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Abstract. We study cocycles of countable groups � of Borel automorphisms of a standard

Borel space .X;B/ taking values in a locally compact second countable group G. We

prove that for a hyperfinite group � the subgroup of coboundaries is dense in the group of

cocycles. We describe all Borel cocycles of the 2-odometer and show that any such cocycle

is cohomologous to a cocycle with values in a countable dense subgroup H of G. We also

provide a Borel version of Gottschalk–Hedlund theorem.

Mathematics Subject Classification (2020). 37A40, 37A99, 37B05, 37B99, 54H05.

Keywords. Borel automorphism, cocycle, coboundary, hyperfinite countable Borel equiv-

alence relation, odometer.

1. Introduction

Let � be a countable group of Borel automorphisms of a standard Borel space

.X;B/ and G be an abelian locally compact second countable (l.c.s.c.) group.

A Borel map ˛W� �X ! G is called a cocycle if it satisfies the so called cocycle

identity for all .
; x/:

˛.
1
2; x/ D ˛.
1; 
2x/C ˛.
2; x/; ˛.1; x/ D 0; (1.1)

where 1 is the identity map and 0 2 G. A cocycle ˛.
; x/ is called a coboundary

if there exists a Borel function f WX ! G such that ˛.
; x/ D f .
x/ � f .x/.

Two cocycles, ˛ and ˇ, are cohomologous if ˛ � ˇ is a coboundary. The set

Z1.� � X;G/ of all cocycles is an abelian group, and the coboundaries form a

subgroup B1.� �X;G/ of Z1.� �X;G/.

Cocycles play an important role in ergodic theory. They are studied up to null

sets: if � is a countable group of non-singular automorphisms of a standard mea-

sure space .X;B; �/, then relation (1.1) must be true �-a.e. Cocycles are widely

used in the theory of orbit equivalence of dynamical systems and in various con-

structions (e.g., skew product) helping to classify dynamical systems and clarify

the properties of automorphism groups of a measure space. They are also one of

the central tools in the representation theory, theory of groupoids, classification
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of ergodic actions of amenable and non-amenable groups, etc. Understanding the

structure of cocycles for a hyperfinite automorphism group (it is a group which

is orbit equivalent to a single transformation) led to a more detailed classification

than orbit equivalence [5, 12, 14, 15, 18]. We give here several principal ref-

erences which include some pioneering works of Moore [26], Ramsay [30, 11],

Schmidt [31, 32], and Zimmer [37]. (A more detailed list of papers devoted to co-

cycles is too long to mention all crucial contributions to the theory of cocycles.)

It is well known that there are impressive parallels between ergodic theory and

Borel dynamics, though the fact that, for a Borel dynamical system, there is no

prescribed measure on the underlying space makes these two theories essentially

different. In this paper, we prove several results about cocycles in the context of

Borel dynamics. They are motivated by the existing counterparts in the framework

of ergodic theory. There are many important problems in dynamics involving

Borel cocycles that deserve to be studied. For example, it would be interesting

to find out whether the notion of a ratio set makes sense for Borel cocycles

taking values in l.c.s.c. (abelian) groups. Another application of cocycles might

be related to the study of a Borel version of Mackey range. These concepts are

extremely important for the classification of automorphism groups in ergodic

theory. Remark that these and other results in ergodic theory remain true for

nonabelian groups, in general. In the case of Borel cocycles, even abelian case is

not well understood. We hope to contribute to the formulated problems in further

works. In this paper, we focused on cocycles with values in abelian groups. It is

worth mentioning that various properties of Borel cocycles were considered in the

papers [1, 7, 9, 11, 24, 25], and some others.

We fix the main setting for the paper: � is a hyperfinite free countable group

of Borel automorphisms on a standard Borel space .X;B/ and ˛ 2 Z1.� �X;G/

is a cocycle of � with values in an abelian l.c.s.c. group G. In this setting, the

following results are proved: (i) we introduce a topology on the space of Borel

functions (which is an analogue of the convergence in measure topology) and

prove that the set of coboundaries is dense in the set of all cocycles; (ii) using

an exact formula that describes cocycles over an odometer, we prove that every

cocycle is cohomologous to a cocycle with values in a dense countable subgroup;

(iii) we give a criterion (a version of Gottschalk–Hedlund theorem) for a cocycle

with values in G to be a coboundary.

The study of Borel cocycles is mostly motivated by the theory of orbit equiv-

alence of groups of Borel automorphisms. The property of orbit equivalence for

groups of Borel automorphisms is equivalent to isomorphism of the correspond-

ing equivalence relations generated by orbits. The notion of a countable Borel

equivalence relation (CBER) has been extensively studied in the descriptive set

theory and Borel dynamics. This concept has many applications in other adjacent

areas. We refer to [2, 10, 19, 20, 21, 23, 27, 35, 36], where the reader can find

connections of orbit equivalence theory with the descriptive set theory and further

references.
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Our main results about cocycles are of the following nature. Firstly, it is not

hard to see that orbit equivalent groups of Borel automorphisms have isomorphic

groups of cocycles and coboundaries and therefore the cohomology groups. This

means that the study of cocycles is naturally reduced to the case when cocycles

are considered on some “model” CBERs. In this connection, two types of dynam-

ical systems are of crucial importance: odometers and shifts. The classification

of hyperfinite CBERs up to isomorphism was a significant achievement due to

Dougherty, Jackson, and Kechris [10]. They proved that the complete invariant of

isomorphism of hyperfinite CBERs is the cardinality of the set of invariant mea-

sures. Odometers represent CBERs with a unique probability invariant measure.

They are also the main ingredient for the constructions of CBERs with finite (or

countable) set of probability ergodic invariant measures. In Section 5, we give an

explicit formula for cocycles of the 2-odometer. Our proof follows the approach

used in [13, 14] for measurable dynamical systems.

Another key result about cocycles in ergodic theory states that coboundaries

of a non-singular group of automorphisms � � Aut.X;B; �/ are dense in the

group of all cocycles if � is hyperfinite, see, e.g., [29, 32] for a proof. Here the

set Z1.� � X;G/ is endowed with the topology of convergence in measure. In

Borel dynamics we do not have a prescribed measure on .X;B/. Hence, to define

an analogue of the topology of convergence in measure, we have to work with all

Borel probability measures. (Our approach is similar to that used in [3] where an

analogue of the uniform topology on Aut.X;B/was defined). In Sections 3 and 4,

we consider topological properties of Z1.� �X;G/ and prove that coboundaries

are dense in Z1.� �X;G/ if � is hyperfinite.

Gottschalk and Hedlund (see [16, Theorem 4.11]) provided a criterion for de-

termining when a bounded cocycle of a minimal homeomorphism of compact

space is a coboundary. It was extended to minimal homeomorphisms of non-

compact topological space in [6]. It is a well-know fact that every Borel automor-

phism admits a continuous model, i.e., it is Borel isomorphic to a homeomorphism

of a Polish space. Using this model we extend the Gottschalk–Hedlund theorem

to bounded Borel cocycles (taking value in an abelian l.c.s.c. group) of minimal

homeomorphisms of Polish space (see Theorem 6.1).

The outline of the paper is as follows. In Section 2, we provide basic definitions

and preliminary results about groups of Borel automorphisms and cocycles. In

Section 3, we define a topology on the space of G-valued functions and discuss

properties of this topology. We show that the group of cocycles of a hyperfinite

group of automorphisms is a separable Hausdorff topological group. In Section 4,

we prove the main result stating that for a hyperfinite Borel action the subgroup of

coboundaries is dense in the group of cocycles with respect to the topology defined

in Section 3. We study cocycles of the 2-odometer in Section 5. In Section 6, we

prove the Borel version of Gottschalk–Hedlund theorem.
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Notation and Terminology. Here are a few remarks about the exposition of our

results in this paper. Firstly, we prefer to use the terminology which is traditional

for dynamical systems in ergodic theory. This means that our principal objects

are countable groups of Borel automorphisms not equivalence relations. But we

also use the language of CBERs when it is convenient. Secondly, we are aware

that some results can be reproved for cocycles with values in non-abelian l.c.s.c.

groups, for example, those in Section 5. Meantime, we will work with abelian

groups in this section for consistency. The case of non-abelian groups deserves a

separate study.

Throughout the paper, we use the following notations.

� .X;B/ is a standard Borel space with the �-algebra of Borel sets B D B.X/.

� A one-to-one Borel map T of the space .X;B/ onto itself is called a Borel

automorphism of X . In this paper the term “automorphism” means a Borel

automorphism of .X;B/.

� Aut.X;B/ is the group of all Borel automorphisms of X with the identity

map I 2 Aut.X;B/.

� A countable subgroup � of Aut.X;B/ is called a group of Borel automor-

phisms. The full group generated by � is denoted by Œ��.

� M1.X/ is the set of all Borel probability measures on .X;B/.

� E.S; T / D ¹x 2 X j T x ¤ Sxº [ ¹x 2 X j T �1x ¤ S�1xº where S; T 2

Aut.X;B/.

2. Preliminaries

In this section we provide the basic definitions from Borel dynamics and descrip-

tive set theory.

2.1. Automorphisms of standard Borel space. Let X denote a separable com-

pletely metrizable space (also known as a Polish space), and let B be the �-algebra

generated by the open sets in X . Then the pair .X;B/ is called a standard Borel

space.

A countable subgroup � of Aut.X;B/ is called a Borel automorphism group.

In this paper we focus only on countable Borel automorphism groups. Let G be

a countable group with identity e. A Borel action of the group G on .X;B/ is a

group homomorphism

�WG �! Aut.X;B/; g 7�! �g :

In other words, for each g 2 G, �g WX ! X is a Borel automorphism such that

(i) �gh.x/ D �g.�h.x// for every h 2 G and (ii) �e.x/ D x for every x 2 X .



Cohomology of hyperfinite Borel actions 1367

Clearly, �.G/ D ¹�g W g 2 Gº � Aut.X;B/ is a countable subgroup. If, for some

x 2 X , the relation �g.x/ D x implies g D e, then � is called a free action

of G. In this case, the group homomorphism � is injective. We note that every

Borel automorphism T 2 Aut.X;B/ defines a Borel action of the group Z by the

formula Z 3 n 7! T n 2 Aut.X;B/.

