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Currents on cusped hyperbolic surfaces and
denseness property

Dounnu Sasaki

Abstract. The space GC(X) of geodesic currents on a hyperbolic surface ¥ can be considered as a
completion of the set of weighted closed geodesics on £ when X is compact, since the set of rational
geodesic currents on X, which correspond to weighted closed geodesics, is a dense subset of GC(X).
We prove that even when X is a cusped hyperbolic surface with finite area, GC(X) has the denseness
property of rational geodesic currents, which correspond not only to weighted closed geodesics on
3 but also to weighted geodesics connecting two cusps. In addition, we present an example in which
a sequence of weighted closed geodesics converges to a geodesic connecting two cusps, which is an
obstruction for the intersection number to extend continuously to GC(X). To construct the example,
we use the notion of subset currents. Finally, we prove that the space of subset currents on a cusped
hyperbolic surface has the denseness property of rational subset currents.

1. Introduction

Let X be a hyperbolic surface with finite area (possibly with geodesic boundary). Geodesic
currents on X, which were introduced by Bonahon in [1] as a generalization of measured
geodesic laminations on X, have been successfully studied when X is closed or compact.
They have been employed in the study of the Teichmiiller space, mapping class groups,
Kleinian groups, counting curves problems, and so on (see [6] for a recent survey).

A geodesic current on ¥ is a (positive) 71 (X)-invariant Radon measure on the space

P = {S CI°T | #S =2}

for the boundary at infinity, 8°°§, of the universal cover & of ¥. Note that an element of
83"5‘ corresponds to an unoriented geodesic line on $. We endow the space GC(Z) of
geodesic currents on X with the weak-* topology.

For each closed geodesic y on X, we can define a counting geodesic current 7, by
considering all the lifts of y to . We regard cny (¢ € Rxp), which is called a rational
geodesic current, as a weighted closed geodesic on ¥. When X is compact, it has been
proven in [1] that the set of rational geodesic currents on X is a dense subset of GC(X). In

2020 Mathematics Subject Classification. Primary 30F35; Secondary 20F67.
Keywords. Geodesic current, cusped hyperbolic surface, subset current, intersection number, denseness

property.


https://creativecommons.org/licenses/by/4.0/

D. Sasaki 1078

this sense, we say that GC(X) has the denseness property (of rational geodesic currents).
For a general hyperbolic surface ¥ we say that GC(X) has the denseness property if the set
of rational currents, which is a weighted “discrete” measure corresponding to the G-obits
of some point of 95° ¥, is a dense subset of GC(X) (see Definition 2.8).

However, when X has cusps, it has not been proven that GC(X) has the denseness
property. We remark that if ¥ has cusps, then a geodesic £ connecting two cusps, which
is the projection of a geodesic line connecting two parabolic fixed points of 3°%, also
induces a counting geodesic current 7, similarly by considering all the lifts of £.

In this paper, we prove that the space GC(X) of geodesic currents on a cusped hyper-
bolic surface ¥ with finite area has the denseness property. Our strategy for the proof is
based on [3] and [10]. For a given geodesic current i € GC(X), we construct a G -invariant
family of quasi-geodesics on S that induces a sum of counting geodesic currents approxi-
mating p. To use the method in the case of compact hyperbolic surfaces, we cut off cusps
along horocyclic curves around the cusps. One of the aspects of the proof is that such
horocyclic curves are chosen more closely to cusps as we approximate j more precisely.

Other results. In Section 5, we present an example in which a sequence of weighted
closed geodesics converges to any given geodesic connecting two cusps in the space
GC(X) of geodesic currents on a cusped hyperbolic surface . As a result, we can see that
the set of weighted closed geodesics is a dense subset of GC(X). Moreover, we construct
an example in which a sequence of weighted geodesics connecting two cusps converges
to any given closed geodesic in GC(X), which implies that the set of weighted geodesics
connecting two cusps is a dense subset of GC(X).

In Section 6, for a cusped hyperbolic surface ¥, we present a concrete example to
prove that the intersection number cannot extend continuously to GC(X). To construct
the example, we use the sequence of weighted closed geodesics converging to a geodesic
connecting two cusps in Section 5. Note that according to [4, Theorem 2.4], if we restrict
GC(X) to the subset consisting of “compact supported” geodesic currents, then the inter-
section number can be extended continuously. We present another sketch of the proof by
using the method in [10], which was used to prove the continuity of the extension of the
intersection number to the space of subset currents.

In Section 8, we prove that the space SC(X) of subset currents on a cusped hyperbolic
surface X also has the denseness property. The notion of subset currents was introduced
by Kapovich and Nagnibeda as a natural generalization of geodesic currents, and the study
of subset currents began with the case of subset currents on free groups in [7] and [9]. See
[10] for the study of subset currents on a compact hyperbolic surface, where the denseness
property of rational subset currents has been proven.

A subset current on a hyperbolic surface X is a 71 (X)-invariant Radon measure on the
hyperspace

H(I®Z) := {S C 3°T | S:closed, #S > 2}.

For a finitely generated subgroup H of 1 (X) whose limit set A(H) contains at least two
points, which means that A(H) belongs to #(0°°X), we can define a counting subset
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current 1 € SC(X) by considering the 73 (X)-orbit of A(H). Then the set of weighted
counting subset currents is proven to be a dense subset of SC(X). We remark that the
property of SC(X) is quite different from that in the case of a compact hyperbolic surface
because SC(X) includes more types of rational subset currents (see Theorem 2.6). We
present some interesting examples in Section 5, one of which is useful for the proof of the
denseness property of geodesic currents on X.

2. Preliminary

In this section, we present the definition of geodesic currents and subset currents in a
unified manner, and we summarize the results of this paper.

Let G be a group acting continuously on a topological space X . The topological spaces
that we deal with in this paper are always locally compact, separable, and completely
metrizable.

We denote by Mg (X) the space of G -invariant (positive) locally finite Borel measures
on X, and we endow Mg (X) with the weak-x* topology, i.e., a sequence {{t, } of Mg (X)
converges to 4 € Mg (X) if and only if

[ raun— [ rau

for every continuous function f: X — R with compact support. Recall that a Borel mea-
sure u on X is G-invariant if for any g € G, the push-forward measure g (u) of by g
is equal to 4. Recall that g.(u)(E) = (g~ (E)) for any Borel subset E of X. A Borel
measure i on X is said to be locally finite if @ (K) is finite for any compact subset K
of X. We note that a locally finite Borel measure on X, which is a locally compact Polish
space, is inner regular and outer regular (see [8, 2.18 Theorem]), and hence satisfies the
condition of a Radon measure.

Definition 2.1 (Geodesic currents and subset currents on hyperbolic groups). Let G be an
infinite (Gromov) hyperbolic group and let G be the (Gromov) boundary of G. Set

32G :={S C IG | #S =2},
H(G) := {S C 9G | S:closed and #S > 2}.
We endow # (3G ) with the Vietoris topology, which is generated by the set of the forms
{S e H(OG)|SCU} and {Se%(aG)|SﬁU7é@}

for an open subset of dG. This topology coincides with the topology induced by the Haus-
dorff distance on dG with respect to some metric on dG compatible with the topology.
We endow 0, G with the subspace topology of J#(dG). Note that the action of G on G
naturally induces the action of G on d,G and #(9G).



D. Sasaki 1080

We refer to GC(G) := Mg (32G) as the space of geodesic currents on G and its ele-
ments as geodesic currents. We refer to SC(G) := Mg (H(3G)) as the space of subset
currents on G and its elements as subset currents.

Definition 2.2 (Geodesic currents and subset currents on hyperbolic surfaces). Let X be
a hyperbolic surface possibly with (closed) geodesic boundaries. Hyperbolic surfaces that
we deal with in this paper are always complete, oriented, and connected. In addition, we
usually assume that a hyperbolic surface has finite area. We consider the universal cover
T of ¥ as a convex subspace of the hyperbohc plane H. Then the boundary at infinity
of £, denoted by 3%, is the limit set of & in H, which is the set of accumulation pomts
of £ in the boundary dHl. Note that the fundamental group (%) of X acts on S and
on 9°%. When 71 () has a parabolic element p as an isometry of H, the projection of
the neighborhood of the fixed point p° of p to X is called a cusp neighborhood, and we
call ¥ a cusped hyperbolic surface.

For 9°%, we also use the notation 8°°E and J€(0°°(X)) that we have introduced
above. We refer to GC(X) := Mg (8°°E) as the space of geodesic currents on ¥ and
its elements as geodesic currents. We refer to SC(X) := Mg (FH (0*° i)) as the space of
subset currents on X and its elements as subset currents.

Remark 2.3 (Motivation for this paper). If the hyperbolic surface ¥ is compact, then G =
m1(X) is a hyperbolic group and there exists a natural G-equivariant homeomorphism
¢G : 0G — 3%, which means that the action of G on dG essentially equals the action
of G on 3®°X. Then we can see that ¢ induces the isomorphism from GC(G) to GC(X)
and from SC(G) to SC(X).

However, when X has some cusps, G = 71(X) is a free group of finite rank, which
means that G is a hyperbolic group; however, the property of GC(G) (or SC(G)) is quite
different from those of GC(X) (or SC(X)). The main purpose of this paper is to investigate
the spaces GC(X) and SC(X) in this case.

We remark that even when X has some cusps, there exists a natural G-equivariant
continuous map ¢ from dG to 3%, which is referred to as the Cannon—Thurston map.
However, ¢ is surjective but not injective. We consider this Cannon—Thurston map and its
application in Section 4.

Definition 2.4. Let G be a group acting continuously on a topological space X . For x € X,
we define a G-invariant Borel measure 7, on X as

Nx = Z ng s
g Stab(x)€G/ Stab(x)

where Stab(x) = {g € G | g(x) = x} and g is the Dirac measure at gx on X. Note that
nx (E) equals the number of G-orbits of x for a Borel subset £ C X.

We remark that in the context of geodesic currents and subset currents, we need to see
whether 75 is locally finite or not for S € 95°% or J (9°°X). When the hyperbolic surface
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¥ is compact, SC(X) is isomorphic to SC(r1(X)) and the following proposition solves
this problem.

Theorem 2.5 (see [10, Theorem 2.8]). Let G be an infinite hyperbolic group. Let S €
H(0G). The G-invariant measure ns is locally finite if and only if H := Stab(S) is a
quasi-convex subgroup of G and S coincides with the limit set Ag(H) of H. In particular,
if a subset current i € SC(G) has an atom S, then Stab(S) is a quasi-convex subgroup
of G and S = Ag(Stab(S)).

Note that if S € d,G, then the equality S = Ag(H) for a subgroup H of G implies
that H is a subgroup () generated by 7 € G. When G is a free group of finite rank, a
subgroup H of G is quasi-convex if and only if H is finitely generated.

We generalize the above theorem to the case of subset currents on cusped hyperbolic
surfaces and prove the following theorem (see Section 3 for further details). Recall that
the limit set A(H ) of a subgroup H of 71(X) (in ) is the limit set of the orbit H (x) for
some x € 3.

Theorem 2.6. Let X be a cusped hyperbolic surface with finite area and let G be the
Sfundamental group of X. Let S € J# (0% f)) The G-invariant measure ns is locally finite
if and only if H := Stab(S) is a finitely generated subgroup of G, and there exists a finite
set P of parabolic fixed points of 0% (possibly empty) such that S = A(H) U H(P).
Note that H can be the trivial subgroup {id}; then, P contains at least two points.

Remark 2.7. Let ¥ be a cusped hyperbolic surface with finite area and let G be the funda-
mental group of . For a non-trivial finitely generated subgroup H of G with #A(H) > 2,
we can consider the G-invariant measure 1A (z). Then we need to note that Stab(A(H)) is
not necessarily equal to H . In general, H is a finite-index subgroup of Stab(A (H)), which
implies that Stab(A(H)) is also finitely generated. Therefore, na () is locally finite. We
define
nHi= Y Sea)
gHeG/H

Then we see that ng = knacm) if H is a k-index subgroup of Stab(H ).

