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Point-pushing actions for manifolds with boundary
Martin Palmer and Ulrike Tillmann

Abstract. Given a manifold M and a point in its interior, the point-pushing map describes a dif-
feomorphism that pushes the point along a closed path. This defines a homomorphism from the
fundamental group of M to the group of isotopy classes of diffeomorphisms of M that fix the
basepoint. This map is well-studied in dimension d = 2 and is part of the Birman exact sequence.
Here we study, for any d = 3 and k > 1, the map from the k-th braid group of M to the group
of homotopy classes of homotopy equivalences of the k-punctured manifold M ~ z, and analyse
its injectivity. Equivalently, we describe the monodromy of the universal bundle that associates to
a configuration z of size k in M its complement, the space M ~ z. Furthermore, motivated by our
earlier work (2021), we describe the action of the braid group of M on the fibres of configuration-
mapping spaces.

1. Introduction

Let M be a based, connected (smooth) manifold of dimension d > 2 and denote by Cy, (]\o/l )
the configuration space of k unordered distinct points in its interior. We may think of it as
the moduli space of k distinct points in M. Its universal bundle is the fibre bundle Uy (M)
that associates to each k-tuple z € C (1\51 ) the k-punctured manifold M ~ z:

M~z —— Ug(M)
Cr(M).

The primary goal of this paper is to describe the monodromy action (up to homotopy) of
the above fibre bundle

pushps ;): 71 (Ck (]\ol), z) — mo(hAut(M ~ z))

where hAut(M ~ z) denotes the homotopy equivalences of the complement of z in M;
when M has boundary, we will consider the relative homotopy equivalences, and any base
point is on the boundary of M.
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Let (X, x) be a fixed connected based space and assume that M has boundary and a
basepoint. Applying the continuous functor Map, (—, X) (based maps to X) fibrewise to u
defines a new fibre bundle:

Map, (M ~ z,X) —— CMap;(M; X)

7|

Cr(M).

Our second goal is to give explicit formulas for the monodromy action for p (up to homo-
topy). The total space is an example of the configuration-mapping spaces studied in [7, 16].
Indeed, our interest in the monodromy actions was motivated by our study of homology
stability for configuration-mapping spaces.

When z is just a single point, the monodromy map can be defined in terms of the
point-pushing map: it sends an element [«] € 71 (M, z) to the pointed isotopy class of the
diffeomorphism that pushes the point z along the curve o and is the identity outside a
small neighbourhood of the image of «. It is not difficult to see that the point pushing map
and more generally push,, .y factors through the (smooth) mapping class group:

pushzmM,z): w1(Cy (1\04), z) — mo(Diff(M ; 2));

here Diff(M ; z) denotes the group of (smooth) diffeomorphisms of M that permute the
points in z. If the boundary of M is non-empty, we will consider those diffeomorphisms
that fix the boundary.

There is a possibly more familiar alternative description of pushi'}{l, ) For z a single
point in M, consider the fibration

Diff(M: z) — Diff(M) < M,

where eval denotes the map that evaluates a diffeomorphism at z. As M is path-connected,
this gives rise to the exact sequence

0—> L — m(M,z)— mo(Diff(M; z)) — mo(Diff(M)) — 0,

where L is by definition the kernel of the middle map.

For M = S a surface of negative Euler characteristic, the connected components of
Diff(M) are contractible [5, 6] and hence the fibration gives rise to the Birman exact
sequence [2]

0 — m1(S, z) = mo(Diff(S; z)) — mo(Diff(S)) — 0.

When « is represented by a simple curve that has a two-sided neighbourhood in S, its
image is a product of the two Dehn twists around the two curves (oriented oppositely) that
form the boundary of a tubular neighbourhood of «. On the other hand, when S = T is
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the torus, Diff(7") >~ T x SL,(Z) [10] and eval induces an isomorphism on fundamental
groups:
m(Diff(T);id7) = K = (T, z) = Z>.

Thus the smooth point-pushing map (and hence also the non-smooth version) is well-
understood when d = 2. Recently, Banks [1] completely determined the kernel L also
when d = 3. In particular, she shows that L is trivial unless the manifold M is prime and
Seifert fibred via an S! action. In a different direction, Tshishiku [19] studies the Nielsen
realisation problem for the point-pushing map, i.e. asks when the point-pushing map can
be factored through Diff(M, z). However, little seems to be known about the image of
the point-pushing map in higher dimensions. Here we give a complete description, up to
homotopy, of the induced self-map of M ~ z for any element of the fundamental group
when M has non-empty boundary. As an example, in Section 7, we study the manifolds
MZ =St x S < D9 ford = 3 and g > 0 and show that the point-pushing map
is injective for these examples. Inspired by our calculations in these examples, we discuss
injectivity more generally in Section 8. We note that for these examples M g‘,{ 1> the Nielsen
realisation problem is solvable as the fundamental group is free.

Outline and results. The paper is organised as follows. Section 2 contains basic recollec-
tions about (relative) monodromy actions associated to fibrations and Section 3 discusses
equivalent definitions of the point-pushing map (see Figure 1), and considers the induced
actions for associated fibre bundles obtained from the universal bundle u by applying a
continuous functor. Restricting from now on to manifolds with boundary and dimension
d = 3, in Section 4 we note that for a k-tuple z, up to homotopy, M ~ z decomposes as a
wedge of M with a k-fold wedge sum of spheres S9!,

M~z>~MvW, where W;:= \/kS"l_1
and 71 (Cy (A?I ), z) is isomorphic to the wreath product
m(M)F x 2.

Thus the task of understanding the monodromy action is divided into understanding (on
each of the terms M and W} ) the action of the symmetric group elements, which is done
in Section 5, and the more complicated action of the loop elements, considered in Sec-
tion 6. The elements of the symmetric group act, up to homotopy, by the identity on M
and by permuting the k summands in the wedge product Wj; compare Proposition 5.1.
The precise action of a loop & € 711 M is the content of Propositions 6.2 and 6.3. Roughly,
when « is in the i-th factor of the wreath product, it acts on the summand Wy by taking
the i-th sphere $¢~! and mapping a neighbourhood of its base point around & before cov-
ering itself by a degree £1 map depending on whether « lifts to a loop in the orientation
double cover of M. The other factors of Wy are mapped by the inclusion. This completely
describes the monodromy action of o« on Wy — M Vv Wy. The action of @ on M depends
only on the sequence of intersections of « with the (d — 1)-cells of M, or more pre-
cisely those of an embedded CW-complex K of dimension at most d — 1 such that M
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deformation retracts onto it; compare formula (6.8) and Figure 4. So, if there are no such
intersections, for example when K has no (d — 1)-cells, then the action on M is simply
given by the inclusion. However, if « intersects a (d — 1)-cell t of K with intersection
number {{(z, @), then in addition to the inclusion of M, the monodromy action of « takes
the cell 7 to the i-th factor of W) by a degree {{(, ) map. These assemble to give a map

M~ K—K/K9 ~\/s97" - 5471 c g,
T

where K(?=2) denotes the (d — 2)-skeleton of K. This completely describes the mono-
dromy action of « on M — M Vv Wy, after projection to each factor M and Wj. The full
description of this action in Definition 6.6 takes into account the precise sequence of inter-
sections of ¢ and the (d — 1)-cells. We illustrate this latter more complicated action of «
with examples in Section 7. In Section 8, we discuss the general question of injectivity for
the point-pushing map. We show that, up to isomorphism, the kernel of the point-pushing
map is independent of k regardless whether diffeomorphisms, homeomorphisms or homo-
topy equivalences are considered. In particular, it is always injective when the manifold
has non-empty boundary. Our main result in this direction is contained in Proposition 8.2.
Finally, in Section 9 the induced action on the fibres of p for configuration mapping spaces
is described. As a further application we compute the number of connected components
for configuration mapping spaces in Corollary 9.5.

