 2.8 the group I' is orbit equivalent to a group
generated by a single automorphism {7”:n € Z}. It gives us the possibility to
represent cocycles a, as functions on X with values in the group G.

Assume now that a, — « in 7. Then, for every €, § > 0 there exists n(x) € IN
such that a, € U(a; u1, ..., up;€,8) forn > n(x) (here wi,...,up € Mi(X)
as usual). Fix x € X and take 1 = §, (the Dirac measure at x). Thus we have
Sx({y:lan(y)—a(y)| > €}) < 8. For§ < 1wegetd,({y:lan(y)—a(y)| > €}) = 0.
Hence, we have x ¢ {y:|a,(y) —a(y)| > €} for all n > n(x). We conclude that
an(x) = a(x).

Conversely, suppose that, for every x € X, there exists n(x) € IN such that
an(x) = a(x) for all n > n(x). Define

Xn={xeX:an(x)=a(x)forallm>n}, nel.

Note that X, € X,+1, and UZO=1 X, = X. Forevery u € M;(X), we see that
uw(X,) — 1asn — oo. Take a neighborhood U(a; i1, ..., up;€.6) and find
ng € N such that u; (X,) > 1 —68§forn > ng,i = 1,2,..., p. Note that, for all
n €N,

{x e X:ilay(x) —ax)|>¢€} C X\ Xy.

Thus u; ({x € X:lan(x) —a(x)| > €}) < ui(X \ X,) < 6. Hence, for n > ng, we
deduce that p; ({x € X:|an(x) —a(x)| > €}) < § as needed. O

Proof of Proposition 3.4. We switch back to considering a, and a as functions
fromTx X to G. Sincea, € Z'(T'xX, G), an(y1¥2, X) = an(y1, y2X)+an(y2, x),
forall y1,y, € T.



1380 S. Bezuglyi and S. Sanadhya
For a fixed x € X, let ng = max{n(x), n(y2x)}, then for n > ng, we have

an(y1y2,x) = a(y1y2. x),
an(y1, y2x) = a(y1, y2x),
an()’Z’x) = a()’z’x)-

Hence, a(y1y2, x) = a(y1, y2x) +a(yz, x) for all y1, y» € I'. Since we can do this
forevery x € X,a € Z'(I' x X, G). O

Proposition 3.8. Let I'; € Aut(X;, B;), i = 1,2, be two orbit equivalent count-
able Borel automorphism groups. Then there exists a topological group iso-
morphism ¢: Z1(I'1 x X1, A) — ZY(T'y x X», A) which carries coboundaries to
coboundaries.

Proof. Since I'y and I'; are orbit equivalent, there exists a Borel map ¢: X1 — X»,
such that ¢[I';] = [I'2]e. Define ¢: Z1(I'y x X1, A) — Z1(I’, x X5, A) as

goai(y,x2) = ai(p  y20, 07 x2)

fora; € ZY(I'y x X1, G) and (y2, x2) € I, x X,. Then, ¢ is an isomorphism by
definition. If a; is a coboundary, a; (y1,x1) = c(y1x1) —c(x1), where c: X — G
is a Borel map.

1 1 1

goai(ya.x2) = ai(@  y20. 97 x2) = c(p ' y20(0 ' x2)) — (97 x2)

is also a coboundary. O

Corollary 3.9. For a Borel automorphism group I of (X, B) the first cohomology
group H'(I' x X,G) = ZY (T x X,G)/BY(T x X, G) is an invariant of orbit
equivalence.

Remark 3.10. In general, B(T" x X, G) is not closed in the topology described
above. Hence H'(I" x X, G) should be considered as an abstract group that does
not inherit the topological or Borel structure.

Remark 3.11. Let Ctbl(X) be defined as the subset of Aut(X, B) consisting of all
automorphisms with countable support, that is

T € Ctbl(X) < E(S,]) is at most countable.

One can show that Ctbl(X) is a normal subgroup which is closed with respect
to the uniform topology, see (2.9) in Definition 2.10. Therefore Kth(X ,B) =
Aut(X, B)/ Ctbl(X) is a simple Hausdorff topological group with respect to the
quotient topology [3]. Considering elements from Kth(X , B), we identify Borel
automorphisms which differ on at most a countable set. Topological properties of
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the group K\ut(X , B) are studied in [4]. It was shown that the quotient topology
on Xl}[(X ,B) is in fact generated by neighborhoods V(T'; i1, ..., in; €) where
the measures (1, ..., i, are taken from My (X), the set of all non-atomic Borel
probability measures on a standard Borel space (X, B).

Using a similar approach, we identify two functions f and g if they differ on
at most a countable set. In other words, we define the quotient set F with elements
¢ = {goT:T € Ctbl(X)} where g € F(X,B). Then one can show that the
quotient topology 7 on F is defined by neighborhoods V(f; 1, ..., tk; €), where
K- Hk € M{(X).

