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Hierarchical hyperbolicity of graph products
Daniel Berlyne and Jacob Russell

Abstract. We show that any graph product of finitely generated groups is hierarchically hyperbolic
relative to its vertex groups. We apply this result to answer two questions of Behrstock, Hagen,
and Sisto: we show that the syllable metric on any graph product forms a hierarchically hyperbolic
space, and that graph products of hierarchically hyperbolic groups are themselves hierarchically
hyperbolic groups. This last result is a strengthening of a result of Berlai and Robbio by removing
the need for extra hypotheses on the vertex groups. We also answer two questions of Genevois about
the geometry of the electrification of a graph product of finite groups.
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1. Introduction

There have been many attempts to generalise the notion of hyperbolicity of a group since
it was first introduced by Gromov [19]. One of these, hierarchical hyperbolicity, was
developed by Behrstock, Hagen, and Sisto [3, 5] as a way of describing hyperbolic beha-
viour in quasi-geodesic metric spaces via hierarchy machinery akin to that constructed
for mapping class groups by Masur and Minsky [22,23]. The work of Behrstock, Hagen,
and Sisto originally focused on developing such machinery for right-angled Artin groups,
but also encompasses a wide variety of groups and spaces, such as virtually cocompact
special groups [3], 3-manifold groups with no Nil or Sol components [3], Teichmiiller
space with either the Teichmiiller or Weil-Petersson metric [5,7, 9, 10, 13,22, 26], and
graph products of hyperbolic groups [8]. Hierarchical hyperbolicity has deep geometric
consequences for a space, including a Masur and Minsky style distance formula [3], a
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quadratic isoperimetric inequality [3], rank rigidity and Tits alternative theorems [11, 12],
control over top-dimensional quasi-flats [6], and bounds on the asymptotic dimension [4].

A hierarchically hyperbolic structure on a quasi-geodesic space X is a collection of
uniformly hyperbolic spaces C(W) indexed by the elements W of an index set &. For
each W € @, there is a projection map from X onto the hyperbolic space C (W), and every
pair of elements of & is related by one of three mutually exclusive relations: orthogonality,
nesting, and transversality. This data then satisfies a collection of axioms that allow for the
coarse geometry of the entire space to be recovered from the projections to the hyperbolic
spaces C(W).

In the present paper, we construct an explicit hierarchy structure for any graph product,
using right-angled Artin groups as our motivating example. Given a finite simplicial graph
I" with vertex set V(I") and edge set E(I"), we define the right-angled Artin group Ar by

Ar = (V(F) | [v,w] =e V{v,w} € E(F)).

More generally, if we associate to each vertex v of ' a finitely-generated group G, then
we define the graph product Gr by

Gr = ( * Gv)/(([gv»gw] | gv € Gy, gw € Gy, {v,w} € E(F)))s
veV(T)
so that Ar is obtained as the special case where the vertex groups are G, = Z for all
v e V(D).

For right-angled Artin groups Ar, a hierarchically hyperbolic structure was construc-
ted by Behrstock, Hagen, and Sisto by considering the collection of induced subgraphs of
the defining graph T" [5]. Each induced subgraph A of I' generates a new right-angled
Artin group A, which is realised as a subgroup of Ar. The Cayley graph of Ar is
the 1-skeleton of a CAT(0) cube complex X, which comes equipped with a projection
to a hyperbolic space C(X) called the contact graph. Since each induced subgraph A
of I' generates its own right-angled Artin group with associated cube complex ¥ C X,
the subgroup A, has its own associated contact graph C(Y'). Since edges of I" corres-
pond to commuting relations in Ar, join subgraphs of I' (that is, subgraphs of the form
A1 U A, where every vertex of A is joined by an edge to every vertex of A,) generate
direct product subgroups of Ar. This provides us with an intuitive notion of orthogonality
within our hierarchy. Set containment of subgraphs of I" provides a natural partial order in
the hierarchy, which we call nesting, and any subgraphs that are not orthogonal or nested
are considered transverse. Collectively, the hyperbolic spaces C(Y') allow us to recover
the entire geometry of Ar, via projections to the subcomplexes ¥ € X and through the
nesting, orthogonality, and transversality relations defined above.

Since the nesting and orthogonality relations for a right-angled Artin group are in-
trinsic to the defining graph I, it is sensible to attempt to generalise this hierarchy structure
to arbitrary graph products. It is important to note, however, that arbitrary graph products
may not be hierarchically hyperbolic, since we have no control over the vertex groups.
For example, the vertex groups could be copies of Out(F3), which is known not to be
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hierarchically hyperbolic [3]. However, this is the only roadblock. Specifically, we show
that graph products are relatively hierarchically hyperbolic; that is, graph products admit a
structure satisfying all of the axioms of hierarchical hyperbolicity with the exception that
the spaces associated to the nesting-minimal sets (the vertex groups) are not necessarily
hyperbolic.

Theorem A. Let I" be a finite simplicial graph, with each vertex v labelled by a finitely-
generated group G,. The graph product Gr is a hierarchically hyperbolic group relative
to the vertex groups.

The notion of relative hierarchical hyperbolicity was originally developed by Behr-
stock, Hagen, and Sisto in [3] and is explored further in [4]. Despite the lack of hyperbol-
icity in the nesting-minimal sets, many of the consequences of hierarchical hyperbolicity
are preserved in the relatively hierarchically hyperbolic setting. In particular, Theorem A
implies that the graph product Gr has a Masur and Minsky style distance formula and
an acylindrical action on the nesting-maximal hyperbolic space; see Corollaries 4.23 and
4.24.

Another way of asserting control over the vertex groups is by replacing the word metric
on Gr with the syllable metric, which measures the length of an element g € Gr by
counting the minimal number of elements needed to express g as a product of vertex
group elements. This has the effect of making all vertex groups diameter 1, and therefore
hyperbolic. The syllable metric on a right-angled Artin group was studied by Kim and
Koberda as an analogue of the Weil-Petersson metric on Teichmiiller space (the Weil—
Petersson metric is quasi-isometric to the space obtained from the mapping class group by
coning off all cyclic subgroups generated by Dehn twists) [20]. Kim and Koberda produce
several hierarchy-like results for the syllable metric on a right-angled Artin group with
triangle- and square-free defining graph, including a Masur and Minsky style distance
formula and an acylindrical action on a hyperbolic space. This inspired Behrstock, Hagen,
and Sisto to ask if the syllable metric on a right-angled Artin group is a hierarchically
hyperbolic space [3]. We give a positive answer to this question, not just for right-angled
Artin groups but for all graph products.

Corollary B. Let I be a finite simplicial graph, with each vertex v labelled by a group G,,.
The graph product Gt endowed with the syllable metric is a hierarchically hyperbolic
space.

To prove Theorem A and Corollary B, we utilise techniques developed by Genevois
and Martin in [14, 17], which exploit the cubical-like geometry of a graph product when
endowed with the syllable metric. This allows us to adapt proofs from the right-angled
Artin group case, which rely heavily on geometric properties of cube complexes. While
the syllable metric does not appear in the statement of Theorem A, it is an integral part
of the proof, acting as a middle ground where geometric computations are performed
before projecting to the associated hyperbolic spaces. This also allows Theorem A and
Corollary B to be proved essentially simultaneously.
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Our primary application of Theorem A is showing that a graph product of hierarchic-
ally hyperbolic groups is itself hierarchically hyperbolic. This gives a positive answer to
another question of Behrstock, Hagen, and Sisto [3, Question D].

Theorem C. Let I' be a finite simplicial graph, with each vertex v labelled by a group G,,.
If each Gy is a hierarchically hyperbolic group, then the graph product Gr is a hierarch-
ically hyperbolic group.

Berlai and Robbio have established a combination theorem for graphs of hierarchically
hyperbolic groups that they use to prove Theorem C when the vertex groups satisfy some
natural, but non-trivial, additional hypotheses [8]. For the specific case of graph products,
Theorem C improves upon Berlai and Robbio’s result by removing the need for these
additional hypotheses, as well as providing an explicit description of the hierarchically
hyperbolic structure in terms of the defining graph.

We also use our relatively hierarchically hyperbolic structure for graph products to
answer two questions of Genevois about a new quasi-isometry invariant for graph products
of finite groups called the electrification of Gr. Graph products of finite groups form a
particularly interesting class, as they include right-angled Coxeter groups and are the only
cases where the syllable metric and word metric are quasi-isometric. Genevois defines the
electrification E(I") of a graph product of finite groups by taking the syllable metric on G
and adding edges between elements g, h whenever g~'h € G5 < Gr and A is a minsquare
subgraph of I', that is, a minimal subgraph that contains opposite vertices of a square if
and only if it contains the whole square. Motivated by an analogy with relatively hyper-
bolic groups, Genevois proved that any quasi-isometry between graph products of finite
groups induces a quasi-isometry between their electrifications, and used this invariant to
distinguish several quasi-isometry classes of right-angled Coxeter groups [16]. Geomet-
rically, the electrification sits between the syllable metric on Gr and the nesting-maximal
hyperbolic space in our hierarchically hyperbolic structure on Gr. We exploit this situ-
ation to classify when the electrification has bounded diameter and when it is a quasi-line,
answering Questions 8.3 and 8.4 of [16].

Theorem D. Let Gr be a graph product of finite groups and let E(I") be its electrification.

(1) E(T") has bounded diameter if and only if T is either a complete graph, a min-
square graph, or the join of minsquare graph and a complete graph.

(2) E(T) is a quasi-line if and only if Gr is virtually cyclic.

As a final application of Theorem A, we give a new proof of Meier’s classification of
hyperbolicity of graph products [24].

Outline of the paper. We begin by introducing the necessary tools from the geometry
of graph products in Section 2.1 and reviewing the definition of a relative hierarchically
hyperbolic group (HHG) in Section 2.2. In Section 3, we set up our proof of the relative
hierarchical hyperbolicity of graph products by defining the necessary spaces, projections,
and relations. In Section 4, we show that the spaces, projections, and relations defined in



Hierarchical hyperbolicity of graph products 527

Section 3 satisfy the axioms of a relative HHG (or non-relative hierarchically hyperbolic
space in the case of the syllable metric). This completes the proofs of Theorem A and
Corollary B. Section 5 is devoted to applications. We start by proving that graph products
of HHGs are HHGs (Theorem C) in Section 5.1, which requires a technical result that can
be found in the appendix of [1]. In Section 5.2, we record our proof of Meier’s hyperbol-
icity criteria, and in Section 5.3, we classify when Genevois’ electrification has infinite
diameter and when it is a quasi-line, proving Theorem D.

2. Background

2.1. Graph products

Definition 2.1 (Graph product). Let I" be a finite simplicial graph with vertex set V(IT")
and edge set E(I"), and with each vertex v € V(I") labelled by a group G,. The graph
product Gr is the group

Gr=( 3k G.)/llgv8u) | & € Gus 8w € Gu (v, 0} € E(T)),
veV(I)
We call the G, the vertex groups of the graph product Gr.

By deleting any vertices labelled by the trivial group, every graph product is iso-
morphic to a graph product where each vertex group is non-trivial. We will therefore
operate under the standing assumption that the vertex groups of our graph products are
always non-trivial.

Note that if all vertex groups of Gt are copies of Z, then Gr is the right-angled Artin
group with defining graph T, and if all vertex groups are copies of Z /27, then Gr is the
corresponding right-angled Coxeter group.

We wish to study the geometry of Gr by adapting the cubical geometry of right-angled
Artin groups. To this end, we will first need to eliminate any badly behaved geometry
occurring within vertex groups. We do this by replacing the usual word metric with the
syllable metric.

Definition 2.2 (Syllable metric on a graph product). Let Gt be a graph product. The
graph S(I") is the metric graph whose vertices are elements of Gr and where g,h € Gr
are joined by an edge of length 1 labelled by g1/ if there exists a vertex v of I' such that
g 'h € G,. We denote the distance in S(I') by dgyi(-, -) and say dyyi(g, /) is the syllable
distance between g and i. When convenient, we will use |g|sy1 to denote dgyi(e, g) and
call it the syllable length of g.

Notice that all cosets of vertex groups have diameter 1 under the syllable metric, thus
trivialising their geometry. Therefore, when working with S(I"), instead of expressing an
element g € Gr as a word in the generators of Gr, it is more geometrically meaningful
to express g as a product of any elements of vertex groups.
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Definition 2.3 (Syllable expressions). Let Gt be a graph product and g € Gr. If g =
s1...S, where each s; € Gy, for some v; € V(I'), then we say that s ...s, is a syllable
expression for g. If 51 ... s, is a syllable expression for g and n = dgy(e, g), then we say
that s1 ... s, is a reduced syllable expression for g. In this case, n is the smallest number
of terms possible for any syllable expression of g.

A foundational fact about graph products is that any syllable expression can be reduced
by applying a sequence of canonical moves.

Theorem 2.4 (Reduction algorithm for graph products; [18, Theorem 3.9]). Let Gr be a
graph product and g € Gr. If 51 ...y is a reduced syllable expression for g and t; . . .ty
is a syllable expression for g, then t1 . ..ty can be transformed into sy . . .S, by applying
a sequence of the following three moves:

* removeatermt; ift; = e;

* replace consecutive terms t; and t; 11 belonging to the same vertex group G, with the
single term titi41 € Gy;

* exchange the position of consecutive terms t; and ti+1 when t; € Gy and ti+1 € Gy
with v joined to w by an edge in T.

The next corollary shows that when each of the vertex groups of the graph product is
finitely generated, Theorem 2.4 implies that the word length of any g € Gr will be the
sum of the word lengths of the terms in any reduced syllable expression for g.

Corollary 2.5 (Reduced syllable expressions minimise word length). Let Gr be a graph
product of finitely generated groups. For each v € V(I'), let Sy be a finite generating set
for the vertex group Gy, and let |g| be the word length of g € Gr with respect to the
finite generating set S = UUGV(F) Sy. For all g € Gr, if s1...58y, is a reduced syllable

expression for g, then
n
gl =D Isil.

i=1

Proof. Lets; . ..s, beareduced syllable expression for g € Gr. There exist wy, ..., W, €
S such that |g| = m and g = w; ... w,. Since every element of S is an element of one of
the vertex groups of Gr, the product w ... wy,, is also a syllable expression for g. Thus,
by applying a finite number of the moves from Theorem 2.4, we can transform wj ... Wy,
into 51 ...s,. We can therefore write each s; as a product §; = Wg;(1) - - - Wg; (m;)» Where
m; <m and 0; is a permutation of {1,...,m}. Further, if i # k, then {o;(1),...,0;(m;)} N
{ox(1),...,01(my)} = @. Thus,

n n
Z|Si| = Zmi =m.

i=1 i=1

However, m = |g| < Y_7_, |si| by definition, so |g| = Y7, |si]. n
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Another critical consequence of Theorem 2.4 is that the terms in a reduced syllable
expression for an element of a graph product are well defined up to applying the commut-
ation relation. This ensures that the following notions are well defined for an element of a
graph product.

Definition 2.6 (Syllables and support of an element). Let Gr be a graph product and let
g € Gr.If sy ...s, is areduced syllable expression for g, then we call the s; the syllables
of g and use supp(g) to denote the maximal subgraph of I" with vertex set {vy,..., v},
where s; € G,,. We call supp(g) the support of g.

Convention 2.7. Whenever we consider a subgraph A C I', we will assume that A is both
non-empty and an induced subgraph of I'. That is, whenever v, w are vertices of A that
are joined by an edge of ', then v and w are joined by an edge of A as well.

Another hallmark feature of graph products is their rich collection of subgroups cor-
responding to subgraphs of the defining graph.

Definition 2.8 (Graphical subgroups). Let Gr be a graph product with vertex groups
{Gy:v e V(I')}andlet A C I be a subgraph. We use (A) to denote the subgroup of Gr
generated by {G, : v € V(A)}. We call such subgroups the graphical subgroups of Gr.
Note, each subgroup (A) is isomorphic to the graph product G4 .

Since the graphical subgroups are themselves graph products, we can also define the
syllable metric on them and their cosets.

Definition 2.9 (Syllable metric on graphical subgroups). Let Gr be a graph product,
g € Gr,and A C I'. Let S(A) be the metric graph defined in Definition 2.2 for the graph
product (A), and let S(gA) denote the metric graph whose vertices are elements of the
coset g(A) and where gx and gy are joined by an edge of length 1 if x and y are joined
by an edge in S(A).

Remark 2.10 (Graphical subgroups are convex in S(I')). Geodesics in S(I") between
two elements k and % are labelled by the reduced syllable forms of k~'/4. The induced
subgraph of S(I") with vertex set g(A) is therefore convex and graphically isomorphic to
S'(gA) via the identity map. In particular, the distance between two vertices k, h of S(gA)
is dsy] (k, h)

In order to analyse how the graphical subgroups of Gr interact, we make extensive
use of the following definitions from graph theory.

Definition 2.11 (Star, link, and join). Let I" be a finite simplicial graph and A a subgraph
of T". The link of A, denoted by 1k(A), is the subgraph spanned by the vertices of ' ~ A
that are connected to every vertex of A. The star of A, denoted by st(A), is A U Ik(A).
We say that A is a join if the vertices of A can be expressed as V(A) = V(A1) U V(A»),
where A and A, are disjoint subgraphs of I' and every vertex of A is connected to every
vertex of A,. We denote the join of A; and A, by A1 < A,. In particular, st(A) is the
join A > 1k(A).
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Remark 2.12. The star, link, and join have important algebraic significance. A join sub-
graph of " generates a subgroup of Gr which splits as a direct product, while (st(A)) is
the largest subgroup of Gr which splits as a direct product with (A) as one of the factors:
(st(A)) = (A) x (Ik(A)). Moreover, since every element of (A) commutes with every
element of (Ik(A)), the reduced syllable form tells us that we can always write an element
g € (st(A)) in the form g = Al, where A € (A) and [ € (Ik(A)).

Genevois observed that the graph S(I") is almost a cube complex, with the only non-
cubical behaviour arising from the vertex groups. More precisely, he showed the following
result.

Proposition 2.13 ([ 14, Lemmas 8.5 and 8.8]). Two adjacent edges of S(I") are edges of a
triangle if and only if they are labelled by elements of the same vertex group. Two adjacent
edges of S(I") are edges of an induced square if and only if they are labelled by elements
of adjacent vertex groups. In this case, opposite edges of the square are labelled by the
same vertex groups.

The above proposition means that while S(I") is not a cube complex, it is the 1-
skeleton of a complex built from prisms glued isometrically along subprisms. Henceforth,
we will interchangeably refer to S(I") and the canonical cell complex of which it is the
1-skeleton.