2. Monodromy actions

We first recall the monodromy action associated to a fibration. Let f: E — B be a continu-
ous map and write F = f~1(b) for a point b € B. Assume that f satisfies the homotopy
lifting property (covering homotopy property) (cf. [11, §4.2] or [14, §7]) with respect to
the spaces F and F x [0, 1]. For example, this holds if f is a Hurewicz fibration, or if f
is a Serre fibration and F is a CW-complex. In particular, it holds whenever f is a fibre
bundle and either B is paracompact or F is a CW-complex.

Definition 2.1. For a space F, write hAut(F) € Map(F, F) for the space of continu-
ous self-maps F — F, with the compact-open topology, that admit a homotopy inverse.
This is a topological monoid under composition, and grouplike, i.e. the discrete monoid
mo(hAut(F)) is a group (it is the automorphism group of F in the homotopy category).

For a pair of spaces (F, Fy), we write End(F|Fp) for the topological monoid (with
the compact-open topology) of self-maps of F that are the identity on Fy and we write
hAut(F|Fy) € End(F|Fp) for the union of those path-components of End(F'|Fy) cor-
responding to the invertible elements of the discrete monoid 7o(End(F|Fp)). Note that
hAut(F|@) = hAut(F). See also Remark 8.9.
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Definition 2.2 (Monodromy actions). Under the above assumptions, the monodromy
action associated to f is the action-up-to-homotopy

mony: 1 (B, b) — mo(hAut(F)) 2.1

of 1 (B, b) on F defined as follows. For an element [y] € 71 (B, b) represented by a loop
y:[0,1] — B,let g: F x [0, 1] — E be a choice of lift in the diagram:

incl
F — E
<—,0)J Jf
Fx[0,1]- 0.1 —~ B

and define mony ([y]) = [g(—, 1)].

There is also a relative version of this construction. Let Fy C F be a subspace and
assume that f satisfies the relative homotopy lifting property with respect to the pairs of
spaces (F, Fy) and (F, Fy) x [0, 1]. For example, this holds if f is a Hurewicz fibration,
or if f is a Serre fibration and (F, Fp) is a relative CW-complex. Also assume that we
have a topological embedding i: Fy x B < E such that f o is the projection onto the
second factor and i(—, b) is the inclusion Fy C F C E. (This says, essentially, that f
contains the trivial fibration over B with fibre F{y as a sub-fibration.)

Definition 2.3 (Relative monodromy actions). Under these assumptions, the relative
monodromy action associated to f and Fj is the action-up-to-homotopy

mony: 1 (B, b) — mo(hAut(F|Fy)) 2.2)

constructed as follows. For an element [y] € 71 (B, b) represented by a loop y: [0, 1] — B,
let g: F x [0, 1] — E be a choice of lift in the diagram:

(i o (idfF, x y)) Uincl
(Fo x [0, 1]) U (F x {0}) d 5

—3 E
inclJ{ //,/"/// Jf
~ B

F x[0,1] [0, 1]

and define mony ([y]) = [g(—, 1)].

Lemma 2.4. The monodromy action (2.1) and relative monodromy action (2.2) are well-
defined.

Proof. For the monodromy action (2.1), the proof is given in [16, Lemma 5.3]. The proof
for the relative monodromy action (2.2) is similar. ]
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3. Point-pushing actions

This section defines the point-pushing action associated to a manifold M and a finite
subset z C M of its interior. This is given in Definition 3.2 via the monodromy action of
the “universal” bundle (3.1). This may be refined (Remark 3.3) to a smooth version, and
it has a simple geometric description (Lemma 3.4) for manifolds of dimension at least 3.
We then describe point-pushing actions on mapping spaces and other spaces associated
functorially to the complement M ~ z (see Definitions 3.11 and 3.12).

Definition 3.1. Let Uy (M) := C 1,k (M) be the configuration space of k unordered green
points in the interior of M and one red point in M, which may lie on the boundary. There
is a fibre bundle

u: U (M) — Cp(M), 3.1)

given by forgetting the red point, whose fibres are u~!(z) = M ~ z. This is the universal
bundle referred to in the introduction.

Definition 3.2 (The point-pushing action). For a manifold-with-boundary M (we allow
oM = @) and a finite subset z C M of cardinality k, the point-pushing action of
m1(Ck (1\04 ),z) on M ~ z is defined as the relative monodromy action of (3.1). More
precisely, we write F = u~!(z), let Fy = 9M C M ~ z and note that (M ~ z, dM)
is a relative CW-complex, since it is a (smooth) manifold with boundary. There is an
embedding

i:0M x Ci(M) < Ur(M),

given by colouring the point in dM red and the k points in the interior green, which satis-
fies the conditions of Definition 2.3. By Definition 2.3 and Lemma 2.4, there is therefore
a well-defined relative monodromy action

pushyy ) 71 (Cx (M), z) — mo(hAut(M ~ z[aM)). (3.2)

This is, by definition, the point-pushing action of nl(Ck(I\o/I), z)on M ~ z. For [y] €
71(Cr (M), z), the homotopy class of maps

push, = push H([YD:M ~z > M ~z
(fixing dM pointwise) is called the point-pushing map of [yl on M ~ z.

Remark 3.3. The monodromy action (3.2) may be refined to an action by isotopy classes
of diffeomorphisms, as in the following diagram:

R pushzrxl’z) .
1 (Ck (M), 2) 7o (Diffy(M, z))

I li

T (CeM). 2) g mo(hAUIM ~ Z[0M)).




Point-pushing actions for manifolds with boundary 1185

where Diffy (M) denotes the topological group of diffeomorphisms of M fixing dM point-
wise, in the smooth Whitney topology, the topology on hAut(—) is the compact-open
topology and i is induced by the continuous injection Diffy(M, z) — hAut(M ~ z|0M)
given by ¢ > ¢|prz- .