Based on Remark 3.11, we can obtain the following result. The proof is left
for the reader because we do not use this result in the paper.

Proposition 3.12. Let T be the topology on F (X G) defined as in Remark 3.11 by
atomless measures from My (X). Then, for fn and f from 7,

So—f
if and only ( f:,) converges to f uniformly.

4. Density of coboundaries for hyperfinite Borel actions
In this section we prove following result.

Theorem 4.1. Let I' C Aut(X, B) be a hyperfinite Borel automorphism group.
Then BY(I' x X, G) is dense in Z'(I" x X, G) with respect to the topology T where
G isal.c.s.c. group.

Since T is hyperfinite, it is orbit equivalent to a Borel Z-action. By Corol-
lary 3.9, the first cohomology group is an invariant of orbit equivalence. Hence,
without loss of generality, it suffices to prove the statement for a single Borel auto-
morphism 7 € Aut(X, B). To prove the theorem, we will use the Kakutani tower
construction for an aperiodic Borel automorphism which gives the possibility to
use periodic automorphisms to approximate 7. This construction is described
in [27, Chapter 7] and [3]. We include it here for convenience of the reader.

Recall that a Borel set A C X is called a complete section (or simply a
T -section) for an automorphism 7" € Aut(X, B) if every T -orbit meets A at least
once. If there exists a complete Borel section A such that A meets every T -orbit
exactly once, then 7 is called smooth. In this case, X = J;;, T' A and all the
sets T? A are disjoint. A measurable set W is said to be wandering with respect
to T € Aut(X, B) if the sets T"W, n € Z, are pairwise disjoint. The o-ideal
generated by all T-wandering sets in B is denoted by W(T'). By the Poincaré
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recurrence lemma, one can state that given 7 € Aut(X, B) and A € B there exists
N € W(T) such that for each x € A\ N the points 7"x return to A for infinitely
many positive n and also for infinitely many negative n. The points from the set
A\ N are called recurrent.

Remark 4.2. Assume that all points from a given set A are recurrent for a
Borel automorphism 7. Then for x € A, let n(x) = n4(x) be the smallest
positive integer such that 7" x e A and Tix ¢ A, 0 < i < n(x). Let
Cr ={x€A|na(x) =k}, k e N, thenTKC;, C Aand {TCy |i =0,....k—1}
are pairwise disjoint. Note that some Cj’s may be empty. Since T7"x € A for
infinitely many positive and negative n, we obtain

UT”A:UT”A:X

n>0 nez
and
oo k—1 '
x=Jra=Jrc.
n>0 k=1i=0

This union decomposes X into T-towers & = {T'Cy | i = 0,....k — 1},
k € N, where Cy, is the base and T¥~1Cy, is the top of £. Depending on T, the
set of these towers {£;} can be, in general, countable.

Lemma 4.3. Let T € Aut(X,B) be an aperiodic Borel automorphism of a
standard Borel space (X, B). Then there exists a sequence (A,) of Borel sets
such that

(i)X=A03A13A23"';
(iii) A, and X \ A, are complete T-sections, n € N,

(iv) every point in A, is recurrent, n € IN.

Proof. See [2, Lemma 4.5.3], where (i)—(iii) have been proved in more general
settings of countable Borel equivalence relations. It is shown in [27, Chapter 7]
that one can refine the choice of (4,) to get (iv). O

Definition 4.4. A sequence of Borel sets satisfying conditions (i)—(vi) of Lemma
4.3 is called a vanishing sequence of markers.

Proposition 4.5. Let T € Aut(X, B) be an aperiodic Borel automorphism of
a standard Borel space (X, B). Then there exists a sequence of periodic auto-
morphisms (Py) of (X, B) converging to T in the uniform topology (see Defini-
tion 2.10). Moreover, the periodic automorphisms P, can all be taken from [T].
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Proof. This propositions was proved in [3, Section 2]. We give the proof here as
it will be used in Lemma 4.6.

Let (A4,) be a vanishing sequence of markers for 7. Then, as we have seen
above, A, generates a decomposition of X into T -towers

) ={T'Ce(n)|i =0,....k—1}

and | J; Cr(n) = A,. Define
: 1 [° k-1
Pox— Tfk %fx ¢ Bz_— Ur=; T ' Cr(n), @.1)
T—**1x if x € T*"1Cy(n) for some k.

Then P, belongs to [T], and the period of P, on & (n) is k. Note that P, equals
T everywhere on X except the set B, which is the union of the tops of the towers.