When H = (g) for a hyperbolic element g € G, we write 7, in place of 7).

When #A(H) = 1, i.e., H = (g) for a parabolic element g € G, we consider ng as
the zero measure on J (0°° f]) for convenience. In Theorem 2.6, if #A(H) = 1, then P
contains at least one point.

Definition 2.8. Let G be a group acting continuously on a topological space X. We say
that u € Mg (X) is rational if there exist ¢ > 0 and x € X such that & = ¢y, and set

ME(X) = {pu € Mg(X) | p:rational}.

We say that u € Mg (X) is discrete if there exist ¢y, ...,c, > 0and xy,...,x, € X such
that

W =Cilx, + -+ Cullx,,
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and set
Mg(X) = {/,L € Mg(X) | /L:discrete},

which is an Rx-linear span of M, (X). Note that the discrete G-invariant measure p €
Mg (X) is different from the usual discrete measure, which can be an infinite sum of
rational measures.

In the context of geodesic currents and subset currents, we will use the notation
GC’(G), GC¥(G), SC"(G), GC™ (%), ...

and so on to denote rational or discrete currents. We summarize some important theorems
related to the denseness property of such subsets.

Theorem 2.9 (see [3]). Let G be an infinite hyperbolic group. The set GC" (G) of rational
geodesic currents is a dense subset of GC(G).

Theorem 2.10 (see [7]). Let F be a free group of finite rank. The set SC" (F) of rational
subset currents is a dense subset of SC(F).

Theorem 2.11 (see [10]). Let G be a surface group, i.e., the fundamental group of a
closed hyperbolic surface. The set SC" (G) of rational subset currents is a dense subset of
SC(G).

We remark that if we consider the case in which a (discrete) group G acts on X prop-
erly discontinuously, the denseness of M7 (X) in Mg (X) might seem to be unnatural.
However, the action of a hyperbolic group G on d,G and on H (dG) is far from properly
discontinuous, and we can prove that GC" (G) is a dense subset of Gc? (G).

We also remark that for a general infinite hyperbolic group G, it is still open whether
SC’ (G) is a dense subset of SC(G) or not.

From the above-mentioned results, it is natural to consider the question of whether the
space of geodesic currents (or subset currents) on a “cusped” hyperbolic surface has such
a denseness property. The following two theorems are the main results of this paper.

Theorem 2.12. Ler X be a cusped hyperbolic surface with finite area. The set GC" (X) of
rational geodesic currents is a dense subset of GC(X).

Theorem 2.13. Let X be a cusped hyperbolic surface with finite area. The set SC” (X) of
rational subset currents is a dense subset of SC(X).

From the results of Theorem 5.4, we can improve Theorems 2.12 and 2.13 as follows:
Theorem 2.14. Let ¥ be a cusped hyperbolic surface with finite area. The set

{eng | ¢ > 0, g € w1 (2): hyperbolic element}

is a dense subset of GC(X). Note that cng corresponds to a weighted closed geodesic
on X.
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Theorem 2.15. Let X be a cusped hyperbolic surface with finite area. The set
{eng | ¢ > 0, H < 1(X): finitely generated subgroup}

is a dense subset of GC(X).

In addition, we can also obtain the following denseness theorem as a corollary of
Proposition 5.5.

Theorem 2.16. Let X be a cusped hyperbolic surface with finite area. The set
{enp.gy | € > 0, p,q € 3°°E: disjoint parabolic fixed points}

is a dense subset of GC(X). Note that cnyp 4\ corresponds to a geodesic connecting two
cusps.

3. Rational currents on cusped hyperbolic surfaces

Let X be a cusped hyperbolic surface with finite area and let G be the fundamental group
of X. In this section, we present the proof of Theorem 2.6.

Assumption 3.1. In general, ¥ can have some geodesic boundary; however, for simplic-
ity, we assume X has no boundary throughout the paper. Then we regard the hyperbolic
plane H as the universal cover of X. Actually, in most cases, the same argument works
for a cusped hyperbolic surface with boundary by replacing H with the universal cover s
of . Let 7 be the canonical projection from H to X.

Definition 3.2 (Horocycle parameter). For each cusp p of X, we can take a parabolic
fixed point £ € dH corresponding to p. A horocycle & around p is the projection of a
horocycle centered at £ from H to X.

Assume that ¥ has k cusps and take disjoint horocycles 41, ..., iy around each cusp.
Then we refer to a set {h1, ..., hi} of horocycles as a horocycle parameter of ¥. We say
that a horocycle parameter A = {hy,..., i} is large if each horocycle h; around a cusp p;
is “close” to p; fori = 1,...,k,i.e., the radius of a horocycle centered at &; corresponding
to h; is small.

For a horocycle parameter A = {hy, ..., hi}, we define X, as a surface with non-
geodesic boundaries obtained by cutting off cusps from X along each /;. We assume that
3, includes the horocycles hy, ..., hg, which implies that 3 is a compact subset of X.

Fix some horocycle parameter A. We set H; := 7! (X,) C H. Take a Dirichlet funda-
mental domain ¥ corresponding to the action of G on H. Then we see that ¥ := F N H
is a compact fundamental domain corresponding to the action of G on H;.

Recall that for S € J¢(0H), the convex hull CH(S) of S is the smallest convex subset
of H including all geodesic lines connecting two points of S. For a bounded subset K
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of Hl, we define a set A(K) as
A(K) = {S € J(OH) | CH(S) N K # 0}.

From [10, Lemmas 3.7 and 3.8], A(K) is a relatively compact subset of # (dH), and for
any compact subset E of J¢(dH), there exists a bounded subset K of H such that A(K)
includes E. Moreover, if K is compact, so is A(K).

Lemma 3.3. Let i be a G-invariant Borel measure on # (0H). The measure p is locally
finite if and only if L(A(F))) < oo for some A.

Proof. The “only if” part follows immediately since ¥ is a compact subset of H and
A(F)) is a compact subset of ¢ (dH).

We prove the “if” part. Take any compact subset £ of J (dH). Then we can take a
compact subset K of H such that A(K) includes E. For K N H),, there exist g1,...,8m €
G such that

KNHy Cg1F,U---UgnF,.

Note that H \ H is a union of infinite open horodisks, and K intersects at most finitely
many open horodisks Hj, ..., H,. Hence, we have

KCcgifrU---UgnFrLUKNH)U---U (KN H,y),
which implies that
AK) CA@1F) U---UA(gmFl) UAKNH)U---UAK N Hy).
Since A(g; F,) = gi A(F,) fori = 1,...,m, we see that
p(A(gi F2)) = n(gi A(F3)) = u(A(F3)) < oo.

Hence, it is sufficient to see that (A(K) N H;) <ocoforj =1,...,n.
Consider the upper-half plane model of H and assume that H; is a horodisk centered
at 0o, i.e.,
sz{x+iy€H|x,ye]R,t<y}

for some ¢ > 0. Since K is compact, we can take a, b, ¢ € R such that
KNHjCc{x+iyeH|a<x<b t<y<=c}

Moreover, there exist a’, b’ € R such that if a geodesic line £ on H intersects K N H;,
then £ must intersect the segment

{x+iteH|d <x<b}.

The point is that this segment can be covered by a finite union of g%, (g € G). Therefore,
(A(K)) is finite and so is w(E), which implies that p is locally finite. |
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From the argument in the above proof, we see that for any geodesic line £ on H, there
exists g € G such that ¢ intersects g ¥, . Hence,

G(A(F3)) = #(OH) and G(A(F) N d,H) = d,H,

which implies that the actions of G on d,H and on # (0H) are cocompact. From [10,
Theorem 2.23], we can obtain the following proposition.

Proposition 3.4. Let ¥ be a cusped hyperbolic surface with finite area. The space
GC(X) = Mg (05°X) of geodesic currents on X and the space SC(X) = Mg (#(0°X))
of subset currents on X are locally compact, separable, and completely metrizable spaces.

From the above proposition and Theorem 2.14, we can regard GC(X) as a “comple-
tion” of weighted closed geodesics on X.

We apply Lemma 3.3 to the G-invariant Borel measure ng for some S € J¢(0H). Set
H = Stab(S). Then

ns(A(F2))

{gH e G/H | gS e A("F)L)}

{gH € G/H | gCH(S) N F), # 0}

{¢H € G/H | g(CH(S) N H,) N F; # 0}
{¢H € G/H | (CH(S) NH;) N g~' %, # 0).

[
* W ¥ F*

To count the number of cosets gH , we consider a fundamental domain corresponding to
the action of H on CH(S) N H,. Then we can obtain the following lemma.

Lemma 3.5. Let S € #(0H) and H = Stab(S). Let ¥s be a Dirichlet fundamental
domain corresponding to the action of H on CH(S). Note that H can be {id}; then,
Fs = CH(S). The measure ns is locally finite if and only if H) N Fs is compact for
some A.

Proof. The point of this proof is the local finiteness of a Dirichlet fundamental domain,
i.e., any compact subset K C H intersects only finitely many translates of a Dirichlet
fundamental domain.

First, we consider the “if” part. For gH € G/H , assume that (CH(S) N H) N g~ 1%
# (. Then there exists &1 € H such that

h(Fs NHy) Ng 17 # 0.

This implies that (s N Hy) N A~ g~ 1% # @. Hence, the number of such 7~ 1g~! € G
is at most finite since ¥ N H is compact. Therefore, ngs(A(F))) is finite, which implies
that ng is locally finite.

Now, we consider the “only if” part. We prove the contraposition. Assume that
Hj, N Fg is not compact. Then there exists an infinite distinct sequence {g;}ien of G
such that

(Fs NH,) ﬂgi_l\?'k #= 0.
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Note that if g; H = g; H fori # j, then there exists & € H such that g;# = g;, and we
have
FsNH)Ng 'Fy#0 and h(FsNH;)Ng ' Fy #0.

Since g; ¥, is compact, the number of such 4 € G is at most finite. Hence,
#{giH |i € N} = oo,
which implies that g (A(F))) = oo. |

From the above lemma, we see that the compactness of H; N Fs is independent of
the base point of the Dirichlet fundamental domain s and the horocycle parameter A.

Lemma 3.6. Let S € #(0H) and H = Stab(S). Let Fs be a Dirichlet fundamental
domain corresponding to the action of H on CH(S). The intersection ¥ N H is compact
if and only if H is finitely generated and there exists a finite set P of parabolic fixed points
of 0H (possibly empty) such that S = A(H) U H(P). Note that H can be the trivial
subgroup {id}, then, P contains at least two points.

Proof. When S consists of two points, the statement follows immediately. Hence, we
assume that #S > 3.

When H is trivial, we have S = P and s = CH(S); then the statement follows
immediately.

When H is generated by one parabolic element « of G, then A(H) = {¢®} and
CH(A(H)) is empty. Then for an appropriate base point for the Dirichlet domain Fg we
can take P C S such that S = A(H) U H(P) and Fg is a convex hull of A(H) U P.
Note that P contains a point x such that «(x) € P. Hence, s N H, is compact if and
only if P is a (non-empty) finite set of parabolic fixed points.

We assume that #A (H) > 2 hereafter. The quotient space CH(A(H))/H, which is
called the convex core of H, has finite area or is a circle if and only if H is finitely
generated. Let ¥ be a Dirichlet fundamental domain corresponding to the action of H
on CH(A(H)).

First, we prove the “if” part. Since H is finitely generated, ¥y has finite area. Hence,
H, N Fg is compact. Moreover, the quotient space of the action of H on each connected
component of CH(S) \ CH(A(H)), which is called a crown, also has finite area. There-
fore, H; N ¥ is compact.

