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Equations in acylindrically hyperbolic groups
and verbal closedness

Oleg Bogopolski

Abstract. Let H be an acylindrically hyperbolic group without nontrivial finite normal subgroups.
We show that any finite system S of equations with constants from H is equivalent to a single
equation. We also show that the algebraic set associated with S is, up to conjugacy, a projec-
tion of the algebraic set associated with a single splitted equation (such an equation has the form
w(X1,...,Xp) =h,where w € F(X),h € H).

From this we deduce the following statement: Let G be an arbitrary overgroup of the above
group H. Then H is verbally closed in G if and only if it is algebraically closed in G.

These statements have interesting implications; here we give only two of them: If H is a non-
cyclic torsion-free hyperbolic group, then every (possibly infinite) system of equations with finitely
many variables and with constants from H is equivalent to a single equation. We give a positive
solution to Problem 5.2 from the paper [J. Group Theory 17 (2014), 29—40] of Myasnikov and
Roman’kov: Verbally closed subgroups of torsion-free hyperbolic groups are retracts.

Moreover, we describe solutions of the equation x”y™ = a"b™ in acylindrically hyperbolic
groups (AH-groups), where a, b are non-commensurable jointly special loxodromic elements and
n, m are integers with sufficiently large common divisor. We also prove the existence of special test
words in AH-groups and give an application to endomorphisms of AH-groups.

Dedicated to my teacher Valerii Churkin on the occasion of his 75th birthday.

Contents
Lo Introduction . .. ... .. ...t 614
2. Mainresults .. ... 615
3. Acylindrically hyperbolic groups . .. ... ...« ...ttt 622
4. Preliminary statements . . . ... ...ttt e 627
5. Uniform divergence of quasi-geodesics associated with loxodromic elements in acylindri-
cally hyperbolic groups . . . . . ..ot e 631
6. Extension of quasi-morphisms from hyperbolically embedded subgroups to the whole
BIOUD & o v e e e e e e e e e e e e e e e e e e e e 641
7. Equation xy" = ¢"b™ in acylindrically hyperbolic groups . . ................. 647
8. Isolated components in geodesic polygons . ... ... .. i i 651

2020 Mathematics Subject Classification. Primary 20F65; Secondary 20F70, 20F67.
Keywords. Equations over a group, acylindrically hyperbolic group, algebraically closed subgroup,
verbally closed subgroup, retract, relatively hyperbolic group, equationally Noetherian group.


https://creativecommons.org/licenses/by/4.0/

0. Bogopolski 614

9. Perfect equations of kind x” y” = a"b™ in acylindrically hyperbolic groups . . ... ... 652
10. Special generating sets for finitely generated acylindrically hyperbolic groups . . . . . ... 659
11. Test words in acylindrically hyperbolic groups: a specialcase . .. ................ 665
12. Test words in acylindrically hyperbolic groups: the generalcase . ................ 669
13. Proof of Theorem A . ... ... . 671
14. Proof of Theorem B . . . . . .. . 674
15. Solution to a problem of Myasnikov and Roman’kov . .. ...................... 676
References . ... ... 679

1. Introduction

In 1943, Neumann [41] considered systems of equations over arbitrary groups and, moti-
vated by field theory, introduced for groups such notions as adjoining of solutions and
both algebraic and transcendent extensions. Inspired by this paper, Scott [58] introduced
the notion of algebraically closed groups in the class of all groups. Since then the theory
of equations over groups developed in two directions.

In the first direction, one studies which types of equations are solvable over groups
from certain classes (e.g. over finite, residually finite, locally indicable or torsion-free
groups). The branch which studies properties of algebraic sets in groups is called algebraic
geometry over groups; see [3,39]. An extensive list of problems and results in this area can
be found in the survey of Roman’kov [53] of 2012 and in the recent papers of Klyachko
and Thom [29] and Nitsche and Thom [45].

In the second direction, one studies properties of algebraically, existentially, and ver-
bally closed groups in certain overgroups or classes of groups (see Definition 2.2 below
and a general definition of &-closedness suggested by Neumann in [43]). For problems
and results in this area see the surveys of Leinen [33], Roman’kov [53], and the papers
[2,30,31,35,40,42,43,54-56,58]. Note that this branch of group theory is closely related
to logic in the form of model theory and recursive functions; see the book of Higman and
Scott [22], Appendix A.4 in the book of Hodges [23], and the paper [26].

An important class of groups where both of these directions have a good chance for
development is the class of acylindrically hyperbolic groups. These groups were implicitly
studied in [5, 10, 14, 21, 63] before they were formally defined by Osin in [47]. In [47,
Theorem 1.2], Osin proved that all definitions used in the above-mentioned papers are
equivalent to his definition (AH;); see Section 3.

For brevity, we also write AH-groups for acylindrically hyperbolic groups. We call a
group clean if it does not contain nontrivial finite normal subgroups.

The class of AH-groups is large. It includes non-(virtually cyclic) groups that are
hyperbolic relative to proper subgroups, many 3-manifold groups, groups of deficiency
at least 2, many groups acting on trees, non-(virtually cyclic) groups acting properly on
proper CAT(0)-spaces and containing rank-one elements, non-cyclic directly indecom-
posable right-angled Artin groups, all but finitely many mapping class groups, Out(F;,)
for n = 2, and many other interesting groups; see the survey of Osin [50], where some
interesting properties of AH-groups are listed as well.
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However, almost nothing was known about solutions of equations and related prob-
lems in the class of AH-groups. In this paper, we describe solutions of certain equations
of the form x"y™ = a”b™ in AH-groups (see Proposition C and Corollary C1). Using
this description, we construct certain test words for clean AH-groups (see Definition 11.1
and Corollaries D and E). We use these test words to study systems of equations over AH-
groups and to establish relations between the verbal closedness, the algebraic closedness,
and the retract property for AH-subgroups of groups. Below we briefly formulate some of
the main results of the present paper (see Section 2 for full formulations).

— Theorem A says that if H is a clean acylindrically hyperbolic group, then any finite
system of equations with constants in H has the same set of solutions in H as a single
equation. Moreover, this set is a projection, up to conjugacy, of the set of solutions of a
single splitted equation (see Definition 2.1).

Recall that a group H is called equationally Noetherian if every system of equations
with constants from H and a finite number of variables is equivalent to a finite subsystem;
see [3]. The equational noetherianity is important in the study of equations over groups,
model theory of groups, and other questions; see [3,4,20,27,28,39,51,59-61]. Many inter-
esting classes of groups enjoy this property (see [3,12,19,57,61]); in particular, hyperbolic
groups are equationally Noetherian (see [65, Corollary 6.13] and [60, Theorem 1.22]).

— A simplified version of Corollary A1 says that if H is a clean non-elementary hyper-
bolic group, then every (possibly infinite) system of equations with constants in H and
finitely many variables is equivalent to a single equation with coefficients in H; i.e., they
have the same set of solutions in H.

— Theorem B says that for any clean acylindrically hyperbolic group H and any over-
group G of H the notions of verbal and algebraic closedness of H in G are equivalent.

Special cases of this theorem where H is a virtually free group or a free product of
nontrivial groups were considered by Klyachko, Mazhuga, and Miroshnichenko in [31]
and by Mazhuga in [38].

— Corollary B1 says that if H is a finitely generated clean acylindrically hyperbolic
group and G is a finitely presented overgroup of H, then the notions of verbal and alge-
braic closedness of H in G are both equivalent to the assertion that H is a retract in G.

The same conclusion holds if H is an equationally Noetherian clean acylindrically
hyperbolic group and G is an arbitrary overgroup which is finitely generated over H.

— Corollary B2 solves Problem 5.2 from the paper [40] of Myasnikov and Roman’kov:
Verbally closed subgroups of clean hyperbolic groups are retracts.

In Section 2, we give exact formulations of all main results and describe the logical
structure of the paper.

2. Main results

Let H be a group. An equation with variables xy, ..., x, and constants from H is an
element of the free product F, *x H, where F, is the free group with basis xq, ..., x,.
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Sometimes we write an equation f in the form f(xy,...,x,; H) stressing that f involves
the variables x1, ..., X, and constants from H. Sometimes, for convenience, we write an
equation fp f1 in the form fo = f; L.

Let S C F, *x H be a system of equations and let G be an overgroup of H. A
tuple (g1, ..., gn) with components from G is called a solution of the system S in G
if f(g1,...,8n; H) = 1in G for every equation f(x1,...,x,; H) from S. Let V5 (S) be
the set of all solutions of the system S in G; i.e.,

Vo(S) ={(g1.....8n) € G" | f(g1.....gn: H) = 1 forall f € S}.

2.1. Systems of equations versus a single equation

Definition 2.1. An equation f € F, % G is called splitted if it has the form wg, where
we F,and g € G.

For m = n, let pr,, : G™ — G" be the projection to the first n coordinates; i.e.,

pr,(g1,....gm) = (g1,...,&n). For g,u € G, we denote g% = u~'gu.For (g1,...,8n) €
G" andu € G, weset (g1,...,82)% = (g¥. ..., g¥). The first main result of this paper is
the following theorem.

Theorem A. Let H be an acylindrically hyperbolic group without nontrivial finite normal
subgroups. Let S C F, x H be a finite system of equations with constants from H. Then
the following statements hold.

(1) There exists a single equation f € F, * H such that

Va(f) = Vu(S).

(2) There exists a natural number k = n and a single splitted equation f € Fy x H of
the form f1 fo, where f1 € Fy and fo € H such that the following two properties
are satisfied:

(a) we have

pr,, (Ve (1)) = | Va ($)77,

a€Z

(b) for any overgroup G of the group H, we have

pr, (Vo (1)) 2 | Ve (5.
a€Z

(3) There exist a natural number k = n and two splitted equations f, g € Fy x H such
that

Ve (S) = pr,(Va (f)) Nnpr, (Va(g)).

In [19, Theorem D], Groves and Hull proved that any relatively hyperbolic group
with respect to a finite collection of equationally Noetherian subgroups is equationally
Noetherian. Using this fact we deduce the following corollary directly from Theorem A.
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Corollary Al. Suppose that H is a clean non-(virtually cyclic) relatively hyperbolic
group with respect to a finite collection of proper equationally Noetherian subgroups.
Then every (possibly infinite) system of equations with constants in H and finitely many
variables is equivalent to a single equation with constants in H i.e., they have the same
set of solutions in H.

In particular, this corollary is valid for all clean non-elementary hyperbolic groups.

2.2. Algebraic closedness, verbal closedness, and retracts

Let X = {x1, x2, ...} be a countably infinite set of variables and let F(X) be the free
group with basis X. We recall definitions of algebraically (verbally) closed subgroups and
retracts.

Definition 2.2. Let H be a subgroup of a group G.

(a) The subgroup H is called algebraically closed in G if for any finite system of
equations
S ={Wi(x1,....xps H)y=1|i=1,...,m}

with constants from H the following holds: if S has a solution in G, then it has a
solution in H ; see [40,43].

(b) The subgroup H is called verbally closed in G if for any word W € F(X) and
any element & € H the following holds: if the equation W(xy,...,x,) = h has a
solution in G, then it has a solution in H ; see [40, Definition 1.1].

(c) The subgroup H is called a retract of G if there is a homomorphism ¢ : G — H
such that 9| = id. The homomorphism ¢ is called a retraction.

Obviously, if H is a retract of G, then H is algebraically closed in G. Algebraic
closedness implies verbal closedness, but the converse implication is not valid in general;
see example in Remark 14.2.

The following proposition of Myasnikov and Roman’kov says that, under some gen-
eral assumptions, the property of H to be algebraically closed in G is equivalent to the
property of H to be a retract of G.

Recall that a group G is called finitely generated over a subgroup H if there exists a
finite subset X C G such that G = (X, H).

Proposition 2.3 ([40, Proposition 2.2]). Let H be a subgroup of a group G. Suppose that
at least one of the following holds:

(a) H is finitely generated and G is finitely presented,

(b) H is equationally Noetherian and G is finitely generated over H.
Then H is algebraically closed in G if and only if H is a retract of G.

In [40], Myasnikov and Roman’kov initiated the study of verbal closedness. They
proved (using nilpotent groups) that the algebraic and the verbal closedness and the prop-
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erty to be a retract are equivalent for subgroups of finitely generated free groups; see [40,
Theorem 1.2]. Some other results on verbal closedness can be found in [30,31,36-38].

Our second main theorem establishes the equivalence of verbal and algebraic closed-
ness for clean acylindrically hyperbolic subgroups of arbitrary groups.

Theorem B. Let H be an acylindrically hyperbolic group without nontrivial finite normal
subgroups and let G be an arbitrary overgroup of H. Then H is verbally closed in G if
and only if H is algebraically closed in G.

The assumption that H does not have nontrivial finite normal subgroups cannot be
omitted (see example in Remark 14.2). Some special cases of this theorem were consid-
ered earlier in [31, 38]; see Remark 14.1.

The following corollary follows directly from Theorem B and Proposition 2.3.

Corollary B1 (see [40, Proposition 2.2] for the equivalence (1)< (3)). Let H be a sub-
group of a group G such that at least one of the following holds:

(a) H is finitely generated and G is finitely presented,
(b) H is equationally Noetherian and G is finitely generated over H.

Suppose additionally that H is acylindrically hyperbolic and does not have nontrivial
finite normal subgroups. Then the following three statements are equivalent:

(1) H is algebraically closed in G,
(2) H isverbally closed in G,
(3) H isaretract of G.

2.3. Solution of a problem of Myasnikov and Roman’kov on verbal closedness

In [40], Myasnikov and Roman’kov write that not much is known in general about verbally
closed subgroups of a given group G and raise the following two problems.

Problem 5.1 in [40]. What are the verbally closed subgroups of a free nilpotent group of
finite rank?

Problem 5.2 in [40]. Prove that verbally closed subgroups of a torsion-free hyperbolic
group are retracts.

Problem 5.1 was solved by Roman’kov and Khisamiev in [54]. They proved the fol-
lowing. Let N, be the variety of all nilpotent groups of class at most ¢ and N, . a free
nilpotent group of finite rank r and nilpotency class c. A subgroup H of N, . is verbally
closed in N, if and only if H is a free factor of N, . in the variety N, (equivalently, an
algebraically closed subgroup, or a retract of N, ).

Problem 5.2 (in a slightly general setting) is solved in this paper as follows.

Corollary B2 (Corollary 15.8; solution to Problem 5.2 in [40]). Let G be a hyperbolic
group and H a subgroup of G. Suppose that H does not have nontrivial finite normal
subgroups. Then the conditions that H is algebraically closed in G, H is verbally closed
in G, and H is a retract of G are equivalent.
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Below we formulate more general corollaries about relatively hyperbolic (sub)groups.
For a relevant terminology see the manuscript of Osin [49].

Corollary B3 (Corollary 15.6). Let G be a group and let H be a subgroup of G such that
G is finitely generated over H. Suppose that H is hyperbolic relative to a finite collection
of equationally Noetherian proper subgroups and does not have nontrivial finite normal
subgroups. Then the conditions that H is algebraically closed in G, H is verbally closed
in G, and H is a retract of G are equivalent.

Corollary B4 (Corollary 15.7). Let G be a relatively hyperbolic group with respect to
a finite collection of finitely generated equationally Noetherian subgroups. Suppose that
H is a non-parabolic subgroup of G such that H does not have nontrivial finite normal
subgroups. Then the conditions that H is algebraically closed in G, H is verbally closed
in G, and H is a retract of G are equivalent.

2.4. Solutions of certain equations in acylindrically hyperbolic groups

In the course of the proof of Theorem A, we obtain a description of solutions of the equa-
tion x"y™ = a"b™ in acylindrically hyperbolic groups for non-commensurable jointly
special loxodromic elements @, b and numbers n, m with sufficiently large common divi-
SOr.

Suppose that G is an acylindrically hyperbolic group with respect to a generating set
X ; see Definition 3.2. Then any loxodromic, with respect to X, element g € G is contained
in a unique maximal virtually cyclic subgroup Eg(g) of G (see [14, Lemma 6.5]). This
subgroup is called the elementary subgroup associated with g.

We call an element g € G special with respect to X if it is loxodromic with respect to
X and Eg(g) = (g). Elements g1, ..., gx € G are called jointly special if there exists a
generating set X of G such that each g; is special with respect to X (see precise definitions
in Section 3).

Two elements a, b € G of infinite order are called commensurable if there exist g € G
and s,t € Z \ {0} such thata® = g~ 'b'g.

Proposition C (Proposition 7.1). Let G be an acylindrically hyperbolic group. Suppose
that a and b are two non-commensurable jointly special elements of G. Then there exists
a generating set Y of G containing & = (a) U (b) and there exists a number N € N such
that for alln,m > N the following holds.

If (¢, d) is a solution of the equation x" y™ = a"b™, then one of the following holds:

(1) ¢ and d are loxodromic with respectto Y and Eg(d) = Eg(c);

(2) c¢ is loxodromic with respect to Y, d is elliptic, and d™ € Eg(c);

(3) d is loxodromic with respect to Y, c is elliptic, and ¢ € Eg(d);

(4) ¢ and d are elliptic with respect to Y and one of the following holds:
(a) c is conjugate to a and d is conjugate to b;

(b) c is conjugate to b, d is conjugate to a, and [n —m| < N.
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The following corollary gives a simple description of solutions of this equation for
certain n, m.

Corollary C1 (Corollary 9.5). Let G be an acylindrically hyperbolic group. Suppose that
a,b € G are two non-commensurable jointly special elements. Then there exists a number
£ =14{(a,b) € N such that for alln,m € {N, n # m, the equation x" y™ = a"b™ is perfect;
i.e., any solution of this equation in G is conjugate to (a, b) by a power of a"b™.

The condition on gcd(n, m) in this corollary cannot be replaced by the condition that
n,m are sufficiently large; see example in Remark 7.3.

2.5. Test words in acylindrically hyperbolic groups

Let G be a group. An element g € G is called a test element if any endomorphism ¢ : G —
G for which ¢(g) = g is an automorphism (see [64, Definition 1], [46, Definition 1]).

Note that this concept was studied by Shpilrain in [62], before being made explicit
in [46, 64]. It is well known due to Dehn and Nielsen that [xq, x,] is a test word in F,
(see [34,44]). Other examples of test words in F,, were given by Zieschang [66, 67],
Rips [52], Dold [15], and Shpilrain [62].

Turner [64] related test words in free groups with retracts; he proved that w € Fy isa
test word if and only if w is not contained in a proper retract of F;,. Groves [18] extended
this result to torsion-free hyperbolic groups.

In [25], Ivanov constructed the so-called C -test words in free groups and applied them
to show that there exist two words wy, wp € Fy, such that any monomorphism ¢ : F,, — F,
is uniquely determined by ¢(w;) and ¢(w;). In [32], Lee constructed C -test words with
some additional property.

In [40], Myasnikov and Roman’kov used Lee’s test words to prove that verbally closed
subgroups of F;, are retracts. We introduce the following variant of a test word, which
helps us to prove Theorem A.