Definition 2.14 (Prism). A prism P of S(I") is a subcomplex which can be written as a
product of simplices P = T} X ++- X Ty,.

Since a cube is a product of 1-simplices, prisms generalise the cubes in a cube com-
plex. Genevois used the prisms in S(I") to build hyperplanes with very similar properties
to those in CAT(0) cube complexes. We present a slightly different, but equivalent, con-
struction of these hyperplanes in S(T").

In a cube complex, hyperplanes are built from mid-cubes. If we view each cube in

11

a cube complex as a product [—5, 5]", we obtain a mid-cube by restricting one of the
11

intervals [—3, 7] to 0. In much the same way, we obtain a mid-prism from a prism by
performing a modified barycentric subdivision on one of its simplices. If this simplex is a

1-simplex, this just gives us the midpoint of the edge.

Definition 2.15 (Mid-prism). Given an n-simplex 7 in S(I"), perform a modified bary-
centric subdivision as follows. First, add a vertex at the barycentre of each sub-simplex
of T. Then, for each 2 < k < n, add edges connecting the barycentre of each k-simplex
in T to the barycentres of each of its (k — 1)-sub-simplices; see Figure 1. The complex
we have added through this procedure is then the 1-skeleton of a canonical simply con-
nected cell complex, which we denote by K(T'). We call K(T) the mid-prism of T. More
generally, we define a mid-prism K; of a prism P = T} x --- X T, to be the product
Ki=Ty x-+-xXTi—1 x K(T;) X Tj41 X +++ X Tpy.

Note that the simplices in S(I") that arise from infinite vertex groups have infinitely
many vertices. A simplex with infinitely many vertices may still be assigned a mid-prism,
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Figure 1. The mid-prism of a 3-simplex and a mid-prism of the product of a 2-simplex and a 1-
simplex.

by constructing mid-prisms for each of its finite sub-simplices. The inductivity of the
barycentric subdivision procedure ensures that these mid-prisms all agree with each other.

A hyperplane of a cube complex is defined to be a maximal connected union of
mid-cubes. In the same way, we can construct hyperplanes in S(I") by taking maximal
connected unions of mid-prisms.

Definition 2.16 (Hyperplane, carrier). Construct an equivalence relation ~ on the edges
of S(I') by defining E; ~ E, if E; and E; are either opposite sides of a square or two
sides of a triangle, and then extending transitively. We say that the hyperplane dual to
the equivalence class [E] is the union of all mid-prisms that intersect edges of [E]; see
Figure 2. The carrier of the hyperplane dual to [E] is the union of all prisms that contain
edges of [E].

If a geodesic y or a coset g{A) contains an edge that is dual to a hyperplane H, then
we say that H crosses y or g(A). We say that a hyperplane H separates two subsets X
and Y of S(I') if X and Y are each entirely contained in different connected components
of S(N ~ H.

Each hyperplane of a cube complex comes with two corresponding combinatorial
hyperplanes, obtained by restricting intervals to —% or % instead of 0 when constructing
mid-cubes. The advantage of these combinatorial hyperplanes is that they form subcom-
plexes of the cube complex. In S(I"), we obtain combinatorial hyperplanes by restricting
a simplex to a vertex instead of performing barycentric subdivision when constructing
mid-prisms.

Definition 2.17 (Combinatorial hyperplane). Let P = T X --- x T, be a prism, where
each T; is an n;-simplex. Each mid-prism K; splits P into n; + 1 sectors, each containing
asubcomplex Ty X -+ X {vg} X - - X Ty, where vy, is a vertex of T;. Given a hyperplane H
of S(I'), consider the union of all such subcomplexes obtained from the mid-prisms of H.
We call each connected component of this union a combinatorial hyperplane associated
to H; see Figure 2.

Remark 2.18 (Labelling hyperplanes). Proposition 2.13 tells us that if two edges E; and
E, of S(T") are sides of a common triangle or opposite sides of a square, then they are
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N
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>V

Figure 2. A hyperplane (blue) inside its carrier, and an associated combinatorial hyperplane (red).

labelled by elements of the same vertex group. It follows that all edges that a hyperplane H
intersects are labelled by elements of the same vertex group G,. We therefore label H with
the vertex group G,. Moreover, the edges of the associated combinatorial hyperplanes
will then be labelled by elements of (lk(v)). This fact will be exploited repeatedly in our
proofs.

Genevois established that the hyperplanes of S(I") maintain many of the fundamental
properties from the cubical setting.

Proposition 2.19 (Properties of hyperplanes; [14, Section 2]). (1) Every hyperplane
of S(T') separates S(I) into at least two connected components.

(2) If H is a hyperplane of S(I'), then any combinatorial hyperplane for H is convex
in S(I).

(3) If H is a hyperplane of S(I"), then any connected component of S(I') ~ H is
convex in S(T).

(4) A continuous path y in S(I') is a geodesic if and only if y intersects each hyper-

plane at most once.

(5) If two hyperplanes cross, then they are labelled by adjacent vertex groups.

Remark 2.20. Item (4) implies that a hyperplane H of S(I") crosses a geodesic con-
necting a pair of points x, y if and only if H separates x and y. Thus, if y;,...,y, isa
collection of geodesics in S(I") such that y; U --- U y,, forms a loop and H is a hyperplane
that crosses y;, then H must also cross y; for some j # i.

It is important to note that while we still use the terms “hyperplane” and “combin-
atorial hyperplane” here, they differ from those of cube complexes in a critical way: the
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complement of a hyperplane H in S(I") may have more than two connected components,
and thus H may have more than two associated combinatorial hyperplanes.

Genevois and Martin use the convexity of the cosets g(A) to construct a nearest point
projection onto g(A), which we call a gate map. The map and its properties are given
below, and will be essential tools throughout this paper.

Proposition 2.21 (Gate onto graphical subgroups; [17, Section 2]). Let Gt be a graph
product. For all A C T and g € Gr, there exists a map gga: Gr — g(A) satisfying the
following properties.

(1) Forallk,h € Gr, dyi(gga (h). gga(k)) < deyi(h. k).

(2) Forallx,h € Gr, h-gga(x) = gnga (hx). In particular, ggn(x) = g - ga (g~ ' x).

(3) Forall x € Gr, gga(X) is the unique element of g{A) such that dgy(x,gga (X)) =
dsyl(x’ g(A>)

(4) Any hyperplane in S(I') that separates x from ggqp (x) separates x from g(A).

(5) Ifx,y € Gr and H is a hyperplane in S(I") separating gga (x) and gga(y), then
H separates x and y, so that x and gga (x) (resp. y and gga(y)) are contained
in the same connected component of S(I') ~ H.

We also obtain a convenient algebraic formulation for the gate map of an element g
onto a graphical subgroup (A) by considering the collection of all possible initial sub-
words of g that are contained in (A).

Definition 2.22 (Prefixes and suffixes). Let g € Gr.If there exist p,s € Gr so that g = ps
and |g|sy1 = | plsyt + |8]sy1, we call p a prefix of g and s a suffix of g. We shall use prefix(g)
and suffix(g) to respectively denote the collections of all prefixes and suffixes of g.

Lemma 2.23 (Algebraic description of the gate map). Forall A C I" and g € Gr, there
exists p € prefix(g) N (A) so that ga(g) = p. Further, p is the element of prefix(g) N (A)
with the largest syllable length.

Proof. Since prefix(g) N (A) is a finite set, there exists p € prefix(g) N (A) so that
|P'|sy1 < |plsy forall p’ € prefix(g) N (A). Let x = ga(g) and let s be the suffix of g cor-
responding to p. If there exists a non-identity element y € prefix(s) N (A), then py would
be an element of prefix(g) N (A) with syllable length strictly larger than p. Since this is
impossible by choice of p, we have prefix(s) N (A) = {e}. This implies |x ™! ps|sy1 > |s]sy1
since x~ 1 p € (A), and we have the following calculation:

dsyl(xs g) = |x_1pslsyl > |S|Sy1 = |P_lg|sy1 = dsyl(pv g)

Since p € (A), this implies x = p, as x is the unique element of {(A) that minimises the
syllable distance of g to (A) (Proposition 2.21 (3)). |

Definition 2.24. Denote the element p of prefix(g) N (A) with largest syllable length by
prefix , (g), and define suffix (g) = (prefix, (g~1))~L.
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2.2. Relative hierarchically hyperbolic groups

We break the definition of a relative hierarchically hyperbolic group (HHG) given by
Behrstock, Hagen, and Sisto in [3] into three parts in order to more clearly organise the
structure of our arguments. First we define what we call the profo-hierarchy structure,
which sets up the defining information (relations and projections) for the HHG structure.
We then give the more advanced geometric properties that we need to impose for the group
to be a relative hierarchically hyperbolic space (HHS). We then define a relative HHG to
be a group whose Cayley graph is a relative HHS in such a way that the relative HHS
structure agrees with the group structure.

Definition 2.25 (Proto-hierarchy structure). Let X be a quasi-geodesic space and E > 0.
An E-proto-hierarchy structure on X is an index set © and a set {C(W) : W € &} of
geodesic spaces (C (W), dw ) such that the following axioms are satisfied.

(1) (Projections) For each W € @, there exists a projection ww: X — 26W) such
that for all x € X, 7w (x) # @ and diam(zww (x)) < E. Moreover, each my is
(E, E)-coarsely Lipschitz and C(W) € Ng (7w (X)) forall W € ©.

(2) (Nesting) If © # @, then & is equipped with a partial order = and contains a
unique =-maximal element. When V' = W, we say that V' is nested in W. For
each W € &, we denote by Sy the set of all V € & with V E W. Moreover,
forall V. W € & with V = W there is a specified non-empty subset pg, cCcw)
with diam(p}y,) < E.

(3) (Orthogonality) @ has a symmetric relation called orthogonality. If V and W are
orthogonal, we write V' L W and require that V' and W are not E-comparable.
Further, whenever V = W and W L U, we require that V' L U. We denote by
Gyy the setof all V € @ with V L W.

(4) (Transversality) If V, W € & are not orthogonal and neither is nested in the other,
then we say that V, W are transverse, denoted by V th W . Moreover, forall V, W €
© with V' th W, there are non-empty sets p% C C(W) and p{f C C(V) each of
diameter at most E.

We use @ to denote the entire proto-hierarchy structure, including the index set &, spaces
{C(W): W € G}, projections {my : W € @}, and relations =, L, . We call the elements
of © the domains of @ and call the set pg, the relative projection from V to W. The
number E is called the hierarchy constant for .

Definition 2.26 (Relative HHS). An E-proto-hierarchy structure @ on a quasi-geodesic
space X is a relative E-hierarchically hyperbolic space structure (relative E-HHS struc-
ture) on X if it satisfies the following additional axioms.

(1) (Hyperbolicity) For each We G, either W is E-minimal or C (W) is E-hyperbolic.

(2) (Finite complexity) Any set of pairwise E-comparable elements has cardinality at
most E.
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(3) (Containers) For each W € @ and U € ©y with Gwﬂ(%J(; #0, there exists Q €
Gy such that V' E Q whenever Ve Gy N 65 We call Q a container of U in W.

(4) (Uniqueness) There exists a function 6: [0, oo) — [0, 00) so that for all r > 0, if
x,y € X and dx(x, y) > 6(r), then there exists W € & such that

dw (7w (x). 7w () = 7
We call 0 the uniqueness function of ©.

(5) (Bounded geodesic image) For all x,y € X and V, W € @ with V & W, if
dy (my(x), my(y)) = E, then every C(W)-geodesic from my (x) to 7wy (y) must
intersect the E-neighbourhood of pg,.

(6) (Large links) Forall W € @ and x, y € X, there exists {V1,...,Viu} C Gy ~{W}
such that m < Edw (mw (x), mw (¥)) + E, and for all U € Gy ~ {W}, either
U € Gy, forsome i, or dy (ny (x), ny (y)) < E.

(7) (Consistency) If V. th W, then

min {dw (7w (x), pyy ). dv (v (x), o7/ )} < E
for all x € X. Further, if U = V and either V. = Wor V h W and W £ U, then
dw (. pyy) < E.

(8) (Partial realisation) If {V;} is a finite collection of pairwise orthogonal elements
of @ and p; € C(V;) for each i, then there exists x € X so that

e dy, (my; (x), pi) < E forall i,
» foreachi andeach We®,if V; =W or W MV, we have dw (w (x), pII}/Ij) <E.
If C(W) is E-hyperbolic for all W € &, then & is an E-HHS structure on X. We call

a quasi-geodesic space X a (relative) E-HHS if there exists a (relative) E-HHS structure
on X. We use the pair (X, @) to denote a (relative) HHS equipped with the specific
(relative) HHS structure &.

Definition 2.27 (Relative HHG). Let G be a finitely generated group and let X be the
Cayley graph of G with respect to some finite generating set. We say that G is a (relative)
E-HHG if the following hold.

(1) The space X admits a (relative) £-HHS structure &.

(2) There is a =-, |-, and M-preserving action of G on & by bijections such that &
contains finitely many G-orbits.

(3) Foreach W € @ and g € G, there exists an isometry gy : C(W) — C(gW) sat-
isfying the following for all V, W € G and g, h € G:

e the map (gh)w:C(W) — C(ghW) is equal to the map gpw o hyw:C(W) —
C(ghw);

* foreachxeX, gw(mw(x)) and mew (g - x) are at most E-far apartin C(gW);
o if VAW or VW, then gw (pg,) and pi’:;, are at most E-far apartin C(gW).
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The structure & satisfying (1)—(3) is called a (relative) E-HHG structure on G. We
use (G, @) to denote a group G equipped with a specific (relative) HHG structure &.

We build the proto-hierarchy structure for a graph product of finitely generated groups
in Section 3 and spend Section 4 verifying that this structure satisfies the axioms of a
relative HHS and respects the group structure.

3. The proto-hierarchy structure on a graph product

For this section, Gr will be a graph product of finitely generated groups. For each ver-
tex group Gy, let Sy be a finite generating set for Gy, then define S to be |, ey () So-
Throughout this section, d will denote the word metric on Gr with respect to S. We now
begin to explicitly construct the HHS structure on Gr. We first define the index set, asso-
ciated spaces, and projection maps in Section 3.1 and then define the relations and relative
projections in Section 3.2.

3.1. The index set, associated spaces, and projections

The index set for our relative HHS structure on Gr is the set of parallelism classes of
graphical subgroups. This mirrors the case of right-angled Artin groups studied in [5].

Definition 3.1 (Parallelism and the index set for a graph product). Let Gr be a graph
product. For a subgraph A C T', we shall use gA to denote the coset g(A) for ease of
notation. We say that gA and hA are parallel if g='h € (st(A)) and write gA ||hA. Let
[gA] denote the equivalence class of gA under the parallelism relation ||. Define the index
set ©r = {[gA]: g € Gr, A CT}.

The geometric intuition for the definition of parallelism comes from the fact that if
two cosets g(A) and h({A) satisfy g7'h € (st(A)), then they are each crossed by precisely
the same set of hyperplanes of S(I"). Again, it is important to note that these hyperplanes,
introduced in Definition 2.16, are generalisations of those in cube complexes.

Proposition 3.2 (Parallel cosets have the same hyperplanes). Let A € I" and g, h € Gr.
If g(A)||h{A), then every hyperplane of S(I') crossing g(/A) must also cross h{\).

Proof. Since g(A)||h(A), wehave g~'h € (st(A)) and there exist A € (A) and / € (Ik(A))
such that g='4 = Al (Remark 2.12). Since A and / commute, g~ h(A) = [(A).

Let H be a hyperplane in S(I") crossing g(A). In particular, H separates two adjacent
points ga and gb in g(A). Translating by g~!, we have that g~! H separates a and b
in (A). Let 51 ...s, be areduced syllable expression for /. Thus, there is a geodesic from
a to la and a geodesic from b to /b each labelled by s; ... sy, where each s; € (lk(A)).
Since b~ 'a labels an edge of (A), b~'a and s; span a square for each i € {1,...,n}.
Thus, we have a strip of squares joining the edge between a and b to the edge between
la and b with the hyperplane g~' H running through the middle. Hence g~! H crosses
I{A) = g~ h(A) and by translating by g, H crosses h(A). |
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The hierarchy structure on a graph product on n vertices can be thought of as being
built up in n levels, with level k consisting of the subgraphs with k vertices. Whenever we
build up to the next level in the hierarchy, we need to record precisely the geometry we
have just added; any less will violate the uniqueness axiom, while any more may violate
hyperbolicity. When defining our spaces C(gA), we therefore do not want to record any
distance travelled in strict subgraphs of A. This leads us to the subgraph metric:

Definition 3.3 (Subgraph metric on a graph product). Let Gr be a graph product. Define
C(I") to be the graph whose vertices are elements of Gr and where g, 4 € Gr are joined
by an edge if there exists a proper subgraph A < T such that g='h € (A), or if g7 'h
is an element of the generating set S defined at the beginning of the section. We denote
the distance in C(I") by dr(:, ) and say that dr(g, &) is the subgraph distance between g
and 4. When T is a single vertex v, C(I') = C(v) is the Cayley graph of the vertex group
G, with respect to the finite generating set S. Otherwise, dr (e, g) is equal to the smallest
n such that g = A; ... A, with supp(A;) a proper subgraph of I" for eachi € {1,...,n}.

If g = Ay ... A, where supp(A;) is a proper subgraph of I for eachi € {1,...,n},
then we call A; ... A, a subgraph expression for g. If n = dr(e, g), then A1 ..., is
a reduced subgraph expression for g. Note that when I" is a single vertex, there are no
subgraph expressions.

Remark 3.4. When T has at least two vertices, S(I") is obtained from Cay(Gr, S) by
adding extra edges, where S is the generating set defined at the beginning of the sec-
tion. Likewise, C(I") is then obtained from S(I") by adding even more edges. It therefore
follows that dr < dgy1 < d, where d is the word metric on Gr induced by S.

In a reduced subgraph expression g = A; ... A,, we may assume
suffixa,,, (A1...4;) =e

foreachi €{l,...,n — 1} by removing any non-trivial suffix from the end of A; ...A; and
attaching it to the beginning of A;1. By repeating this procedure for each i in ascending
order and then writing reduced syllable expressions for each A;, we then obtain a reduced
syllable expression for g.

Lemma 3.5. If T contains at least two vertices, then for each g€Gr, there exist A1, ..., Ay
€ Gr with supp(A;) = A; S T such that the following hold.

(1) A1...Ay is a reduced subgraph expression for g.

(2) Foreachi €{1,...,n—1}, suffixa,;,, (A1...4;) =e.

3 |g|syl = |A1 ~~-/\n|syl = Z?:l |/\j|sy1'
In particular, for each x,y € Gr, there exists an S(I")-geodesic y connecting x and y

such that if A ... Ay is the above reduced subgraph expression for x~'y, then the element
XA1...Ajisavertex of y foreachi € {1,...,n}.

