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Length statistics of random multicurves
on closed hyperbolic surfaces

Mingkun Liu

Abstract. A multicurve can be decomposed into components. The ratios of the length of each
component to the total length give a hint of the shape of the multicurve. In this paper, we determine
the distribution of these ratios of a random multicurve with a given topological type on a closed
hyperbolic surface, using the methods of Margulis’ thesis and Mirzakhani’s equidistribution theorem
for horospheres. This distribution admits a polynomial density whose coefficients can be expressed
explicitly in terms of intersection numbers of psi-classes on the Deligne-Mumford compactification
of the moduli space of complex curves, and in particular it does not depend on the hyperbolic metric.
This result generalizes prior work of M. Mirzakhani in the case of random pants decompositions.
Results very close to ours were obtained independently and simultaneously by F. Arana-Herrera.

1. Introduction

Let X be a connected closed oriented complete hyperbolic surface of genus g > 2. An
ordered multi-geodesic on X is a finite ordered list y = (myy1, ..., mgyr), where
mi,...,mg € Z>1, and the y;’s are pairwise disjoint closed geodesics on X without self-
intersections. Our definition of a random (ordered) multi-geodesic is as follows. Consider
the set

sx,Ry = {& € Mod(X) -y : {x () < R}

of ordered multi-geodesics of the same topological type as that of y and of length at
most R, where Mod(X) is the mapping class group of X, and

Lx (@) = mly(ar) + -+ + mply (k)

is the total length of «. The set sx, g,y is finite. Consider the uniform probability measure
on this set, and the random variable that associates a multi-geodesic to its normalized
length vector

Ux Ry SX.Ry — AL (myay, ... mpag) (milx (@), ... .milx (ag)),

1
Lx (o)
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where
AR = HETT ERIQO:xl ot x =1}

is the standard simplex of dimension k — 1.

Our goal is to find the limiting distribution of éx, R,y a8 R — oo.

The study of the length partition of random multi-geodesics is initialed by M. Mirza-
khani in [14], where she proves the following result.

Theorem 1.1 ([14, Theorem 1.2]). If{y1,...,Y3g—3} is a pants decomposition of X, then
as R — oo, the random variable x g, converges in law to the Dirichlet distribution

of order 3g — 3 with parameters 1, ..., 1, namely the probability distribution that has a
density function (6g — 7)! - x1 - - - X3g_3 with respect to the Lebesgue measure on the stan-
dard simplex A38~% .= {(x1,...,X34-3) € Rs;;—3 1X1 + -+ X30-3 = 1} of dimension

3g — 4. In other words, for any open subset U of A3874,
lim P({x.ry, € U) = (6g —7)!/ X1+ X3g_3 A(dx),
R—>o0 U

where A is the Lebesgue measure on A38 =4,

Our main result is the following generation of the preceding theorem to any arbitrary
topological type.

Theorem 1.2. Lety = (m1y1,...,miYxr) be an ordered multi-geodesic on X. As R — oo,
the random variable Lx g, converges in law to a random variable which admits a polyno-
mial density with respect to the Lebesgue measure on A~ given by, up to a normalizing
constant,

(X1,...,x¢) > Py(xl/mk,...,xk/mk),

where Fy is the top-degree (homogeneous) part of the graph polynomial Py, associated to
y defined by (2.2)

Remark 1.3. The function Fy is a homogeneous polynomial of degree 6g — 7 whose
coefficients can be expressed in terms of the psi-classes on the Deligne—Mumford com-
pactification of the moduli space of smooth complex curves ﬂg,n (see Theorem 2.2).
In particular, it depends only upon the topological type of y, but not on the hyperbolic
metric X.

Motivations. Theorem 1.2 is motivated by Theorem 1.1 of Mirzakhani. Another moti-
vation originates from Theorem 1.25 in the section “Statistical geometry of square-tiled
surfaces” of [4]. Namely, the statistics of perimeters of maximal cylinders of a “random”
square-tiled surface associated to a given multicurve y given by formula (1.38) from [4]
coincide with statistics of hyperbolic lengths of different components of y given by Theo-
rem 1.2 above. Though formula (1.38) from [4] can be interpreted as a certain average of
lengths statistics for individual hyperbolic surfaces X, it does not imply that such statistics
do not change when X changes. The conjecture of non-varying of statistics of hyperbolic
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lengths for any fixed multicurve under arbitrary deformation of the hyperbolic metric,
proved in Theorem 1.2, was one of our principal motivations.

Idea of the proof. The structure of the proof is similar to that of [14, Theorem 1.2].
The limiting distribution that we are after boils down to the asymptotics of multicurves
counting under constraints, which can be transformed to a problem of approximating to
the number of “lattice points” within a horoball in a covering space of the moduli space.
By considering tiling of the covering space by translates of a fundamental domain for the
action of the mapping class group, it would not be unreasonable to expect that this number
might be proportional to the volume of the horoball divided by the volume of the moduli
space, and finally this is not so far from the truth. We proceed using techniques that Mar-
gulis introduced in his thesis [8], and the equidistribution theorem for large horospheres
initially established by Mirzakhani [10]. Similar methods were also applied in, e.g., [6].

Theorem 1.2 can be generalized to hyperbolic surfaces with cusps if Mirzakhani’s
work on the ergodicity of the earthquake flow can be generalized to such surfaces, which
seems to be the case (see [14]).

Remark. While the author was finishing this paper, the paper [1] by F. Arana-Herrera
appeared on the arXiv. Both papers are devoted to a similar circle of problems and use a
similar circle of ideas, though they were written in parallel and completely independently.
In particular, Arana-Herrera proves a much more general version of our Theorem 5.1
([1, Theorem 1.3]), which is one of the key ingredients allowing to attack the counting
problem and the length statistics. We learned from [1] that this kind of statistics was
initially conjectured by S. Wolpert. Papers [1] and [2] established results closely related
to Theorem 1.2.

