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Characters of algebraic groups over number fields
Bachir Bekka and Camille Francini

Abstract. Let k be a number field, G an algebraic group defined over k, and G(k) the group
of k-rational points in G. We determine the set of functions on G(k) which are of positive type
and conjugation invariant, under the assumption that G(k) is generated by its unipotent elements.
An essential step in the proof is the classification of the G(k)-invariant ergodic probability mea-
sures on an adelic solenoid naturally associated to G(k). This last result is deduced from Ratner’s
measure rigidity theorem for homogeneous spaces of S-adic Lie groups; this appears to be the first
application of Ratner’s theorems in the context of operator algebras.

1. Introduction

Let k be a field and G an algebraic group defined over k. When k is a local field (that
is, a non-discrete locally compact field), the group G = G(k) of k-rational points in G
is a locally compact group for the topology induced by k. In this case (and when, in
addition, k is of characteristic zero), much is known [15,21] about the unitary dual G
of G, the set of equivalence classes of irreducible unitary representations of G in Hilbert
spaces. By way of contrast, if k is a global field (that is, either a number field or a function
field in one variable over a finite field), then G is a countable infinite group and, unless G
is abelian, the classification of Gisa hopeless task, as follows from work of Glimm and
Thoma [20,41]. In this case, a sensible substitute for G is the set of characters of G we
are going to define.

Let G be a group. Recall that a function ¢: G — C is of positive type if the complex-
valued matrix ((p(gj-_lgi))lfi, j<n 18 positive semi-definite for any gi,..., g, in G.

A function of positive type ¢ on G which is central (that is, constant on conjugacy
classes) and normalized (that is, ¢(e) = 1) will be called a trace on G. The set Tr(G) of
traces on G is a convex subset of the unit ball of £°°(G) which is compact in the topology
of pointwise convergence. The extreme points of Tr(G) are called the characters of G and
the set they constitute will be denoted by Char(G).

Besides providing an alternative dual space of a group G, characters and traces appear
in various situations. Traces of G are tightly connected to representations of G in the

2020 Mathematics Subject Classification. Primary 22D10; Secondary 22D25, 22D40, 20GO05.
Keywords. Algebraic groups, characters of discrete groups, von Neumann algebras, invariant random
subgroups, Ratner’s theory.


https://creativecommons.org/licenses/by/4.0/

B. Bekka and C. Francini 1120

unitary group of tracial von Neumann algebras (see below and Section 2.2). The space
Tr(G) of traces on G encompasses the lattice of all normal subgroups of G, since the
characteristic function of every normal subgroup is a trace on G. More generally, every
measure preserving action of G on a probability space gives rise to an invariant random
subgroup (IRS) on G and therefore to a trace on G (see [19, §9]).

The study of characters on infinite discrete groups was initiated by Thoma [40, 41]
and the space Char(G) was determined for various groups G (see [1,9, 10, 14,24,30-32,
36,39]).

Observe that our traces are often called characters in the literature (see, for instance,
[14,32]).

Let k be a number field (that is, a finite extension of Q) and G a connected linear
algebraic group defined over k. In this paper, we will give a complete description of
Char(G) for G = G(k) under the assumption that G is generated by its unipotent one-
parameter subgroups. A unipotent one-parameter subgroup of G is a subgroup of the
form {u(¢) | t € k}, where u: G, — G is a non-trivial k-rational homomorphism from the
additive group G, of dimension 1 to G.

The case where G is quasi-simple over k was treated in [2] and the result is that

Char(G) = {7 | x € Z} U{lg}.

where Z is the (finite) center of G and y: G — C is defined by ¥y = y on Z and ¥y = 0
on G \ Z. When G is semi-simple, the computation Char(G) can easily be reduced to the
quasi-simple case (see [2, Proposition 5.1]; see also Corollary 2.13 below).

We now turn to a general connected linear algebraic group G over k. The unipotent
radical U of G is defined over k, and there exists a connected reductive k-subgroup L,
called a Levi subgroup, such that G = LU (see [28]). Set U :=UNG and L :=LNG.
Then, we have a corresponding semi-direct decomposition G = LU, called the Levi
decomposition of G (see [25, Lemma 2.2]).

Recall that L = TL' is an almost direct product (see Section 6.3 for this notion) of
a central k-torus T and the derived subgroup L/, which is a semi-simple k-group. Assume
that G is generated by its unipotent one-parameter subgroups. Then the same holds for L.
Since every unipotent one-parameter subgroup of L is contained in L', it follows that
G =L/(k)U, that is, the Levi subgroup L is semi-simple.

We will describe Char(G) in terms of data attached to L and the action of L on the
Lie algebra Lie(U) of U.

The set u of k-points of Lie(U) is a Lie algebra over k and the exponential map
exp:u — U is a bijective map. For every g in G, the automorphism of U given by conju-
gation by g induces an automorphism Ad(g) of the Lie algebra u (see Section 3.2).

Let 11 be the Pontrjagin dual of u, that is, the group of unitary characters of the additive
group of u. We associate to every A € 1t the following subsets £, p, of wand L) of L:

e P, is the set of elements X € u such that

A(Ad(g)(tX)) =1 forallg € G, t € k;
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* p, is the set of elements X € u such that
AAd(g)(tX)) = A(tX) forallg € G, t €k;

e L, istheset of g € L such that Ad(g)(X) € X + £, forevery X € u.

Then ¥, and p, are L-invariant ideals of u and L is the kernel of the quotient adjoint
representation of L on u/¥f},.

Observe that ¥, is the largest L-invariant ideal of u contained in Ker(A).

The set K := exp(¥,) is a Zariski-connected normal subgroup of G. Moreover, P, :=
exp(p,) is the inverse image in U of the elements in U/K, contained in the center of
G/ K, (see Proposition 3.5). The map

xi: P — Sl exp(X) — A(X)

is a G-invariant unitary character of P, which is trivial on K.

Let Ad* denote the coadjoint action (that is, the dual action) of G on 1. We say that
A1, Az € T have the same quasi-orbit under G if the closures of Ad*(G)A; and Ad*(G)A,
in the compact group 1 coincide.

We can now state our main result.

Theorem A. Let G = G(k) be the group of k-rational points of a connected linear
algebraic group G over a number field k. Assume that G is generated by its unipotent
one-parameter subgroups and let G = LU be a Levi decomposition of G. For A € 0 and
(VNS Char(L)L), define q)(,x’(p)I G-—->C by

pg)xa(u) ifg=guforg) € Ly, u€ Py,
0 otherwise.

Q) (g) = {

(i) We have
Char(G) = {® ) | A € 11, ¢ € Char(Ly)}.

(i) Let A1,A2 € i and ¢; € Char(Ly,), 92 € Char(Ly,). Then @, o) = P(i,.,0,) if
and only if A1 and Ay have the same quasi-orbit under the coadjoint action Ad*
and 1 = Q2.

A few words about the proof of Theorem A are in order. The essential step consists in
the analysis of the restriction ¢|y to U of a given character ¢ € Char(G). A first crucial
fact is that ¢y = ¢|y o exp is a G-invariant function of positive type on u (for the underly-
ing abelian group structure) and is extremal under such functions (see Proposition 3.2 and
Theorem 2.11); the Fourier transform of v is a G-invariant ergodic probability measure
on 1i, which can be identified with an adelic solenoid X = A4 /Q%, where A is the ring
of adeles (see Section 4.2).

Using Ratner’s measure rigidity results for homogeneous spaces of S-adic Lie groups
(see [26, 35]), we classify all G-invariant probability measures on X; a corresponding
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description, based on Ratner’s topological rigidity results, is given for the G-orbit closures
in X. The results, which are of independent interest, are summarized as follows; for more
precise statements, see Theorems 5.8 and 5.9 below.

Theorem B. Let G be a connected algebraic subgroup of GL; defined over Q. Assume
that G = G(Q) is generated by unipotent one-parameter subgroups and consider the
natural action of G on the adelic solenoid X = A4 /Q4.

(i) Every ergodic G-invariant probability measure on X is of the form [xyy for
a point x in X and a G-invariant subsolenoid (that is, a closed and connected
subgroup) Y of X, where [ix+y is the normalized Haar measure on x + Y.

(ii) For every x € X, the closure of the G-orbit of x in X coincides with x + Y for
a G-invariant subsolenoid Y of X.

As far as we know, our work constitutes the first application of Ratner’s rigidity results
in the context of operator algebras.

Remark 1.1. (i)  For every A € 11, the group L, as defined above is the set of k-
points of a normal subgroup L of L defined over k; indeed, L, is the kernel of
the k-rational representation of L on the k-vector space 11/£. (Observe that L
may be non-connected.) The set Char(L ) can easily be described by the results
in [2] mentioned above (see Proposition 6.3 below).

(i) Theorem A allows a full classification of Char(G) for any group G as above
through the following procedure:

e determine the L-invariant ideals of u;

* fix an L-invariant ideal ¥ of u; determine the space p of L-fixed elements in
the center of 11/¥ and let p be its the inverse image in 11;

* determine the subgroup L(¥,p) of L of all elements which act trivially
on p/¥f; determine Char(L (¥, p));

* letA el with ¥, = ¥;then p, = p and for ¢ € Char(L(¥,p)), write D(; o) €
Char(G).

See Section 7 for some examples.

(iii) The assumption that G is generated by its unipotent one-parameter subgroups
is equivalent to the assumption that the Levi component L of G is semi-simple
and that LT = L, where L™ is the subgroup of L defined as in [8, §6]. A neces-
sary condition for the equality L™ = L to hold is that every non-trivial simple
algebraic normal subgroup of L is k-isotropic (that is, kK — rank(L) > 1). It is
known that L™ = L when L is simply-connected and split or quasi-split over k
(see [38, Lemma 64]).

(iv) A general result about Char(G) cannot be expected when the condition L = L™
is dropped; indeed, not even the normal subgroup structure of L is known in
general when L is k-anisotopic (see [34, Chapter 9]).
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(v)  We do not know whether an appropriate version of Theorem A is valid when
k is of positive characteristic (say, when k = F(X) for a finite field F'). The
first obstacle to overcome is that a Levi subgroup of G does not necessarily
exist; the second one is the less tight relationship between unipotent groups and
their Lie algebras; finally, Ratner’s measure rigidity theorem is not known in
full generality (see [16] for a partial result).

(vi) In the case where G is unipotent, that is, G = U, we obtain a “Kirillov type”
description of Char(U): the map ®:11 — Char(U), defined by ®(A) (1) = yx(u)
for u € Py and ®(A1)(u) = 0 otherwise, factorizes to a bijection between the
space of quasi-orbits in 1 under Ad* and Char(U). The set Char(U) was deter-
mined in [ 10, Theorem 4.2] and [37] and also implicitly in [33, Proposition 2.7].

We now rephrase Theorem A in terms of factor representations of G. Recall that a fac-
tor representation of a group G 1is a unitary representation 7 of G on a Hilbert space #
such that the von Neumann subalgebra 7 (G)” of £(H) is a factor (see also Section 2.2).
Two such representations 71 and m, are said to be quasi-equivalent if there exists an iso-
morphism ®: 71 (G)” — 72(G)"” such that ®(7r1(g)) = m2(g) forevery g € G. A factor
representation 7w of G is said to be of finite type if 7(G)” is a finite factor, that is, if 7(G)”
admits a trace t; in this case, t o 7 belongs to Char(G) and the map 7 +— T o 7 factorizes
to a bijection between the quasi-equivalence classes of factor representations of finite type
of G and Char(G); for all this, see [12, Chapters 6 and 17].

The next result follows immediately from Theorem A, in combination with Proposi-
tion 2.4 below and [12, Corollary 6.8.10].

Let ' = L x N be a semi-direct product of a subgroup L and an abelian normal
subgroup N. Let o be a unitary representation of L on a Hilbert space J and let y € N
be such that y& = y for every g € L. It is straightforward to check that yo defined by
xo(g,n) = y(n)o(g) for (g,n) € I is a unitary representation of I" on J.

Theorem C. Let G = LU be as in Theorem A.

(i) For every A € 1 and every factor representation o of finite type of L,, the rep-
resentation (), q) ‘= Indg p, X20 induced by y;0 is a factor representation
of finite type of G; moreover, every factor representation of finite type of G is
quasi-equivalent to a representation of the form m(), 4 as above.

(ii) Let A1, A> € 1 and let 01, 07 be factor representations of finite type of L), Ly,,
respectively. Then 1 (), 5,y and 7, o,) are quasi-equivalent if and only if Ay
and A, have the same quasi-orbit under the coadjoint action Ad* and o1 and o,
are quasi-equivalent.