To see this, recall (cf. [4,13,15]) that there is a fibre bundle Diffy(M ) — Cr (M) given
by evaluating a diffeomorphism at a finite set of points, whose fibre over z is the subgroup
Diffy(M, z) of diffeomorphisms fixing z as a subset. The map push?“l‘}, 2 in the diagram
above is the connecting homomorphism in the long exact sequence of homotopy groups
of this fibre bundle. We call this action the smooth point-pushing action of 71 (Cr(M))
on M ~ z, and we call the map push)" = pushi"&’z)([y]): (M, z) - (M, z) the smooth
point-pushing map of [y] on (M, z).

If d = dim(M) = 3, there is a useful geometric description of the smooth point-
pushing action, which we will use later. An element y € 71 (Cy (1\04 ), z) is represented by a
certain number of oriented loops y1, ..., y; in M, each passing through at least one point
of z, such that, for each point of z, exactly one of the loops passes through it. (The number
J < k of such loops is the number of cycles in the cycle decomposition of the permuta-

tion of z induced by y.) Choose representatives of the loops y1, ..., y; that are smoothly
embedded and have pairwise disjoint images (using the fact that d > 3 for disjointness).
Also choose pairwise disjoint closed tubular neighbourhoods 77, ..., T; of these loops,

which we assume to be contained in the interior of M. Define a diffeomorphism

oTy,..17): (M, 2) —> (M, z)

fixing IM pointwise and z setwise as follows. On the complement of the tubular neigh-
bourhoods, ¢(r.,....;) is the identity. Suppose that the tubular neighbourhood 7; contains
k; of the points of z (so k1 + -+ + k; = k) and identify T; ~ (z N T;) with

(D97 x R) ~ ({0} x 2))/~,

where ~ is either

» the equivalence relation given by (x,?) ~ (x,t + k;), or

« the equivalence relation given by (x,¢) ~ (r(x),t + k;), where r: D41 — D41 s
a fixed reflection in a hyperplane passing through 0,

depending on whether or not the loop y; lifts to a loop in the orientation double cover

of M. We moreover arrange that this identification restricts to an identification of the

cores of these two tubes. Choose a smooth function A: [0, 1] — [0, 1] that takes the value

1 on [0, &] and the value 0 on [1 — ¢, 1] for some & > 0. Then the restriction of ¢z, ....7;)

to T;, under this identification, is defined by

Py, 1y (X, 1) = (X, 1 + A(|x])).

See Figure | for an illustration. We record this geometric description in the following
lemma.
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non-orientable loop

r
. “~

>

A .
= =
0 2

Figure 1. An example of the point-pushing action for |z| = 6 and where the loop y € 71 (Cg (1\?1 ), z)
induces a permutation of z with one 4-cycle and one 2-cycle.

Lemma 3.4 (Geometric point—pushing)é Let M be a smooth manifold-with-boundary of
dimension d = 3 and let [y] € mw1(Cyx (M), z). Choose a collection of smoothly embedded
loops yu1, ..., y; and tubular neighbourhoods T, ..., T; as described above. Then

lea.....tH] = push{y, ) ([¥]) € mo(Diffy(M, 2)).

Associated point-pusgling actions. We have so far described the “universgl” point-push-
ing action of 711 (Cx (M), z) on the complement M ~ z, for a subset z C M with |z| = k.
We now discuss induced point-pushing actions associated to continuous endofunctors
T:Top — Top or T: Top, — Top, (or, more generally, to a continuous functor of the
form (3.6)).

Definition 3.5 (Associated fibre bundles). We first recall that, if f: E — B is a fibre
bundle with fibre F (and structure group Homeo(F') in the compact-open topology),
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and if T: Top — Top is a continuous endofunctor (covariant or contravariant) of the
topologically-enriched category of spaces, there is an associated fibre bundle

fr:Tw(E) — B (3.3)

with fibre T'(F'), constructed by “applying T fibrewise” to E. More precisely, the functor
T restricts to a continuous group (anti-)homomorphism

Homeo(F) — Homeo(T (F)), (34

and we define (3.3) to be the Borel construction Prin(E) Xgomeo(Fy T (F), Where Prin(E)
— B is the principal Homeo( F')-bundle associated to f, and where Homeo(F') acts on
T (F) via (3.4). (See [17, §§8-9] for more details.)

There is an exactly analogous construction if f is a fibre bundle in the pointed cat-
egory Top, (i.e. with structure group Homeo, (F)) and T': Top, — Top, is a continuous
endofunctor of the topologically-enriched category of based spaces Top,. In this case, T
restricts to a continuous group homomorphism

Homeo« (F) — Homeo. (T (F)), 3.5

so we may define (3.3) to be the Borel construction Pring (E£) Xpomeo, (F) T (£), where
Prin,(E) — B is the principal Homeo, (F)-bundle associated to f, and Homeo« (F') acts
on T (F) via (3.5).

Definition 3.6 (Configuration-mapping spaces). Let X be any space and consider the
(contravariant) continuous functor

T = Map(—, X): Top — Top.
The fibre bundle associated by 7" to the bundle (3.1) is denoted by
CMap, (M; X) := Tso (U (M)) — Cr(M),

and its total space is the k-th configuration-mapping space of M and X. A point in
CMap, (M ; X) consists of a configuration z C M in the interior of M and a continu-
ousmap M ~z — X.

If IM # @, the fibre bundle (3.1) admits a canonical section given by z > (z, %),
where * € dM is a choice of basepoint, allowing us to reduce its structure group to the
based homeomorphism group Homeo. (M ~ z), where z is a basepoint of Cy (1\3! ). Thus,
choosing a basepoint for X, we may also consider the fibre bundle associated to (3.1) by
the continuous functor 7 = Map,, (—, X): Top,, — Top,,, which is denoted by

CMap (M: X) := Ty (Ur(M)) — C(M).

o
A point in CMapj (M ; X) consists of a configuration z C M in the interior of M together
with a based continuous map M ~z — X.
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Definition 3.7 (Associated fibre bundles, II). The structure group of the bundle (3.1) may
be reduced further to Homeoys (M, z), the group of self-homeomorphisms of M that fix
z setwise and M pointwise. Hence any continuous functor

T:Homeoyp (M, z) — Top 3.6)

(i.e., any space with a continuous action of Homeoyys (M, z)) associates to (3.1) a new
fibre bundle .
Tiin (Ug (M) — Cr(M)

by taking the Borel construction of the associated principal Homeogs (M, z)-bundle.

Remark 3.8. For comparison, the associated fibre bundles of Definition 3.5 above cor-
respond to continuous functors (3.6) that are of the form

Homeoyys (M, z) Zlaes, Homeo(M ~ z) C Top — Top,

in other words, that factor through an endofunctor of Top. However, there are interesting
(and more subtle) examples that do not extend in this way, as we show in the next example.