Countable Borel equivalence relation (CBER). An equivalence relation E on

.X;B/ is called Borel if it is a Borel subset of the product spaceE � X�X , where

X �X is equipped with the Borel �-algebra B�B. It is called countable if every

equivalence class Œx�E WD ¹y 2 X W .x; y/ 2 Eº is countable for all x 2 X . If C is

a Borel set, then ŒC �E denotes the saturation of C with respect to the equivalence

relation E, i.e., ŒC �E contains the entire class Œx�E for every x 2 C .

For a countable subgroup � of Aut.X;B/, we denote

EX .�/ D ¹.x; y/ 2 X �X W x D 
y for some 
 2 �º:

Then EX .�/ is called the orbit equivalence relation generated by the group �

on X . Clearly, EX .�/ is a CBER. An equivalence relation E is called aperiodic

if every E-class Œx�E is countably infinite. In contrast, finite E-classes will be

called periodic. Similarly, a Borel automorphism P is called periodic at a point

x if there exists k 2 N such that P kx D x. The least such k is called the period

of P at x.

It turns out that all CBER’s are generated by group automorphisms.

Theorem 2.1 (Feldman and Moore [11]). LetE be a countable Borel equivalence

relation on a standard Borel space .X;B/. Then there is a countable group � of

Borel automorphisms of .X;B/ such that E D EX .�/.

A Borel set B is a complete section for an equivalence relation E on .X;B/

if it intersects every E-class, i.e., ŒB�E D X . If a complete section intersects

each E-class exactly once then it is called a Borel transversal. An equivalence

relation E which admits a Borel transversal is called smooth. Equivalently, one

can say that an equivalence relation E on a standard Borel space .X;B/ is smooth

if there is a Borel function f WX ! Y , where Y is a standard Borel space, such

that .x; y/ 2 E () f .x/ D f .y/. We remark that in this paper we will deal

only with non-smooth CBERs. See [22] for a survey of the state of the art in the

theory of countable Borel equivalence relations.

Definition 2.2. Let � be a countable automorphism group acting on .X;B/. We

will denote by C� the collection of Borel subsets C such that C and X n C both

are complete sections for EX .�/.
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Full group of automorphisms. For a countable subgroup � of Aut.X;B/, we

denote by �x the orbit ¹
xW 
 2 �º of x with respect to �. We say that � is a free

group of automorphisms if 
x ¤ x for every 
 ¤ e and x 2 X .

The set

Œ�� D ¹R 2 Aut.X;B/WRx 2 �x for all x 2 Xº

is called the full group of automorphisms generated by�. The full group generated

by a single automorphism T 2 Aut.X;B/ is denoted by ŒT �.

Let � � Aut.X;B/ be a freely acting group of automorphisms of a standard

Borel space .X;B/. Then, for every R 2 Œ��, there exists a Borel function


RWX ! � such that Rx D 
R.x/x; x 2 X . It follows that every R 2 Œ�� defines

a countable partition of X into Borel sets A
 D ¹x 2 X W 
R.x/ D 
º; 
 2 �.

Conversely, if ¹A
º is a Borel partition of X , such that ¹
A
º also constitutes a

Borel partition of X , then the map Rx D 
x, x 2 A
 , defines an element of Œ��.

In case when � is generated by a single automorphism T , the same construction

holds, and eachR from ŒT � is represented in terms of piecewise constant function

x 7! nR.x/.

A countable subgroup � of Aut.X;B/ is called hyperfinite if �x D
S1

iD1 �ix

for every x 2 X , where each �i is a finite subgroup of Œ�� and �i � �iC1 for

all i . Equivalently, a countable Borel equivalence relation E is called hyperfinite

if E D
S

nEn where En � EnC1 for all n, where each En is a finite Borel sub-

equivalence relation of E.

Let �i be a countable subgroup of Aut.Xi ;Bi/, i D 1; 2. The groups �1 and

�2 are called orbit equivalent (denoted o.e.) if there exists a Borel isomorphism

'W .X1;B1/ ! .X2;B2/ such that '�1x D �2'x, for all x 2 X1. Equivalently,

'Œ�1�'
�1 D Œ�2�:

If EX .�/ is the equivalence relation generated by a free action of �, then the

orbit equivalence of �1 and �2 is equivalent to the isomorphism of EX1
.�1/ and

EX2
.�2/.

We refer readers to [10] for the classification of hyperfinite aperiodic CBER

with respect to orbit equivalence.

Theorem 2.3 (Slaman and Steel [33] and Weiss [36]). SupposeE is a CBER. The

following facts are equivalent:

1. E is hyperfinite;

2. E is generated by a Borel Z-action.

Below we recall the definition of an odometer (known also as an adding

machine). There are many papers devoted to odometers and their generalizations.

We refer the interested reader to [17, 28] for detailed discussion.
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Definition 2.4. Let ¹pnº1
nD0 be a sequence of integers such that pn � 2 for each n.

Let� D
Q1

nD0¹0; : : : ; pn�1º be equipped with product discrete topology. Then�

is a Cantor set. We defineS W� ! � as follows: S.p0�1; p1�1; : : : / D .0; 0; : : : /,

and for any other x 2 �, find the least k such that xk ¤ pk � 1 and put

S.x/ D .0; 0; : : : ; 0; xk C 1; xkC1; xkC2; : : : /. A Borel automorphism T is called

an odometer if it is Borel isomorphic to some S . An odometer S is called the

2-adic odometer, if pn D 2 for each n 2 N0. In Section 5 we will work with the

2-adic odometer. For brevity, we will call it the 2-odometer.

2.2. Cocycles of Borel automorphism group. As above, let � be a countable

subgroup of Aut.X;B/ acting freely, and let G denote a locally compact second

countable abelian group with identity 0 (we will use the additive group operation).

We remark that the assumption thatG is an abelian group is made for convenience

and can be dropped in the following definitions.

Definition 2.5. A Borel function aW� � X ! G is called a cocycle over � if for

any elements 
1; 
2 2 � and all x 2 X

a.
1
2; x/ D a.
1; 
2x/C a.
2; x/ (2.1)

and

a.1; x/ D 0; (2.2)

where 1 denotes the identity map. The set of all cocycles of � is denoted by

Z1.� �X;G/.

A cocycle aW��X ! G is called a coboundary if there exists a Borel function

cWX ! G such that

a.
; x/ D c.
x/ � c.x/; for all 
 2 �; x 2 X: (2.3)

The set of all coboundaries of � is denoted by B1.� �X;G/.
Cocycles a1, a2W� � X ! G are called cohomologous (a1 � a2) if their

difference is a coboundary, i.e., if there exists a Borel function cWX ! G, such

that

a1.
; x/ D c.
x/C a2.
; x/ � c.x/: (2.4)

Sometimes it is useful to define cocycles over an equivalence relation as

described below.

Definition 2.6. Let E be a CBER. A Borel function uWE ! G is an orbital

cocycle over E if for every .x; y/; .y; z/; .x; z/ 2 E

u.x; z/ D u.x; y/C u.y; z/: (2.5)

An orbital cocycle is a coboundary if there exists a Borel function cWX ! G such

that for .x; y/ 2 E

u.x; y/ D c.x/ � c.y/: (2.6)
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As before, two orbital cocycles are cohomologous if their difference is a cobound-

ary.

Remark 2.7. Let � be a freely acting countable group of automorphisms. Given

any cocycle a 2 Z1.��X;G/, define a function uaWEX .�/ ! G by the following

rule: for any pair .y; x/ 2 EX .�/ determine unique 
 2 � such that y D 
x and

then set

ua.y; x/ D a.
; x/: (2.7)

Since � is free, ua is well defined. It is clear that ua satisfies .2.5/, hence it is an

orbital cocycle. Moreover, ua is a coboundary if and only if a is a coboundary.

Conversely, every orbital cocycle of EX .�/ defines a cocycle of �.

Remark 2.8. Let T be an automorphism of .X;B/which determines an action of

the group Z. Every Borel function f WX ! G with values in the group G defines

a cocycle aWZ �X ! G by the formula

a.j; x/ D

8

ˆ

<

ˆ

:

f .x/C f .T x/C � � � C f .T j �1x/ if j � 1;

0 if j D 0;

�f .T �1x/ � f .T �2x/ � � � � � f .T jx/ if j � �1;

(2.8)

Conversely, if aWZ � X ! G is a cocycle of the group ¹T n; n 2 Zº, then it is

completely determined by the function f .x/ D a.1; x/. Moreover, the properties

of the cocycle a.j; x/ are represented in terms of the function f .

Remark 2.9. If aW� �X ! G is a cocycle of a freely acting countable group of

automorphisms �, then it can be extended to a cocycle Oa over the full group Œ��.

Indeed, for R 2 Œ�� take the uniquely determined function x 7! 
.x/ such that

Rx D 
.x/x. Then we set

Oa.R; x/ D a.
.x/; x/; x 2 X:

It can be easily seen that Oa coincides with a on elements of the group �, and Oa

satisfies the cocycle identity (2.1) and (2.2).

2.3. Topologies on the group Aut.X;B/. We will need the notion of conver-

gence of a sequence of Borel automorphisms. Recall that several topologies on

Aut.X;B/ were defined and studied in [3]. We will work with the so-called uni-

form topology � whose origin lies in ergodic theory (see Section 1 for the defini-

tion of M1.X/ and E.S; T /).

Definition 2.10. The uniform topology � , on Aut.X;B/ is defined by the base of

neighborhood V D ¹V.T I�1; : : : ; �nI �/º where, T 2 Aut.X;B/, �1; : : : ; �n 2

M1.X/, � > 0, and

V.T I�1; : : : ; �nI �/ D ¹S 2 Aut.X;B/ j �i .E.S; T // < �; i D 1; : : : ; nº: (2.9)
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Remark 2.11. It can be seen that .Aut.X;B/; �/ is a Hausdorff, topological group.