This paper is organized as follows. In Section 2, we establish with some detail gen-
eral facts about functions of positive type on a group I' which are invariant under a
group of automorphisms of I'; in particular, we give for two basic results (Theorems 2.11
and 2.12) new short proofs of an operator algebraic flavor. Section 3 deals with the crucial
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relationship (Proposition 3.2) between traces on unipotent algebraic groups and invari-
ant traces on the associated Lie algebra. In Section 4, we show how the study of char-
acters on an algebraic group over Q leads to the study of invariant probability mea-
sures on adelic solenoids. Such measures as well as orbits closures are classified in Sec-
tion 5, providing the proof of Theorem B. The proof of Theorem A is completed in
Section 6. In Section 7, we compute Char(G) for a few specific examples of algebraic
groups G.

2. Invariant traces and von Neumann algebras

We consider functions of positive type on a group I which are invariant under a group G
of automorphisms of I', which may be larger than the group of inner automorphisms of I".
A systematic treatment of such functions is missing in the literature, although they have
already been considered in [41] and [40]. In view of their importance in this article and for
the convenience of the reader as well, we establish with more detail than necessary some
general facts about them; in particular, we give new and more transparent proofs for two
crucial and non-obvious properties of these functions (Theorems 2.11 and 2.12), based on
the consideration of associated von Neumann algebras.

2.1. Some general facts on invariant traces
Let I', G be discrete groups and assume that G acts by automorphisms on I'.

Definition 2.1. (1) A function ¢: I" — C is called a G-invariant trace on T if
* ¢ is of positive type, that is, for all 11,..., 4, € Cand all y1,...,y, €T,
we have
n -
> didjey i) =0,
i,j=1
e o(g(y)) =¢(y)forally e T'and g € G, and
* @ isnormalized, that is, ¢(e) = 1.
We denote by Tr(I', G) the set of G-invariant traces on I". In the case where
G =T and T acts on itself by conjugation, we write Tr(I") instead of Tr(I", I').
(i) The set Tr(I", G) is a compact convex set in the unit ball of £°°(I") endowed with
the weak*-topology. Let Char(T", G) be the set of extremal points in Tr(T, G).
In case G = T, we write as above, Char(I") instead of Char(T", I').
(iii) Functions ¢ € Char(I", G) will be called G-invariant characters on I and are
characterized by the following property: if ¥ is a G-invariant function of posi-

tive type on I" which is dominated by ¢ (that is, ¢ — ¥ is a function of positive
type), then ¥ = Ag for some A > 0.
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Remark 2.2. Assume that I" is countable. Then Tr(I", G) is metrizable and Char(I', G)
is a Borel subset of Tr(I', G). By Choquet’s theory, every ¢ € Tr(I', G) can be written as
integral

= d
@ /T . Y dpy (V)

for a probability measure y, on Tr(I', G) with p,(Char(I', G)) = 1. When G contains the
group of inner automorphisms of I', the measure i, is unique, as Tr(I", G) is a Choquet
simplex in this case [41].

The proof of the following proposition is straightforward. Observe that, if N is a G-in-
variant normal subgroup of T, then G acts by automorphisms on the quotient group I'/ N .

Proposition 2.3. Let N be a G-invariant normal subgroup of I and let p:T' — I'/N be
the canonical projection.

(i)  Forevery p € Tre(T'/N, G), we have ¢ o p € Tr(T, G).

(i)  The image of the map

Tr(C/N,T) - Te(I,G), ¢r—>g@op
is{y € Te(I', G) | ¥|§y = In}
(iii) We have ¢ € Char(I'/ N, G) if and only if ¢ o p € Char(T, G).

Let ¢ be a normalized function of positive type on I'. Recall (see [3, Theorem C.4.10])
that there is a so-called GNS-triple (7, ¥, §) associated to ¢, consisting of a cyclic unitary
representation of I on a Hilbert space J# with cyclic unit vector £ such that

@(y) = (m(y)§,§) foraly eT.

The triple (7, #, ) is unique in the following sense: if (7', #’, &) is another GNS-triple
associated to ¢, then there is a unique isomorphism U: ¢ — J’ of Hilbert spaces such that

Un(y)) U™ =7a'(y) forally el and UE=¢.

As the next proposition shows, invariant traces on a subgroup of I' can be induced to
invariant traces on I'.

For a function y: Y — C defined on a subset Y of a set X, we denote by & the trivial
extension of ¥ to X, that is, the function 1;: X — C given by

~ - JY¥(x) ifxeY,
Ve = {0 ifx ¢ Y.

Proposition 2.4. Let H be a G-invariant subgroup of T and € Tr(H, G). Then IZ S
Tr(T, G). Moreover, if o is a GNS-representation of H associated to , then the GNS-
representation of I' associated to w is equivalent to the induced representation Ind, HO.
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Proof. Set ¢ := 12? It is obvious that ¢ is G-invariant. The fact that ¢ is a function of pos-
itive type can be checked directly from the definition of such a function (see [22, §32.43]).
As we need to identify the GNS-representation associated to ¢, we sketch another well-
known proof for this fact.

Let (o, K, n) be a GNS-triple associated to . Let 7 = Ind}; o be realized on
H =L2(T/H, X), as in [17, §6.1, Remark 2]. Let £ € # be defined by £(H) = 7 and
E(yH) =0if y ¢ H. Then ¢(y) = (n(y)§&, &) for every y € T and £ is a cyclic vector
for 7. So, (7, #, &) is a GNS-triple for ¢. [

Attached to a given invariant trace on I', there are two invariant subgroups of I" which
will play an important role in the sequel.

Proposition 2.5. Let ¢ € Tr(T', G). Define

Ko={yel|oly)=1} and P,={y el ||p(y)l =1}

(i) Ky and Py, are G-invariant closed subgroups of I with K, C P,,.

(i) Forx e Pyandy €T, we have p(xy) = ¢(x)@(y); in particular, the restriction
of ¢ to P, is a G-invariant unitary character of P,.

(iii) Forx € P, and g € G, we have g(x)x™! € K,.

Proof. Let (i, #, &) be a GNS-triple associated to ¢. Using the equality case of Cauchy—
Schwarz inequality, it is clear that

Ky ={xel |n(x)§ =§} and Py={xel |n(x)§=gp(x)§}
Claims (i), (ii) and (iii) follow from this. [

We will later need the following elementary lemma.

Lemma 2.6. Let ¢ € Tr(I', G) and y € I'. Assume that there exists a sequence (g,)n>1
in G such that

(g (Ngm(y)™) =0 foralln #m.
Then ¢(y) = 0.

Proof. Let (m, #, &) be a GNS-triple for ¢. We have

((gm()HE T(ga(y) HE) = (m(gn()gm () EE) = 0(gn(¥)gm(¥)™") =0

for all m, n with m # n. Therefore, (7(g,(y)~')&)n>1 is an orthonormal sequence in #
and so converges weakly to 0. The claim follows, since ¢(y) = ¢(y~!) and, for all n,

e(r ™) = 0gn(»™") = (r(ga(y)HE. E). n
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2.2. Invariant traces and von Neumann algebras

We relate traces on groups to traces on appropriate von Neumann algebras.

Let I, G be discrete groups and assume that G acts by automorphisms on I'. The
uniqueness of the GNS construction for functions of positive type has the following con-
sequence for G-invariant traces on .

Proposition 2.7. Let ¢ € Tr([', G) and let (7, #, &) be a GNS-triple associated to .
There exists a unique unitary representation g — Uy of G on J such that

Ugﬂ(]/)Ug_l =n(g(y)) forallge G, yel and Ug§ =E.

Proof. Let g € G. Consider the unitary representation & of I on J# given by n8(y) =
7 (g(y)) for y € T'. Since ¢ is invariant under g, the triple (78, J, £) is another GNS-triple
associated to ¢. Hence, there is a unique unitary operator Ug: # — J such that

Ugn(y)Ug ' =n8(y) forally eI and Ugé =¢&.
Using the uniqueness of Uy, one checks that g — Uy is a representation of G. -

We now give a necessary and sufficient condition for a G-invariant trace on I to be
a character.

Let (7, #, £) be a GNS-triple associated to ¢, and let g — Uy be the unitary represen-
tation of G on # as in Proposition 2.7. Let M, be the von Neumann subalgebra of &£(H)
generated by the set of operators 7(I") U {U, | g € G}, that s,

My 1= {Jr(y), Ug|yeTl, ge G}//.

Proposition 2.8. Let ¢ € Tr(I', G) with associated GNS-triple (w, ¥, &) and let M, be
the von Neumann subalgebra of £(H) as above. For every T € L(H)with0 < T <1, let
o1 be defined by o7 (y) = (nw(y)TE, TE) fory € I'. Then T + @r is a bijection between
{T € M(’p | 0 < T < I} and the set of G-invariant functions of positive type on I which
are dominated by ¢. In particular, we have ¢ € Char(I', G) if and only ifeM(’p =CI.

Proof. The map T + @7 is known to be a bijection between the set {7 € z(I')’ | 0 <
T < I} and the set of functions of positive type on I which are dominated by ¢ (apply [12,
Proposition 2.5.1] to the *-algebra C[I'], with the convolution product and the involution
givenby f*(y) = f(y~") for f € C[T]).

Therefore, it suffices to check that, for 7 € (")’ with 0 < T < I, the function @7 is
G-invariant if and only if T € {U, | g € GY'.

LetT € pr with0 < T < I.Forevery g € G, we have

er(g(y)) = (m(g(Y)NTE.TE) = (Ugm(y)Ug1T§, T§)
= (m(NTUg1§. TUg1§) = (n(Y)TE.TE) = o1(¥).

for all y € T'; so, ¢ is G-invariant.
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Conversely, let T € 7(I")’ with 0 < T < I be such that ¢ is G-invariant. Let g € G.
For every y € I', we have

9, 11U (V) = (T (P)Ug1 TUg§, Ug1 TU§) = (n(y)Ug1TE, Ug1 TE)
= (Ugnt(y)Ug1TE, TE) = (n(g(y)TE. TE) = or(g(y)) = 91 (¥).

Since 0 < Ug-1T U, < 1, it follows that U,-1T U, = T, by uniqueness of T'; therefore,
T e M(/p. n

Let Z(I") be the center of I". We call the subgroup
Z(M° :={z e Z() | g(z) = z forall g € G}

the G-center of I'. We draw a first consequence on the values taken by a G-invariant
character on Z(I")C.

Corollary 2.9. Let ¢ € Char(T, G). The G-center Z(T')C of T is contained in Py

Proof. Let (7, J, &) be a GNS-triple associated to ¢. For every z € Z(I")€, the opera-
tor (z) commutes with 7(y) and U, for every y € I' and every g € G. It follows from
Proposition 2.8 that 7 (z) is a scalar multiple of /5 and hence that z € P,,. ]

We will be mostly interested in the case where G contains the group of all inner auto-
morphisms of I'. Upon replacing G by the semi-direct group G x I', we will therefore
often assume that I" is a normal subgroup of G.

Let G be a discrete group and N a normal subgroup of G. Then Tr(N, G) C Tr(N)
denotes the convex set of G-invariant traces on N and Char(N, G) the set of extreme
points in Tr(N, G). We first draw a consequence of Propositions 2.7 and 2.8 in the case
N =G.

Recall that a (finite) trace on a von Neumann algebra M C £(H) is a positive linear
functional 7 on M such that

©o(TS)=7(ST) forall S,T € M.

Such a trace t is faithful if ©(7*7T) > 0 for every T # 0 and normal if 7 is continuous on
the unit ball of M for the weak operator topology. A von Neumann algebra M which has
a normal faithful trace is said to be a finite von Neumann algebra.

Let t be a normal faithful trace on M and let T be in the center M N M’ of M with
0 <T < [I.Then r7: M — C, defined by

r(S) =t(ST) foral S € M,

is a normal trace on M which is dominated by 7 (that is, 7 (S) < ©(S) for every S € M
with S > 0). The map T +> 7 is a bijection between {T' € M N M’ |0 < T < I} and the
set of normal traces on M which are dominated by t (see [13, Chapter I, §6, Theorem 3]).

Recall that a von Neumann subalgebra M of £(H#) is a factor if its center M N M’
consists only of multiples of the identity operator /.
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Corollary 2.10. Let ¢ € Tr(G) and let (7, ¥, §) be a GNS-triple associated to ¢.
(1) The linear functional T: T — (T&, €) is a normal faithful trace on 7 (G)".

(i) The commutant :M('p of M, coincides with the center of the von Neumann algebra
7 (G)" generated by 7 (G). In particular, ¢ € Char(G) if and only if 7(G)" is
a factor.