Definition 2.4. Let H be a group and let ay, ..., a; be some elements of H. A word
W(x1,...,xx)is called an (ay, ..., ax)-test word if for every solution (b1, ..., by ) of the
equation
W(ay,...,ax) = W(x1,...,Xx)
in H, there exists a number o € Z such that b; = al-Ua fori =1,...,k, where U =
Wi(ay,...,ax).
In Section 12, we construct certain (ay, ..., ag)-test words in clean acylindrically

hyperbolic groups. In particular, we prove the following corollary.

Corollary D (Corollary 12.2). Let H be an acylindrically hyperbolic group without non-

trivial finite normal subgroups and let ay, ...,ar € H (where k = 3) be jointly spe-
cial and pairwise non-commensurable elements. Then there is an (ay, ..., ay)-test word
Uk (x1,...,Xx) such that the elements ay, . . ., ay together with Uy (ay, . . .,ay) are jointly

special and pairwise non-commensurable.
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This corollary and a more general Proposition 12.1 are used to prove statements (1)
and (2)—(3) of Theorem A, respectively.

The following corollary says that any clean finitely generated acylindrically hyperbolic
group contains test elements satisfying a stronger condition than in [46, Definition 1]. This
corollary follows directly from Proposition 10.7 and Corollary D.

Corollary E. Let H be a finitely generated acylindrically hyperbolic group without non-
trivial finite normal subgroups. Then there exists an element w € H such that for any
endomorphism ¢ : H — H the equality ¢(w) = w implies that ¢ is a conjugation by a
power of w.

2.6. Uniform divergence of quasi-geodesics determined by loxodromic elements in
acylindrically hyperbolic groups

Proposition C is proved with the help of the following two propositions which seem to be
interesting for their own sake. The first one says that the quasi-geodesics determined by
two loxodromic elements in acylindrically hyperbolic groups diverge uniformly.

Proposition F (Proposition 5.4). Let G be a group and let X be a generating set of G.
Suppose that the Cayley graph U (G, X) is hyperbolic and acylindrical. Then there exists
a constant Ny > 0 such that for any loxodromic (with respect to X ) elements c,d € G
with Eg(c) # Eg(d) and for any n,m € N we have that

min{n, m}

c"d™y >
| Ix Ng

Proposition G (Proposition 5.6). Let G be a group and let X be a generating set of G.
Suppose that the Cayley graph U (G, X)) is hyperbolic and acylindrical. Then there exists
a constant N1 > 0 such that for any loxodromic (with respect to X ) element ¢ € G, any
elliptic element e € G \ Eg(c), and any n € N, we have that

. n

|c"e|x > N

We prove these propositions with the help of the periodicity theorem for acylindrically

hyperbolic groups; see [6, Theorem 1.4]. This theorem and relevant notions are reproduced

in Section 5.1 of the present paper. A special case of this theorem, where G is a free group

and r = 0, can be found in the book of Adian [1] devoted to a solution of the Burnside
problem (see statement 2.3 in Chapter I there).

Note that these propositions have another interesting application: in [8], we use them

to describe homomorphisms from H to G, where H is a topological group which is either

completely metrizable or locally compact Hausdorff, and G is an acylindrically hyperbolic

group.
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3. Acylindrically hyperbolic groups

We introduce general notation and recall some relevant definitions and statements from
the papers [6, 14, 17,47].

3.1. General notation

All generating sets considered in this paper are assumed to be symmetric, i.e., closed under
taking inverse elements. Let G be a group generated by a subset X. For g € G, let |g|x
be the length of a shortest word in X representing g. The corresponding metric on G is
denoted by dy (or by d if X is clear from the context); thus, dx (a,b) = |a~'b|x. The
right Cayley graph of G with respect to X is denoted by I'(G, X). By a path p in the
Cayley graph we mean a combinatorial path; the initial and the terminal vertices of p are
denoted by p_ and p, respectively. The path inverse to p is denoted by p. The length
of p is denoted by £(p). The label of p is denoted by Lab(p); we stress that the label
is a formal word in the alphabet X . The canonical image of Lab(p) in G is denoted by
Labg (p).

Given a real number K = 0, two paths p and ¢ in T'(G, X) are called K-similar if
d(p-.q-) < Kand d(p+.q+) < K.

Recall that a path p in ['(G, X) is called (x, &)-quasi-geodesic, where x = 1, & = 0,
ifd(g—,q+) = %Z(q) — & for any subpath g of p.

The following remark is important. Suppose that {X}1ca is a collection of subsets
of a group G such that | J, ., X, generates G. The alphabet X = | |, ., X, determines
the Cayley graph I'(G, X), where two vertices may be connected by many edges. This
happens if some element x € G belongs to subsets X and X, of G for different A, u € A.
In this case, I'(G, X) contains two edges from g to gx for any vertex g. The labels of these
edges are different since they belong to disjoint subsets of the alphabet X'; however these
labels represent the same element x in G.

The following notation will shorten the forthcoming proofs. For a, b, ¢ € R, we write
a = bifla—>b| <c.Notethata ~, b and b ~., d imply a ~4, d.

For a group G and an element a € G, we define a homomorphism @ : G — G by the
rule 4(g) = a~'ga. We also write g fora= ' ga.

3.2. Hyperbolic spaces

Let A, B, C be three points in a metric space X. Recall that the Gromov product of A, B
with respect to C is the number
(A B)c = d(C, A) + d(C; B) —d(A, B).

We use the following definition of a §-hyperbolic space (see [11, Chapter III.H, Defi-
nition 1.16, and Proposition 1.17]).

For § = 0, we say that a geodesic triangle ABC in X is §-thin at the vertex C if for any
two points A; and B; on the sides [C, A] and [C, B] withd(C, A1) =d(C, B1) < (4, B)c,
we have that d(A1, B1) <6.
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We say that a metric space X is §-hyperbolic if it is geodesic and every geodesic
triangle in X is §-thin at each of its vertices.

3.3. Two equivalent definitions of acylindrically hyperbolic groups

Definition 3.1 (see [10] and Introduction in [47]). An action of a group G on a metric
space S is called acylindrical if for every & > 0 there exist R, N > 0 such that for every
two points x, y with d(x, y) = R, there are at most N elements g € G satisfying

d(x,gx)<e and d(y,gy) <e

Given a generating set X of a group G, we say that the Cayley graph I'(G, X) is
acylindrical if the left action of G on I'(G, X) is acylindrical. For Cayley graphs, the
acylindricity condition can be rewritten as follows: for every ¢ > 0 there exist R, N > 0
such that for any g € G of length |g|x = R we have that

{feGlIflx <e lg' felx <e}| <N.

Recall that an action of a group G on a hyperbolic space S is called elementary if the
limit set of G on the Gromov boundary 95 contains at most 2 points.

Definition 3.2 (see [47, Definition 1.3]). A group G is called acylindrically hyperbolic if
it satisfies one of the following equivalent conditions:

(AH;) there exists a generating set X of G such that the corresponding Cayley graph
I'(G, X) is hyperbolic, |0 (G, X)| > 2, and the natural action of G on I'(G, X)
is acylindrical;

(AH;) G admits a non-elementary acylindrical action on a hyperbolic space.

In the case (AH,), we also write that G is acylindrically hyperbolic with respect to X .
Recall the following useful lemma.

Lemma 3.3 ([47, Lemma 5.1]). For any group G and any generating sets X and Y of G
such that

sup |x|ly <oo and sup|y|lxy < oo,
xeX yeY

the following hold:
(a) T'(G, X) is hyperbolic if and only if T'(G,Y) is hyperbolic,
(b) T'(G, X) is acylindrical if and only if T'(G,Y) is acylindrical.
3.4. Elliptic and loxodromic elements in acylindrically hyperbolic groups
Let G be a group acting on a metric space S. Recall that the stable norm of an element

g € G for this action is defined as

1
lgl = lim —d(x,g"x),
n—oopn
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where x is an arbitrary point in S; see [13]. It is easy to check that this number is well
defined, independent of x, that it is a conjugacy invariant, and that ||g%|| = |k| - ||g|| for
all k € Z. The following definition is standard.

Definition 3.4. Given a group G acting on a metric space S, an element g € G is called
elliptic if some (equivalently, any) orbit of g is bounded, and loxodromic if the map Z — S
defined by n — g"x is a quasi-isometric embedding for some (equivalently, any) x € S.
That is, for x € S, there exist ¥ = 1 and ¢ = 0 such that for any n, m € Z we have

1
d(g"x,g"x)= —|n—m| —s.
%

Let X be a generating set of G. We say that g € G is elliptic (respectively loxodromic)
with respect to X if g is elliptic (respectively loxodromic) for the canonical left action of
G on the Cayley graph I'(G, X). If X is clear from a context, we omit the words “with
respect to X.”

The set of all elliptic (respectively loxodromic) elements of G with respect to X is
denoted by Ell(G, X) (respectively by Lox(G, X)).

Note that for groups acting on geodesic hyperbolic spaces, there is only one additional
isometry type of an element: parabolic (see e.g. [13, Chapitre 9, Théoreme 2.1]).

Bowditch [10, Lemma 2.2] proved that every element of a group acting acylindrically
on a hyperbolic space is either elliptic or loxodromic (see a more general statement in [47,
Theorem 1.1]). Moreover, he proved there that the infimum of the set of stable norms of all
loxodromic elements for such an action is larger than zero (we assume that inf § = +00).

From this fundamental result, we deduced in [6, Corollary 2.12] that, under certain
assumptions, the quasi-geodesics associated with loxodromic elements have universal
quasi-geodesic constants (see Definition 3.5 and Corollary 3.6 below).

Definition 3.5. Let G be a group and X a generating set of G. For any two elements
u,v € G, we choose a geodesic path [u, v] in T'(G, X) from u to v so that wlu, v] =
[wu, wo] for any w € G. With any element x € G and any loxodromic element g € G,
we associate the bi-infinite quasi-geodesic

i+1}

e i
Lix.g)= U x[g'.g

We have that L(x,g) = x L(1, g). The path L(1, g) is called the quasi-geodesic associated
with g.

Corollary 3.6 ([6, Corollary 2.12]). Let G be a group and X a generating set of G.
Suppose that the Cayley graph T'(G, X) is hyperbolic and acylindrical. Then there exist
x = 1 and € = 0 such that the following holds:

if an element g € G is loxodromic and shortest in its conjugacy class, then the quasi-
geodesic L(1, g) associated with g is a (x, £)-quasi-geodesic.

Recall that any loxodromic element g in an acylindrically hyperbolic group G is
contained in a unique maximal virtually cyclic subgroup [14, Lemma 6.5]. This sub-
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group, denoted by Eg(g), is called the elementary subgroup associated with g; it can
be described as follows (see equivalent definitions in [14, Corollary 6.6]):

EG(g)={f€G|IneN: fTg"f =g""}
={fe€G|IkmeZ\{0}: fT'g"f =g} (3.1)
Lemma 3.7 (see [47, Lemma 6.8]). Suppose that a group G acts acylindrically on a
hyperbolic space S. Then there exists L € N such that for every loxodromic element
g € G, Eg(g) contains a normal infinite cyclic subgroup of index L.
Definition 3.8. Suppose that G is an acylindrically hyperbolic group.

(a) Anelement g € G is called special if there exists a generating set X of G such
that

— G is acylindrically hyperbolic with respect to X,
— g is loxodromic with respect to X, and
- Ec(g)=(g)
In this case, g is called special with respect to X .
(b) Elements gq,..., gx € G are called jointly special if there exists a generating set

X of G such that each g; is special with respect to X .

Note that point (a) of this definition was already used in the case of relatively hyper-
bolic groups (see comments in [48, Section 3]).

The following theorem helps to verify whether an acylindrical action of a group on a
hyperbolic space is elementary or not.

Theorem 3.9 (see [47, Theorem 1.1]). Let G be a group acting acylindrically on a hyper-
bolic space. Then G satisfies exactly one of the following conditions:

(a) G has bounded orbits;

(b) G isvirtually cyclic and contains a loxodromic element;

(¢) G contains infinitely many loxodromic elements whose limit sets are pairwise
disjoint. In this case the action of G is non-elementary and G is acylindrically
hyperbolic.

3.5. Hyperbolically embedded subgroups

Let G be a group and {H )} 1 a collection of subgroups of G. A subset X of G is called a
relative generating set of G with respect to { H) } e if G is generated by X together with
the union of all Hj. All relative generating sets are assumed to be symmetric. We define

g =| | Ha.
AEA

For the following two definitions, we assume that X is a relative generating set of G
with respect to {Hj } e -



0. Bogopolski 626

Definition 3.10 (see [14, Definition 4.1]). The group G is called weakly hyperbolic rela-
tive to X and { H) },ex if the Cayley graph I'(G, X U #) is hyperbolic.

We consider the Cayley graph I'(Hj, H)) as a complete subgraph of T'(G, X U #).

Definition 3.11 (see [ 14, Definition 4.2]). For every A € A, we introduce a relative metric
c?A : Hy x Hy — [0, +00] as follows:

leta,b € Hy. Apathin I'(G, X U ) from a to b is called H)-admissible if it has no
edges in the subgraph I'(H), H)).

The distance d +(a, b) is defined to be the length of a shortest H)-admissible path
connecting a to b if such exists. If no such path exists, we set d 2(a,b) = oo.

Definition 3.12 (see [14, Definition 4.25]). Let G be a group and X a symmetric subset
of G. A collection of subgroups {H} }ca of G is called hyperbolically embedded in G
with respect to X (we write {Hj}pen <1 (G, X)) if the following hold.

(a) The group G is generated by X together with the union of all H, and the Cayley
graph I'(G, X U J) is hyperbolic.

(b) For every A € A, the metric space (Hy, d ) is proper. That is, any ball of finite
radius in H) contains finitely many elements.

Further, we say that {H } yca is hyperbolically embedded in G and write {H }jcp 1
Gif{H)}ean —n (G,X) forsome X C G.

It was proved in [47, Theorem 1.2] that a group G is acylindrically hyperbolic if and
only if it contains a proper infinite hyperbolically embedded subgroup.

Lemma 3.13 (see [14, Corollary 4.27]). Let G be a group, { Hj } e a collection of sub-
groups of G, and X, Y relative generating sets of G with respect to {H) })ep. Suppose
that | XAY | < co. Then {H) }pen —n (G, X) ifand only if {H) } yep —n (G,Y).

There are examples which show that the condition | XAY | < co cannot be replaced by
the condition using supremum as in Lemma 3.3.

Lemma 3.14 (see [14, Proposition 4.33]). Suppose that {H} }yen —>»n (G, X). Then, for
each A € A, we have that {g € G | |H, N g~ H;g| = oo} C H,.

We use the following nontrivial theorem.

Theorem 3.15 (see [47, Theorem 5.4]). Let G be a group, {Hj} e a finite collection
of subgroups of G and X a subset of G. Suppose that {H) }yen —>n (G, X). Then there
exists Y C G such that X C Y and the following conditions hold.

(@) {Hjp}rea —n (G,Y). Inparticular, the Cayley graph T'(G,Y U H) is hyperbolic.
(b) The action of G on T'(G, Y U H) is acylindrical.
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4. Preliminary statements

The main aim of this section is to prove Lemmas 4.7 and 4.8. These lemmas will be used
in Section 5. The following lemma is an easy exercise and we leave it for the reader.

Lemma 4.1. Let ABC be a geodesic triangle in a §-hyperbolic space and let Ay and
By be the middle points of the sides [A, C] and [B, C], respectively. Then d(A;, By) <
d(A, B)/2 + 26.

Lemma 4.2 (see [11, Chapter III.H, Theorem 1.7]). Forall § = 0, x = 1, € = 0, there
exists a constant . = (8, x, €) > 0 with the following property:

if X is a §-hyperbolic space, p is a (x, €)-quasi-geodesic in X, and [x, y] is a geodesic
segment joining the endpoints of p, then the Hausdorff distance between [x, y] and the
image of p is at most [L.

The following lemma is an easy generalization of this statement.

Lemma 4.3 (see [6, Corollary 2.3]). Forany § =20, x =1, € = 0, r = 0, the following
holds:

if X is a 8-hyperbolic space, p and q are (x, €)-quasi-geodesics in X such that
max{d(p—,q-),d(p+,q+)} < r, then the Hausdorff distance between the images of p
and q is at most (8, x,€,r) =r + 26 + 2u, where u = (8, x, €) is the constant from
Lemma 4.2.

The following lemma can be deduced straightforward from the definition of Gromov
product.

Lemma4.4. Let ABC be a geodesic triangle in a metric space and let P and Q be points
on its sides [A, B] and [B,C]. Then d(P, Q) = d(P,B) + d(B, Q) —2(A,C)p.

Lemma 4.5. Let p,q be two (x, g)-quasi-geodesics in a §-hyperbolic space such that
P+ = q—. Then their concatenation pq is a (x,20 + B)-quasi-geodesic, where o is the
Gromov product of p—, q+ with respect to p+ and B = ¢ is a constant depending only on
8, x, €.

Proof. Let r be a subpath of pg. We shall estimate d(r—, r) from below by using £(r).
We consider only the case r = p;q;, where p; is a terminal subpath of p and q; is
an initial subpath of gq. Denote A = p_, B = p4, C =q4+, Py =r_, and Q| = r4.
By Lemma 4.2, there exist points P € [4, B] and Q € [B, C] such that d(P;, P) < pu,
d(Q1,0) < u, where u = (8, %,¢). By Lemma 4.4, we have that d(P, Q) = d(P, B) +
d(B, Q) —2a. Then

d(P1,01) = d(P1,B)+d(B, Q1) — 20 — 4u
= (lﬁ(pl) — 8) + (lﬁ(ql) — 8) —20—4pu = lK(r) — Qo +2e + 4p).
x % %

Therefore, the statement holds for 8 = 2¢ + 4. ]
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R R

Figure 1. Illustration to Lemma 4.6.

The following lemma says that the concatenation q; g, g3 of three (x, €)-quasi-geodesic
paths in a §-hyperbolic space, where ¢, is sufficiently long, is a (x, g¢)-quasi-geodesic for
&o depending only on 8, x, &, and some Gromov products.

Lemma4.6. Forany§=0,x>1,c>0, a =0, there exists g9 = 0 such that the following
holds. Let X be a §-hyperbolic space, ¢ = qoq1q2 a path in X such that qo, q1, q> are
(x, &)-quasi-geodesic paths satisfying the following two conditions:

(1) ((90)-, (@) +)(go)y <o and ((q1)-. (G2)+) (g <

(2) d((q1)- (q1)+) = 2(a + ).
Then q is a (x, &9)-quasi-geodesic path.

Proof. By Lemma 4.5, the path (goq1) is a (x, £1)-quasi-geodesic for £; = 2« + 8, where
B = B(8,x,¢e) = ¢. Since €1 = ¢, the path ¢ is also a (x, £1)-quasi-geodesic. Now we
apply Lemma 4.5 to (¢oq1) and ¢». To complete the proof, it suffices to show that

((qoql)—’ (q2)+)(q0611)+ <o

where o1 := « + 6. Denote A = (qo)—, B = (q1)-, C = (¢1)+,and D = (¢2) +.