Proposition 5.4 below is based on a theorem stated by M. Mirzakhani but presented
without a detailed proof. The paper [1] contains a detailed proof of an even stronger esti-
mate which implies, in particular, the statements of this theorem; see Remark 5.8 below.

2. Background

Throughout this paper, we use the symbol X, to denote a connected, closed, oriented,
topological surface of genus g > 2, the symbol X, ,, to denote a connected closed oriented
topological surface of genus g with n boundary circles labeled by {1, ...,n} with 2g —
2 + n > 0, and the letter d to denote 3g — 3 + n.

2.1. Deformation spaces and mapping class group

Let us consider the set of orientation-preserving homeomorphisms ¢: ¥, — X where
X is an oriented complete hyperbolic surface of genus g. Two such homeomorphisms
01: Zg — X1 and ¢5: E; — X, are said to be equivalent if ¢, o <p1_1 is isotropic to
an isometry. The Teichmiiller space, denoted by 7 (X4) or simply Tg, is the set of such
equivalence classes.



M. Liu 440

Let us denote by Homeo™ (X ¢) the group of self-homeomorphisms of X, that pre-
serve the orientation, and write Homeog(Zg) for the subgroup of Homeo™ (X g) consist-
ing of homeomorphisms isotropic to the identity. The mapping class group, denoted by
Mod(Z,) or simply Mod,, is the quotient group Homeo™ (X;)/ Homeog ().

The group Homeo™ () acts (properly and discontinuously) from the right on T, by
precomposition, and Homeog (X ) acts trivially. The moduli space, denoted by M (X, ) or
My, is the quotient T, / Mod,.

The Teichmiiller space 75 (L1, ..., L,) and moduli space Mg ,(L1, ..., L,) of ori-
ented complete hyperbolic surfaces of genus g with n (labeled) totally geodesic boundary
components of lengths Ly, ..., L, > 0 respectively can be defined in a similar manner.

2.2. Curves

In the introduction, the theorems are stated in terms of geodesics on a hyperbolic surface.
Nevertheless, it is often more convenient to work with (the free homotopy classes of)
the topological curves, and they are actually equivalent for our purposes. A curve in a
topological space X is (the image of) a continuous application S' — X. In this paper,
we are interested in curves up to free homotopy. A closed curve is said to be simple if it
does not intersect itself. A multicurve is a finite multiset of disjoint simple curves, and a
multicurve is ordered (or labeled) if its underlying set is labeled. We will often write an
ordered multicurve y as an ordered list (m1yy, ..., mg k), and its unlabeled counterpart
as a formal sumy = myy; + -+ + mgyr where m; € Z>1,1 <i <k.

The group Homeo™ (X ¢) acts on the set of closed curves on X, by postcomposition,
and the action of the subgroup Homeoy(X) stabilizes sets of curves in the same free
homotopy class. Thus the mapping class group acts on the set of free homotopy classes of
closed curves on X,. We say that two closed curves « and 8 have the same topological
type if they lie in the same mapping class group orbit. The three following subgroups,
associated to y, of the mapping class group Mod, will be useful later in the paper:

» Stab(y) which fixes the multicurve y = myy; + - + my vk (but the y;’s can be per-
mutated),

» Stab(y) which fixes every y; forall 1 <i <k, and
 Stab™(y) which fixes every y; and its orientation forall 1 <i < k.

Let X € J;. If a closed curve « on X is not homotopic to a point, then « is freely
homotopic to a unique closed geodesic on X with the minimum length over all curves in
the free homotopy class of «, and we write £x («) for the length of this geodesic.

The notions of topological type and length extend naturally to multicurves.

2.3. Fenchel-Nielsen coordinates

A pair of pants is a surface that is homeomorphic to a sphere with three holes. A pants
decomposition of ¥, ,, is a set of disjoint simple closed curves {&1,...,03g—34,} 0N g ,
such that X¢ , ~ {01, ..., ®3g—34 is a disjoint union of pairs of pants.
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Fix an ordered pants decomposition (xi, ..., ¢3g—34n) of Xz ,. Given X €
Ten(L1,...,Ly) (or X € Tg), we can associate for each «; two parameters: the length

Lo; (X) € Rso, and the twist parameter t4, (X) € R (corresponding to how much one turns
before gluing two pairs of pants along «;; see [3, Section 1.7] for a precise definition).
These 6g — 6 4+ 2n parameters are called Fenchel-Nielsen coordinates. The application
Ten(L1,...,Ly) = (Rso x R)*$ 734 given by X > (£, (X), 7o, (X))¥_, is a bijection
(see [3, Chapter 6]).

2.4. Weil-Petersson volumes
The following theorem is often referred to as Wolpert’s magical formula.

Theorem 2.1 ([15]). Given a pants decomposition {1, . .., 03g—34n}, the term

3g—3+n
> dby Ad,
i=1
defines a symplectic form which has the same expression in any other Fenchel-Nielsen
coordinates. In particular, it is invariant under the action of the mapping class group.

The symplectic form thus defined is the so-called Weil—Petersson symplectic form, and
we shall denote it by w. See [15] for a more intrinsic definition.
Every symplectic form defines a volume form. The Weil—Petersson volume of the mod-
uli space Mg » (L1, ..., Ly) is defined by
wA(Sg—3+n)
V,(Ll,...,L):z/ _—
e " Mg n(Li,,Ly) (38 —3 +n)!
The following fundamental result is due to Mirzakhani.

Theorem 2.2 ([11]). The Weil-Petersson volume Vg ,(L1, ..., Ly) is a symmetric poly-
nomial in L%, ..., L2 of degree 3g — 3 + 2n. More precisely,

(2n2)d°
Vgn(leu-,Ln): § 4
> +-+dy 'd.!... |
(do>d1,...dn) € L0 24 doldy!+--dy!

do+dy++d,=3g—3+n

do ., d 2d 2d,
(/ Klowll"'l/fnn)Ll 1...Ln ",
Mgn

where ﬂg’n is the Deligne—Mumford compactification, ; € H z(ﬂg,n, Q) is the i-th
psi-class, and k1 = [0]/2n? € H*(Mg n, Q) is the first Mumford class.