Proof. We begin by noting how the final conclusion of the lemma follows from the main
conclusion. Let A1 ... A, be a reduced subgraph expression for x !y that satisfies (3).
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For each i € {1,...,n}, let s ...sfni be a reduced syllable expression for A;. Since
X7 ylgr = (A1 o Anlgn = 27—y |4 |y, it follows that (s{ ...sy, ) ... (s] ... s ) is
a reduced syllable expression for x~!y. Hence there exists an S(I")-geodesic 7 from e to
x~ !y whose edges are labelled by (s} ...s,lnl) ... (87 ... 5m,), and this implies that the
element A; ... A; appears as a vertex of 1 for each i € {1, ...,n}. Translating by x gives
y = x1 as the desired geodesic.

We now prove that we can find a reduced subgraph expression satisfying (2) and (3)
for any element of Gr. Our proof proceeds by induction on n = dr(e, g). If n = 1, then
supp(g) is a proper subgraph of I" and the conclusion is trivially true.

Assume that the lemma holds for all # € Gr with dr(e,n) <n — 1 and let g € Gr
with dr(e, g) = n. Let w; ... w, be a reduced subgraph expression for g. Let Q; =

supp(w;) foreach i € {1,...,n}. By the induction hypothesis, we can assume that go =
w1 ...w,— satisfies the conclusion of the lemma. Hence |w; ... ws—1]sy1 = Z;’;} | |sy1
and suffixg,, (w1 ...w;) =efori e {1,...,n —2}.

Leto = suffixg, (@; ...w—1). Foreachi € {1,....n—1},lets} ...}, be areduced
syllable expression for w;. Now (s{ ...sy, ) ... (sf...s/t1 ) is areduced syllable expres-
sion for w; ... wx—1 as |@1 ... Wp_1|sy = Z;’;i |w;|sy1- Thus, each syllable of o is a
syllable of one of wy,...,w,—1. Foreachi € {1,...,n — 1}, let j; <--- < j; be the
elements of {1, ..., m;} such that si-l, . ,s}i are the syllables of w; that are not syllables
ofo.Fori e{l,....,n—1},letw, =s]‘.1 ...s]‘.l_.Thus, wehave w1 ...0p—1 =w;...0,_,0

where suffixg, (0] ... w,_,) =e.

Let w;, = ow,. Then o] ... w,_ v, is a reduced subgraph expression for g with
supp(w;,) = @2, and suffixg, (0] ... w,_,) =e.Let g = w; ... w,_,. Since 0] ...w,
is a reduced subgraph expression for g, then ] ...w;_, is a reduced subgraph expres-
sion for g’. Hence dr(e, g’) = n — 1 and the induction hypothesis says that there exists a
reduced subgraph expression A ... A, for g’ such that suffixgpp(a;, ) (A1...4;) = e for
ief{l,....n=2}and |A1... Au_1lsy = Z;’;} |Aj |sy1. Further, suffixg, (A1...Ap—1) =e
st ... A =¢ =w]...0,_,.

Now let A, = w), and A; = supp(};) foreachi € {1,...,n}. We verify that A1,..., A,
satisfies the conclusion of the lemma for g.

(1) Aq...A, is areduced subgraph expression for g as each A; = supp(A;) is a proper
subgraph of I" and dr(e, g) = n.

(2) Foreachi € {1,...,n — 1}, the above shows that suffixa,,, (41 ...4;) =e.

(3) We prove that writing each A; in a reduced syllable form produces a reduced
syllable form for the product A; ... A,. For each i € {1,...,n}, let t{ ...t]il_
be a reduced syllable expression for A;. Since |A1...Ap_1|syn = ;’;} [Aj|sy1s
we know that (z] ... t,il) N (o t,?n__ll) is a reduced syllable expression for
A1...Au—1. Therefore, if

1 1
(ty o ty) o 7 1))

is not a reduced syllable expression for A ... A,, then Theorem 2.4 implies that
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there must exist syllables tl’.' of A1...Au—1 and z} of A, such that

supp(t}) = supp(1}')

and 7 ]’ can be moved to be adjacent to 7;/ using a number of commutation relations.
However, this implies that tj’. is a suffix for A1 ...A,_; with support in A,. This
is impossible as suffixa, (4; ... A,—1) = e. Therefore, (tl1 . ..tlil) (24 ...t]?n)
must be a reduced syllable expression for A; ... A, and hence

Ml .- -An|syl = |Al|syl +e 4+ |An|syl
as desired. [

We can now define the geodesic spaces associated to elements of the index set. In the
next section, we will show that they are hyperbolic.

Definition 3.6. Let Gr be a graph product. Foreach g € Gr and A C T', let C(gA) denote
the graph whose vertices are elements of the coset g(A) and where gx and gy are joined
by an edge if x and y are joined by an edge in C(A). The metric on C(gA) is denoted by
dgA ('9 ')'

Remark 3.7. If A CT"isajoin A = A > A, then every element A € (A) can be written
as A = A1A;,, where A1 € (A1) and A, € (A3). Since Ay and A, are proper subgraphs
of A, this implies that C(A), and therefore C(gA), has diameter at most 2 whenever A
splits as a join.

We now wish to use our gate map from Proposition 2.21 to define projections for
our hierarchy structure. Since ©r is the set of parallelism classes of cosets of graphical
subgroups, we must verify that the gate map is well behaved under parallelism.

Lemma 3.8 (Gates to parallelism classes are well defined). If gA||hA, then for all xeGr,
ana(X) = gna © gga(x). In particular, if gA||\hA, then gqpalg(ny: 8(A) — h{A) agrees
with the isometry of S(I') induced by the element hpg™', where p = prefix, (h™!g).

Proof. Suppose that gxa(x) # ana(gga(x)). There must then exist a hyperplane H
separating gna (x) and gxa(gga(x)) in S(I'). By (4) and (5) of Proposition 2.21, H
separates x and gz (x) and thus cannot cross g{A). However, H crosses i{A), and
so must cross g(A) by Proposition 3.2. As this is a contradiction, we must have that
ana(x) = gra(gga(x)).

Note that, if gA € g(A), then the equivariance (Proposition 2.21 (2)) plus the prefix
description of the gate map (Lemma 2.23) imply that

ana(gh) = h-ga(h'gA) = h-prefix, (h ' gA).

Since i1 g € (st(A)), we can write h~ ' g = pl, where p € (A) and [ € (Ik(A)). Therefore,

ana(gA) = h - prefix, (pIA) = hpA, that is, gxa |g(a) agrees with the isometry induced

by hpg™1. |
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Since Cay(Gr, S), S(I'), and C(I") differ only in that the latter two have extra edges,
we can easily promote our gate map to a projection map.

Definition 3.9. For all A C I" and g € Gr, define mgp: Gr — C(gA) by iga © ggn,
where ig, is the inclusion map from g(A) into C(gA).

Remark 3.10. Combining the prefix description of the gate map (Lemma 2.23) with
equivariance (Proposition 2.21(2)), we have that gga(x) = g - prefix, (g 1x) for all
x € Gr. Since the only difference between mga and gga is the metric on the image,
this means that g (x) = g - prefix, (g7 x) as well.

Note that any coset of (A) can be expressed in the form g(A), where suffixp (g) =e
(and thus prefix, (g~!) = e). Indeed, let h{A) be a coset of (A), and suppose that
suffixs (k) = A. Then we can write & = gA, where suffixs (g) = e. It therefore follows
that h{A) = gA(A) = g(A). The next proposition shows that choosing the representat-
ive of g(A) in this way ensures that prefix , (¢~'x) contains only syllables of x. This is
particularly helpful when considering the prefix description of mga (x).

Proposition 3.11. Let A C I" and let g € Gr. Then, for all x,y € Gr, every syllable of
(8ea (X)) - aga(y) is a syllable of x~'y. In particular, if g is the representative of g(A)
with suffixa (g) = e and h € Gr, then every syllable of prefix , (g71h) = ga(g™'h) isa
syllable of h.

Proof. Letx,y € Gr,thenlet p, = gga(x) and py, = gz (¥). Let n be an S(I")-geodesic
connecting py and p, and let y be an S(I")-geodesic connecting x and y. Let 51, ...,y
be the elements of the vertex groups of Gr that label the edges of 5. This means that
51, ...,y are the syllables of p_!p,. Foreachi € {1,...,n}, let H; be the hyperplane
dual to the edge of 7 that is labelled by s; and let v; be the vertex of I" such that s; € Gy,.

Since each H; separates gg A (x) and gga (), each H; must also cross y by Proposi-
tion 2.19 (4) and Proposition 2.21 (5). Fori € {1,...,n}, let E; be the edge of y dual to
H;. Note that every edge dual to H; is labelled by an element of the vertex group G, but
not necessarily by the same element of G,.

If E; is not labelled by s; € Gy,, then the hyperplane H; must encounter a triangle
of S(I") between 1 and y. This creates a branch of the hyperplane H; that cannot cross
either n or y by Proposition 2.19 (4). Thus, this branch must cross either an S(I")-geodesic
connecting x and p, or an S(I")-geodesic connecting y and p,; see Figure 3. Without loss
of generality, assume that H; crosses an S(I")-geodesic connecting x and px = gga (x).
This means that H; separates x from gga (x), and thus H; must separate x from all of
g(A) (Proposition 2.19 (4)). However, this is impossible as H; crosses g(A). Therefore,
H; cannot encounter a triangle between 1 and y, and E; must therefore be labelled by
the element s;. Since the elements labelling the edges of y are the syllables of x !y, this
implies that every syllable of p; ! p, is also a syllable of x~!y.

For the final clause of the proposition, note that suffix 5 (g) = e implies that g5 (g™ 1) =
prefix, (g71) = e. Thus, we can apply the above with x = g~ and y = g~/ to con-
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Figure 3. If the the hyperplane H; encounters a triangle of S(I") between 1 and y, then a branch of
H; must cross an S(I')-geodesic from x to px (shown) or from y to py.

clude that every syllable of (ga (g7 1)) 'aa(g™'h) = ga(g™'h) is also a syllable of
(gHlg7th = h. n

Given that &, k € G, we shall employ a common abuse of notation by using dg 4 (4, k)
to denote dga (7w A (1), Te A (k). We can now prove our first HHS axiom.

Lemma 3.12 (Projections). For each g € Gr and A C T, the projection gy is (1,0)-
coarsely Lipschitz.

Proof. We want to show that dg (x, y) < d(x, y) for all x, y € Gr. First assume that A
consists of a single vertex v. Let py and py, be gga (x) = g (x) and gga (¥) = mga (¥),
respectively. Since A is the single vertex v, C(A) is the Cayley graph of G, with respect
to our fixed finite generating set, and C(gA) is a coset of C(A). Thus, it suffices to prove
that | p; ! py| is bounded above by |x~!y|, where | - | is the word length on G with respect
to the generating set S defined at the beginning of the section.

Let s = p;'p, € Gy,. By Proposition 3.11, s must be a syllable of x~!y, that is, s
appears in a reduced syllable expression for x~!y. Recall that if 51 ...s, is a reduced
syllable expression for x~!y, then [x~!y| = Y_7_, |s;| (Corollary 2.5). Thus, |x~1y| >
Is| = |px ' pyl-

Now assume that A contains at least two vertices. By Proposition 2.21 (1), we have

dsyi(ggA(X), gga (¥)) < dgyi(x, y) < d(x,y).

Furthermore, C(gA) is obtained from S(gA) by adding edges as A contains at least two
vertices. Thus, we have

dea(x,y) < dgyi(gga (). gga(¥)) < dey(x, y) < d(x, y). u

Given an S(I")-geodesic y, there is a natural order on its vertices which arises from
orienting y. The distances between the vertices of y under the projection 7, A then satisfy
the following monotonicity property with respect to this order.
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Lemma 3.13 (Subgraph distance along S(I")-geodesics). Let y be an S(I")-geodesic con-
necting two elements x,y € Gr. For each vertex q of y, each element g € Gr, and each
subgraph A C T, we have

dga(x,q) <dga(x,y) and dga(g,y) <dga(x,y).

Proof. Fix g € Gr and a subgraph A C I'. Let px = gga(X), py = gga(y), and p; =
aga(q)-

First suppose that A consists of a single vertex of I'. Then the S(I")-diameter of g(A)
is 1 and there exists a single hyperplane H so that every edge of g(A) is dual to H. If
Dq 7 px and pg # p,, then H must separate p, from both p and p,. Therefore, H must
cross y between x and ¢ and again between ¢ and y by Proposition 2.21 (5). However,
this is impossible as H cannot cross y twice (Proposition 2.19 (4)). Thus, we must have
either p;, = px or p;, = p,. The conclusion of the lemma then automatically holds as
7en(q) = Tga(x) O Tea(q) = Tga (¥):

Now assume that A has at least two vertices and p; # pyx and p; # py. Let A1 ... 4,
be a reduced subgraph expression for p;!p, of the form provided by Lemma 3.5. In
particular, there exists an S(I")-geodesic n connecting p, and p, whose vertices include
PxA1...A; foreachi € {1,...,m}.

Let o and B be S(I")-geodesics connecting py to pg and p, to p,, respectively. Any
hyperplane that crosses o must also cross y and separate x and ¢ by Proposition 2.21 (5).
Similarly, any hyperplane that crosses f must also cross y and separate y and ¢. Thus, a
hyperplane that crosses both & and § would cross the S(I")-geodesic y twice. Since no
hyperplane of S(I') can cross the same geodesic twice (Proposition 2.19 (4)), it follows
that any hyperplane that crosses « (resp. ) cannot cross S (resp. ). By Remark 2.20, any
hyperplane that crosses either « or 8 must therefore cross n as o U 8 U n forms a loop in
S().

We now prove that dga (x,q) < dga(x,y). The proof for dga(q, y) < dga(x,y) is
nearly identical with 8 replacing . Let Ey, ..., Ex be the edges of « and let H; be the
hyperplane that crosses E; for j € {1,...,k}. We say that two hyperplanes H; and H,
cross between a and 0 if there exists a vertex a of o such that for each vertex b of 5, either
H; or Hy separates a from b; see Figure 4.

Claim 3.14. There exists an S(I")-geodesic o’ that connects py and p, such that no two
of Hy, ..., H cross between o’ and 7.

Proof. Let oy = « and let K; be the number of times two of Hy, ..., Hy cross between
o; and 7. Note that K; < @ If K; = 0, we are done. Otherwise, there exists j €
{1, ..., k} such that H; is the first hyperplane, where H;_; and H; cross between o
and 7. Since H;_ and H; cross, Proposition 2.19 (5) tells us that the edges E;_; and E;
are labelled by elements of adjacent vertex groups. By Proposition 2.13, E;_; and E; are
two sides of a square S of S(I") inside which H;_; and H; cross. Let o, be the S(I')-
geodesic obtained from o by replacing the edges £;_; and E; with the other two sides
of the square §; see Figure 5.
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Dx . Dy

Figure 4. The hyperplanes Hj_, and Hj_; cross between « and 1 because the vertex a is separated
from every vertex of n by either Hy,_, or Hj_;. Even though Hj_, and Hy, cross, they do not cross
between o and 1.

Px ,;' Dy

Figure 5. The edges E;—1 and E; can be replaced with the other two edges of the square § to
obtain a new S(I")-geodesic with K» = K1 — 1.

Since H;_; and H;j crossed between oy and 7, we now have K, = K; — 1; that is,
that the number of times two of Hy, ..., Hy cross between o, and 7 is one less than the
number of times two of Hy, ..., Hy crossed between ¢ and 7. Reindex Hy,. .., Hy such
that H; crosses the jth edge of a,.

If K, = 0, we are done, with o’ = «,. Otherwise, we can repeat this argument at most
@ times to construct a sequence of geodesics a1, oz, ..., «,, where K;4+1 = K; — 1
and K, = 0. Then o’ = «;. [ ]

Let o’ be as in Claim 3.14 and reindex Hy, ..., Hy so that Hj crosses the jth edge
of o for each j € {1, ..., k}. Since H; crosses n for each j € {1,...,k}, the labels for
the edges of o’ are a subset of the labels of 5. Further, since no two of Hy, ..., Hi cross
between &’ and 7, the order in which the labels of edges appear along o is the same as
the order in which they appear along 7. Since the vertices of 7 include pxA;...A; for
eachi € {1,...,m}, this implies that we can write p; ' p; = A} ..., where supp(1}) C
supp(A;) for each i € {1,...,m}. It therefore follows that the C(gA)-distance between
Dx and p, is bounded above by the C(gA)-distance between p, and p,, and so we have

dga(x,q) < dga(x,y). L]
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3.2. The relations

Here we define the nesting, orthogonality, and transversality relations in the proto-hier-
archy structure, and prove that they have the desired properties. We tackle the nesting
relation first.

Definition 3.15 (Nesting). Let Gt be a graph product and let ©r be the index set of paral-
lelism classes of cosets of graphical subgroups described in Definition 3.1. We say that
[gA] E [h] if A € Q2 and there exists k € Gr such that [kA] = [gA] and [kQ2] = [hQ].

Lemma 3.16. The relation E is a partial order.

Proof. The only property that requires checking is transitivity; that is, if [gy A1 ]S [g2 A2 ] E
[g3A3], then [g1A1] T [g3A3].

Since C is transitive, we have A; € As. Furthermore, there exist a, b € Gr such that
[g1A1] = [aA1], [aA2] = [g2A2] = [DA2], [g3As] = [bAs]; that is, g7 'a € (st(A1)),
gy 'a, g5'b € (st(Az)), and g5'b € (st(A3)). Thus,

gl_la = 11/'{1, gz_la = lzkz, gz_lb = lék/z, g;lb = 1313,

where 1;, A} € (A;) and [;, 1] € (Ik(A;)) for each i. Let ¢ = b(A5)"'A,. Then g3'c =
g3 'h(A5) 7145 € (st(A3)) since Ay € Asz. Moreover, since k(A2) € Ik(A1),

gile=gilaa g2g5 ' bb 7 e = LA AT AL (M) T A = 15 5 A € (st(Ay)).
Thus, [glAl] = [CA]] and [g3A3] = [CA3], Verifying that [glAl] = [g3A3]. | ]

Definition 3.17 (Upwards relative projection). If [gA] & [A€2], for any choice of repres-
entatives gA € [gA] and hQ2 € [h2], define pflé C C(h2) to be

pfe = | ma(k(A) = ma(glst(n)).
kAllgA

The equality between (g na 7o (k(A)) and mrq(g(st(A))) is a consequence of the
definition that kA ||gA if and only if g~k € (st(A)). Indeed, g(st(A)) = gg Lk (st(A)) =
k(st(A)) 2 k(A) for all kA|gA. Conversely, each element of g(st(A)) can be written as
glA where [ € (Ik(A)) and A € (A), so that glA € gl (A) where g~ gl = [ € (st(A)) and
hence gA||g/A.