Next, we prove the “only if” part. We can assume that the base point of Fg coincides
with the base point of ¥ . Since H; N Fg is compact, so is H N g, which implies that
H is finitely generated. Moreover, s and ¥ are finite polygons whose vertices can be
on oM. If a vertex v of Fg is on dH, then v is a parabolic fixed point since H; N Fg is
compact. This implies that the set P’ of all vertices of ¥ on 0H consists of finitely many
parabolic fixed points. Since CH(S) = H(Fs), we can see that

S =A(H)UHP.
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Set P = P’ \ A(H). Since H acts on dH \ A(H) properly discontinuously, we have
S=AH)UH(P),
as required. ]

From the above lemmas, Theorem 2.6 follows.

Remark 3.7. In the proof of the denseness property, we will construct v € SC(X) denoted

as
V= 28&'

iel
for S; € H (0% f?) (i € I). Since v is G-invariant, 7g, is also a subset current on ¥ for
every i € I. Moreover, there are finite iy, ..., i, € I such that

vV=1s;, t s,

by Lemma 3.3, which implies that v is a discrete subset current on .

4. Cannon-Thurston maps and currents

Let X be a cusped hyperbolic surface with finite area and let G be the fundamental group
of X. For simplicity, we assume that ¥ has no boundary; however, this assumption is
not necessary. Recall Remark 2.3. We have the Cannon-Thurston map ¢ from dG to
9% = 9H, which is a surjective continuous G-equivariant map sending [{x,}] € G to
the limit point of x, (y) € dH for some point y € H. Then ¢ naturally induces a continuous
map

Hp: H(IG) — H(IH) = H (OH) U {{x} | x € JH},

whose topology is the Vietoris topology, which coincides with the topology induced by a
Hausdorff distance. Note that S € #(dG) is a compact subset of G and so is ¢(S) =

Ho(S).
Lemma 4.1. For any compact subset E of ¥ (3H), the preimage # ¢~ (E) is compact.

Proof. Take any compact subset E of # (0H). To obtain a contradiction, suppose that
H¢~1(E) is not compact. Note that jf(BG) is a compactification of # (dG) with respect
to a Hausdorff distance. Hence, we can take a sequence S, of ¢! (E) converging to {x}
for some x € 0G in e;"Tf’(BG). Since H ¢ is continuous, H ¢ (S;) converges to H¢p({x}).
Therefore, the compact set E includes a sequence # ¢ (S,) converging to #¢({x}) € E,
which is a contradiction. ]

For i € SC(G), by considering the push-forward by # ¢, we have a G-invariant mea-
sure H g« () on H (0H) since H ¢ is G-equivariant. Then the restriction of the measure
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H s (1) to K (dH), denoted by ¢sc(it), is locally finite from the above lemma. Similarly,
we can obtain a map ¢gc from GC(G) to GC(X). Note that the continuity of ¢sc (and
¢cc) is not trivial since in the construction we restrict a measure on J (dH) to ¢ (0H).

Lemma4.2. The maps ¢sc:SC(G) — SC(X) and pgc: GC(G) — GC(X) are Rxq-linear
and continuous.

Proof. The Rx-linearity follows immediately by the definition. We prove that ¢sc is
continuous. The continuity of ¢gc follows from the same proof. Take a sequence uj,
(n € N) of SC(G) converging to i € SC(G). It is sufficient to prove that ¢sc(i,) con-
verges to ¢sc (). Take any continuous function f: # (0H) — R with compact support.
Since we have

supp(f o H¢) C H¢ ™" (supp(f)).
the support supp( f o #H¢) is compact from the above lemma. This implies that

[ raosctun) = [ 1o spdnn —— [ 1o spdn= [ sasscw.

Therefore, ¢sc (i, ) converges to ¢psc (). [ ]

By the definition of rational subset currents, we see that ¢)sc maps rational subset
currents of SC(G) to rational subset currents of SC(X). More concretely, for a non-trivial
finitely generated subgroup H of G, the limit set Ag(H) of H in dG is mapped to the
limit set A(H) of H in 0H by the map J ¢. This implies that the subset current

G =Y Seac €SCOG)
gHeG/H

is mapped to the subset current

na =Y. Seawm €SC(T)
gHeG/H

by ¢sc. Note that if H is the trivial subgroup, we define nl‘_}l and ng to be the zero measure
for convenience.
Similarly, for a non-trivial & € G, the geodesic current

=Y Sgacmy € GC(G)
g(h)G/(h)

is mapped to the geodesic current

=Y Sgaqm €GC(T)
g(h)G/(h)

by ¢c. Note that if & is a parabolic element, then 7y, is the zero measure.
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Recall that by Theorem 2.10 for a free group F' of finite rank,
SC'(F) = {cng | ¢ >0, H < G:finitely generated subgroup}

is a dense subset of SC?(F) = Span(SC’ (F)) (see Theorem 2.9 for the case of geodesic
currents). Hence, by the continuity of ¢sc and ¢gc, we can obtain the following lemma.

Lemma 4.3. The set
{cng € SC(T) | ¢ > 0, H < G: finitely generated subgroup}
is a dense subset of the Rx-linear span
Span({cng € SC(X) | ¢ > 0, H < G: finitely generated subgroup}),

and the set
{cnw € GC(Z) | ¢ >0, h € G}

is a dense subset of the R -linear span
Span({cnh €eGC(X)|c>0,he G})

Remark 4.4. We remark that ¢sc and ¢gc are not surjective. In fact, there exists no
S € #(dG) such that ng is rational, and S is mapped to the set {«*°, B°°} of two different
parabolic fixed points for two parabolic elements « and 8 of G.

If ns is rational, then for the stabilizer H = Stab(S), we have S = Ag(H). Then
#(S) = {a, B>} implies that H includes o and B’ for some k. € Z \ {0}. Therefore,
we have S D Ag (X, B')); then

{@™, B} = ¢(S) = A(H) D A((e*, B')).

which is a contradiction.

5. Approximation of geodesic line by sequence of closed geodesics

In this section, we present some interesting examples of convergence sequences of rational
geodesic currents or subset currents on a cusped hyperbolic surface. One of the examples
is a sequence of closed geodesics converging to a weighted geodesic connecting two cusps,
which is used for the proof of Theorem 2.12.

Let X be a cusped hyperbolic surface with finite area, and let G be the fundamental
group of X. Recall Assumption 3.1.

Proposition 5.1. Let a, B € G be parabolic elements. Assume that the fixed point a®° €
oMl of «a is different from the fixed point B € 0H of B. Then the sequence {nyngn} con-
verges 1o 2nge gooy in GC(X) when n tends to infinity. Note that o™ 8" is a hyperbolic
element of G for everyn € N.
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We need the following lemma to prove the above proposition.

Lemma 5.2. Let «, B € G be parabolic elements with a® # B*°. Then the sequence
{N(an,gny} Of subset currents converges 1o 1ygoo, gooy.

Proof. First of all, we note that the limit set A({«", ")) of the subgroup (", 8") con-
verges to {&®°, f°°} with respect to the Hausdorff distance on dH by applying the Ping-
Pong lemma to & and B” when n tends to infinity.

Next, let #, be a Dirichlet fundamental domain based at some point on the geodesic
[«®, B*°] with respect to the action of («”, ") on the convex hull CH({«", ")) :=
CH(A((«". B"))).

Consider the compact subsurface X, of X with respect to some horocycle parameter
A.Set Hy = n~1(Z,). Then we can see that for any horocycle parameter A, the sequence
F, N H), of compact subsets converges to [¢*, °°] N H, with respect to the Hausdorff
distance on H.

Now, take any continuous function f: # (0H) — R with compact support and take
a compact subset K of H such that the support supp(f) of f is included in A(K) =
{S € #(OH) | CH(S) N K # @}. Take r > 0 and assume that H; D> B(K, r). Moreover,
we assume that n is large enough so that the Hausdorff distance between ¥, N H, and
[a®°, B°°] is smaller than r.

Set Go ={g € G | g[a®™, B>] N B(K,r) # @}, which is a finite set because 1g00 goo}
is a locally finite measure on d>HH and ngqe gy (A(B(K, r))) is finite. We see that if n is
sufficiently large, then the map

$:Go — G/(". B"), g g(d". ")

is injective. Actually, for g1, g2 € Go, if g1 (", B") = g2 (™, B"), then g5 ' g1 € (", B").

Since Gy is a finite set, so is {g5'g1 | g1, 82 € Go}. Note that G = 71 () is a free group.

There exists a largest positive integer k such that «** or B*¥ appears in { g lg1lg.82€

Go} as areduced word. If n is larger than k, then g, ' g1 = id, which implies that g1 = g».
By the definition, we have

/fd’?(a”,ﬂ”) = > f(gA(a”, B))).
gla",Bn)eG/(a",p")
We want to prove that if n is sufficiently large, then
> FE@A(™ ")) = D f(gA((a". ™).
g{a”,B")eG/(a",B") g€Go

Set
J ={g(a". ") € G/{a", ") | gA({a", B")) € supp(f)}.

Then it is sufficient to prove that ¢ (Gg) D J for a large n. Take any gA ({«”, B")) € J.
Then g CH({«", B*)) N K # @, which implies that there exists & € («”, ") such that
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gh¥, N K # @. Since ¥, N H, is included in the r-neighborhood of [«¢®°, °°] N H},
we have
ghla™, 81N B(K,r) # @,
which implies that gh € Gg and ¢(gh) = g{a”, 7).
From the above, for a sufficiently large n, we have

[ranwopm= ¥ serdan g
glan,pn)eG/(am,B")
= Y f(gA(e". ")
g€Go
o0 o0 _
o O Fate D = [ fdnm .
g€Go
This implies that 7(gn_gn) converges to nygeo, gooy. ]

Proof of Proposition 5.1. First, we note that («” 8") is a cyclic subgroup of («”, 8"). Take
any continuous function f:d;H — R with compact support. Then we can take K C H,
r > 0 and Gy for f as in the proof of Lemma 5.2. We remark that from the argument in
the above proof for a sufficiently large n € N and g (", B") € (G/{a", B”*)) \ ¢(Gy), we
see that

gCH((e", B*) N K =0,

which implies that
gCH{«"B") N K = 0.

By using a bijection
G/(a"B") — G/ (", B") x (. B") /(" B"),

we have

Nianpr) = > SgA((anpn))
g{an Bn)€G/(an )

= > > SghA((anpny)-

glan,Br)eG/(am,B") h{a" Br)ela”,B")/{a" B")
Hence, for a sufficiently large n, we see that
[ ranangn = > 3 FghA(e"8™))
g€Go h(anBr)e{an,pm)/{an ")

By considering the Ping-Pong of @” and " for a large n, we deduce that gh A ({«” 7))
does not belong to the support of f unless i {a” ") is equal to

(@"B") or a™(a"B") = " (" B").
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We add a supplementary explanation to this claim after the proof. Note that A({«" "))
and e " A({(e"B")) = A((B"a™)) converge to {«°°, °°} when n tends to infinity. There-
fore, for a sufficiently large n,

/fdmanﬁn) = > (f(eA(@"B") + f(gA(B"a™))))

g€Go

= ¥ 2t ) = [ Sl

g€Gy
This implies that 7q»gn) converges to 2ngoo gooy. ]

We remark that (& 8”) (or («™" ")) corresponds to the boundary of the convex core
CH((«", 7))/ {™, B™). In this case, A({a”B")) and A({B"a™)) correspond to the two
boundary components of CH({«", 7)), which converges to [«®°, 8°°] with respect to the
Hausdorff distance on H when 7 tends to infinity.

From the proof of Lemma 5.2, we see that more generally n(m gn) converges to
N{ac,p0y when m and n tend to infinity. In addition, for finitely many parabolic elements
ag, ..., € G (k > 2) whose fixed points 7°, ..., «p° are pairwise distinct, we can see
that

Nat,....af) n—>ooa MNase, ...}

More generally, we can prove the following proposition.