2.5. Earthquakes

Multicurves can be regarded as “lattice points” in the space of measured laminations
ML . We will only need the following properties of this space. See, e.g., [7, Chapter 11]
for more details.
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(1) Mg is a (6g — 6)-dimensional real manifold equipped with a natural piece-wise
integral linear structure, i.e., ML has a natural atlas whose transition functions
are piece-wise in GL(6g — 6, Z).

(2) The integral points in the coordinate charts of ML, denoted by ML, (Z), are in
natural bijection with the (free homotopy classes of) integral multicurves on X.

(3) The action of the mapping class group on the set of multicurves extends to ML.

4) (R>o, x) acts on ML, and for any multicurve ¥ = my; + -+ + mg Yk, and
any r € Rog, r-(myy1 +---+mgyr) = rmyy; +--- + r mgyr. We denote the
quotient by P(M L ).

(5) Given X e Tg, the length function £y defined on the set of multicurves extends
to ML,. Moreover, for any A € MLz, we have £x.,(h~1 - 1) = £x () for any
h € Modg, and €x(r - A) = r - €x (A) for any r € R..

(6) The twist flow tw% about a multicurve y can be extended to any measured lami-
nation A € ML, and we have (tw} (X)) -h = tw,_,, (Xh) and tw], (X) = tw}’
forallr € R, 1 € Mod,, and r € Rs.

(7) ML carries a natural mapping class group invariant measure pr, defined by
asymptotic counting of integral points, called the Thurston measure. The Thurston
measure is a Lebesgue measure in the coordinate charts of M £, and for any open
subset U C ML, we have pwrn(f - U) = 1986 puqy(U) for any ¢ € Rxo.

Let Ty = Ty x ML, be the bundle of measured laminations over the Teichmiiller
space, and let P17, := {(X A) € PTg : £x(A) = 1} be the unit sphere bundle of £ T,
with respect to the length function.

The mapping class group acts on 7, from the right via (X, A) - h:= (X -h,h™1 - Q).
This action is well-defined on P17, since it preserves the length function £(X, 1) =
Lx (X). Write P Mg := P T,/ Modg and P! M, = P17,/ Mod,.

The earthquake flow tw® on P7T,, is defined by

tw! (X, 1) = (twi(X), A).

The earthquake flow commutes with the action of the mapping class group, and therefore
descends to P Mg, and to P! .M, (since the earthquake preserves the length function).

The Thurston measure on ML, induces a measure on {A € ML, : {x (L) = 1} in
the following way: let U C {1 € ML : £x (1) = 1} be an open subset. The Thurston
measure of U is defined to be

;LTh{s-)L eMEg A el sel0, 1]}

The measure v, on P! T, defined by

ve(U) := / Prni{sA € MEg : (X. 1) € U, s €[0,1]} dX
Te
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for any open subset U C 5317;, is invariant both under the earthquake flow (since pwp
is) and under the action of the mapping class group (since ptp and pwp are), and hence
descends to a measure on P! M ¢ that (by abuse of notation) we shall also denote by v, .
The total mass of vg,

by = / B(X)dX,
Mg
where B(X) := purmn{d € ML; : {x(A) < 1}, is finite [12, Theorem 3.3].
The following result is fundamental.
Theorem 2.3 ([12]). The earthquake flow on P' M is ergodic with respect to vg.

We recommend [17] for an expository survey on this topic.

2.6. Thurston distance

Let X1,X, € (J‘g Set

lx, (1)
d(X,Y):= sup log ==,
AEMIng £ €x,(2)

The Thurston distance between X1 and X is defined by
dm(X1, X2) = max{d(Xl,Xz),d(Xl,Xz)}.
The Thurston distance ball centered at X € T, of radius ¢ is defined to be
Bx(¢) :={Y € Ty : dm(X.Y) < ¢/2}.
The reason for this choice of radius is that, for small ¢, e.g.,0 < ¢ < 1,
ef <14+2x, e ¢ >1-2x.
We have therefore, for any A € MZLg and any ¥ € By (¢),
(1—¢) - lx(}) =€&y(A) = (1 +¢) - Lx (D). 2.1

Thurston distance balls are well-defined on M;’, and on Mg, since the Thurston distance
is Modg -invariant.

2.7. Stable graphs

Given a multicurve my; + -+ + mg Yk, one can associate with it a stable graph in the
following way. Cut the surface along yq, ..., yx. To each connected component S of
X ~{y1..... Vx}, we associate a vertex, and we decorate this vertex with the genus
of S. For each component y; of y, we draw an edge that connects the two vertices (which
could be the same) corresponding to the two connected components of g ~ {y1,..., vk}
bounded by y;. See Figure | for an example. Note that the resulting graph does not depend
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onmy,...,mg. More formally, a stable graph consists of the data
=W, E, H gV —Zso, :H—H)

satisfying the following properties:

(1) The pair (V, E) defines a connected graph, with vertex set V' and edge set E. The
set H is the set of half-edges.

(2) The map v assigns each half-edge to its adjacent vertex.

(3) The map ¢ is an involution, such that the 2-cycles of ¢ are in bijection with E, and
the fixed points of ¢ are in bijection with L.

(4) The genus function g assigns each vertex x to its genus (the genus of the surface
corresponding to x), such that the stability condition

2g(x)—2+n(x)>0

is satisfied, where n(x) denotes the number of edges and legs adjacent to x.