It follows from Lemma 4.3 that (A4,,) is a decreasing sequence of Borel subsets
such that (1), A, = @. This means that for any x € X there exists n(x) such
that x ¢ A,, n > n(x). Moreover, if for some x € X, P,x = Tx, then
P,xx = Tx for all k. These facts prove that, for every x, the sequence (P, x) is
eventually stabilized and it is and equal to T'x. Hence, P, converges to T in the
topology . O

Lemma 4.6 is well known in the theory of dynamical systems. We include it
here for convenience of the reader.

Lemma 4.6 (folklore). (1) Let P be a periodic automorphism of a standard Borel
space (X, B). Then any cocycle of P is a coboundary.

(2) The same result holds for a smooth automorphism of a standard Borel space
(X,B).

Proof. (1) Leta € Z'(P x X,G), be a cocycle for P taking value in l.c.s.c.
abelian group G with identity 0. Denote by Cj the base of P-tower & where
P has period k. Then X is the disjoint union of &. We define a Borel function
f:X — G by setting f(x) = fr(x),x € &,k € N, where

a(P/,P77x) ifxe PICyforl <j <k-—1,

f"(x):{o ifx € C,.

It suffices to check that a is a coboundary on every tower §. For every x € X,
there exist k and j € {0,...,k — 1} such that x € P/C;. Letn € NN, then
P"x € P™C, where n = m — j + ik. Therefore, we have

fe(P"x) — fi(x) = a(P™ P~ /x)—a(P’, P7/x).
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Since 0 = a(P/ P~/ ,x) =a(P’/, P~ /x) +a(P~7, x), we obtain
fi(P"x) — fi(x) =a(P™, P7/x)+a(P™/,x) =a(P"P~7,x) =a(P",x).

Hence, a is a coboundary.
Statement (2) is proved analogously. O

Let T € Aut(X, B) and f be a Borel function on X. By a(f) we denote the
cocycle generated by f:

fQ)+ f(Tx)+---+ f(T77'x) if j > 1.
a(f)(j,x) =140 if j =0, 4.2)
—f(T7'x) = f(T2x) —---— f(T/x) if j <—1.

Lemma 4.7. Suppose a sequence of Borel functions ( f;) converges to f in the
topology T. Then the sequence of cocycles a( f;) converges to a( f), i.e., for every
jeqz,

a(f)(j. x) —> a(£)(j.x), i — oo,

Proof. To prove the lemma, we need to show that for any positive € and § and for
any finite set of Borel probability measures 1, ..., i, there exists N € N such
that

wix:lai(j,x) —a(j,x)| >e€}) <8, [ =1,...,n. 4.3)

Fix a natural number j (the case of negative j is considered similarly). Take
a finite set of Borel probability measures 1, ..., i,. Define

{vl,...,vs}={ui0Tk:i=1,...,n,k=0,1,...,j—1}

(here s = ij). It follows from the condition of the lemma that for any positive €;
and §; there exists N = N(e1,81) € N such that foralli > N

vidx:|fi— fl>e}) <b1, [ =1,...,s. 4.4)
For convenience, we introduce the following sets
Al e) ={x:|fioTF = foTK|>e), k=0,....j—1,

and
C(i,e) = {x:lai(j,x) —a(j, x)| > €}.
Denote

j—1
S(@i,¢) = {x: S 1A (TRx) — f(TFx)| > e}.

k=0
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Since

j—1
jai (j, x) —a(j, )| < Y | filT*x) = f(T*x)],

k=0

we see that C(i,e) C S(i,€). Take €; = ? and 6; = %; then it follows from the
above definitions that .

=

U Ak<i, 5,) > S(i, ).

k=0 J

We need to prove that u; (C(i,€)) < § for all sufficiently large i and/ = 1,...,n.
Indeed, it follows from (4.4) that, for i > N(ey, 61),

Jj—1

p(CG0) = (S = 3 (i)
k=0
zgmoTk(Ao(i,;)) LA
This proves the lemma. O

Proposition 4.8. Let a: 7. x X — G be a cocycle of an aperiodic T € Aut(X, B).
Then there exists a sequence of coboundaries (a,) of T such that (a,) converges
to a in the topology T (see Remark 3.4 and Definition 3.2).

Proof. It is obvious that, for any cocycle a:Z x X — G of T € Aut(X, B), there
is a Borel function f such thata = a(f), i.e.,

fx)+ f(Tx)+--+ f(T77x) if j > 1,
a(j,x) =140 if j =0, 4.5)
—f(T7 %) = f(T72x) —---— f(T/x) ifj <-1

In the proof, we will use the notation introduced in this section above. By
Proposition 4.5, for every T € Aut(X, B), there exists a sequence of periodic auto-
morphisms (P;) of (X, B) converging to T in the topology 7 (see Definition 2.10).
It can be easily seen that P; and P;4; agree (thatis P;x = P;4+1x everywhere ex-
cept on top of the T-towers & (i) built over A; where (A4;) is a vanishing sequence
of markers. Let D; denote the union of the top levels of T-towers & (i). Since
D; D Diyyand(); A; = @, weseethat(); D; = @. Therefore, for every x, there
exists a smallest number 7 (x) such that, for all i > n(x), P;x are all the same and
equal to T'x.