Proposition 5.3. Let S € H(0H) satisfying the condition that H = Stab(S) is a finitely
generated subgroup of G, and S = A(H) U H({a(®, ..., ap°}). Then we have

MHWA, 0p}) 752 TS

Proof. We present a sketch of the proof when A(H) includes at least two points. Even
in the other cases the following argument works. Set H, = (H U {af,...,a7}). By
considering the Ping-Pong lemma, for a sufficiently large n, H, is the free product of
(af),...,{a), and H. Moreover, we see that the sequence of limit sets A(H},) converges
to S in € (0H).

Let B be a boundary component of the convex hull CH(H) = CH(A(H)), which is a
geodesic line connecting two points of A(H ). Let I be the open interval of dH connecting
the endpoints of B. We note that / does not contain any points of A(H) and assume that
I contains a$°, ... ,a;:o. Take some base point b on B. Take the Dirichlet fundamental
domain ¥, based at b corresponding to the action of H, on CH(H,) and take the Dirichlet
fundamental domain ¥ based at b corresponding to the action of H on CH(S).

From the choice of the base point b, we can see that for any horocycle parameter A, the
sequence ¥, N H, of compact subsets converges to ¥ N H; with respect to the Hausdorff
distance on H. (When H is the trivial subgroup, the base point b can be any point in
CH(H,), and ¥ = CH(S).) Then by the same argument as in Lemma 5.2, we see that
ng, converges to 7. |
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From Lemma 4.3, Proposition 5.1 and Proposition 5.3, we can obtain the following
theorem.

Theorem 5.4. Let X be a cusped hyperbolic surface with finite area. The set
{cng € SC(T) | ¢ > 0, H < m1(X): finitely generated subgroup}
is a dense subset of
SCY(2) = {u € SC(L) | p: discrete subset current},

and the set
{cng € GC(X) | ¢ > 0, g € m1(): hyperbolic element}

is a dense subset of
GCci(x) = {/L € GC(X) | u: discrete geodesic current}.
Now, we prove the “opposite” of Proposition 5.1:

Proposition 5.5. For every hyperbolic element g € G = 1w1(X), there exists a sequence
of pairs of parabolic fixed points {py, qn} of 0°°% such that %W{pn,qn} converges to 1g
when n tends to infinity.

Proof. Let p, g be parabolic fixed points of dH such that the geodesic line [p, g] intersects
with the axis Ax(g) = CH(A({g))) = [g°°, g~°°] of g. We denote by g~ the repelling
fixed point of g and denote by g*° the attracting fixed point of g. Then we set

pn=¢ "p and ¢, =g"q.

Note that p, converges to g~°° and ¢, converges to g when n tends to infinity. We

prove that %n{ Pngn} CONVETges to 7ng. Our strategy is almost the same as in the proof of
Proposition 5.2.

Take any continuous function f: d,H — Rs¢ with compact support and a compact
subset K C H such that A(K) includes supp( f). Let x be the intersection point of [p, ¢]
and Ax(g). For a positive integer n, set

Ly :=[g7"x,g"x] C Ax(g).

Define P, to be the geodesic ray from g7 x to g 7" p and define Q,, to be the geodesic ray
from g"x to g"q. For a sufficiently large n, by combining P,, L, and 0, we can obtain a
quasi-geodesic line £, connecting g—" p to g"¢ which is included in the r-neighborhood
of the geodesic line [py, g,] for some constant r > 0 by the stability of geodesics (see
Figure 1). We can also assume that the r-neighborhood of £, includes [py, ¢n].

Let Gy be a subset of the complete system of representatives of G/(g) satisfying the
condition that for any & € Gy, the orbit #{g®°, g~°°} belongs to A(B(K,r)), i.e.,

hAx(g) N B(K,r) # @.
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- 9 gu=g"g
g 17 Qn
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P, 49"

Pn=9""p ge°

Figure 1. In the right of the figure, we see that 7 (€,) = 7([p, q]) U n(Ax(g)) and the L,-part of

[P

7 (€y) goes round m(Ax(g)) 2n times. Hence, it is intuitively natural that “ﬁﬁn” converges to “g”.

Then we have
[ rane = 3 rintg=.>
heGy

since A(K) includes supp( f).
Now, we set
Ho:={h € G | h[p.q) N B(K.r) # 0}

and
G, = {h eG|hl,NB(K,r)# @}

forn € N. For h € G, if h{py, qn} € A(K), then h[py, gy] N K # @ and hence hl, N
B(K,r) # @, which implies that 4 € G,,. Therefore,

[ 14000 = 3 F0tpnan).

heG,

Note that #¢,, N B(K, r) # @ implies that
hP,NB(K,r)# 0, hL,NB(K,r)#@ or hQ,NB(K,r) #0.

If hP, N B(K,r) # @, then hg™"[p,q] N B(K,r) # @ and so h € Hyg". Similarly, if
hQ, N B(K,r)+# @,then hg"[p,q] N B(K,r) # @ andso h € Hyg™". Now, we consider
the case in which AL, N B(K,r) # @. Since L, = [g7"x, g"x] is included in Ax(g), we
see that 1 Ax(g) N B(K, r) # @, which implies that

he{ugm|u€G0,meZ}.

We remark that the number of m € Z satisfying the condition that ug™ L, N B(K,r) # @
is at most finite since L, is a finite geodesic segment.

We can assume that for every u € Gy, we have u[x, gx] N B(K, r) # @. Then for
u € Gy, we see that

ug™L, N B(K,r)#@ forme[—-n+1,n]NZ.



Currents on cusped hyperbolic surfaces and denseness property 1095

Hence, for each u € Gy, we can take a finite subset Z]; of Z such that
Hy:={heG|hL,NB(K,r) # 0} ={ug™ |uecGo, meZ}},

and 2n <#Z, < 2n + d for some constant d > 0 depending on the diameter of B(K, r).
Moreover, Z}; includes [-n + 1,n] N Z.
From the above, we see that

5 [ Fdnip.an— [ sang

= |5 3 O~ X futs™ g
heGy ueGo
< |5 X i — X futs™ 2|
heH, u€Go
1
fo Y g

heHyg"UHyg™™"

3 S e )~ 3 Frke g D]+ o max 1]

ueGo meZj ueGo

S| X 5 g o aah) — flate™, g h| + 0 max |1

u€Go meZj

IA

IA

Now, it is sufficient to see that for each u € G¢, the sum

1 1 _
Y 5 W™ puanh) = D S " p. 8" )
meZj meZy
converges to f(u{g>, g~°°}) when n tends to infinity. The idea is almost the same as that
of the proof of lim,— % Y k=1 ax = « for a sequence {a,} of R converging to « € R.
Fix u € Gy and ¢ > 0. Since f is continuous, there exists N € N such thatif j, k > N,
then
|fulg™ p.g"q)) — flulg™. @D <e.

Note that we have the equation
Yp:={meZ]|m-n<-Nadm+n>=N}=[-n+Nn—-N|NZ

since Z]; includes [-n + 1,n] N Z. Therefore,

| o g pn ) — S, )
meZl

1

<
~ 2n

DO fatg™ " p g™ ) — fulg™. g

meY)}

+% Yo (g™ " p. g™ gD + | fwlg™ g~ D)I)

meZI\Yy
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2n—2N + 1 HZN — HY "
< e+

o e o 2max | f]
2n —2N +1 d+2N -1
< e+ max [ f| —— e.
2n n n—00

This completes the proof. u

6. Discontinuity of intersection number on cusped hyperbolic surface

For a compact hyperbolic surface X, the intersection number i of closed geodesics was
continuously extended to an Rx¢-bilinear functional i: GC(X) x GC(X) — R in [1],
i.e., for any closed geodesics y1, y» on X, we have

i(Myy»Myy) = (Y1, 72)s

where 1,, represents a counting geodesic current 7, for ¢ € m(X) satisfying the condi-
tion that a representative of ¢ is freely homotopic to y;. Note that if ¢q, ¢, € 71(X) are
conjugate, then n¢, = 7c,.

However, when ¥ is a cusped hyperbolic surface, we can see that the intersection
number i cannot extend continuously to an R > o-bilinear functional i : GC(X) x GC(X) —
R>¢. The reason is as follows. Let «, 8 € 71 (X) be parabolic elements such that the fixed
point @* of « is different from the fixed point °° of 8. From Proposition 5.1 we have

ﬂanﬁn m zn{aoo’ﬂoo}.

Then the intersection number of " 8" and the geodesic £ connecting two cusps corre-
sponding to {&®°, $°°} tends to infinity but the self-intersection number of £ is finite.

We remark that according to [4, Theorem 2.4], for a cusped hyperbolic surface ¥ and
any horocycle parameter A the intersection number

i:GC(X) x GCy (X)) = R5o
is continuous for
GC), := {u € GC(T) | [x. y] C Hj forany {x, y} € supp(p)}.

Roughly speaking, by restricting H; we can prove the continuity of i in the same manner
as that in [1]. In the rest of this section, we present another sketch of the proof of the
continuity by using the argument in [10, Section 5.3], which was used for the proof of the
continuity of the generalized intersection number on SC(X).

Let X be a cusped hyperbolic surface. Fix a Dirichlet fundamental domain ¥ for the
action of G = m1(X) on H. By removing some edges of ¥, we assume that G(¥) = H
and g¥ N F = @ for any non-trivial g € G. Set

I¢y = {(Sl, S2) € 0,H x d,H | CH(S1) N CH(S>) is a point in ?}
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Then we define
i(ov) = ux v(Ig)

for any u, v € GC(X). We see that i (1, , 1,,,) equals the intersection number of y; and y»
for any closed geodesic or geodesic connecting two cusps y1, ¥2. Remark that u x v(I#)
is independent of the choice of ¥ since u, v are G-invariant.

Fix any (i, v) € GC(X) x GCy(X) and take a sequence {(i,, vy)} of GC(X) x
GC, (X) converging to (i, v). From the Portmanteau theorem [10, Proposition 5.45], if
uwxv(@Ig) =0, then pu, x v,(Ig) converges to i x v(Ig). However, in general,
i x v(0Ig) is not necessarily zero. Note that (S1, Sz) € dI# satisfies one of the fol-
lowing two conditions:

(1) S1 # S, and CH(S1) N CH(S>) is a point on 0.5 ;

(2) S1 = S, and CH(S,) N F # 0.

From the assumption that v € GC,, for the condition (1), it is enough to consider the case
in which CH(S7) N CH(S>) is a point on 0% N H; for the condition (2), it is enough to
consider the case in which CH(S;) N (¥ N H;) # 0.

For the condition (1), by moving the center of ¥ we can assume that the measure of
such (S1, S2) by i x v equals 0 (see [10, Lemma 5.51] for further details).

For the condition (2), we see that if the set of such (S, S) has a non-zero measure for
1 X v, then u and v have a common atom §g for (S, S) € d1#. Since v € GCy, S is
the limit set of (g) for a hyperbolic element g € G. Then we can prove that there exists
a small open neighborhood V' of (S, §) such that u x v(V \ {(S, S)}) is arbitrary small
(see the proof of [10, Theorem 5.39] for further details). As a result, we can prove that
Un X v, (I #) converges to i X v(I¢). This implies that the intersection number

i:GC(Z) x GCA(T) — R

is continuous.

7. Proof of denseness property of rational geodesic currents

Let ¥ be a cusped hyperbolic surface (recall Assumption 3.1). The main purpose of this
section is to prove that the space GC(X) has the denseness property of rational geodesic
currents (Theorem 2.12). From Theorem 5.4, it is sufficient to prove that the set Gc? (%)
of discrete geodesic currents is a dense subset of GC(X).