2.8. Graph polynomials

Given a stable graph associated to the multicurve y = myy; + - -+ + mgyx, we associate
to each edge e a variable x,, and define the associated graph polynomial by the formula

Py(xe:e € E) =[] xe [ [ Vewynew) ey : h € H. v(h) = v), 2.2)
e v

where e runs through the edge set E, v runs through the vertex set V, Vg(y),n(v) is the
Weil-Petersson volume polynomial of Mg () n(v) (see Theorem 2.2), e(h) is the edge that
contains the half-edge 4, and v(%) denotes the vertex incident to /. Note that P, is of
degree 2d — k. Finally, we write Fy for the top-degree homogeneous part of Py, and Vg,n
for that of Vg .

Example 2.4. If {y;,...,y3g—3} is a pants decomposition, then Vg(y) n) = 1 for all
veV,and Py(xl, e ,X3g_3) = Py(xl, - ,X3g_3) = X1 X3g-3.

Example 2.5. Let (1, y2, y3) be an ordered multicurve on X3 as in Figure 1. The Weil-
Petersson volume polynomial V; 3(x1, X2, x3) is equal to (see [5])

147

2 2 4
m m m Tcm T°m 137%m
( 3) (2,1) (1,1,1) + (2) 4 (1,1)+ (1) .

1152 192 96 24 8 24

2 .2 2
)(x1 ,X5,X3) +
where m stands for the monomial symmetric polynomial. For example,

2 2 2 2 2 2
m(zjl)(xl,xz,m) = X1X2 + X1X3 + X1X5 + X5X3 + X1X3 + X2X3,

m(l)(xl»XZ,x3) = X1 + X2 + Xx3.
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Figure 1. Example 2.5

So the top-degree part of V1 3 is

2x0 +x8  2xb 4 2xtx2 +2x3x)  xix3
1152 192 96

Via(x1,x1,x2) =

)

and therefore,

2x8x2x3 + x1x8x3 X[ x2x3 4+ X7X3x3 + X3X5x3 + X X3 X3

P. =
y(xl,xz,x3) 1152 9%

3. Mirzakhani’s covering spaces

Lety = (m1y1,....mgyx) be an ordered multicurve on X . Recall that Stab(y) denotes
the subgroup of Mod, that fixes each y;, 1 < i < k. The quotient space

M} = T,/ Stab(y)

introduced by M. Mirzakhani in her thesis plays an important role in this paper.

Write 77: Ty — M} and 7,: M} — M, for the two natural projections (“raising and
lowering the index”). Let us consider the product space P, := T, x Modg - (y1, ..., Vk)
of the Teichmiiller space and the mapping class group orbit of (y1, ..., ¥x). The mapping
class group Mod, acts on P (from the right) via

(X;ap,...,05)-h=(X -h;h_lal,...,h_lak).
Lemma 3.1. The quotient P, / Mod, is isomorphic to eM;,' as symplectic orbifolds.

Proof. Consider the map P, — M} defined by (X, hy) +— 7 (Xh). This map is surjec-
tive, and descends to the quotient P,/ Modg. The resulting map P,/ Modg — M} is a
local isomorphism of symplectic orbifolds. All that remains now is to show that the map
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P,/ Mod, — M; is injective. Let (X1, h1y), (X2, hay) € P, such that 77 (X1hy) =
7Y (X2h7). By definition, there exists s € Stab(y) such that X1h;s = X,h;. Therefore

(X2, h2y) = (X1hishy ' hay) ~ (X1his,y) ~ (X1h1,y),
which proves the injectivity. ]

Remark 3.2. Let « be a simple closed curve on X, . In general, {x () is not well-defined
for X € Mg. However, it is if « = y; for some i.

The next lemma is a simple fact, but for our purposes it will be very important: it trans-
forms the multicurves counting that we are after to a “lattice points” counting problem on
M.

Lemma 3.3. Let y = (myy1, ..., MgYi) be an ordered multicurve, X € T, R € R,
and A C A*¥=1 be an open subset. The set

{hy 1 h € Modg, £x(hy) < R, {x(hy) € A}
and the set
{[(X.hy)] € MY : h € Modg, Lx(hy) < R. ix(hy) € A},

where by [(X, hy)] we mean the image of (X, hy) under P — P /Modg, are in bijection
given by hy — [(X, hy)],

Proof. The given map is obviously surjective. Suppose that [(X, h1y)] = [(X, h2y)], then
hy'hy € Stab(y), and therefore h1y = hay. The injectivity follows. L]

Next, let us review another covering space of My that Mirzakhani introduced. By
considering the Fenchel-Nielsen coordinates associated to a pants decomposition that
contains y1i, ..., Yk, the Teichmiiller space T, can be written as

{(le.Te. Xy)ie € E,veV, L, €Rup, T €R,
X, € Tg(v),n(v)((e(h) heH, v(h) = v)}, 3.1

where V' (resp. E; H) is the vertex (resp. edge; half-edge) set of the stable graph associ-
ated to y. The group

G, = 1_[ 7. X HMOdg(v),n(v)
e v

acts naturally on 7, written in the form (3.1) (each copy of Z acts as the Dehn twist about
ay;), and G, can be identified with Stab™ (y). The quotient C, := T /G, is of the form

{({le.te.Xp):e € E,vEV, Le €Rsg, Te €R/LZ,
Xy € Mg(v),n(v)(ee(h) heH, v(h) = U)}
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Since Gy =~ Stab™ (y) is a subgroup of Stab(y), T¢ — M} factors through a (ramified)
covering map C, — M;. The degree of this covering map is

iy, = 2M®) [ [Stab(y) : (Stab™ (), Stabo (y))],

where M (y) is the number of i such that y; bounds a surface homeomorphic to X ;, and
(Stab™ (y), Stabg(y)) stands for the subgroup of Stab(y) generated by Stab™ (y) and the
kernel Stabg(y) of the action of Stab(y) on 7. Note that Stabg(y) is trivial when g > 3,
and is isomorphic to Z /27 if g = 2 (generated by the hyperelliptic involution which fixes
the free homotopy class of every simple closed curve on %,). For more details, see the
footnote on pp. 369-370 of [16].