Lemma 3.18 (Upwards relative projections have bounded diameter). If [gA] & [hS2], then
for any choice of representatives g\ € [gA] and hQ2 € [h2], we have diam(,oi‘:;;) <2

Proof. Let gA and h2 be fixed representatives of [gA] and [h€2], respectively. Sup-
pose first that € splits as a join. Then diam(C(k€2)) = 2 by Remark 3.7, and hence
diam(pié ) < 2. For the remainder of the proof, we will therefore assume that 2 does
not split as a join. Note that this implies that st(A) N Q < Q. Indeed, suppose that
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st(A) N Q2 = Q. Then Q2 C st(A), so either 2 € A, 2 C Ik(A), or Q splits as a join.
The first two cases are impossible as A € €2, and the last case is ruled out by assumption.

Leta € Gr be such that [aA] = [gA] and [a2] = [AR2]. Since [aA] = [gA], we have
g7'a e (st(A)). 50 g (st(A)) = gg~ " a(st(A)) = a{st(A)). Thus, pfg = mag(g(st(A)) =
wpo(a(st(A))). Note that any element of a(st(A)) can be expressed in the form aAll,
where A € (A) and [ € (lk(A)). Using the equivariance (Proposition 2.21(2)) and the
prefix description of the gate map (Lemma 2.23), we have

aan(@Al) = a-ggo(a tall) = a - prefixq (M) = al - prefixg (/).
This implies that g,q(aAl) = aAly, where [y = prefixg (/) € (Ik(A) N Q) and so
supp(Alp) € A U (Ik(A) N Q) =st(A) NQ S Q.

Moreover, by Lemma 3.8, gno(arl) = gra(gaq(arl)) = gna(arly).

Since a2 ||h <2, the gate map from a(2) to h(<2) agrees with the isometry of S(I") in-
duced by the element hpa~!, where p =prefixg(h~'a) (Lemma 3.8). Since supp(Aly) S £,
this implies that

ana(arly) = hpa™' - arly = hpAly.

Therefore, given two arbitrary elements aAl, al’'l’ € a(st(A)), we have
(sne(@rD) ™ aag@rl') = I A7 A'lg,
where
supp(lg 'ATT X [p) S st(A) N Q S Q.
This implies that the C (h$2)-diameter of 75,0 (g (st(A)))= pié is at most 1 in this case. =
Next we deal with the orthogonality relation.

Definition 3.19 (Orthogonality). Let Gt be a graph product and let St be the index set
of parallelism classes of cosets of graphical subgroups described in Definition 3.1. We
say that [gA] L [h2] if A C 1k(€2) and there exists k € Gr such that [kA] = [gA] and
k2] = [hQ].

Lemma 3.20 (Orthogonality axiom). The relation L has the following properties:

(1) L is symmetric;

(2) if [gA]L[hS2], then [gA] and [hS2] are not =-comparable;

3) if[gA] E [h2] and [h Q] L[kTT], then [gA]L[kIT].
Proof. (1) If A C 1k(2), then all vertices of A are connected to all vertices of €2, hence
Q C Ik(A) too. Thus, the relation L is symmetric.

(2) Any graph is disjoint from its own link, hence if [gA]L[h2], then [gA] and [ 2]
cannot be E-comparable.
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(3) Suppose that [gA] E [A2] and [AQ]L[kTT]. Then A € Q C 1k(IT), and there exist
a,b € Gr such that

[aA] = [gA], [af] = [hQ] = [bR]. and [bTI] = [KTI].

In particular, this means that b7 la € (st(€2)), hence we can write b~ la = wl, where
w € (Q) and [ € (Ik(R)). Then 0 'h7'a =1 € (Ik(Q)) € (Ik(A)) C (st(A)), and so
[aA] = [bwA]. On the other hand, 0™ 'b™1b = 0™ € (Q) C (Ik(IT)) C (st(IT)), and so
[pT1] = [bwIT]. Therefore, [gA] L [kI1], because A C Ik(IT) and [gA] = [bwA], [kT1] =
[poIl]. |

Our final relation is transversality, which is a little more nuanced, since our [gA] and
[7£2] need not have a common representative k in this case.

Definition 3.21 (Transversality and lateral relative projections). If [gA], [k2] € G are
not orthogonal and neither is nested in the other, then we say [gA] and [2€2] are transverse,
denoted by [gA] M [A2]. When [gA] M [A€2], for each choice of representatives gA € [gA]
and hQ € [hQ], define "% < C(gA) by

Pei = | mea(k(R) = mea (h{st(R)).
kQ|hQ

The next lemma verifies that pi’,ff has diameter at most 2.

Lemma 3.22. If [gA] th [hQ2], then for any choice of representatives g\ € [gA] and
h2 € [hQ], we have diam (g A (h(st(2)))) < 2 and diam(rpq(g(st(A)))) < 2.

Proof. We provide the proof for diam(mg A (2(st(€2)))) < 2. The other case is identical.
Let x. y € h{st(Q)). Define px = g (x) = gga(x) and py = mea () = gga(y)-

If A splits as a join Aj > Ay, then dga (px, py) < diam(C(gA)) < 2 by Remark 3.7.
Now suppose that A does not split as a join. Since py, p, € g(A), we have

supp(py ' py) S A.

If supp(p; ! py) is a proper subgraph of A, then the C(gA)-distance between py and p,,
will be at most 1. Thus, it suffices to prove that supp(p; ! py) # A.

Since [gA] h [h€2], we have that [gA] X [h], [gA] Z [h2], and [A2] Z [gA]. This
can occur in two different ways: either A € 1k(2), 2 € A and A € 2, or there does not
exist k € Gr so that [gA] = [kA] and [hQ2] = [k2].

First assume that A Z 1k(2) and A € Q. Then A & st(€2), as A also does not split as a
join. This implies that st(Q2) N A # A. By Proposition 3.11, every syllable of p;!p, isa
syllable of x~1y. Since x ™'y € (st(€2)), this implies that supp(p; ! py) Cst(R) N A # A
as desired.

Now assume that A C1k(£2) or A €. Thus, there does not exist k € Gr so that [gA] =
[kA] and [h Q2] = [k2]. For the purposes of contradiction, suppose that supp(p; ! p,) = A.
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h{st(£2))

Figure 6. Any hyperplane that crosses ax and oy, must cross all of the hyperplanes separating px
and py,.

Let sy and s, be the suffixes of x and y, respectively, such that x = pysy and y =
DySy. Select the following S (I")-geodesics: oy connecting x and py, oy, connecting y and
Dy, 1 connecting p, and py, y connecting x and y; see Figure 6.

Let #; ... 1, be the reduced syllable expression for sy corresponding to the geodesic
ax. Foreachi € {1,...,n}, let H; be the hyperplane crossing the edge of «, labelled by
t;. Recall that a hyperplane in S(I") crosses a geodesic segment if and only if it separates
the end points of the segment (Proposition 2.19 (4)). Each H; therefore separates x and
Dx = @gA(x), so each H; must separate x from all of g(A) by Proposition 2.21 (4). In
particular, no H; crosses 1. Thus, by Remark 2.20, each H; must cross either y or ay,. If
H; crosses y, then ; € (st(2)). On the other hand, if H; crosses «y, then H; must cross
every hyperplane that separates py and py; see Figure 6. Because supp(py!p,) = A, it
follows that for every vertex v of A there exists a hyperplane that separates p, and p, and
is labelled by v. Hence, if H; crosses «,, then H; crosses at least one hyperplane that is
labelled by each vertex of A. By Proposition 2.19 (5), if two hyperplanes cross then they
are labelled by adjacent vertices in I'. Thus, the vertex labelling H; must be in the link of
A. In particular, #; € (Ik(A)).

The above shows that #; € (st(2)) or t; € (Ik(A)) for each i € {1,...,n}. Further,
t; € (st()) if H; crosses y and t; € (Ik(A)) if H; crosses a,. Now suppose thati < j and
that H; crosses y, but H; crosses ay. As shown in Figure 7, this forces H; to cross Hj,
which implies that #; and #; commute by Proposition 2.19 (5). Thus, by commuting the
syllables of sy, we have s, = [yw, where w, € (st(2)) and I, € (Ik(A)).

Now, since x € h{st(2)), we have 7~ !x € (st(Q)), which implies that [1Q] = [xQ].
Since x = pySy = pxlxwy, we have [xQ] = [pxlxwx Q] = [px[xR2]. Similarly, p, €
g(A), so g7 p, € (A), which implies that [gA] = [pxA]. Now [pxA] = [pxlxA] as
Py (pxly) = Ix € (Ik(A)) C (st(A)). Thus, we have

[hQ2] = [pxlx$2] and  [gA] = [pxlxA].
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h(st(2))

Figure 7. The hyperplane H; crosses oy and y while H; crosses oy and ay. Since H; appears
before H; along ax, H; must cross Hj.

However, this contradicts our assumption that there is no k € Gr such that [AQ2] = [k2]
and [gA] = [kA], proving that we must have supp(p; ! p,) # A as desired. |

3.3. The proto-hierarchy structure
We now combine the work in this section to give a proto-hierarchy structure for Gr.

Theorem 3.23. Let Gt be a graph product of finitely generated groups. For each parallel-
ism class [gA] € ©r, fix a representative g\ € [gA]. The following is a 2-proto-hierarchy
structure for (Gr, d).

*  The index set is the set of parallelism classes G defined in Definition 3.1.

*  The space C([gA)) associated to [gA\] is the space C(gA) from Definition 3.3, where
g\ is the fixed representative of [gA].

*  The projection map migay: Gr — C([gA]) is the map wgp: Gr — C(gA) from Defin-
ition 3.9 for the fixed representative g\ € [gA].

o [gA]CS[hQ)if A C Q and there exists k € Gr such that [k A] = [gA] and [k 2] = [hQ2].

»  The upwards relative projection p{ié]] when [gA] & [h<2] is the set pié from Defini-
tion 3.17, where g\ and hQ are the fixed representatives for [h<2] and [gA].

o [gA] L [h2]if A CIk(2) and there exists k € G such that [kA] = [gA] and [kR2] =
[hL2].

e [gA] h [h2] whenever [gA] and [h2] are not orthogonal and neither is nested into
the other.

» The lateral relative projection p%ﬁé]] when [gA] h [hQ2] is the set pié from Defini-
tion 3.21, where gA and h<2 are the fixed representatives for [h2] and [gA].

Proof. The projection map g ] is shown to be (1, 0)-coarsely Lipschitz in Lemma 3.12.
Nesting is shown to be a partial order in Lemma 3.16. The upward relative projection has
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diameter at most 2 by Lemma 3.18. Lemma 3.20 shows that orthogonality is symmetric
and mutually exclusive of nesting, and that nested domains inherit orthogonality. The
lateral relative projections have diameter at most 2 by Lemma 3.22. ]

4. Graph products are relative HHGs

In this section, we complete our proof that graph products of finitely generated groups are
relative HHGs (Theorem 4.22) by proving the eight remaining HHS axioms and showing
that the group structure is compatible with our hierarchy structure. In Section 4.1, we
prove hyperbolicity of C(gA) whenever A contains at least two vertices. Section 4.2 is
devoted to proving the finite complexity and containers axioms. Section 4.3 deals with
the uniqueness axiom, and in Section 4.4, we the prove the bounded geodesic image and
large links axioms. In Section 4.5, we verify partial realisation, and Section 4.6 deals with
the consistency axiom. Finally, in Section 4.7, compatibility of the relative HHS structure
with the group structure is checked.

We also obtain some auxiliary results along the way: in Section 4.1, we show that not
only are the spaces C(gA) hyperbolic whenever A contains at least two vertices, but they
are also quasi-trees; and in Section 4.3, we use uniqueness to give a classification of when
C(gA) has infinite diameter.

We conclude the section by remarking that the syllable metric on Gr is an HHS. This
is true even when the vertex groups are not finitely generated. However, until then we will
continue to assume that Gr is a graph product of finitely generated groups and that d is the
word metric on Gr, where the generating set for Gr is given by taking a union of finite
generating sets for each vertex group.

4.1. Hyperbolicity

Lemma 4.1 (Hyperbolicity). For each [gA] € ©r, either [gA] is E-minimal or C(gA) is
% -hyperbolic.

Remark 4.2. The hyperbolicity of C(gA) can also be deduced from [15, Proposition 6.4].
The proof presented below uses a different argument that produces the explicit hyperboli-
city constant of %

Proof. Take [gA] € Gr and suppose it is not =-minimal; i.e., A contains at least two
vertices. Let x, y, z € C(gA) be three distinct points and let y;, y2, y3 be three C(gA)-
geodesics connecting the pairs {y, z}, {z, x}, {x, y}, respectively. We wish to show that
this triangle is %-slim, that is, we will show that y; is contained in the %—neighbourhood
of ¥ U y3. Since C(gA) is a metric graph whose edges have length 1, it suffices to show
that any vertex of y; is at distance at most 3 from y, U y3.

Let p’i, ey Pin,- be the vertices of y;, and let y; be the path in S(gA) obtained by
connecting each pair of consecutive vertices p; and p} 41 With an S(gA)-geodesic aj’:.
Since oc;- is labelled by vertices of supp(( p})_l p; +1)» Which is a proper subgraph of A,
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y

Figure 8. For each edge of the C(gA)-geodesic triangle, we construct an S(gA )-geodesic segment
a; between its endpoints (shown in blue). To show that the triangle is %—slim, it then suffices to

show that for each Js oz}_l u oz} is C(gA)-distance 1 from some Oli withi # 1.

the C(gA)-distance between any vertex of oe_j. and pji. or p; 41 is at most 1. It therefore
suffices to show that given any vertex p} of yj, either oe}fl or oc} is C(gA)-distance 1
from some o} with i = 2 or 3; see Figure 8.

If A has no edges, then (A) is the free product of the vertex groups, hence S(gA)
is a tree of simplices, that is, any cycle in S(gA) is contained in a single simplex (a
coset of a vertex group). Therefore, any two paths in S(gA) with the same endpoints are
contained in the 1-neighbourhood of each other, and in particular y; is contained in the
1-neighbourhood of y; U 5. Thus, any vertex of y; is at distance at most 3 from y, U y3
in C(gA).

Now suppose that A has at least one edge, so that it has a vertex w with non-empty
link. We may also assume that A does not split as a join; otherwise, C(gA) has diameter
2 by Remark 3.7 and hence is clearly %-hyperbolic. Take a vertex p} of y;. If p ]1 is one of
the first or last four vertices of y1, then it is at distance at most 3 from y, or y3 in C(gA).
Otherwise, p} is an endpoint of two consecutive edges L;j_; and L; of y; labelled by
strict subgraphs A;_; and A; of A. We must have A;_; U A; = A, as otherwise we
could replace these two edges with a single edge labelled by Aj_; U A;, contradicting
y1 being a C(gA)-geodesic. It follows that all vertices of A appear as labels on the edges
of the geodesic segments a}_l and a} of y; corresponding to L;_; and L;. Consider the
collection &, of edges of @] | U ] labelled by the fixed vertex w with lk(w) N A # 4,
and consider the collection J¢,, of hyperplanes in S(gA) dual to the edges in &,,. We
proceed to construct an S(gA)-path from an edge of &, to some o’ withi = 2 or 3, either
by travelling through the carrier of a single hyperplane, labelled by st(w) N A & A, or by
following a sequence of combinatorial hyperplanes labelled by Ik(w) N A & A. Since this
path will be labelled by a proper subgraph of A, the C(gA)-distance between its endpoints
will be 1.
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Figure 9. The outermost hyperplane Hg of #¢, and its outermost combinatorial hyperplane H(’).

Suppose some hyperplane H € J,, also crosses a geodesic segment aﬁ of y5 U yj.
Since the carrier of H is labelled by vertices of st(w) N A, and st(w) N A is a strict
subgraph of A because A does not split as a join, it follows that p_} is at most C(gA)-
distance 3 from either y, or y3, as desired.

Suppose therefore that no hyperplane of #,, crosses y5 U y5. This means that each
H e ¥, must cross y; a second time (Remark 2.20). Further, Proposition 2.19 (5) tells
us that no two hyperplanes labelled by the same vertex may cross each other. It follows
that there exists an outermost hyperplane Hy of #,,; that is, no hyperplane of J, crosses
edges of y; both earlier and later than Ho does. Moreover, Hy has an outermost com-
binatorial hyperplane H; see Figure 9. Note that since this combinatorial hyperplane is
labelled by vertices of Ik(w) N A & A, the C(gA)-distance between any two points on H
is 1. In particular, since y; is a C(gA)-geodesic, it follows that the segments «! and a,i
that H intersects must satisfy [k — r| < 2. As we know that Hy crosses a}_l U a}, this
implies that Hj must intersect o }_1 Ua ]1 too. Recalling that a hyperplane may not cross
the same geodesic twice (Proposition 2.19 (4)), we may therefore suppose without loss of
generality that r = j and j <k < j 4+ 2 (thecases where j —2 <k < jorr=j—1
proceed similarly).

Let Ey be the edge of &, on a} that Hy crosses, and let e; and e, denote its endpoints.
Let Fy be the edge of a,i labelled by w that Hy crosses, and denote its endpoints by f;
and f>. Then there is a path 1 connecting e; and f> that is contained in the combinatorial
hyperplane H; labelled by vertices of Ik(w) N A & A. Furthermore, if w does not appear
as a label of an earlier edge of a} or a later edge of oy, then dga(p}, py,,) = 1 as the
path obtained by travelling from p Jl to e; along o }, then from e; to f, along 7, then
from f5 to p,i 4 along ox,i is labelled by the proper subgraph A ~ w. This contradicts
the assumption that y; is a C(gA)-geodesic. On the other hand, if w appears as a label
of an earlier edge E_; of oz} (take the closest one to Eg) but not a later edge of oc,i,
then the corresponding hyperplane H_; must cross a segment oell with [ < j (since Hy
is outermost), and there exists an S(gA)-path & labelled by A ~ w connecting ¢; and « 11.
Then the C(gA)-distance between the endpoints of the path £ U n is 1 and so we obtain
dea(p ll , p]i +1) =2, acontradiction. There therefore exists some edge labelled by w which
appears after Fy on oz,i. Let E be the closest such edge to Hyp, and consider the hyperplane
Hj dualto E;.
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p]—l pj P]_H

Figure 10. By following a sequence of combinatorial hyperplanes, we obtain a path labelled by
A ~ w (shown in red) that must eventually leave y| and cross y, U y5.