Our strategy for the proof is based on the proof of the denseness property of rational
geodesic currents on a hyperbolic group in [2] and the proof of the denseness property
of rational subset currents on a surface group in [10]. For a given geodesic current p €
GC(X), we construct a G-invariant family of quasi-geodesics on H, which induces a
discrete geodesic current on X approximating u by considering the limit set of each quasi-
geodesic. To construct the quasi-geodesics, we introduce the notion of a “round-path”,
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which is an analogy of a “round-graph” in [10]. Roughly speaking, by combining a G-
invariant family of round-paths we can obtain a G-invariant family of quasi-geodesics
on H.

Fix a fundamental domain ¥ for the action of G = 7;(X¥) on H such that ¥ is a
convex polygon whose vertices on dH are parabolic fixed points of G. We can obtain
such a fundamental domain by cutting ¥ along some geodesics connecting two cusps. We
remove some edges of ¥, which is a boundary component of ¥, such that G(¥) = H
and g¥ N F = 0 for any g € G \ {id}. In this setting, the set Side(F') of side-pairing
transformations of F is a basis of the free group G. Then we consider the Cayley graph
Cay(G) of G with respect to the basis Side(¥ ). Recall that the vertex set V' (Cay(G)) of
Cay(G) is G; the edge set E(Cay(G)) is G x Side(¥), and an edge (g,a) € E(Cay(G))
connects g to ga. We endow Cay(G) with the path metric dg such that every edge has
length 1. Note that g1, g» € V(Cay(G)) are adjacent if and only if g;F and g, ¥ are
adjacent.

Let Bg (g, r) be the closed ball centered at g € G = V(Cay(G)) with radius » > 0 in
Cay(G). Take some horocycle parameter A and set

Fr=FNH, =F na ().
For g € G and r € N U {0}, we consider the r-neighborhood

Be(gF.rn= || ¥
heV(Bg(g.r)

of g ¥ with respect to dg and the r-neighborhood

Bo(gFy.r)=Bc(gF.rNH,y= || &%
heV(Bg(g.r))

of g%, with respect to dg.

For an edge e of ¥, which is included in ¥ but not necessarily included in ¥, we
call e N H; an edge of ¥,. For a horocycle U on H, which corresponds to a boundary
component of X, we call the intersection U N ¥ a horocyclic edge of ¥). We say that e
is an edge of Bg(g¥;,r) if e is an edge of hF), for some h € Bg(g,r).

The notion of a round-path, which we define in the following, will play a fundamental
role in the proof of the denseness property of rational geodesic currents. Roughly speak-
ing, a round-path of Bg(g¥), r) is an information of how a geodesic line on H passes
through Bg(gF,,r).

Definition 7.1 (Round-path and cylinder). For a sequence of edges ey, ..., ex of the r-
neighborhood Bg (g%, r), we say that [eq, ..., ex] is a round-path of Bg(g¥F,,r) if
there exists a geodesic line £ in H passing through eq, ..., ¢ in this order while passing
through Bg (g %), r). In this case we say that £ passes through the round-path [eq, . . ., ex].
Note that we can also consider the case that a quasi-geodesic passes through [ey, ..., ex]
similarly. We identify [eq, ..., ex] with [ex, ex—1, ..., e1] since we do not consider the
direction of £.
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We add a supplementary explanation to the above definition for completeness. When £
passes through the intersection point of an horocyclic edge e and another non-horocyclic
edge of ¥,, we consider £ to be passing through the horocyclic edge e. When £ passes
through the intersection point v of two horocyclic edges e; of 71 ¥ and e, of h, F) and v
belongs to i1 ¥, we consider £ to be passing through e; . For a round-path p = [eq,. .., ex]
of Bg(g¥y, 1), if e; is a horocyclic edge of h; ¥, e;j+1 is a horocyclic edge of h; 41 F)
and &y, h, are neither the same nor adjacent in Cay(G), then we do not consider such a

round-path p and consider [ey, ..., e;] or [ej+1,...,ex] instead of p, i.e., if a geodesic
line £ passes through ey, ..., ¢ in this order while passing through Bg (g%, r), then we
consider £ to be passing through eq,...,e; ore;4+1,...,ek.

For a round-path p of Bg(g¥),r), we define the cylinder Cyl(p) with respect to p to
be the subset of d, H consisting of S satisfying the condition that CH(SS) passes through p.
We denote by R, (g) the set of all round-paths of Bg(gF,,r) that contain an edge e of
g%, withe N g¥F, # @. Note that R, (g) is a finite set.

For a round-path p = [e1,...,ex] € Ry(g) and h € G, we can define hp to be
[hey, ..., her] € R,(hg). Hence, we have the action of G on the union |_|geG R (g).

Example 7.2. In Figure 2, we present three examples of round-paths in the upper-half
plane model of H. In the left of Figure 2, the geodesic line £ passes through eq, e5, €3
and e4 in this order, all of which are not horocyclic edges. In the center of Figure 2, the
geodesic line £ passes through ey, e;, e3 and e4 in this order, and e;, e3 are horocyclic
edges. In the right of Figure 2, the geodesic line £ passes through ey, €5, ¢ and e3 in
this order, and only e, is a horocyclic edge. Note that a horocyclic edge is not a geodesic
segment.

[ es

ey e €3 €y & €1 €4

l

g1 Fx g2Fx g3Fa a1Fx g2 Fx

Figure 2. Example of round-paths.

By the definition of round-paths, we see that for two different round-paths p;, p» €
:Rr (g)9
Cyl(p1) N Cyl(p2) = 0.

Moreover, we have
L] Cyip) = {S € 821 | CH(S) N g% # 0} = A(gF3)
DPER(g)

since CH(S) passes through an edge e of gF) withe N g%, # @ for S € d,H if and only
ifCH(S) N g%, # 0.
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Now, we prepare some lemmas related to round-paths and cylinders.

Lemma 7.3. Take any L > 0. If a horocycle parameter ) is sufficiently large, then for any
reN,geGandp=lei,...,er| € Rr(g) such that ey, ey are horocyclic edges, the
distance

d(ey,er) = inf{d(x,y) |x €e, ye€ ek}
is larger than L.

Proof. Fix some horocycle parameter A¢. Assume that the horocycle parameter A is larger
than A¢ so that the distance between each boundary component of X, and the boundary
component of X, corresponding to the same cusp is larger than L /2. Then considering
that ¥, X, are subsurfaces of X, we see that if a geodesic line £ on X goes into X,
from a cusp neighborhood, then £ goes down the cusp neighborhood to X,. Take any
x € e1 and y € ¢g. Then 7 ([x, y]) goes into X at x and goes out from X, at y, which
implies that 7 ([x, y]) passes through the cusp neighborhood between ¥ and X, twice.
Therefore, the length of [x, y] is larger than L. |

Let d]ﬁl be the distance function on H = H U 9H, which is the restriction of the
Euclidean distance to the Poincaré disk model of H. We define the distance function dy,
on d,H as

d S1,82) = dz(x, S2), dg(S1,
5,1 (S1. S2) max{ffé%’i (%, S2). max dg (i x)}

for S1, S, € 9, H, which is the restriction of the Hausdorff distance on J (01H) with respect
to dig to 9, H.

Lemma 7.4. Fix g € G and € > 0. If a horocycle parameter A and r € N are sufficiently
large, then for any p € R,(g), the diameter of Cyl(p),

diam(Cyl(p)) := sup{ds,m(S1. S2) | S1. 52 € Cyl(p)}.

is smaller than e.

Proof. To obtain a contradiction, suppose that there exists € > 0 such that for any horo-
cycle parameter Ay and ro € N, there exist A larger than Ao, r > rg, p € R,(g) and
S1., 82 € Cyl(p) such that dy, i (S1. S2) > &. We can assume that for some x; € S, we
have dg(x1, S2) > 0 without loss of generality. Then there exists &’ > 0 depending only
on ¢ such that d(x;, CH(S2)) > ¢&’. Hence, for the closed ball Bg(x, &) centered at x
with radius &', we have

By (x,&") NCH(S,) = @.

Now, we assume that rg and Aq are sufficiently large such that for any y € 0H, some
edges of Bg(g¥y.r) are included in Bg(y, &’). Moreover, we can assume that an end
edge e of p is included in Bg(x, ¢'). Since S, € Cyl(p), we have CH(S2) Ne # 0.
Hence, CH(S>) N By (x,¢’) # @, which is a contradiction. [
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From the proof of the above lemma and the stability of quasi-geodesics on a Gromov
hyperbolic space, we can obtain the following lemma. Recall that fora > 1, b > 0, an
(a, b)-quasi-geodesic on H is an (a, b)-quasi-isometric embedding from an interval of R
to H. The quasi-geodesics that we are going to construct later are piecewise geodesics.

Recall that for a subset A of H the limit set A(oo) of A is the set of accumulation
points of A in dH.

Lemma7.5. Fixg € G,a > 1, b > 0and &y > 0. If a horocycle parameter A and r € N
are sufficiently large, then for any p = [eq, .. ., ex] € Ry (g), if an (a, b)-quasi-geodesic £
passes through ey, .. ., ey in this order while passing through B (g%, r), then the limit
set £(00) of £ is contained in the §y-neighborhood of Cyl(p).

Proof. To obtain a contradiction, assume that £(c0) is not contained in the §p-neighbor-
hood of Cyl(p). Then we can take 6, > 0 depending on &y, S € Cyl(p) and x € S such
that B (x,83) N CH(£(00)) = @. However, by the same argument as in the above lemma,
if A and r is sufficiently large, then Bg(x,8y) N ¢ # @ and one of the limit points of
¢ is contained in Bg(x, 8;). This implies that Bg(x, y) N CH(£(c0)) # @, which is a
contradiction. ]

Since the proof of the denseness property of rational geodesic currents is long and
includes many constants and parameters, we will write “setting” when we fix something
related to the proof.

Setting 1. Fix u € GC(X) and assume that p is not the zero measure. Fix & > 0. Take
any continuous functions fi,. .., fj: 92H — R ¢ with compact supports. Take the neigh-
borhood of p as follows:

Ue; fire..\ fi) = {veGC(E) | )/ﬁd,u—/fidv‘ <e(i= 1,...,1)}.
Take a compact subset K of H such that
A(K) = {S € 3,H | CH(S) N K # 0}

includes the support supp(f;) of f; fori = 1,...,/. From now on we assume that the
horocycle parameter A is large enough so that K is included in H,. In addition, we take
ro € N such that K is included in

Bo(Frro)= || hF
heV (B (id,r0))

Note that the family of U(e; f1, ..., f;) forms a fundamental system of neighborhoods
of u. We are going to construct a discrete geodesic current, i.e., a finite sum of rational
geodesic currents

v=cin +---+cne (c1,...,¢0 >0),

belonging to the neighborhood U(e; f1, ..., f1).
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Lemma 7.6. There exists a subset O of

L] ®w

heV(Bg(id,ro))

such that

U 4aam) =] | o). (%)

heV(Bg (id,ro)) reo

Proof. Recall the discussion before Lemma 7.3. For each h € V(Bg(id, rg)), we have

Ans) = || ).
PER,(h)

First, we set
o= ] &,
heV(Bg (id,ro))
and we remove some round-paths from @ such that @ satisfies the above condition ().
Taking a labeling of the elements of V(B¢ (id, rg)), we have

V(BG(1d7 7'())) = {gla e ’gS}'

For p1 € R, (gi,), P2 € Ry (gi,), if Cyl(p1) N Cyl(p2) # @ and iy < ip, then we remove p,

from (9. We continue this operation for each pair of p1, p> € O one by one. Finally, we can

obtain @ such that for any py, p» € O so that p; # p,, we have Cyl(p;) N Cyl(p2) = 0.
Now, it is sufficient to prove that

U 4e5) c [ o).
heV(Bg(id,ro)) peO
Take any S € | J A(hF)). Let i be the smallest number in {1,..., s} such that CH(S)
passes through g; ¥, . Then we can take p € R,(g;) such that S € Cyl(p). Since CH(S)
does not pass through g1 %), ..., gi—1 ¥, the round-path p does not have an edge e inter-
secting
giFpu---Ugi ¥y

Therefore, for any p’ € R,(g1) U--- U R,(gi—1), we have Cyl(p) N Cyl(p’) = @, which
implies that p is not removed from the original @ in the above operation. Hence, p € O,
and
S e Cyl(p) € || cylp),
p'eO

as required. ]

Notation 7.7. Let m be a Borel measure on a topological space 2. Set |m| := m(£2). For
a non-empty Borel subset 4 of 2, we denote by m|4 the restriction of m to A, i.e., for any
Borel subset E of €2,

m|4(E) :=m(ANE).
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The support of m, denoted by supp(m), is the smallest closed subset A of 2 such that
m(A€) = 0.