Proof. (i) One checks immediately that 7, as defined above, is a trace on 7 (G)” . It is clear
that 7 is normal. Let T € 7(G)” be such that t(T*T) = 0. Then

IT7 ()& = t(x(¢™)T*T7(g)) = «(T*T) =0,

that is, T (g)é = O for all g € G; hence, T = 0 since £ is a cyclic vector for 7. So, T is
faithful.
(ii) Observe first that, for every g € G, we have

Ugrn(x)Ug—1 = a(gxg™) = n(g)n(x)n(g™!) forall x € G,

where g = Uy is the representation of G as in Proposition 2.7. It follows that Uy T Ug-1 =
7(g)Tn(g™") forevery T € m(G)". Hence, m(G)” N n(G)’ is contained in M,
Conversely, let T € :M(’p with 0 < T < I. By Proposition 2.8, ¢r1/2 is a G-invariant
function of positive type dominated by ¢. The canonical extension of ¢71/2 to w(G)” is
a normal trace t’ on 7 (G)”. Hence, by the result recalled above, t/ = 15 for a unique
S € n(G) Nw(G)” with 0 < S < I. This shows that @712 = @g1/2. Since T and S
both belong to (G)', it follows that T = S. So, T € 7(G)' N 7(G)". Therefore, M, is
contained in 7(G)' N 7(G)". [

The following result, which will be crucial in the sequel, appears in [41, Lemma 14];
the proof we give here for it is shorter and more transparent than the original one.

Theorem 2.11. Let G be a discrete group, N a normal subgroup of G and i € Char(G).
Then |y € Char(N, G).

Proof. Let (w, #, &) be a GNS-triple associated to . Set ¢ := |y and let K be the
closed linear span of {zr(x)& | x € N}. Then (rr|y, K, &) is a GNS-triple associated to ¢.

Let g — U be the representation of G on H# associated to ¥ as in Proposition 2.7.
The subspace X is invariant under U, for g € G, since Ugn(x)Ug_1 = nm(gxg™") and
Ug& = £. So, the representation of G on K associated to ¢ is g — Ug|x. Let M, be the
von Neumann subalgebra of £(X) generated by

{r()]x | x € Ny U{U;|x | g € GJ.

In view of Proposition 2.8, it suffices to show that M('p =CI.LetT € M(’a with
0 < T < I. Consider the linear functional ¢’ on 7(G)” given by

7'(S) = (STE, TE) forall S € 7(G)'.
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We claim that 7/ is a normal trace on 7 (G)”. Indeed, it is clear that T is normal; moreover,
for g, h € G, we have

t'(ghg™") = (n(ghg™)TE.TE) = (Ugn(h)Uy1 TE, TE)
= (2T Ugr§, Ug1 TE) = (m(W)TE, TE) = 7' (h).

Let t” := 7 + t/, where 7 is the faithful trace on 7 (G)” defined by ¢, as in Corollary 2.10.
Then t” is a normal faithful trace on 7 (G)”, and t” dominates t and 7’. Since 7 (G)" is
a factor, it follows that 7 and 7’ are both proportional to t”. Hence, there exists A > 0 such
that 7/ = At. So,

(m(X)TE, TE) = (m(x)vVAE, VAE) forall x € N.
Since T € {(x)|x | x € NY and 0 < T < I, it follows that T = /Al x. [

As we now show, the set of characters of a product group admits a simple description;
again, this is a result due to Thoma [40, Satz 4], for which we provide a short proof.

For sets X1, ..., X, and functions ¢;: X; — C, i € {1,...,r}, we denote by ¢; ®
-+ @ @, the function on X; x --- x X, given by

01 Q@ @r(x1,..., %) = @1(x1) - r(xy),

forall (x1,...,x,) € X1 X -+ X Xp.

Theorem 2.12. Let G1, G, be discrete groups. Then
Char(G; x G3) = {gol ® @2 | ¢1 € Char(Gy), ¢ € ChaI(Gz)}.

Proof. Set G := Gy x G».
Fori = 1,2, let ¢; € Char(G;). We claim that

@ = @1 ® @z € Char(G).

Indeed, let (7;, #;, &) be a GNS-triple associated to ¢;. Then (i, #, £) is a GNS-triple
associated to ¢, where 7 is the tensor product representation 71 ® 7 on K := H; Q@ H>
and £ := &1 ® &,. In view of Corollary 2.10, we have to show that 7 (G)” is a factor. For
this, it suffices to show that the von Neumann algebra M generated by 7(G)” U 7(G)’
coincides with £(H).

On the one hand, 7(G)” contains 71 (G1)” ® I and I ® 7»(G>)"”, and 7 (G)’ contains
71(G1) ® I and I ® w(G,)’; hence, M contains M; ® Mo, where M; is the von Neu-
mann algebra generated by 7; (G;)” U 7;(G;)'. On the other hand, since ¢; € Char(G;),
we have M; = £(H;). So, M contains the von Neumann algebra generated by {77 ® T> |
T1 S :ﬁ(}gl), T2 (S :C(J(z)}, which is ;C(J()

Conversely, let ¢ € Char(G). Let (7, #, &) be a GNS-triple associated to ¢. By Corol-
lary 2.10, M := 7(G)” is a factor.
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Fori = 1,2, set M; := n(G;)", where we identify G; with the subgroup G; x {e}
of G. We claim that M; and M, are factors. Indeed, since M; C M), the center M N M
of M is contained in M}, N M. As M; U M, generate M, it follows that My N M is
contained in M’ and so in M N M’. Hence, M; N M| = C1I, since M is a factor. So, M
and, similarly, M, are factors.

Next, recall (Corollary 2.10) that M has a normal faithful trace v given by t(T) =
(TE,€) for T € M. The restriction 7! of 7 to JM; is a normal faithful trace on M.

Let T, € M, with 0 < T, < I and T, # 0. Define a positive and normal linear func-
tional rg) on M; by

) (S) = ©(STy) forall S € M.
For S, T € My, we have
T;"i)(ST) =1(8STT) =t(STLT) =t((ST>)T) = t(T(ST,)) = ‘L'%)(TS).

So, rg) is a normal trace on M. Clearly, rg) is dominated by t(»). Since M is a factor,

it follows from the result quoted before Corollary 2.10 that there exists a scalar A(73) > 0
such that T%) = A(T»)tW, that is,

t(T1T5) = AM(T»)t(Ty) forall Ty € M;.
Taking T7 = I, we see that A(T,) = t(7%). It follows that
t(ThTy) = t(Ty)t(T;) forall Ty € My, T € M>,
and, in particular, ¢ = @1 ® @2, for ¢; = ¢|g;- |

The following result is an immediate consequence of Proposition 2.12.
Recall (see Proposition 2.3) that, when N is a normal subgroup of a group G, we can
identify Char(G/N) with the subset {¢ € Char(G) | ¢|ny = 1} of Char(G).

Corollary 2.13. For discrete groups G, Gy, ..., G, let
p:Gy x---xGr > G
be a surjective homomorphism. Then
Char(G) = {(/) =01 Q- Q¢ | ¢|y = 1and ¢; € Char(G;), i = 1,...,r},
where N is the kernel of p. In particular, for ¢ € Char(G), we have

(g1...8n) = 0(g1)...0(gn)

forall g; € p({e} x--+x G; x --- X {e}).
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3. Traces on unipotent groups

In this section, we will show that traces on a unipotent algebraic group U are in a one-
to-one correspondence with Ad(U )-invariant positive definite functions on the Lie alge-
braof U.

3.1. Invariant traces on abelian groups

Let A be a discrete abelian group and A the Pontrjagin dual of A, which is a compact
abelian group. Then Tr(A) is the set of normalized functions of positive type on A and
Char(A) = A

Let Prob(/f) denote the set of regular probability measures on the Borel subsets of A
For u € Prob(/f), the Fourier-Stieltjes transform ¥ (u): A — C of u is given by

F(W(a) = Ax(a)du(x) forall y € A,

By Bochner’s theorem (see, e.g., [22, §33]), the map F: u — F (u) is a bijection between
Prob(f/l\) and Tr(A).

Let G be a group acting by automorphisms on A. Then G acts by continuous auto-
morphisms on Tr(A4) and on A= Char(A), via the dual action given by

¢%(a) = p(g ' (a)) forallg € Tr(4), g€ G, a € A.

Let (g, ) — g«(u) be the induced action of G on Prob(ff); s0, g« (1) is the image of
i € Prob(A) under the map y — y%.
Let Prob(A4)? be the subset of Prob(A) consisting of G -invariant probability measures

and denote by Prob(ff)eGrg the measures in Prob(/f)G which are ergodic.

Proposition 3.1. Let A be a discrete abelian group and G a group acting by automor-
phisms on A. The Fourier—Stieltjes transform ¥ restricts to bijections
F: Prob(A)? — Tr(A,G) and F: Prob(A)%, — Char(4, G).

Proof. The claims follow from the fact that ¥: Prob(/f) — Tr(A) is an affine G-equiv-
ariant map and that Pl‘Ob(A)gg is the set of extreme points in the convex compact set

Prob(A)C. "

3.2. Invariant traces on unipotent groups

Let k be a field of characteristic 0. Let U, be the group of upper triangular unipotent
n x n matrices over k, for n > 1. Then U, is the group of k-points of an algebraic group
over k and its Lie algebra is the Lie algebra u, of the strictly upper triangular matrices.
The exponential map exp: 11, — U, is a bijection and, by the Campbell-Hausdorff for-
mula, there exists a polynomial map P:u, X u, — u, with coefficients in k such that
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exp(X)exp(Y) = exp(P(X,Y)) forall X,Y € u,. Denote by log: U, — u, the inverse
map of exp.

Let u be a nilpotent Lie algebra over k. Then, by the theorems of Ado and Engel, 11 can
be viewed as Lie subalgebra of u, for some n > 1 and exp(u) is an algebraic subgroup
of Uy,.

Let U be the group of k-points of a unipotent algebraic group over k, that is, an
algebraic subgroup of U,, for some n > 1. Then u = log(U) is a Lie subalgebra of 11, and
exp:u — U is a bijection (for all this, see [27, Chapter 14]).

For every u € U, the automorphism of U given by conjugation with u induces an
automorphism Ad(u) of the Lie algebra u determined by the property

exp(Ad(u)(X)) = uexp(X)u~! forall X € u.

Observe that a function ¢ on U is central (that is, constant on the U conjugacy classes) if
and only if the corresponding function ¢ o exp on u is Ad(U )-invariant.
The following proposition will be a crucial tool in our proof of Theorem A.

Proposition 3.2. Let U be the group of k-points of a unipotent algebraic group over
a field k of characteristic zero. Let ¢: U — C. Then ¢ € Tr(U) if and only if ¢ o exp €
Tr(u, Ad(U)). So, the map ¢ — ¢ o exp is a continuous affine bijection between Tr(U)
and Tr(u, Ad(U)).

Proof. Set ¢’ := ¢ oexp. Since ¢ and ¢’ are invariant, we have to show that ¢ is of positive
type on U if and only if ¢’ is of positive type on 1.
Let Z(U) be the center of U and 3 the center of u. Set y := ¢|zw) and x' := ¢'l[;.

First step. Assume either that ¢ is of positive type on U or that ¢’ is of positive type on u.
Then y is of positive type on Z(U) and y’ is of positive type on 3.

Indeed, this follows from the fact that exp: 3 — Z is a group isomorphism.

We will reduce the proof of Proposition 3.2 to the case where ¢ has the following
multiplicativity property:

0(gz) = @(g)x(z) forallg e U, z € Z(U). (%)
Observe that property () is equivalent to
O X+2)=¢'(X)Y(Z) forall X eu, Z €3, (")
since exp(X + Z) = exp(X)exp(Z) for X e uand Z € 3.

Second step. To prove Proposition 3.2, we may assume that ¢ has property ().

Indeed, since Tr(U) is the closed convex hull of Char(U) and Tr(u, U) is the closed
convex hull of Char(u, U), it suffices to prove that if ¢ € Char(U), then ¢’ is of positive
type on u, and that if ¢’ € Char(u, U), then ¢ is of positive type on U. Moreover, by
Corollary 2.9 and Proposition 2.5, ¢ has property (x) if ¢ € Char(U), and ¢’ has prop-
erty (+') if ¢’ € Char(u, U). This proves the claim.
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In view of the second step, we may and will assume in the sequel that ¢: U — C is
a central function, normalized by ¢(e) = 1, with property (x). If, moreover, either ¢ is of
positive type or ¢ is of positive type, then y € Z(U) and y’ € 11, by the first step.

Third step. Assume that either ¢ is of positive type or that ¢’ is of positive type. Assume
also that Ker y’ contains no non-zero linear subspace. We claim that both ¢ and ¢’ are of
positive type.

To show this, it suffices to prove that ¢’ = )?’ (that is, ¢’ = 0 on u \ 3). Indeed, since
this last statement is equivalent to ¢ = ¥ and since y € Z/(—\U) and y’ € 3, Proposition 2.4
will imply that ¢ and ¢’ are of positive type.