Suppose the converse; i.e., (A, D)c = ay. Then there exist two points R € [C, D] and
R’ €[C, A] suchthat d(C,R) = d(C,R’) = @y and d(R, R") < §; see Figure 1. From (1)
and (2) we deduce that

(A,B)c =d(B,C)—(A,C)p>2(x+d) —a=a+2§ = o;.

Then there exists R” € [C, B] such that d(C, R”) = «; and d(R”, R’) < §. Thus,
d(R, R") < 26. On the other hand, using Lemma 4.4, we deduce that

d(R,R")=d(C,R)+d(C,R")—2(B,D)c > 2a; —2a = 26.
A contradiction. u

Lemma 4.7. Let G be a group and X a generating set of G. Suppose that the Cayley
graph T'(G, X) is hyperbolic and acylindrical. Then there exist real numbers x =1, g9 =0,
and a number ng € N with the following property.

Suppose that n = ng and ¢ € G is a loxodromic element. Let S(c) be the set of shortest
elements in the conjugacy class of ¢ and let g € G be a shortest element for which there
exists ¢1 € S(c) with ¢ = g~ 'c1g. Then any path pop1 -+ pppns1 in T'(G, X), where
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B 7 C

Figure 2. Illustration to Lemma 4.7.

1

DP0s P1s- - -» Pn» Pn+1 are geodesics with labels representing g~ ,¢1,...,¢1,8, isa (%, &9p)-

quasi-geodesic. In particular,

1
lc"x = (n|01|X +2|g|X) —& = ;n — &o.

xR | =

Proof. Let 6 = 0 be a constant such that I'(G, X)) is §-hyperbolic. Let n be an arbitrary
positive integer. Suppose that ¢, g, c; € G are elements and py, ..., py+1 are geodesics
in I'(G, X) as above. We set go = po, g1 = p1P2 ' Pn, and g2 = pu+1. Then ¢q; is
a (x, £)-quasi-geodesic, where x and ¢ are the constants from Corollary 3.6. According
to Lemma 4.2, the Hausdorff distance between ¢; and [(¢1)—, (¢1)+] is at most u =
(6, x,€). We set

ng = [x(48+2pn+¢e+2)].

Now we suppose that n = ng. It suffices to show that the paths qg, g1, g2 satisfy
conditions (1) and (2) of Lemma 4.6 foro = § + u + 1. Denote A = (g0)—, B = (q1)—,
C = (q1)+,and D = (q2)+; see Figure 2. For (1), we shall check that

(A,C)p<d+pu+1 and (B,D)c <d+pu+1.

Because of symmetry, we check only the first inequality. To the contrary, suppose
that (A, C)p = 8 +  + 1. Then there exist vertices X € [B, A] and Y € [B, C] such
that d(B,X) =d(B,Y) = |6 + n+ 1] and d(X,Y) < §. Since the Hausdorff distance
between ¢ and [B, C] is at most 1, there exists a vertex Z € ¢; such that d(Y, Z) < pu.
Then

d(A,Z)<d(A, X)+dX,Y)+d(Y,2Z)
<dA, X)+8+nu<d(A, X)+d(B,X)=4d(A, B). 4.1)
We have that Z € p; = [Bci, Bc’f"l] for some 0 <i <n—1.Leta and b be the

elements of G representing the labels of [Bci, Z] and [Z, Bci“], respectively. Then

c1 = ab. We set ¢ = ba and f = a~'c['g. Then c; is also shortest in the conjugacy
class of ¢ and we have that ¢ = g7 'c;g = f~lcaf. Since Z = Bcia and B = Ag~!,
we have that f = Z~!A. Then

@D
|flx =d(Z.4) < d(B.A) = |glx



0. Bogopolski 630

that contradicts the choice of g. Therefore, condition (1) is satisfied. Condition (2) follows
from the above-mentioned fact that g; is a (x, €)-quasi-geodesic:

S

no

1
d((q)-.(q1)+) = ;Z(p1p2-~-pn)—s> ——e>= » —& =20+ 2.

X

Thus, by Lemma 4.6, goq192 = popP1--- PnPn+1 18 a (X, &9)-quasi-geodesic for some
universal constants x, &¢. In particular,

1 1 1
lc"x = ;g(Popl o PnPn+1) — €0 = ;(n|61|x +2lglx) — €0 = ~n—e. =

Lemma 4.8. For every § = 0, there exists 1 = €1(8) = 0 such that the following holds.
Suppose that the Cayley graph of a group G with respect to a generating set X is 8-
hyperbolic for some integer § = 0. Let a,b € G be conjugate elements satisfying |aly =
|blx + 48 + 2. Then there exist x, y € G with the following properties:

(@) a= x_lyx;
(b) |ylx € {lblx + 48 + 1,|b|x + 48 +2};

(¢) any path qoq1q2 in T(G, X), where qq, q1,q2 are geodesics with labels repre-
senting x~ 1, y, x, is a (1, &1)-quasi-geodesic.

Proof. Intheset S :={(y,.x) € G xG |a =x"'yx, |y|x <|b|x + 48 + 2}, we choose
a pair (y, x) € S with minimal |x|y. Clearly, (a) is valid. We claim that (b) is valid.

Suppose the contrary; i.e., |y|x < |b|x + 46. Since |a|xy = |b|X + 46 + 2, we have
that y # a, hence x # 1. We write x = x;x2--- X, with x; € X*,i =1,...,n, and
n = |x|x. Then (x7'yxi, x2x3-+-x,) € S. A contradiction to minimality of |x|x.

Now we verify that (c) is valid for some &; depending only on . Let ¢ = goq1¢2 be
a path in I'(G, X) such that its subpaths qg, g1, g2 are geodesics with labels representing
x~1, y, x. Without loss of generality, we may assume that (go)_ = 1. First, we show that
conditions (1) and (2) of Lemma 4.6 are satisfied foroo = § + 1.

To the contrary, suppose that condition (1) of this lemma is not valid, say ((q1)—,
(G2)+) g+ =8+ Liie, (7L x7lyx), - 1, = d + 1. Because of G-invariance of Gromov
product, we have that

(1,yx)y =6+ 1.

Then there exist expressions y = v1va, X = uuy such that |y|x = |vi|x + |v2lx, |X|x =
luilx + |u2lx, |v2lx = |u1lx =8 + 1, and |vou;|x < 6. Then the pair (vavq, vouiUz)
lies in S and

[vaurusly < vauilx + |uzlx <8+ uzlx < |uilx + Juz2lx = [x|x.

A contradiction to minimality of |x|x. Thus, condition (1) of Lemma 4.6 is valid. Condi-
tion (2) of this lemma is also valid, since

d((q1)-. (q1)+) = lylx |b|X+45+1 48 +2 = 20 + 28.
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Recall that the paths gg, q1, g2 are geodesic and hence (1, 0)-quasi-geodesic. Then, by
Lemma 4.6, their concatenation goq1¢- is a (1, £1)-quasi-geodesic for some &; depending
only on §. L]

5. Uniform divergence of quasi-geodesics associated with loxodromic
elements in acylindrically hyperbolic groups

The main aim of this section is to prove Propositions 5.4 and 5.6. We use Theorem 5.2
proved by the author in [6]; see Theorem 1.4 there. For convenience, we recall all neces-
sary notions in the following subsection.

5.1. A periodicity theorem for acylindrically hyperbolic groups

Definition 5.1. Let Y be a generating set of G. Given a loxodromic element @ € G and an
element x € G, consider the bi-infinite path L(x, a) in I'(G, Y') obtained by connecting
consequent points ..., xa" !, x, xa, ... by geodesic paths so that, for all n € Z, the path
Pn connecting xa” and xa"*! has the same label as the path po connecting x and xa. The
paths p,, are called a-periods of L(x,a), and the vertices xa',i € 7, are called the phase
vertices of L(x,a). For k € N, we say that a subpath p C L(x, a) contains k a-periods

if there exists n € Z such that p, py+1 - Pn+k—1 1S a subpath of p.

Let G be a group and X a generating set of G. Suppose that the Cayley graph I' (G, X)
is hyperbolic and that G acts acylindrically on I'(G, X). In [10], Bowditch proved that the
infimum of the set of stable norms (see Section 3.4 of the present paper) of all loxodromic
elements of G with respect to X is a positive number. We denote this number by inj(G, X)
and call it the injectivity radius of G with respect to X .

Theorem 5.2 ([6, Theorem 1.4]). Let G be a group and X a generating set of G. Suppose
that the Cayley graph T'(G, X) is hyperbolic and that G acts acylindrically on T'(G, X).
Then there exists a constant € > 0 such that the following holds.

Leta,b € G be two loxodromic elements which are shortest in their conjugacy classes
and such that |a|x = |b|x. Let x,y € G be arbitrary elements and r an arbitrary non-
negative integer. We set f(r) = mJ(ZTrX) + €.

If a subpath p C L(x, a) contains at least f(r) a-periods and lies in the r-neighbor-
hood of L(y, b), then there exist s,t # 0 such that (x~'y)b*(y~'x) = a’. In particular,
a and b are commensurable.

Theorem 5.2 is illustrated by Figure 3.

Remark 5.3. (1) The main feature of Theorem 5.2 is that the function f is linear and
does not depend on |a|y and |b|x. Another point is that X is allowed to be infinite.

(2) In the conclusion of Theorem 5.2, we can write z 15z = a’, where z € G is the
element corresponding to the label of any path from any phase vertex of L(y, b) to any
phase vertex of L(x,a).
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I'(G, X)

w L(x,a)

> f(r) periods r

© L(y,b)

Figure 3. Illustration to Theorem 5.2.

5.2. Loxodromic-loxodromic case

Proposition 5.4. Let G be a group and let X be a generating set of G. Suppose that the
Cayley graph T (G, X) is hyperbolic and acylindrical. Then there exists a constant Ny > 0
such that for any loxodromic (with respect to X ) elements c,d € G with Eg(c) # Eg(d)
and for any n,m € N we have that

min{n,m}
No

Proof. Let § = 0 be a constant such that I'(G, X) is §-hyperbolic. We use the following
constants:

|Cndm|X >

e x=1,g0=0andng € N are the constants from Lemma 4.7;
o = u(d,x,¢e0); see Lemma 4.2;
* T is the constant from Theorem 5.2.

We show that the proposition is valid for

4000( + 8 + 1)

No = ,
0 max{”“ inj(G. X)

+4€}. 5.1

Suppose to the contrary that there exist two loxodromic elements ¢, d € G satisfying
Eg(c) # Eg(d) and there exist n,m € N such that

min{n,m} = Nok, wherek = |c"d™|x. (5.2)
Clearly, k # 0.
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w 4192 dm

Figure 4
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Figure 5

For any g € G, let S(g) be the set of shortest elements in the conjugacy class of
g. Let u € G be a shortest element for which there exists ¢; € S(c) with the property
¢ =u"'ciu. Let v € G be a shortest element for which there exists d; € S(d) with the
property d = v~ 'd;v.

Without loss of generality, we assume that

lerlx = |dilx. (5.3)

Denote w = d ™c¢~". Then |w|x = k and we have the equation

uleieroorcquvtdy - dydyvw = 1. 5.4)
———— —————
n m

Consider a geodesic (n + m + 5)-gon P = po(p1p2- - Pn) Pn+19m+1(Gm - - G241)Goh in
the Cayley graph I' (G, X)) such that the labels of its sides correspond to the elements in the
left side of (5.4) (see Figure 4). In particular, the labels of the paths go,q1.42, - - ., qm,qm+1
correspond to the elements v=!, d; 1, d{ ... d v,

Since min{n, m} = Nok = Ny = ng, we have by Lemma 4.7 that the paths p :=
PoP1P2 " PnPn+1 and ¢ = 404192+ - gmqm+1 are (x, £9)-quasi-geodesics. In the fol-
lowing claims we use the following constants:

K=k+36p+265, Ki=K-+4u+45 K, =10K; +2u + 24.

Claim 1. The quasi-geodesic pipa -+ pn contains n = 4f(K,) c;-periods. The quasi-
geodesic ¢1¢> - - - ¢m contains m = 4f(K,) dq-periods.

Proof. The claim follows straightforward from the definition of function f(#) in Theo-
rem 5.2 and from (5.1) and (5.2). ]
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We intend to apply Theorem 5.2 to these quasi-geodesics or to their parts. However,
we cannot claim that the first quasi-geodesic is contained in the K,-neighborhood of the
second one.

Let P be the middle point of the quasi-geodesic p; p, - -- p, and let Q be the middle
point of the quasi-geodesic q1¢2 - - qm-

Claim 2. We have that
d(P,Q) < K. (5.5)

Proof. Denote A = (po)-, B = (p1)-, C = (pn+1)—, D = (pn+1)+, and E = (qo)-;
see Figure 5.
By Lemma 4.2, there exists a point P; € [A, D] such that

d(P, Py) < pu. (5.6)

The point P divides the path p into two halves. In the following we define two points
L,Re p. Ifniseven, weset L =P = R.If nis odd, we set L = (PF%1)— and R =
( p[%])+. By Lemma 4.3 applied to the first half of the quasi-geodesic p and the geodesic
[A, P1], there exists a point L € [A, P1] such that

d(L,Ly) < d(P.,Py)+2(u+8) <3u+26. (5.7

Applying Lemma 4.3 once more, we obtain that there exists a point By € [A4, L] such
that
d(B,By) <d(L,L1)+2(n+8) <5u+46. (5.8)

Using triangle inequality several times, we deduce that

d(A, Py) = d(A, By) +d(By,L1) +d(Ly, Pr)
~r d(A,B)+d(B,L)+d(L,P),

where T = 2d(B, By) + 2d(L, L) + d(P, Py). It follows from (5.6)—(5.8) that T <
17 + 126. Hence

d(A, Py) ~17,4125 d(A, B) + d(B,L) + d(L, P). (5.9)
Analogously, we have that
d(D, Py) 174125 d(D,C) +d(C.R) + d(R, P). (5.10)

Since the three summands in (5.9) are equal to the three summands in (5.10), we deduce
that
d(A, Pl) %341»6"1‘248 d(D, Pl)

Let P’ be the middle point of [A, D]. Then d(Py, P’) < 17u + 128. We have that

d(P,P") <d(P,Py)+d(Py,P') <18u+ 124. (5.11)



Equations in acylindrically hyperbolic groups and verbal closedness 635

a1 a P oag Qg
Q
a5
V4
n SORRAr XNRRET
Figure 6

Analogously, if Q’ is the middle point of [E, D], then

d(Q, Q") < 18u + 126. (5.12)
By Lemma 4.1 applied to the geodesic triangle A DE, we have that
1 k

d(P', Q) < 5d(A,E)+28= §+28. (5.13)
Now the claim follows from (5.11)—(5.13). ]

We consider the decomposition popip2 -+ PnPn+1 = Qol1020(30405, Where g =
PO, 01 = P+ P|2], 04 = Py (8|41 Pns 05 = Py, and o and 3 are determined by
the condition (az)+ = P = (a3)—. We also consider the decomposition ¢og1 - * - gmqm+1 =
V1Y2Y3Va, Where y1 = qo, V4 = gm+1, and Y, and y3 are determined by the condition
(y2)+ = O = (y3)—; see Figure 6.

Claim 3. There are decompositions y;y> = BoB182 and y3y4 = B3845 such that «; and
Bi are Ky-similar fori = 0, ..., 5. In particular, the Hausdorff distance between o; and
Bi is at most K, fori =0,...,5.

Proof. Because of symmetry, we show only that the first decomposition exists. We have
that

d ((oo102)—, (y172)-) = k,
(.5)
d((oa122)+. (y172)+) < K.
By Lemma 4.3 applied to the (x, g9)-quasi-geodesics agaiy and y;y,, there exists a
point U € y;y2 such that d((«1)+,U) < K + 2 + 26; see Figure 7.

Applying this lemma once more, we obtain a point V' on the segment of y,y, from E
to U such that d((«1)—, V) < K + 4 + 46 = K;. The points V and U divide the path
y1y2 into three consecutive subpaths. We denote them by B¢, 81, B2. By construction, the
paths ¢; and B; are K;-similar. Again by Lemma 4.3, the Hausdorff distance between «;
and B; is at most Ky + 2u + 28 < Ks. [ ]

It follows from Y1y, = BoB182 that either S5 is a subpath of y,, or BoB; is an initial
subpath of y;. Analogously, it follows from y3y4 = 38485 that either B3 is a subpath of
y3, or B485 is a terminal subpath of y4.
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Case 1. Suppose that 5 is a subpath of y,; see Figure 7.

Observe that ap and B, satisfy assumptions of Theorem 5.2. Indeed, in this case o,
and B, are subpaths of the quasi-geodesics L((pn)+,c1) and L((gm)+, d; '), respec-
tively, |c1|x = |d1|x by (5.3), the Hausdorff distance between a, and 5 is at most K5 by
Claim 3, and o, contains at least f(K3) c;-periods by Claim 1.

Hence, by Theorem 5.2 and Remark 5.3, there exist s, ¢ # 0 such that

v Hd (vu™") = cl. (5.14)

Indeed, vu~! is the element which corresponds to the label of the path ¢, +1ppt1 from

the phase vertex (¢;)+ to the phase vertex (p,)4. From (5.14) and from ¢ = u™'cju,

d = v~'djv, we deduce that ¢ = d*. Therefore, Eg(c) = Eg(d). This contradicts the
assumption of Proposition 5.4.

Case 2. Suppose that 83 is a subpath of y;.

This case can be considered analogously. Thus, it remains to consider the following
case.

Case 3. Suppose that §pf; is an initial subpath of y; and 485 is a terminal subpath of
ya; see Figure 8.

Recall that the geodesics y; and y4 have mutually inverse labels. Therefore, there exist
g € G such that y; = g(y4). We denote

ay = g(@). oy =g@). Bo=2gPBs). and Py =g(Ba)

see Figure 9. Then Bof; and By ] are initial segments of y;.
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Figure 9

Claim 4. The Hausdorff distance between ¢«; and oe’l is at most K.

Proof. Since B; and o; are Kj-similar for all i, we have that

d((Bj)-, (Bj)+) =2k, d((ej)—, (@))+),

5.15
(B = (B))+) o d((@)). (@))+) &1

for j = 0, 1. Observe that g and «;, have the same labels and «; and «f have mutually
inverse labels. Therefore, the numbers on the right sides of (5.15) are equal. This implies
that

d((Bj)-. (B))+) ~ak, d((B))—, (B))+)-

Since Bof1 and BB are initial segments of the geodesic y;, we deduce that

d((Bo)+: (Bo)+) < 4K,
d((B1)+, (B1)+) < 8K,

From here, from the K-similarity of o; and f;, and from the K-similarity of o] and f;
we deduce that

d((@n)-. (@))-) = d((@0)+. (@p)+)
< d((20)+. (Bo)+) +d((Bo)+. (By)+) + d((By)+. (eg)+)
< K; +4K; + K1 = 6Ky,

d((a1)+. (@)+) <d((@)+. (B)+) +d((B)+. (BD+) +d((BD+. (@))+)
< K|+ 8K + K; = 10K];.