It is also relevant to mention that topology � coincides with the topology � 0,

which is defined by the base of neighborhood V0 D ¹V 0.T I�1; : : : ; �nI �/º where,

T 2 Aut.X;B/, �1; : : : ; �n 2 M1.X/, � > 0, and

V 0.T I�1; : : : ; �nI �/

D ¹S 2 Aut.X;B/ j sup
F 2B

�i .TF � SF / < �; i D 1; : : : ; nº: (2.10)

3. Topologies on the space of cocycles

For a standard Borel space .X;B/ and an abelian l.c.s.c. group G, we denote by

F.X;G/ the set of Borel functions f WX ! G. Clearly, this set is an abelian group

under pointwise addition of functions. We will write simply F when X and G are

understood. Since G is metrizable, we will denote by j � j a translation invariant

metric on G compatible with the topology on G.

In this section we will define and study topologies on F.X;G/ which are

analogous to the topology of convergence in measure. For a countable group of

Borel automorphisms � � Aut.X;B/, we will consider the subgroups of cocycles

and coboundaries in F.X;G/. Our goal is to show that, for a hyperfinite group �,

coboundaries form a dense subgroup in the group of all cocycles.

Remark 3.1. Let � be a hyperfinite countable subgroup of Aut.X;B/. Without

loss of generality, we can assume that � acts freely. Then � is orbit equivalent

to a Borel Z-action, i.e., there exists an automorphism T 2 Aut.X;B/, such that

the orbits �.x/ coincide with those of the group ¹T nx; n 2 Zº. For any two orbit

equivalent automorphism groups, their groups of cohomology are isomorphic (see

Proposition 3.8 below). This means that, studying cocycles of �, it suffices to

work with cocycles of the group ¹T nW n 2 Zº. The benefit of this fact is that we

can explicitly write down the formula for Z- cocycles as in (2.8). Hence (as was

mentioned above), every cocycle aWZ �X ! G of ¹T n; n 2 Zº is represented by

a Borel function from X to G.

In the following definition, we discuss several topologies on F.X;G/ which

are analogous to the topology defined by convergence of measure.

Definition 3.2. The topologies �1; �2, �3, and �4 on F.X;G/ are defined by their

bases of neighborhoods U, U0, W and W0, respectively, where

U D ¹U.f I�1; : : : ; �nI �; ı/º;

U
0 D ¹U 0.f I�1; : : : ; �nI �/º;

W D ¹W.f I�1; : : : ; �nI �/º;

W
0 D ¹W 0.f I�1; : : : ; �nI �/º;
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and

U.f I�1; : : : ; �nI �; ı/

WD ¹g 2 FW�i .¹xW jf .x/ � g.x/j > �º/ < ı for all i D 1; : : : ; nº;
(3.1)

U 0.f I�1; : : : ; �nI �/

WD ¹g 2 FW�i .¹xW jf .x/ � g.x/j > �º/ < � for all i D 1; : : : ; nº;
(3.2)

W.f I�1; : : : ; �nI �/

WD

²

g 2 FW

Z

X

min .jf .x/ � g.x/j; 1/d�i < � for all i D 1; : : : ; n

³

; (3.3)

W 0.f I�1; : : : ; �nI �/

WD

²

g 2 FW

Z

X

jf .x/ � g.x/j

1C jf .x/ � g.x/j
d�i < � for all i D 1; : : : ; n

³

: (3.4)

In the above definitions, we take f 2 F.X;G/, �1; : : : ; �n 2 M1.X/, �; ı > 0,

and n 2 N.

Theorem 3.3. All the topologies �1, �2, �3, and �4 from Definition 2.10 coincide

on the group F.X;G/.

Proof. For the entire proof, we assume that i 2 ¹1; 2; : : : ; nº. Also note that the

notation �j � �k , for topologies �j ; �k, j; k 2 ¹1; 2; 3; 4º , j ¤ k, means that

�k is stronger than �j . Because our topologies are determined in terms of the

bases of neighborhoods, it suffices to check that the base for �k contains that

for �j . For example, �1 � �2, implies that for every f 2 F.X;G/ and a base

element U.f I�1; : : : ; �nI �; ı/ of �1 containing f , there exists a base element

U 0.f I�1; : : : ; �nI �/ of �2 such that

U 0.f I�1; : : : ; �nI �/ � U.f I�1; : : : ; �nI �; ı/:

(1) �1 coincides with �2 on F.X;G/. Clearly, for ı D �, we have �2 � �1. To

prove the converse, we will show, as mentioned above, that for a base element

U.f I�1; : : : ; �nI �; ı/ 2 U, there exists a base element U 0.f I�1; : : : ; �nI �/ 2 U0

such that

U 0.f I�1; : : : ; �nI �/ � U.f I�1; : : : ; �nI �; ı/:

If 0 < � < ı, take � D �, and we are done, since for � < ı,

U 0.f I�1; : : : ; �nI �/ � U.f I�1; : : : ; �nI �; ı/:

Now assume that 0 < ı < �. Then take � D ı and show that

U 0.f I�1; : : : ; �nI ı/ � U.f I�1; : : : ; �nI �; ı/:
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To see this, take any function g 2 U 0.f I�1; : : : ; �nI ı/ and note that 0 < ı < �

implies

¹xW jf .x/ � g.x/j > �º � ¹xW jf .x/ � g.x/j > ıº:

Thus for all i , we have

�i.¹xW jf .x/ � g.x/j > �º/ � �i.¹xW jf .x/ � g.x/j > ıº/ < ı:

Hence g 2 U.f I�1; : : : ; �nI �; ı/ as needed.

(2) �1 coincides with �3 on F.X;G/. First we show that �3 � �1. We need to verify

that, for any neighborhoodW.f I�1; : : : ; �nI �/ 2 W, there exists a neighborhood

U.f I�1; : : : ; �nI �0; ı/ 2 U such that

U.f I�1; : : : ; �nI �0; ı/ � W.f I�1; : : : ; �nI �/:

To see this, let �0 D �=4, and consider g 2 U.f I�1; : : : ; �nI �0; ı/, where ı > 0

will be chosen later. Then, for all i , we have

�i .¹xW jf .x/ � g.x/j > �=4º/ < ı: (3.5)

We will prove that

Z

X

min.jf .x/ � g.x/j; 1/ d�i < �: (3.6)

Choose a Borel set B such that

min.jf .x/ � g.x/j; 1/ D

´

jf .x/ � g.x/j if x 2 B ,

1 if x 2 X n B:

Define Q D ¹x 2 B W jf .x/ � g.x/j > �=4º. Then, for all i ,

Z

B

jf � gjd�i D

Z

Q

jf � gjd�i C

Z

BnQ

jf � gjd�i :

Choose ı > 0, sufficiently small such that the condition �i .Q/ < ı implies

Z

Q

jf � gjd�i < �=4:

For x 2 B nQ, we have jf � gj � �=4. Since every �i is a probability measure,

we obtain
Z

BnQ

jf � gjd�i < .�=4/�i .B nQ/ < �=4: (3.7)
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Thus, for all i , we see that
Z

B

min .jf .x/ � g.x/j; 1/d�i < �=2: (3.8)

Using .3.5/ and choosing �=4 < 1 and ı < �=2we get�i .XnB/ < �=2. Therefore,

for all i , the following inequality holds
Z

XnB

min .jf .x/ � g.x/j; 1/d�i < �=2: (3.9)

Relations .3.8/ and .3.9/ imply .3.6/. This completes the proof of �3 � �1.

Now we prove that �1 � �3. We show that, for a base element

U.f I�1; : : : ; �nI �; ı/ 2 U;

there exists a base element W.f I�1; : : : ; �nI �/ 2 W such that

W.f I�1; : : : ; �nI �/ � U.f I�1; : : : ; �nI �; ı/:

For this, let � D �ı and let g 2 W.f I�1; : : : ; �nI �/. Then for all i , we get
Z

X

min .jf � gj; 1/d�i < �ı: (3.10)

Assume, toward a contradiction, that g … U.f I�1; : : : ; �nI �; ı/, i.e.,

�i .¹xW jf .x/ � g.x/j > �º/ � ı: (3.11)

Denote P D ¹xW jf .x/ � g.x/j > �º; then for all i ,
Z

X

jf � gjd�i �

Z

P

jf � gjd�i � �ı:

which contradicts .3.10/. Hence, we conclude that g 2 U.f I�1; : : : ; �nI �; ı/ as

needed.

(3) �1 coincides with �4 on F.X;G/. To see this, let K D ¹xW jf .x/ � g.x/j > �º
and note that the equality

¹xW jf .x/ � g.x/j > �º D
°

xW
jf .x/ � g.x/j

1C jf .x/ � g.x/j
>

�

1C �

±

WD K (3.12)

holds. We first show that �1 � �4. Let U.f I�1; : : : ; �nI �; ı/ 2 U be a neighbor-

hood from �1. Show that there exists a neighborhood W 0.f I�1; : : : ; �nI �/ 2 W0

such that W 0.f I�1; : : : ; �nI �/ � U.f I�1; : : : ; �nI �; ı/.
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Let � D �ı
1C�

, and let g 2 W 0.f I�1; : : : ; �nI �/. Then,

Z

X

jf .x/ � g.x/j

1C jf .x/ � g.x/j
d�i <

�ı

1C �
for all i:

Relation .3.12/ implies

�

1C �
�K <

jf .x/ � g.x/j

1C jf .x/ � g.x/j
�K <

jf .x/ � g.x/j

1C jf .x/ � g.x/j
:

Hence,

�i .K/ <
1C �

�

Z

X

jf .x/ � g.x/j

1C jf .x/ � g.x/j
d�i < ı:

which implies that g 2 U.f I�1; : : : ; �nI �; ı/.