Let (3')1<i <, be the ascending central series of u; so, 3! = 3, 3**! is the inverse image
in 1 of the center of 11/3' under the canonical map u — u/3’ for every i, and 3” = u.

Let (Z*(U))1<i<, be the corresponding ascending central series of U that is given by
Z'(U) =exp3'.

We show by induction on i that ¢’ = 0 on 3’ \ 3 foreveryi € {2,...,r}.

Indeed, let X € 32\ 3. There exists Y € u with [Y, X] # 0. Since [Y, X] € 3 and since
Ker x’ contains no non-zero linear subspace, there exists ¢ € k such that y'(¢[Y, X]) =
X' ([tY, X]) # 1. Upon replacing Y by tY, we can assume that y'([Y, X]) # 1. Since ¢’ is
Ad(U )-invariant, it follows from property (x) that

¢'(X) = ¢'(Ad(exp Y) (X)) = ¢'(X + [V, X]) = ¢'(X) Y'([Y. X]).

As y'([Y, X)] # 1, we have ¢’ (X) = 0; so, the case i = 2 is settled.

Assume now ¢’ = 0on 3 \ 3 forsomei € {2,...,r}. Let X € 33*1\ 3'. Then there
exists ¥ € u such that [Y, X] ¢ 3' 7. Let (t,)n>1 be a sequence of pairwise distinct
elements in k. Set y, = exp(t,Y) € U. Denoting by p;_1:11 — 1/3'~! the canonical
projection, we have

Pi-1(Ad(yn) X — X) = pi—1(ta[Y, X)),
since [11, [, X]] C 3* 71, As (t, — tm)[Y, X] ¢ 3' 71, it follows that
(Ad(yn)X — X) — (Ad(ym)X — X) ¢ 3 foralln # m.

Since Ad(y,)X — X €3 and ¢’ = 0 on 3 \ 3 by the induction hypothesis, we have
therefore

¢ (Ad(yn)X —Ad(ym)X) =0 foralln # m. (x*")
We also have, by the Campbell-Hausdorff formula,

pi—1(1og([yn, exp(X)])) = pi—1(log(exp(t,Y ) exp(X) exp(—1,Y) exp(—X)))
= pi—1([t.Y, X)),
1 —

where [u, v] = uvu~'v~! is the commutator of u,v € U. As [t,Y, X] commutes with
[tmY, X], it follows that

[V, exp(X)][ym.exp(X)]™! ¢ Z(U) foralln # m.
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Since [yn,exp(X)] € Z!(U) and ¢ = 0 on Z/(U) \ Z(U) by the induction hypothesis,
we have therefore

@([yn.exp(X)][ym.exp(X)]™') =0 foralln # m. ()

If ¢’ is of positive type, it follows from Lemma 2.6 and from (') that ¢’(X) = 0. If ¢ is
of positive type, then Lemma 2.6 and () imply that ¢(exp X) = 0, that is, ¢’(X) = 0.
Asaresult, o’ =0on 3’ \ 3 foreveryi € {2,...,r}. Since 3” = u, the claim is proved.

Fourth step. Assume that either ¢ is of positive type or ¢’ is of positive type. Then both ¢
and ¢’ are of positive type.

We proceed by induction on dimg 11. The case dimg u = 0 being obvious, assume
that the claim is true for every unipotent algebraic group with a Lie algebra of dimension
strictly smaller than dimy, 11.

In view of the third step, we may assume that there exists a subspace ¥ of 3 with
dimg ¥ > 0 contained in Ker y’. Then ¢’ can be viewed as a function on the nilpotent Lie
algebra 11/f and ¢ as a function of positive type on the corresponding unipotent algebraic
group U/ exp(¥). Since dimy u /¥ is strictly smaller than dimy u, the claim follows from
the induction hypothesis. ]

Remark 3.3. Using induction on dimg u as well as the arguments used in the third step
of the proof of Proposition 3.2, one can easily obtain the description of Char(U) given in
Theorem A for the special case G = U.

Let G be a group acting by automorphisms on U. Every g € G induces an automor-
phism X — g(X) of u determined by the property

exp(g(X)) = g(exp(X)) forall X € u.

Let 1 be the Pontrjagin dual of the additive group 1i. Then G acts by automorphisms 11,
induced by the dual action.

Since the map ¥ +— 1 o log from the space of functions on 1 to the space of functions
on U is tautologically G-equivariant, the following result is an immediate consequence of
Propositions 3.2 and 3.1.

Corollary 3.4. Let U be as in Proposition 3.2 and let G be a group acting as automor-
phisms of U. Assume that the image of G in Aut(u) contains Ad(U).

(i)  The map

Char(u, G) — Char(U,G), ¥ + ¥ olog
is a bijection.

(i) The map

Prob(ﬁ)gg — Char(U,G), pn+— F(u)olog

is a bijection.
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Let G be a group of automorphisms of U containing Ad(U). Let A € 11. Recall (see
Section 1) that we associated to A the following two G-invariant ideals of u

by ={X €eu|A(Ad(g)(tX)) = 1 forallg € G, t € k}
and
Py = {X eu | AMAd(g)(tX)) = A(tX) forallg e G, t € k}.
Proposition 3.5. Let A € 1, p:u — u/f,, and Py = expp,.

i)  We have
pi = p (Z(u/E)9).

where Z(11/%,)C is the central ideal of G-fixed elements in 1 /%;.

(i)  The map
xu: Pr— S, exp(X) = A(X)

is a G-invariant unitary character of Pj.
Proof. (i) Let X € u. We have
p(X)e Zu/8)C < Ad(g)X — X €¥; forallgeG
& Ad(g)(tX)—tX et forallgeG,tek

< AMAd(g)(tX)) = A(tX) forallge G, t ek
& X ep;.

(i1) This claim is a special case of Proposition 3.2. [
We will later need the following elementary lemma.

Lemma 3.6. Let U be as in Proposition 3.2 and g € Aut(U). Let N be a normal subgroup
of U. For X € u, the set

A= {t €k | exp(—tX)exp(g(tX)) € N}
is a subgroup of the additive group of the field k.
Proof. Observe first that 0 € A. Let ¢, s € A. Then
exp(—(r — 5)X) exp(g((t — 5) X))
= exp(sX) exp(—2X) exp(g (1 X)) exp(g(=sX))

exp(sX) (exp(—tX) exp(g(tX))exp(g(—sX)) exp(sX)) exp(—sX)
exp(sX) (exp(—1X) exp(g (1 X)) (exp(—sX) exp(g(sX))) ") exp(—sX).

Since N is a normal subgroup of U, it follows that t — s € A. ]
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4. Characters and invariant probability measures

In this section, we show how a character on an algebraic group over Q gives rise to an
invariant ergodic probability measure on an appropriate adelic solenoid.

4.1. Reduction to the case k = Q

Let k be a number field and G = G(k) be the group of k-rational points of a connected lin-
ear algebraic group G over k. By Weil’s restriction of scalars (see [45, Proposition 6.1.3],
[7, §§6.17-6.21]), there is an algebraic group G’ over Q such that G is naturally isomor-
phic to the group G’ = G/(Q) of Q-points of G’. If G = LU is a Levi decomposition
of G over k, then G’ = L'U’ is a Levi decomposition of G’ over Q, where L’ and U’
are the images of L and U under the isomorphism G — G’. Moreover, G’ is generated
by its unipotent one-parameter subgroups if G is generated by unipotent one-parameter
subgroups.

The isomorphism G — G’ induces an isomorphism u — u’ between the additive
groups of the Lie algebras of U and of U’ as well as an isomorphism w — i between
their Pontrjagin duals, which are equivariant for the adjoint and co-adjoint actions of G
and G'.

Assume that Theorem A holds for G’. Then every element in Char(G’) is of the
form @y, for some A" € w and ¢’ € Char(L),). For the corresponding A € i and
¢ € Char(L,), we have ®, , € Char(G). So, Char(G) = {®; , | A € 1,9 € Char(L,)}.
Since the quasi-orbits of G’ in w correspond to the quasi-orbits of G in 11, this shows that
Theorem A holds for G.

4.2. Restriction to the unipotent radical

Let G be the group of Q-rational points of a connected linear algebraic group over Q and
let G = LU be a Levi decomposition of G.

Let ¥ € Char(G). Set ¢ := ¥ |y. By Theorem 2.11, we have ¢ € Char(U, G). So, by
Corollary 3.4, ¢ = F (1) o log for a unique p € Prob(ﬁ)gg, where 1 is the Lie algebra
of U.

We want to determine the set Prob(ﬁ)gg. In the following discussion, the Lie algebra
structure of u will play no role, only its linear structure being relevant. So, we let E be
a finite-dimensional vector space over Q and recall how the Pontrjagin dual E can be
described in terms of adeles.

Let & be the set of primes of N. Recall that, for every p € P, the additive group of
the field Q, of p-adic numbers is a locally compact group containing the subring Z,, of
p-adic integers as a compact open subgroup. The ring A of ade¢les of Q is the restricted
product A = R x [],c»(Qp, Zp) relative to the subgroups Z,; thus,

A= {(aoo,az,a3,...) e R x 1_[ Qp | ap € Z,, for almost every p € JP}
pPEP
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The field Q can be viewed as a discrete and cocompact subring of the locally compact
ring A via the diagonal embedding

Q—-A, ¢g+—(@q.q,...).

Letbq,...,bg be abasis of E over Q. Fix a non-trivial unitary character e of A which
is trivial on Q. For every a = (ay,...,aq) € A9 let Aq € E be defined by

d

d
Aa(x) = e(Zaiqi) for all x = Zqibi e E.
i=1

i=1
The map a + A, factorizes to an isomorphism of topological groups
AY/QY - E, a+Q% A,

(see [43, Chapter IV, §3, Theorem 3]). So, E can be identified with the adelic solenoid
A9 /Q?. We examine now how this identification behaves under the action of GL(E)
onE.

Set Qo = R. Then GL;(Q) C GL4(Qp) acts on Q¢ for every p € P U {oo} in the
usual way; the induced diagonal action of GL4(Q) on Af preserves the lattice Q, giving
rise to a (left) action of GLz(Q) on A4 /Q¥.

Let 8 € GL(E) and let A € GL,(Q) its matrix with respect to the basis by, ..., by.
One checks that

Ago0 = Aa, foralla e A?.

We summarize the previous discussion as follows.

Proposition 4.1. Let E be a finite-dimensional vector space over Q of dimension d. The
choice of a basis of E defines an isomorphism of topological groups A% /Q¢ — E, which
is equivariant for the action of GL; (Q) given by inverse matrix transpose on Ad / Q4 and
the dual action of GL(E) on E. This isomorphism induces a bijection

Prob(A?/Q%)S, — Prob(E)S

erg erg’

for every subgroup G of GL(E) = GL4(Q).

5. Invariant probability measures and orbit closures on solenoids

For an algebraic Q-subgroup of GL; which is generated by unipotent subgroups, we will
determine in this section the invariant probability measures as well as the orbits closures
on the adelic solenoid A4 /Q?. We have first to treat the case of S-adic solenoids.
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5.1. Invariant probability measures and orbit closures on $ -adic solenoids

Let G be an algebraic subgroup of GL,; defined over Q. For every subring R of an over-
field of Q, we denote by G(R) the group of elements of G with coefficients in R and
determinant invertible in R. In particular, G(Q) = G N GLy (Q).

Fix an integer d > 1 and let S be a finite subset of # U {oco} with co € S. Set

Q% =[] ¢

PES

and let Z[1/S] denote the subring of QQ generated by 1 and (1/p)pesns. Then Z[1/8]¢
embeds diagonally as a cocompact discrete subring of Qg.
The product group
G@Qs) =[] 6@

PES

is a locally compact group and acts on Qg in the obvious way. The group G(Z[1/S])
embeds diagonally as a discrete subgroup of G(Qs). As G(Z[1/S]) preserves Z[1/S5]?,
this gives rise to an action of G(Z[1/S]) on the S-adic solenoid

Xs == Q%/z[1/5)%,

which is a compact connected abelian group.

A unipotent one-parameter subgroup of G(Qg) is a subgroup of G(Qgs) of the form
{(up(tp))pes | tp € Qp, p € S} for Q-rational homomorphisms u,: G, — G from the
additive group G, of dimension 1 to G.

We aim to describe the G(Z[1/S])-invariant probability measures on X as well as
orbit closures of points in Xg. Our results will be deduced from Ratner’s measure rigidity
and topological rigidity theorems in the S-adic setting (see [35] and [26]); actually, we
will need the more precise version of Ratner’s results in the S-arithmetic case from [42].

5.1.1. Invariant probability measures. For a closed subgroup Y of Xg and for x € X,
we denote by x4y € Prob(Xgs) the image of the normalized Haar py under the map
Xs — Xg given by translation by x.