Next, we define K; := {x € X:n(x) = j}, j € N. Note that K; C K;; and
Uj K; = X. Fix a finite set of probability measures p1, iz, ... 1, € M;(X) and
take € > 0. Then there exists j € N, such that u;(K;) > 1—eforl =1,2,...,n.
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We recall that the periodic automorphisms P; are taken from the full group [T']
and therefore the cocycle a € ZYT' x X,T) can be extended to P;. This
observation allows us to define

fu(x) :=a(Pp,x) forall x € X.

By Lemma4.6, every cocycle of P, is acoboundary. Hence there exists a sequence
of Borel functions g,: X — G such that f,(x) = g,(x) — g»(Prx). Moreover,
recall that P,x = Tx for every x € K,. As aresult, for every x € K, we have
fau(x) = a(Py,x) = a(T,x) = f(x). We further define a sequence of Borel
functions F,,: X — G as follows:

F,(x) = gn(x) —gn(Tx) forall x € X.

By definition, the function F;, is a T-coboundary for every n.
It remains to show that F, N f (see Definition 3.2). For this, we prove that
for every €, § > 0 there exists n € IN such that
wix: | Fpo(x) — f(x)] >€}) < foralll =1,2,...,n. (4.6)
Note that if x € K, then f,(x) — f(x) and

|Fn(x)_ f(x)| = |gn(an) _gn(Tx)| = 0.
Hence,
wix: | Fu(x)— f(x)| >e}p) C X\ K, foralll=1,2,...,n.

For every § > 0, we can find N such that for all n > N, u;(X \ K,) < § for
[ =1,2,...,n,and then (4.6) follows.

To finish the proof, we define the sequence of T'-coboundaries (a,) by func-
tions F, as in (4.5). It follows from Lemma 4.7 that the converges of (F;) to
the function f in the topology T implies that a, (F,) converges to a(f) in J. It
completes the proof. O

Proof of Theorem 4.1. In light of Theorem 2.3, Proposition 4.8 implies Theo-
rem 4.1. d

5. Cocycle over odometer action

The goal of this section is to describe explicitly cocycles defined by 2-odometers.
In fact, the results of this section can be used for arbitrary uniquely ergodic Borel
automorphisms since they are Borel isomorphic to the 2-odometer. We will use
the following definition of the 2-odometer which is equivalent to Definition 2.4.
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Consider the space (X = {0, 1}V, B), where B is the Borel sigma-algebra gen-
erated by cylinder sets. Let I' C Aut(X, B) be the group of Borel automorphisms
generated by automorphisms (41, ..., 8,,...) where §, acts on x = (x;) € X by
the formula
Xi ifi #n,

. (5.1
x; +1 (mod2) ifi =n.

(8nx)i = {

We see that every 8, is periodic, §2 = 1, and any two generators §,, §y commute.
Obviously, the orbit equivalence relation Ex (I") is hyperfinite and preserves the
product measure u = ); u; where p;({0}) = pu;({1}) = 1/2. The group I' is
orbit equivalent to the 2-odometer acting on ({0, 1}, B).

Cocycles over odometers have been extensively studied in ergodic theory.
We refer, in particular, to the papers [13, 14] where the authors proved several
important results. Firstly, it was shown that every cocycle is cohomologous to a
cocycle that takes values in a countable subgroup H of G, and, secondly, cocycles
with dense range are unique in the following sense: let « and B be two cocycles
with values in G such that the skew products I'(«) and IT'(8) are ergodic, then
there exists an automorphism R in the normalizer N [I'] such that & and 8 o R are
cohomologous (see Section 1).

We use a similar approach to prove the first result in the setting of Borel
dynamics. We do not know whether the second result holds. We remark that for
consistency with other parts of this paper our proof is given for an abelian group
G though the same proof works for non-abelian groups.

We reprove the following statement that was implicitly formulated in [13].

Proposition 5.1. Let the group T' = (81,...6,,...) of Borel automorphisms of
{0, 13N be defined as in (5.1). Then for every cocycle c:T' x X — G, there exists
a sequence of Borel functions ( f,: X — G)pen Such that

€(8n.x) = x1 f1(8nx) + -+ + Xpn—1 fn—1(8nX)
+ (=D fu(x) = Xn—1 fu—1(x) — -+ — x1 f1(x),

where the function f, is invariant with respect to 1,682, ,...,0,, n € IN.

Conversely, let (f,: X — G)nen, be a sequence of Borel maps such that each
[fn is invariant with respect to 81,682, , . .., 8,. Then (f)nen generates a cocycle c
according to (5.2).