Integrating functions over C, (and M}) is far less delicate than integrating function
over M. Starting from this observation, Mirzakhani was able to calculate the integrals of
an important class of functions defined on M, which she called “geometric functions”.

Theorem 3.4 (Mirzakhani’s integration formula). Let y = (y1, ..., Yx) be an ordered
multicurve, and f: ]Rlio — R be a measurable function. Let X € Mg, and choose an
X € 77 Y(X) € Ty. We define f,,: Mg — R by the formula

fy(X) = > SUg@). ... Lg(ar)).

(1,505 )EModyg *(V15--¥k)

Note that f,,(X) does not depend on the choice of X. We have

[ fy(X)dX=/ Flx ... tx () dX
Mg M

:Ky/Rk SO, xg) s Py(xq, .o, xg) dxy - dxy.
>0

4. Horospheres

Let y = (m1y1, ..., mryg) be an ordered multicurve, Yy = myy; + -+ + myyg be its
unlabeled counterpart, and 4 be an open subset of the standard simplex AK~! :=
{(x1,...,x%) € R’;O :x1 + -+ xx = 1} of dimension k — 1.

The horosphere of radius R associated to y and A on Ty is defined by
Sy ={X €Tz :x(y) = R. Ix(y) € A}.
Similar notions can be defined on M} and on M, by
Spy =m"SR,)C M. Sk, =nSE,)C M.
where 77: T, — M} and 7: Ty — Mg are the natural projections.

Remark 4.1. The function X — (m;{x (y,~))f.‘=1 is well-defined for X € M. The horo-
sphere § ﬁsy C M} can be written as the pre-image of R - A under this function, where
R - A is defined to be {(x1,...,x;) € R¥ 1 (x1,...,x¢)/R € A}.
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4.1. Horospherical measures

We can choose d — k simple closed curves ok 41, . . ., g such that {y1,..., Yk, %k +1,-- -,
a4} is a pants decomposition. In the associated Fenchel-Nielsen coordinates, the horo-
sphere § I’g y is an open subset of a simplex. Let ;a denote the Weil-Petersson (Lebesgue)
measure on this simplex. The horospherical measure /L‘I‘é,y of an open subset U C Ty is
defined to be

wa,(U) = pua(UnSg.).

The horospherical measure uﬁ v is invariant under the action of the mapping class group,
and hence descends to a measure on Mg and a measure on Mg ; by abuse of notation we
shall denote both by Mé ,- Note that My — M, is a (ramified) covering map of infinite
degree. However, its restriction on § 1’3 , 1s of finite degree. Thus uﬁ , on My is the push-
forward measure of Mﬁ,y by My — M. So for any open subset U of M,

Ry (1 (U) = [Stab(y) : Stab(y)] - e, (V).
In particular, the total masses of ,uﬁ,y on My and on M, differ only by a multiplicative
constant depending only on y.
4.2. Total mass

The horospherical measure on T, has infinite total mass. Nevertheless, its total mass is
finite on M} and M.

Proposition 4.2. The total mass of l‘l’ﬁ,y on Mg is

K 1
MA = 4 / P o
Ry ™ [Stab(p) : Stab(y)] my ---my Jr.a y (X1 /Mg, ..o x /my) Adx)

where R - A = {(x1,...,Xx) € Rgo 1 (x1,...,xk)/R € A}, A is the Lebesgue measure
on{(x1,...,xx) € Rxo : x1 + -+ 4+ xx = R}, and P, is defined by the formula (2.2).

Proof. In the light of Remark 4.1, by taking f in Theorem 3.4 to be the indicator function
]l{(xl,...,xk) € ]RI;O R <mix1+---+mpxy < R+e¢,
(mix1,....mgxg)/(mixy + -+ 4+ mpxi) € A},
we obtain that ,u‘l‘% J,(cMg) - [Stab(y) : Stab(y)] is equal to

1
Wiy (MF) = lim ~

e—=>0 &

/Mg fr(X)dX

_ K—V/ P,(x1/mu, ..., xx/mg) A(dx),
R-A

ml...mk

the desired result. u
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Corollary 4.3. The total mass Mjg,y (of /"LII%,y on Mg) is a polynomial in R of degree
2d — 1 =6g — 7. Write C;‘ for its leading coefficient. We have
A A 2d—1
Mg, ~C/ R 4.1

as R — oo, and C)j‘1 can be calculated by

A _ Ky 1 %)
¢, = [Stb(7) : Stab(p)] 1y -k [4Py(xl/ml,...,xk/mk))&(dx),

where M is the Lebesgue measure on AK=' and f_’y is the top-degree homogeneous part of
the graph polynomial P, defined by (2.2).

Remark 4.4. It results from Theorem 2.2 that the polynomial 13,, can be expressed in
terms of intersections numbers of yr-classes on the Deligne-Mumford compactification

Mg

4.3. Horospherical measures on the unit sphere bundle

Define
PSp, ={(X.y/R) € P'T : Ix(y) € A}.

Note that § ﬁ,y projects via P! T, — T, to gﬁ,y, and is invariant under the earthquake
flow.

Let va denote the Lebesgue measure on J§ ﬁ " The horospherical measure v 1‘% , on
P T, is defined by the formula

v, (U) = va(U N PSE,).

where U is any open subset of ! 7,. The measure vﬁ , 18 Modg -invariant, and therefore

descends to a measure on P! M ¢ which by abuse of notation we shall also denote by vﬁ "
Note that /L‘I‘%# is the push-forward of Vﬁ,y via P Mg — M,

Notation. To simplify the notation, let us fix X € M, amulticurve y =(myy1,...,mg Vi)
on Xg, and an open subset A of the standard simplex A= {(xy, ... xp) € Rso :
X1 + -+ + xx = 1}. From now on we shall write g for /L"Ig’y, vR for vﬁ,y, and My for
M Ié,y, unless otherwise stated.

5. Equidistribution

In this section, we establish the equidistribution of large horospheres. The proof is adapted
from that of [10, Theorem 1.1].