Let V be a linear subspace of Q4. Denote by V(Qp) the linear span of V' in Ql‘f for
p €S.Then V(Qg) := HpES V(Qp) is a subring ong and V(Z[1/S]):=V NZ[1/S]¢
is a cocompact lattice in V(Qg). So, V(Qs)/V(Z[1/S]) is a subsolenoid of Xg, that is,
a closed and connected subgroup of X.

Proposition 5.1. Assume that G(Qy) is generated by unipotent one-parameter subgroups.
Let (1 be an ergodic G(Z[1/S])-invariant probability measure on the Borel subsets of Xg.
There exists a pair (a, V) consisting of a point a € Qg and a G(Q)-invariant linear
subspace V of Q% with the following properties:

@ gla) €a+V(Qs) for every g € G(Qs);
(i) M = Ux+y, where x and Y are the images of a and V(Qg) in Xs.
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Proof. We consider the semi-direct product
G := G(Qs) = Q§.

given by the natural action of G(Qg) on Qg. Then G is a locally compact group con-
tamning

[ :=G(Z[1/S]) x Z[1/S]¢
as a discrete subgroup. Since G(Qy) is generated by unipotent one-parameter subgroups,
there is no non-trivial morphism G — GL; defined over Q. It follows (see [6, Theo-
rem 5.6]) that I" := G(Z[1/S]) has finite covolume in G(Qys), and so [ is an S-arithmetic
lattice in G.

We now use the “suspension technique” from [44] to obtain an ergodic G(Q s)-invari-
ant probability measure /i on G / T. Specifically, we embed X5 as a subset of G / [ in the
obvious way. Observe that the action of G(Z[1/S]) by automorphisms on Xs becomes
the action of G(Z[1/S]) by translations on G / [ under this embedding.

View 11 as a G(Z[1/S]))-invariant probability measure on G /T* which is supported on
the image of Xs. Let /i be the probability measure on G /T defined by

ﬁ=/ (e () dv(gT),
G(Qg)/T

where v be the unique G(Qg)-invariant probability measure on G(Qs)/T" and 4 (1)
denotes the image of p under the translation by g. Then i is G(Qg)-invariant and is
ergodic under this action.

By the refinement [42, Theorem 2] of Ratner’s theorem, there exists a Q-algebraic
subgroup L of G, an L(Q)-invariant vector subspace V of Q¢ a finite index subgroup H
of L(Qs) x V(Qgs), and an element g € G with the following properties:

* G(Qs)C H® :=gHg™";
. Hﬂf‘isalatticeinH;

« [i is the unique H-invariant probability measure on G /T" supported on gH T /T’ =

H&gl/T.

Since G = G(Qs) x Q%, there exists g’ € G(Qg) such that a := g’g belongs to Qz.
Then G(Qs) C H* and, since i is G(Qg)-invariant, [i coincides with the H“-invariant
probability measure supported on H aql / . As a result, we may assume above that g =
ace Qg.

The image #,-1(f1) of & under the translation by a~! coincides with the unique H-
invariant probability measure on G / r supported on H r / ['. Observe that G(Qs) C H
implies that

gla) —a e V(Qs) forevery g € G(Qs),

where we write g(a) for gag™!.

Let o
p:G/T' = G@Qs)/T
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be the natural G(Qg)-equivariant map. We have
@ = [t G0) D). )
G(@Qg)/T

and 7,-1(tg () (p~1(gT/T)) = 1 for every g € G(Qs). So, formula (x) provides a de-
composition of #,-1(ft) as an integral over G(Qgs)/G(Z[1/S]) of probability measures
supported on the fibers of p.

Knowing that #,-1 (%) is the H -invariant probability measure supported on H r / T,
we can perform a second such decomposition of 7,-1 (i) over G(Qgs)/I'. The measures
supported on the fibers of p in this last decomposition are translates of the normalized
Haar measure 1y of the image Y of H N Q‘é in Xg = Q‘éf‘/f‘ By uniqueness, it follows
thatz,-1 () = uy, thatis, & = px4+y, where a is the image of x in Xg (for more details,
see the proof of [44, Corollary 5.8]).

To finish the proof, observe that, since V(Qg) is divisible, it has no proper subgroup
of finite index and so H N Q%4 = H N V(Qs) = V(Qs). [

The pairs (x, Y) as in Proposition 5.1 for which .y is ergodic are characterized by
the following general result.

For a compact group X, we denote by Aut(X) the group of continuous automorphisms
of X and by Aff(X) = Aut(X) x X the group of affine transformations of X.

Proposition 5.2. Let G be a countable group, X be a compact abelian group and a: G —
Aut(X) an action of G by automorphisms of X. Let xo € X and let Y be a connected
closed subgroup of X such xo + Y is G-invariant. Then Y is G-invariant and og (xo) —
Xo € Y for every g € G. Moreover, the following properties are equivalent:

(1)  MUxe+Y is not ergodic under the restriction of the G-action to xo + Y ;

(ii)  there exists a proper closed connected subgroup Z of Y and a finite index sub-
group H of G such that ap(x) — x € Z foreveryx € xo + Y andh € H;

(iii) for every x € xo + Y, the set {ag(x) —x | g € G} is not dense in Y ;

(iv) there exists a subset A of xo + Y with pix,+y(A) > 0 such that {ag(x) — x |
g € G} isnotdenseinY forevery x € A.

Proof. The fact that Y is G-invariant and that og (x) — x € Y for every g € G is obvious.
The homeomorphism ¢: xg + ¥ — Y given by the translation by —x¢ intertwines the
action « of G on x¢ 4+ Y with the action 8: G — Aff(Y') by affine transformations of Y,
given by
Be(¥) = ag(y) + ag(xo) —xo forallge G, y €Y.

Moreover, the image of ftx,+y under ¢ is the Haar measure pty on Y.

Assume that the action § is not ergodic. Then there exist a proper closed connected
subgroup Z of Y which is invariant under the action « of G and a finite index subgroup H
of G such that the image of H in Aff(Y/Z), for the action induced by f, is trivial (see [4,
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Proposition 1]). This means that «(x) — x € Z for every x € xo + Y and h € H. So,
(1) implies (ii).

Assume that property (ii) holds and let x € xo + Y. In this case, the image of the set
{ag(x) —x | g € G} in Y/ Z is finite. However, since Y is connected, Y/ Z is infinite and
{ag(x) — x | g € G} is therefore not dense in Y. So, (ii) implies (iii).

The fact that (iii) implies (iv) is obvious. Assume that 8 is ergodic. Since the sup-
port of puy is Y, for puy-almost every y € Y, the B(G)-orbit of y is dense in Y, that
is, {og(x) —x | g € G} is dense in Y for jix,4y-almost every x € xo + Y. Therefore,
(iv) implies (). ]

We will need a description of the G(Z[1/S])-invariant (not necessarily ergodic) prob-
ability measures on Xg. For this, we adapt for our situation some ideas from [29, §2],
where such description was given in the context of real Lie groups.

Let ¢: Qg — X5 = Qg/Z[l/S]d denote the canonical projection. Observe that, if V'
is a G(Q)-invariant linear subspace of Q¢ and if a € Qg is such that g(a) € a + V(Qgy)
for all g € G(Z[1/S]), then ¢(a + V(Qg)) is a closed and G(Z[1/S])-invariant subset
of Xg.

Denote by # the set of G(Q)-invariant linear subspaces of Q4. For V € ¥, define
NV, S) C Qg to be the setof a € Q‘é with the following properties:

e g(a) €ea+ V(Qg) forevery g € G(Z[1/S]) and

* ¢(g@)—algeG(Z[1/S])}) is dense in p(V(Qs)).

Lemma 5.3. For V,W € #, we have (N (V, S)) N o(N (W, S)) # @ if and only if
V=Ww.

Proof. Assume that o(N (V, S)) N (N (W, S)) # @. So, there exist a € N (V, S) and
b € Z[1/8]¢ such thata 4+ b € N (W, S). It follows that ({g(a) —a | g € G(Z[1/S])})

is a dense subset of (V(Qyg)) and of o(W(Qgs)). Hence, o(V(Qs)) = ¢(W(Qs)). This
implies that the R-vector space V(R) is contained in W(R) + Z[1/S5]¢ and so in W(R),
by connectedness. Hence, V' C W. Similarly, we have W C V. n

We can now give a description of the finite G(Z[1/S])-invariant measures on Xg.

Proposition 5.4. Assume that G(Qg) is generated by unipotent one-parameter subgroups
and let ;@ € Prob(Xyg) be a G(Z[1/S])-invariant probability measure on Xs. For V € ¥,
denote by wy the restriction of i to (N (V, S)).

(i) We have
i U ey =1

VeH
moreover, iy (@(N(V',8)) =0 forall V,V' € H with V # V'; so, we have

a decomposition
w=EP uv.
VeH
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(ii) Let V € J be such that wy # 0. Then py is G(Z[1/S])-invariant. Moreover, if

Ky =[ Vy,e do
Q

is a decomposition of wy into ergodic G(Z[1/S))-invariant components vy g,
then, for every w € Q, we have vy, = [ix,+v, where Y = o(V(Qs)) and x,, =
@(ay) for some a, € N (V, S).

u:/ Ve dw
Q

be a decomposition of  into G(Z[1/S])-invariant ergodic probability measures v, on Xg.

Fix w € Q. By Proposition 5.1, there exists a,, € Q‘; and V,, € # such that g(a,) €
aw + Vo(Qs) for every g € G(Qs) and vy = px,+v,, Where Y, = ¢(Vu(Qs))
and x, = ¢(ae). Since uy,+v, is ergodic, there exists a subset A4, of x, + Y, with
Ux,+Y, (Aw) = 1 such that the G(Z[1/S])-orbit of x is dense in x,, + Y, forevery x € A4,
(see Proposition 5.2). It is clear that x € (N (V,,, §)) for every x € Ay. It follows that
Voo (@(N (V. S)) = 1 for every w € Q and hence u(|Jy ez @(N(V, S)) = 1. Since the
measurable subsets ¢(N (V, §)) of Xg are mutually disjoint (Lemma 5.3) and since J is
countable, we have a direct sum decomposition

M:@/ Vg, dw

Ve w: V=V

Proof. Let

and iy = [,y _y Vo do With v, = iy, +y, where ¥ = V(Qs) and x,, = ¢(a,) for
some a, € N(V,S). |

We will later need to know that the linear subspace of points in Q‘g satisfying the first
condition defining a set N (V, §) as above is rational.

Lemma 5.5. Let V be a G(Q)-invariant linear subspace of Q% and S a finite subset of
P U {00}. There exists a linear subspace WS of Q% containing V such that

{a € QF | g(a) € a + V(Qs) forall g € G(Z[1/S]))} = W5 (Qs).

Proof. Choose a linear complement V of V' in Qd and let 7y: Qd — V4 be the corre-
sponding projection. Let p € & U {oo}. Then

Q4 = V(Qp) ® Vo(Qp)

and the linear extension of g, again denoted by g, is the corresponding projection Ql‘f —

Vo(Qp).
Let g € GL4(Q). Denote by W, C Q¢ the kernel of 7 o (g — Iga).Fora € Q?, we
have

gla) ea+V(Qp) & acKer(mpo(g— IQ,pz)).
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So, Ker(mg o (g — IQg )) = Wg(Qp) and the linear subspace

wS= (| W
2€G(Z[1/S)

of Q7 has the required property. ]

5.1.2. Orbit closures. We now turn to the description of orbit closures of points in X.
Recall that ¢: Qg — X5 denotes the canonical projection.

Proposition 5.6. Assume that G(Qy) is generated by unipotent one-parameter subgroups.
Leta € Qg and x = ¢(a) € Xs. There exists a G(Q)-invariant linear subspace V of Q¢
with the following properties:

(i) gla) € a+V(Qs) forevery g € G(Qs);

(ii) the closure of the G(Z[1/S])-orbit of x in Xs coincides with x + ¢(V(Qyx)).

Proof. As in the proof of Proposition 5.1, we consider the group G = G(Qgs) x Qg and
embed X as a closed subset of G /T, where I’ = G(Z[1/S]) x Z[1/S]%.

By the refinement [42, Theorem 1] of Ratner’s theorem about orbit closures, there
exist a Q-algebraic subgroup L of G, an L(Q)-invariant vector subspace V of Q¢ and
a finite index subgroup H of L(Qg) x V(Qgs) with the following properties:

s G(Qs)C H*:=aHa™';

o H NTis alattice in H;

« the closure G(Qg)x of the G(Qg)-orbit of x is H%x, that is, aHf‘/f.
We claim that

G(Z[1/S)x = G(Qs)x N Xs.