(5.2)

Proof. Since the transformations §;,7 € IN, are pairwise commuting, relation (5.2)
can be extended to all y = §;,---6;, € I'. First we show that if there exist
a sequence of functions (f,) with the invariance property as described above,
then (5.2) defines a cocycle of I". To do this, we show that

(8,85, x) = c(8x8n,x) and c¢(82,x) =0 foralln,k € N, x € X.
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In other words, we need to prove that the definition of ¢ by (5.2) gives the same
result for two ways to compute ¢ (8,8, x).

By the cocycle identity, we have ¢(8,0r,x) = ¢(8,0xx) + c(8k,x). For
definiteness, we can assume that n > k. In what follows, we will use the obvious
property (§gx); = x; if i # k and (8xx)x = xx + 1 (mod2). Then

€(8n, 8kx) = x1 f1(8n8kx) + -+ + (8 X Sk (8p0kX) + -+ + Xn—1 fn—1(8n Sk x)
+ (=D £ (8x) = Xni frm1 (Bex) = -+
— Okxic) fie (Bxex) — - -+ — x1 f1 (8 x).
Using the fact that, for each i € N, the function f; is invariant with respect to
81,62,,...,8;, we get
(8, 8k x) = x1 f1(Bnbkx) + -+ + (B X)k S (Snx) + -
+ Xn1 o1 (%) + (=D £,(x)
= Xn—1 fn—1(x) =+ — Bk X)k fr (x)
— Xk—1 Jre—1 (8 x) — -+ — x1 f1(8kx).
Similarly, we have by (5.2)
¢(8k, x) =x1 f1 (8, X) + -+ + X1 fr—1 8k X) + (=D fr(x)
= X1 Je—1(x) — -+ — x1 f1(x).
After taking the sum and simplifying, we obtain that
c(8ndk, x) = x1 f1(8n0kx) + -+ + ($x )k [k (8nX) + -+ + Xp—1 fu—1(8nX)
+ (=DM £ () = Xnmt fumr (6) = = @i fe(r)  (5.3)
+ (=D fie(x) = X1 fr—1(x) — -+ = x1 f1(x).

Next, we represent ¢ (80, x) as ¢(8g, ,x) + ¢(8,, x) and compute noticing

that (8,Xx)r = xg:
¢(Bks 8nx) = x1 f1(8k8nx) + -+ + (=D fi (8nx)

= Xk—1 fk—1(8nX) — -+ — X1 f1(8nx)
and
¢(8n, x) = x1f1(8nX) + -+ + Xg—1 fk—1(8nX) + Xk fie ($px) + -+
+ (=D fu(x) = Xp—1 fu—1(x) — -~
= Xk 1 Jre+1 (%) = Xp fie (%) = Xp—1 fr—1(x) — -+ — x1 f1(x%).
Thus, we get

8k, 8nx) 4 ¢(8ns X) = x1 f1(8k8px) + - + (=1 f5(8nX) + Xk fi (8nX) + - --
+ (_l)xn Jn(X) = xp—1 fr—1(x) — -~

= Xk S (%) = Xpe—1 fre—1(X) = -+ = x1 f1(x).
54
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One can easily see (by considering all possible values for x;) that the following
relations hold:

(81)k fie 8nx) = (= 1)k £(8,x) + X fic (%)
and

=X e (%) = (8, Xk fie(x) + (=D fre ().
Comparing (5.3) and (5.4), we conclude that
¢(8n, 8k x) + ¢(8k, x) = ¢(8k, 8nx) + c(8nX)

for all distinct integers n, k.
To see that, for every n € NN, the cocycle ¢ has the property ¢ (52, x) = 0, we
observe
€8s 8nx) + (. x) = (8a2)1 f1(E5%) + -+ 4+ (D) £ (Sx) — -
— (BnX)n—1fn-108nx) — -+ = (nx)1 f1(8nX)
+x1f16px) + -+ (=D fu(x) =+ = x1 f1(x).

Because 83 =1and f, is §,-invariant, we see that

c(82,x) = (=16 £ (x) + (=1)* fr(x) = 0.

This proves that relation (5.2) defines a cocycle of the group I'.