Theorem 5.1. We have weak convergence of probability measures on P' Mg

VR Vg

=
Mg b,

as R — oo.
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The following immediate corollary is exceedingly useful late on.

Corollary 5.2. We have weak convergence of probability measures on Mg

B
Kr _ BX)
MR bg

Hwp

as R — oo.

Proof. This follows from the fact that ug is the push-forward of vg via P1 Mz — M,
and Theorem 5.1. |

The proof of Theorem 5.1 rests on the following series of propositions.
Let v be a weak limit of (Vg/MR)Rr>o.

Proposition 5.3. The measure v is invariant under the earthquake flow.
Proposition 5.4. The measure v is absolutely continuous with respect to vg.
Proposition 5.5. The measure v is a probability measure.

Proof of Theorem 5.1. Proposition 5.3, Proposition 5.4, and Theorem 5.1 imply that v and
v differ by a multiplicative constant, and it follows from Proposition 5.5 that this constant
is 1. ]

Proposition 5.3 is immediate.

Proof of Proposition 5.3. This follows from the fact that vg is invariant under the earth-
quake flow (since vy is). [

For the rest of this section we shall prove Propositions 5.4 and 5.5, which are more
technical.

5.1. Escape to infinity?

In this subsection, we prove Proposition 5.5. The key ingredient is the following non-
divergence result for the earthquake flow due to Y. Minsky and B. Weiss.

Theorem 5.6 ([9, Theorem E2], [10, Corollary 5.12]). For any ¢ > 0, there exists ¢ > 0,
depending only on c, such that for any x € T4 and any A € ML, the following dichotomy
holds:

(1) There exists a simple closed curve o disjoint from A, and £ (a) < e.

(2) We have
. €[0.T]: w(tw (x)) € MFF}|
lim inf >

1—c,
T—o0 T

where w: Tg — Mg is the natural projection, and M;a is the compact subset of
Mg consisting of all surfaces whose shortest closed geodesic has length at least ¢.
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Proof of Proposition 5.5. 1t is enough to prove that for any § > 0, we can find a compact
subset Kg of fPlMg such that

K
limint RS
R—o00 MR

The strategy is to show that there exists & > 0, depending only on §, such that the pre-image

of M;a under P M ¢ — Mg possess the desired property. In other words,

>¢
lim inf M
R—o0 R

>1-6.

Taking ¢ = §/2, Theorem 5.6 allows us to write Sk C T¢ as the disjoint union of
S 1 and 82 corresponding to the two possibilities. For convenience, we shall adapt the
convention that S, (resp. Sx) denotes the image of S, under 7 2 — Mg (tesp. Ty — MY),
where * is a certain index.

First, we show that ug(S1) < ur(S1) = o(Mg) as R — oo even when A = A¥~1
(the subset of the simplex that we choose to define g is the whole simplex). For any
point in Sy, at least one of the following holds:

(1) « is freely homotopic to y; for some 1 <i < k.
(2) o isdisjoint from yq, ..., Vk.

Thus §1 can be written as the union of 51,1 and 51,2 corresponding to the two cases above.
To simplify the notation, in the following estimates of ug(S1,1) and r(S1,2) we assume
that y is primitive, i.e. m; = --- = my = 1 (the calculation differs from the general case
only by a multiplicative constant).

For each i, the corresponding horospherical volume of 81 ; can be estimated by taking
f in Theorem 3.4 to be the indicator function

]l{(xl,...,xk)eRgO:fol+---+xk§R+h, Xi <£},

and we obtain

HR(S11) < Z lim =~

/ dxl/ w1+ dxiadxigs - dxg Py(xr. . x),

[Rx ,R+h—x;]

where

k—1
A [R—x;,R+h—x{]

= {(xl,...,xi_l,x,-H,...,xk) ER;BI:fol + o4 Xk SR—i—h}.

Since P, is a polynomial of degree 2d — k and x; --- xx is a factor of P,, we have
1R(S1,1) = O(e*R?473).
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We now suppose that « is disjoint from yy, . . ., Y. Denote by (y, &) the ordered multi-
curve (y1,. .., Yk, &). Again, by applying Theorem 3.4, f being the indicator function

]l{(xl,...,xk,y)eRﬁ;l:R§x1+~~+xk§R+h, y <e},

we obtain the corresponding horospherical volume

. ky [f
}}m})%/ dy/k dxy---dxg Poay(x1,..., Xk, y),
- 0 ATR.R+H]

where
(Roran =11 x) €ERE TR <x1+ -+ xx < R+ h.

Since P(yq) is a polynomial of degree 2d — k — 1 of which y is a factor, and there are
only finitely many topological types of (y, @), we have wg(S;.2) = O(s2R?¢73).
Using Corollary 4.3, we deduce

1r(S1) - wr(S1.1) + nr(S12) _ HR(GS11) + pr(S1,2)

= 0O(2R7?) = o(1
Mr M M (e ) =o(1)

as R — oo.

Let us now consider §,. One observes that every p € S, lies in a unique 1-periodic
earthquake flow orbit along the direction y, := y1/¢p(y1) + - + vi/{p(yx), and S, can
be written as the disjoint union of such orbits. (If one completes y to a pants decomposition
by adding d — k simple curves, such orbits are parallel straight lines in the (ty,,..., 7y, )-
coordinates plane.) By Theorem 5.6,

[{r € [0,1]: w(tw), (p)) € MZ°}| > 1-6/2,

for all p € §,. Thus, B
RS20 MF) |

— 5/2.
KUR(S2) B /

Therefore,

BR(MZ®) _ UR(MZE N S1) + pr(MZE N S3)

Mg Mg
— o0+ BLR(MZ® N S2) MR — ur(S1)
UR(S2) Mg

= (1-8/2)(1 —o(1))

as R — 00. The o(1) term can be made, e.g., smaller than §/2, by increasing R. The proof
is thus complete. ]
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5.2. Absolute continuity

In this subsection, we prove Proposition 5.4.