Definition 3.9 (Configuration-mapping spaces, II). Fix a basepoint x € dM, a based space
X and a subset ¢ C [S?~!, X] of unbased homotopy classes of maps S¢~! — X.If M is
non-orientable, we assume that ¢ consists of fixed points under the involution of [S¢~!, X]
given by a reflection of S¢~1. There is a continuous functor

Map (—, X): Homeoyys (M, z) — Top 3.7

defined as follows. The unique object on the left-hand side is sent to the space (with the
compact-open topology) of based, continuous maps f: M ~ z — X with “monodromy”
valued in c¢. The last condition means that, if e: D4 — M is an embedding such that
zNe(D?) is a single point in the interior of e(D?), then the homotopy class of f o elapd
lies in ¢. (If M is orientable, we fix an orientation and require that e is orientation-
preserving in the preceding sentence.) One may then check that the natural action of
¢ € Homeoyps (M, z) on the mapping space Map, (M ~ z, X) preserves the subspace
Mapé (M ~ z, X). The fibre bundle associated by (3.7) to the bundle (3.1) is denoted by

CMapS™ (M; X) — Cy (M), (3.8)

and its total space is the k-th based configuration-mapping space of M and X with “mono-
dromy” or “charge” in c.

Remark 3.10. Configuration-mapping spaces are discussed in more detail in [16, §2], and
may be generalised to configuration-section spaces, which are defined in [16, §3]. There
are also many other natural continuous functors 7': Top — Top or T: Homeogys (M, z) —
Top that may be used to construct interesting fibre bundles associated to the “universal”
bundle (3.1). For example, one could take 7' to be suspension £¥(—), symmetric powers
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SPk(—) or configuration spaces Cy (—), each of which lead to a certain flavour of bicol-
oured configuration spaces. Other interesting examples are co-representable functors, such
as the based and free loop-space functors €2(—) and L(—), which lead to spaces of config-
urations equipped with (based or free) continuous loops in their complement.

Definition 3.11 (Associated point-pushing action). For a space 7" with a continuous action
of Homeoyys (M, z), viewed as a continuous functor 7: Homeoys (M, z) — Top, we have
from Definition 3.7 a fibre bundle

Tin(Ux (M) — Ci (M)

with fibre 7. The associated point-pushing action of 1 (Cy (1\31 ),z) on T is then the
monodromy action of this fibre bundle, denoted by

pushs . 7y: 71 (Ck (1\04), z) = mo(hAut(T)).

Definition 3.12 (Point-pushing action on mapping spaces). In particular, if we specialise
to the case T = MapS (M ~ z, X) for a based space X and a subset ¢ € [S?~!, X], as in
Definition 3.9, we have an associated point-pushing action

push(ps ;. x,0): T1(Ce (M), z) — mo(hAut(Mapy (M ~ z, X)))

which is the monodromy actionoof the fibre bundle (3.8). This can be generalised to a
point-pushing action of 771 (Cy (M), z) on Map®((M ~ z, D), (X, *)) for any subset D C
oM .

The following elementary lemma relates the point pushing action of w1 (Cy (1\04 ), z)
on M ~ z (Definition 3.2) and its associated point-pushing action on the mapping space
Map°((M ~z, D), (X, *)) (Definition 3.12). Choose k pairwise disjoint balls in M centred
at the points z and let

5189 {1, k> M~z

be the inclusion of their boundaries. Denote by hAut®(M ~ z|dM) € hAut(M ~ z|oM)
the subspace of homotopy automorphisms f of M ~ z such that f os ~ 5 o g for some
homotopy automorphism g of S4~! x {1,...,k}. Note that the point-pushing action (3.2)
takes values in 7 of this subspace.

Lemma 3.13. The point-pushing action ofﬂl(Ck(l\ol), z) on Map®((M ~ z, D), (X, %))
is obtained from its point-pushing action on M ~ z by pre-composition. In other words,
the following diagram commutes:

o push(M,z) }
71(Cr (M), z) wo(hAut* (M ~ z|oM))

| lo

71(C (M), 2) 7o (hAut(Map® (M ~ z, D). (X. ¥)))).

push(as ;- x )
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where the right vertical homomorphism is defined by composition. In particular, the action
up to homotopy of wo(hAut® (M ~ z|0M)) on the mapping space Map((M ~z, D), (X, %))
preserves the subspace Map®((M ~ z, D), (X, %)) for each subset ¢ C [S?71, X],
assuming, if M is non-orientable, that c is closed under the involution given by reflecting
in S,

Remark 3.14. We have focused in this section (except in Remark 3.3 and Lemma 3.4) on
monodromy actions — by homotopy automorphisms — of fibrations (as discussed abstractly
in Section 2). This is because our main result is an explicit description of the monodromy
action by homotopy automorphisms of the universal bundle (3.1) (and, as a corollary, of
the configuration-mapping bundle (3.8)). However, the constructions of this section also
have direct analogues for monodromy actions by homeomorphisms (diffeomorphisms)
of fibre bundles (smooth fibre bundles). See also Section 8, where we discuss kernels of
point-pushing actions in all three settings.

4. Formulas for point-pushing actions

Let M be a connected manifold of dimension d = 3, let z C M bea k-point configuration
in its interior, D € dM an embedded (d — 1)-dimensional disc in its boundary, X a based
space and ¢ C[S¢~!, X] a non-empty set of unbased homotopy classes of maps S~ — X
Our goal is to give explicit formulas for the point-pushing action of 1 (Cy (]lol ), z) on
M ~ z (Definition 3.2). These will be given in the following two sections; in this section
we first fix notation and the identifications that we will use.

Notation 4.1. Let W} denote a wedge \/kS d=1 of k copies of the (d — 1)-sphere.

Construction 4.2. Let us choose an explicit homotopy equivalence of pairs
(M ~z,D) >~ (M Wy, %), 4.1

as follows (see Figure 2 for an illustration). Choose a d-dimensional closed disc B in
M containing the configuration z in its interior and such that B N dM is a (d — 1)-
dimensional disc in dM containing (but not equal to) D, and such that the closure of
the complement (B N dM) ~ D is also a disc. (In Figure 2, we may assume that D =
oM N B’.) Note that the closure M’ of M ~ B in M is also homeomorphic to M. Also
note that we have M’ N (B N dM) = d(B NaM)and D Nd(B N IM) # & by the con-
dition that the closure of the complement (B N dM) ~ D is adisc. Thus D N M’ # &, so
we may choose a basepoint * of M in D N M’. Choose also k embedded (d — 1)-spheres
in B such that each sphere intersects dB at the basepoint * and nowhere else, the spheres
are pairwise disjoint except for % and each sphere “wraps once around each of the points
of z” (this is more formally expressed by the condition that B ~ z must deformation retract
onto the union of the spheres). The union of M’ and the spheres is homeomorphic to the
wedge sum on the right-hand side of (4.1), and there is a deformation retraction of M ~ z
onto this subspace, supported in B ~ z, fixing the basepoint * and sending D onto {x}.
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~

S Y

[Jul]=8 []=p8 [ ]=m

Figure 2. An embedding of M Vv (\/kS d_l) into M ~ z as a deformation retract, together with a
loop 8 in B’ U M’ based at z N B’ and a tubular neighbourhood T of its intersection with M’. The
disc D € M is the intersection dM N B’.