It remains to prove that �4 � �1. Show that for a neighborhood

W 0.f I�1; : : : ; �nI �/ 2 W;

there exists a basis element U.f I�1; : : : ; �nI �; ı/ 2 U such that

U.f I�1; : : : ; �nI �; ı/ � W 0.f I�1; : : : ; �nI �/:

Take a function g 2 U.f I�1; : : : ; �nI �; ı/, then

�i .K/ D �i .¹xW jf .x/ � g.x/j > �º/ < ı:

Choose ı such that ı <
�2

1C �
; then we obtain for each measure �i

Z

X

jf .x/ � g.x/j

1C jf .x/ � g.x/j
d�i

�

Z

K

jf .x/ � g.x/j

1C jf .x/ � g.x/j
d�i C

Z

Kc

jf .x/ � g.x/j

1C jf .x/ � g.x/j
d�i

� �i .K/C
�

1C �
�i .K

c/

< ı C
�

1C �
< �:

Thus, g 2 W 0.f I�1; : : : ; �nI �/ as needed. �

Remark 3.4. Since the topologies �1, �2, �3 and �4, on F.X;G/ coincide, we will

will use the notation T to denote them.
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Theorem 3.5. F.X;G/ is separable Hausdorff topological group with respect to

the topology T.

Proof. We denote by A D ¹Biºi2N the countable base for the space X which

generates B. Recall that G is an abelian l.c.s.c. group with identity 0. Let G0 be a

countable dense subgroup of G. Denote by ˛i�Bi
a function X ! G which takes

the value ˛i 2 G on the set Bi and is 0 everywhere else. Note that we refrain

from using the term “characteristic function” as G is an additive abelian group

with identity 0 but the notion of multiplicative identity is not defined.

Consider the set S.X;G0/ of all finite linear combinations of such constant

functions with values inG0, i.e., they can be described as piecewise constant func-

tions that take values from G0 on sets from the family A and are zero everywhere

else. We will call elements of S.X;G0/ simple functions.

For notational purpose, we will denote such a function as follows:

f .x/ D

p
X

lD1

˛l�Bl
.x/;

where ˛l 2 G0 and Bl 2 A for l D 1; 2; : : : ; p.

We first observe that the set S.X;G0/ is a countable subset of F.X;G/. In

what follows we will show that S.X;G0/ is dense in F.X;G/ with respect to the

topology T.

For f 2 F.X;G/, consider a neighborhood of f

U.f I�1; : : : ; �nI �; ı/

D ¹g 2 FW�i .¹xW jf .x/ � g.x/j > �º/ < ı for all i D 1; 2; : : : ; nº;

where �1; : : : ; �n 2 M1.X/. To prove the result, it suffices to find an element

from the set S.X;G0/ in U.f I�1; : : : ; �nI �; ı/.
Since f 2 F.X; A/ is a Borel function, there exists a sequence ¹sj ºj 2N of

simple function taking value in G0 which converges pointwise to f . Again using

the same notation as above we denote sj as follows

sj D

m
X

kD1

˛k;j�Ek;j
; j 2 N:

where ˛k;j 2 G0 for all k D 1; 2; : : : ; m, and

Ek;j D ¹x 2 X W sj .x/ D ck;j for all kº:

For the measure �1, we use Egoroff’s theorem and find a Borel set F1 2 X

such that sj ! f uniformly on F1, and �1.X n F1/ <
ı
n
. (Note that this

convergence is uniform in the usual sense: for � > 0 there exists N1 2 N, such

that for all j > N1 and for all x 2 F , jf .x/ � sj .x/j < �). Similarly, there



Cohomology of hyperfinite Borel actions 1377

exists a Borel set F2 � F1 such that the sequence .sj / converges uniformly to

f on F2, and �2.F1 n F2/ <
ı
n
. Repeating this process n times we obtain a

Borel set F � X such that the convergence sj ! f is uniform on F , and, for

i D 1; 2; : : : ; n, we have �i .X n F / < ı. Hence for any � > 0 one can find some

N 2 N such that jf .x/ � st .x/j < � for t > N and x 2 F . In other words,

�i .¹xW jf .x/ � st .x/j > �º/ < ıº, i D 1; 2; : : : ; n.

This implies that, for t > N , the functions st D
Pm

kD1 ˛k;t�Ek;t
belong to

U.f I�1; : : : ; �nI �; ı/. Since this is true for any ı > 0, choose N such that for

t 2 N we have st 2 U
�

f I�1; : : : ; �nI �; ı
q

�

, where q is a positive integer to be

chosen later. It follows that

�i .¹xW jf .x/ � st .x/j > �º/ <
ı

q
; i D 1; 2; : : : ; n:

In other words, we obtain that, for k D 1; 2; : : : ; m,

�i .¹x 2 Ek;t W jf .x/ � ˛k;t j > �º/ <
ı

q
; i D 1; 2; : : : ; n: (3.13)

where ˛k;t 2 G0, k D 1; 2; : : : ; m and t > N .

Since each Ek;t is a Borel set, it can approximated by an open set, i.e., there

exists an open set O1
k;t
; : : : ; On

k;t
such that

�1.O
i
k;t � Ek;t / <

ı

2q
; i D 1; : : : ; n:

Define Ok;t D
Tn

iD1O
i
k;t

, then, for every i D 1; 2; : : : n, one has

�i .Ok;t � Ek;t / <
ı

2q
:

Each open set Ok;t is a countable union of base elements i.e., Ok;t =
S

i2NBi ,

where Bi 2 A. Thus there exists a finite number, r.k; t / 2 N such that for every

i D 1; 2; : : : ; n,

�i

��

r.k;t/
[

lD1

Bl

�

� Ok;t

�

<
ı

2q
: (3.14)

Let us denote by Ik;t the index set Ik;t D ¹1; 2; : : : ; r.k; t /º. Thus, (3.14) implies

that

�i

��

[

l2Ik;t

Bl

�

� Ek;t

�

<
ı

q
:

Since
°

x 2
�

[

l2Ik;t

Bl

�

� Ek;t W jf .x/ � ˛k;t j > �
±

�
�

[

l2Ik;t

Bl

�

� Ek;t ;
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we have

�i

�°

x 2
�

[

l2Ik;t

Bl

�

� Ek;t W jf .x/ � ˛k;t j > �
±�

<
ı

q
; i D 1; 2; : : : ; n: (3.15)

Now take q D 2m where m is as in the definition of sj above, then by .3.13/ and

.3.15/, we obtain

�i

�°

x 2
[

l2Ik;t

Bl W jf .x/ � ˛k;t j > �
±�

<
ı

m
for all i D 1; 2; : : : ; n: (3.16)

Note that .3.16/ is true for all m D 1; 2; : : : ; k. Let It D
Sm

kD1 Ik;t , then

�i

�°

x 2
[

l2Ik

Bl W jf .x/ � ˛k;t j > �
±�

< ı for all i D 1; 2; : : : ; n: (3.17)

Define the sequence of functions s0
t , for t 2 N, as follows

s0
t .x/ D

´

˛k;t if x 2 Bl ; l 2 Ik;t ,

0 if x … Bl ; l 2 Ik;t :

Then, by .3.17/, we have

�i .¹xW jf .x/ � s0
t j > �º/ < ı for all i D 1; 2; : : : ; n: (3.18)

Relation (3.18) implies that s0
t 2 U.f I�1; : : : ; �nI �; ı/ for t > N . Therefore

S.X;G0/ is dense in F.X;G/, and F.X;G/ is a separable space.

To prove the second part of the theorem, we will show that F.X;G/ is a

topological group with respect to the topology T. We will do it for the topology �3

(see Definition 3.2) because it is easier to work this topology. Note the following

facts:

(i) W.f I�1; : : : ; �nI �/ D �W.�f I�1; : : : ; �nI �/;

(ii) W.f I�1; : : : ; �nI �=2/CW.gI�1; : : : ; �nI �=2/ � W.f CgI�1; : : : ; �nI �/.

Both (i) and (ii) are clear by the definition of

W.f I�1; : : : ; �nI �/ and W.gI�1; : : : ; �nI �/:

It follows from (i) that the map f 7! �f is continuous and (ii) implies that the

map .f; g/ 7! f C g is also continuous.

To see that F.X;G/ is Hausdorff in the topology T, consider f; g 2 F.X;G/

such that f ¤ g. Then there exists x 2 X ,such that f .x/ ¤ g.x/. We work with

topology �1 and put �1 D ıx (the Dirac measure at x). Note that, for ı < 1, the

open set U (defined below) contains f but does not contain g:

U D ¹h 2 FW ıx.¹yW jf .y/ � h.y/j > �º/ < ıº:
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For ı < 1, we get

U D ¹h 2 FW ıx.¹yW jf .y/ � h.y/j > �º/ D 0º:

Therefore x … ¹yW jf .y/ � h.y/j > �º and g … U . �

Proposition 3.6. Let � be a hyperfinite countable subgroup of Aut.X;B/. The

group Z1.� � X;G/ is closed in F.� � X;G/, and it is a separable topological

group.

To prove Proposition 3.6, we will show that if ¹anº � Z1.� � X;G/ is a

sequence of cocycles such that an ! a in �1, then a 2 Z1.� � X;G/. For this,

we will prove the following lemma.

Lemma 3.7. Let ¹anº be a sequence of cocycles fromZ1.��X;G/. Then an ! a

in the topology �1 if and only if for every x 2 X there exists n.x/ 2 N such that

an.x/ D a.x/ for all n > n.x/.

Proof. As mentioned in Remark 2.8 the group � is orbit equivalent to a group

generated by a single automorphism ¹T nW n 2 Zº. It gives us the possibility to

represent cocycles an as functions on X with values in the group G.

Assume now that an ! a in �1. Then, for every �; ı > 0 there exists n.x/ 2 N

such that an 2 U.aI�1; : : : ; �pI �; ı/ for n > n.x/ (here �1; : : : ; �p 2 M1.X/

as usual). Fix x 2 X and take �1 D ıx (the Dirac measure at x). Thus we have

ıx.¹yW jan.y/�a.y/j > �º/ < ı. For ı < 1we get ıx.¹yW jan.y/�a.y/j > �º/ D 0.

Hence, we have x … ¹yW jan.y/ � a.y/j > �º for all n > n.x/. We conclude that

an.x/ D a.x/.