If H; crosses ! with |s — j| > 3, then we obtain a contradiction since we have a
path in C(gA) from pj to pg,, (or p}, | to pg if s < j) of length at most 3. If H;
crosses &} with |s — k| > 3, then similarly we obtain a contradiction. Assume therefore
that |s — j| < 2 and |s — k| < 2. Note that since Hy and H; cannot cross, we must have
s<jors>k.

If s < j, then we must have k = j + 1 and s = j — 1. In this case, H; crosses a}_l,
which contradicts our assumption that Hy is an outermost hyperplane of #,,. Thus, H;
cannot cross any o} with s < k. This implies that if H; crosses a segment aé withi =2
or 3, then we can conclude that p} is at most C(gA)-distance 3 from either y, or ys,
by following a sequence of geodesics labelled by vertices of Ik(w) N A and contained in
combinatorial hyperplanes associated to Hy and H;; see Figure 10.

On the other hand, if H; crosses a! with s > k, then k = j + 1 and s = j + 2.
Repeating the same process, there must exist a later edge of ! labelled by w. Let H, be
the hyperplane dual to the closest such edge to H;. If H; also crosses oz,l where ¢ # s, then
wemusthavet < j =s—2ort>s = j 4 2, as H, cannot cross the previous hyperplanes.
However, the first case results in | — s| > 3, and the second case gives |t — j| > 3, both
of which give a contradiction. Therefore, H, must cross oc; where i = 2 or 3. Following
the sequence of geodesics labelled by vertices of A ~ w, we again see that p ]1 is at most
C(gA)-distance 3 from either y; or ys. |

A similar technique can moreover show that the spaces C(gA) are quasi-trees, by
applying Manning’s bottleneck criterion.

Theorem 4.3 (Bottleneck criterion [21]). Let Y be a geodesic metric space. The following
are equivalent:
(1) Y is quasi-isometric to some simplicial tree T ;

(2) there is some A > 0 so thatforall y,z € Y there is a midpoint m = m(y, z) with
d(y,m) =d(z,m) = %d(y, z) and the property that any path from y to z must
pass within a distance A of m.
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Theorem 4.4. For each [gA] € Gr, either [gA] is E-minimal or C(gA) is a quasi-tree.

The proof of Theorem 4.4 proceeds similarly to the proof of Lemma 4.1, with the
role of y; being played by a geodesic from y to z containing the midpoint m(y, z), and
replacing y, U y3 with an arbitrary path from y to z.

Proof. Suppose that [gA]is not =-minimal. Let x, y € C(gA), let y be a C(gA)-geodesic
connecting x and y, and let § be another C(gA)-path from x to y. From y and 8, we
may obtain paths y’ and 8’ in S(gA) by replacing each edge with a geodesic segment in
S(gA). Note that any point on such a segment is C(gA)-distance 1 from the endpoints of
the segment. Let m be the midpoint of y, so that m is either a vertex of y or a midpoint of
an edge.

If A has no edges, then S(gA) is a tree of simplices in the same manner as in the
previous proof, and in particular any two paths in S(gA) between x and y are contained
in the 1-neighbourhood of each other. Applying this to y’ and B’ shows that m is at distance
atmost A = % from 8.

Now suppose that A has at least one edge, and let L and L, be two edges of y
adjacent to m (if m is the midpoint of an edge L, pick L and one edge adjacent to it).
Then L; and L, are labelled by strict subgraphs A; and A, of A suchthat A; U Ay = A.
Thus, either A1 or A, contains a vertex w with non-empty link, and w therefore appears
as a label of a hyperplane crossing an edge of the corresponding geodesic segments o1
and o, of .

We can now repeat the argument in the proof of Lemma 4.1 to find a path connecting
a1 U ay to B’ that is labelled by a proper subgraph of A. It follows that m is at most
C(gA)-distance A = % from . L]

4.2. Finite complexity and containers

Lemma 4.5 (Finite complexity). Any set of pairwise E-comparable elements has cardin-
ality at most |V (I')|.

Proof. If [gA] E [h2] and A and 2 have the same number of vertices, then we must have
A = Q and [gA] = [kA] = [k2] = [hL2] for some k € Gr. Therefore, any two distinct
C-comparable elements must have different numbers of vertices. Thus, any set of pairwise
E-comparable elements has cardinality at most |V (I")]. |

Lemma 4.6 (Containers). Let [hQ2] = [gA] be elements of ©r. If there exists [kI1] € G
such that [kT1] E [gA] and [kTT| L[h2), then [kT1] E [a(Ik(2) N A)] = [aA], where a €
Gr satisfies [a\] = [gA] and [aR2] = [hR2].

Proof. First, since [kI1] = [gA] and [k TT] L[A 2], we have IT € A and IT C 1k(£2), hence
IT € 1k(2) N A & A. Next, let b € Gr be such that [bIT] = [kII] and [b2] = [A2], and
let ¢ € Gr be such that [cIT] = [kI1] and [cA] = [gA]. We claim that there exists d € G
such that [k IT] = [d 1] and [a(1k(2) N A)] = [d(1k(£2) N A)], which would complete our
proof.
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Indeed, k~'a = k~'bb~1a = k~1cc™a, and we know that
supp(k~1b) C st(IT), supp(h~'a) C st(Q)

and
supp(k~1c) C st(IT), supp(c™la) C st(A).

Writing p = prefix ) (k~'a), we have p~'k~'a = s, where s satisfies prefix ) (5)
=e. That s, prefix ) (p~'k~'bb~'a)=e. Since p~'k~'b e (st(I1)) and b~ a € (st(R)),
this implies that p~'k~'a € (st(2)). Similarly, writing k ~'a = k~'cc~'a shows us that
p~'k7la € (st(A)).

That is to say, we can write k~!a = ps, where p € (st(IT)) and s € {st(2) N st(A)).
But Q2 € A and Ik(A) € 1k(2), hence

st(R) Nst(A) = Q UTk(A) U (Ik(R) N A).

Moreover, Q Ulk(A) C Ik(Ik(2) N A), hence s € (st(Ik(2) N A)). Thus, klas™! = p €
(st(TT1)) and @ 'as™! € (st(Ik(Q) N A)). Letting d = as—', we have [kI1] = [dI1] and
[a(Ik(2) N A)] = [d(k(2) N A)] as desired. [

4.3. Uniqueness

Here we prove the uniqueness axiom, which tells us that all geometry of Gr is witnessed
by some associated space C(gA). This means we do not lose any geometric information
through our projections. We also use this axiom to classify boundedness of the hyperbolic
spaces C(gA). In what follows, | - |G- denotes the word length on Gr with respect to the
generating set S defined at the beginning of Section 3.

Lemma 4.7 (Uniqueness). Let Gt be a graph product of finitely generated groups. For
all g € Gr, ifdpa(e, g) <r forall h € Gr and subgraphs A C T, then

glor = @V Dlr 42)/V O,

Proof. Let r > 0. If T is a single vertex, then the conclusion is immediate as the only
subgraph is I" and dr(e, g) = |g|G = r. Suppose that I' contains n + 1 vertices and
assume that the lemma holds for any graph product of finitely generated groups whose
defining graph contains at most n vertices. Suppose that g € Gr with dyx (e, g) < r for
all & € Gr and subgraphs A C T'.

Since dr (e, g) <r, there exist proper subgraphs A; C I' and elements A; with supp(4;)
= A;sothatg =A;...A; anddr(e,g) = m <r. We shall see that djq (e, g) < r implies
that djq (e, A;) is uniformly bounded for each 2 C A; and & € (A;). Since each (A;) is a
graph product on at most n vertices, induction will imply that the word length of each A;
is bounded, which in turn will bound the word length of g.

If T splits as a join I' = Ay >< Ay, then any element g € Gr can be written in the
form g = A1 Ay, where A; € (A;) fori =1,2and |g|g, = |A1lgp + |A2]|Gr- Moreover, if
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he(A;)and Q C A;,then gq(g) = h-prefixg(h~1g) = h-prefixg (h'A;) = gra(A:).
Therefore, dpq (e, i) = dpa (e, g) < r and by induction |A;|g. < (2"r 4 2)" fori = 1,2.
Thus, |glr < 2(2"r +2)" < (2" T1r 4+ 2)n+L,

Suppose that I" does not split as a join, and define pg = ¢ and p; = A; ... A; for
i €{l,...,m}. Note that the p; are the vertices of the C(I")-geodesic connecting e and g
with edges labelled by the A;. By Lemma 3.5, we can assume that suffix s, (p;—1) = e for
eachi € {2,...,m} and that there exists an S(I")-geodesic connecting e to g that contains
each p; asavertex. Fixi € {1,...,m}, h € (A;),and Q C A;.

As stated above, we wish to show that djq(e, A;) is bounded uniformly in terms
of r so that we can apply the induction hypothesis. Since djq (e, A;) is independent of
the choice of representative of the coset h{€2), we can assume that suffixg (h) = e. To
achieve the bound on djq (e, A;), we use the following two claims plus the assumption
that dpq(e. g) <.

Claim 4.8. 7, _ no(pi—1) = 7mp,_ nale).

Proof. By equivariance and the prefix description of the gate map (Lemma 2.23),

8pih(Pi-1) = pi—1h - prefixg(h™")
and

api_ih(€) = piih - prefixg (h™" pi ).
Since prefix 4, (pi__ll) = e, we have prefixg (pl.__ll) = e too. Moreover, since h € (A;) and
prefixg (p;}}) = e, we have prefixg (h~! p;”!,) = prefixg(h™!) and so qp, ,he(pi—1) =
ap;_ne(e). This implies that 7w, po(pi—1) = 7p,_ na(e). |
Claim 4.9. d,,_ ro(pi.g) <.
Proof of Claim 4.9. Recall that we can write each A; in reduced syllable form to produce
an S(I")-geodesic connecting e and g and containing each p; as a vertex (Lemma 3.5).

Thus, Lemma 3.13 says that dp,_,n(pi, &) < dp,_,ne(e, g) and d,,_ no(e, g) < r by
assumption. ]

By the equivariance of the gate map (Proposition 2.21 (2)),

dnale, Ai) = dp,_na(pi-1, pi).
Claim 4.8 then implies that

dpi_ine(Pi—1, pi) = dp,_inele. pi) < dp_inale, g) +dp,_ nal(g, pi).

Since dp,_,nq(e, g) < r by assumption and d,,_ (g, pi) < r by Claim 4.9, we have
drq(e,A;) =dy,_ no(pi—1, pi) <2r foreach h € (A;) and 2 C A;. The induction hypo-
thesis now implies that the word length of A; in (A;) is at most (2" (2r) + 2)". Thus, we
have

lgler < r@"r +2)" < (@0 Hy 4 2yt

because each graphical subgroup is convexly embedded in the word metricd on Gr. =
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The uniqueness axiom allows us to classify boundedness of the hyperbolic spaces
C(gM).

Theorem 4.10. For any g € Gr and any subgraph A of T containing at least two vertices,
the space C(gA) has infinite diameter if and only if A does not split as a join.

Proof. Recall that if A splits as a join, then diam(C(gA)) < 2 by Remark 3.7. Suppose

therefore that A does not split as a join and let vy, ..., vg be the vertices of A. For each
i e{l,... k}, picks; €Sy, where Sy, is the finite generating set for G,, that we fixed
at the beginning of Section 3. Define A = s1...s;. Foreach i € {1,...,k} and j €

{1,...,n}, let 5] be the jth copy of s; in the product (s ...sk)" = A"; that is, A" =
(s} s,i)(sfsi)(si’s,’c’)

We claim that for each n € N, (s} .. .s,i) ... (s7 ... s7) is a reduced syllable expres-
sion for A". Indeed, if (s{ .. .s]i) ... (sT...57) is not reduced, then there exists si] that
is combined with some sl-l (j # £) after applying some number of commutation rela-
tions (Theorem 2.4). However, if sf were to be combined with sij , then 5; would need
to commute with each of sy, ...,8;—1,Si+1,...,S¢. This only happens if the vertex v; is
connected to every other vertex of A, but this does not happen as A does not split as a
join. Therefore, (si ...s;)... (s} ...s}) is a reduced syllable expression for A", and we
have [A"|s1 = kn foralln € N.

To prove C(gA) has infinite diameter, we use the following claim plus the uniqueness
axiom to show that d (e, A”*) can be made as large as desired by increasing .

Claim 4.11. Forall Q C A, h € (A),andn > 2,dpq(e, A™) < 3.

For now we accept Claim 4.11, deferring its proof until after we have proved that
C(gA) has infinite diameter.

For the purposes of contradiction, assume that there exists R > 0 such thatdp (e, A") <
R foralln € N. By Claim 4.11, for every proper subgraph Q < A and & € (A), we have
dna(e, A") < 3. Applying the uniqueness axiom (Lemma 4.7) to the graph product (A) =
G A, this implies that there exists D = D(R,|V(A)|) > O such that |A"|g, = |A"|gr < D
for all n € N. However, this is a contradiction as [A"|g. > [A"|y1 = kn for all n € N.
Thus, for each R > 0, there exists ng such that dj (e, A"R) > R. Therefore, C(A), and
hence C(gA), has infinite diameter. |

Proof of Claim 4.11. Let Q € A be a proper subgraph and /& € (A). Since dpg(e, A™)
does not depend on the choice of representative of the coset 7{€2), we can assume that
suffixq (h) = e, and thus prefixg (h™!) = e.

Recall that 7,0 (e) = h - prefixg (h™!) and mq(A") = h - prefixg (h~1A") (Remark
3.10). Since prefixg (h™1) = e, it suffices to prove that dg (e, h~1A") < 3. We can also
assume that prefixg (h~1A") # e.

Proposition 3.11 tells us that all syllables of prefixg (A~ A") are syllables of 1. As
prefixg (h~1A") # e, there must existi € {1,...,k}and j € {1,...,n} such that sij is the
first syllable of (s} .. .s,i)(sf . .s,f) ... (s7...sy) thatis also a syllable of prefixg (h~1Am).
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Let{,m € {1,...,k} be such that vy € V(A ~ st(2)) and v, € V(R2) is not joined to
vg by an edge. These vertices exist since A does not split as a join and thus A & st(£2). We
will show that prefixg (h~!A") can be written as a product p; p, p3 where supp(p-) is a
single vertex v of Q and supp(p1), supp(p3) € 2 ~ v. This implies that the C(£2)-distance
between e and prefixg (A1 A") is at most 3, which in turn says that d,q (e, A") < 3.

Suppose that i < £. Since vy ¢ V(2), every syllable of prefixg (2 ~1A") must either be
one of le sijﬂ, e, slf_l or must commute with sg. As s, does not commute with sy, it
follows that no s/, is a syllable of prefixg (2 ~'A") for J > j. Therefore, prefixg (A1 A")
can contain at most one syllable with support v,,, namely s2,. Thus, prefixg (h71A") =
Pp1p2p3 with supp(p1) € Q2 ~ vy, supp(p2) S vm, and supp(p3) S 2 ~ vy,. Note that
if Q@ = vy, then prefixg (h~1A") = py = s,],; and dpq(e, A") = dg(e,s,],',) = 1 because

S € Sy, -
The case i > £ proceeds similarly since every syllable of prefixg (A~'A") must either
be one of 57,57, 1.....5(. s{“, e, séjll or must commute with sZ’H. n

In Section 5, we use our characterisation of when C(gA) has infinite diameter to
answer two questions of Genevois [16] (Theorems 5.14 and 5.16).

4.4. Bounded geodesic image and large links

As the bounded geodesic image axiom is used to prove large links, we include both in this
section.

Lemma 4.12 (Bounded geodesic image). Let x,y € Gr and [h2] & [gA]. For any choice
of representatives hQ2 € [hQQ] and gA € [gA], if dpq(x,y) > O, then every C(gA)-
geodesic y from g (X) to wga(y) intersects the closed 2-neighbourhood ofpgsg.

Proof. We first need to establish that when [22] = [gA], gating onto /(€2) is the same as
first gating onto g(A) and then gating onto /2(€2). This will allow us to relate 7g 5 (x) and

Tha(x).

Claim 4.13. If [hQ2] C [gA], then gpa(gea (X)) = gna(x) for all x € Gr and for all
representatives gA € [gA] and hQ2 € [hQ].

Proof. Letk € Gr so that [kQ2] = [h2] and [kA] = [gA]. Without loss of generality, we
can assume that x ¢ g(A).

Suppose that we have g0 (gga (X)) # gre(x). Then there is a hyperplane H separat-
ing gre(aga(x)) and g (x). By Proposition 2.21, H also separates gga (x) and x and
cannot cross g(A). However, we know that H crosses h(Q2) C h({A) and by parallelism
(Proposition 3.2) H must also cross k(2) € k(A). But kA|gA, so H must also cross
g(A). This contradiction means that we must have gpo(gga (x)) = gra(x). L]

Let y be a C(gA)-geodesic from mgp (x) to mga(y) and let py, ..., p, € (A) so
that wga (X) = gp1.8P2.-...8Pn = e (y) are the vertices of y. Let ; be an S(gA)-
geodesic from gp; to gp;+1 foreachi € {1,...,n — 1}. Let y’ be the path in S(gA) that
is the union of all the «; .
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Figure 11. The S(I")-geodesic 1 connecting bg € 1(2) and ag €a; when dj g (x, y) is larger than O.

Suppose that djq(x, y) > 0. Then dgyi(gra(x), gre(y)) > 0 and so there is a hyper-
plane H separating gaq(x) = gra(gga(x)) and gra(y) = gra(gga(y)) thatis labelled
by a vertex w € V(2). The hyperplane H then also separates gga(x) and gga(y) by
Proposition 2.21. Thus, H must cross one of the segments «; that make up y’. Since H
crosses both /2(€2) and o; and H cannot separate gga (x) from gpo(x) = gro(gga(x))
nor gga(y) from gxo(y) = ara(gga(y)) (Proposition 2.21 (4)), there exists an S(I')-
geodesic, 7, from an element by € h(2) to ag € o; that is labelled by vertices in lk(w);
see Figure 11.

Leta; = mga(ao) and by = g (bo). Since n was labelled by vertices in Ik(w), Pro-
position 3.11 tells us we have supp(ay 'b1) € Ik(w) N A, which is a proper subgraph of A.
Thus, in the subgraph metric, dgA(oei,pg%) <lasaj; € mga(o;) and by € mep (h(R2)) C
pgﬁ. As «; is labelled by a proper subgraph of A, any subsegment is also labelled by a
proper subgraph, hence dga (ga, gpi+1) < 1 for any vertex ga of o;. Thus, dga (ga,y) <1
and therefore dg A (7, pgﬁ) <2. |

‘We can now use the bounded geodesic image axiom together with the following lemma
to prove large links.