We only have to show that G(Qg)x N X is contained in G(Z[1/S])x, the reverse inclu-
sion being obvious.

Set I' = G(Z[1/S]) and A = Z[1/S]¢. Choose a fundamental domain  C G(Qy)
for G(Qg)/ " which is a neighbourhood of e and a compact fundamental domain K C Qg
for Q% /A.

Consider y € G(Qgs)x N Xg. Then there exists a sequence g, € G(Qg) such that
lim, (g,,e)x = y. Write g, = w, Y, for w, € Q and y, € ' and y,(a) = k, + A, for
k, € Kand A, € A. Then

y = lim(gy,, e)x = lim(w,, ¢)(yn, e)(e, a)T = lim(w,, e)Vn»¥n (a))T
n n n
= lim(wp, €) (e, kp)T = lim(wp., @n (k)T
n n

On the one hand, it follows that lim, w,8, = e for some §, € I'. So, for large n, we
have w,8, € © and, since w, € 2, we have §, = e, that is, lim, w, = e. On the other
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hand, as K is compact, we can assume that lim, k, = k € K exists. Therefore, we have
limy, (wy,, Wy (ky)) = (e, k) andso y = k + A and

y =lim(k, + A) = lim(yn(a) + A),

that is, y € G(Z[1/S])x. So, the claim is proved.
We have
@HT/T)N X5 = g(a+ H N V(Qs))

and, since (as in the proof of Proposition 5.1) H N V(Qg) = V(Qg), this finishes the
proof. ]

5.2. Invariant probability measures and orbit closures on adelic solenoids

Let G be an algebraic subgroup of GL,; defined over Q. We are now ready to deal with
the description of the G(Q)-invariant probability measures and the orbit closures for the
adelic solenoid
X :=A%/Q.
Denote by § the set of finite subsets S of & U {oo} with co € §S.
Let S € §. It is well known (see [43]) that

A = (Q”S’XHZZ)+Q"
DPES
and that

(Qg <[] zg) NQ4 =1z[1/8)°.
PES
This gives rise to a well defined projection

ms: X - Xs = Q%/z[1/5)?
given by
ws((as, (@p)pgs) + Q) = as + Z[1/S]? forallas € Q§, (ap)pes € [ ] Zg-
PEP
So, the fiber of g over a point ag + Z[1/S]¢ € Xy is
wgl(as + Z[1/81%) = {(as, (ap)pes) + Q% | ap € Zg forall p ¢ S}.

Observe that g is GL;(Z[1/S])-equivariant.
Let S’ € § with S C S’. Then

of = (ex IT z)+zu/sr.

PES\S

(Qg < |1 Zg) Nnz[/s1% =z[/s)4,

pES\S
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and we have a similarly defined GL;(Z[1/S])-equivariant projection ws/ 5: X5/ — Xs.
Observe that mg = g/, g 0 wsr.

Let V be a linear subspace of Q?. For p € £, we write V(Zp) for the Z,-span of
V(Z) in V(Qp); the adele space corresponding to V' is

v = U (ves < [Tvie))

ses pé¢sS

We denote by ¢ the canonical projection A? — X. The image of ¢(V(A)) in X can be
written as
o(V(4)) = ¢(V(R) <1 V(Zp))
PEP
and is a closed and connected subgroup of X . Conversely, every closed and connected sub-
group of X is of the form ¢(V (A)) for a unique linear subspace V of Q¢ (see Lemma 6.1
below).
The following simple fact will be useful.

Lemma 5.7. Let V be a linear subspace of Q2. Set

Q= ﬂ(p(V(R) < [TV@y) < ]] Zj) C X,

N PpES pES

where S runs over the finite subsets of . Then
Q= eV(A)).

Proof. 1tis clear that ¢(V(A)) is contained in 2. Conversely, let x € Q. Then there exists
a = (ap)pepuico) € A9 with ¢(a) = x such that as € V(R) and ap € Zg forall p € 7.
We claim that a, € V(Z,) forall p € P.

Indeed, let po € P. Since p(a) € 2, there exists ¢ € Q¢ such that (ap + q)pepuicc} €
R4 x ]_[pej, Zg with aso + g € V(R) and ap, + q € V(Zp,). For every p € &, we
have ¢ = (ap +¢q) —ap € Zg and hence g € Z%. Since ao, € V(R), we also have ¢ =
(@oo + q) —aco € V(R). Hence, g € V(Z) C V(Zp,) and therefore ap,, = (ap, +q) —q €
V(Zp,). [

5.2.1. Invariant probability measures. We will denote by ¢ the canonical projection
A? — X and by g the projection Qg — Xg forasetS € 8.

Theorem 5.8. Let G be a connected algebraic subgroup of GL; defined over Q. Assume
that G(Q) is generated by unipotent one-parameter subgroups. Let i1 be an ergodic G(Q)-
invariant probability measure on the Borel subsets of X = A4 / Q4. There exists a pair
(a, Vo) consisting of a point a € A% and a G(Q)-invariant linear subspace Vo of Q¢
such that

M= HUx+Y,
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forx = ¢(a) and Y = p(Vo(Q)). Moreover, a can be chosen so that the set {g(a) —a |
g € G(Q)} is dense in Vy(A).

Proof. For S € §, let ugs be the image of i under the projection
ns: X — Xg.

Then pus is a G(Z[1/S]-invariant probability measure on Xg and, by Proposition 5.4,
we have a decomposition
Hs = @ Hs.v

Ve#
with mutually singular measures js,y on Xg such that

psy (Xs \ gs(N(V,S))) =0.
Fix So € § and Vy € # with us, v, 7 0 and such that
dim Vyp = max{dim V' | g,y # O for some S € §}.
Write

P U{oo} =) Sn

n>0

for an increasing sequence of subsets S,, € §. Denote by (i, instead of i1, the image of u
under the projection rg,: X — Xg,. Set

¢ = fo(@s, (N (Vo, So))) > 0.
First step. We claim that
pn(@s, (N (Vo, Sn))) = ¢ foralln > 1.
Indeed, let V' € J¢ be such that s, v # 0. Recall that
S,.80: X8, = X,
is the natural G(Z[1/S])-equivariant projection. Let
x € 755, (03, (N (V0. 50)) N g5, (N (V. Sn).

Then, on the one hand, x¢ := 7, s,(x) € @s,(N (Vo, So)) and hence the set {g(xo) — xo |
g € G(Z[1/Sy))} is dense in @5, (Vo(Qs,)). On the other hand, since x € @g, (N (V, S,))
and since G(Z[1/Sy]) is contained in G(Z[1/S,]), the set {g(x) — x | g € G(Z[1/So])}
is contained in ¢g, (V(Qs,)). As

75,.50 (05, (V(Qs,))) = ¢5,(V(Qs,))
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and 7, s, is G(Z[1/So])-equivariant and continuous, it follows that

©s,(Vo(Qs,)) C @5, (V(Qs,))-

This implies that 1y C V (see the proof of Lemma 5.3). It follows that V' = V}, by maxi-
mality of the dimension of V. This shows that

1n (705,50 @50 (N (Vo, S0))) N s, (N (V. Sn))) = 0 forevery V # Vo

and hence that

(75, 50 @50 (N (Vo. S0)))) < pn(@s, (N (Vo. Sn))).

Since o = us, is the image of p, under 7s, s,, we have

tin (705" 5, (@50 (N (Vo, S0)))) = 1o(¢s, (N (Vo. So))).

and the claim is proved.

For every n > 0, let W" = W"S» be the linear subspace of Q¢ defined by V; as in
Lemma 5.5. It is clear that the family (W"),>¢ of finite-dimensional linear subspaces is
decreasing. So, there exists N > 0 such that W" = WN foralln > N.Set W := WV,
Recall that Vy C W" for every n > 0 and hence Vo C W.

Second step. We claim that u(e(W(A)) # 0.
Indeed, since N (Vy, Sp) C W*(Qs,,), it follows from the first step that

Un(@s, W(Qs,))) = pn(ps, (W"(Qs,))) > ¢
for every n > N. Setting
Q, = w(W(@oo) x [ wa)nx]] zg),
PESn,pFo0 PESn

this means that
w(2,) >c¢ forallm > N,

since [, is the image of  under g, .
As (Q2n)n>n is a decreasing sequence, it follows that

;,L( ﬂ Qn) >c¢>0.
n>N

On the other hand, we have (see Lemma 5.7)

M 2 = e(W(A))

n>N

and the claim is proved.
SetY := o(Vp(A)).
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Third step. We claim that there exists x € ¢(W(A)) such that u(x + Y) = 1.

Indeed, p(W(A)) is G(Q)-invariant, since W is G(Q)-invariant. By the ergodicity
of u, it follows from the second step that u(¢(W(A)) = 1; so, we may view p as proba-
bility measure on ¢(W(A)).

Let Z C o(W(A)) be the support of p. Again by ergodicity of p, there exists a point
a € W(A) such that x = ¢(a) € Z and such that the G(Q)-orbit of x is dense in Z. Since
g(a) € a + Vy(A) for all g € G(Q), this implies that Z C x + Y andso u(x + Y) = 1.

Fourth step. We claim that u is invariant under translations by elements from Y. Once
proved, it will follow that & = x4y, by the uniqueness of the Haar measure on the
closed subgroup Y of X.

Indeed, the topological space (W (A)) C X is the projective limit of the sequence
(p(W(Qs,)))n>o0 of the topological spaces (W (Qs,)) C Xs,, with respect to the canon-
ical maps ¢(W(Qs,)) — ¢(W(Qs,,)) for n > m. Consequently, the sets of the form
o(B x ]_[p¢ s, W(Zp)), where B runs over the Borel subsets of W(Qg,), generate the
Borel structure of o(W(A)).

Let n > 0. It follows from the third step and from Proposition 5.4 that the image w,
of it in X, is the Haar measure on the coset g, (x + Y') of the subgroup ¢s, (Vo(Qs,)).
So, up is invariant under translations by elements from ¢g, (Vo(Qs,)). This means that,
for every Borel subset B of W(Qg, ), we have

n(z+o(Bx TTwen)) =n(o(5 < TT wen)).

DPESh DPESh
for every z € Y. This proves the claim. |

5.2.2. Orbit closures. We now deduce the description of orbit closures of points in X
from the corresponding description in the S-adic case.

Recall that Xg = Qg/Z[l/S]d for S € § and that p: A4 — X, gosz(@g — Xg, and
ws: X — Xg denote the canonical projections.

Theorem 5.9. Let G be a connected algebraic subgroup of GL; defined over Q. Assume
that G(Q) is generated by unipotent one-parameter subgroups. Let a € A% and x =
@(a) € X. There exists a G(Q)-invariant linear subspace Vy of Q% such that the closure
of the G(Q)-orbit of x in X coincides with x + ¢(Vy(A)).

Proof. For S € §,set xs := ng(x) € Xs. By Proposition 5.6, there exists a unique G(Q)-
invariant linear subspace Vs of Q¢ such that

G(Z[1/S]Dxs = xs + ¢s(Vs(Qy)).

Fix So € § such that Vy := Vg, has maximal dimension among all the subspaces Vg
for S €S.
We claim that the closure of the G(Q)-orbit of x in X coincides with x 4+ ¢(Vy(A)).
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Indeed, let U {o0} = Up,>0S, for an increasing sequence of subsets S, € §. Let
n > 1 and write V,, for Vg, .
Since {g(xs,) — xs, | g € G(Z[1/So])} is dense in ¢s,(Vo(Qs,)) and since

g(xs,) — xs, € ¢5,(Va(Qs,)) forall g € G(Z[1/So)),

it follows that Vy C V}, (see the first step in the proof of Theorem 5.8) and hence V,, = V),
by maximality of the dimension of V. Therefore, we have

G(Z[1/Su])xs, = xs, + ¢s,(Vo(Qs,)) foralln > 0.

Letn > 0and g € G(Z[1/S,]). For every m > n, we have

g(xs,) — xs, € ¢s,(Vo(Qs,,))

and hence

g(x)—x € ¢(V0(R) <[] W@y)x ] Z;;’).
DPESm, pF00 DPESm
It follows (see Lemma 5.7) that g(x) — x € ¢(Vo(A)) for every g € G(Z[1/S,]). Hence,
x + o(Vo(A)) is G(Q)-invariant. Since x 4+ ¢(Vp(A)) is closed in X, this implies that

G(Q)x C x + ¢(Vo(A)).