Conversely, suppose that, for every x 2 X , there exists n.x/ 2 N such that

an.x/ D a.x/ for all n > n.x/. Define

Xn D ¹x 2 X W am.x/ D a.x/ for all m � nº; n 2 N:

Note that Xn � XnC1, and
S1

nD1Xn D X . For every � 2 M1.X/, we see that

�.Xn/ ! 1 as n ! 1. Take a neighborhood U.aI�1; : : : ; �pI �; ı/ and find

n0 2 N such that �i .Xn/ > 1 � ı for n > n0, i D 1; 2; : : : ; p. Note that, for all

n 2 N,

¹x 2 X W jan.x/ � a.x/j > �º � X nXn:

Thus �i.¹x 2 X W jan.x/ � a.x/j > �º/ < �i .X nXn/ < ı. Hence, for n > n0, we

deduce that �i .¹x 2 X W jan.x/ � a.x/j > �º/ < ı as needed. �

Proof of Proposition 3.4. We switch back to considering an and a as functions

from ��X toG. Since an 2 Z1.��X;G/, an.
1
2; x/ D an.
1; 
2x/Can.
2; x/,

for all 
1; 
2 2 �.
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For a fixed x 2 X , let n0 D max¹n.x/; n.
2x/º, then for n > n0, we have

an.
1
2; x/ D a.
1
2; x/;

an.
1; 
2x/ D a.
1; 
2x/;

an.
2; x/ D a.
2; x/:

Hence, a.
1
2; x/ D a.
1; 
2x/Ca.
2; x/ for all 
1; 
2 2 �. Since we can do this

for every x 2 X , a 2 Z1.� �X;G/. �

Proposition 3.8. Let �i 2 Aut.Xi ;Bi/, i D 1; 2; be two orbit equivalent count-

able Borel automorphism groups. Then there exists a topological group iso-

morphism Q'WZ1.�1 � X1; A/ ! Z1.�2 � X2; A/ which carries coboundaries to

coboundaries.

Proof. Since �1 and�2 are orbit equivalent, there exists a Borel map 'WX1 ! X2,

such that 'Œ�1� D Œ�2�'. Define Q'WZ1.�1 � X1; A/ ! Z1.�2 � X2; A/ as

Q' ı a1.
2; x2/ D a1.'
�1
2'; '

�1x2/

for a1 2 Z1.�1 � X1; G/ and .
2; x2/ 2 �2 � X2. Then, Q' is an isomorphism by

definition. If a1 is a coboundary, a1.
1; x1/ D c.
1x1/ � c.x1/, where cWX ! G

is a Borel map.

Q' ı a1.
2; x2/ D a1.'
�1
2'; '

�1x2/ D c.'�1
2'.'
�1x2// � c.'�1x2/

is also a coboundary. �

Corollary 3.9. For a Borel automorphism group � of .X;B/ the first cohomology

group H 1.� � X;G/ D Z1.� � X;G/=B1.� � X;G/ is an invariant of orbit

equivalence.

Remark 3.10. In general, B1.� � X;G/ is not closed in the topology described

above. Hence H 1.� �X;G/ should be considered as an abstract group that does

not inherit the topological or Borel structure.

Remark 3.11. Let Ctbl.X/ be defined as the subset of Aut.X;B/ consisting of all

automorphisms with countable support, that is

T 2 Ctbl.X/ () E.S; I/ is at most countable.

One can show that Ctbl.X/ is a normal subgroup which is closed with respect

to the uniform topology, see (2.9) in Definition 2.10. Therefore bAut.X;B/ D
Aut.X;B/=Ctbl.X/ is a simple Hausdorff topological group with respect to the

quotient topology [3]. Considering elements from bAut.X;B/, we identify Borel

automorphisms which differ on at most a countable set. Topological properties of
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the group bAut.X;B/ are studied in [4]. It was shown that the quotient topology

on bAut.X;B/ is in fact generated by neighborhoods V.T I�1; : : : ; �nI "/ where

the measures �1; : : : ; �n are taken from M c
1 .X/, the set of all non-atomic Borel

probability measures on a standard Borel space .X;B/.

Using a similar approach, we identify two functions f and g if they differ on

at most a countable set. In other words, we define the quotient set yF with elements

Og D ¹g ı T WT 2 Ctbl.X/º where g 2 F.X;B/. Then one can show that the

quotient topology O� on OF is defined by neighborhoods V.f I�1; : : : ; �kI �/, where

�1; : : : ; �k 2 M c
1 .X/.

Based on Remark 3.11, we can obtain the following result. The proof is left

for the reader because we do not use this result in the paper.

Proposition 3.12. Let O� be the topology on yF.X;G/ defined as in Remark 3.11 by

atomless measures from M c
1 .X/. Then, for Ofn and Of from yF,

Ofn
O�

�! Of

if and only . Ofn/ converges to Of uniformly.

4. Density of coboundaries for hyperfinite Borel actions

In this section we prove following result.

Theorem 4.1. Let � � Aut.X;B/ be a hyperfinite Borel automorphism group.

Then B1.��X;G/ is dense in Z1.��X;G/with respect to the topology T where

G is a l.c.s.c. group.

Since � is hyperfinite, it is orbit equivalent to a Borel Z-action. By Corol-

lary 3.9, the first cohomology group is an invariant of orbit equivalence. Hence,

without loss of generality, it suffices to prove the statement for a single Borel auto-

morphism T 2 Aut.X;B/. To prove the theorem, we will use the Kakutani tower

construction for an aperiodic Borel automorphism which gives the possibility to

use periodic automorphisms to approximate T . This construction is described

in [27, Chapter 7] and [3]. We include it here for convenience of the reader.

Recall that a Borel set A � X is called a complete section (or simply a

T -section) for an automorphism T 2 Aut.X;B/ if every T -orbit meets A at least

once. If there exists a complete Borel section A such that A meets every T -orbit

exactly once, then T is called smooth. In this case, X D
S

i2Z T
iA and all the

sets T iA are disjoint. A measurable set W is said to be wandering with respect

to T 2 Aut.X;B/ if the sets T nW; n 2 Z, are pairwise disjoint. The �-ideal

generated by all T -wandering sets in B is denoted by W.T /. By the Poincaré
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recurrence lemma, one can state that given T 2 Aut.X;B/ and A 2 B there exists

N 2 W.T / such that for each x 2 A n N the points T nx return to A for infinitely

many positive n and also for infinitely many negative n. The points from the set

A nN are called recurrent.

Remark 4.2. Assume that all points from a given set A are recurrent for a

Borel automorphism T . Then for x 2 A, let n.x/ D nA.x/ be the smallest

positive integer such that T n.x/x 2 A and T ix … A; 0 < i < n.x/. Let

Ck D ¹x 2 A j nA.x/ D kº; k 2 N, then T kCk � A and ¹T iCk j i D 0; : : : ; k�1º

are pairwise disjoint. Note that some Ck’s may be empty. Since T nx 2 A for

infinitely many positive and negative n, we obtain

[

n�0

T nA D
[

n2Z

T nA D X

and

X D
[

n�0

T nA D

1
[

kD1

k�1
[

iD0

T iCk :

This union decomposes X into T -towers �k D ¹T iCk j i D 0; : : : ; k � 1º;
k 2 N, where Ck is the base and T k�1Ck is the top of �k . Depending on T , the

set of these towers ¹�kº can be, in general, countable.

Lemma 4.3. Let T 2 Aut.X;B/ be an aperiodic Borel automorphism of a

standard Borel space .X;B/. Then there exists a sequence .An/ of Borel sets

such that

(i) X D A0 � A1 � A2 � � � � I

(ii)
T

nAn D ;I

(iii) An and X n An are complete T -sections, n 2 N;

(iv) every point in An is recurrent, n 2 N.

Proof. See [2, Lemma 4.5.3], where (i)–(iii) have been proved in more general

settings of countable Borel equivalence relations. It is shown in [27, Chapter 7]

that one can refine the choice of .An/ to get (iv). �

Definition 4.4. A sequence of Borel sets satisfying conditions (i)–(vi) of Lemma

4.3 is called a vanishing sequence of markers.

Proposition 4.5. Let T 2 Aut.X;B/ be an aperiodic Borel automorphism of

a standard Borel space .X;B/. Then there exists a sequence of periodic auto-

morphisms .Pn/ of .X;B/ converging to T in the uniform topology (see Defini-

tion 2.10). Moreover, the periodic automorphisms Pn can all be taken from ŒT �.
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Proof. This propositions was proved in [3, Section 2]. We give the proof here as

it will be used in Lemma 4.6.

Let .An/ be a vanishing sequence of markers for T . Then, as we have seen

above, An generates a decomposition of X into T -towers

�k.n/ D ¹T iCk.n/ j i D 0; : : : ; k � 1º

and
S

k Ck.n/ D An. Define

Pnx D

´

T x if x … Bn D
S1

kD1 T
k�1Ck.n/;

T �kC1x if x 2 T k�1Ck.n/ for some k:
(4.1)

Then Pn belongs to ŒT �, and the period of Pn on �k.n/ is k. Note that Pn equals

T everywhere on X except the set Bn which is the union of the tops of the towers.

It follows from Lemma 4.3 that .An/ is a decreasing sequence of Borel subsets

such that
T

nAn D ;. This means that for any x 2 X there exists n.x/ such

that x … An; n � n.x/. Moreover, if for some x 2 X , Pnx D T x, then

PnCkx D T x for all k. These facts prove that, for every x, the sequence .Pnx/ is

eventually stabilized and it is and equal to T x. Hence, Pn converges to T in the

topology � . �

Lemma 4.6 is well known in the theory of dynamical systems. We include it

here for convenience of the reader.

Lemma 4.6 (folklore). (1) Let P be a periodic automorphism of a standard Borel

space .X;B/. Then any cocycle of P is a coboundary.

(2) The same result holds for a smooth automorphism of a standard Borel space

.X;B/.