We use the following notation throughout the subsection. Let d denote 3g — 3. We
write f = Ok (g) if there exists C > 0, depending only on K, such that f < Cg, and we
write f = Og(g) if there exists C, depending only on K, such that (1/C)g < f < Cg.

The key to the proof are the following estimates.

Theorem 5.7 ([1, 10, 14]). Let ¢ € (0, 1) and let K be a compact subset of Mg. Then:
(1) Forany x € K, jwp(Bx(g)) = Ok (¢29).
(2) Forany x € 17 1(K) C Ty, pr(Bx(e)) = Og (2971 /R).

Remark 5.8. The first part of the preceding theorem is [10, Theorem 5.5.a]. Mirzakhani
proved the second part in the case when y is a simple closed curve [10, Theorem 5.5.b],
and claimed a more general version [14, Proposition 2.1.b] without proof. The proof of
[10, Theorem 5.5.b] is concise and not easy to follow. See also the footnote on p. 390
in [16]. A much stronger estimate is obtained by Arana-Herrera in a different approach
[1, Proposition 1.5].

The rest of the proof of Proposition 5.4 can be adapted from Mirzakhani’s original
proof in the case when y is simple. Let us sketch her arguments for the sake of self-
containedness.

Corollary 5.9. Let U C P(MLg) be open, K C T4 be compact, x € K, and p: Tg x
P(ML,) — P M, be the natural projection. For ¢ € (0, 1), we have

vR(p(Bx(e) x U))
Mg

= OK(Vg([Bx(‘?) X Ux))’

where Uy = {1 € MEg : {x(A) <1, [A] e U}.

Proof. Tt is enough to prove this for A = A¥~1 By (2.1), for any y € B, (), we have
(1= um(Ux) < pm(Uy) < (14> - pm(Us), (5.1)

and so

#{a €Modg -y : [o] € U, £y(a) = R forsome y € Bx(s)}
<#{la €eModg-y:[a] €U, (1—&)R < Ly(ax) < (1 +&)R}
= Ok (eR*? pmn(Us))-

Hence Theorem 5.7 (2) implies that vg(p(B(¢) x U)) = Ok (¢2? R4~ 41y (Uy)). The
result now follows from Theorem 5.7 (1) and Corollary 4.3. ]

We need one further technical lemma.
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Lemma 5.10. Let K be a compact subset of P'T,. For any N C K with vg(N) = 0,
and any € > 0, there exists an open cover {Bx, (r;) x U; i € Zx1} of N, where for all i,
X; €T, 1ri €(0,1), and Uy C P(ML) is open, such that

> vgBx, (ri) x Up) <e.

i>1
Proof. Fix a choice of Fenchel-Nielsen coordinates. There exists an open cover
{Bx,;(ri) x U; i € Z>1} of N, where By, (r;) is the Euclidean ball of radius r; cen-
tered at X;, such that ) ;_, vg(Bx, (r;) x U;) < ¢, and sup;.; r; can be made as small
as we please (since vg is a Lebesgue class measure). It follows from the compactness of
K x [0, 1] that there exists a constant s depending only on K such that By (r) C By (s - r)
for any x € K and any r € [0, 1]. By Theorem 5.7 (1), there exists a constant s’ depending
only on K such that puwp(Bx (s - 7)) < s'- uwp(Bx(r)) forany x € K, and any r < 1/2s.
Therefore, by (5.1),

D veBx, (s - ri) x Up) < 325" v (By, (i) x Uy) < 32%5'e = O ()

i>1 i>1
and the lemma follows. u
Proof of Proposition 5.4. 1t is sufficient, as before, to consider the case in which A is the
whole simplex A¥~!. Let N C £'.M, with vg(N) = 0. By Proposition 5.5, we may

assume that N is contained in a compact set K C P! .M. Lemma 5.10 implies that for
any ¢ > 0, there exists an open cover {By, (r;) x U; :i € Z>1} of N, such that

> v By, (1) x Up) <&
i>1

Hence, it follows from Corollary 5.9 that

Byx. (r;) x U;
3 RO XU 5 0wy (B 1) x Ux ) = Ok o).
i1 R i>1
The proof is thus complete. [

6. Counting

The main result of this section is the following theorem which is a refined version of
[13, Theorem 1.1].

Theorem 6.1. Let X € Mg, y = (m1y1,...,myYr) be an ordered multicurve, and A C
A*=1 be open. We have

[Stab(y) : Stab(y)] B(X) >4
2d be

#{o € Modg -y : {x () < R, ix(a) € A}~

as R — oo.
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By virtue of Lemma 3.3, this multicurves counting problem can be transformed to a
counting problem on Mg. Let us begin by introducing some definitions that we need to
state our counting result on M;.

The horoball (on M;’) is defined by

Bri={Xe M xR ixned)= ] &

0<r<R

and its associated measure <R is defined by the formula

R
j<r(U) = /0 1 (U) dr = pwp(U 1 Br),

where U is any open subset of eMZé. By abuse of notation, we shall also use (t<g to denote
the measure on M defined by the formula

R
ver(U) == /0 1 (U dr = pe(U 0 7, (8),

for any open subset U of M. Let X € M, and let N(R) denote the number of pre-images
of X under m,: ,Mg — M, which lie within the horoball 8z C MY, e,

N(R) = #{m; ' (X) N Br}.
We have the following counting result on Mg.

Theorem 6.2. Let X € Mg, y = (m1y1,...,myYr) be an ordered multicurve, and A C
A*=1 be open. Then we have

C;‘ [Stab(¥) : Stab(y)] B(X) r2d

N(R) ~ 2d b
g

as R — oo.
As an immediate corollary, we get the main result of this section:
Proof of Theorem 6.1. This follows at once from Theorem 6.2 and Lemma 3.3. ]

We introduce a family of subsets A, ; of Ak_l, indexed by a = (a,...,ax—1) €
[0,1]*Yand b = (by,...,br_1) € [0,1]F"! such that a; < b; forall 1 <i <k — 1, and
defined by

Agp = {1, oxp) € AV iay < xp < by, Y1 <i <k —1).