Conversely, let y € ¢(Vo(A)). Then y = ¢(v) for v = (Vp)pepuioo} in Vo(A) with
vp € Vo(Zp) forall p € P. Let U be aneighbourhood of y in X. Then U contains a set of
the form ¢(0O,, x Hp¢S,, Zl‘f) for some n > 0, where O,, is a neighbourhood of (v,)pes,

in RY x [Tpes, \(oo} Zp-
Since G(Z[1/Sx])xs, — xs, is dense in ¢s, (Vo(Qs, )), there exists g € G(Z[1/Sx])
such that g(xs,) — xs, € ¢s,(On). As g(Zl‘f) C Zl‘f for every p ¢ S, it follows that

gx)—x € 90(0,, X l_[ Zg) cU.
PESh

This shows that x + y € G(Q)x. |

6. Proof of Theorem A
In this section, we will give the proof of Theorem A.

6.1. Invariant characters on Q¢

Let G be a connected algebraic subgroup of GL; defined over Q. Using Fourier trans-
form, we establish the dual versions of Theorems 5.8 and 5.9 in terms of G(Q)-invariant
characters on Q4.
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Recall (see Section 4.2) that, after the choice of non-trivial unitary character e of A

which is trivial on Q, we can identify Q¢ with X = A¢/Q% by means of the GL4(Q)-
equivariant map

X > Q4 a+Q% A,

where
Aa(g) = e({a.q)) forallg = (q1.....qqa) € Q7,

and (a,q) = Z;jzlaiqi fora = (ay,...,aq) € A?.
By Pontrjagin duality, the map

g (a+Q% > 24(q)

is a GL4 (Q)-equivariant isomorphism between Q¢ and the dual group X of X. The anni-
hilator of a subset ¥ of X in Q¢ =~ X is

Y+ =1{qeQ?|A(g) =1foralla + Q% e Y}.
If Y is a closed subgroup of X, the map
g+ Y (@ +Q = 2i(q)

is an isomorphism between Q¢ /Y + and Y.
We will need the following characterization of subsolenoids of X . Recall that ¢ is the
canonical projection A? — X

Lemma 6.1. Let Y(X) be the set of connected and closed subgroups of X and Gr(Q%)
the set of linear subspaces of Q4.

(i) The map Y — Y=L is a GLy(Q)-equivariant bijection between the sets Y(X)
and Gr(Q%).

(i) ForV € Gr(Q%), we have (V(A)) € Y(X); moreover, we have
p(V(A) Ne(W(A)) = o((V N W)(A))

for every V,W € Gr(Q%).
(iii) The map V — @(V(A)) is a GL4(Q)-equivariant bijection between Gr(Q%)
and Y(X).
In particular, for every P € Gr(Q%), there exists a unique V € Gr(Q?) such that P =
p(V(A)*.

Proof. (i) Let Y be a closed subgroup of X. Then Y is connected if and only if Y is
torsion-free (see [23, Corollary 24.19]), that is, if and only if Q4 /YL is torsion-free.
It follows that Y is connected if and only if ¥ is a linear subspace of Q<.
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(ii) Let V € Gr(Q%). Since the canonical embedding of R is dense in A/Q, the
subgroup ¢(V(R)) is dense in ¢(V(A)) and therefore ¢(V(A)) is connected. Moreover,
@(V(A)) is closed as it is the continuous image of the compact solenoid V(A)/ V(Q).

Let V, W € Gr(Q%). It is clear that o((V N W)(A)) is contained in ¢(V(A)) N
@(W(A)).Leta € V(A) be such that p(a) € p(W(A)). Writing a = (ap) pe £ U{oo}» WE May
assume that a, € V(Z,) for every p € &. So, there exists g € Q7 such that ase + ¢ €
W(R) and a, + g € W(Z,) for every p € &. It follows that g € 74 . Hence, we have
doo € W(R) 4 Z%. Observe that ta € V(A) for every ¢ € Q; it follows by the same reason-
ing that fae, € W(R) + Z4 for every ¢ € Q and hence for every ¢t € R, since W(R) + Z¢ is
closed in R?. By connectedness, this implies that ao, € W(R). Since aoo + g € W(R), we
have ¢ € W(Z) and so a, € W(Z,) forevery p € . Since V(A) N W(A) = (V N W)(A),
this shows thata € (V N W)(A).

(iii) As already mentioned (see the proof of Lemma 5.3), we have ¢(V(A)) # (W (A))
for every V, W € Gr(Q?) with V # W.

Let Y € ¥(X). Then Y € Gr(Q%), by (i). Consider the linear subspace

V:={a € Q4 | (a.q) =0f0ra11q€YJ‘}

of Q4. We claim that Y = ¢(V(A)).
Indeed, let ¢1, ..., ¢s be a basis of Y. For everyi € {l,...,standt € Q,let V; =
{a € Q% | (a,q;) = 0} and choose ai; € Q4 such that (air,qi) =t. Then

la e A [{a.qi) = 1} = Vi(A) + air.

We have
Y=Yt ={a+Q% e X|Alg) =1forallg e Y}
={a+Q% € X |Aa(tq) =1forallg e Y+, t € Q}
= {a +Q% e X |e(t{a,q) =1forallge Y+ 1€ Q}
= {a + Q% e X | (a,qi) € Q forevery i = L....s}
s A
= (U e(d) +ain) = [ (Vi (4)).
i=1teQ i=1
Using (ii), it follows that Y = ¢(((iZ; Vi)(A)) = e(V(A)). |

Let G be a connected algebraic subgroup of GL; defined over Q. Fix x = ¢(a) € X
for some a € A?. Let Py be the Q-linear span of {Ag@r-al g € G(Q)}t in Q4; so,

Pr= () {2€Q | 2@(tq) = Aaltq)}
£2€G(Q),1eQ

(| {g€Q?|(g(a)—a.q) € Q}
£2€G(Q)
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and P, is a G(Q)-invariant linear subspace of Q¢. Define y,: Q¢ — C by

Aalg) ifq € Py,

0 otherwise.

1x(q) = {

Observe that y, is G(Q)-invariant and is of positive type (see Proposition 2.4), that is,

Xx € Tr(QY. G(Q)).
Recall that two points x, y € X belong to the same G(Q)-quasi-orbit if their G(Q)-
orbits have the same closure in X .

Theorem 6.2. Let G be a connected algebraic subgroup of GL4 defined over Q. Assume
that G(Q) is generated by unipotent one-parameter subgroups. The map

X > TQ%.G@Q). x> s
has Char(Q%, G(Q)) as image and factorizes to a bijection
X/~ — Char(Q?. G(Q)).
where X |~ is the space of G(Q)-quasi-orbits in X = A /Q¥.
Proof. Identifying Q¢ with X, the Fourier transform on X is the map
F: Prob(X) — Tr(Q%)
given by
)@ = [ Aa@dpla+Q) forall g € Prob(x), g € Q.

Recall (see Proposition 3.1) that ¥ restricts to a bijection

F: Prob(X)5® — Char(Q¢. G(Q)).

Let x = ¢(a) € X for a € A?. By Lemma 6.1, there exists a G(Q)-invariant linear
subspace V of Q7 such that Py = Y1 for Y = @(V(A)).

First step. We claim that  (Ux+y) = Xx-
Indeed, for every ¢ € Q%, we have

F(rsr)(@) = /Y hars (@) Ay (0 + Q) = Aa(q) /Y 2o(@) duy (b + Q).

Now, fY Ap(q)dpy (b + Q%) = 0 whenever b + Q¢ > A, (q) is a non-trivial character
of Y, by the orthogonality relations. This proves the claim.
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Second step. We claim that y, € Char(Q?, G(Q)). In view of the first step, it suffices to
show that x4y is ergodic.

Assume, by contradiction, that 1y is not ergodic. Observe that G(Q) is connected
(in the Zariski topology of GL;(Q)) and has hence no proper finite index subgroup. There-
fore, by Proposition 5.2, there exists a proper closed connected subgroup Z of Y such
that g(x + y) e x + y + Z for every g € G(Q) and y € Y. By Lemma 6.1, we can
write Z = @(W(A)) for a G(Q)-invariant proper Q-linear subspace W of V. So, we have
g(x) —x € p(W(A)) for every g € G(Q). In view of the definition of Py, this implies that

eWAN*' = Py =Y+ = o(V(A)",

which is a contradiction since W # V.

Third step. We claim that the closure of the G(Q)-orbit of x coincides with x + Y.
Indeed, by Theorem 5.9, there exists a G(Q)-invariant linear subspace W of Qd

such that the closure of the G(Q)-orbit of x in X coincides with x + @(W(A)), that is,

g(x) —x € p(W(A)) for every g € G(Q). As in the second step, this implies that W = V.

Fourth step. We claim that Char(Q%, G(Q)) = {x» | x € X}. Indeed, this follows from
Theorem 5.8 and the first two steps.

Fifth step. Fori =1,2,leta; € A% and x; = @(a;). We claim that y,, = y., if and only
if x; and x, belong to the same G(Q)-quasi-orbit.
Indeed, assume that x; and x, belong to the same quasi-orbit. Then, by the third step,
we have x; + Y71 = xo + Y5, where Y; = P)#. Hence, yx, = xx,. by the first step.
Conversely, assume that yx, = yx,. Then Py, = Py, and A5, = A4, on Py,. So,
Y1 =Y and x; — x, € Y;. Hence, x; + Y7 = x» + Y» and so, by the third step, x;
and x, belong to the same quasi-orbit. ]

6.2. Conclusion of the proof of Theorem A

Let G = G(Q) be as in the statement of Theorem A, G = LU a Levi decomposition of G,
and u the Lie algebra of U.
Let ¢ € Char(G).

First step. Set ¢ := {¥|y o exp. There exists A € % such that ¢ coincides with the trivial
extension to u of the restriction of A to p,, where p, is the G-invariant linear subspace of
u given by

pa = {X € u | A(Ad(g)(tX)) = A(tX) forallg € G, 1 € Q}.

Indeed, as discussed in Section 4.2, ¢ € Char(u, G). Identifying u with Qd, we can
view ¢ as an element in Char(Q¢, G). By Theorem 6.2, there exists x € X such that ¢ is
the trivial extension to 1t of the restriction to P, of the unitary character A of u defined by
x € X. As P, = p,, the claim follows.
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Second step. We claim that

Y (exp(X)g) = ¥ (exp(X))¥(g) forallg € G, X € p,.

Indeed, since
[ (exp(X))| = lp(X)| = [A(X)| =1

for every X € p,, the claim follows from Proposition 2.5 (ii).

Third step. Forevery g € G and X € u, we have
¥ (g) = ¥(exp(—X) exp(Ad(g)(X))g).
This is indeed the case, since
¥ (g) = Y (exp(—X)gexp(X)) = ¥ (exp(—X) exp(Ad(g)(X))g).
Recall that
£, = {X ceu|AAd(g)(tX)) =1forallg e G, t € Q};
observe that K := exp(¥,) is in general strictly contained in Ky N U, where
Ky ={geG |y =1}

Let
Gy = {g e G |Ad(g)(X) e X + ¢, forall X Eu}_

Assume that G, # G. Observe that this implies that A # 1,,. Let g € G \ G, and fix
X € u such that Ad(g)(X) — X ¢ £,. Let

Ag x = {t € Q| exp(—tX)exp(Ad(g)(tX)) € KW}~
By Lemma 3.6, A, x is a subgroup of Q.

Fourth step. We claim that A x # Q.
Indeed, assume, by contradiction, that Az x = Q, that is,

exp(—tX)exp(Ad(g)(tX)) € Ky forallt € Q.
By the Campbell-Hausdorff formula, there exists Y7, Y», ..., Y, € u such that

exp(—tX) exp(Ad(g) (X)) = exp ( Z thk) forallt € Q,
k=1

where Y7 = Ad(g)(X) — X. We have then

A(Zthk) =1 forallt € Q.

k=1
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Identifying u with Q¢ via a basis {X, ..., X4}, the character A of u is given by some
a=(a,...,aq) € A4 via the formula

d d
)L(Zin,-) = e(Zaiqi) for all (¢1,...,94) € Q4
i=1

i=1

for a non-trivial unitary character e of A which is trivial on Q (see Section 4.2). It follows

that
r d
e( Z tk(Zaiqk,,-)) =1 forallt € Q,
k=1 i=1
where (qk,,-)?=1 are the coordinates of Yy in {X7, ..., Xz}. This implies that

d
Zaiqk’i €eQ foreveryk =1,...,r.

i=1

Indeed, otherwise the image of the set

{itk(iaimgi) ‘l € Q}

k=1 i=1

would be dense in A /Q (see [11, Theorem 2] or [5, Theorem 5.2]) and this would contra-
dict the non-triviality of e.

In particular, we have Zflzl aiq1,; € Q and, since ¥; = Ad(g)X — X, we obtain
A(Ad(g)(tX) —tX) = 1forallt € Q. So, Ad(g)X — X belongs to £, and this is a con-
tradiction to the choice of X.