Proof. (1) Let a 2 Z1.P � X;G/, be a cocycle for P taking value in l.c.s.c.

abelian group G with identity 0. Denote by Ck the base of P -tower �k where

P has period k. Then X is the disjoint union of �k . We define a Borel function

f WX ! G by setting f .x/ D fk.x/; x 2 �k ; k 2 N, where

fk.x/ D

´

a.P j ; P�jx/ if x 2 P jCk for 1 � j � k � 1;

0 if x 2 Ck :

It suffices to check that a is a coboundary on every tower �k . For every x 2 X ,

there exist k and j 2 ¹0; : : : ; k � 1º such that x 2 P jCk. Let n 2 N, then

P nx 2 PmCk where n D m � j C ik. Therefore, we have

fk.P
nx/ � fk.x/ D a.Pm; P�jx/ � a.P j ; P�jx/:
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Since 0 D a.P jP�j ; x/ D a.P j ; P�jx/C a.P�j ; x/, we obtain

fk.P
nx/ � fk.x/ D a.Pm; P�jx/C a.P�j ; x/ D a.PmP�j ; x/ D a.P n; x/:

Hence, a is a coboundary.

Statement (2) is proved analogously. �

Let T 2 Aut.X;B/ and f be a Borel function on X . By a.f / we denote the

cocycle generated by f :

a.f /.j; x/ D

8

ˆ

<

ˆ

:

f .x/C f .T x/C � � � C f .T j �1x/ if j � 1;

0 if j D 0;

�f .T �1x/ � f .T �2x/ � � � � � f .T jx/ if j � �1:

(4.2)

Lemma 4.7. Suppose a sequence of Borel functions .fi / converges to f in the

topology T. Then the sequence of cocycles a.fi/ converges to a.f /, i.e., for every

j 2 Z,

a.fi /.j; x/
T

�! a.f /.j; x/; i ! 1:

Proof. To prove the lemma, we need to show that for any positive � and ı and for

any finite set of Borel probability measures �1; : : : ; �n there exists N 2 N such

that

�l .¹xW jai.j; x/ � a.j; x/j > �º/ < ı; l D 1; : : : ; n: (4.3)

Fix a natural number j (the case of negative j is considered similarly). Take

a finite set of Borel probability measures �1; : : : ; �n. Define

¹�1; : : : ; �sº D ¹�i ı T k W i D 1; : : : ; n; k D 0; 1; : : : ; j � 1º

(here s D ij ). It follows from the condition of the lemma that for any positive �1

and ı1 there exists N D N.�1; ı1/ 2 N such that for all i > N

�l .¹xW jfi � f j > �1º/ < ı1; l D 1; : : : ; s: (4.4)

For convenience, we introduce the following sets

Ak.i; �1/ D ¹xW jfi ı T k � f ı T k j > �1º; k D 0; : : : ; j � 1;

and

C.i; �/ D ¹xW jai .j; x/� a.j; x/j > �º:

Denote

S.i; �/ D
°

xW

j �1
X

kD0

jfi .T
kx/ � f .T kx/j > �

±

:
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Since

jai .j; x/� a.j; x/j �

j �1
X

kD0

jfi .T
kx/ � f .T kx/j;

we see that C.i; �/ � S.i; �/. Take �1 D �
j

and ı1 D ı
j
; then it follows from the

above definitions that
j �1
[

kD0

Ak

�

i;
�

j

�

� S.i; �/:

We need to prove that �l .C.i; �// < ı for all sufficiently large i and l D 1; : : : ; n.

Indeed, it follows from (4.4) that, for i > N.�1; ı1/,

�l .C.i; �// � �l .S.i; �// �

j �1
X

kD0

�l

�

Ak

�

i;
�

j

��

D

j �1
X

kD0

�l ı T k
�

A0

�

i;
�

j

��

< j
ı

j
D ı:

This proves the lemma. �

Proposition 4.8. Let aWZ�X ! G be a cocycle of an aperiodic T 2 Aut.X;B/.

Then there exists a sequence of coboundaries .an/ of T such that .an/ converges

to a in the topology T (see Remark 3.4 and Definition 3.2).

Proof. It is obvious that, for any cocycle aWZ � X ! G of T 2 Aut.X;B/, there

is a Borel function f such that a D a.f /, i.e.,

a.j; x/ D

8

ˆ

<

ˆ

:

f .x/C f .T x/C � � � C f .T j �1x/ if j � 1;

0 if j D 0;

�f .T �1x/ � f .T �2x/ � � � � � f .T jx/ if j � �1:

(4.5)

In the proof, we will use the notation introduced in this section above. By

Proposition 4.5, for every T 2 Aut.X;B/, there exists a sequence of periodic auto-

morphisms .Pi / of .X;B/ converging to T in the topology � (see Definition 2.10).

It can be easily seen that Pi and PiC1 agree (that is Pix D PiC1x everywhere ex-

cept on top of the T -towers �k.i/ built overAi where .Ai / is a vanishing sequence

of markers. Let Di denote the union of the top levels of T -towers �k.i/. Since

Di � DiC1 and
T

i Ai D ; , we see that
T

i Di D ;. Therefore, for every x, there

exists a smallest number n.x/ such that, for all i � n.x/, Pix are all the same and

equal to T x.

Next, we define Kj WD ¹x 2 X W n.x/ D j º, j 2 N. Note that Kj � Kj C1 and
S

j Kj D X . Fix a finite set of probability measures �1; �2; : : : �n 2 M1.X/ and

take � > 0. Then there exists j 2 N, such that �l.Kj / > 1� � for l D 1; 2; : : : ; n.
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We recall that the periodic automorphisms Pi are taken from the full group ŒT �

and therefore the cocycle a 2 Z1.� � X; T / can be extended to Pi . This

observation allows us to define

fn.x/ WD a.Pn; x/ for all x 2 X:

By Lemma 4.6, every cocycle ofPn is a coboundary. Hence there exists a sequence

of Borel functions gnWX ! G such that fn.x/ D gn.x/ � gn.Pnx/. Moreover,

recall that Pnx D T x for every x 2 Kn. As a result, for every x 2 Kn we have

fn.x/ D a.Pn; x/ D a.T; x/ D f .x/. We further define a sequence of Borel

functions FnWX ! G as follows:

Fn.x/ D gn.x/ � gn.T x/ for all x 2 X:

By definition, the function Fn is a T -coboundary for every n.

lt remains to show that Fn
T

�! f (see Definition 3.2). For this, we prove that

for every �; ı > 0 there exists n 2 N such that

�l .¹xW jFn.x/ � f .x/j > �º/ < ı for all l D 1; 2; : : : ; n: (4.6)

Note that if x 2 Kn, then fn.x/ � f .x/ and

jFn.x/ � f .x/j D jgn.Pnx/ � gn.T x/j D 0:

Hence,

�l.¹xW jFn.x/ � f .x/j > �º/ � X nKn for all l D 1; 2; : : : ; n:

For every ı > 0, we can find N such that for all n � N , �l.X n Kn/ < ı for

l D 1; 2; : : : ; n, and then (4.6) follows.

To finish the proof, we define the sequence of T -coboundaries .an/ by func-

tions Fn as in (4.5). It follows from Lemma 4.7 that the converges of .Fn/ to

the function f in the topology T implies that an.Fn/ converges to a.f / in T. It

completes the proof. �

Proof of Theorem 4.1. In light of Theorem 2.3, Proposition 4.8 implies Theo-

rem 4.1. �

5. Cocycle over odometer action

The goal of this section is to describe explicitly cocycles defined by 2-odometers.

In fact, the results of this section can be used for arbitrary uniquely ergodic Borel

automorphisms since they are Borel isomorphic to the 2-odometer. We will use

the following definition of the 2-odometer which is equivalent to Definition 2.4.
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Consider the space .X D ¹0; 1ºN;B/, where B is the Borel sigma-algebra gen-

erated by cylinder sets. Let � � Aut.X;B/ be the group of Borel automorphisms

generated by automorphisms hı1; : : : ; ın; : : : i where ın acts on x D .xi / 2 X by

the formula

.ınx/i D

´

xi if i ¤ n;

xi C 1 .mod 2/ if i D n:
(5.1)

We see that every ın is periodic, ı2
n D 1, and any two generators ın, ık commute.

Obviously, the orbit equivalence relation EX .�/ is hyperfinite and preserves the

product measure � D
N

i �i where �i .¹0º/ D �i.¹1º/ D 1=2. The group � is

orbit equivalent to the 2-odometer acting on .¹0; 1ºN;B/.

Cocycles over odometers have been extensively studied in ergodic theory.

We refer, in particular, to the papers [13, 14] where the authors proved several

important results. Firstly, it was shown that every cocycle is cohomologous to a

cocycle that takes values in a countable subgroupH ofG, and, secondly, cocycles

with dense range are unique in the following sense: let ˛ and ˇ be two cocycles

with values in G such that the skew products �.˛/ and �.ˇ/ are ergodic, then

there exists an automorphism R in the normalizer NŒ�� such that ˛ and ˇ ıR are

cohomologous (see Section 1).

We use a similar approach to prove the first result in the setting of Borel

dynamics. We do not know whether the second result holds. We remark that for

consistency with other parts of this paper our proof is given for an abelian group

G though the same proof works for non-abelian groups.

We reprove the following statement that was implicitly formulated in [13].

Proposition 5.1. Let the group � D hı1; : : : ın; : : : i of Borel automorphisms of

¹0; 1ºN be defined as in (5.1). Then for every cocycle cW� � X ! G, there exists

a sequence of Borel functions .fnWX ! G/n2N such that

c.ın; x/ D x1f1.ınx/C � � � C xn�1fn�1.ınx/

C .�1/xnfn.x/ � xn�1fn�1.x/ � � � � � x1f1.x/;
(5.2)

where the function fn is invariant with respect to ı1; ı2; ; : : : ; ın, n 2 N.

Conversely, let .fnWX ! G/n2N, be a sequence of Borel maps such that each

fn is invariant with respect to ı1; ı2; ; : : : ; ın. Then .fn/n2N generates a cocycle c

according to (5.2).

Proof. Since the transformations ıi ; i 2 N; are pairwise commuting, relation (5.2)

can be extended to all 
 D ıi1 � � � ıik 2 �. First we show that if there exist

a sequence of functions .fn/ with the invariance property as described above,

then (5.2) defines a cocycle of �. To do this, we show that

c.ınık; x/ D c.ıkın; x/ and c.ı2
n; x/ D 0 for all n; k 2 N; x 2 X:



1388 S. Bezuglyi and S. Sanadhya

In other words, we need to prove that the definition of c by (5.2) gives the same

result for two ways to compute c.ınık ; x/.