Notation 4.3. From now on, we will write 771 (Cy (1\0/[), z) just as 1 (Cg (M)), leaving the
basepoint z implicit, and using the fact that the inclusion Cy (M) < Cy (M) is a homotopy
equivalence.

Notation 4.4. By the smooth version of the point-pushing action (see Remark 3.3), an
element y € 71 (Cr(M)) induces (an isotopy class of) a self-diffeomorphism

pushi,m: M — M,

fixing M pointwise and z setwise, which has an explicit geometric representative
@(1y,...,T;) given by Lemma 3.4 if dim(M) = 3. We denote its restriction to a self-diffeo-
morphism of M ~ z by

Ty M~z —> M~z

By abuse of notation, we also denote by 7, the (homotopy class of a) homotopy self-
equivalence of M Vv W fixing * induced via the deformation retraction given in Con-
struction 4.2:
Ty
M~z M~z
incl] ~ ZJCOnstruction 4.2 (4.2)
Ty

MVWy —— s MVW,.
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Recall that, for dim(M) = 3, the fundamental group 7 (Cy(M)) decomposes as the
semi-direct product nl(M)k X 2. (See [8, Theorem 9], [3, Theorem 1], or [18, Lemma
4.1] for a generalisation.) Concretely, the isomorphism

Y (Cr(M), 2) = 71(M, z9)* x T 4.3)

is given as follows, and depends on the choice of a contractible ball B containing the base
configuration z and the point z¢. Any loop y of k-point configurations in M based at z
consists of an ordered tuple of paths in M given by the motions of the individual points.
(The paths are ordered according to their ordering at time ¢ = 0, and this is determined
by a fixed ordering of the base configuration z.) If we collapse B to a point, we obtain
a k-tuple (aq, ..., ax) of based loops in M/B. Together with the permutation o (y) of
z = {1,...,k}induced by y, and using the isomorphism 7y (M) = 71 (M/B) induced by
the collapse map M — M/ B, this determines an element Y (y) = (ay,...,0r;0(y)) of
the semi-direct product 771 (M, z¢)* x Zy.

In the next two sections, we give explicit formulas for the bottom horizontal map of
(4.2)fory = (a1, ...,ax;0) € 11 (M)* x =y under this decomposition.

Notation 4.5. We collect here some additional notation that will be used in the following
two sections.

* For a wedge A v B, we write incq (resp. incp) for the inclusion of the first (resp.
second) summand, and similarly we write pry (resp. prg) for the projection onto the
first (resp. second) summand.

» For pointed spaces A, B, C and a pointed map f: AV B — C, we will sometimes
write f as a (1 x 2)-matrix:
f=(fa] f3).
where fy = f oincq and fp = f oincp. Note that f4 and fp jointly determine f,
since V is the coproduct in the category of pointed spaces.

* Similarly, for pointed spaces A, B, C, D and a pointed map f: AV B — C Vv D, we
will sometimes write f as a (2 x 2)-matrix:
cfa|c/ B)

f=(fAfB)~»(DfA £l

where ¢ f4 = pr¢ o f oincy, etc. Note that the pair of ¢ f4 and p f4 does not determ-
ine fy (since V is not a product), so the (2 x 2)-matrix-notation loses information.
(This is why we write “~>" instead of “=""in this case.)

« As mentioned above, we have for dim(M) = 3 a splitting 71 (Cy (M) = 71 (M)*
Y. Thus, for each 0 € Xy and o € 71 (M), we have elements
(1,...,1;0)and (a, 1, ..., 1;id) € m1(Cr(M)),

which we will denote simply by o and « by abuse of notation. We will always use
these letters for elements of these two subgroups of 1 (Cg(M)), and we will denote
a general element of 771 (Cr (M)) by y.
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*+  We take the basepoint of S¢~! to be the south pole, and write
pinch: $¢71 — §4-1y gd-1

for the map that collapses the equator of S¢~! to a point. The wedge sum on the
right-hand side identifies the north pole of the left summand with the south pole of
the right summand. We take the basepoint of S¢~! v §9~1 to be the south pole of the
left summand (in particular, not the point at which the wedge sum is taken); with this
choice, pinch is a based map.

*  We write
coll: 471 — [0,1]

for the “collapse” map that projects S¢~1 € R¢ onto the d-th coordinate (so the
south pole goes to —1 and the north pole goes to 1) and then linearly reparametrises
by x — %(x +1).

Remark 4.6. Since 71 (Cy(M)) is generated by elements of the form (1,...,1;0) and
(o, 1,...,1;id) (which we henceforth denote simply by ¢ and «) for 0 € £ and @ €
1 (M), it will suffice to give explicit formulas for

ngand g M vV Wiy — M v Wy

up to basepoint-preserving homotopy, for all ¢ € X} and @ € 71 (M). This will be done
in Sections 5 and 6 respectively.

Terminology 4.7. The elements o = (1, ..., 1;0) will be called symmetric generators
of 71(Cr(M)) and the elements @ = (a, 1, ..., 1;id) will be called loop generators of
71 (Ce(M)).

5. Symmetric generators

The action of the symmetric generators of w1 (Cr(M)) on M v Wy is fairly easy to
describe.

Proposition 5.1. For any element o € ¥ we have

id *
e = idps V oy = (il‘lCM ‘ inch o O‘ﬂ) g (I*L‘?) s
#

where oy denotes the obvious self-map of Wy, = \/kS 4=1 determined by the permutation
0, and * denotes the constant map to the basepoint.

Proof. In the geometric model ¢(r, ... 7;) (see Lemma 3.4) for the point-pushing diffeo-
morphism of (M, z) induced by y = (1,..., 1; 0), we may assume that the tubular
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neighbourhoods 71, ..., T; are all contained in the codimension-zero ball B C M (see
Figure 2). This follows from the concrete description of the isomorphism (4.3):

71 (Ce(M)) = 70y (M)F % 2.

Since ¢(ry,...,1;) is the identity outside of the tubular neighbourhoods, this implies that
e =~ idps Vv ¥, for some automorphism v of Wy.