The following lemma will play a fundamental role in proving that a certain geodesic
current v belongs to the neighborhood U(e; f1, ..., f1) of u.

Lemma 7.8. There exist a horocycle parameter A, a radius r € N of round-path, € > 0
and 8§y > 0 such that if a geodesic current v € GC(X) satisfies the following conditions,
then v belongs to U(e; f1,..., f1):

(1) Take O satisfying the condition (x) in Lemma 7.6. There exists a Borel measure
vy, for each p € O such that

viak) = Y vpla):
pel

(2) supp(vp) is included in the §y-neighborhood B(Cyl(p), §o) of Cyl(p) for every
p e

3) ||vp| — M(Cyl(p))\ < & for every p € 0.

Proof. Let f € {f1,..., fi}. Take O satisfying the condition (*) in Lemma 7.6. Recall
that

supp(f) CA(K)C | AGF) = | | Cyl(p).

heV(Bg (id,ro)) peld
Hence, we have

[ rav— [ rau| = \[fdgvp—lgfcym o
< ¥ ‘/fdvp—/cyl(p)fd,u‘.

peO
Cyl(p)NA(K)#0

Since f is uniformly continuous, for g, > 0, there exists £; > 0 such that

sup | f(x) = fFOW) < e2.
x,y€d, H
d(x,y)<ei
Take 0 < 89 < &1. By Lemma 7.4 there exist A and r such that the diameter diam(Cyl(p))
is smaller than &; — 8¢ for any p € @, which implies that the diameter of B(Cyl(p), 8)
is smaller than &7.
For each p € O, take some x, € Cyl(p). Then we have

[ rav— | o fn]

< (/fdvp—f(xp)lvpl\ + ]f(x,,)|v,,|_/C )fd,u‘

yi(p
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< ealup |+ £ Cxp)lop| = SO RCH | + [ FCxpCoin ~ [

Cyl(p)

fdu|
< &2|vpl + | £(xp)] - |Ivp] — (CYL(P))| + 214 (Cyl(p)).

Set O :={p € O | Cyl(p) N A(K) # @}. We obtain

p;{ [ rav- [ o Jan

<& Y (|vpl + u(Cyl(p) +max f Y |[v] — u(Cyl(p)))|

peO’ pew’
<& ) (u(Cyl(p)) + &) + max | f| - #0' -8
pey’

< 2eu(B(A(K), £1)) + (62 + max | f )& - #0'.

Note that Cyl(p) is included in the &;-neighborhood B(A(K), e1) of A(K) for p € O’.
Since p is a regular measure, the value w(B(A(K), £1)) is close to u(A(K)) when &7 is
small. Hence, we can consider u(B(A(K), 1)) as given. In addition, if we take a suffi-
ciently small &,, which influences A and r, then e, u(B(A(K), €1)) is smaller than /2.
Remark that the cardinality #(9’ can become larger when A and r become larger. There-
fore, we take sufficiently small £ after fixing A and r. As a result, we can see that

)/fdv—/fdu‘<g+§<s,
as required. ]

Setting 2. Fix a horocycle parameter A, a radius r € N of round-path, € > 0 and 8o > 0
as in the above lemma. From Lemma 7.5 and the proof of the above lemma, for some
a > 1,b > 0, we can also assume that for any p = [eq, ..., ex] € O with p € R, (g), if
an (a, b)-quasi-geodesic £ passes through ey, ..., ey in this order while passing through
Bg (g, r), then the limit set £(oco) of £ is included in the §p-neighborhood B(Cyl(p), o)
of Cyl(p). Note that the number of g € G satisfying the condition that p € R, (g) for some
p € O is finite.

Definition 7.9 (Connectability). Let u, v € G be adjacent vertices in Cay(G). Let p =
le1,...,ex] € R, (u) and assume that p passes through an edge e of vF, withe NvF) #
. Then the restriction of p to

Bg(uF,vFy,r) := Bgu¥Fy,r) N Bg(vFy, 1),

denoted by p|y,y, is defined as a sub-round-path [e;, €; 41, ..., e;] of p if the edges of p
included in Bg(u¥Fy,v¥,,r) are e;,e;41,...,¢e;. Wecall [e;,e; 11 ..., e;] a round-path
of Bg(u¥),v¥F,,r). We remark that a round-path of Bg(u¥),, v¥,, r) always includes
an edge e, of u¥) with e, Nu¥) # @ and an edge e, of vF) with e, N vF) # @. In
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addition, there exists p’ € R, (v) such that the restriction p’|,,» of p’ to Bg(uFy, vFy,r)

equals plu,y.
For p1 € R, (u) and p, € R, (v), we say that p; and p, are connectable if p; includes
an edge e, of vF) with e, N vF) # B, p, includes an edge e, of uF) withe, NuF, # 0,

and Pl|u,v = p2|u,v~

For u € GC(X), we define the map

| ] Re(e) > Rso
geG

as

ji(p) := u(Cyl(p)) forp e | | Rr(2).
geG

Note that since p is G-invariant, the map u is determined by a finite number of the values

{1(P)}per, d)-
For adjacent u, v € G and any round-path J of Bg(u¥,,v¥),r), we have

Ll oviim= || o)
DERy (u) P'ER; (V)
Pluy=J 17,|u,v=\,
since each side of the equation can be considered as the cylinder with respect to J. Hence,
we can obtain

Yo owCp) = > wCyl(p))

PER, (1) P'ER,(v)
P|u,v=J P/lu,v:-]
and hence
Yo mp= ). mp). (x)
PER, (u) P'ER, (v)
Plup=J P/lu,vzj

By considering the action of G on the Cayley graph Cay(G), the system of the equa-
tions () for all adjacent u, v € G and all round-path J of Bg(u¥),, v¥F,,r) can be
considered as a finite homogeneous system of linear equations with respect to the vari-
ables ju(p) for p € R, (id). Since the coefficients of these equations are integer, by [10,
Lemma 8.11] there exists a rational solution approximating jt, which induces a map

0: |_| R (g) = Zxo
geG
satisfying the following conditions:
(1) 0is G-invariant, i.e., forany p € [_|geG R,(g)and h € G, we have O(p) = 0(hp);
(2) there exists M € N such that for any p € |_|g€G R, (g), we have

00) — RO < &
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(3) for any adjacent u, v € G and any round-graph J of Bg(u¥,,v¥F,,r),

Yo obp= Y. 6(p). )

PER, (1) P'ER, (V)
P‘u,v:-] p/lu,v:-l

The point is that ﬁ@ approximates u and satisfies the same property.

Now, considering 6(p) copies of round-paths p for each p € |_|geG Rr(g), we will
construct a family of G-invariant quasi-geodesics by combining the round-paths modulo
the equation (*’J), which will induce a discrete geodesic current nr. Then

1

V= —
M’?F

will satisfy the condition in Lemma 7.8, which implies that v belongs the neighborhood
Ue; f1,---5 f1)-

First, in the same manner as in [10, Theorem 8.12], we construct a graph I" that G acts
on. We define the vertex set V(I') of I" to be the set

{v(g. p.i)}geG,peR, (g),i=1,...0(p)-

We regard v(g, p,i) as acopy of v(g, p,1) fori =2,...,0(p) and we write it v(g, p) for
short when no confusion arises. When 6(p) = 0, there exists no vertex v(g, p,i). Define
an action of G on I' as

hv(g,T,i) =v(hg,hT,i)

forh € G andv(g,T,i) € V(I'). Define a map ¢ from V(T") to V(Cay(G)) to be the natural
projection, i.e., for v(g,t,i) € V(I'),

t(v(g.t,i)) =g.

We define the edge set E(I") by connecting two vertices in V(I") G-equivariantly in
the following way. For each u € Side(¥) and each round-path J of Bg(F,,u¥),r), we
connect a vertex v(id, p, i) to a vertex v(u, p’,i’) such that

P|u,v =J= [7/|u,v~

Since for each round-path J of Bg (¥}, u¥},r), the equation (+',) holds, the number of
vertices v(id, p,i) € .~ 1(id) with p|, , = J is equal to the number of vertices v(u, p’,i’) €
" (u) with p'|,, = J. Hence, there exists a one-to-one correspondence between

{v@id, p.i) € ' (d) | pluw =J} and {v(u, p'.i") € T ) | pluw = I}

Then we spread the above edges by the action of G. Explicitly, for two vertices v(id, p, i)
and v(u, p’,i’) connected by an edge, we connect hv(id, p,i) to hv(u, p’,i’) by an edge
forevery h € G.
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From the above, we obtain a graph I' that G acts on; moreover, the G-equivariant
map t: V(I') — V(Cay(G)) naturally extends to the G-equivariant map t: I' — Cay(G)
satisfying the condition that the restriction of ¢ to each connected component of I' is
injective. From the above construction, for two adjacent u, v € V(Cay(G)), if two vertices
v(u, p) and v(v, p’) are connected by an edge, then p and p’ are connectable.

Lemma 7.10. For every vertex v € V(I'), the degree of v is smaller than or equal to 2,
which implies that a connected component Y of T is a point or homeomorphic to an
interval of R. Moreover, if a connected component Y of I is not a finite subgraph, then Y
is not a half-line but a line, i.e., homeomorphic to R.

In addition, if v(g, p) € V(I') is an end vertex of a finite connected component Y of T,
p =le1,...,ex] and ey is an edge of gF,, then ey is a horocyclic edge of g ).

Proof. Letv(g, p) € V(I'). For the round-path p € R,(g), there exists a geodesic line £
that passes through p. If the vertex v(g, p) is connected to v(gu, p’) for u € Side(¥) U
Side(F'), then £ passes through gu¥,. By the definition of the fundamental domain %,
the number of such u is at most two. Hence, the degree of v(g, p) is smaller than or equal
to 2.

Next, we consider a connected component ¥ of I" that is not a finite subgraph. The
point is that G acts on the graph I' and the quotient graph G \ T is a finite graph since we
have

#V(G\T) =#"'(d) = Y  6(p) < oc.
PER,(id)
Hence, the quotient graph of Y by the stabilizer of ¥ with respect to the action of G is
also a finite graph, which implies that ¥ can not be a half-line. ]

Consider a connected component Y of I" and assume that Y has infinite vertices. Since
Y is aline, we can assign a number to the vertex set V(Y) of Y such that

V(Y) ={v(gi, pi)}iez

and v(g;+1, pi+1) is connected to v(g;, p;) for any i € Z. Moreover, we can obtain a bi-
infinite sequence [¢;];cz of edges by combining the round-paths {p;};cz since adjacent
round-paths of {p; };ez are connectable.

Even when Y has at most finitely many vertices, we can obtain a finite sequence
{v(gi, pi)} of vertices and a finite sequence [e;] of edges in the same manner.

Lemma 7.11. Let Y be a connected component of T'. There exists an infinite piecewise
geodesic {(Y) passing through the sequence [e;] of edges in this order such that every
bending angle of £(Y) is larger than 1 /2 and every geodesic piece of £(Y) is long enough
that £(Y') is an (a, b)-quasi-geodesic line (see Setting 2 for the constants a, b).