By the cocycle identity, we have c.ınık ; x/ D c.ın; ıkx/ C c.ık; x/. For

definiteness, we can assume that n > k. In what follows, we will use the obvious

property .ıkx/i D xi if i ¤ k and .ıkx/k D xk C 1 .mod 2/. Then

c.ın; ıkx/ D x1f1.ınıkx/C � � � C .ıkx/kfk.ınıkx/C � � � C xn�1fn�1.ınıkx/

C .�1/.ıkx/nfn.ıkx/ � xn�1fn�1.ıkx/ � � � �

� .ıkxk/fk.ıkx/ � � � � � x1f1.ıkx/:

Using the fact that, for each i 2 N, the function fi is invariant with respect to

ı1; ı2; ; : : : ; ıi , we get

c.ın; ıkx/ D x1f1.ınıkx/C � � � C .ıkx/kfk.ınx/C � � �

C xn�1fn�1.ınx/C .�1/.ıkx/nfn.x/

� xn�1fn�1.x/ � � � � � .ıkx/kfk.x/

� xk�1fk�1.ıkx/ � � � � � x1f1.ıkx/:

Similarly, we have by (5.2)

c.ık; x/ Dx1f1.ıkx/C � � � C xk�1fk�1.ıkx/C .�1/xkfk.x/

� xk�1fk�1.x/ � � � � � x1f1.x/:

After taking the sum and simplifying, we obtain that

c.ınık; x/ D x1f1.ınıkx/C � � � C .ıkx/kfk.ınx/C � � � C xn�1fn�1.ınx/

C .�1/.ıkx/nfn.x/ � xn�1fn�1.x/ � � � � � .ıkx/kfk.x/

C .�1/xkfk.x/ � xk�1fk�1.x/ � � � � � x1f1.x/:

(5.3)

Next, we represent c.ıkın; x/ as c.ık ; ınx/ C c.ın; x/ and compute noticing

that .ınx/k D xk:

c.ık; ınx/ D x1f1.ıkınx/C � � � C .�1/xkfk.ınx/

� xk�1fk�1.ınx/ � � � � � x1f1.ınx/

and

c.ın; x/ D x1f1.ınx/C � � � C xk�1fk�1.ınx/C xkfk.ınx/C � � �

C .�1/xnfn.x/ � xn�1fn�1.x/ � � � �

� xkC1fkC1.x/ � xkfk.x/ � xk�1fk�1.x/ � � � � � x1f1.x/:

Thus, we get

c.ık; ınx/C c.ın; x/ D x1f1.ıkınx/C � � � C .�1/xkfk.ınx/C xkfk.ınx/C � � �

C .�1/xnfn.x/ � xn�1fn�1.x/ � � � �

� xkfk.x/ � xk�1fk�1.x/ � � � � � x1f1.x/:

(5.4)
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One can easily see (by considering all possible values for xk) that the following

relations hold:

.ıkx/kfk.ınx/ D .�1/.ınx/kfk.ınx/C xkfk.ınx/

and

�xkfk.x/ D .ıkx/kfk.x/C .�1/xkfk.x/:

Comparing .5.3/ and .5.4/, we conclude that

c.ın; ıkx/C c.ık; x/ D c.ık ; ınx/C c.ınx/

for all distinct integers n; k.

To see that, for every n 2 N, the cocycle c has the property c.ı2
n; x/ D 0, we

observe

c.ın; ınx/C c.ın; x/ D .ınx/1f1.ı
2
nx/C � � � C .�1/.ınx/nfn.ınx/ � � � �

� .ınx/n�1fn�1.ınx/ � � � � � .ınx/1f1.ınx/

C x1f1.ınx/C � � � C .�1/xnfn.x/ � � � � � x1f1.x/:

Because ı2
n D 1 and fn is ın-invariant, we see that

c.ı2
n; x/ D .�1/.ınx/nfn.x/C .�1/xnfn.x/ D 0:

This proves that relation .5.2/ defines a cocycle of the group �.

Conversely, if a cocycle c is given, then the functions fn are determined as

follows: set f 0
n.x/ D c.ın; x/ for x from the cylinder set An.0; : : : ; 0/ generated

by the first n zeros. Then f 0
n is extended on X by invariance with respect to the

subgroup hı1; : : : ıni to obtain the function fn. �

Let ˛ and ˇ be two cocycles of �, which are determined as in Proposition 5.1

by sequences of Borel functions fnWX ! G and fnWX ! G, respectively. Define

two new sequences of functions  nWX ! G and  nWX ! G as follows:

 n.x/ D �xnfn.x/ � xn�1fn�1.x/ � � � � � x1f1.x/; (5.5)

 n.x/ D �xnfn.x/ � xn�1fn�1.x/ � � � � � x1f1.x/: (5.6)

We denote by ¹Wiº
1
iD1 a system of neighborhoods of 0 2 G with the following

properties:

(i) Wi is compact for every i ;

(ii) Wi is symmetric for every i (i.e., Wi D �Wi );

(iii) WiC1 CWiC1 � Wi ; i 2 N.
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Proposition 5.2. Let ˛ and ˇ be two cocycles of the group � with values in a

l.c.s.c. group G. Let .fn/ and .fn/ be the sequences of functions determined by ˛

and ˇ, respectively, according to Proposition 5.1. Assume that, for all x 2 X and

n 2 N,

fn.x/ � fn.x/ 2 Wn;

where the neighborhoods .Wn/ satisfy conditions (i)–(iii). Then the cocycles ˛

and ˇ are cohomologous.

Proof. Define a sequence of functions

gn.x/ WD � n.x/C  n.x/; n 2 N;

where  n and  n are as in (5.5) and (5.6). Thus for all n; k 2 N, we have

gnCk.x/ � gn.x/ D � nCk.x/C  nCk.x/C  n.x/ �  n.x/:

It follows from (5.5) and (5.6) that

� nCk.x/ D xnCkfnCk.x/C � � � C xnC1fnC1.x/C  n.x/;

and a similar formula holds for  nCk.x/. Hence,

gnCk.x/ � gn.x/ D xnCkfnCk.x/ � xnCkfnCk.x/C � � �

C xnC1fnC1.x/ � xnC1fnC1.x/:

It follows from the condition of Proposition that fnCi .x/ � fnCi.x/ 2 WnCi for

all i; n 2 N. Hence,

xnCifnCi .x/ � xnCifnCi.x/ 2 WnCi for all i; n 2 N

By the choice of Wi , we obtain

gnCk.x/ � gn.x/ 2 WnCk CWnCk�1 C � � � CWnC1

� WnCk�1 CWnCk�1 C � � � CWnC1

� WnCk�2 C � � � CWnC1
:::

� Wn:

Using the Cauchy criterion, there exists a Borel function gWX ! G such that, gn

converges uniformly to g on X .

Without loss of generality, we can assume that n � k. Since .ınx/i D xi where

i D 1; : : : ; k � 1; and

� k�1.ık.x// D x1f1.ıkx/C � � � C xk�1f1.ıkx/;

 k�1.x/ D �xk�1fk�1.x/C � � � C �x1f1.x/;
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we can compute Ǒ.ık ; x/ D gn.ıkx/C ˇ.ık; x/ � gn.x/ as follows:

Ǒ.ık; x/ D �  n.ıkx/C  n.ıkx/C x1f1.ıkx/C � � �

C xk�1f1.ıkx/C .�1/xkfk.x/

� xk�1fk�1.x/ � � � � � x1f1.x/ � .� n.x/C  n.x//

D �  n.ıkx/C  n.ıkx/ �  k�1.ık.x//C .�1/xkfk.x/C  k�1.x/

C  n.x/ �  n.x/

D �  n.ıkx/ � xnfn.ıkx/ � xn�1fn�1.ıkx/ � � � � � .ıkx/kfk.ıkx/

C .�1/xkfk.x/C xnfn.x/C � � � C xkfk.x/C  n.x/:

Since n � k, the function fn is invariant with respect to ı1; : : : ; ık, we have

Ǒ.ık; x/ D �  n.ıkx/ � xnfn.x/ � xn�1fn�1.x/ � � � �

� .ıkx/kfk.x/C .�1/xkfk.x/

C xkfk.x/C � � � C xnfn.x/C  n.x/:

After simplifying, we obtain that

Ǒ.ık; x/ D � n.ıkx/ � .ıkx/kfk.x/C .�1/xkfk.x/C xkfk.x/C  n.x/:

It remains to show that

.ıkx/kfk.x/C .�1/xkfk.x/C xkfk.x/ D 0: (5.7)

Indeed, if xk D 0, then xkfk.x/ D 0, and .ıkx/k D 1 implies that

�.ıkx/kfk.x/ D �fk.x/:

If xk D 1, then �.ıkx/kfk.x/ D 0 and .�1/xkfk.x/ D �fk.x/ . Thus, in both

cases we get

gn.ıkx/C ˇ.ık; x/ � gn.x/ D � n.ıkx/C  n.x/:

On the other hand,

� n.ıkx/C  n.x/ D xnfn.ıkx/C � � � C .ıkxk/fk.ıkx/C � � �

C x1f1.ıkx/ � xnfn.x/ � � � � � xkfk.x/ � � � � � x1f1.x/:

By invariance of fn with respect to of ı1; : : : ; ık, we can write down the above

equality as

� n.ıkx/C  n.x/ D xnfn.x/C � � � C .ıkx/kfk.x/C xk�1fk�1.ıkx/C � � �

C x1f1.ıkx/ � xnfn.x/ � � � � � xkfk.x/ � � � � � x1f1.x/

D �  k�1.ıkx/C .�1/xkfk.x/C  k�1.x/

D ˛.ık; x/:

(5.8)
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The first equality in (5.8) is due to relation (5.7), applied to the function fk, and

the second equality is, in fact, a short form of the definition of ˛.