By Lemma 4.3, the Hausdorff distance between oy and o] is at most K. [

Observe that «; and 0{’1 satisfy assumptions of Theorem 5.2. Indeed, «; and a’l are
subpaths of the quasi-geodesics L((t1)—, ¢1) and L((a})—, i), respectively, each of
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them contains at least f(K,) periods by Claim 1, and the Hausdorff distance between o
and o] is at most K, by Claim 4. By this theorem, there exist integers s,¢ 7 0 such that
z_lcf z = ¢}, where z € G is the element representing the label of any path from (o})—
to (1)—. As such path we take %hao. Then z = uwu~!, and we have w™lcSw = ¢’.
Hence

w € Eg(c).

Since w = d ¢, we have d™ = ¢ ™"w~! € Eg(c) and hence Eg(c) = Eg(d). This
contradicts the assumption of Proposition 5.4.
Thus, the inequality (5.2) is impossible, and we are done. ]

5.3. Loxodromic-elliptic case

Remark 5.5. Suppose that G is a group and X C G is a (possibly infinite) generating
set of G such that I'(G, X) is §-hyperbolic for some § = 0. A subgroup H of G is called
elliptic (with respect to X) if, acting on I' (G, X), it has bounded orbits.

It is well known that any elliptic subgroup H of G can be conjugated into the ball of
radius 48 + 1 and center 1 in I'(G, X). The proof of this fact is given in [9] for the case
where G is a hyperbolic group. It also works under the above assumptions. An alternative
proof is given in [47, Corollary 6.7].

Proposition 5.6. Let G be a group and let X be a generating set of G. Suppose that
the Cayley graph T'(G, X) is hyperbolic and acylindrical. Then there exists a constant
N1 > 0 such that for any loxodromic (with respect to X ) element ¢ € G, any elliptic
elemente € G \ Eg(c), and any n € N, we have that

n
[c"elx > —.
Ny
Proof. The proof is very similar to the proof of Lemma 5.4. However, some pieces are
new and some are easier. Therefore, we decided to present a complete proof for clearness.

Let § = 0 be a constant such that I'(G, X) is §-hyperbolic.
We use the following constants:

e x=1,e09=0,and ng € N are the constants from Lemma 4.7;
* &1 = £1(8) = 0is the constant from Lemma 4.8;

* gy :=max{eg, &1};

o = u(,x e); see Lemma 4.2;

e € is the constant from Theorem 5.2.

We show that the proposition is valid for

400(i + 8+ 1)

N = ,
1 max {I’lo in‘](G, X)

+2€ 41, %(80+85+4)}. (5.16)
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Suppose to the contrary that there exist a loxodromic (with respect to X) element
¢ € G, anelliptic element e € G \ Eg(c), and a number n € N such that

n = N1k, wherek = |c"e|x. (5.17)

Clearly, k # 0.

Claim 1. There exist x, y € G such that e = x~!yx and the following holds:
(M) |ylx <85 +3,

(2) any path goq1¢2 in I'(G, X)), where qq, q1, g2 are geodesics with labels represent-
ing x~1, y, x, is a (1, &1 )-quasi-geodesic path.

Proof. Tt follows from (5.16) and (5.17) thatn = N1k = N; = ng. Then, by Lemma 4.7,
we have

1
lc"|x = —n — go.
%
From this we deduce that

53) 1 1
k=|c"e|lx = |c"|x —lelx = ;n —go—lelx = ;le —¢go— |lelx

(5.16)
2 k(so + 85 + 4) — g0 — lelx = k + 85 + 3 — |elx.

Hence |e|xy = 85 + 3. Since e is elliptic, e is conjugate to an element of G of length at most
45 + 1 (see Remark 5.5). Thus, the assumption and, hence, the conclusion of Lemma 4.8
are satisfied. [

For any g € G, let S(g) be the set of shortest elements in the conjugacy class of g. Let
u € G be a shortest element for which there exists ¢; € S(c) with the property ¢ =u~!cqu.

We denote w = (c"e)~!. Then |w|y = k and we have the equation

uleiereq ux_lyxw =1. (5.18)
——

n

Consider a geodesic (n + 6)-gon P = po(p1p2 - Pn) Pn+142414oh in the Cayley graph
I'(G, X) such that the labels of its sides correspond to the elements in the left side of
(5.18); see Figure 10.

In particular, the labels of the paths gg, g1, g2 correspond to the elements x~1, y~1,
and x. By Claim 1, the path g := goq19> is a (1, £1)-quasi-geodesic. Since n = N1k =
N7 = ng, we have by Lemma 4.7 that the path p := pop1p2--- PnPn+1 18 a (%, £9)-quasi-
geodesic. Then p and g are (x, £;)-quasi-geodesics. In the following claims, we use the
following constants:

K=k+36p+265, Ki=K+2u+65+2, K»=K;+2u+26.

Claim 2. The quasi-geodesic pj p, -+ p, contains n = 2 f(2K;,) + 1 ¢q-periods.
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Proof. The claim follows straightforward from the definition of function f(r) in Theo-
rem 5.2 and from (5.16) and (5.17). [

Let P be the middle point of the quasi-geodesic p;p, --- p, and let Q be the
middle point of the geodesic ¢;. As in Claim 2 of the proof of Proposition 5.4, we have
that d(P, Q) < K.

We consider the decomposition popipz -+ PnPn+1 = QoQ10203, Where a9 = po,
o3 = pp+1, and o1 and «, are determined by the condition (a1)+ = P = (a2)—; see
Figure 11.

Claim 3. There are decompositions gg = Bof1 and g» = B, B3 such that ¢; and B; are
K-similar for i = 0, ..., 3. In particular, the Hausdorff distance between «; and f; is at
most K.

Proof. Because of symmetry, we show only that the first decomposition exists. By
Claim 1, we have that d((g1)—, (¢1)+) = |y|lx < 83 + 3. Hence

d((@o1)-, (qo)-) =k,

d((@0mn) 5. (@0)4) < d(P.0) + 3d((@1) (41)+) < K +45+2.
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By Lemma 4.3 applied to the (x, £2)-quasi-geodesics apo; and go, there exists a point
U € go suchthat d((@1)+,U) < K +46 +2+ (2n 4+ 28) = K;.

The point U divides the path ¢ into two subpaths. We denote them by Bo, f1. By
construction, the paths ¢; and B; are K;-similar. Again by Lemma 4.3, the Hausdorff
distance between ¢; and §; is at most K1 4+ 2 + 26 = K. ]

Recall that the geodesics go and g, have mutually inverse labels. Therefore, there
exists g € G such that go = g(q2). We denote

ap=g@s). o =g@). By=g(B3). and B =g(Ba).

Then BoB1 = ByB| = qo-
Claim 4. One of o;, o] lies in the 2K5-neighborhood of the other.

Proof. By Claim 3, the Hausdorff distance between «; and B; is at most K,. Also the
Hausdorff-distance between o] and B is at most K. The claim follows from the fact that
one of B, B is a subsegment of the other. L]

Observe that o7 and ot’1 satisfy assumptions of Theorem 5.2. Indeed, «r; and ot’l are
subpaths of the quasi-geodesics L((t1)—, ¢1) and L((a})—, c7'), respectively, each of
them contains at least f(2K,) periods by Claim 2, and one of them lies in the 2K5-
neighborhood of the other by Claim 3. By this theorem, there exist integers s, ¢ # 0 such
that z7¢3z = ¢!, where z € G is the element representing the label of any path from (c})—
to (o1)—. As such path we take a_{)hao. Then z = uwu~!, and we have that w—!cSw = ¢?.
Hence

w € Eg(c).

Since w = (c"e) ™!, we have that e € Eg(c). This contradicts the assumption of Proposi-
tion 5.6. Thus, the inequality (5.17) is impossible, and we are done. ]

6. Extension of quasi-morphisms from hyperbolically embedded
subgroups to the whole group

6.1. A sufficient condition for preserving the ellipticity under decreasing of a
generating set

Lemma 6.1. Let G be a group and X a generating set of G. Suppose that I'(G, X) is
hyperbolic and acylindrical. Let ay, ..., ar € G be finitely many loxodromic elements
with respect to X. Let g € G be an element non-commensurable with elements of A =
{ai,...,ar}. If g is elliptic with respectto X' = X U Eg(a1) U---U Eg(ay), then g is
elliptic with respect to X.

Proof. Let B; be a finite set of representatives of left cosets of (a;) in Eg(a;), i =
1,...,k. Enlarging X by a finite set does not change the property of I'(G, X) to be
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hyperbolic and acylindrical (see [47, Lemma 5.1]) and the property of elements of G to
be elliptic or loxodromic. Therefore, we may assume that X contains Uf;l Bi.Let§=0
be a constant such that I'(G, X) is §-hyperbolic.

To the contrary, suppose that g is elliptic with respect to X’ and not elliptic with
respect to X.

Then the following holds.

(1) There exists R > 0 such that |g"|x» < R foralln € Z.
(2) g is loxodromic with respect to X.

We fix an arbitrary #n € N and write g” = x1x5---Xx;, where x; € X’ and ¢ is minimal.
In particular, ¢ < R. Each element of Eg(a;) can be written in the form ba{-‘ for some
b € B; C X. Therefore, g" can be written as

n __ k] k2 ks
g" =uoa; uid;; -+ Us—1a; Uy,
where ug, ..., uy are wordsin X, a;,,a;, ...,a;, € A,0<s <t < R, and
S
> lujlx <t <R (6.1)
Jj=0

Let fo.h € G be elements such that g = f; 'hfo and h is a shortest element (with
respect to X) in the conjugacy class of g. For each a; € A, let f;, b; € G be elements such
thata; = f;”'b; f; and b; is a shortest element (with respect to X) in the conjugacy class
of a;. Let F = max{| filx | i =0,...,k}. Then

h"t = vobikl‘vlbikz2 ---vs_lbixvs,

_1 _1 . _1 .
where vy = fouofi1 , U = fijuj ,J=1,...,s—1,and vy = fjusf, . Using

ij+1
(6.1), we have that
N S N
D lilx < lujlx +20folx +2) 1 filx SR+2R+DF. (62)
j=0 j=0 j=1

Let # be a geodesic 2(s + 1)-gon in I'(G, X) with sides po, g0, P1,---» Ps»{s such
that pg, p1,..., ps are quasi-geodesics representing A", bikl‘ Y. ,bif and qg, ..., qs are
geodesics representing vy, . . . , Us; see Figure 12.
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Since the elements £, b;,, ..., b;, are loxodromic with respect to X and have mini-
mal length in their conjugacy classes, the paths po, p1, ..., ps are (x, €)-quasi-geodesics,
where x and ¢ are universal constants from Corollary 3.6. We set

a=2R5+2u(b,x,¢),
where (8, x, €) is the constant from Lemma 4.2.
Claim 1. The side py lies in the a-neighborhood of the union of other sides of 5.

Proof. Foreachi =0,...,s, we chose a geodesic segment p; such that (p;)— = (p;)— and
(7)+ = (pi)+. Consider the geodesic 2(s+1)-gon & with the sides Py, g0, P1.- - -, Py:ds.
The side pg lies in the 2s8-neighborhood of the other sides of P. By Lemma 4.2, the
Hausdorff distance between p; and p; is at most (8, x, €) for every i. This completes the
proof. |

Fori =0,...,s, we set
D; = %(204 + |vilx + 8) + 1.
Claim 2. Foranyie{0,...,s}, the a-neighborhood of ¢; contains at most D; points of pg.

Proof. Let Q; be the set of points on py which lie in the a-neighborhood of g;. Suppose
that Q; # @ and let z; and z, be the leftmost and the rightmost points of Q; on py.
Then dx (z1, z2) < 2« + £(qi) = 2o + |v;|x. Therefore, the length of the subpath of pg

connecting z; and z, is at most x (2« + |v;|x + ¢€), and the claim follows. ]
We set
B =n@ x e a,
where 7 is the function from Lemma 4.3. Also, for j = 1,...,s, we set
Cj :=max {x((f(B) + 2)Ib;, |Ix + 2 +¢). (f(B) +2)|hIx}, (6.3)

where f is the function from Theorem 5.2.
Claim 3. Forany je{l,...,s}, the a-neighborhood of p; contains at most C; points of py.

Proof. Let ¢ be the maximal subpath of po for which there exists a subpath ¢’ of p; or p;
with the property
dx(c—.c)<a and dx(cq.c}) <a. (6.4)

Suppose that the «-neighborhood of p; contains more than C; points of pg. Then
L) = Cj.
We check the following statements:
(1) the Hausdorff distance between ¢ and ¢’ is at most §;
(2) the path ¢ contains at least f(f) h-periods;
(3) the path ¢’ contains at least f(8) bif—periods.
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Statement (1) follows from (6.4) and Lemma 4.3. Statement (2) follows from

()= ;' (f(B) + 2)lhlx.

Finally, statement (3) follows from
Uc") = dx(cl,cl) = dx(c—,cq) —dx(c—,cl) —dx(cq.cl) = dx(c—,cq) — 2
1 1 (6.3)
=) —e—2a=—Cj—s=2a = (f(B)+2)Ibylx.

It follows from statements (1)—(3) and Theorem 5.2 that & and b,-]. are commensurable.
Then g and a;; are commensurable. A contradiction. ]

It follows from Claims 1-3 that po contains at most > ;_o D; + Z;zl C; points.
Using (6.2), we have that

S
D D < (R+1)(xQa +e) +1) + %(R+2(R + DF).
‘We also have that

;< RmaxCy < Rmax {e((£(8) +2)( max_lailx) +20 +e). (f(B) +2)lhlx}.

.....

j=1

Therefore, £x (po) is bounded from above by a constant which does not depend on .
This contradicts the fact that £x (po) = n|h|x = n. L]

6.2. Improving relative generating sets for hyperbolically embedded subgroups

Recall that in the situation {E1, ..., Ex} < G, we use notation & = E; U --- U Ej. The
following lemma follows directly from Definition 3.12.

Lemma 6.2. Suppose that {Eq,...,Ey} <>y, (G, X) andlet Y be a subset of G such that
X CY C(X)andsup,ey |y|x <oo. Then{En,..., Ex} <5, (G, Y).

Proof. The hyperbolicity of I'(G,Y U &) follows from the hyperbolicity of F(G Xue)
by Lemma 3.3. The local finiteness of (E;, d Yy, where the relative metric d on E; is
defined using Y, follows from the local finiteness of (E;, dl ), where the relative metric
cfi;X on FE; is defined using X. [

Lemma 6.3. Suppose that {E, ..., Ex} <>, (G, X), where Ey, ..., Ey are infinite vir-
tually cyclic subgroups of G. Then there exists a subset Y C G containing X such that
the following properties are satisfied:

(1) (Y)=¢G,

() {Ev,.... Ex} —n (G)Y),

3) I'(G,Y) and T' (G, Y U &) are hyperbolic and acylindrical,

@) if G is not virtually cyclic, then G is acylindrically hyperbolic with respectto Y,
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(5) if g € G is an elliptic element with respect to Y U Uf-czl E; such that g is non-
commensurable with elements of Ule E; of infinite order; then g is elliptic with
respect to Y . Moreover, there exists u € G such that u='g™u € Y forallm € Z.

Proof. By Theorem 3.15, there exists a subset X; € G such that X € X; and the following
conditions hold.

@®  AE1.....Ek} =0 (G. X1).
(i) T'(G, X; U &) is hyperbolic and acylindrical.

We show that X can be chosen so that, additionally, X; generates G. Let A; be a finite
generating set of E;. We set X, := X{ U A; U---U Ag. Since G = (X; U Uf:l E;), we
have that G = (X>).

Claim 1. @ {E1,...,Er} = (G, X5).
(b) T'(G, X, U &) is hyperbolic and acylindrical.
(¢) T'(G, X») is hyperbolic and acylindrical.

Proof. Since |X1AX,| < 0o, we have that (i)<(a) by Lemma 3.13 and (ii)<(b) by
Lemma 3.3. To prove (c), we first observe that {1} < (E;, 4;) fori = 1,...,k, and
recall that {E1, ..., Ex} = (G, X1). By [14, Proposition 4.35], this implies that {1} <,
(G, X3). In particular, by definition this means that I"'(G, X>) is hyperbolic. The acylin-
dricity of I'(G, X) can be proved as in the part of the proof of [47, Theorem 1.4], starting
from the words “let us show that I'(G, X) is acylindrical.” |

Let § > 0 be a number such that I'(G, X>) is §-hyperbolic. We set
Y ={geG|lglx, <45+ 1}.

Since G = (X5), we have that G = (Y), i.e., (1). Statement (2) follows from Lemma 6.2
and Claim 1 (a).

Now we prove (3). The hyperbolicity and acylindricity of I'(G, Y U &) follows from
the hyperbolicity and acylindricity of I'(G, X, U &) by Lemma 3.3. Analogously, the
hyperbolicity and acylindricity of I'(G, Y') follows from the hyperbolicity and acylindric-
ity of I'(G, X>3).

For (4) and (5), we first prove the following claim.

Claim 2. Leta; € E; be an arbitrary element of infinite order. Then a; is loxodromic with
respectto Y and E; = Eg(a;).

Proof. By statement (3), I'(G, Y) is hyperbolic and acylindrical. Therefore any element of
G is either elliptic or loxodromic with respect to Y. By statement (2), the space (E;, c/i: Yy
is locally finite, hence a; cannot be elliptic with respect to Y.

Since Eg(a;) is the maximal virtually cyclic subgroup containing a;, we have that
E; € Eg(a;). The inverse inclusion follows from Lemma 3.14 and the algebraic charac-
terization of Eg(a;) in (3.1). [ ]
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We prove (4). Suppose that G is not virtually cyclic. Since I'(G, Y) is hyperbolic and
acylindrical, it suffices to show that the action of G on I'(G, Y) is non-elementary. By
Claim 2, this action has unbounded orbits. Thus, cases (a) and (b) of Theorem 3.9 are
excluded. The remaining case (c) of this theorem says that G is acylindrically hyperbolic
with respect to Y.

Finally, we prove (5). Suppose that g € G is an elliptic element with respect to ¥ U
Ule E; and that g is non-commensurable with elements of Uf-;l E; of infinite order.
Assumptions of Lemma 6.1 are valid for I'(G, Y), the elements ay, .. ., a; from Claim 2,
and the element g. By this lemma, g is elliptic with respect to Y.

Since sup,ey |y[x, < 48 + 1, we conclude that g is elliptic with respect to X». By
Remark 5.5, (g) is conjugated into Y. |

6.3. Quasi-morphisms

Let G be a group. Recall that a map g : G — R is called a quasi-morphism if there exists
a constant ¢ > 0 such that for every f, g € G we have that

la(f8) —a(f) —q(®)| <.
For a quasi-morphism g : G — R, we define its defect D(q) by

D(g) = sup |q(fg) —q(f)—q(g)|-
f,.g€eG
The quasi-morphism ¢ is called homogeneous if g(g™) = m - q(g) for all g € G and
m e Z.