Lemma 4.14. Let [gA], [h2] € ©r. For any representatives g\ € [gA] and h2 € [h$2],
if diam(mgp (h(S2))) > 2, then [gA] E [h€2].

Proof. If [gA] M [hQ] or [hQ2] & [gA], then 7o (R(Q)) C pg%, which is shown to have
diameter at most 2 in Lemmas 3.18 and 3.22. If [gA] L [22], then A C1k($2). Let w € (Q2).
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Then gga (hw) = g - prefix 4 (¢~ hw). Assume without loss of generality that
suffixa(g) = e and suffixg(h) =e.

By Proposition 3.11, all syllables of prefix (¢~ 'hw) are syllables of hw. Further, since
A C 1k(R2), we have supp(w) N A = @. As suffixg (h) = e, this implies that

prefix , (g~ hw) = prefix, (g1 h).
Thus, wga (hw) = g - prefix, (g7 1h) for all w € (), and so diam(7ga (2(R2))) =0. =

Lemma 4.15 (Large links). Let x,y € Gr andn = dgy(x, y), where k € Gr and I1 C T
There exist [h1R21], ..., [hn2,] € ©r each nested into [kI1] so that for any [gA] € G
with [gA]  [kTT], if dga (x, y) > 18 for some representative of [gA], then [gA] E [h; 2]
for somei €{l1,...,n}.

Proof. Let y be a C(kI1)-geodesic connecting 71 (x) and 7 (), let

7 (X) = pos P1s---» Pn = Tk (y)

be the vertices of y, and let A; :pi__llp,- foreachie{l,...,n}.Forie{l,...,n},define T;
to be pi—_1 - (supp(4;)). Note that p; € T; N T;4+1, and T; € k(IT) since p;—; € k(I1) and
supp(A;) & II. In particular, [7;] & [kII]. Note also that 7z 1(7;) = T; is contained in the
closed 1-neighbourhood of p; in C(kTII), because supp(A;) is a proper subgraph of IT.
Next, let [gA] € ©r with [gA] & [kII] and suppose that dga (x, y) > 18 for some
representative gA € [gA]. We shall show that [gA] = [T;] for some i € {1,...,n}. Since
we have established the bounded geodesic image axiom (Lemma 4.12), we have y N
J\/Z(pkn) # 0, where N;(A) is the closed r- nelghbourhood of A in C(kIT). Let j be
the first number in {0, ..., n} so that p] € M (/Okn) and recall that each 711 (7T;) =
is contained in N7 (p;) and d1am(p ) <2 (Lemma 3.18). Therefore, if 1 <i < j or
i > j + 10, then
men(T;) O Na(pfpy) = @

and the bounded geodesic image axiom says that g (7;) is a single point.
Since T,y NT; #@fori € {2,...,n}and x € Ty, y € Ty, we have

n

j
ngA(U n) = 7ea(x) and ngA( U n) = 7ga (7).

i=1 i=j+10
whenever j > 0 and j 4+ 9 < n, respectively. This implies that

min{n,j+9}

dea(x.y) = Y diam (mea(T))).
i=j+1

Since dga(x, y) > 18, there must exist jo € {j + 1,..., min{n, j + 9}} so that
diam(mga (7j,)) > 2. By Lemma 4.14, this implies that [gA] = [T},]. [
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4.5. Partial realisation

We now prove partial realisation, which roughly says that given a collection of pairwise
orthogonal [g; A;] € Gr, the hyperbolic spaces C(g; A;) give a coordinate system for Gr.
We first prove that we can always represent » mutually orthogonal elements of Gr
by the same group element, and similarly for nesting chains. This allows us to simplify
arguments involving three or more orthogonal domains by working within a fixed coset.

Proposition 4.16. Ler [g1A1], ..., [gnAn] € ©r. If either [g1A1] E ... E [gnAn] or
[g1A1]s - .., [gnAn] are pairwise orthogonal, then there exists g € Gr so that [g\;] =
[giAi] foralli € {1,...,n}.

Proof. We proceed by induction. The initial case n = 2 is true by definition. Suppose
that the statement is true for all n < m, and consider n = m; that is, we have [g1 A4], ...,
[gm Am] € ©r which are either pairwise orthogonal or nested. Then, in particular, [g; A1],
.o, [gm—1Am—1] are pairwise orthogonal (respectively nested), hence there exists g €
Gr such that [gA;] = [giA;] for all i < m. Since [gA;] = [giA;] if and only if [A;] =
[¢7'giAi], we can assume that g = e without loss of generality. Then [A;]L[gmAm]
(respectively, [A;] E [gmAm]) for each i < m, so for each i < m there exists k; such
that k; € (st(A;)) and g,,'k; € (st(Am)). Let h be the shortest prefix of gy such that
Znulh € (st(Am)). Since g, 'k; € (st(An,)) for each i € {1,...,m — 1}, we know that
supp(h) € supp(k;) < st(A;) for each i < m. Hence [A;] = [hA;] for each i < m and
[gmAm] = [hAn]. Thus, by induction the statement is true for all 7. |

Lemma 4.17 (Partial realisation). Let {[g;A;]}}_, be a finite collection of pairwise ortho-
gonal elements of @r. For each i € {1,...,n}, fix a choice of representative g; \; for
[giAi] and let p; € C(giA;). There exists x € Gr so that

e dga, (x,pi) =0foralli;

» foreachi and each [hQ2] € Gr, if [gi Ai] & [h2] or [h2] N [g; A;], then for any choice
of representative hQ € [hQ2] we have djq(x, p;‘:bA") =0.

Proof. By Proposition 4.16, there exists some g € Gr such that [g; A;] = [gA;] for all i.
Define p; = gga; (pi) = gAi, where A; € (A;),andletx = gA1A2...A,. Then gy, (x) =
g - prefixy, (g7'x) = gA; = mga,(pi) for each i, since orthogonality tells us that the
elements A; all commute with each other and the subgraphs A; are all disjoint. Therefore,
dga, (x, pi) = 0forall i, and so by Lemma 3.8, we have dg, 5, (x, p;) = 0 for all 7.

Now suppose that [gA;] T [h€2] or [gA;] M [h2] for some i € {1,...,n}and [AR2] €
©r. Since Aj C 1k(A;) C st(A;) foreach j # i, we have x = gA; ... A, € g(st(A;)).
Thus, mho(x) € mra(g(st(A;))) = pié" for any choice of representative hQ2 of [h€2].
Moreover, we have

pia = | mek(r) = pfa
kAillgAi

since g; Aj||gA;. This implies that djq (x, piiszAi) =0. [
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4.6. Consistency

Finally, we prove consistency, which says that given two transverse domains [gA] and
[A2] in Gr, each element of Gr projects uniformly close to one of the lateral relative
projections pié and pgﬁ

Our proof shall proceed by contradiction. Assuming that each element of Gr projects
far from both lateral projections, we can use Lemma 4.14 to show that [gA] & [h Ik(w)]
for each vertex w of 2, which will imply that [gA] L[hw] for each vertex w of 2. We then
obtain [gA] L[72] by adapting the proof of Proposition 4.16 to show that we may promote
orthogonality with multiple domains to orthogonality with their union. This contradicts
[gA] th [h€2].

Lemma 4.18. Let [gA1], ..., [gAn-1].[kAy] € ©r. If [gA;)L[kA,] for all i < n, then
(& Ui <n AilLIkAR]

Proof. Since [gA;]L[kA,] if and only if [A;]L[g"'kA,], we may assume that g = e.
By orthogonality, for each i < n there exists k; such that k; € (st(A;)) and k~'k; €
(st(Ap)). Following the proof of Proposition 4.16, let i be the shortest prefix of k& such
that k =1/ € (st(A,)). Then supp(h) C supp(k;) C st(A;) foralli < n,soh € (st(A;)) for
alli < n. Therefore, h € ((); ., st(A;)) € (st(|J; <, Ai)), hence [|; ., Ail = [hU; o, Ail
and [kA,] = [hA,]. Moreover, by orthogonality, A, C 1k(A;) forall i < n, hence A, C
(i <n Ik(A;) = k(U, -, Ai). We therefore have [, _,, Ai]L[kA,]. ]

i<n
Lemma 4.19 (Consistency). If [gA] h [h2], then for all x € Gr and for any choice of
representatives g\ € [gA] and hQQ € [h2] we have

min {dpq (The(x). pfg). dga (mga (). P} <2. (%)
Further, if[kl'[] = [gA] and either [gA] T [hQ2] or [gA] N [hQ2] and [h2] X [kT1], then
th(PhQ th) =

Proof. We prove (x) by contradiction. Suppose that

dhsz(ﬂhsz(x)vpfé) >2 and dgA(”gA(x)’ngxz) > 2.

Then we also have

dyi(gne(x), ara(g(A))) > 2 and dgyi(gga(x). gea(R(2))) > 2.

Thus, gpo(x) and g, (g(A)) are separated by some hyperplane H,, labelled by a vertex
w of Q. By Proposition 2.21 (5), Hy, also separates x and g(A). In particular, Hy, crosses
any S(I")-geodesic segment y connecting x and g(A). Because of Proposition 2.21 (4),
H,y, cannot separate g(A) and gpq(g(A)) as Hy, crosses h({€2). Thus, there exists a com-
binatorial hyperplane of H,, contained in the same component of S(I") ~ H,, as both
g(A) and gpq(g(A)). Let H), be this particular combinatorial hyperplane of H,,; see
Figure 12.
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h(S)
gga(x) ana(x)
aga (h(2)) ana(g(A))

Figure 12. The combinatorial hyperplane H;, of Hy, that is in the same component of S(T') ~ Hy,
as both g(A) and g0 (g(A)).

We claim that diam(zga (H),)) > 2. By construction, H, contains both a vertex
of h(Q2) and a vertex of y. Thus, wga (H,,) contains points from both mga (h({€2)) and
g (). Since gg A (x) is the unique point in g (A) that minimises the S(I")-distance from
x to g(A), we have gga () = gga(x) € mga (H,,). Since

de (ea (x). mga (R(U(R)))) = dea (mea (). PgR) > 2.

and g (H,,) must contain points from both mga (x) and mga (h(€2)), we must have
diam(mwgp (H))) > 2.
By Remark 2.18, H/, € h(lk(w)). Thus, diam(wg 4 (H,,)) > 2 implies that

diam (g4 (h(lk(w)))) > 2.
Lemma 4.14 then forces
[geA] E [h lk(w)] = [h st(w)].

This implies that A C lk(w) and that there exists k € Gr such that [kA] = [gA] and
[k st(w)] = [h st(w)]. Since st(st(w)) = st(w), [k st(w)] = [k st(w)] implies that [kw] =
[Aw]. Thus, [gA] = [kA] L [kw] = [hw]. Moreover, since dhg(nhg(x),pflé) > 2, every
vertex of € must appear as an edge label for the S(/4£2)-geodesic connecting gpq(x)
and gn0(g(A)). Therefore, such a hyperplane H,, exists for every vertex w of €2, and so
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[gA] L [hw] for all w € V(2). Lemma 4.18 then tells us that [gA] L [A£2], contradicting
transversality. Hence inequality () must hold.

Now suppose that [kI1] = [gA] and either [gA] = [12] or [gA] th [A2] and [A2] A[KTT].
Then there exists some element a such that [kT1] = [aIl] and [gA] = [aA]. Therefore,
mne(a () € pfd and mag (a{A)) S pfg. Buta(IT) S a(A), so dua(pkg . pfg) =0. m

4.7. Compatibility of the group structure

The results so far show that a graph product Gr can be given the structure of a relative
HHS. It remains to show that this structure agrees with the group structure of Gr-.

Lemma 4.20. The map ¢ : Gr x Gr — ©r, where ¢(a, [gA]) = [agA], defines a E-,
L-, and th-preserving action of Gr on Gr by bijections such that Gy contains finitely
many Gr-orbits.

Proof. Let ¢, = ¢(a,-). This is well defined, since [gA] = [kA] if and only if [agA] =
[ak A]. Further, since ¢, does not alter the subgraph A, it preserves the orthogonality,
nesting, and transversality relations. Each ¢, is also a bijection: if [agA] = [ah2], then
A = Q and (ag)~'(ah) = g7 h € (st(A)), hence [gA] = [hL], proving injectivity. Sur-
jectivity holds since we can always write [gA] = ¢4 ([a~'gA]). Finally, there are finitely
many Gr-orbits; one for each subgraph A C T'. ]

Lemma 4.21. For each subgraph A C T' and elements a, g € Gr, there exists an isometry
agn:C(gA) — C(agA) satisfying the following for all subgraphs A, Q2 C I and elements
a,b,g,h € Gr.

*  The isometry (ab)gp: C(gA) — C(abgA) is equal to the composition
apgn ©bgan: C(gA) — C(abgA).

* Foreach x € Gr, we have agp (wgp (X)) = Tagn (ax).

» If[hQ] th [gA] or [hQ) & [gA], then aga(p") = pihS.

Proof. Let the isometry ag be left-multiplication by a; that is, for any gx € C(gA), let
agp(gx) = agx. Then

» the equality (ab)ga = apga © bga is immediate from our definition;

* we have agp (g (X)) = maea (ax) by Proposition 2.21 (2);

* the final property follows as an immediate consequence of the previous one and the
definition of the relative projections. ]
4.8. Graph products are relative HHGs

We now compile the results from Section 4 to obtain the main result of this paper, that any
graph product of finitely generated groups is a relative HHG.
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Theorem 4.22. Let Gt be a graph product of finitely generated groups. The proto-hier-
archy structure Gy from Theorem 3.23 is a relative HHG structure for Gt with hierarchy
constant max{18, |V(I")|} and uniqueness function

0(r) = VOl 4 2)VIOI,
Proof. Let @r be the proto-hierarchy structure for (Gr, d) from Theorem 3.23. The work
of this section has shown that G is a relative HHS structure for (Gr, d).

(1) We proved that the spaces associated to the non-=-minimal domains of G are
%—hyperbolic in Lemma 4.1.

(2) We proved finite complexity in Lemma 4.5.
(3) We proved the container axiom in Lemma 4.6.

(4) The proof of the uniqueness axiom follows from Lemma 4.7, since if d¢((ga]) (X, )
is uniformly bounded for all [gA] € Gr, then Lemma 3.8 implies that dg (x, ¥)
has the same uniform bound for all g € Gr and A C T'.

(5) We proved the bounded geodesic image axiom in Lemma 4.12.
(6) We proved the large links axiom in Lemma 4.15.

(7) We proved the consistency axiom in Lemma 4.19.

(8) We proved the partial realisation axiom in Lemma 4.17.

We now verify the remaining axioms required for (Gr, d) to be a relative HHG, as laid
out in Definition 2.27.

Let ¢ : Gr x ©r — Gr be the map ¢ (a, [gA]) = [agA]. By Lemma 4.20, this is a
well-defined Gr-action by bijections that preserves the nesting, orthogonality, and trans-
versality relations and has finitely many orbits.

Foreach [gA]€®r, let gA denote the fixed representative of [gA] such that C([gA]) =
C(gA); see the proto-hierarchy structure in Theorem 3.23. Left multiplication by a € Gr
gives an isometry agA: C(gA) — C(agA) for each g € Gr and each subgraph A C I'. For
eacha € Gr and [gA] € Gr, define ajop1: C(gA) — C(agA) by ajga] = gaga ©aga.

Leta,b € Gr and [gA], [h2] € ©r. We now verify the remaining axioms of a relative
HHG (Definition 2.27).

* LetA € (A). Toshow (ab)[ga] = a[pga] © b[ga], We Will show that
(ab)[ga1(&8A) = (apga) © bga))(84).
Using the last clause of Lemma 3.8, we have
(ab)(gA]1(ZA) = Gppp (@bGA) = abg - pap].,
where p,p = prefix, ((abg)™! - abg). Similarly, we have
(ajpga] © biga1)(84) = apea)(bg - pyA) = abg - papsh,

where p; = prefix, (bg) ™" - bg) and p, = prefix , ((abg)™! - abg). Thus, it suffices
to prove that p, pp = pap-
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Since bg and bg are both representatives of the parallelism class [bgA], we have
(bg)~' - bg € (st(A)). Therefore, (bg)~' - bg = pply, where I, € (Ik(A)). Similarly,
(abg)™"'-abg = pala, where I, € (Ik(A)). Hence the following calculation concludes
our argument:

(abg)~" -abg = (abg)~" - abg - pyly.
prefix, ((abg)™" - abg) = prefix, ((abg)™" - abg - pyly).
Pab = prefix (pala pplp).
Pab = PaDb-

* Letx € Gr.SinceagA|agA, we can use Lemma 3.8 and the equivariance of the gate
map (Proposition 2.21 (2)) to conclude that

gagA(8aza(ax)) = gaga(ax),
gaga (@ - gz (X)) = gaga(ax),
(gaga © aga)(mza(x)) = maga(ax),
age1(7(ga1 (X)) = Tagaj(ax).
. Suppose that [h2] h [gA] or [hR2] = [gA]. Lemmas 3.8, 4.20, and 4.21 imply that

_ lahQ],
apga)(p gA]) [ZgA]

AgA] (P[hQ ) = (gaga © agA)(,Ogiz\) (definition of a[gA])
= QagA (ng%) (Lemma 4.21)
= gaga (gaza (ah{st(Q)))) (definition of p)
= gaga (ah(st(Q))) (Lemma 3.8)
= gaza (ah(s())) (ahQ||ah$2)
= P%%- [

Behrstock, Hagen, and Sisto show that any relative HHS has a distance formula, which
expresses distances in the space as a sum of distances in the projections [3, Theorem 6.10].
As a result, we now have such a distance formula for graph products of finitely generated
groups.

Corollary 4.23 (Distance formula for graph products). Let Gr be a graph product of
finitely generated groups. There exists gy > 0 such that for all 0 > o¢ there exist K > 1
and L > 0 such that for all g, h € Gr
1
= 2 fduem(e W), —L=den =K Y {duaem}, +L.

[kAleGr [kAleGr

where we define {N}, = Nif N >ocandOif N <o.



D. Berlyne and J. Russell 566

Another key consequence of relative hierarchical hyperbolicity for a group is that the
action of the group on the E-maximal space is acylindrical. Thus, we have that the action
of Gr on C(T') is acylindrical. Recall that the action of a group G on a metric space X is
acylindrical if for all € > 0, there exist R, N > 0 so that if x, y € X satisfy dx (x, y) > R,
then there are at most N elements g € G such that dy (x, gx) < e and dx(y, gy) < &.

Corollary 4.24 (The action on C(I") is acylindrical). Let G be a graph product of finitely
generated groups. The action of Gt on C(I") by left multiplication is acylindrical.