Conversely, if a cocycle ¢ is given, then the functions f, are determined as
follows: set f,(x) = ¢(8x, x) for x from the cylinder set 4,(0, ..., 0) generated
by the first n zeros. Then f, is extended on X by invariance with respect to the
subgroup (81, ...68,) to obtain the function f,. O

Let o and B be two cocycles of I', which are determined as in Proposition 5.1
by sequences of Borel functions f,: X — G and f,: X — G, respectively. Define
two new sequences of functions ¥,: X — G and ¥,,: X — G as follows:

Yn(X) = —Xn fr(X) = X1 fro1 (x) — - — X1 f1(X), (5.5)
Un(X) = —Xn fr (X) = Xn—1 fu1 (x) — - — x1 f1(x). (5.6)

We denote by {W;}72, a system of neighborhoods of 0 € G with the following
properties:

(i) W; is compact for every i;

(i) W; is symmetric for every i (i.e., W; = —W;);

(iii) Wig1 + Wixa C Wi e N
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Proposition 5.2. Let o and B be two cocycles of the group T' with values in a
Lc.s.c. group G. Let (f,,) and ( f,) be the sequences of functions determined by a
and B, respectively, according to Proposition 5.1. Assume that, for all x € X and
n e,

Ja(X) = fu(x) € Wa,
where the neighborhoods (W,) satisfy conditions (i)—(iii). Then the cocycles o
and B are cohomologous.

Proof. Define a sequence of functions
gn(x) 1= —Yu(x) + Y (x), neN,
where ¥, and v, are as in (5.5) and (5.6). Thus for all n, k € IN, we have
Entk(X) = €n(X) = —Ynpke (X) + Y (¥) + Y (X) = Y ().
It follows from (5.5) and (5.6) that
Yk (X) = Xntke fatke (X) 4+ + Xng1 fat1(X) + Y (X)),
and a similar formula holds for v, « (x). Hence,
Entk (X) = 8n(X) = Xnik ok (X) = X fugk (%) + -+
+ X1 fut 1 (X) = Xn1 fr1 (%)

It follows from the condition of Proposition that f;,1;(x) — fn1i(x) € Wy for
all i,n € IN. Hence,

Xnti futi(X) = Xnti fugi(xX) € Wy forallineN
By the choice of W;, we obtain

nik(xX) —gn(x) € Woik + Wogk—1 + -+ + Wa
C Whtk—1+ Wagg—1 + -+ Wapa
CWhtk—2+ -+ Wyt

C W,.
Using the Cauchy criterion, there exists a Borel function g: X — G such that, g,
converges uniformly to g on X.

Without loss of generality, we can assume thatn > k. Since (6,x); = x; where
i=1,...,k—1,and

Vi1 Bk (x)) = x1 f1(x) + -+ + X1 f1(8kX),
Vi—1(x) = =Xp—1 fem1 () + -+ + —x1 f1 (%),
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we can compute ﬁ(&k, x) = g, (8kx) + B(8, x) — gn(x) as follows:

Bk, x) = — Yn(8kx) + Vn(8kx) + X1 f1(85x) + -+
+ X1 F1(8,2) + (=1 fie(x)
— Xkt Jem1 () = -+ = X1 f1(%) = (=Y (¥) + Y (1))
= — Yn(5) + Un (5) — Yie—1 (B (1)) + (=)™ fie(x) + Yie—y (x)
+ Y (X) = Yn (%)

= — Yn(8X) — Xn fu (8X) — Xno1 fuo1 (8 x) — -+ — (S )k S ($xx)
+ (=D fe(0) + X0 fn(0) + -+ Xk i (X) + Y (%)
Since n > k, the function f, is invariant with respect to 8y, ..., 3k, we have

Bk, x) = = Yn(xx) = Xn fa(6) = Xno1 famr (x) =+
— (B,)k fe(x) + (=)™ fie(x)
g fi(0) 4 - X fa (6) + Y ().
After simplifying, we obtain that

B8k, ) = —Yn(8icx) — G () + (=1 fie(x) + xi fie(x) + ¥ (x).
It remains to show that
Sk fie(x) + (=)™ fie(x) + xi fie (x) = 0. (5.7)
Indeed, if x; = 0, then x fx(x) = 0, and (§xx)x = 1 implies that

—(8X)k fie(x) = = fre(x).
If xp = 1, then —(8xx)k fx(x) = 0 and (—1)*¢ fx(x) = — fx(x) . Thus, in both
cases we get
gn(8kx) + B8k, X) — gn(X) = —Yu(Skx) + Yn(x).
On the other hand,
—Yn(Skx) + Vn(x) = Xn fu(Bgx) + -+ + (S xk) fre Brx) + -+
+ X1 f1(8kX) — Xn fu(X) — -+ = Xk fr (X) — -+ = x1 f1(%).

By invariance of f, with respect to of §y,..., 8%, we can write down the above
equality as
~Yn(Sicx) + Yn(x) = xp fa(X) + -+ e X)k fie (%) + Xpe—1 fi—1(8xcx) + -
+ x1 f1 0k X) = X fu(x) = -+ = Xk fre (%) — -+ — x1 f1(x)
= — Yk-10kx) + (=D fre(x) + Yi—1(x)
= (g, x).
(5.8)
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The first equality in (5.8) is due to relation (5.7), applied to the function f;, and
the second equality is, in fact, a short form of the definition of «.
Thus, we proved that, for every n > k and all x € X,

gn(0kx) + B8k, x) — gn(x) = (8, x).