Fifth step. Let g € G \ G). We claim that ¢ (g) = 0.
Indeed, let X € u with Ad(g)(X) — X ¢ £, and let A, x C Q be as in the fourth step.
Set

Bg.x :={t € Q | exp(—1X) exp(Ad(g)(tX)) € Py}.

Then Ay x C Bg x and, by Lemma 3.6 again, By x is a subgroup of Q. Two cases may
occur.
— First case: Ag x # Bg x. So, there exists 1 € QQ such that

exp(—1X) exp(Ad(g)(tX)) € Py \ Ky.
Then, using the third and second steps, we have

¥ (g) = ¥ (exp(—=X) exp(Ad(g) (X)) ¥ (g)

and hence ¥ (g) = 0, since

¥ (exp(—X) exp(Ad(g)(X))) # 1.
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— Second case: Ag x = Bg x. Then B, x is a proper subgroup of Q by the fourth
step. So, B, x has infinite index in Q and we can find an infinite sequence (¢,),>1 in Q
such that t, — t,, ¢ Bg x foralln # m.

Set

Uy = exp(—t, X)exp(Ad(g)(t, X)) foralln > 1.

For n # m, we have

Uit = exp(—ty X) exp(Ad(g)(tn — tm) X) exp(tm X)
= exp(_th)(eXP(_(tn - tm)X) eXP(Ad(g)(tn — tm)X)) eXP(ImX)§

since exp(—(t; — tm)X) exp(Ad(g)(tn — tm)X) ¢ Py and Py is a normal subgroup of U,
we have unu,,! ¢ Py and hence

1/f(u,,u;ll) =0 foralln # m,

by the first step.

As u,, coincides with the commutator [exp(—t, X), g] in G, it follows from Lemma 2.6
that ¢ (g) = 0.

It remains to determine the restriction of ¥ to G

Since ¥ |k, = lk,, we may view v as a character of G/ K, which is the group of Q-
points of an algebraic group, and we can therefore assume that K; = {e}. Then G is the
centralizer of U in G and is the group of QQ-points of an algebraic normal subgroup of G.
Let G, = LU be a Levi decomposition of G,. Since U; is a unipotent characteristic
subgroup of G, we have U; C U. Moreover, L is the group of Q-points of an algebraic
subgroup L; of G and so L is contained in a Levi subgroup of G. As two Levi subgroups
of G are conjugate by an element of U (see [28]), we can assume that L C L, that is,
Ly =Ljandso, Gy, = L, Z(U).

Sixth step. We claim that there exists ¢; € Char(L ) such that

V(gu) = ¢1(g)y(u) forallge L, ucU.

Indeed, we can find a normal subgroup H of L which centralizes L, suchthat L; N H
is finite and such that L = L, H (see Proposition 6.3 below). Then G = L, HU and HU
centralizes L. So, the claim follows from Proposition 2.12 (see also Corollary 2.13).

Seventh step. Let A € 1i, ¢; € Char(L}), and let D(1,0): G — C be defined as in Theo-
rem A. We claim that  := &, ,) € Char(G).
Indeed, it is clear (see Proposition 2.4) that ¢ € Tr(G). Write

v = /Q Yo dv ()

as an integral over a probability space (€2, v) with ¥, € Char(G) for every w (see Re-
mark 2.2).
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Then ¢ := ¥ |y o exp coincides with the trivial extension to 1 of the restriction of A
to pa, where p, is defined as above. It follows from Theorem 6.2 that ¢ € Char(u, G).
This implies that the restriction of ¥, to U coincides with ¥ |y for (v-almost) every w.

Let w € Q. The fifth step, applied to v, € Char(G), shows that ¢, = 0on G \ Gy,
where G, is defined as above. By the sixth step, also applied to v, there exists ¢{ €
Char(L}) such that

Y(gu) = oY (g)y(u) forallge L), uel.

As a result, we have
Q1= / o7 dv(w).
Q

Since ¢; € Char(L,), it follows that ¢ = ¢; and hence that ¢ = ¢, for (v-almost)
every w. This shows that ¢ € Char(G).

Eighth step. Let A1, A € 1, ¢ € Char(L,,) and ¢, € Char(L,,). Let us show that
Dr1.01) = P(ay,0,) if and only if A1 and A, have the same G-orbit closure and @1 = @».

Indeed, set ¥; = ®(A;,¢;) fori = 1,2. It follows from Theorem 6.2 that v |y = ¥2 |y
if and only if the closures of the G-orbits of A; and A, coincide. If this is the case, then
), = f,, and hence G, = G,,. The claim follows from these facts.

6.3. Characters of semi-simple algebraic groups

The following proposition, in combination with [2] and Corollary 2.13, shows how the
characters of the groups L, appearing in Theorem A can be described.

A group L is the almost direct product of subgroups Hjy, ..., H, of L if the product
map H; x --- x H, — L is a surjective homomorphism with finite kernel.

Proposition 6.3. Let G be a connected semi-simple algebraic group defined over a field k.
Assume that G(k) is generated by its unipotent one-parameter subgroups. Let L be a (not
necessarily connected) algebraic normal k-subgroup of G. Then there exist connected
almost k-simple normal k-subgroups G, ..., G, of G, a subgroup F of L(k) contained
in the (finite) center of G, and a connected normal k-subgroup H of G with the following
properties:

(1)  G(k) is the almost direct product of L(k) and H(k);
(i)  L(K) is the almost direct product of F,G1(k),...,G,(k);

(iii) every G; (k) is generated by its unipotent one-parameter subgroups.

Proof. Let L be the connected component of L. Let Gy, .. ., G, be the connected almost
k-simple normal k-subgroups of G contained in L¢. Then Ly is the almost direct product
of the G;’s and there exists a connected normal k-subgroup H of G such that G is the
almost direct product of Ly and H (see [7, §2.15]). It follows that L is the almost direct
product of Ly and L. N H and hence that L. N H is finite, since Ly has finite index in L.
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This implies that L N H is contained in the center of G, as L N H is a normal subgroup
of G.

Since G(k) is generated by its unipotent one-parameter subgroups, the same is true
for G; (k) for every i, for Lo (k), and for H(k). Hence, L (k) is the almost direct product
of G1(k),...,Gr(k), and G(k) is the almost direct product of Lg(k) and H(k) (see [8,
Proposition 6.2]). It follows that L(k) is the almost direct product of Lo(k) and F :=
L(k) N H(k). From what we have seen above, ' C L. N H is a subgroup of the center
of G. |

7. A few examples

7.1. Abelian unipotent radical

Let L be a quasi-simple algebraic group defined over Q. Assume that L = L(Q) is gen-
erated by its unipotent one-parameter subgroups. Let L — GL(V') be a finite-dimensional
representation defined over Q of dimension at least 2; assume that L — GL(V(Q)) is
irreducible. Set G = L x V(Q). Then G is the group of Q-rational points of the algebraic
group L x V. Denote by F the kernel of L — GL(V(Q)) and observe that F is a subgroup
of the finite center of L. We claim that

Char(G) = {po p | ¢ € Char(L)} U {) | x € Char(F)},

where p: G — L is the canonical epimorphism. Indeed, let A € V/(@ The sets K and P,
as in Theorem A are L-invariant linear subspaces of V' (Q) and so are equal either to V' (Q)
or to {0}, by irreducibility of the representation of L on V(Q).

* Assume that K = V(Q); then A = 1y(g) and L = L. So, the characters of G asso-
ciated to A are the characters of L lifted to G.

e Assume that K; = {0}. Then P, = {0} (see Proposition 3.5). So, L, = F and every
element of Char(G) associated to A is of the form ¥ for some y € Char(F).

For instance, for every faithful Q-irreducible rational representation SL, — GL(V),
we have

Char(SL2(Q) x V(Q)) = {1¢., €. 8.},
where ¢ is defined by e(/,v) = 1, e(—1,v) = —1, and &(g, v) = 0 otherwise.

7.2. The Heisenberg group as unipotent radical

For an integer n > 1, consider the symplectic form 8 on C2” given by

B((x, y), (¥, ¥") = (x, ) (', y") forall (x, y), (x',y) € C*",
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where J is the (2n x 2n)-matrix

The symplectic group
Spyy = {g € GL2y(C) | 'gJg = J}

is an algebraic group which is a quasi-simple and defined over Q.
The (2n + 1)-dimensional Heisenberg group is the unipotent algebraic group Hz, 41
defined over Q, with underlying set C?” x C and product

1
() ) 300 = (G4 2y 908 14 ZB ). (3 y)),

for (x,y), (x',y") € C?", 5,1t € C.
The group Sp,,, acts by rational automorphisms of H»,+1, given by

g((x,y),t) = (g(x,y),t) forall g € Sp,,, (x,y) € C?* teC.

Let
G = Spy,(Q) X Hz,+1(Q)

be the group of Q-points of the algebraic group Sp,, X Hz,41 defined over Q. Since
Sp,, is Q-split, G is generated by its unipotent one-parameter subgroups. We claim that

Char(G) = {16, 1a,,,, @) £ ULT | x € Z},

where Z = {((0,0), s): s € Q} is the center of Hy,11(Q) and ¢ is the character of G
defined by
e(l,h) =1, e(—1,h)=-1, and e(g,h)=0

for g € Sp,,(Q) \{x/} and h € H2,11(Q).
Indeed, the Lie algebra of H,41(Q) is the (2n + 1)-dimensional nilpotent Lie alge-

bra j over Q with underlying set Q2" x Q and Lie bracket

[(x. ), 8), (", y). 1] = (0. B((x., ). (x", ")),

for (x,y), (x',y") € Q?", s,t € Q. The action of Sp,,(Q) on § is given by the same
formula as for the action on Hy,41(Q).

The Sp,,, (Q)-invariant ideals ¥ of f) are {0}, b, and the center 3 of f). The corresponding
ideals p, which are inverse images in ) of the G-fixed elements in §/¥f, are respective-
ly 3, b and 3.

Let A € B
* Assume that ¥}, = {0}. Then p; = 3. Since no element in Sp,,, (Q) \ {e} acts trivially

on f/3 = Q?", we have L, = {e}. So, the only character of G associated to A is j}.

(Observe that y; # 1z, since £; = {0}.)
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* Assume that ¥} = b; then A = 1y and L = Sp,, (Q). So, the characters of G associ-
ated to A are the characters of Sp,, (Q) lifted to G, that is, 1, 1x,, (@), and &.

e Assume that £} = 3. Then py = 3 and L) = {e}. So, 17 is the only character of G
associated to A.

7.3. Free nilpotent groups as unipotent radical

Let u = u, » be the free 2-step nilpotent Lie algebra on n > 2 generators over Q; as is
well known (see [18]), u can be realized as follows. Let V' be an n-dimensional vector
space over Q and set u := V ® A2V, where A2V is the second exterior power of V. The
Lie bracket on u = V ® A2V is defined by

[(v1,w1), (V2, w2)] = (0,v; Avy) forallvy, vy €V, wy,ws € A2V

The center of ut is A2V and the associated unipotent group U is V @& A2V with the product

1
(v1, w1)(v2, wp) = (Ul + vy, wy +ws + FV1A Uz)

so that the exponential mapping exp: 1 — U is the identity. The group GL,, acts naturally
on V as well as on A2V, and these actions induce an action of GL,, by automorphisms
on U given by

g(v,w) = (gv,gw) forall g € GL,(Q), v eV, w e A%V.

Since U coincides with the Heisenberg group H3(Q) when n = 2, we may assume
that n > 3. Let L be the group of Q-points of an algebraic subgroup of GL,, defined and
quasi-simple over Q. Assume that the representations of L on V and on A2V are faithful
and irreducible over QQ and that, moreover, L is generated by its unipotent one-parameter
subgroups (an example of such a group is L = SL,(Q)). The group G = L x U is the
group of Q-points of an algebraic group defined over Q and G is generated by its unipotent
one-parameter subgroups.

We claim that

Char(G) = {16} U {fo p | x € Z(L)} U {8} U{Ly},

where p: G — L is the canonical epimorphism and Z (L) the center of L.

Indeed, the L-invariant ideals ¥ of ut are {0}, 11, and the center 3 = A2V . By irreducibil-
ity of the L-action on V and on A2V, the corresponding ideals p, which are inverse images
in u of the G-fixed elements in u/¥, are respectively {0}, 1t and 3.

Let A € 1.

* Assume that £;, = {0}. Then p, = {0} and L, = {e}. So, the only character of G
associated to A is J.

e Assume that £, = u. Then the characters of G associated to A are the characters of L
lifted to G, thatis, {1g} and ¥ o p for y € Z(L).
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Assume that ¥4, = 3. Then py = 3 and L) = {e}. So, 1,2y is the only character of G
associated to A.

Funding. The authors acknowledge the support by the ANR (French Agence Nationale
de la Recherche) through the projects Labex Lebesgue (ANR-11-LABX-0020-01) and
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