Remark 6.4. For every quasi-morphism g : G — R, there exists a unique homogenous
quasi-morphism g : G — R which lies at a bounded distance from ¢. This means that the
following conditions are satisfied:

1) g(g")=m-g(g)forallg € Gandm € Z,
(2) there exists C = 0 such that |¢g(g) —g(g)| < C forall g € G.
The quasi-morphism g is defined by the formula

8 - q(8™)

G(g) = lim —=,

m—>oo m

(6.5)

Lemma 6.5. Suppose that q : G — R is a homogeneous quasi-morphism. Then q is
constant on each conjugacy class of elements of G. In particular, if a,b € G are two
commensurable elements and q(a) = 0, then q(b) = 0.

Proof. Letu, g, h € G be elements such that u~!gu = h. Then
lg(g™) —q(h™)| < 2(q(w) + D(9))

for all m € N. Hence

q(g) = lim M = lim

q(h™) _
m—oo m m—oo0 m _Q(h)' "
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Statements (a) and (b) of the following corollary follow from [24, Theorem 4.2]. We
show that statement (c) can be deduced from the proof of this theorem combined with
Lemma 6.3.

Corollary 6.6. Suppose that G is a group and E1, . .., Ey are infinite cyclic subgroups of
G generated by elements ay, . . ., ay, respectively. Suppose that {E1, ..., Ex} —p (G, X)
and denote E = Ule E;. Then forall I C{1,...,k}, there exists a homogenous quasi-
morphism G : G — R such that the following hold:

(@ ¢(a;)=1foralli €1,
(b) g(a;) =0foralli ¢ 1,

(¢) ¢g(g) =0forall g € ENl(G, X U E) that are non-commensurable with elements
of E.

Proof. By Lemma 6.3, there exists a subset ¥ € G such that X C Y and the statements
(1)=(5) of this lemma are satisfied. In particular, we have that {Eq, ..., Ex} < (G,Y).
By [24, Theorem 4.2] applied to this hyperbolic embedding, there exists a quasi-morphism
q : G — R (possibly inhomogenous) such that the following hold:

(@) q(al)=nforalli € I andalln € Z,

(t) g(a}) =0foralli ¢ I andalln € Z.

Moreover, by construction of ¢ in the proof of this theorem, we obtain

() gq(y)=0forally e Y \ E.

Let g be the homogenous quasi-morphism obtained from g by (6.5). Then ¢ satisfies
conditions (a), (b). We prove that g satisfies condition (c).

Condition (c) is obviously valid for elements g € G of finite order. Suppose that g € G
has infinite order and is elliptic with respect to X U E and non-commensurable with ele-
ments of E. Then g is elliptic with respectto Y U E. By statement (5) of Lemma 6.3, there
exists u € G such that u=1g™u € Y forall m € N. Since g is non-commensurable with ele-

ments of E, we have that u=1g™ueY \ E for all meN. By (c’), we obtain ¢ (u ' g"u) =0
for all m e N. Then §(u~'gu) =0. By Lemma 6.5, we have that §(g) =0, i.e., (c). |

7. Equation x”y™ = a"b™ in acylindrically hyperbolic groups

Proposition 7.1. Let G be an acylindrically hyperbolic group. Suppose that a and b are
two non-commensurable jointly special elements of G. Then there exists a generating
set Y of G containing & = (a) U (b) and there exists a number N € N such that for all
n,m > N the following holds:

if (¢, d) is a solution of the equation x" y™ = a"b™, then one of the following holds:

(1) ¢ and d are loxodromic with respectto Y and Eg(d) = Eg(c);
(2) c is loxodromic with respect to Y, d is elliptic, and d™ € Eg(c);
(3) d is loxodromic with respect to Y, c is elliptic, and ¢ € Eg(d);
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(4) ¢ and d are elliptic with respect to Y and one of the following holds:
(a) c is conjugate to a and d is conjugate to b;

(b) c is conjugate to b, d is conjugate to a, and |n —m| < N.

Proof. By [14, Theorem 6.8], there exists a subset Xy C G such that {{(a), (b)} <>,
(G, X1). Then, by [47, Theorem 5.4], there exists a subset X € G such that X; C X
and the following conditions hold:

(1) {{a), (b)} —n (G. X),

(2) T'(G, X U &) is hyperbolic and acylindrical, where & = (a) U (b).

Weset Y = X U &. By Propositions 5.4 and 5.6 applied to (G, Y), there exist constants
Np and N; satisfying conclusions of these propositions. Now we analyze the equation
c*d™ =a"b™.
Case 1. Suppose that ¢, d are loxodromic with respect to Y. Then, by Proposition 5.4,
ifn,m = 2Ny and Eg(c) # Eg(d), then [¢c"d™|y > 2. On the other hand, |c"d™|y =
|a"b™|y < 2. Therefore, we have that Eg(c) = Eg(d) if n,m = 2Nj.

Case 2. Suppose that ¢ is loxodromic and d is elliptic with respect to Y. Then, by Propo-
sition 5.6, the following holds: if n = 2N; and d™ ¢ Eg(c), then |¢"d™|y > 2. On the
other hand, |¢"d™|y = |a"b™|y < 2. Therefore, we have that d™ € Eg(c) ifn = 2N;.

Case 3. Suppose that d is loxodromic and c is elliptic with respect to Y. Then, analo-
gously to Case 2, we obtain ¢” € Eg(d) if m = 2N;.

Case 4. Suppose that ¢, d are elliptic with respectto Y.

In this case, we will use Corollary 6.6 applied to the hyperbolic embedding

{(a). (b)} = (G. X).

Let ¢; : G — R be a homogenous quasi-morphism such that g,(a) = 1, g,(b) = 0, and
qa(g) = 0forall g € Ell(G, Y) that are non-commensurable with @ and . By Lemma 6.5,
if g is commensurable with b, then ¢,(g) = 0. Thus, ¢,(g) = 0 for all g € Ell(G, Y) that
are non-commensurable with a.

Analogously, let g : G — R be a homogenous quasi-morphism such that g5 (a) = 0,
qp(b) =1, and g5 (g) = 0 for all g € Ell(G, Y) that are non-commensurable with b. We
set

N, = 2max {D(qa). D(gp)}-
and suppose that n, m > N,. From the definition of a quasi-morphism, we have that
|qa (@"b™) — qa(a"™) — qa(bm)| < D(qa)-

Then
|ga(a"d™) —n| < D(qa). (7.1)
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Analogously,
|gp(@"b™) —m| < D(gs). (7.2)
We also have that
|9a(c"d™) = qa(c") — qa(d™)] < D(qa), (1.3)
lap(c"d™) — qp(c") — qp(d™)| < D(gp).

Subcase 4.1. Suppose that there exists x € {a, b} such that ¢ and d are non-commensu-
rable with x. Without loss of generality, we assume that x = a. Then (7.3) implies that

|4a(c"d™)| < D(qa)- (7.4)
It follows from (7.1) and (7.4) that n < 2D(q,) < N». A contradiction.

Subcase 4.2. Suppose that ¢ is commensurable with @ and d is commensurable with b.

The former means that there exist u € G and s1, s, € Z \ {0} such that ¢*' = u~'a*2u.

Then ¢ € Eg(u~'au). Since a is special, we have that Eg(u~'au) = (u~'au). Hence

¢ = u~'a’u for some s € Z \ {0}. Then (7.3) implies that
|9a(c"d™) = sn| < D(a)-
Using (7.1), we deduce that
|n —sn| <2D(qq) < N».

Since n > N,, we have that s = 1;i.e.,c = u lau. Analogously, d and b are conjugate.

Subcase 4.3. Suppose that ¢ is commensurable with b and d is commensurable with a.
The latter means that there exist v € G and #;,t, € Z \ {0} such that 4"t = v—'a”2v. Then
d € Eg(v™'av) = (v 'av). Hence d = v~'a’v for some t € Z \ {0}. Then (7.3) implies
that

|51a(cndm) - tm| < D(qa)-

Using (7.1), we deduce that
|n —tm| < 2D(qq) < Na. (7.5)
Analogously, using the commensurability of ¢ and b, we deduce that
|m —sn| < N (7.6)

for some s € Z \ {0}. It follows from n,m > N5 and (7.5), (7.6) that s, ¢ = 1. Without loss
of generality, we assume that m > n. Then

m>Ny=|n—tm|=tm—n=({—1)m.
From this we deduce that = 1 and |n — m| < N>.

Taking into account all considered cases, we can set N = max{2Ny, 2N, [N2]}. =
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The following lemma says that if n, m in Proposition 7.1 have a certain common
divisor, then only the subcase (a) in the conclusion of this proposition is possible; i.e., ¢ is
conjugate to a and d is conjugate to b. A description of these conjugates will be given in
Corollary 9.5.

Lemma 7.2. Let G be an acylindrically hyperbolic group. Suppose that a,b € G are two
non-commensurable jointly special elements. Then there exists £ € N such that for all
n,m € {N, n # m, the following holds:

ifa"b™ = c"d™, where c¢,d € G, then c is conjugate to a and d is conjugate to b.

Proof. We use the generating set Y as in the proof of Proposition 7.1. In particular, (a) U
(b) € Y. We also use the homogenous quasi-morphisms ¢, : G —- R and g, : G - R
defined there. In particular, g,(a) = 1, g, (b) = 0, gp(a) = 0, and g5 (b) = 1.

e By Lemma 3.7, there exists a number L € N such that for every loxodromic element
g € G (with respect to Y), the elementary subgroup Eg(g) contains a normal cyclic
subgroup of index L.

e By Lemma 4.7, there exist x = 1, g9 = 0, and n¢ € N such that for any loxodromic
(with respect to Y') element g € G and any n = ny we have that

1
8"y = —n —eo.

e We set
{ = LMNny,

where M = [(2+ g9)x] + 1 and N € N is the number from Proposition 7.1. Recall that
in the proof of this proposition we defined N so that we have that

N = 2max {D(qa). D(gp)}

Suppose that b = ¢"d™, where n,m € £N, n # m. We analyze cases in the con-
clusion of Proposition 7.1.

(1) ¢ and d are loxodromic with respect to Y and Eg(c) = Eg(d).

By Lemma 3.7, there exists z € Eg(c) such that ¢© and d* are powers of z, say
el = z% and dL = z'. Then ¢"d™ = zs"*t™!/L Qbserve that sn + mt # 0; otherwise
ab™ = c"d™ = 1 that is impossible by non-commensurability of a and b. Since £ =
M LNny is a divisor of n and m, we have (using Lemma 4.7) that

1
2= |a"bMy = |z”’+’"’/L|y > - —gg=———&0=—M —59 > 2.
x L X

A contradiction.

(2) ¢ is loxodromic with respect to Y, d is elliptic, and d™ € Eg(c).

By definition of L, the group Eg(c) contains a normal infinite cyclic subgroup C of
index L. Hence ¢ € C and d™cLd™ = ¢*L . Since L is a divisor of n, this implies that

d"etd™m = Cin'
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The group C is generated by a loxodromic element, because it contains the loxodromic
element ¢’ Since d™L € C and d is elliptic, we have that

dmt =1.

Subcase 1. Suppose that d " ¢"*d™ = ¢". Then

@"b™E = ("d™)L = nLgml = enL
It follows that

2L = [(@"b™)" |y = "y = inL — g = %ML —goL > 2L.
A contradiction.
Subcase 2. Suppose that d 7" ¢c"d™ = ¢™". Then
(@"b™)* = (c"d™)? = d*".

Recalling that d~ = 1, we deduce that (a”b™)?L = 1. Since homogeneous quasi-mor-
phisms vanish on periodic elements, we have that g, (a”b™) = 0. In view of

|4a(@"b™) = qa(a") — qa(B™)| < D(qa).
this implies that n < D(q,) < N < £. A contradiction.

(3) d is loxodromic with respect to Y, ¢ is elliptic, and ¢” € Eg(d).

This case is impossible by the same reason as the previous one.

(4) ¢ and d are elliptic with respect to Y and one of the following holds:

(a) c is conjugate to @ and d is conjugate to b;

(b) c is conjugate to b, d is conjugate to a, and |[n —m| < N.

The case (b) is impossible since n,m € N, n # m, and N is a proper divisor of £.
Thus, only the case (a) is possible. [

Remark 7.3. The condition on gcd(n, m) in Lemma 7.2 cannot be replaced by the condi-
tion that n, m are sufficiently large. Indeed, if gcd(n, m) = 1, then the equation x" y"* =
a”b™ in the free group F'(a, b) of rank 2 has infinitely many solutions

(x.y) = (@"d™)*. @"b™)').

where s, f are integers satisfying ns + mt = 1. None of the components of these solutions
is conjugate to a or b.

8. Isolated components in geodesic polygons

In the following proof, we use Proposition 4.14 from [14]. Since this proposition and
accompanied definitions are crucial in the following proof, we recall them here.

Let G be a group, {H) },ca a collection of subgroups of G, and X a symmetrized
subset of G. We assume that X together with { H; } ea generates G. Let # = | |, Hj.
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Definition 8.1 (see [ 14, Definition 4.5]). Let g be a path in the Cayley graph I'(G, X U #).
A (non-trivial) subpath p of ¢ is called an H)-subpath if the label of p is a word in the
alphabet H,. An H)-subpath p of g is an H)-component if p is not contained in a longer
subpath of ¢ with this property. Two Hj-components p;, p» of a path g in ['(G, X U J)
are called connected if there exists a path y in I'(G, X Ll #) that connects some vertex of
p1 to some vertex of p,, and Lab(y) is a word consisting only of letters from H).

Note that we can always assume that y has length at most 1 as every element of H)
is included in the set of generators. An H)-component p of a path ¢ in I'(G, X U J) is
isolated if it is not connected to any other component of g.

Recall that definitions of a weakly hyperbolic group and of a relative metric d »on Hy
were given in Section 3. Given a path p in I'(G, X U #), the canonical image of Lab(p)
in G is denoted by Labg (p).

Definition 8.2 (see [14, Definition 4.13]). Letx = 1,e > 0,andn =2.Let = p1--- pn
be an n-gon in I'(G, X U #) and let I be a subset of the set of its sides { p1, ..., p,} such
that

(1) eachside p; € [ is an isolated H,,-component of & for some A; € A,
(2) eachside p; ¢ I is a (x, €)-quasi-geodesic.
We denote s(P, 1) =3, ¢/ 62,1,- (1, Labg (p;)).

Proposition 8.3 (see [14, Proposition 4.14]). Suppose that G is weakly hyperbolic relative
to X and {H) } en- Then for any x = 1, ¢ = 0, there exists a constant D(x, €) > 0 such
that for any n-gon & in I'(G, X U J#) and any subset I of the set of its sides satisfying
conditions of Definition 8.2, we have that s(P, 1) < D(x, e)n.

Corollary 8.4. Suppose that G is weakly hyperbolic relative to X and {Hj}jep. Let
P = p1pa2ps3 be a geodesic triangle in T' (G, X U J), where p3 is an isolated component
of P or a degenerate path. Suppose that q is an H)-component of P of the form q =
q192, where q1 is a terminal subpath of p1 and q» is an initial subpath of p,. Then
d)(1,Labg(q)) < 4D(1,0).

Proof. Let ¢} and g} be paths such that p; = g{q1 and p> = g»q5. Consider the 4-gon
P’ = q1995p3. The Hj-component g of ' cannot be connected to p3 by assumption and
it cannot be connected to an H-component of ¢} or g5, since p; and p, are geodesics.
Therefore, ¢ is an isolated component in &', and we are done by Proposition 8.3. ]

9. Perfect equations of kind x” y™ = a"b™ in acylindrically
hyperbolic groups

The first proposition in this section describes conjugators in the conclusion of Lemma 7.2.
From this proposition and the lemma we deduce Corollary 9.5, which gives a clear descrip-
tion of solutions of the equation x” y™ = a"b™ in acylindrically hyperbolic groups in the
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case where a, b are non-commensurable and jointly special, and n, m have a certain com-
mon divisor.

Proposition 9.1. Let G be an acylindrically hyperbolic group. Suppose that a,b € G are
two non-commensurable jointly special elements. Then there exists N € N such that for
anyn,m > N and any u,v € G satisfying

w ta"u) (v ™M) = a"b™,
there exists r € 7 such that u € {(a)(a"b™)" and v € (b)(a"b™)".

We give a proof of this proposition after introducing some auxiliary definitions and
lemmas. These lemmas will be proved at the end of this section.

We set H, = (a), Hy, = (b), and # = H, U Hp. By [14, Theorem 6.8], there exists
a symmetrized subset X of G such that { H,, Hp} <>, (G, X). In particular, G is weakly
hyperbolic relative to X and { H,, Hp}. The associated relative metrics on H, and on Hj,
are denoted by d, and db, respectively (see Definition 3.11).

A path p in T'(G, X U #) is called an a-path (respectively, a b-path) if the label of p
is a word in letters from H, (respectively, from Hp).

For an element g = a’ € H,, the number |i| is called the a-length of g. Analogously
we define the b-length of an element g € Hj,.

A word w in the alphabet X U J is called geodesic if it has minimal length among
all words, representing the same element in G as w. In particular, w does not contain two
consecutive letters which both lie in H, or both lie in Hp.

Definition of the complexity of a word. Given a geodesic word w in the alphabet X LI #,
we define its complexity Compl(w) as the pair (|w|xyug,s), where s is the sum of a-
lengths of its H,-components plus the sum of b-lengths of its Hp-components. We order
the pairs lexicographically: (1,7}) < (t1,%2) if #] <ty orty =t{ and #, < t,.

For an element g € G, we define its complexity Compl(g) as the minimum of com-
plexities of geodesic words w in the alphabet X LI J representing g. Note that there is
only finitely many elements in each descending chain of complexities.

For any pair (u, v) of elements of G, we define its complexity as follows:

Compl(u, v) = (Compl(u), Compl(v)).

We write
Compl(u1, v1) < Compl(u, v)
if Compl(#1) < Compl(x) and Compl(v;) < Compl(v).

Definition of the number N. We have observed that G is weakly hyperbolic relative to
X and {H,, Hp}. Let D = D(1,0) be the constant from Proposition 8.3 for parameters
(x,e) = (1,0). We set

Ng = max {i | ds(1,a") <9DY, Np =max {i | dp(1,b") < 9D}.
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Since the spaces (Hg, ﬁa) and (Hp, c?b) are locally finite, the numbers N, and N, are
finite. We set
N =4 -max{Ng, Np} + 1.

Then N € N. We will prove that this N satisfies Proposition 9.1. For the rest of the
proof we assume that G, a, and b satisfy assumptions of this proposition and that n, m >
N.

Consider the following equations in variables x, y:

(x"a"x)(y"p™y) = a"b™, 9.1)

(x"ta"x)(y"1b™y) = b™a". 9.2)

Lemma 9.2. Suppose that (u, v) is a solution of (9.1) such that u ¢ {(a), v & (b). We set
(11, v1) := (ua", va) and (uz, vz) := (ub™™,vb™™). Then (uy, v1) and (Uz, v3) are
solutions of (9.2), and we have that

Compl(u1, v1) < Compl(u,v) or Compl(uz,vz) < Compl(u,v).
The following lemma is dual to Lemma 9.2.