To see that Y =~ oy, first consider a collection of k small, unbased (¢ — 1)-spheres sur-
rounding the points of z, contained in the union of tubular neighbourhoods 77 U --- U T;.
It follows from its explicit description in Lemma 3.4 that ¢(r, ... 1;) permutes the homo-
topy classes of these spheres according to o. Since these spheres form a free basis for
the homology group Hy_1(B ~ z) = Z¥, the effect of @(1y,... 1) on Hg_1(M ~ z) =
Hy_1(B~2z)® Hy_;(M') is to permute the k different Z factors of Hy_1(B ~ z)
according to o. Identifying W} with the wedge of embedded (d — 1)-spheres in Figure 2,
we have a canonical isomorphism Hy_1(Wy) =~ Hy_(B ~z) = Z* 1t follows that the
effect of ¥ on Hy_, (W) is to permute the k factors of Hy_y (W) = Z¥ according to 0.
By the Hurewicz theorem, we have Hy_1(Wy) =~ mg3—1(Wy). Since Wy is a wedge of
spheres, ¥: Wy — W}, is determined up to based homotopy by its effect on wgz_1(Wg);
thus ¥ =~ oy. ]

6. Loop generators

For any o € m1(M, *), the point-pushing map 7o: M ~ z — M ~ z may be assumed
(up to basepoint-preserving homotopy) to be supported in a tubular neighbourhood of an
embedded loop o’ in M, based at one of the points of the configuration z, in the homotopy
class determined by conjugating o with a path in B from * to this point (see Figure 2).
We may choose o’ and its tubular neighbourhood 7' to be contained in M’ U B’, so the
support of 7y: M ~ z — M ~ z is contained in M’ U B’. Under the identification (4.1),
this implies the following.

Lemma 6.1. For any o € m1(M), up to based homotopy, wy: M ~ Wi, — M v Wy is of
the form
Ty = g V ide_l,

where g is a self-map of M v S¢~Y, unique up to based homotopy.

We therefore just have to describe the map 7, for each o € w1 (M). We first do this
under an additional assumption on the manifold M. Recall that the handle-dimension of
a manifold is the smallest i such that M may be constructed using handles of degree at
most i. Using the cores of such a handle decomposition, this implies that M deforma-
tion retracts onto an embedded CW-complex of dimension equal to the handle dimension
of M. Since M, in our situation, is connected and has non-empty boundary, its handle-
dimension is necessarily at most dim(M) — 1.
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Proposition 6.2. Suppose that the handle dimension of M is at most dim(M ) — 2. Then,
Sfor any element o € w1 (M) we have

idy | o o coll *) 6.1)

7o = (incar | (@ o coll) v sgn(@)) o pinch) ~ ( « | sen@)

where sgn(a): S§4=1 5 §94-1 has degree +1 if « lifts to a loop in the orientation double

cover of M and degree —1 otherwise. The other notation is explained in Notation 4.5.

If the handle dimension of M is equal to dim(M) — 1 (the maximum possible), the
formula for 7, is more complicated. The following proposition gives the general formula.

Proposition 6.3. For any element o € w1 (M) we have

6.2)

i B id 1 ~
7o = (M | ((@ocoll) v sgn(@)) o pinch) ~> (lrhf " ) |

where sgn(a) is as in Proposition 6.2 and the maps Ea and My are described in Section 6.2
below.

In Section 6.1, we prove Proposition 6.2. In Section 6.2, we first define the maps
Ea and My, in the statement of Proposition 6.3 (Definitions 6.5 and 6.6) and then prove
Proposition 6.3.

In each case we prove the descriptions on the left-hand side of (6.1) and of (6.2), and
those on the right-hand side in terms of (2 x 2) matrices follow as a consequence. We note
that in each case the top-right entry of the matrix is a priori equal to « o coll: S4~1 — M,
but this is nullhomotopic as a based map, so it may be replaced with *. In contrast, the
appearance of « o coll in the formulas on the left-hand side of (6.1) and of (6.2) may not
be replaced by , since it is part of a description of a map S¢~1 — M v §9~1 where the
sphere is first collapsed to [0, 1] S¢~1, so in this case the interval may not be deformation
retracted to its basepoint 0, since its other endpoint 1 is attached to the sphere S, which
is wrapped with sign £1 around the S¢~! summand of M v S¢~1,

6.1. Below the maximal handle dimension

Proof of Proposition 6.2. Let us write
s MM MV S9-1 for the restriction of 7, to the M summand of M v S9-1;
o 75:8971 — M v S9! for the restriction of 77, to the S~ summand of M v S9~1.

In this notation, to prove Proposition 6.2, we need to show that

M
a

w, ~incpy and 7_{5 >~ ((x ocoll) v sgn(x)) o pinch. (6.3)
We first prove the right-hand side of (6.3). This may in fact be seen purely geomet-
rically from Figure 2. We need to describe the effect of m, on the loop (representing

a (d — 1)-sphere) pictured in the bottom-left corner of that figure. As mentioned at the
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beginning of this section, , may be assumed to be supported in a tubular neighbourhood
T of a loop based at the puncture z N B’ and supported in M’ U B’, as pictured in Fig-
ure 2. To see the effect of point-pushing along the tube 7' on the (d — 1)-sphere based
at x pictured in the figure, it is easier first to replace it, up to homotopy equivalence, by
a (d — 1)-sphere encircling the puncture z N B’ together with a “tether” connecting this
sphere to the basepoint * (this corresponds to the pinch and collapse maps in the formula
(6.3)). Point-pushing along 7" has the effect on the tether of sending it around a loop homo-
topic to . On the (d — 1)-sphere encircling the puncture, it acts by a map of degree +1
depending on whether the tubular neighbourhood 7 is orientable or not, in other words,
whether or not « lifts to a loop in the orientation double cover of M, which is exactly
sgn(a). Putting this all together, we obtain the desired formula on the right-hand side of
(6.3).
We prove the left-hand side of (6.3) in two steps:

.ﬁé"l

b 90( ~ idM.

~ incyy o 6, for some self-map 6,: M — M

Since the handle dimension of M is at most d — 2, there is an embedded CW-complex
K C M of dimension at most d — 2, such that M deformation retracts onto K. (Construc-
ted, for example, using the cores of a handle decomposition of M with handles of index
at most d — 2.) The restriction of 7 to K is a map of the form

K — MvS4!,

Choose a CW-complex structure on M extending that of K and give S¢~! the unique
CW-complex structure with a single 0-cell and a single (d — 1)-cell. With respect to these
choices, we may homotope the map above to be cellular, so that every r-cell of K is
mapped into a cell of dimension at most r. This implies that the image of the map must
intersect S4~! only in the basepoint, so we have a factorisation up to homotopy

ﬁ£4|K:K—>M<—>Mde_1,

for some map K — M. Since the inclusion of K into M is a homotopy equivalence, this
implies also that ﬁé"’ itself factorises up to homotopy as a self-map 6, of M followed by
the inclusion into M v S¢~!. This establishes the first claim above.

We next have to prove that 6, is homotopic to the identity. Consider the following
diagram.

0
M - M
Moy gd-l T Ga 6.4)
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The upper vertical inclusions are both the inclusion of the M summand into M v S¢~1.
The lower vertical inclusions are both the embedding of M v S9! into M illustrated
in Figure 2. The bottom square commutes up to homotopy since any point pushing map
becomes homotopic to the identity once the puncture(s) have been filled in. The top square
commutes up to homotopy by what we have just proven: that ﬁé"l factors through 6, up
to homotopy. The composition of the left-hand vertical maps is homotopic to the identity
M — M, and similarly for the right-hand side. Hence three out of the four sides of the
outer square of (6.4) are homotopic to the identity, so the fourth side 6, must also be
homotopic to the identity.