Proof. Behrstock, Hagen, and Sisto proved that if (G, @) is a (non-relative) HHG and
T € @ is the =-maximal element, then the action of G on C(T') is acylindrical [5, The-
orem 14.3]. However, the argument they employ only uses the hyperbolicity of the space
C(T) and not the hyperbolicity of any of the other spaces in the HHG structure. Thus, their
argument carries through verbatim if (G, @) is a relative HHG provided that G # {T'}. In
the case when @ = {T'}, then C(T) is equivariantly quasi-isometric to a Cayley graph of
G with respect to some finite generating set. Thus, G acts on C(T') properly, and hence
acylindrically. Applying this to the graph product Gr with relative HHG structure &, we
have that Gt acts on C(I") acylindrically. |

4.9. The syllable metric is an HHS

Since nearly every argument used in the proof of Theorem 4.22 factors through the syllable
metric on the graph product Gr, the same arguments show that the syllable metric on Gr
is itself an HHS. This proves Corollary B stated in the introduction and answers a question
of Behrstock, Hagen, and Sisto about the syllable metric on a right-angled Artin group.
Note that since we are not working with a word metric on Gr in this situation, we do not
require the vertex groups to be finitely generated. As the only use of the finite generation
of the vertex groups in Theorem 4.22 is to ensure that Gt has a word metric, this does not
create any additional difficulty.

Corollary 4.25. Let T be a finite simplicial graph, with each vertex v labelled by a group
Gy. Then the graph product Gt endowed with the syllable metric is an HHS.

Proof. Define the proto-hierarchy structure for Gr as before, except whenever v € V(I')
and g € Gr, and define C(gv) to be the graph whose vertices are elements of gG, and
where every pair of vertices is joined by an edge (that is, we endow gG, with the syllable
metric rather than the word metric). The proofs of the HHG axioms then follow as before,
with any instance of “word metric” replaced with “syllable metric”’, and with trivial =-
minimal case for the majority of axioms due to such C(gv) having diameter 1. ]

5. Some applications of hierarchical hyperbolicity

We now give some applications of the relative hierarchical hyperbolicity of graph products.
Our main result of this section is Theorem 5.1, which shows that if the vertex groups of a
graph product Gt are HHGs, then Gr is itself a (non-relative) HHG.
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We then give a new proof of a theorem of Meier, classifying when a graph product
Gr with hyperbolic vertex groups is itself hyperbolic. We do this using the relative HHS
structure that we just obtained, noting that when the vertex groups are hyperbolic, this is
in fact a (non-relative) HHS structure.

Finally, we answer two questions of Genevois regarding the electrification E(T") of a
graph product Gr of finite groups [16, Questions 8.3 and 8.4]. The similarity of Genevois’
definition of E(I") to our own subgraph metric C(I") allows us to leverage properties of
C(I") to prove statements about E(T"). In particular, we use I" to classify when E(I") has
bounded diameter (Theorem 5.14) and when it is a quasi-line (Theorem 5.16). As Gene-
vois proved that any quasi-isometry between graph products of finite groups induces a
quasi-isometry between their electrifications [16, Proposition 1.4], these two theorems
provide us with tools for studying quasi-isometric rigidity of graph products of finite
groups.

5.1. Graph products of HHGs

Theorem 5.1. Let Gr be a graph product of finitely generated groups. If for each v €
V(T), the vertex group G, is an HHG, then Gt is an HHG.

Proof. Foreachv € V(I'), let [, be the HHG structure for G, and let ©r be the relative
HHG structure for Gr coming from Theorem 4.22. Fix Ey > 0 to be the maximum of the
hierarchy constants for ©r and for each R[,). For each [gA] € ©r, let gA be the fixed
representative of [gA] so that C([gA]) = C(gA). If [gA] = [A], then we choose g = e.

Let " = {[gA] € Gr : A is a single vertex of I'}. If A is a single vertex v of T,
then C([v]) is the Cayley graph of the vertex group G, with respect to a finite generating
set. Thus, R, is an HHG structure for C([v]). For each [gv] € @&, Ry is also an
Eo-HHS structure for C([gv]), since C([gv]) is isometric to C([v]). Let R[g,) denote
the HHS structure for C([gv]) induced by R,). If U € Ry, then we will denote the
corresponding element of Rz, by gU, where g is the chosen fixed representative of
[gv]. Let Rt = Upgyjeamn Rigu). then let To = (& ~ GSrin) U R,

We shall use Eg, L g, and hg to denote the nesting, orthogonality, and transversality
relations between elements of G, and Cg, Ly, and g to denote the relations between
elements of a fixed Rz,

The bulk of our proof of Theorem 5.1 does not use the specifics of the relative HHG
structure ©@r and instead relies on more general relative HHS properties. Thus, to simplify
notation, we will use the capital letters V or V' to denote elements of 6}‘31“ and use Ny or
Ry to denote the corresponding HHS structure on C(V') or C(V’). That is, if V = [gv]
for a vertex v € V(I'), then Ry = R4y). We will use the capital letters U, W, and Q to
denote elements of To. For U, W € Gr ~ @r‘}i“ or U, W € Ry we shall denote the relative
projection from U to W in Gr or Ry as pg,. We shall use 7y to denote the projection
Gr - 2¢M if W € Gr and JTIEI/, to denote the projection C (V) — 20 i W e Ry.

Our proof of Theorem 5.1 proceeds via four claims. First, we prove that the structure
Gr can be combined with all of the SRy structures in a natural way to produce a proto-
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hierarchy structure for Gr with index set Tq (Claim 5.2). This proto-hierarchy structure is
not quite an HHS structure, as it satisfies every axiom except the container axiom (Claim
5.3). However, we show that this proto-hierarchy structure has the property that any set
of pairwise orthogonal elements of T( has uniformly bounded cardinality (Claim 5.4).
This allows us to use the results of the appendix of [1] to upgrade T to a genuine HHS
structure T . Since the proto-structure will satisfy the equivariance properties of an HHG
structure for Gr (Claim 5.6), this HHS structure will also be an HHG structure.

Claim 5.2. Gr admits an E{-proto-hierarchy structure with index set T, where E; =
E? + E,.

Proof. For U € Ty, the associated hyperbolic space C(U) will be the same as the space
associated to U in either G or J.

Projections. For all W € ¥, the projection map will be denoted by Yy : Gr — 26W).

If W e Gr ~ Gl then Yw = mw and if W € Ry, then Y = 7}, o wy. Bach Yy is
(E3, EZ + Eo)-coarsely Lipschitz.

Nesting. Let W, U € Tj. We define U = W if one of the following holds:

s WU e@p\@‘f}i“andU Ceg W;

e WUeRyandU Cy W,

e WeBr~GrmandU € Ry withV Eg W.

This definition makes [I'], the Eg-maximal element of ©r, also the =-maximal ele-
ment of Ty. For U, W € T with U = W we denote the relative projection from U to W
by ,BI(,JV and define it as follows.

e IfW, U E@]"\@?‘lin and U Cg Wor W,U € R iy and U CEg W,thenﬁ%,{, isp%,
the relative projection from U to W in Gr or Ry respectively.

o IfWeGr~GMand U € Ry with V Eg W, then B, is p;,, the relative projection
from V to W in Gr.

The diameter of ﬁvl{, is bounded by Ej in all cases as it always coincides with a relative
projection (p‘(,{, or p};,) from an existing hierarchy structure with constant Ey.
Orthogonality. Let W,U € T(. We define U L W if one of the following holds:

e WU€eGr~GrrandU Lg W;

e WUeRyandU Ly W,

e WeGr~GrrandU € Ry with V Lg W;

e WeRy andU € Ry where V Lg V.

Transversality. Let U, W € Tp. We define U h W whenever they are not orthogonal or

nested in T(. This arises in three different situations, which determine the definition of
the relative projections E’ and ﬂll,{,.
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e Either UUW € Gror U, W € Ry and U thg W or U thgy W, respectively. In this
case, ﬁll,{, is p%, the relative projection from U to W in ©r or Ry, respectively, and
B (VJV is plv}/ .

e W eGrandU € Ry where W rthg V. In this case, ,BIZ,{, is pII,/V, the relative projection
from V to W in Gr, and ,BIV}/ = ng(pg/).

e W e Ry and U € Ry where V thg V. In this case, ,8%{, = nv‘f,/(pg/) and ,85/ =
7y, (oy).

The projection and transversality axioms of fy and ©r ensure that /31[,{, has diameter at

most EZ + Ej in all cases. n

Claim 5.3. T satisfies all of the axioms of an HHS except for the container axiom.

Proof. Recall that E1 > 0 is the hierarchy constant from the proto-hierarchy structure .
Note that E; is larger than Ey, which in turn is larger than the hierarchy constants for Sp
and each Ry .

Hyperbolicity. For all W € T, the space C(W) is E;-hyperbolic.

Uniqueness. Let « > 0 and 6: [0, co) — [0, co) be the maximum of the uniqueness
functions for & and each Ry . If x, y € Gr and d(x, y) > 68(6(x) + k), then there
exists W € Gr such that dy (x, y) > 6(k) + « by the uniqueness axiom in (G, ©r). If
W ¢ @I then W is in T and the uniqueness axiom is satisfied. If W € @1, then the
uniqueness axiom in (C(W), Ry ) provides U € Ry so that dy (x, y) > «. The unique-
ness function for (Gr, Tp) is therefore ¢ (k) = 0(0(k) + k).

Finite complexity. The length of a =-chain in T is at most 2E}.

Bounded geodesic image. Let x,y € Grand U, W € TowithU E W.If U, W € Gr
or U, W € Ry, then the bounded geodesic image axiom from (Gr, @r) or (C(V), Ry)
implies the bounded geodesic image axiom for (Gr, Tp). Suppose, therefore, that U € Ry
and W € ©r ~ 6}‘3“‘. By definition, V Eg W and ,8%,{, coincides with p{,{,, the relative
projection of V to W in @r. If dy (x, y) > E? + Ej, then we have

E} + Ey <dy(x.y) = dy () (mv (x)). 7 (mv (1))
< Eydy (ny(x). v (y)) + Ex,

which implies that E1 < dy (wy (x), ry(¥)). Now the bounded geodesic image axiom in
(Gr, @r) says that every geodesic in C(W) from Yy (x) = nzw (x) to ¥w (y) = 7w (y)
must pass through the E-neighbourhood of pg, =8 I[,{, Thus, the bounded geodesic image
axiom is satisfied for (Gr, T)).

Largelinks. Let W € Tgpand x, y € Gr. If W € Ry for some V € G, then all elements
of Ty that are nested into W are also elements of Ry . Thus, the large links axiom in
(C(V), Ry ) immediately implies the large links axiom for (G, T9).
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Assume that W € G ~ 6‘}““. The large links axiom for (G, ©@r) gives a collection
L ={U,...,Uy}

of elements of &r nested into W such that m is at most E1dw (7w (x), nw (y)) + E1,
and for all V € Gy, either V Eg Uj; for some i or dy (nwy (x), my(y)) < E;. For each
i €{l,...,m}, define U; to be the Cg-maximal element of Ry, if U; € 6}‘3“‘ and define
Ui tobe U; if U; ¢ GR". Let & = {Uy,..., Up}.

IfV e 6’191“ is nested into W, but is not nested into an element of £, then

dy (v (x), v () < Ei

and so
do(Vo(x).¥o(y)) < Ef + E;

for all Q € Ry . Thus, if dp (Yo (x), Yo () = E? + E; and Q is nested into W, then
either Q € G ~ 6;‘1"‘ or Q € Ny where V is nested into an element of £ (and so Q
is nested into an element of £). If Q € Gp ~ 6’;3‘“, then O must be nested into an ele-
ment of £ that is not in G2 by the large links axiom of (Gr, ®r), and hence must
be nested into an element of L. Thus, O T W is nested into an element of € whenever

do(Vo(x).¥o(y) = Ef + Ei.

Consistency. Let U, W € T with U h W and x € Gr. Since the relative projections are
inherited from &r and the iy, we only need to consider the case where either W € G
and U € Ry,or W € Ry and U € Ry with V' # V. Define Q = W if W € Gr and
0 =V'if W € Ry Ineither case Q thg V

First assume that Q = W so that ,BW ,oQ and ,BU = ng(pg) If dW(x ,BW) =
do(x, pQ) > E1, then the consistency axiom for (G, ©r) says that dV(x ,oV) <FE;.The
coarse Lipschitzness of the projections then implies that dy7 (x, 7 (,o )) =dy(x, ,3 ) <
E12 + E;.

Now assume that @ = V' so thatﬂW = nW(pQ) and ,BU =ny (pV) Ifdw (x, ,BW) >
E? + Eq, then dg(x, pQ) > E;. The consistency axiom for (Gr, ©r) then says that
dy (x, pg) < E; and we again have

du (x. BY) = dy (x, ﬂu(P )) < E}+E:.

For the last clause of the consistency axiom, let Q, U, W € Ty with Q Z U.If U & W, the
definition of nesting and relative projection in T and the consistency axioms in (Gr, ©r)
and the (C(V), Ry ) ensure that dW(,Bv%, ﬂll,{,) < E} + E;. Similarly, if W € Gr with
W hUand W f Q, then dW(ﬂv%,ﬂIl,{,) < E? + E;. Assume that W € Ry for some
Ve@r WhU,andW L Q.1fU, Q € Ry, then V' hg Vand,B%,{, =;3V%.IfU,Q €
Gr, then U thg V and O thg V. Thus, the consistency axiom for (Gr, &r) provides
dy (04, p2) < E,. Similarly, if U € Gr and Q € Ry, then U g V, V' g V, and
dV(p%,’,pK/) < E;. Hence in both cases dw(ﬂ‘(,{,,ﬁv%) <E?+E;.
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Partial realisation. Let W, ..., W, be pairwise orthogonal elements of T and p; €
C(W;) foreachi € {1,...,n}. Since (Gr, ©r) satisfies the partial realisation axiom, we
can assume at least one W; is not an element of ©r. There exist V1,...,V;, € 6}‘3“1 so that
foreachi € {1,...,n}, either W; € Gr or there exists a unique j € {1,...,r} such that
W; € 5)‘{1/].. Foreach j € {1,...,r}, let'{Wj, e ijl} be the elements of {W1, ..., W,}
that are also elements of Ry, and let {pi..... p,’cj } be the subset of { p1, ..., pn} satisfying
pij € C(Wij) forall j €{l,...,r}andi €{1,...,k;}. Foreach j € {1,...,r}, use partial
realisation in (C(V}), Ry;) on the points p{, e p,ii to produce a point y; € C(V;) so
that

+ dy (v p)) = Exforalli € {1, k;);
. foreachie{l,...,kj}andeachUefRVJ,,ifWijEUoerimU’wehave

w/
du(yj.py' ) < E1.

Assume, without loss of generality, that W,,, Wy, 41, ..., W, are all of the W; that
are not contained in any of the Jy; (it is possible that the set of such W; is empty).
Now applying partial realisation for (Gr, &r) to y1,..., Yr, Pms- - -, Pn produces a point
x € Gr so that Y, (x) is uniformly close to p; for each i € {1,...,n} and Yy (x) is
uniformly close to ,32/" whenever W; = U or U th W;, for any U € T. Note that if the
set of W; that are not elements of any of the Ry, is empty, then the above applies just to
¥Y1,...,Yr, but the conclusion still holds. n

Claim 5.4. The E;-proto-hierarchy structure T has the following property: if Wy, ..., W,
€ T are pairwise orthogonal, then n < 4E12 + 2FE;.

Proof. We first note the following basic lemma from the theory of HHSs.

Lemma 5.5 ([11, Lemma 1.5]). If (X, ©) is an E-HHS, then any set of pairwise ortho-
gonal elements of © has cardinality at most 2E.

Now let Wy, ..., W, € Ty be pairwise orthogonal. Without loss of generality, let
Wi, ..., W be the elements of {W1,..., W,} that are elements of ©r. Since W1, ..., Wi
is a pairwise orthogonal collection of elements of G, Lemma 5.5 says that k < 2F;.

Let Vi, ..., V, be the minimal collection of elements of 6'191" such that if i €
tk +1,...,n} (ie, W; ¢ Gr), then W; € Ry; for some j € {1, ..., m}. Minimality
implies that for each j € {1,...,m}, there exists i € {k + 1,...,n} such that W; € Sy;.
Suppose that W; € Ry, and Wy € Ry, with j # r. Since W; L Wy in T, the definition of
orthogonality in Tg implies that V; Lg V;. Thus, V1,.. .,V is a pairwise orthogonal col-
lection of elements of @ and m < 2E; by Lemma 5.5. Similarly, for each j € {1,...,m}
the set {W; : W; € Ry; } is a pairwise orthogonal collection of elements of Ry, and must
have cardinality at most 2 E;. Putting this together, we have that

n§k+2E1m§2E1+4E12. [ ]
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Claim 5.6. The action of Gr on Gr induces an action of Gr on T that satisfies axioms
(2) and (3) of the definition of an HHG (Definition 2.27).

Proof. The action of Gt on Ty: let 0 € Gr and W € T. Define ®: G x Top — Ty as
follows.

o If W =[gA] € Gp ~ BT, then ®(0, [gA]) = [0gA]; i.e., the action is the same as
the action of Gr on Gr.

o IfW =gR € Rigy) for some [gv] € GBI, then (Gg) 0§ € Stabg,. ([v]), where 7g is
the chosen fixed representative of [cgv] = [ogv]. Since Stabg.([v]) = (st(v)), there
exists [ € (Ik(v)) and 6 € (v) such that [ = (Gg) '0g. Because R, is an HHG
structure for (v) = G, there exists R, = 6 R € R,] determined by o and g R. Define
that ®(0, gR) = 0gRs € R[ggy]. The following diagram summarises how o takes
elements of R[g,] to elements of Ry g p1:

Rigv] —— Riogu)

%

G C Ry

We now verify that ® preserves the relations in Ty. Let W,U € Ty. If W, U € G ~
@it or W,U € Rigy) for some [gv] € G, then @ preserves the relation between W
and U, since the actions of Gr on &r and G, = (v) on f,) preserve the relations in
their respective hierarchy structures. If W € G ~ G2 and U € Rigy), then W = [hQ]
and the relation between W and U in T is the same as the relation between [22] and
[gv] in Gr. Thus, ® preserves the relation between W and U, since the action of Gr
preserves the relations in Gr. Similarly, the same is true in the case where W € R[4, and
U € Ry for [gv] # [hw] as the relation between W and U in Ty is the same as the
relation between [gv] and [hw] in Gr.