Proof. Case 1. First, we consider the case in which Y is a line. We assume that every
e; is not a horocyclic edge for convenience. For a finite subsequence [¢;_r, ..., €j+,] of



D. Sasaki 1108
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Figure 3. The way of combining geodesic segments {{;, };c7-

[e;], there exists a round-path p; such that [e;_,, ..., e;4,] is a subsequence of p;. Hence,
there exists a geodesic segment £; starting from e;_, toward e;4, and passing through
€i—r,...,ei4r in this order. We combine the sequence {{;,};cz of geodesic segments
in the following way (see Figure 3) and construct an infinite piecewise geodesic £(Y')
passing through the sequence [e;] of edges in this order. Assume that r is a multiple of 4
for convenience.

(1) If £;, and £;,, intersect at ¢ while passing through e+ and €y then we
combine £;, and £;,, att.

(2) If£;, and £; 4+, do not intersect while passing through Cirtr ande;, , ar, then we
take the intersection point s of £;, and eir4 ¢ and take the intersection point ¢ of
Liryr and e;, 3 and we combine {;, with the geodesic segment [s, ¢] at s and
combine [s, ] with £;, 4, at t.

From the above, we see that the length of every geodesic piece of £(Y) is larger than
% inf{d(x, y) | x. y belong to non-adjacent edges of #} }.

Each bending angle of £(Y) is larger than 7/2 if r is sufficiently large. Hence, if r is
sufficiently large, then £(Y) is an (a, b)-quasi-geodesic line (see Supplementation 7.12).

Case 2. Now, we consider the case in which Y is a finite segment. Let [eq, ..., e,] be
the finite sequence of edges that we obtained by combining the round-paths. Then the
end edges ¢ and e, must be horocyclic edges by the construction of I'. If m is smaller
than or equal to 2r, then there exists a geodesic segment [s, f] starting from eq toward e,
and passing through ey, ..., ¢y, in this order. Then we combine [s, ] with the geodesic
ray [s, €] starting from s to the parabolic fixed point £ that the horocycle including eq is
centered at. Similarly, we combine [s, ¢] with the geodesic ray [¢, {] starting from ¢ to the
parabolic fixed point ¢ that the horocycle including e, is centered at (see Figure 4). This
piecewise geodesic £(Y') satisfies the condition in the lemma since the length of [s, 7] is
sufficiently large by Lemma 7.3.
If m is larger than 2r, then we take geodesic segments

belop,.. . ley O<m—cr<r)
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Figure 4. The way of extending [s, ] to £(Y).

and combine them in the same manner as above. Note that £., is a geodesic segment
starting from e.,—, to e,. Then we combine the resulting piecewise geodesic with the
geodesic rays from its ends to the corresponding parabolic fixed points in the same manner
as above. The resulting piecewise geodesic £(Y") satisfies the condition in the lemma if r
is sufficiently large. ]

Supplementation 7.12. It is well known that a piecewise geodesic, each bending angle of
which is bounded from below and each segment of which is sufficiently long, is a quasi-
geodesic. Since we could not find any literature on this claim, we give the proof here for
the convenience of the reader.

We use the fact that a local quasi-geodesic is a quasi-geodesic (see [5, p.25]). Since
each segment of the piecewise geodesic £ can be sufficiently long, it is enough to see that
the neighborhood of each corner is a quasi-geodesic. Therefore, we consider the case of
Figure 5. By the trigonometry of right triangles in the hyperbolic plane, we have

coS o/ cos

cosh(d (v, x)) = sinf;  sinf’

Therefore,
1 1

cosh(d(v, x)) <

< .
max{sin 81, sin 8o} ~ sinw

Figure 5. The vertex v of the triangle is a corner of £ and the vertices u, w are on the segments of £.
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This implies that d (v, x) is bounded above by a constant C depending on the bending
angle 81 + B2. Then we see that

du,v) +dw,w) <du,x)+dx,v) +dw,x)+dx,w) <d@u,w)+2C.

Hence, the neighborhood of the corner v of £ is a (1, 2C)-quasi-geodesic. This completes
the proof.

Define Comp(I") to be the set of all connected components of I". Note that the action of
G on T induces the action of G on Comp(I"). However, since for each Y € Comp(I"), the
construction of £(Y’) is not G-equivariant in the above proof, we add some supplementary
explanation.

For Y € Comp(I") homeomorphic to R and an infinite quasi-geodesic £(Y) satisfying
the condition in the above lemma, the limit set £(Y)(c0) € d,H is uniquely determined
by the bi-infinite sequence of the round-paths p;. Hence, we see that gf(Y)(co) equals
£(gY)(oc0) for any g € G. When Y is finite, the limit set £(Y)(o0) is determined by the
end edges of [e;], which implies that g€(Y")(co) equals £(gY)(oc0) forany g € G

Therefore, we can obtain a family {£(Y )}y ccomp(r) of infinite quasi-geodesics such
that £(Y) satisfies the condition in the above lemma for every Y € Comp(I") and G acts
on {£(Y)(00) }y eComp(T), i-€., for any ¥ € Comp(I") and any g € G

£(gY)(00) = gl(Y)(c0).

As aresult, we can obtain the G-invariant measure

= Y Sy
Y €Comp(T")

on d,H. We will see that v := ﬁﬂl‘ satisfies the condition in Lemma 7.8.

Condition (1) and (2) in Lemma 7.8. For each p € @ with p € R,(g), we set

o= Y.  Sur)co):
v(g,p)eV(Y)

where the sum is taken over all Y € Comp(I") satisfying the condition that v(g, p,i) €
V(Y)forsomei =1,...,6(p). Then by Lemma 7.11 and Setting 2 we see that the support
supp(nr,p) is included in the §p-neighborhood B(Cyl(p), 8p) of Cyl(p).

Note that by the definition of @ we have

{Y e Comp(D) [ L(¥)N | J  hF # @}
heV(Bg(id,ro))

= |_| {Y € Comp(T") | v(g, p) € V(Y) for g with p € Rr(g)}.
peO
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In other words, for ¥ € Comp(I"), we have v(g, p) € V(Y) for p € O N R,(g) if and
only if
tyn || rF £

heV(Bg(id,ro))

Since K is included in |_|heV(BG (d,ro)) 1F2, we can assume that if £(Y') does not intersect
Lnes o (ro,id) 1F » then £(Y ) (o00) does not belong to A(K). Hence, the following equality
holds:

nrlag = Y 1rpla.
peO

As a result, by defining v, to be ﬁ?]r"p for each p € @, we have

vlak) = Y_ vplA(K).
peO

This is the required equality in condition (1) in Lemma 7.8.

Condition (3) in Lemma 7.8. By the definition of nr , for each p € @, we have

1
[vp| = ﬁ#{Y € Comp(I') | v(g. p) € V(Y)}

%#{v(g,p,i) eV |i=1....0(p)}

1
0.

Hence, for each p € O,

1
[Ivp] = (€PY| = |-6(p) = R(CYI(p))| <&

which is the required inequality.

Finally, since nr,, is a finite measure for every p € @, we have that nr(A(K)) is
finite. We can assume that K is sufficiently large. Then we see that nr is a locally finite
measure from Lemma 3.3. Moreover, by Remark 3.7, nr is a discrete geodesic current.
Therefore, it follows by Lemma 7.8 that v = ﬁ nr is a discrete geodesic current belonging
to U(e; fi,..., f¢). This completes the proof of Theorem 2.12.

8. Proof of denseness property of rational subset currents

Let 3 be a cusped hyperbolic surface. Since our strategy for the proof of the denseness
property of rational subset currents is the same as in the case of geodesic currents, we only
present a sketch of the proof in this section. We introduce the notion of an appropriate set
of round-paths and the subset cylinder with respect to it, which plays the same role as a
round-path and the cylinder with respect to it.
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We use the setting given at the beginning of Section 7, which we used in order to
define the notion of round-paths. Take the fundamental domain ¥, the set Side(¥') of
side-pairing transformations of ¥ and the Cayley graph Cay(G) of G with respect to the
basis Side(F') in the same manner as in Section 7. We also take some horocycle parameter
A and some radius r € N.

Definition 8.1 (Weak convex hull, set of round-paths and subset cylinder). For aset S €
H (0H), we define the weak convex hull WCH(S) of S to be the union of all geodesic
lines connecting two points of .S

Let g € G. Let T be a set of round-paths of Bg(g¥,, ), which includes some round-
paths not passing through g ¥ . Note that T is a finite set. We say that T is appropriate if
there exists S € # (dH) satisfying the following two conditions:

(1) for every round-path p € T, there exists a geodesic line £ connecting two points
of S such that £ passes through p, i.e., for p = [eq1,...,ex] € T, £ passes through
el, ..., ek in this order while passing through B, (g%;.7);

(2) for every geodesic line £ connecting two points of S, there exists p € T such that
£ passes through p.

If S € J¢(0H) satisfies the above two conditions, we say that the restriction of WCH(S)
to Bg(gFy,r) equals T'.

For an appropriate set T of round-paths, we define the subset cylinder SCyl(T') with
respect to 7' to be the subset of J¢ (0H) consisting of an element S satisfying the condition
that the restriction of WCH(S) to Bg(g¥),r) equals 7. We denote by R (g) the set of
all appropriate sets of round-paths that contains a round-path containing an edge e of g%
with e N gF # @. Note that R (g) is a finite set.

The notion of subset cylinder has the same property as that of cylinder, and we have
the equality

| | SCyl(T) = {S € #(0H) | CH(S) N gF3 # B} = A(gF2).
TeR;(g)

The properties that we proved in Section 7 from Lemma 7.4 to Lemma 7.8 except
Lemma 7.5 can be naturally generalized to the subset current version.
The subset current version of Lemma 7.5 is as follows:

Lemma8.2. Fixg e G,a>1,b > 0and§y > 0. There exist a large horocycle parameter
A and a constant §1 > 0 such that for a sufficiently large r € N and any T € R} (g), ifa
set Y of (a,b)-quasi-geodesics satisfies the following conditions:

(D) Y] = Uyey £ is 81-quasi-convex;

(2) foreveryl €Y passing through Bg (g%, 1), there exists p € T such that £ passes
through p;

(3) forevery p € T, there exists £ € Y such that £ passes through p,
then the limit set |Y |(c0) of |Y | is contained in the 8y-neighborhood of SCyl(T).
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Proof. Recall that |Y | is §; -quasi-convex if for any x, y € |Y |, the geodesic segment [x, y]
connecting x to y is included in the §;-neighborhood of |Y | with respect to the hyperbolic
metric on H.

To obtain a contradiction, we suppose that | |(c0) is not contained in the o-neighbor-
hood of SCyl(T"). Then there exists §; > 0 depending on §y such that we can take S €
SCyl(T') and x € S such that

By (x,85) N WCH(|Y |(00)) = 0,
or we can take x € |Y|(co0) and S € SCyl(T) such that
B (x,85) N WCH(S) = 0.

First, we consider the former case. By the same argument as in Lemma 7.4, if A, r are
sufficiently large, then there exists a round-path p = [eq,. .., ex] such that ey is sufficiently
close to x in H, which implies that one of the end points of an (a, b)-quasi-geodesic line
£ passing through p must be contained in By (x, §y/2). Therefore, we can see that

By (x,85) N WCH(|Y|(00)) # 0.

which is a contradiction.