This completes the proof of Proposition 6.2. ]

Remark 6.4. This also proves half of Proposition 6.3, since that proposition is equivalent
to the two statements

=M

T, ~ Ea and ﬁg >~ ((ax o coll) Vv sgn()) o pinch, (6.5)

v
and in the proof above we did not use the hypothesis on the handle-dimension of M when
proving the right-hand side of (6.3), which is the same as the right-hand side of (6.5).

6.2. In the maximal handle dimension

In this subsection, we first define the maps M, and e appearing in the statement of
Proposition 6.3. These depend, a priori, on some additional choices, including a CW-
complex K C M onto which M deformation retracts. However, Proposition 6.3 implies
that they do not depend on these additional choices up to homotopy (see Remark 6.7).

Definition 6.5. Let K C M be a CW-complex of dimension at most d — 1 embedded into
M such that M deformation retracts onto K. Assume also that K has exactly one 0-cell
and that, for any i-cell 7 of K, if ®;: D! — K denotes its characteristic map, then the
restriction

e lipiy:int(D') > K C M

is a smooth embedding. This exists since M is connected and has non-empty boundary,
so its handle-dimension is at most d — 1: such a CW-complex K may be constructed from
the cores of a handle decomposition of M with one 0-handle. Let « € 71 (M) and choose
a representative loop of o that is a smooth embedding, transverse to the interior of every
cell of K and also transverse to dM . (For the assumption that the representative of « may
be chosen to be an embedding, we are using the fact that M has dimension at least 3.)
Note that the fact that « is transverse to the cells of K implies that it must be disjoint from
the (d — 2)-skeleton K@= of K.
Given these choices, we define the map thg:M — S d=1 a5 follows:

the: M — K — K/K@™2 = \/ 5471 — 5471, (6.6)
T
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where the map M — K is a homotopy inverse of the inclusion, the index t runs over all
(d — 1)-cells of K and the t-th component of the last map is a map S9! — S¢~1 of
degree ff(7, ), which is the algebraic intersection number of (the interior of) T with «.

There are two subtleties in this definition: we need to choose the identification of
K/ K@) with a wedge of (d — 1)-spheres unambiguously and we need to ensure that
the algebraic intersection number f{(z, «) is well-defined.

For the first point, we simply choose, arbitrarily and once and for all, an orientation of
§4=1 and an orientation of each open (d — 1)-cell @, (int(D?~")) of K. The identification
of K/K“=2 with a wedge of copies of S¢~! is then well-defined, up to based homotopy,
by taking it to be orientation-preserving on each open (d — 1)-cell.

For the second point, to ensure that the algebraic intersection number (7, ) is well-
defined, we need an orientation of o and of each open (d — 1)-cell z, as well as a local
orientation of M at each intersection point of & with the interior of 7, i.e., each point of

@, (int(D4~1)) N a(fo, 1]). (6.7)

We have already chosen orientations of each open (d — 1)-cell 7, and « is an oriented
loop, so it remains to choose local orientations of M at each point of (6.7). We do this in
several steps:

+  We have already chosen an orientation of S, which is embedded into B’ (see Fig-
ure 2).

« Let R denote the closure of the connected component of B’ ~ ¢~ that is disjoint
from z, and let R” = R ~ {*}. Then R’ is a codimension-zero submanifold of M with
boundary 3R’ = (3B’ ~ {*}) U (S?~' ~ {*)}). The orientation of S?~! determines an
orientation of R’ and hence of dB’ ~ {x}.

* In particular, this restricts to an orientation of dM N B’ ~ {x} = D ~ {*}. Choos-
ing a slightly larger disc in dM containing D in its interior, this determines a local
orientation of M at the basepoint .

* This, together with «, determines a local orientation of M at x as follows: we take it
to be the local orientation of M at x such that the algebraic intersection number of
o|[1—¢,1) With OM at * is +1.

e If M is orientable, this then determines an orientation of M, and in particular local
orientations of M at each point of (6.7).

e If M is non-orientable, we have to be more careful. Choose & > 0 such that all intersec-
tion points (6.7) are contained in (e, 1]) and choose a closed tubular neighbourhood
T of a|,1;- Since T is an orientable codimension-zero submanifold of M containing
* and each point of (6.7), we may use it to transport the local orientation of M at * to
a local orientation of M at each point of (6.7).

We note that this definition does not depend on our arbitrary choices of orientations
for S9! and for each open (d — 1)-cell T of K:
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* Suppose that we reverse the orientation of one (d — 1)-cell 7q. This affects the identi-
fication of K /K @~2) with the wedge of (d — 1)-spheres in a way that corresponds to
inserting an automorphism of \/_S 4=1 that sends each sphere to itself, has degree —1
on the tp component and has degree +1 on all other components. However, it also has
the effect of reversing the sign of the algebraic intersection number (g, &), so these
effects cancel each other out after composing all maps in (6.6).

« Suppose that we reverse the orientation of S¢~1. This affects the identification of
K /K@= with the wedge of (d — 1)-spheres in a way that corresponds to inserting
an automorphism of \/_S d=1 that sends each sphere to itself and has degree —1 on
each component. However, it also has the effect of reversing the local orientations
of M at each intersection point (6.7) for each 7, and so it reverses the sign of each
algebraic intersection number (7, ). Again, these effects cancel each other out after
composing all maps in (6.6).

This completes the definition of the map hg: M — S4~1.

For the definition of Mg, we again use an embedded CW-complex K C M as in Defin-
ition 6.5, and choose a representative loop of & € 71 (M) as in Definition 6.5.

Definition 6.6. We now define a map Ea: M — M v S%~! whose composition with the
projection prgs—i1: M v S~ — §9=1 is th,. This is the map

My:M — K — M v S9!, (6.8)

where the first map is a homotopy inverse of the inclusion and the second map is defined
as follows. On the (d — 2)-skeleton it is defined to be the inclusion K@= c K ¢ M C
M v §9=1 We now extend this to each (d — 1)-cell of K, in other words, for each (d — 1)-
cell T of K, we define a map

Moe: D > M v 5971 6.9)

whose restriction to dD?~! is equal to the attaching map ¢,: dD¢ 1 — K©@=2) of ¢
followed by the inclusion K@= ¢ K ¢ M c M v S¢~'. We define the map (6.9) in
several steps:

* Denote the intersection points of & with the interior of 7 by

@ (int(D?™") Ne([0. 1) = {y1..... ya}

and write x; = ®7'(y;) € int(D471).
* Let

e=Lmin({|x; —x;|fori,j e{l,...,n},i # jYU{l —|x;|fori €{l,....n
g min({|x; —x;| fori, j € { hi#ju{l—x] { H)

and write S; = dB¢(x;) for the boundary of the ball of radius ¢ around x;. Let ~
be the equivalence relation that collapses each S; € D¢~ to a (different) point, for
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i €{l,...,n}. There is a canonical homeomorphism