Since g,(x) — g(x) as n — oo, we conclude that

8(8kx) + B8k, x) — g(x) = (B, x).

Because the group T is generated by 8z, k € IN,, we see that the cocycles « and
are cohomologous. O

Theorem 5.3. Let I be a free group of Borel automorphisms which is orbit
equivalent to the 2-odometer. Let a be a I'-cocycle with values in a l.c.s.c. group
G and H a dense countable subgroup of G. Then the cocycle a: I’ x X — G is
cohomologous to a cocycle B with values the subgroup H.

Proof. Without loss of generality, we can consider cocycles of the 2-odometer.
By Proposition 5.1 the cocycle « is determined by the functions f,: X — G,
n € IN. Take a sequence of symmetric neighborhoods of 0 in G which satisfies the
properties (i)—(iii) (see above). Approximate each function f,(x) by a function
fn(x) with values in H so that f,(x) — fn(x) € W, for each x € X, and
additionally, f,(6;x) = fu(x), for 1 < j < n. Clearly it can be done because
the functions f; have this property.

Hence, we satisfy the conditions of Proposition 5.2. Construct the I'-cocycle
which is determined by the sequence of functions f;,(x), then 8 is cohomologous
to «. O

6. Borel version of Gottschalk—-Hedlund theorem

The following is a version of the Gottschalk-Hedlund (G—H) theorem for Borel
automorphisms. Our proof is a modification of the proof of Gottschalk—Hedlund
theorem given by F. Browder [6].

We will consider homeomorphisms of a Polish space. It is well known that
every Borel automorphism admits a continuous model, i.e., it is Borel isomorphic
to a homeomorphism of a Polish space, see, e.g., [21]. We say that a homeomor-
phism 7" € Aut(X, B) acting on a Polish space X is minimal if every T-orbit is
densein X, i.e., forevery x € X, {Tix:i € Z} = X. There exist Polish spaces that
admit minimal homeomorphisms (we thank [34] for examples of such spaces).

We note that in Theorem 6.1 we consider bounded cocycles of homeomor-
phism of a Polish space, while the G-H theorem for topological dynamics
(see [16]) has no such restriction. This is due to the fact that the underlying space
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in Theorem 6.1 is a non-compact Polish space. In topological dynamics continu-
ous cocycles of homeomorphism of a compact space are studied. Here we study
Borel cocycles of homeomorphisms of a non-compact Polish space. Hence, we
have to limit our discussion to bounded cocycles. We do not know whether the
result holds without this assumption.

In the proof of Theorem 6.1 we will use the following fact: every locally
compact second countable group G has a left-invariant metric d which is proper,
that is every closed d-bounded set in G is compact (see [8, Theorem 2.B.4]).

Theorem 6.1. Let (X, B) be a Polish space and T € Aut(X, B) is a minimal
homeomorphism of (X, B). Let h: X — G be a bounded Borel map from X to a

l.c.s.c. abelian group G. Then, the function h is a coboundary (i.e., there exists a
bounded Borel function f: X — G such that f(Tx) — f(x) = h(x), x € X), if
and only if there exists M > 0 such that

sup‘ ih(Tkx)‘ <M,
xeX k=—j

forall j > 0.

Before we begin to prove Theorem 6.1, we define some maps and prove
Lemmas 6.3-6.5. Lety: X x G — G, as ¥ (x, g) = g + h(x) where h(x) is the
Borel map as in the statement of Theorem 6.1. Next, we define the skew product
XxG—>XxGasn(x,g)=(Tx,¥(x,g) = (Tx, g+ h(x)).

Denote by Orb, (x, g) = |,ez{n"(x, g)} the orbit of (x, g) under = and by
F(x,g) =O0rb,(x, g) the orbitclosure in X xG. Let px and pg denote the natural
projections from X x G to X and G, respectively. We assume that for each point
(x,g) € X x G the set pg(F(x, g)) is contained in a compact subset of G.

Remark 6.2. We note that the condition that Zi:_ ; h(T*x) is bounded in G for
all x € X and j > 0 is equivalent to the fact that the orbit (with respect to r) of
any point (x, g) € X x G has abounded and hence a precompact image in G under
the projection map pg of X x G into G. This in turn implies that pg (F(x, g)) is
contained in a compact subset of G.

Consider the family J of subsets F of X x G such that

J ={F | F is anonempty closed subset of X x G;(x,g) € F = n(x,g) € F;
pc (F) is contained in a compact subset of G}.

Obviously, J is nonempty since, for any point (xg, go) € X x G the set F(xo, go)
isin J.

Lemma 6.3. If F € J, then px(F) = X.
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Proof. Let (xo, go) € F. Since 7" (x¢, go) € F, px (7" (x0, go)) € px(F). Thus
px (F) contains the dense set {T%(xo)}. Hence px (F) is dense in X.