The definition of ® implies that gR € R(gy) is in the Gr-orbit of AR’ € Ry if and
only if v = w and R is in the G-orbit of R’. Thus, the action of G on T has finitely
many orbits since the actions of Gr on Gr and G, on R[] contain finitely many orbits.

For the remainder of the proof, we shall use W to denote ®(o, W) for all W € T,.
This does not conflict with the previous use of the notation as the action of Gr on T
agrees with the action of Gr on Gr or the action of G, on Ry}, when W € Gr oro € (v)
and W € Ry, respectively.

Associated isometries and equivariance with the projection maps: let o, t € Gr and
W € Ty. Since the action of Gr on T agrees with the action of Gr on Gr for the
elements of T in G, we can define the isometry

orgal: C (IgA]) — C(logAl)

to be the same as the original isometry in (Gr, &r); this guarantees that the HHG axioms
are satisfied in this case.
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If W eR[g,], then W =g R for some ReR[,). Now o W =0g R, where R, is defined

as above. In this case, define the isometry ow: C(W) — C(aW) to be the composition
cowy B Ry T C(Ry) TER CoW),

where 6g: C(R) — C(Ry) is the isometry in R, induced by 6 € Gy, and ggr and ogg_
are the isometries resulting from identifying R} with R[g,] and R4 ,], respectively.

Now, if T € Gr, then (G, R[,)) being an HHG implies that TR, © R = Tog. Thus,
the isometry (to)w equals the isometry o o oy for any W € Tj,. We continue to
use the notation set out before Claim 5.2: ¥, and B denote the projections and relative
projections in Ty, while 7} and p} denote the projections and relative projections in
©r and $R[z,). Since the projection map Yw: Gr — 2€Y) s equal to nI[,f,'U] O M[gv]s
the uniform bound on the distance between ¥,w (0x) and ow (Vw (x)) follows from the
HHG axioms of (Gr, ©r) and (G, R[y)). Similarly, since the relative projection ,Bg,
(where U © W or U th W in T) is defined using the coarsely equivariant projections
and relative projections of Gr and R[], we have that oy (ﬂll,{,) is uniformly close to ﬂg‘l,{,
whenever U = W or U th W. m

We now finish the proof of Theorem 5.1 using the following result.

Theorem 5.7 ([1, Theorem A.1]). Let G be a finitely generated group and let Ty be a
proto-hierarchy structure for the Cayley graph of G with respect to some finite generating
set. If Ty satisfies the following:

* all of the axioms of an HHS except the container axiom,

* any set of pairwise orthogonal elements of Ty has uniformly bounded cardinality,

* axioms (2) and (3) of an HHG structure (Definition 2.27);

then there exists an HHG structure T for the group G such that Ty S T and for all
W e T~ T, the associated hyperbolic space C(W) is a single point.

Claims 5.3, 5.4, and 5.6 show that the proto-hierarchy structure T satisfies the require-
ments of Theorem 5.7. Thus, there exists an HHG structure T for Gr. [

Remark 5.8 (The HHG structure from Theorem 5.7). The proof of Theorem 5.7 produces
an explicit HHG structure given the proto-structure To. We will describe that structure
briefly now, and direct the reader to the appendix of [1] for full details.

Let U denote a non-empty set of pairwise orthogonal elements of T and let W € T,.
We say that the pair (W, U) is a container pair if the following are satisfied:

e UC WforallU € U;
» thereexists Q = W suchthat 0 L U forallU € U.

Let ® denote the set of all container pairs. We will denote a pair (W, U) € D by Dv‘l{,. The
crux of Theorem 5.7 is that the elements of © will serve as containers for the elements
of Ty, while the rest of the proto-structure is set up in the minimal way that satisfies all
the other axioms.
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The HHG structure produced by Theorem 5.7 has index set Ty U . The hyperbolic
spaces, projection maps, relations, and relative projections for elements of T) remain
unchanged. The hyperbolic spaces for elements of © are single points and the projection
maps are the constant maps to these points. The nesting relation involving elements of ©
is defined as follows:

e define Q= DY iIfQEWinToand Q L U forallU € U;
. deﬁneD%EQifWEQin’i‘o;

e define D;%, = D? if W ET in Ty and for all R € R either R | W or there exists
UeUwithRC U.

Two elements DI}‘,, DT‘ZQ € ® are orthogonal if W L T in Ty. An element Q € T is
orthogonal to D;f{, € ®if,in Ty, either W L Q or Q E U for some U € U. Two elements
of T are transverse if they are not orthogonal and neither is nested into the other.

Since the associated hyperbolic spaces for elements of ® are single points, the relative
projections onto these elements are just these single points. If D% = Qor QM DY, then

the relative projection p Q is defined in one of two ways:
(1) if there exists U € U such that U = Q or U rh Q, then ,oQW is the union of all
pg for U € U with U & QmUmQ
(2) if there does not exist U € U such that U = Q or U h Q, then the definition of
the relations given above forces Q@ M D% and W t Q. In this case, pg% = pg.

5.2. Meier’s condition for hyperbolicity

We now recover a theorem of Meier classifying hyperbolicity of graph products. We
do this by applying Behrstock, Hagen, and Sisto’s bounded orthogonality condition for
HHSs.

Theorem 5.9 ([6, Corollary 2.16]). Let (X, ©) be an HHS. The following are equivalent.
o X is hyperbolic.
* (Bounded orthogonality.) There exists a constant D > 0 such that

min (diam (C(U)), diam (C(V))) <D
forall U,V € @ satisfying ULV

Theorem 5.10 (Meier’s criterion for hyperbolicity of graph products; [24]). Let I" be a
finite simplicial graph with hyperbolic groups associated to its vertices. Let I'p be the
subgraph spanned by the vertices associated with finite groups. Then Gr is hyperbolic if
and only if the following conditions hold:

(i)  there are no edges connecting two vertices of ' ~T'F;
(i) ifvisavertexof T ~ TF, then 1k(v) is a complete graph;

(iii) T'fr does not contain any induced squares.
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Proof. We show hyperbolicity via the bounded orthogonality condition, noting that since

each of the vertex groups is hyperbolic, the graph product Gr is an HHS. We call the

vertices of I'p the finite vertices of I' and the vertices of I ~ I'r the infinite vertices of I.
(=) Suppose that we have bounded orthogonality. Then the following hold.

(i)  Suppose that two infinite vertices v, w are connected by an edge. Then [v] L[w]
and C(v), C(w) have infinite diameter as they are the infinite groups G, Gy,
with the word metric. This contradicts bounded orthogonality.

(i)  Suppose that Ik(v) is incomplete for some vertex v of I' ~ I'r. Then there exist
some vertices x, y in Ik(v) with no edge between them. Moreover, [v] L[x U y],
C(v) has infinite diameter as v is an infinite vertex, and C(x U y) has infinite
diameter since dxuy (e, (gxgy)") =2n for elements g, € Gx ~{e}, g, € Gy, ~{e}.
This again contradicts bounded orthogonality.

(iii) Suppose that I'r contains a square with vertices v, x, w, y, where v, w and
x, y are non-adjacent. Then [v U w]L[x U y] and both C(v U w) and C(x U
¥) have infinite diameter as in case (ii). Once again, this contradicts bounded
orthogonality.

(<) Conversely, suppose that conditions (i), (ii), and (iii) are satisfied, and set D =
max{2, |Gy| : v € V(I'r)}. Moreover, suppose that [gA], [12] € © satisfy [gA] L[h2].

Suppose that diam(C(gA)) > D. Then Theorem 4.10 tells us that either A consists of
a single infinite vertex or A contains at least two vertices and does not split as a join.

If A consists of a single infinite vertex, then conditions (i) and (ii) tell us that Ik(A) D
2 is a complete graph consisting of finite vertices, hence either €2 is a single finite vertex
or Q splits as a join. In both cases, diam(C(h2)) < D.

If A contains at least two vertices and does not split as a join, then, in particular, it con-
tains two non-adjacent vertices v and w. As Q2 C 1k(A), every vertex of €2 is connected to
both v and w. Since v and w are non-adjacent, condition (ii) implies that  C I'. If either
v or w is an infinite vertex, condition (ii) implies that €2 is a complete graph, and if both
v and w are finite vertices, condition (iii) implies that €2 is a complete graph. That is,
either consists of a single finite vertex or splits as a join. In both cases, diam(C(h2)) < D.
Thus, the bounded orthogonality condition holds. ]

5.3. Genevois’ minsquare electrification

We now use our characterisation of when C(gA) has infinite diameter (Theorem 4.10) to
answer two questions of Genevois [16, Questions 8.3 and 8.4] regarding the electrification
of Gr, defined as follows.

Definition 5.11. Let I' be a simplicial graph. An induced subgraph A C T is called
square-complete if every induced square in I" sharing two non-adjacent vertices with A
is a subgraph of A. A subgraph is minsquare if it is a minimal square-complete subgraph
containing at least one induced square.
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The electrification E(T") of a graph product Gr is the graph whose vertices are ele-
ments of Gr and where two vertices g and / are joined by an edge if g~ !/ is an element
of a vertex group or g~'h € (A) for some minsquare subgraph A of I'. We use dg(g. h)
to denote the distance in E(I") between g,/ € Gr.

Genevois’ interest in the electrification arises from the fact that it forms a quasi-
isometry invariant whenever the vertex groups of a graph product are all finite, as is the
case for right-angled Coxeter groups.

Theorem 5.12 ([ 16, Proposition 1.4]). Let Gt and G p be graph products of finite groups.
Any quasi-isometry Gr — G 5 induces a quasi-isometry between E(I") and E(A).

For graph products of finite groups, we classify when E(I") has bounded diameter and
when E(I') is a quasi-line. These classifications answer Questions 8.3 and 8.4 of [16] in
the affirmative. The core idea behind both proofs is the same: when I' is not minsquare,
the electrification E(I") sits between the syllable metric S(I") and the subgraph metric
C(I"); that is, we obtain E(I") from S(I") by adding edges and then obtain C(I") from
E(I") by adding more edges. This means that large distances in C(I"), which we can
detect with Theorem 4.10, will persist in E(I"). We start with a lemma that we use in both
classifications to reduce to the case where I" does not split as a join.

Lemma 5.13. If T splits as a join and contains a proper minsquare subgraph, then T’
splits as a join I' = 'y o<1 'y, where Iy contains every minsquare subgraph of I' and ',
is a complete graph. In this case, E(T") is the 1-skeleton of E(I'1) x E(I',).

Proof. Suppose that I' contains a proper minsquare subgraph A and splits as a join I' =
Q1 > Q5. We first show that I' splits as a (possibly different) join I'; >< I',, where T’y
contains the minsquare subgraph A. If A is a subgraph of either €2; or 2, we are done.
Otherwise, A contains vertices of both €2 and €2,. By minimality of A, there must exist
a square of A containing vertices of both €2; and 5. Moreover, since 2; and €2, form
a join, this square must arise in the form of two pairs of disjoint vertices v;, w; € V(£2;),
i = 1,2. Then any vertex v of €27 ~ A must be connected to every vertex w of A N 21, else
v, W, V2, Wy form an induced square, contradicting square-completeness of A. Similarly,
any vertex of 2, ~ A must be connected to every vertex of A N Q5. This then gives a
decomposition of I" as a join of the minsquare subgraph A and the graph I ~ A.

We have shown that T" splits as a join 'y bt I, with A € I';. We now show that
I', must be a complete graph. Since A is minsquare, there exists an induced square S in
A C T'q. Let vy, w; be two disjoint vertices of S, and suppose that there exists a pair of
disjoint vertices v, wy in I'5. Since I is a join of I'; and ', and A C I'y, the vertices vy,
w1, Uz, wy define an induced square that shares two opposite vertices with A, but is not
contained in A. This would contradict square-completeness of A. Therefore, I', must be
complete.

Finally, we show that every other minsquare subgraph of I" must also be contained
in I';. Let Q € I" be minsquare. If four vertices vy, va, v3, v4 of Q form an induced
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square of I', then each v; must be contained in I'j, since any v; that I'; contains must
be connected to all v; in I'y, but I', cannot contain a pair of disjoint vertices since it is
complete. Thus, the minimality of €2 implies that 2 must be contained in I'; (otherwise
© N T'; would be a proper square-complete subgraph of €2).

Since T splits as a join '} >« I, it follows that S(I") is the 1-skeleton of S(I";) x
S(I';) and since the only minsquare subgraphs of I" are the minsquare subgraphs of ',
E(T) is the 1-skeleton of E(I";) x E(I"2) by construction. |

We now show that E(T") is bounded only in the obvious cases.

Theorem 5.14. The electrification E(I") is bounded if and only if T is either minsquare,
complete or splits as a join of a minsquare subgraph and a complete graph.

Proof. We first show that if I' is minsquare, complete, or splits as the join of a minsquare
subgraph and a complete graph, then the electrification is bounded. If " is minsquare,
then E(T") has diameter 1 by definition. Let x, y be vertices of E(T"), so that x™'y € Gr.
If I is a complete graph on n vertices, then all vertex groups of I' commute, so we can
write x~1y = 51 ...5sy,, where supp(s;) = v; € V(') and v; # v; for all i # j. Thus,
dg(x, y) < n, and hence E(I") is bounded. If T" splits as a join of a minsquare subgraph
I'; and a complete graph I'; on n vertices, then Gt = (I';) x (I';) and so we can write
x~ 'y = g1g5, where g; € (I';). Therefore, dg (x, ¥) < n + 1, hence E(T") is bounded.

We now assume that E(I") is bounded and prove that this implies that I" either is
complete, minsquare or splits as a join of a minsquare subgraph and a complete graph.
The proof will proceed by induction on the number of vertices of I". The base case is
immediate as I' is complete and [E(I") has diameter 1 when I is a single vertex. Assume
that the conclusion holds whenever the defining graph has at most n — 1 vertices. Let G
be a graph product of groups where I" contains n > 2 vertices.

Claim 5.15. If E(T") is bounded and I is neither complete nor minsquare, then I' must
split as a join and must contain a proper minsquare subgraph.

Proof. Suppose that I" does not split as a join. By Theorem 4.10, C(I") is therefore
unbounded. Since I' is not minsquare, E(I") can be obtained from C(I") by removing
some edges. In particular, if C(T") has infinite diameter, then so does E(I"). This implies
that if " is not minsquare and does not split as a join, then E(I") is unbounded, contradict-
ing our assumption.

Now suppose that I does not contain any proper minsquare subgraphs. Then E(I")
is simply S(T"). Since I' is not complete, there exist two disjoint vertices v, w € V(I').
Therefore, dg (e, (gv&w)™) = dsyi(e, (gv&w)™) = 2m for any g, € G, ~{e} and gy, €
Gy ~ {e}, hence E(T") is unbounded, a contradiction. |

Assume that T" is neither complete nor minsquare, so that I' must contain a strict
minsquare subgraph A and splits as a join by Claim 5.15. By Lemma 5.13, I must split
as a join of I'; and I', where I'; is complete and E(T") is the 1-skeleton of E(I";) x
E(T;). Thus, E(I") having bounded diameter implies that [E(I";) must also have bounded
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diameter. Since I'; contains at most n — 1 vertices, the induction hypothesis then implies
that I'; is either minsquare, complete, or splits as a join of a minsquare subgraph and a
complete graph. Since A € I'; contains a square, I'; cannot be complete. Thus, I'; is
either minsquare or a join of A with a complete graph 2. Hence I' splits either as a join
of the minsquare subgraph I'; and the complete graph I'; or as a join of the minsquare
subgraph A and the complete graph Q2 < I';. |

Finally, we show that [E(I") being a quasi-line coincides with Gt being virtually cyc-
lic. The key step of the proof is to produce two elements of Gr that act as independent
loxodromic elements on C(I"). This creates more than two directions to escape to infinity
in C(T"), which then gives more than two directions to escape to infinity in E(T").

Theorem 5.16. Let Gr be a graph product of finite groups. The electrification E(T") is a
quasi-line if and only if Gr is virtually cyclic.

Proof. A graph product of finite groups Gr is virtually cyclic if and only if either I" is a
pair of disjoint vertices each with vertex group Z, or I splits as a join I'; > I'», where
I'; is a pair of disjoint vertices each with vertex group Z, and I'; is a complete graph
(this follows from [2, Lemma 3.1]). Thus, if Gr is virtually cyclic, then E(I") = S(T') is
a quasi-line by construction.

Let us now assume that G is not virtually cyclic. If T" is either minsquare, complete
or the join of a minsquare graph and a complete graph, then E(I") has bounded diameter
by Theorem 5.14 and is therefore not a quasi-line. Let us therefore assume that I' is not
minsquare, not complete, and does not split as a join of a minsquare graph and a complete
graph.

First assume that I" does not split as a join at all. Since the action of Gt on C(T") by
left multiplication is acylindrical (Corollary 4.24), a result of Osin [25, Theorem 1.1] says
that Gt must satisfy exactly one of the following: Gt has bounded orbits in C(T"), Gr is
virtually cyclic or Gr contains two elements that act loxodromically and independently
on C(I"). Since I' does not split as a join, the proof of Theorem 4.10 implies that Gr
does not have bounded orbits in C(I"). Further, Gr is not virtually cyclic by assumption.
Thus, there exist g, h € Gr such that n — mp(g") and n + np(h™) are bi-infinite quasi-
geodesics in C(I') whose images, 7r({g)) and 7 ({k)), have infinite Hausdorff distance
from each other. Now, since I" is not minsquare, C(I") is obtained from E(I") by adding
edges and therefore

dr(x,y) <dg(x,y) forallx,y € Gr.

Hence the subsets (g) and () in E(T") are also the images of bi-infinite quasi-geodesics
that have infinite Hausdorff distance from each other. This implies that E(I") is not a quasi-
line, as any two bi-infinite quasi-geodesics in a quasi-line have finite Hausdorff distance.
Now assume that I" splits as a join. If I" contains no minsquare subgraph, then E(I") =
S(I"). Since the vertex groups are all finite, S(I") is quasi-isometric to the word metric on
Gr and hence S(I') = E(T) is not a quasi-line, because we assumed that Gr is not vir-
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tually cyclic. Thus, we can assume that I" contains a minsquare subgraph A. By applying
Lemma 5.13 iteratively, we have that I splits as a join I' = I';} b<t I'; such that

* I either does not split as a join or is minsquare;
* I is a complete graph;
o [E(T) is the 1-skeleton of E(I'1) x E(I',).

Recall our assumption that I does not split as a join of a minsquare graph and a complete
graph, hence I'; cannot be minsquare and thus must not split as a join by the first item
above. Further, (I'7) is not virtually cyclic since it is a finite index subgroup of G, which
is not virtually cyclic. Thus, we can apply the previous case to conclude that E(I"y) is not
a quasi-line and hence E(T") is not a quasi-line. |
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