Thus, we proved that, for every n � k and all x 2 X ,

gn.ıkx/C ˇ.ık; x/ � gn.x/ D ˛.ık; x/:

Since gn.x/ ! g.x/ as n ! 1, we conclude that

g.ıkx/C ˇ.ık; x/ � g.x/ D ˛.ık; x/:

Because the group � is generated by ık; k 2 N;, we see that the cocycles ˛ and ˇ

are cohomologous. �

Theorem 5.3. Let � be a free group of Borel automorphisms which is orbit

equivalent to the 2-odometer. Let ˛ be a �-cocycle with values in a l.c.s.c. group

G and H a dense countable subgroup of G. Then the cocycle ˛W� � X ! G is

cohomologous to a cocycle ˇ with values the subgroupH .

Proof. Without loss of generality, we can consider cocycles of the 2-odometer.

By Proposition 5.1 the cocycle ˛ is determined by the functions fnWX ! G,

n 2 N. Take a sequence of symmetric neighborhoods of 0 in G which satisfies the

properties (i)–(iii) (see above). Approximate each function fn.x/ by a function

fn.x/ with values in H so that fn.x/ � fn.x/ 2 Wn for each x 2 X , and

additionally, fn.ıjx/ D fn.x/, for 1 � j � n. Clearly it can be done because

the functions fn have this property.

Hence, we satisfy the conditions of Proposition 5.2. Construct the �-cocycle ˇ

which is determined by the sequence of functions fn.x/, then ˇ is cohomologous

to ˛. �

6. Borel version of Gottschalk–Hedlund theorem

The following is a version of the Gottschalk–Hedlund (G–H) theorem for Borel

automorphisms. Our proof is a modification of the proof of Gottschalk–Hedlund

theorem given by F. Browder [6].

We will consider homeomorphisms of a Polish space. It is well known that

every Borel automorphism admits a continuous model, i.e., it is Borel isomorphic

to a homeomorphism of a Polish space, see, e.g., [21]. We say that a homeomor-

phism T 2 Aut.X;B/ acting on a Polish space X is minimal if every T -orbit is

dense inX , i.e., for every x 2 X , ¹T ixW i 2 Zº D X . There exist Polish spaces that

admit minimal homeomorphisms (we thank [34] for examples of such spaces).

We note that in Theorem 6.1 we consider bounded cocycles of homeomor-

phism of a Polish space, while the G–H theorem for topological dynamics

(see [16]) has no such restriction. This is due to the fact that the underlying space



Cohomology of hyperfinite Borel actions 1393

in Theorem 6.1 is a non-compact Polish space. In topological dynamics continu-

ous cocycles of homeomorphism of a compact space are studied. Here we study

Borel cocycles of homeomorphisms of a non-compact Polish space. Hence, we

have to limit our discussion to bounded cocycles. We do not know whether the

result holds without this assumption.

In the proof of Theorem 6.1 we will use the following fact: every locally

compact second countable group G has a left-invariant metric d which is proper,

that is every closed d -bounded set in G is compact (see [8, Theorem 2.B.4]).

Theorem 6.1. Let .X;B/ be a Polish space and T 2 Aut.X;B/ is a minimal

homeomorphism of .X;B/. Let hWX ! G be a bounded Borel map from X to a

l.c.s.c. abelian group G. Then, the function h is a coboundary (i.e., there exists a

bounded Borel function f WX ! G such that f .T x/ � f .x/ D h.x/, x 2 X), if

and only if there exists M > 0 such that

sup
x2X

ˇ

ˇ

ˇ

j
X

kD�j

h.T kx/
ˇ

ˇ

ˇ � M;

for all j � 0.

Before we begin to prove Theorem 6.1, we define some maps and prove

Lemmas 6.3–6.5. Let  WX � G ! G, as  .x; g/ D g C h.x/ where h.x/ is the

Borel map as in the statement of Theorem 6.1. Next, we define the skew product

X �G ! X �G as �.x; g/ D .T x;  .x; g// D .T x; g C h.x//.

Denote by Orb�.x; g/ D
S

n2Z¹�n.x; g/º the orbit of .x; g/ under � and by

F.x; g/ D Orb�.x; g/ the orbit closure inX�G. LetpX andpG denote the natural

projections from X � G to X and G, respectively. We assume that for each point

.x; g/ 2 X � G the set pG.F.x; g// is contained in a compact subset of G.

Remark 6.2. We note that the condition that
Pj

kD�j
h.T kx/ is bounded in G for

all x 2 X and j � 0 is equivalent to the fact that the orbit (with respect to �) of

any point .x; g/ 2 X�G has a bounded and hence a precompact image inG under

the projection map pG of X �G into G. This in turn implies that pG.F.x; g// is

contained in a compact subset of G.

Consider the family J of subsets F of X �G such that

J D ¹F j F is a nonempty closed subset ofX �GI .x; g/ 2 F H) �.x; g/ 2 F I

pG.F / is contained in a compact subset of Gº:

Obviously, J is nonempty since, for any point .x0; g0/ 2 X �G the set F.x0; g0/

is in J .

Lemma 6.3. If F 2 J , then pX.F / D X .



1394 S. Bezuglyi and S. Sanadhya

Proof. Let .x0; g0/ 2 F . Since �n.x0; g0/ 2 F , pX .�
n.x0; g0// 2 pX .F /. Thus

pX .F / contains the dense set ¹T k.x0/º. Hence pX.F / is dense in X .

Next, for F � X � G, we have F � X � pG.F / and pG.F / is a compact set

in G. Since the projection pX.F / is a closed map, we obtain that pX .F / is closed

in X . We showed that pX.F / is dense and closed in X , hence pX.F / D X . �

Lemma 6.4. The family of sets J has a minimal element under inclusion. Every

orbit closure F.x; g/, .x; g/ 2 X � G, contains a minimal element of J .

Proof. We use Zorn’s lemma. Consider a totally ordered (with respect to inclu-

sion) chain ¹F˛º in J . Let F0 D
T

˛ F˛ . Then F0 is a closed �-invariant set and

pG.F0/ is clearly contained in a compact set ofG. To prove that F0 2 J , we show

F0 ¤ ;.

Let x0 2 X , consider G˛ D F˛ \ p�1
X .x0/. By Lemma 6.3, pX .F˛/ D X ,

therefore G˛ is a nonempty closed subset for any x0 2 X and any ˛. Moreover,

G˛ � x0 � pG.F˛/. We note that x0 � pG.F˛/ is compact since it is mapped

homeomorphically by pG to a compact set pG.F˛/. Since G˛ is compact for

each ˛, G0 D
T

˛ G˛ is non-empty. Since G0 � F0 we conclude that F0 is non-

empty. �

Let �WG ! G be a homeomorphism of G such that it commutes with  i.e.,

 .x; �g/ D � .x; g/ for all x 2 X and g 2 G. Let S� WX � G ! X � G be a

homeomorphism defined by S�.x; g/ D .x; �g/ D .x; �g/.

Lemma 6.5. Let F0 be a minimal element of J and suppose that for a fixed point

x0 2 X , the points .x0; g0/, .x0; g1/ lie in F0. Suppose further that there exists a

homeomorphism � of G onto itself such that it commutes with  and �.g0/ D g1.

Then S�k
F0 D F0.

Proof. Since � commutes with  , we get

S��.x0; g0/ D S�.T x0;  .x0; g0// D .T x0; � .x0; g0//

D .T x0;  .x0; �g0// D �.x0; �g0/ D �S�.x0; g0/:

Thus S��
n D �nS� , i.e., S�.Orb�.x0; g0// D Orb�.x0; �g0/. Using the fact

that S� is a homeomorphism we get S�F.x0; g0/ D F.x0; �g0/. Since F0 is a

minimal element of J , by assumption it contains both .x0; g0/ and .x0; g1/ we

get F0 D F.x0; g0/ D F.x0; g1/. But S�F0 D S�F.x0; g0/ D F.x0; �g0/ D
F.x0; g1/ D F0. �
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Proof of Theorem 6.1. Let B.0; r/ denote the ball of radius r centered at 0 2 G

with respect to a translation invariant metric on G. We first assume that there

exists a bounded Borel function f WX ! G such that f .x/ 2 B.0;m/ for some

m > 0, and h.x/ D f .T x/ � f .x/ for all x 2 X . Then, it is clear that

j
X

kD�j

h.T kx/ D �f .T �jx/C f .T .j C1/x/ 2 B.0; 2m/:

Hence,
Pj

kD�j
h.T kx/ is bounded in G for all x.

Conversely, assume that, for all x 2 X and for all j � 0,
Pj

kD�j
h.T kx/

is bounded in G. Thus, for any point .x0; g0/ 2 X � G, the set pG.F.x0; g0//

is contained in a compact set of G (see Remark 6.2). Therefore, we can apply

Lemmas 6.3–6.5.

Let F0 be a minimal closed invariant set in X � G with respect to � . We will

show that, for any x0 2 X , F0 contains at most one point of the form .x0; g/. To

see this, assume that for some x0 2 X , the set p�1
X x0 \ F0 contains two distinct

points .x0; g0/ and .x0; g1/. Let k D g1 � g0; then the map �k.g/ D g C k is a

homeomorphism of G onto itself which commutes with  , and �k.g0/ D g1. By

Lemma 6.5, S�k
F0 D F0 where S�k

.x; g/ D .x; g C k/. Hence, S i
�k
F0 D F0 for

any integer i . This contradicts the boundness of pG.F0/. Thus, F0 has at most one

point .x0; g0/ for arbitrary x0 2 X . Therefore, we can uniquely define a function

f WX ! G by the condition f .x0/ D g0 where .x0; g0/ 2 F0. By Lemma 6.3, the

function f is defined at every point of X . Moreover, f can also be considered as

a function on X with values in the compact set pG.F0/.

Recall following result: If Y is a topological space, Z a compact space, and

sWY ! Z is a function, then the graph of s is closed if and only if s is continuous.

Since the set F0 is the graph of f and F0 is closed, we conclude that f is

a continuous function. Finally, for �.x0; f .x0// 2 F0, we have .T x0; f .x0/ C
h.x0// 2 F0. Thus, by definition of f , we get f .T x0/ D f .x0/ C h.x0/ as

needed. �
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