Lemma 9.3. Suppose that (p, q) is a solution of (9.2) such that p ¢ {(a), q ¢ (b). We set

(p1.q1) := (pa™",qa™) and (p2.q2) := (pb™,qb™). Then (p1.q1) and (p2. q>) are
solutions of (9.1), and we have that

Compl(p1.¢1) < Compl(p.q) or Compl(p2,q>) < Compl(p.q).
Proofs of these lemmas will be given later.

Proof of Proposition 9.1. Suppose that (u, v) is a solution of (9.1). If u € (a), then
v 1h™y = b™, hence v € Eg(h) = (b), and we are done. Analogously, if v € (b), then
u € (a), and we are done. Thus, we may assume that u ¢ (a) and v ¢ (b).

By Lemma 9.2, (ua”, va™) and (ub™™, vb™") are solutions of (9.2) and we have that
Compl(ua”™, va™) < Compl(u, v) or Compl(ub=™, vb™") < Compl(u, v). We consider
only the first case

Compl(ua”, va™) < Compl(u, v), 9.3)

since the second case can be considered analogously.

We may assume that (ua”, va™) satisfies assumption of Lemma 9.3. Indeed, the first
assumption ua” ¢ (a) is satisfied since u ¢ {a). Suppose that the second assumption is not
satisfied; i.e., va™ € (b). Then v € (b) - (a”b™)~!, and we deduce from (9.1) that u~'a"u -
a"bma™" = a™b™. It follows that ua”b™ € Eg(a) = {(a). Hence u € {(a)(a"b™)~!, and
we are done.

Thus, we assume that (ua”, va™) satisfies assumption of Lemma 9.3. By (9.3), the first
case in the conclusion of this lemma cannot happen. Therefore, we have the second case;
ie., (uab™,va"b™) satisfies (9.1) and

Compl(ua"b™, va"b™) < Compl(ua”, va™).
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b*'ﬂl

Figure 13

This formula and (9.3) imply that Compl(ua”b™, va™b™) < Compl(u, v), and the state-
ment of Proposition 9.1 follows by induction. ]

Proof of Lemma 9.2. By an abuse of notation, for any element w € G, we also denote by w
a geodesic word of minimal complexity among all geodesic words in X Ll J# representing
the element w.

Let (u, v) be a solution of (9.1) satisfying assumption of Lemma 9.2. Obviously,
(11, v1) := (ua”, va") and (uz, vp) := (ub™™, vb™™) are solutions of (9.2). Thus, it
suffices to prove that one of the following holds:

(a) both words u and v end with a power of @ which is smaller than —rn /2;

(b) both words u and v end with a power of b which is larger than m /2.

Since n,m > N, we have that

n>4N, = 4max {i | dy(1,a’) < 9D}, (9.4)
m > 4Ny = 4max {i | dp(1,b") < 9D}. 9.5)

Let = p1p>--- ps be a geodesic 8-gon in I'(G, X U H#) with sides p; labeled by
consecutive syllables of the word

uld"uv pm b a ",

More precisely, Lab(p;) = u~!, Lab(p,) = a”, ..., and Lab(pg) = a™". Observe that
the sides p», ps, p7, pg of P are edges labeled by powers of @ and b; see Figure 13.

By assumption of lemma, the words u and v are nonempty. Write u = a’u’ and v =
bJv', where i, j € 7Z, the first letter of u’ does not lie in H,, and the first letter of v” does
not lie in Hp. As (u, v), the pair (', v') is also a solution of (9.1) satisfying assumption
of lemma. Obviously, if we prove it for (1, v’), then we prove it for (u, v) too.

Thus, we may assume that the first letter of u is not a nontrivial power of a, and the
first letter of v is not a nontrivial power of b.
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Figure 14

Then p; is an H,-component of & and ps is an Hp-component of 2. It follows from
(9.4) and (9.5) that

dy(1,Labg (p2)) = d(1,a") > 9D,
dp(1,Labg(ps)) = dp(1,b™™) = dp(1,b™) > 9D.

These inequalities and Proposition 8.3 imply that the components p, and ps are not iso-
lated in P.

Then p5 is connected to a component of p4 or pg and ps is connected to a component
of pp or p3.

Case 1. Suppose that p, is connected to an H,-component of p.

Then there exists a geodesic rectangle $; = p,r102r2, where 0, is an H,-component
of pe (see Figure 14(a)). Let 01, 03 be subpaths of pg such that pg = 010,03. We consider
two complementary geodesic 5-gons P> = p3 paps0171 and P3 = p17203p7ps.

The path ps is not an isolated Hp-component of &, (by Proposition 8.3 and using the
inequality c?b(l,LabG (ps)) > 9D). Therefore, ps is connected to some Hp-component
B of p3 (see Figure 14(b)). Then p3 = afy for some subpaths «, y of p3. Let § be a
geodesic b-path from (ps)— to B4. We consider the triangle Ay = yp46. The path § is an
isolated Hp-component of A; or a degenerate path.

In the rest of the proof we use the following notation. For any nontrivial path p in
the Cayley graph I'(G, X U #), let p°® and p*® denote the first and the last edges of p,
respectively.

Let t be the Hp-component of & containing the edge p. Then ¢ is contained in 03 p7
(see Figure 15).

Subcase 1.1. Suppose that ¢ is not connected to a component of pj.
Then ¢ is isolated in the 5-gon #5.
By Proposition 8.3 applied to 3, we obtain

dp (1, Labg (1)) < 5D. (9.6)
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b?n

b*"l

Figure 15

By (9.5), we have that
dp(1,Labg(p7)) = dp(1,6™™) > 9D.
Therefore, p7 is a proper subpath of ¢, and hence t = p¢ p7 with
dy(1,Labg(pg)) > 4D.
Since Labg (ps) = Labg (P1), we have that Labg (pg) = (Labg(p3))~'. Hence
dp (1, Labg (p3)) > 4D. 9.7)

We claim that the b-path pj cannot be a component of Aj. Indeed, if it were, we could
apply Corollary 8.4 to the triangle Ay, its side § (which is an isolated Hp-component of
A or a degenerate path), and to the component py, and get a contradiction to (9.7).

Hence p3 p; is a component of Ay and, by Corollary 8.4, we have that

dp(1, Labg (p3p3)) < 4D. 9.8)
Now we estimate y, z € Z such that Labg (p3) = b” and Labg (p¢) = b*. Since
Labg (t) = Labg (pgp7) = b*™™,
Labg (p3 p3) = Labg (p3)(Labg (p) ' = 0"~
we deduce from (9.6) and (9.8) that
|z—m| < Np and |y —z| < Np.

Since m > 4Nj, we have that

3 1
z=m— Np > Zm and y=z— Np> Em
Observe that the word u = Lab(p3) ends with Lab(p3) = b” and the word v =
Lab(ps) ends with Lab(pg) = b*. Thus, by previous estimations, both # and v end with

a power of b which is larger than m /2, and we are done.

Subcase 1.2. Suppose that ¢ is connected to some component of pj.
Let 7 be a geodesic b-path from the initial point of this component to 74 (see Figure
16). We consider the triangle A, = pgot, where o is the initial path of p; with the
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b?TZ

Figure 16

endpoint 04 = 7_. The path 7 is either an isolated Hp-component of A, or a degenerate
path. Let g be an H,-component of A, containing ps. Then ¢ is also isolated in A,.
By Proposition 8.3, we have that

da(1,Labg(q)) < 3D. 9.9)
By (9.4), we have that
da(1,Labg(ps)) = da(1,a™) > 9D.
Therefore, pg is a proper subpath of ¢, and hence ¢ = pg p] with
da (1, Labg (p3)) > 6D.
Since Labg (p1) = Labg (P3), we have that Labg (p§) = (Labg(p3))~'. Hence
da(1,Labg(p3)) > 6D.

By Corollary 8.4 applied to the triangle A1, the a-path p3 cannot be a component of
A1. Hence p3py is a component of Ay and, by this corollary, we have that

da(1,Labg (p3p3)) < 4D. (9.10)

Now we estimate z, y € Z such that Labg (p]) = a” and Labg (pg) = a”. Since

Labg(q) = Labg(psp]) = a " "%,

e _o oy —1 ° _
Labg (p3p;) = (Labg(p?))  Labg(pg) = a™* %7,
we deduce from (9.9) and (9.10) that
|-n+z|<N;, and |—z 4+ y|<N,.

Since n > 4N,, we have that
3
ZBn—Na>Zn and yZz—Na>§n.

Observe that the word u = Lab(p7) ends with (Lab(pf))™! = a™% and the word
v = Lab(pz) ends with (Lab(p3))~! = a™>. Thus, by previous estimations, both u and
v end with a power of a which is smaller than —n /2, and we are done.
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Case 2. Suppose that p, is connected to an H,-component of py.

Arguing as in Case 1, we can prove that ps is connected to a component of p;.
After that, renaming a, b, u, v, n, m by b=, a~!
Case 1. ]

, U, U, m, n, respectively, we reduce to

To simplify formulations, we introduce the following definition.

Definition 9.4. Let g € G and n, m € Z. The equation x" y™ = g in variables x, y is
called perfect if it has a solution (xg, yg) in G and any solution of this equation has the
form (x§ ,y5 ) for some o € Z.

The following corollary directly follows from Lemma 7.2 and Proposition 9.1.

Corollary 9.5. Let G be an acylindrically hyperbolic group. Suppose that a,b € G are
two non-commensurable jointly special elements. Then there exists a number { = £(a,b) €
N such that for alln,m € LN, n # m, the equation x" y™ = a"b™ is perfect.

10. Special generating sets for finitely generated acylindrically
hyperbolic groups

The main purpose of this section is Proposition 10.6, which is essentially used in the proof
of Theorem A. Proposition 10.7 is only used in the proof of Corollary E. Other statements
of this section will be used in Sections 11-13.

The following lemma proven in [14] is crucial in many proofs. Therefore, we repro-
duce it here.

Lemma 10.1 (see [14, Lemma 4.21]). Let G be a group weakly hyperbolic relative to X
and {H) }ycp and let W be the set consisting of all words U in X U K such that

(W1) U contains no subwords of type xy, where x,y € X,

(W) if U contains a letter h € H) for some A € A, then c?,l(l, h) > 50D, where
D = D(1,0) is given by Proposition 8.3,

(W3) if hyxhy (respectively, h1h,) is a subword of U, where x € X, hy € H), hy €
H,, then either A # i or the element represented by x in G does not belong to
H), (respectively, A # 11).

Then the following hold.

(a) Everypathin I'(G, X U #) labeled by a word from ‘W is (4, 1)-quasi-geodesic.

(b) Forevery ¢ > 0 and every integer K > 0, there exist R = R(e, K) > 0 satisfying

the following condition. Let p, q be two paths in T'(G, X U J) such that £(p) =
R, Lab(p),Lab(g) € W, and p, q are oriented e-close; i.e.,

max {d(p-.q-).d(p+.q+)} < €.

Then there exist K consecutive components of p which are connected to K con-
secutive components of q.



0. Bogopolski 660

Corollary 10.2. Suppose that G is a group, Y C G a subset, and Eq, ..., Ex are sub-
groups of G such that
{E1,...,Ex} =5 (G,Y).

Suppose that a,, . . . ,ay are elements of infinite order from E1, ..., Ey, respectively. Then
there exists N € N such that ifny,...,nr = N, then every cyclically reduced word W of
syllable length at least 2 in the alphabet {a}", . .. ,azk VE represents a loxodromic element
of G with respect to Y U &, where & = Ey U --- U Ey. In particular, {a", ... ,aZ") is a
free group of rank k.

Moreover, if (Y) = G, then each word W as above represents a loxodromic element
of G with respect to Y .

Proof. Fori =1,...,k, let c?i be the metric on E; associated with the embedding
{E1,..., Ex} =5 (G,Y).

Let
N; := max {n eN|di(1,a}) < SOD},

where D = D(1,0) is given by Proposition 8.3. We claim that
N =max{N; |i=1,... .k} +1

satisfies the corollary. Let nq,...,nx = N and let W be a cyclically reduced word in the
alphabet {a/', ... ,azk }* such that the syllable length of W is at least 2. Using conjuga-
tion, we may assume that the first and the last letters of W do not coincide and are not
inverse to each other.

Let U be the word in the alphabet {(a}') LI --- L (azk ) obtained from W by replacing

each syllable of W of kind ¢*" ---a*™ by the unique letter aijE M Then U™ satisfies

conditions (W;)—(W3) of Lemma ls().l for any m € N. Let p,, be the pathin I'(G,Y U &)
labeled by U™, such that (p,,)— = 1. Since, by this lemma, the path p,, is (4, 1)-quasi-
geodesic, we have that d(1, (pm)+) = €(pm)/4—1=m/2 — 1. Then U, and hence W,
represents a loxodromic element of G with respect to Y LI &. In particular, W # 1 in G.
If W is of syllable length 1, i.e., W = a;*™ for some i € {1,...,k} and m # 0, then,
obviously, W # 1in G. Therefore, (a}’,... ,aZ" ) is a free group of rank k.

The last statement of corollary obviously follows from the first one. ]

The following lemma is closely related to [14, Corollary 6.12].

Lemma 10.3. Let G be a group, X C G, and H <}, (G, X) a finitely generated infinite
subgroup. Then for any finite collection of elements ay, . ..,as € G \ H and any infinite
subset H C H, there exist elements hy, ..., hs € H such that arhy,...,ashg are pairwise
non-commensurable loxodromic elements with respect to the action of G on I'(G, X U H).

Proof. First, we show that conditions (a’) and (b) of [14, Theorem 6.11] are satisfied for
some extended relative generating set X;. Though the conclusion of this theorem is not



Equations in acylindrically hyperbolic groups and verbal closedness 661

sufficient for our aims, the proof is sufficient and can be easily adopted to obtain the
desired statement.

Definition of X;. Let B be a finite generating set of H. We set
X1 =XUBU/{ay,...,a5)" .

Since | X A X;| < oo, we have that H <>, (G, X1) by Lemma 3.13. Let d be the relative
metric on H associated with this embedding.

Verification of condition (a’). We shall show that
. cf(l,h)<ooforanyheHand
* H is unbounded with respect to d.

The former follows from the fact that the relative generating set X; contains a finite
generating set of H, namely B. The latter follows from the fact that the metric space
(H, d) is locally finite (since H <>} (G, X)) and the assumption that H is infinite.

Verification of condition (b) for the elements a1, .. .,as. We shall check that
e these elements lie in X; and
e |H%NH|<oofori =1,...,s.

The former is valid by definition of X, the latter follows from the assumption that
a; € G\ H (see Lemma 3.14).

Thus, conditions (a’) and (b) of [14, Theorem 6.11] are satisfied for the extended rela-
tive generating set X;. Now we look into the proof of this theorem. Condition (a") and the
local finiteness of (H, c?) enable to choose &1, ..., hg in H such that

d(1,hy) > 50D,
d(1,hiz1) >d(1,hj)+8D, i=1,...s—1,

where D = D(1, 0) is provided by Proposition 8.3. We set f; = a;h;. Then the proof
that f1,..., f; are non-commensurable and loxodromic with respect to the action of G
on I'(G, X; U H) is the same as in [14, Theorem 6.11]. Since X C X, these elements
remain loxodromic with respect to the action of G on I'(G, X U H). |

Lemma 10.4. Let G be an acylindrically hyperbolic group with respect to a generating
set Z and let a,b € G be two non-commensurable loxodromic with respect to Z elements,
where, additionally, a is special. Then there exists a positive integer ng such that for
any n,m = nq the element g = a"b™ is special with respect to some generating set, in
particular Eg(g) = (g).

Proof. Since G acts acylindrically on the hyperbolic space I'(G, Z) and a, b are non-
commensurable and loxodromic with respect to Z, we can apply [14, Theorem 6.8] which
says that in this situation there exists a subset X C G such that {Eg(a), Eg(b)} <
(G, X). Denote & = Eg(a) U Eg(b). By Theorem 3.15, there exists ¥ C G such that
X C Y and the following conditions hold.
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(a) {Eg(a), Eg(b)} —p (G,Y). In particular, the Cayley graph ['(G,Y U &) is
hyperbolic.

(b) The action of G on I'(G, Y U &) is acylindrical.

Let d 1 and dAz be the relative metrics on Eg(a) and on Eg(b), respectively, asso-
ciated with the embedding {Eg(a), Eg(b)} = (G, Y). Then there exists no such that
for any [ = ny we have that c?l(l,al) > 50D and cfz(l,bl) > 50D, where D = D(1,0)
is the constant from Proposition 8.3. Let n,m = ny and g = a"b™. Observe that condi-
tions (W)—(W3) of Lemma 10.1 are satisfied for g considered as a word of length 2 in the
alphabet & C Y U &. By part (a) of Lemma 10.1, the element g is loxodromic with respect
to Y U &. Since G acts acylindrically on the hyperbolic space I'(G, Y U &) and contains
a loxodromic element with respect to this action and G is not virtually cyclic, we con-
clude that this action is non-elementary (see Theorem 3.9). Therefore, G is acylindrically
hyperbolic with respect to Y LI & and the subgroup Eg(g) is well defined.

The rest of the proof is very similar to the second part of the proof of [ 14, Lemma 6.18].
Lett € Eg(g). Then 1g°* = gkt for some k € N and o € {—1, 1}. Consider the paths p
and ¢ in ['(G, Y U &) labeled by (a”b™)F and (ab™)°k, respectively, such that p_ = 1,
q— = t. We have that dy g (p—,q-) = dyue(p+,q+) = &, where € = |t|ype.

Let R = R(e, 3) be as in the part (b) of Lemma 10.1. Passing to a multiple of k if nec-
essary, we may assume that £(p) = R. Then by statement (b) of Lemma 10.1, there exist 3
consecutive components pq, pa, p3 of p that are connected to 3 consecutive components
q1, 92, q3 of q.

Without loss of generality, we may assume that p1, ps, g1, g3 are Eg(a)-compon-
ents while p,, g» are Eg(b)-components. Let e; be a path connecting (p;j)+ to (¢;)+
in I'(G,Y U &) and let z; be the element of G represented by Lab(e;), j = 1,2. Then
zj € Eg(a) N Eg(b). But Eg(a) N Eg(b) = 1 since a, b are non-commensurable and
EG(a) = (a) by assumption. Thus, z; = 1. Reading the label of the closed path e;g2e5 P2,
we obtain »°™b~" = 1. Therefore, 0 = 1 and the label of ¢ is (a”b™)*. Reading the labels
of the segment of p from 1 to (p1)+, e1, and the segment of ¢ from (g1)+ to ¢, we obtain
t = g for some I € Z. Therefore, Eg(g) < (g). Hence Eg(g) = (g) and g is special
with respectto Y LI &. ]

Lemma 10.5. Suppose that G is an acylindrically hyperbolic group without nontrivial
finite normal subgroups. Then there exist an element g € G and a generating set Y of G
such that g is special with respectto Y and (g) < (G,Y).

Proof. By [14, Lemma 6.18], there exist a subset X C G, a subgroup E <, (G, X), and
an element g € G such that £ = (g) x K(G), where K(G) is the maximal finite normal
subgroup of G. By assumption, K(G) = 1. Then (g) <, (G, X).