Next, for F C X x G, we have F C X x pg(F) and pg(F) is a compact set
in G. Since the projection px (F) is a closed map, we obtain that py (F) is closed
in X. We showed that py (F) is dense and closed in X, hence px(F) = X. O

Lemma 6.4. The family of sets J has a minimal element under inclusion. Every
orbit closure F(x, g), (x,g) € X x G, contains a minimal element of J.

Proof. We use Zorn’s lemma. Consider a totally ordered (with respect to inclu-
sion) chain {F,} in J. Let Fy = (), Fu. Then Fj is a closed r-invariant set and
pc (Fp) is clearly contained in a compact set of G. To prove that Fyy € J, we show
Fy # 0.

Let xo € X, consider G, = Fy N px'(xo). By Lemma 6.3, px(Fy) = X,
therefore G, is a nonempty closed subset for any xo € X and any o. Moreover,
Gy C xo X pg(Fy). We note that xo x pg(Fy) is compact since it is mapped
homeomorphically by pg to a compact set pg(F,). Since G, is compact for
each o, Gy = (), G is non-empty. Since Go C Fy we conclude that Fy is non-
empty. O

Let £: G — G be a homeomorphism of G such that it commutes with ¢ i.e.,
Y(x,6g) = &y(x,g)forallx € Xandg € G. Let Se: X xG — X xGbea
homeomorphism defined by Sg(x, g) = (x,£g) = (x,£g).

Lemma 6.5. Let Fy be a minimal element of J and suppose that for a fixed point
xo € X, the points (xg, go), (x0, g1) lie in Fy. Suppose further that there exists a
homeomorphism & of G onto itself such that it commutes with ¥ and £(go) = g1.
Then Sg, Fo = Fy.

Proof. Since £ commutes with ¥, we get

Sem(xo, go) = Se(T xo0, ¥ (X0, g0)) = (T'x0, 5V (X0, g0))
= (T x0, ¥ (x0.£g0)) = m(x0,5g0) = wS¢(x0, go)-

Thus Sgn” = 7S¢, i.e., Sg(Orbs(xo,g0)) = Orby(xo,£g0). Using the fact
that S¢ is a homeomorphism we get Sg F(xo, go) = F(xo,8g0). Since Fy is a
minimal element of J, by assumption it contains both (x¢, go) and (xo, g1) we
get Fo = F(xo,80) = F(xo,81). But S¢Fo = S¢F(x0,80) = F(xo0,£80) =
F(xo,g1) = Fo. O
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Proof of Theorem 6.1. Let B(0, r) denote the ball of radius r centered at 0 € G
with respect to a translation invariant metric on G. We first assume that there
exists a bounded Borel function f: X — G such that f(x) € B(0,m) for some
m > 0,and h(x) = f(Tx)— f(x) forall x € X. Then, it is clear that

J
D (T*x) = = f(T7x) + f(TYTVx) € B0, 2m).
k=—j

Hence, Z/€=_j h(T*x) is bounded in G for all x.

Conversely, assume that, for all x € X and for all j > 0, Z',’C:_ j h(Tkx)
is bounded in G. Thus, for any point (x¢, go) € X x G, the set pg(F(xo, go))
is contained in a compact set of G (see Remark 6.2). Therefore, we can apply
Lemmas 6.3-6.5.

Let Fy be a minimal closed invariant set in X x G with respect to 7. We will
show that, for any x¢ € X, Fp contains at most one point of the form (xo, g). To
see this, assume that for some xo € X, the set py Ixo N Fy contains two distinct
points (xg, go) and (x¢, g1). Let k = g1 — go; then the map & (g) = g + kisa
homeomorphism of G onto itself which commutes with ¥, and &, (go) = g1. By
Lemma 6.5, Sg, Fo = Fo where Sg, (x,g) = (x,g + k). Hence, Sék Fy = F, for
any integer i . This contradicts the boundness of pg (Fp). Thus, Fy has at most one
point (x¢, go) for arbitrary xo € X. Therefore, we can uniquely define a function
f: X — G by the condition f(x¢) = go where (xo, go) € Fo. By Lemma 6.3, the
function f is defined at every point of X. Moreover, f can also be considered as
a function on X with values in the compact set pg (Fp).

Recall following result: If Y is a topological space, Z a compact space, and
s:Y — Z is a function, then the graph of s is closed if and only if s is continuous.

Since the set Fy is the graph of f and Fj is closed, we conclude that f is
a continuous function. Finally, for w(x¢, f(xo)) € Fo, we have (T xo, f(xo) +
h(xp)) € Fy. Thus, by definition of f, we get f(Txo) = f(xo) + h(xo) as
needed. O
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