To prove Theorem 6.2, it is enough to check the case when A = A, p for all a, b. In order
to abbreviate our formulas, for the rest of this section we write

AZZAa’b, A+Z=A1—s Ltey, A_:ZA%H,I—eb,

1+e % 1—¢ +e
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where we adopt the convention that }—fgbi =1if }—”_Lﬁb,- > 1, and we write B} = £2+,
ui’ R = /,L: r> €tc. The reason for the choice of A4 and A_ is the following elementary
lemma.

Lemma 6.3. Choose ¢ € (0, 1) small enough to ensure that A_ and Ay are well-defined,
and let x,y € M} with dmn(x,y) < &. We have:

) Ifx € B(_l—s)R' then y € BR,
(2) If x € Bpg, then y € £a+a)R'

Proof. Suppose that x € Bg. It follows from inequality (2.1) that

Liy) = +e)lx(y) =1 +e)R

and
l—¢ 4 < (1 —e)bx(m;yi) < Ly (miyi) < (1 + &e)lx(m;y:) < l1+e¢ y
I+e (I +¢e)tx(y) £ () (I—e)lx(y) l—¢
which shows that y € 3(41' +eOR" Part (1) can be proved in a similar manner. |

Proof of Theorem 6.2. We can choose ¢ € (0, 1) such that By, (¢) N By, (¢) = @ for any
distinct pre-images Y1, Y> of X under 7,: M} — M, . Let us write

N_(R) =#{Y e m;'(X) C M} : By(e) C Br}.

for the setofall Y € M; such that ¥ projects to X and the Thurston distance ball of radius
& centered at Y is entirely included within the horoball Bg C M;’. Furthermore, we write

Ny (R) :==#{Y e m,;'(X) C M} : By(e) N Br # @}
for the set of all Y € M} that project to X such that By (¢) intersects Bg. By definition,
N_(R) = N(R) = N+(R).
It follows from Lemma 6.3 that

N+ (R) - pwp(Bx (2)) = powe (' (Bx (€) N By )
= 10 or(ry Bx () 6.1)
and
1za_or(T,  Bx(e) = pwe(m, " (Bx (¢)) N B _g )
= N_(R) - pwp(Bx (¢)). 6.2)

For any open subset U C Mg,

p<r(y (U)) = [Stab(y) : Stab(y)] - p<r(U). 63)
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We deduce from (6.1), (6.2), and (6.3) that

N(R) - pwe(Bx (¢)) "
= TStab(7) : Stb(y)] — M=0+oR

:u;(l_g)R(BX () Bx (g)),

where By (¢) C M. Hence,

+
fim A0rorBX@) L / TG,
R—o0 R2d R—oo R Jy R2d-1
1 (14+¢)L +(]B (8))
_C*lim o 2a-1 1 (Bx (¢))
-C ngnoode/O O e A (64

where Ct = C}f‘* is given by (4.1). By Corollaries 5.2 and 4.3,

+
pe Bx(e)) 1
—_— = — B(Y)dY + o(1
Ct-12d=1 by Jpy(e) o) W
as t — oo, where o(1) is bounded and the constant depends only on y and A™. Thus (6.4)
is equal to

2d ~+
M/ B(Y)dY.
2d b Bx (e)
Therefore,
poeBr (@) o NR) (e C / By
[Stab(y) : Stab(y)] gooo R2? T 2dbg  Jeye) ’

and similarly,

(1-e)?dC~ pweBx(e) . N(R)
__ = inf

B(Y)dY < 7
2d by /le(a) (r)dy < [Stab(¥) : Stab(y)] Rvoo R24

where C~ = C;l‘. Taking ¢ — 0, we obtain
N(R) 4 [Stab(¥) : Stab(y)] B(X)
m —— =C .
R—oo R2d 4 2d bg
This established the theorem. [

7. Statistics

Proof of Theorem 1.2. Theorem 6.1 implies

A

: i 4
Rh_I;[looP(EX’R’y (S} A) = W

Y

The assertion now follows from Corollary 4.3. ]



M. Liu 458

72

/
\ - ‘
Y1

Figure 2. Example 7.2 Figure 3. Example 7.3

\

Example 7.1. If y = (y1, ..., y3g—3) is a pants decomposition, then g(v) = 0, n(v) = 3,
and Vg () nv) = 1 forallv € V. Thus Py (x1,...,X3g—3) = X1 :+ - X34—3, and Theorem 1.2
reduces to Theorem 1.1.

Example 7.2. Let y = (y1, y2), Where y, is separating and separates X, into a torus with

ahole and a surface of type (g — 1, 1), and y; sits on the torus with a hole is non-separating

as in Figure 2. Then its associated graph polynomial }7), is equal to
x1x2 - Vo,3(x1, X1, %2) - Vg—1,1(x2) = constant - xlxgg_g.

This implies that in a random multi-geodesic of topological type (y1, ¥2) on a hyperbolic

surface of genus g >> 2, the separating component is very likely to be much longer than

the non-separating component.

Example 7.3. Let (y;, y2) be an ordered multicurve such that, for i = 1,2, y; is sepa-
rating, and y; bounds two surfaces of type (g;, 1) (genus g; with 1 boundary component)
and (g — g1 — g2, 2), respectively, as shown in Figure 3. Then P, is

X152 Ve 1(x1) Viy1(x2) Vg—gy—g2.2(x1. x2)

— 6g1—3 6g2-3 17
= constant - x; Xy Ve—gi—g2,2(X1, X2),

where Vg_gl_gz,z is a symmetric polynomial. So in a typical multi-geodesic of type
(y1, y2), the first component is shorter than the second if g; < g».
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