It was shown in the proof of this lemma that g can be chosen to be loxodromic with
respect to some generating set. In particular, we may assume that g has infinite order. Note
that G is not virtually cyclic, since G is acylindrically hyperbolic.
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By Lemma 6.3, there exists a generating set Y of G such that G is acylindrically
hyperbolic with respect to Y and (g) < (G, Y). Let d be the relative metric on (g)
associated with this embedding. Since the metric space ((g), d ) is locally finite, g cannot
be elliptic with respect to Y. Then g is loxodromic with respect to Y. Since (g) <>,
(G,Y), we deduce from Lemma 3.14 and (3.1) that Eg(g) = (g). Thus, g is special with
respectto Y. ]

Proposition 10.6. Suppose that G is an acylindrically hyperbolic group without nontriv-
ial finite normal subgroups. Then there are special loxodromic elements a, g € G such
that for any integer k > 0 the coset a(g) contains k pairwise non-commensurable and
Jjointly special elements.

Proof. By Lemma 10.5, there exist an element g € G and a generating set Y of G such
that g is special with respect to Y and H <, (G, Y), where H = (g). It follows from
Definition 3.8 that G is acylindrically hyperbolic with respect to Y.

Leth € G \ H be an arbitrary element. By Lemma 10.3, there exist two non-commen-
surable loxodromic elements bg*, bg’ with respect to Y LI H. It follows that they are
loxodromic with respect to Y. At least one of them, say ¢ := bg?, is non-commensurable
with g. In particular,

()N (g) =1

By Lemma 10.4, there exists a positive integer 71¢ such that for any n, m = ng the element
c" g™ is special with respect to some generating set; in particular,

Eg(c"g™) = (c"g"™). (10.1)

By Lemma 10.3, for any k € N, there exist natural numbers m; < m, <--- < my such
that my = ng and the elements ¢°g™!, ..., c"° g™k are pairwise non-commensurable and
loxodromic with respect to Y LI H. Then they are loxodromic with respect to Y. Moreover,
by (10.1), we have that Eg(c"0g"™) = (c"0g™ ) fori = 1, ..., k. Thus, these elements
are pairwise non-commensurable and jointly special with respect to Y.

We set a = ¢"0g". Then a, g, and k elements ag™!="0, ... ag™k~"0 satisfy the
conclusion of proposition. ]

Remark. One can prove a stronger version of this lemma, saying that for any infinite sub-
set I C a(g), there exists an infinite subset of / consisting of pairwise non-commensurable
and jointly special elements.

As we mentioned above, the following proposition is only used for the proof of Corol-
lary E. The proof of this proposition is very similar to the proof of Proposition 10.6.

Proposition 10.7. Suppose that G is a finitely generated acylindrically hyperbolic group
without nontrivial finite normal subgroups. Then, for any n € N, G can be generated by
a finite set A such that |A| = n and the elements of A are pairwise non-commensurable
and jointly special.
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Proof. By Lemma 10.5, there exist an element g € G and a generating set Y of G such
that g is special with respect to Y and H <, (G,Y), where H = (g). It follows from
Definition 3.8 that G is acylindrically hyperbolic with respect to Y.

Suppose that G = {(a;, ..., a;). Removing those a; that are powers of g, we may
assume that G = (g,ay,...,ax) forsome 1 <k <[, whereq; ¢ H fori =1,...,k.

Step 1. We show how to find a finite generating set B of G such that g € B and the
elements of B are pairwise non-commensurable and loxodromic with respect to Y.

Weset Gy = (g) and G; = (g,ay,...,a;) fori =1,...,k.Note that G = Gy. Arguing
inductively, we fix i € {0, ...,k — 1} and suppose that we have found a finite generating
set B; of G; such that g € B; and the elements of B; are pairwise non-commensurable
and loxodromic with respect to Y.

We set s = | B;| + 1. By Lemma 10.3, there exist positive integers n; < np <--- < ng
such that the elements of the set {a;+1g"!, a;+18™%,...,a;+1&"} are pairwise non-
commensurable and loxodromic with respect to ¥ L H. It follows that they are loxo-
dromic with respect to Y. Since the number of these elements is | B;| + 1, there exists

j €{1,...,s} such that the elements of B;;; := B; U {a;4+1¢"} are pairwise non-
commensurable. Since g € B;, we deduce that G;+; = (Bj+1). Finally, we set B = By.
Thus, we may assume from the beginning that G = (g,ay,...,ax), where g,aq,. .., ax

are pairwise non-commensurable and loxodromic with respect to Y. Recall that g is spe-
cial with respect to Y.

Step 2. We show how to find a finite generating set of G consisting of pairwise non-
commensurable and special elements with respect to Y.

We set Ag = {g}. Arguing inductively, we fix i € {0, ...,k — 1} and suppose that we
have found a finite subset A; C G such that g,ay,...,a; € (A4;) and the elements of A;
are pairwise non-commensurable and special with respect to Y. We set s = 2|A4;| + 2 and
construct a finite set 4; ;1 C G with analogous properties.

By Lemma 10.4, there exists no € N such that for any n,m = ng the element a}, ; g™
is special with respect to some generating set of G. In particular, we have that

n m — n m

EG(ai_Hg )= (ai+1g ) (10.2)

for any n,m = ny. By Lemma 10.3, there exist s integers my, my, ..., mg = ng such
y y g

that the elements a;'_‘;_'fl g™, a;'_‘;'fzg’"z, ... ,a?_‘;'fs g™s are pairwise non-commensurable

and loxodromic with respect to ¥ LI H (and hence with respect to Y). By (10.2) they are
special with respect to Y. Since the number of these elements is 2| 4; | + 2, there exists an
odd j € {1,...,s — 1} such that the elements of
+jgm; notitl m;
Aigr = A; Uda97 g™ a0 gy
are pairwise non-commensurable. By construction, all elements of A, ; are special with
respect to Y. Since g € A;, we have a; 1 € (A;+1).
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Observe that (Ax) = G and |Ax| = 2k + 1, where k = 1 is fixed before Step 2. Repeat-
ing the construction of Step 2 several times, we can obtain a finite generating set A of G
with desired properties and of arbitrary large finite cardinality. ]

11. Test words in acylindrically hyperbolic groups: a special case

A background on test words and our definition of an (aq, . .., ag)-test word are given in
Section 2.5. For convenience, we recall this definition here. In this section, we construct
certain (ay, . .., ax)-test words in acylindrically hyperbolic groups.
Definition 11.1. Let H be a group and let a4, ..., a; be some elements of H. A word
W(x1,...,xx)is called an (ay, ..., ax)-test word if for every solution (by,. .., by ) of the
equation

Wi(ay,...,ax) = W(x1,...,Xg)
in H, there exists a number o € Z such that b; = aiULY fori =1,...,k, where U =
Wi(ay,...,ax).

Remark 11.2. Let H be an acylindrically hyperbolic group without nontrivial normal
finite subgroup. The following lemma says, in particular, thatif a;, a,,as € H are jointly
special and pairwise non-commensurable elements, then there exist an (a;, az, as, 1)-test
word. The reason for the general formulation of this lemma (i.e., for k > 3 elements) is
that it serves as the basis of induction for Proposition 12.1.

Lemma 11.3. Let H be an acylindrically hyperbolic group without nontrivial normal
finite subgroups and let ay,...,ar € H (k = 3) be jointly special and pairwise non-
commensurable elements. Then there exist 10 positive integers k1, 11, my, ka, 2, ma, s,
P, q, t such that the following holds.
Let U be the left side of the equation
ki 1 ky 1 s ki 1 ky 1 s t
((ay'a3)™ (a3*az)™) (aza3)’ = ((1'x3)™ (x3°x3)™) (x5 (x3y3)7) .
Then, for any solution (x1, X2, x3, y3) = (b1, b2, b3, c3) of this equation in H, there
exists an integer number o such that
b]za?u, bzzagu, b3:a§]a, C3=1.

Moreover, the 10 exponents can be chosen so that, additionally to the above statement,
the elements U, ay, ..., ax, will be jointly special and pairwise non-commensurable.

Proof. First we find an appropriate generating set of H .

Claim 1. There exists a generating set ¥ of H such that the following properties are
satisfied.
(1)  The group H is acylindrically hyperbolic with respect to Y.

(ii)) The elements ay, ..., ay are special with respect to Y.
(i) {{ai),...,{ax)} —=n (H,Y).
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(@ralym@szalzymys @ad)t = (BF by (b5 b2)y™2) (b2 (bscs)?)

Figure 17

Proof. Conditions of Lemma 11.3 imply that Eg(a;) = (a;), j = 1,...,k, and
{{a1)..... {ax)} —>n H (11.1)

(see [14, Theorem 6.8]). Applying Lemma 6.3 to this hyperbolic embedding, we obtain
a generating set ¥ of H such that H is acylindrically hyperbolic with respect to ¥ and
{{a1),...,{ag)} = (H,Y). Thus, the properties (i) and (iii) are satisfied.

We prove (ii). Property (i) implies that any element of H is either elliptic or lox-
odromic with respect to Y. For j = 1,...,k, let c?,-Y be the relative metric on (a;)
associated with the hyperbolic embedding (11.1). By definition, the space ({a;), @Y)
is locally finite. Therefore, a; cannot be elliptic with respect to Y. Thus, a; is loxodromic
with respect to ¥ and satisfies Eg (a;) = (a;). Hence a; is special with respectto Y. m

We use the following notation.

Notation. Givena,b,c,d € H, we say that the pair (a, b) is conjugate to the pair (¢, d)
if there exists g € H such that g='ag = ¢ and g~ 'bg = d. In this case, we write (a,b) ~
(c,d).

Let ky, Iy, my, ka, [2, ma, s, p, q, t be arbitrary 10 positive integers (we call them
exponents) and let (by, b2, b3, ¢3) be a solution of the equation in Lemma 11.3:

(@1 aiym abra2ym) (@Zad)t = ((BF L y™ 0522)™2) (b2 (b3e3)?)'.  (11.2)

The diagrams on Figure 17 reflect the nested structure of the left and the right sides of
this equation.

We explain the structure of forthcoming proof.

e In Step 1, we will choose 10 exponents so that assumptions of Corollary 9.5 became
applicable to 5 pairs of labels of the left diagram (we put them in 5 shadowed regions).

e In Step 2, we will start from the root equation and deduce from Corollary 9.5 conse-
quently the following formulas:

(1) ((@ralymi@b2a2ym afa)y ~ (BF pym (BE2 2y b2 (hyes)e);
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2) (aklaé‘,a2 az) ~ (bk‘bél,bkzblz) and (az,asz) ~ (ba, bscs);
(3) (a1,a3) ~ (b1,b3) and (az,a3) ~ (b2, b3).
¢ In Step 3, we will analyze these formulas and deduce the statement of lemma.

We fix m € N such that (a7, a5, a¥’) is a free group of rank 3 (see Corollary 10.2).
Let Y be the generating set of H from Claim 1.

Step 1. In the following, we will use

— Corollary 9.5 (to provide perfectness of equations),

—  Corollary 10.2 (to construct many loxodromic elements with respect to Y),

— Lemma 10.3 (to construct many non-commensurable elements), and

— Lemma 10.4 (to provide Eg(g) = (g) for each constructed element g).

We will also use the principle that if u, v € H are non-commensurable, then any ele-
ment g € H is non-commensurable with at least one of u, v.

(a) We choose k1,11 € mN so that

ky ll = xk1ylt is perfect,

(1) the equation a;
(2) the element a; aé is special with respect to Y.

In details: by Corollary 10.2, the elements a ag are loxodromic with respect to

Y for all sufficiently large i, ] By Lemma 104, Eg(d’ a3) = (ata}) for all
sufficiently large i, j. Thus, a}aj is special with respect to Y for all sufficiently
large i, j. Then we apply Corollary 9.5 to provide the perfectness.

(b) We choose k,, [, € mN so that

I

1) the equation a¥2a®? = xk2 /2 is erfect;
q 2 3 y p

(2) the element a, aé is special with respect to Y and non-commensurable with

ki I
a, az.

(¢) We choose my,m, € N so that
1) the equation ('@’ )™ (a¥2al2)ym2 = xmiym2 i erfect;
q 1 93 2743 y p
(2) the element (allc 1aél ™ (a"z”al;)m2 is special with respect to Y.
(d) We choose p,q € mN so that
(1) the equation a?a = x?y9 is perfect;
q 2 3 y4isp
2) the element a?a? is special with respect to ¥ and non-commensurable with
243 p p
ki 1 I
(a11a31 )m1 (a22a32)m2.
(e) We choose s,t € N so that

(1) the following equation is perfect:
((akl ll)ml (a22 lz)mz) (agag)t _ Xsyt;

(2) the element on the left side of this equation is special with respect to ¥ and
non-commensurable with elements aq, ..., ag.
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Notation. Let A, B, C, D, E denote the left sides of equations in (a), (b), (c), (d), (e),
respectively.

Step 2. By (11.2) and (e), there exists ¢ € Z such that

(¥ aly™ (@S alyme = ((bklbl‘)’”l(bkzbéz)’”z)Ee, (11.3)
ala? = (b2 (bses)?)"® (11.4)

By (11.3) and (c), there exists y € Z such that
a¥1al = pFrplECT (11.5)
ak2al2 = (pE2pl2)ECT (11.6)

By (11.4) and (d), there exists § € Z such that
ay = bEP’ a3 = (bses)ED, (11.7)

By (11.5) and (a), there exists & € Z such that
| = bECTA gy = pECTAY, (11.8)

By (11.6) and (b), there exists § € Z such that
ay = bECTB! gy = pECTB (11.9)

Step 3. From the last equations in (11.8) and (11.9), we deduce that A~ BB centralizes
as. We claim thate = 8 = 0.

Indeed, let H; be the subgroup of H generated by a’, a}’, a’y'. By the choice of m,
H; is free of rank 3. Since A~ BP lies in H 1 and centralizes a4’ (which is primitive in
H,), the element A~* B# is a power of a%'. Consider the homomorphism

0 :H > ZxZ, a'w~ (1,0), a5+ (0,1), a5 ~ (0,0).
Then .
@(A™BF) = (— —a, —ﬁ) — (0,0).
m
Hencea = § = 0.
Using this, we deduce from the first equations in (11.7) and (11.9) that C™7 D? cen-

tralizes a,. We claim that y = § = 0. Indeed, as above we deduce that C “YD¥isa power
of a}'. Consider the homomorphism

Y H > ZxZ, al—(1,0), a) —(0,0), a5+~ (0,1).

(€D = (‘ 4y (llml " lzmz)y) = (0.0).
m m m

m

Then

Hence y = § = 0. Then the last equations in (11.7) and (11.8) imply that c3 = 1. Moreover,
the equations (11.7)~(11.8) imply thata; = bE®, ay = bE*, a3 = bE®.

Finally note that the elements E, ay, ..., ay are pairwise non-commensurable and
jointly special by (e) and Claim 1 (ii). ]
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12. Test words in acylindrically hyperbolic groups: the general case
Notation. We write 1% for the tuple (1,...,1).
——

The aim of this section is to prove tlfe following proposition, which will be used in
Section 13.

However, to prove this proposition, we need the following generalization, which is
simultaneously a generalization of Lemma 11.3.

Proposition 12.1. Let H be an acylindrically hyperbolic group without nontrivial nor-
mal finite subgroups and let ay, . ..,ay € H (where k = 3) be jointly special and pair-
wise non-commensurable elements. Then there exists an (aq, ..., di, lk_2)-test word
Wi (x1, ..., Xk, Y3, ..., V) such that the elements ay, ..., ay together with the element
Wi(ay.....ax,1%72) are jointly special and pairwise non-commensurable.

Proof. 1t suffices to prove, by induction on 7, the following claim.

Claim. Foranyn = 3,...,k, there exists an (ay,...,a,, 1"72)-test word W, (X1,...,Xn,
¥3, ..., Yn) such that the elements aq, ..., ay together with the element W, (a, ..., a,,
1"72) are jointly special and pairwise non-commensurable.

For n = 3, this statement is valid by Lemma 11.3. Suppose that for some 3 < n < k,

we have constructed the desired word W), = W, (x1,...,Xn, ¥3,..., Yn). We show how
to construct W, ;1.
Denote A = Wy, (ay,...,a,, 1”_2). Since the elements A4, ay, . .., ay are jointly special

and pairwise non-commensurable, they satisfy the assumption of Lemma 11.3. By this
lemma, there exist positive integers k1, [1, m1, k2, [, m2, s, p, ¢, t such that the following
holds.

(a) The word

IM(X, Xp, Xnt1, Yut1) = ((Xklxil-;-])ml (xr]fzxiz-;-l)mz)s(Xf(xn+lyn+l)q)t

in variables (X, X,, Xn+1, Yn+1) is an (A4, ap, an+1, 1)-test word.

(b) The elements N (A4, a,,an+1,1), A, a1, ..., a are jointly special and pairwise
non-commensurable.

We define

Wn+1(xlv e Xn41, Y3500, yn+1) = ED’E(I/Vns Xns Xn+1, yn+1)-

First, we prove that Wy, 11 is an (ay, ..., a,+1, 17" 1)-test word.
Suppose that for some elements by, ..., by41,C3,...,Cy+1 in H we have that
k 1 mi, k, 1 s t
(Wi ar,....an. 1, . Day ) ag?at, )™) (al (ans1 - 1)9)

= (WK (b1, .. by cs e oen)b )™ (BF2D2, Ym2) (BE (bus1cnt1)?)'
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Denote B := W, (by,...,by,c3,...,cy) and write this equation shorter:
) I t
((A5ra, )™ (agay ™) (af (@t - DY)
1 ! t
= ((Bklbnlﬂ)ml(br]fzbnzﬂ)m)s(b;f(bn+lcn+1)q) .

Let U be the left side of this equation.
Since, by statement (a), (X, Xn, Xp+1, Yn+1) 1S an (A, ay, an41, 1)-test word, there
exists @ € Z such that

B = AY%, (12.1)
by =al", byp1 =all,, cny1 =1 (12.2)
From (12.1) we deduce that

WaY ™Y VT VT = Walar, . a, 1772) = AL

Since W, is an (a1, ..., a,, 1"72)-test word, there exists 8 € Z such that
bfﬁa = a‘l‘lﬁ,
(12.3)
Y = a,‘:lﬁ,
and
c3=-=c¢, = 1. (12.4)

From the first equation in (12.2) and the last equation in (12.3), we deduce that a,‘fﬁ =ay.
Since A and a, are jointly special and non-commensurable, we have that § = 0. Then
(12.2)—(12.4) imply that

(b], . ,bn+1,C3, e »Cn+1) = (Cl%] ye e ,a,ll]+1, ln_l);
i.e., the word W,y isan (ay,...,an+1, 1”_1)-test word.
It remains to show that the elements W, 1 (a1, ...,dn+1,1"" 1), a1, ..., ay are jointly
special and pairwise non-commensurable. This follows from statement (b) and the fact
that Wn+1(a1, e apa, 1”71) = EIR(A, An,dni1, 1) u

In some cases it suffices to use the following corollary, which is a weaker version of
Proposition 12.1. This corollary follows from Proposition 12.1 if we set there

Uk (X1, x) 1= Wie(x1s oo, xp, 1672,

Corollary 12.2. Let H be an acylindrically hyperbolic group without nontrivial finite

normal subgroups and let ay, . ..,a € H (where k = 3) be jointly special and pairwise
non-commensurable elements. Then there is an (ay, ..., a)-test word Ug(x1, ..., Xk)
such that the elements ay, ..., ay together with Uy (ay, ..., ay) are jointly special and

pairwise non-commensurable.