Next, we consider the latter case. In this case, the quasi-convexity of |Y| in the con-
dition (1) plays an important role because x can be an end point of a quasi-geodesic far
away from Bg (g, r) if we do not assume the condition (1). Take £ € Y such that one of
the end points of £ is sufficiently close to x and take £; € Y passing through some round-
path p; € T containing an edge of g%, . Since |Y| is 61-quasi-convex, by considering a
geodesic segment connecting y € £ N B (x, 8;/4) to some point on £1, which is included
in the §;-neighborhood of |Y'|, there exists £, € Y passing through p, € T such that p,
contains an edge e of Bg (g%, r) sufficiently close to x in H. Then WCH(S) includes a
geodesic line passing through p,, which must intersect B (x, ), i.e.,

B]}—H(x,%) N WCH(S) # 0,
which is a contradiction. [ ]

The notion of connectability can be also generalized to the subset current version. For
adjacent u, v € V(Cay(G)), Ty € R} (u) and T € R} (v), we say that T} and T, are
connectable if the following conditions hold:

(1) T; contains a round-path containing an edge e of vF), withe N vF, # @;
(2) T, contains a round-path containing an edge e of u¥; withe Nuf, # 0;

(3) the restriction of 77 to Bg(u¥), v¥,, r) coincides with the restriction of 7, to
Bg(uF),vFy,r).
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Fix a non-zero measure u € SC(X). Then we can approximate i by

0: | | Rr(2) > Zxo
geG

satisfying the subset current version of the conditions in Section 7. From 6, we construct
a graph I' that G acts on in the same manner as in Section 7, i.e.,

V([) ={v(g.T.i)}geG,TeR? (g),i=1,...0(T)

and if v(u, T) and v(v, T’) is connected by an edge, then u, v are adjacent in Cay(G), and
T and T’ are connectable.

Now, we consider each connected component ¥ of I' and construct a set of quasi-
geodesics by combining round-paths

{P}v(e,T)eV(Y),peT-

The biggest difference between the case of subset currents and the case of geodesic cur-
rents is that Y is a sub-tree of Cay(G), which is much more complicated than a finite
segment or a bi-infinite line. Define Comp(I") to be the set of all connected components
of .

LetY € Comp(T"), v(g,T) € V(Y) and p € T. We remark that p may not pass through
an edge of g¥) but passes through /¢ ¥ for some iy € V(Bg(g,r)). Then we can take
a geodesic path of vertices in Y connecting v(g, T') to v(hg, Tp) since there exists S €
H (0H) such that the restriction of WCH(S) to Bg (g, r) equals T, which must pass
through every g’ ¥, for every g’ € G on a geodesic path connecting g to /g in Cay(G). In
addition, Ty contains a round-path pg including p as a sub-round-path.

Considering the extension of py by the connectability, we can obtain a finite or bi-
infinite sequence {v(h;, T;)}; of V(Y) centered at v(hg, Tp) satisfying the following
conditions:

(1) v(h;, T;) is connected to v(h;+1, T;+1) by an edge for every i (except the case in
which the vertex v(h;+1, T;+1) does not exist);

(2) for each i, there exists p; € T; such that p; and p;4 are connectable;

(3) the sequence {v(h;, T;)}; ends at iy or —ip for i;, i € Zsy if and only if one of
the end edges of p;, or p_;, is a horocyclic edge.

Note that even when {v(h;, T;)} is infinite, we do not know whether it is bi-infinite or not.

For the sequence {v(h;, T;)}, by combining the round-paths {p;}, we can take a
sequence [e;] of edges, which is independent of the choice of 4. Then in the same manner
as in Lemma 7.11 we can obtain an (a, b)-quasi-geodesic £(Y, p) passing through [e;] in
this order. Once we fix £(Y, p), we define £(Y, p’) to be £(Y, p) for every p’ € T’ for
v(u, T') € V(Y) satisfying the condition that p’ is a sub-sequence of the sequence [e;].
We define |Y| as

Y| := g (Y. p).

v(g,T)eV(Y),peT
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By the definition, we see that {£(Y, p)} satisfies conditions (2) and (3) in Lemma 8.2.
After the following lemma, we will prove that | Y| is §; -quasi-convex for some constant 81,
which depends on a, b, A, H and a constant s appearing in the following lemma.

Lemma 8.3. Let v(g—m, T—m), ..., V(gm, Tm) be a geodesic path of vertices in Y for
m € N. Let H be a connected component of H \ H,, which is a horodisk centered at a
parabolic fixed point & of G. Assume that for each i € {—m, ..., m} a horocyclic edge e;
of gi ¥y, is included in the boundary 0H of H. Then there exists s € N depending only on
A such that if m > 3s, then |Y | includes a geodesic ray emanating from one of e_p,, . . ., e
to &. We also assume that the radius r for sets of round-paths is much larger than s.

Proof. Consider the upper-half plane model of H and assume that H is a horodisk cen-
tered at co. Then the boundary dH of H is {x + yo~/—1 | x € R} for some yo € R that
depends on A. The endpoints of eg are xg + yo V—1and X0+ o+ yo V=1 for some & > 0.
We can assume that xo + yo~/—1 is the right endpoint of e_; and xo + & + yo+/—1 is
the left endpoint of e;. Let s be the smallest positive integer satisfying the condition that
sa > yo + 2.

To obtain a contradiction, suppose that m > 3s and |Y | does not include any geodesic
rays emanating from one of e_,y,, ..., e, to co. Take S € SCyl(T}). Since r > s, there
exist &, ¢; € S such that the geodesic [§;, ¢;] passes through g; ¥, fori = —s,...,s.
By the assumption, &; and {; belong to R (we assume that §; < ¢;), and [&;, ¢;] does not

intersect two non-adjacent edges of e_g, ..., es, which implies that {; — & < 2yo + 2«
fori = —s,...,s (see Figure 6).
€—m €_s €0 €s €m
B ‘ ‘ ‘
- G—mFx g—sFr GoFx (95 F X GmFA
§,S C—s gs Cs

Figure 6. Setting of the proof of Lemma 8.3.

Then we can see that
& <xo+(@+Da and & > xp+ic
since [&;, ;1 N g: F), # 9. Hence,
L —E 5 >x0+sa—(xo+ (—s+ Da) = 2sa —a > 2y + 2a.
Note that
Cs < &+ 2y0 + 200 < xo + (s + D + 250 < xo + (3s + Do < xo + (m + D
and

E s> Cs—2y0—2a > x9 —sa —2sa > x9 + (=35)a > x9 + (—m)a.
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Therefore, [£_s, {;] intersects with two non-adjacent edges of e_,, ..., €,,. This implies
that |Y| includes a geodesic ray emanating from one of e_,, ..., e, to co, which is a
contradiction. ]

Proof of the quasi-convexity of |Y|. Let x,y € |Y|. Take v(g, T),v(g’,T') € V(Y) and
peT,p €T suchthatx € £(Y, p) and y € £(Y, p’). When x (or y) belongs to a geodesic
ray in a horodisk of H \ H, it is enough to consider the nearest point x’ € H, N £(Y, p)
from x (or the nearest point y’ € H; N £(Y, p’) from y). Hence, we can assume that
xeg¥Fandy e g'F,.

Take a geodesic path of vertices

U(gOv TO) = v(g, T)’ v(gl’ Tl)’ s v(gk, Tk) = U(g/v T/)

in Y. From the shape of the fundamental domain ¥, we can see that the geodesic [x, y]
passes through go ¥, g1, ..., g F inthis order. If [x, y] is included in H, then [x, y] is
included in the diam(¥) )-neighborhood of |Y | since for every g; %), there exists a quasi-
geodesic of |Y| passing through g; ¥, .

Now, we consider the case in which [x, y] is not included in H. Assume that [x, y]
goes into a horodisk H while passing through g; ¥ and goes out from H while passing
through g; 4+, % . If t < 65, then there exists a constant Cy > 0 depending on a, b, A, s such

that
i+t

oinUg#
j=i
is included in the (diam(¥,) + Cs)-neighborhood of |Y|. If # > 6s, then [x, y] inter-
sects some geodesic rays that are pieces of quasi-geodesics of |Y'| while passing through
sz g; ¥ by Lemma 8.3. Therefore, [x, y] is included in the §;-neighborhood of |Y | for
a constant §; depending on a, b, A and s. n

Now, we can obtain a discrete subset current

= Y Syiee) € SC(D).
Y eComp(T")

and we can prove that ﬁnp approximates the given u € SC(X) for some M € N. We
omit the rest of the proof since it is almost the same as in the case of geodesic currents.

Acknowledgments. I would like to express my heartfelt gratitude to Prof. Katsuhiko
Matsuzaki, who provided carefully considered feedback and valuable comments. I also
would like to thank the referee for her/his careful reading of the manuscript and valuable
comments.

Funding. The author has been partially supported by JSPS KAKENHI Grant Number
JP19K14539 and Grant-in-Aid for JSPS Fellows 21J01271.



Currents on cusped hyperbolic surfaces and denseness property 1117

References

(1]
(2]

(3]

(4]

(5]

(6]

(71
(8]
(9]

(10]

F. Bonahon, Bouts des variétés hyperboliques de dimension 3. Ann. of Math. (2) 124 (1986),
no. 1, 71-158 Zbl 0671.57008 MR 847953

F. Bonahon, The geometry of Teichmiiller space via geodesic currents. Invent. Math. 92 (1988),
no. 1, 139-162 Zbl 0653.32022 MR 931208

F. Bonahon, Geodesic currents on negatively curved groups. In Arboreal group theory (Berke-
ley, CA, 1988), pp. 143-168, Math. Sci. Res. Inst. Publ. 19, Springer, New York, 1991

Zbl 0772.57004 MR 1105332

M. Burger, A. lozzi, A. Parreau, and M. B. Pozzetti, Currents, systoles, and compactifications
of character varieties. Proc. Lond. Math. Soc. (3) 123 (2021), no. 6, 565-596

Zbl 1487.32068 MR 4368682

M. Coornaert, T. Delzant, and A. Papadopoulos, Géométrie et théorie des groupes. Lecture
Notes in Math. 1441, Springer, Berlin, 1990 Zbl 0727.20018 MR 1075994

V. Erlandsson and C. Uyanik, Length functions on currents and applications to dynamics and
counting. In In the tradition of Thurston—geometry and topology, pp. 423-458, Springer,
Cham, 2020 Zbl 1485.37037 MR 4264584

L. Kapovich and T. Nagnibeda, Subset currents on free groups. Geom. Dedicata 166 (2013),
307-348 Zbl 1288.20053 MR 3101172

W. Rudin, Real and complex analysis. Third edn., McGraw-Hill Book Co., New York, 1987
Zbl 0925.00005 MR 924157

D. Sasaki, An intersection functional on the space of subset currents on a free group. Geom.
Dedicata 174 (2015), 311-338 Zbl 1367.20050 MR 3303055

D. Sasaki, Subset currents on surfaces. Mem. Amer. Math. Soc. 278 (2022), no. 1368

Zbl 07573748 MR 4429264

Received 4 December 2020.

Dounnu Sasaki
Department of Mathematics, Faculty of Science, Gakushuin University, Mejiro 1-5-1, Toshima-ku,
Tokyo 171-8588, Japan; dounnu-daigaku@moegi.waseda.jp


https://zbmath.org/?q=an:0671.57008&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=847953
https://zbmath.org/?q=an:0653.32022&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=931208
https://zbmath.org/?q=an:0772.57004&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1105332
https://zbmath.org/?q=an:1487.32068&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4368682
https://zbmath.org/?q=an:0727.20018&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1075994
https://zbmath.org/?q=an:1485.37037&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4264584
https://zbmath.org/?q=an:1288.20053&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3101172
https://zbmath.org/?q=an:0925.00005&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=924157
https://zbmath.org/?q=an:1367.20050&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3303055
https://zbmath.org/?q=an:07573748&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4429264
mailto:dounnu-daigaku@moegi.waseda.jp

	1. Introduction
	2. Preliminary
	3. Rational currents on cusped hyperbolic surfaces
	4. Cannon–Thurston maps and currents
	5. Approximation of geodesic line by sequence of closed geodesics
	6. Discontinuity of intersection number on cusped hyperbolic surface
	7. Proof of denseness property of rational geodesic currents
	8. Proof of denseness property of rational subset currents
	References