Equations in acylindrically hyperbolic groups and verbal closedness 671

13. Proof of Theorem A

Lemma 13.1. Let H be a group. For any finite system of equations S C F, x H there
exists an integer k = 0 and a finite system S’ C F,1 * H consisting of only splitted
equations such that |S’| = |S| and

Vi (S) = Ve (S) x {g1} x -+ x {gk}
for some elements g1,...,8r € H.

Proof. To define S’, one should replace each constant / in S by a new variable x;, and
add the equation x,h~!. L]

Notation. To shorten notation, we write x instead of the tuple (x1, ..., x,).

Proof of Theorem A. (1) Let S = {s1,..., sk}, where s; € F, * H. We take arbitrary

(k 4 2) jointly special and pairwise non-commensurable elements ay, ..., ax4+s € H.
The existence of such elements is guaranteed by Proposition 10.6. By Proposition 12.1,
there exists an (ay, ..., dg+2, lk)-test word Wi42(z1, .-+, Zk+2, V1, - - - » Vk)- Then the

desired equation is
i Wiga(an, ... ak2,1%) = Wega(an, ... aksa, 51, -, Sk)-
(2) By Lemma 13.1, we may assume that S consists of splitted equations:
S ={wi(x1.....xn) =hi | i =1,....m}. (13.1)

By Proposition 10.6, there exist special elements @, b such that the coset a(b) contains
(2m + 2) pairwise non-commensurable jointly special elements, say

ab®.ab’,ab* ...  ab*m ab". ... ab'.
Then the elements of the tuple
T = (ab®.ab’, hi'ab®ih;, h;y'abih;; i =1,....m)

are also pairwise non-commensurable and jointly special. Let Uy, +7 be the T-test word
from Corollary 12.2. We set

fo = Uamaalab®.ab®, hitab®ih;, hitabh;: i =1,....m).
Now we introduce two new variables y, z and set
i1 = Uoma (25, y2"s wi(@) yzRw; (x), wi (@) y2iwi(x); i =1,....m).
We show that the splitted equation f written in the form
it =fo. (13.2)

satisfies the statements (a) and (b) of Theorem A.
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(a) Suppose that f has a solution in H, say
(x1,...,xn,9,2) =(Cq,...,Cy, A, B).

We shall show that there exists « € Z such that (Cy,..., Cn)f 0% is a solution of the
system S
Set H; = w;(C). Then we have that

Upmi2(ab®.ab’, h'ab%ih;, h7lablih;; i =1,....m)
= Uam+2(AB, AB', H7'ABN H;, H7'AB'"H;; i =1,...,m). (13.3)

By definition of the test word (see Definition 11.1) applied to U2 and (13.3), there
exists o € Z such that the formulas (13.4)—(13.7) are valid:

(ab®)’0 = ABS, (13.4)
(ab")’d = AB', (13.5)
(hitab*in))/e = H7'AB% H;, (13.6)
(hitab'in;)’" = H7'AB" H;. (13.7)

It follows from (13.4) and (13.5) that (b*~*)/0" = B*~. Since b is special, we have
that
B = b/0. (13.8)

From (13.4) and (13.8), we obtain
A=ald. (13.9)
Substituting (13.8) and (13.9) in (13.6) and (13.7), we deduce that
hS H7Y e Cy ((ab*)5) 0 Cr ((@b™) )
' Ey ((ab*)75) N Eg((ab™)7o")
- ((abk")ftg) N <(abl")f0a).

The latter equation holds since the elements ab*i and ab’ are special. This intersection is
trivial since ab*i and ab’ are non-commensurable. Therefore,

wi(C) = hf"

fori =1,...,m. Hence Qfo_a is a solution of §.
(b) Since Vg (f) is invariant under conjugation by the element fp, it suffices to check
that
pr, (Ve (f)) 2 Va(S).
The latter is trivial: if (x1,...,x,) = (c1,...,cy) is a solution of the system S in G,
then
(X1y.., X0, y,2) = (c1,...,¢n,a,b)

is a solution of (13.2) in G.
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(3) We may again assume that S has the form (13.1). We may additionally assume that
the set {1, ..., h,} of right sides of equations from S contains two non-commensurable
special elements from H ; otherwise we could take two non-commensurable special ele-
ments ¥, v € H and add two equations x,4; = u and x,4+2 = v to S. Obviously, the set
of solutions of the old system S is a projection of the set of solutions of the new system S.

In the following, we will use the tuple 7', the element fy, and the equation f defined
in (a). Thus, we have that

pr, (Ve () = | Va ()77 (13.10)

a€Z

By Corollary 12.2, all components of T together with fy are pairwise non-commen-
surable and jointly special. Let T’ be the tuple obtained from 7 by adding the compo-
nent fo:

T' = (fo. ab®, ab', hi'ab*h;, hitab'ih;; i =1,...,m).

Let Uopm+3 be the T'-test word from Corollary 12.1. We set
20 = Uami3(fo. ab®, ab', h7'abkih;, hi'ab'ih;; i =1,....m).
Now we introduce new variables ¢, y, z and define the word
gl_l = u2m+3(l, yz*, yz', wi(&)_lyzki w; (X), w; (E)_l)’zli wi(x); i =1,... ,m).
Let g be the equation g; go. Using the same arguments as in the proof of (a), we obtain

pr, (Vi (9)) = | Va($)%. (13.11)

aEeZ

Claim 1. Suppose that for some o, B € Z we have that
o B
Vi (S5 0 Vi (S)%0 # 0.
Thena = 8 = 0.

Proof. By assumption, the set {hy, ..., h,} of right sides of equations from S contains
two non-commensurable special elements, say u, v. Then

ulo’ =ug5 and v/o =vg€,
and we deduce that
1885 € En(u) N Eg(v) = (u) N (v) = 1.

The penultimate equation holds since u and b are special, and the latter equation holds
since u and v are non-commensurable.

By Corollary 12.2, all components of T’ together with g¢ are pairwise non-commen-
surable and jointly special. In particular, gy and fy are non-commensurable and have
infinite orders. From this and f§* = gg ,weobtaina = 8 = 0. |
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This claim and equations (13.10) and (13.11) imply that

Va(S) =pr,(Va (f)) Nnpr,(Va(g)). n

Remark 13.2. In the general case, one splitted equation in statement (3) of Theorem A is
not sufficient. Indeed, let H be an arbitrary nontrivial group and let S = {w; (x1,...,x,) =
hi |i=1,...,m}, m =2, be a finite system of splitted equations with constants h;
from H such that Cy (hy) N Cg (hy) = 1 and Vg (S) # 0. Then for any splitted equation
f € Fr x H, where k = n, we have that

Vi (S) # pr,(Va (f)).

This follows from the following observations.

(a) If f is a splitted equation of the form f; fy, where f; € Fy and fy € H, then
(Ve ()70 = Vi (f). Moreover, we have that (Vi () = Vg (f) forany g €
Hif fo = 1.

() Vg (S)® N Vy(S) = @ for every nontrivial g € H. This can be proved similarly
to the proof of Claim 1.

14. Proof of Theorem B

Proof of Theorem B. Suppose that H is verbally closed in G. We show that H is alge-
braically closed in G. Let S be a finite system of equations with constants from H such
that Vg (S) # 0. We shall show that Vg (S) # 0.

Let f be a splitted equation as in statement (2) of Theorem A. By part (b) of this
statement, we have that Vg (S) C pr,, (Ve (f)), hence Vg (f) # @. Since H is verbally
closed in G, we have that Vg (f) # @. By part (a) of statement (2) of Theorem A, we
have that Vg (S) # 0. Thus, H is algebraically closed in G. The converse implication is
obvious. ]

Remark 14.1. Consider the free product

H= x H,,
aed
where 2 is an arbitrary set of cardinal larger than 1 and each H, is nontrivial. In [38],
Mazhuga showed that if H is a verbally closed subgroup of a group G, then H is alge-
braically closed in G. This result (except the very special case H = Z, * Z,, which was
first considered in [31]) follows from our Theorem B.

Indeed, H can be splitted as H = A x B, where A and B are nontrivial; hence H
is relatively hyperbolic with respect to {A, B}. It is well known that if a non-(virtually
cyclic) group is relatively hyperbolic with respect to a collection of proper subgroups,
then it is acylindrically hyperbolic. Therefore, if H % Z, % Z,, then H is acylindrically
hyperbolic, and we can apply Theorem B.
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Remark 14.2. In Theorem B and Corollary B1, the assumption that H does not have
nontrivial finite normal subgroups cannot be omitted. Indeed, consider two copies of the
dihedral group Dy:

A={a,b| a*=1,0*2=1,b"'ab :a_l),
B=(c.d|c*=1d*=1,d ed =c7Y).

Let ¢ : B — A be the isomorphism sending ¢ to @ and d to b. We write A x B

2—(2
for the quotient of the direct product A x B by the cyclic subgroup ((a?, c?)). We Iidentify
A and B with their canonical isomorphic images in this quotient. Then the elements of
A X B can be written as pq, where p € A,q € B.If p, p; € Aand q,q; € B, then
pqa =_Cp1q1 in this quotient if and only if p = p; and ¢ = ¢, or p; = pa? and ¢, = gc?.
Let F be the free group of rank 2. We set

G=Fx(A a2>=<02 B) = (F x A) a2>=<62 B
and consider H = F x A as a subgroup of G. Clearly, H is hyperbolic. Since H is not
virtually cyclic, it is acylindrically hyperbolic.

Claim. The following statements hold.
(a) Aisverbally closedin A x B.

a?=c2

(b) H is verbally closed in G.
(c) H isnotaretract of G.
(d) H is not algebraically closed in G.

Proof. (a) Suppose that an equation W(xq,...,x,) = vl, where v € A, has a solution x; =

P191s--+sXn = Pnqn in A R B. We shall find a solution in A. Using commutativity,
ac=c

we deduce that W(p1, ..., pu)W(q1,...,qn) = vl. Then we have two cases.

Case 1. W(p1,...,pn) =vand W(qy,...,qn) = 1.
Then (p1, ..., pn) is the desired solution.

Case 2. W(p1,..., pn) = va? and W(q1,....qn) = c2.

If the exponent sum of some letter x; in W, say of the letter x1, is odd, then ( p1a2, e,
Pn) is the desired solution. Suppose that the exponent sum of any x; in W is even. Then
W(p1,..., pn) € A> ={1,a?},hence v = lorv =a?. Ifv =1, then (1,...,1) is the
desired solution, and if v = a2, then (¢(q1), ..., ¢(gs)) is one.

Statement (b) follows from (a) by using the fact that F is a complementary direct

summandto A x BinG.
a?=c?

(c) Suppose that » : G — H aretraction. Then

[v(B). H] = [v(B).y(H)] = y([B.H]) = 1.
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Therefore, ¥ (B) C (a?). Since (a?) = H N B, we have that ¥/(B) = (a?). We obtain
that (c2) is a retract of B. A contradiction.
Statement (d) follows from (c) and Proposition 2.3. [

15. Solution to a problem of Myasnikov and Roman’kov

As it was mentioned in the introduction, the following corollary follows directly from
Theorem B and Proposition 2.3.

Corollary B1. Let H be a subgroup of a group G such that at least one of the following
holds:

(a) H is finitely generated and G is finitely presented;
(b) H is equationally Noetherian and G is finitely generated over H.

Suppose additionally that H is acylindrically hyperbolic and does not have nontrivial
finite normal subgroups. Then the following three statements are equivalent:

(1) H is algebraically closed in G,
(2) H isverbally closed in G,
(3) H isaretract of G.

In this section, we deduce three further corollaries from Corollary B1. The last one,
Corollary 15.8, solves Problem 5.2 from the paper [40].

Note that these corollaries allow H to be a virtually cyclic group, and Corollary B1
not. Therefore, we first prove Proposition 15.3, which deals with the case where H is
virtually cyclic.

Though this proposition follows from statement (1) in [31, Theorem 1] about virtually
free subgroups, we prefer to indicate a proof which uses only [31, Theorem 2] about
dihedral subgroups. The first lemma is simple; we extracted its proof from the proof of
[40, Lemma 3.1].

Lemma 15.1. Let G be a group such that its abelianization G is finitely generated. Let
H be an infinite cyclic subgroup of G. Then the conditions that H is algebraically closed
in G, H is verbally closed in G, and H is a retract of G are equivalent.

Proof. 1t suffices to prove that if H is verbally closed in G, then H is a retract of G.
Thus, suppose that H = (k) is an infinite cyclic verbally closed subgroup of G. Let
Tor(G%?) be the subgroup of G*® consisting of all elements of finite order and let ¢ : G —
G / Tor(G4?) be the canonical homomorphism. We claim that H N [G, G] = 1. Indeed,
suppose that h; = [g1, 2] - [g2k—1, &2k] forsome hy € H and g; € G,i = 1,...,2k.
Consider the equation i1 = [x1, X3] - - [X2k—1, X2k]- Since this equation has a solution in
G, it has a solution in H . Since H is abelian, we have that i; = 1.

Thus, ¢ embeds H into G??/ Tor(G??). We claim that ¢(h) is primitive in the free
abelian group G%?/ Tor(G%?). Indeed, otherwise we would have that ¢(h) = ¢(g)* for
some g€ G and 1 =2. Let s be the order of Tor(G??). Then b = g% [g1. 22]- - - [g2k—1. g2k]
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for some g; € G,i = 1,...,2k. Consider the equation 2* = x*[x1, x5] - [X2k—1, X2k].
Since this equation has a solution in G, it has a solution in H. Then A* = hi’ for some
hy € H.Hence h = h and we have thatt = %1. A contradiction.

Thus, H is embedded into G?? / Tor(G%?) as a direct summand. Hence H is a retract
of G. [

Lemma 15.2 (see [31, Theorem 2]). Suppose that H is an infinite dihedral subgroup of a
finitely generated group G. Then the conditions that H is algebraically closed in G, H is
verbally closed in G, and H is a retract of G are equivalent.

Proposition 15.3 (see also [31, Theorem 1]). Let H be a virtually cyclic subgroup of a
finitely generated group G. Suppose that H does not have nontrivial finite normal sub-
groups. Then the conditions that H is algebraically closed in G, H is verbally closed in
G, and H is a retract of G are equivalent.

Proof. We may assume that H is nontrivial. It is well known (see, for example, [16,
Lemma 2.5]) that every virtually cyclic group has a finite-by-cyclic subgroup of index at
most 2. Thus, there exists a subgroup Hy < H of index at most 2 and a finite normal sub-
group K < Hy such that Hy/K is cyclic. By assumptions, H cannot be finite. Therefore,
Hy/K = 7, which implies that K is the largest finite normal subgroup of Hy. Hence K
is normal in H. Since H does not have nontrivial finite normal subgroups, we obtain that
K = 1. Then H is either infinite cyclic or infinite dihedral, and the statement follows from
Lemmas 15.1 and 15.2. ]

The following lemma says that, in some sense, generic subgroups of relatively hyper-
bolic groups are acylindrically hyperbolic. For terminology concerning relatively hyper-
bolic groups we refer to [49].

Lemma 15.4. Suppose that G is a group that is relatively hyperbolic with respect to a col-
lection of subgroups {P)}ea- Suppose that H is a non-(virtually cyclic) non-parabolic
subgroup of G. Then H is acylindrically hyperbolic.

In particular, the following groups are acylindrically hyperbolic:

(1) non-(virtually cyclic) groups that are hyperbolic relative to a collection of proper
subgroups (see also [50]);

(2) non-(virtually cyclic) subgroups of hyperbolic groups.

Proof. Let X be a finite relative generating set of G and let # = | |, Pa. Then the
Cayley graph I'(G, X U ) is hyperbolic by [49, Corollary 2.54] and the action of G on
I'(G, X U ) is acylindrical by [47, Proposition 5.2]. In particular, H acts acylindrically
onI'(G, X U P).

By [7, Lemma 2.9], a subgroup of a relatively hyperbolic group contains a loxodromic
element if and only if it is infinite and non-parabolic. Thus, H contains a loxodromic
element. Hence H has unbounded orbits acting on I'(G, X U &). Then the statement
follows from Theorem 3.9. ]
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The first two corollaries are about relatively hyperbolic groups, and in their proofs we
use the following remarkable result of Groves and Hull.

Theorem 15.5 (see [19, Theorem D]). Suppose that G is a relatively hyperbolic group
with respect to a finite collection of subgroups {H1, ..., Hy,}. Then G is equationally
Noetherian if and only if each H; is equationally Noetherian.

Corollary 15.6. Let G be a group and let H be a subgroup of G such that G is finitely
generated over H. Suppose that H is hyperbolic relative to a finite collection of equation-
ally Noetherian proper subgroups and does not have nontrivial finite normal subgroups.
Then the conditions that H is algebraically closed in G, H is verbally closed in G, and
H is a retract of G are equivalent.

Proof. By Proposition 15.3, we may assume that H is non-(virtually cyclic). Then, by
Lemma 15.4, H is acylindrically hyperbolic. Moreover, H is equationally Noetherian by
the result of Groves and Hull [19, Theorem D]. Then the statement follows from Corol-
lary BI. ]

The proof of the following corollary is similar to that of the previous one; we give it
for completeness.

Corollary 15.7. Let G be a relatively hyperbolic group with respect to a finite collec-
tion of finitely generated equationally Noetherian subgroups. Suppose that H is a non-
parabolic subgroup of G such that H does not have nontrivial finite normal subgroups.
Then the conditions that H is algebraically closed in G, H is verbally closed in G, and
H is a retract of G are equivalent.

Proof. 1t follows from the assumptions that G is finitely generated. By Proposition 15.3,
we may assume that H is non-(virtually cyclic). Then, by Lemma 15.4, H is acylindri-
cally hyperbolic. By the result of Groves and Hull [19, Theorem D], G is equationally
Noetherian. Any subgroup of an equationally Noetherian group is equationally Noether-
ian. Therefore, H is equationally Noetherian. Then the statement follows from Corol-
lary BI1. |

The following corollary follows directly from the previous one. Indeed, every hyper-
bolic group is relatively hyperbolic with respect to the trivial subgroup.

Corollary 15.8 (Solution to Problem 5.2 in [40]). Let G be a hyperbolic group and H a
subgroup of G. Suppose that H does not have nontrivial finite normal subgroups. Then
the conditions that H is algebraically closed in G, H is verbally closed in G, and H is a
retract of G are equivalent.

Remark 15.9. This corollary can be proved without using Corollary 15.7. A direct proof
can be obtained from the above proof if, instead of the result of Groves and Hull, we will
use the result of Reinfeldt and Weidmann [65, Corollary 6.13] that all hyperbolic groups
are equationally Noetherian.
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