D~ = D4, | ]S4 (6.10)
n

where the notation U, indicates that we are taking the union along n distinct base-
points, more precisely we identify x; € D?~! with the basepoint of the i-th copy
of S471 for i € {l,...,n}. The homeomorphism (6.10) is given on Bg(x;)/S;
D=1/~ by identifying the ball Bg(x;) with D?~! by dilatation and translation, and
then using the standard (stereographic) identification D4~1/9D4 =1 ~ -1 Tt is
given by the identity outside of each of the larger balls B,¢(x;), and on each subspace
(B2e(x;) ~ int(Bg(x;)))/S; it is the homeomorphism

(Bas(x;) ~int(Bg(x;)))/Si = Bae(x;)

given by x; + y > x; + (|y|/e — 1)y (i.e. “stretching” inwards by a factor of two).
Let
cn: DTN > D4 Y, | |89

n

be the quotient map D4~ — D?~1/~ followed by the identification (6.10). Com-
posing this with the “pinch and collapse map” (coll Vv id) o pinch (see Notation 4.5)
on each S¢~1 factor, we obtain a quotient map

& Dt - DU, | ([0, 1] v 897,
n
See Figure 3 for a visual illustration of this construction.

Finally, we define (6.9) by Ea’, = a‘;t o ¢,, where the map

Mg D U, | (0.1 89T > M v 59!
n

is defined on each piece of the domain as follows.

- On the D41 piece, Egr is given by the characteristic map ®,: D?~! — K fol-
lowed by the inclusion K ¢ M € M v S971,

— On the i-th [0, 1] piece, Ezf is the path o[g-1(y,),17 in M (rescaled so that its
domain is [0, 1]). Note that this path ends at the basepoint.

— Onthei-th §971 piece, Eg,, is a based map S9! — S9! of degree ¢; € {£1},
where the sign ¢; is determined as follows.

e Asin Definition 6.5, the chosen orientation of S¢~! determines a local orient-
ation of M at *.

¢ We have also chosen an orientation of Dd_l, and @, is a smooth embedding
on the interior of D?~!, so we also have an orientation of ®,(int(D¢~')).
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Dd—l Un, I_ln Sd—l

Bae(x;) N int(Be(z;))

BZ€(x])

x;

[0,1] v 54t

Figure 3. The quotient map ¢,: D9~1 — D=1y, L, (0,1] v $9=1) from Definition 6.6.

This determines a local orientation of M at the intersection point y;: namely
the one with respect to which the intersection number of @, (int(D¢~')) with
([0, 1]) at y; is +1.

e If M is orientable, these two local orientations each determine an orientation
of M, and we set g; to be +1 if they agree and —1 if they disagree.

e If M is non-orientable, we have to be more careful, just as in Definition 6.5.
Choose § > 0 such that all intersection points yi, ..., y, are contained in
a([8, 1]) and choose a tubular neighbourhood 7" of «/|(s,17. Since T is an orient-
able codimension-zero submanifold of M containing * and y;, the two local
orientations of M (at * and at y;) each determine an orientation of 7. We set
&; = +1 if they agree and ¢; = —1 if they disagree.

One may see, as in Definition 6.5, that this construction of Ea is independent of the
choices of orientation of S9! and D471,

Remark 6.7. A priori, the maps thy: M — S9! and the: M — M v S described in
Definitions 6.5 and 6.6 depend on the choice of embedded CW-complex K and the choice
of representative of « € w1 (M) that is a smooth embedding and transverse to dM and
each open cell of K. However, a consequence of Proposition 6.3 is that these maps, up
to basepoint-preserving homotopy, do not depend on these choices; they depend only on
the element « € 71 (M). This is because Proposition 6.3 identifies these two maps with
certain maps derived from the point-pushing map 7, which depends up to homotopy only
ona € w1 (M).
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Proof of Proposition 6.3. As pointed out in Remark 6.4, we have already proven one half
of Proposition 6.3 while proving Proposition 6.2. The remaining statement to prove is

M~ hgM - M v ST 6.11)
We will first prove the two (jointly weaker) statements
prag o tM ~idy and prga—i o TM ~ thy, (6.12)

which correspond to the (2 x 2)-matrix description of 77, on the right-hand side of (6.2).
Consider the following homotopy-commutative diagram.

T
M(—>M\/Sd_14a>M\/Sd_l
M : M

(The square is the same as the bottom square of (6.4).) The two vertical inclusions are
both the embedding of M v S¢~! into M illustrated in Figure 2. But this is homotopic to
the projection pry; of M v S 4=1 onto its first summand, so pry © ﬁé” is the composition
from the top-left to the bottom-right of the diagram, and hence homotopic to the identity.
This proves the left-hand side of (6.12).

Next, we prove the right-hand side of (6.12). We start by giving another description of
the map

Wq = prga— o T M — gd-1

using Figure 2. Choose a path p in B’ from x to the point z N B’ and choose a loop
§ in B’ U M’, intersecting dM’ transversely in two points, in the homotopy class of
p -« - p. Also choose a tubular neighbourhood 7 of § N M’ in M'. Geometrically, the
map we: M — S91 is then given by starting in M, including into M ~ z, applying the
point pushing map along the loop 8§ and then collapsing onto the copy of S¢~! contained
in B’. Clearly the complement M’ ~ T of the tubular neighbourhood T is sent to the
basepoint under this map. To describe how wy acts on 7', we use the following identific-
ations. The intersection T N dB’ consists of two disjoint (d — 1)-discs Ty and Ty, where
we assume that Ty contains the intersection point of § N B’ where § is pointing into M’
and T} contains the intersection point of § N B’ where § is pointing into B’. We may then
identify T with Ty x [0, 1], write ;T = 9T ~ (int(Tp) U int(7})) and describe the map
We restricted to T, as a map of pairs (7, 9;T) — (S9!, %), by

(T, BIT) = (T], 8T1) X [O, 1] — (Tl, 8T1) — (T1/8T1, 8T1/8T1) = (Sd_l, *), (613)

where the middle two maps are the obvious projections and the identification on the right-
hand side is induced by the projection T} — S¢~! given by

T, < 0B 2> 9B’ L5 9B’ =~ §971,
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where r is a reflection in the (d — 1)-sphere dB’, 7 is a self-surjection of dB’ with the
properties that 71 () = dB’ ~ int(7}) and 7 is locally orientation-preserving on int(T}),
and the homeomorphism 9B’ 2 S~ is given by a based isotopy in B’ between 3B’ and
the embedded copy of S¢~! in B’ in Figure 2.

We now use this geometric description of wy to show that it is homotopic to the
map M, defined in Definition 6.5. Let K be a CW-complex of dimension at most d — 1
embedded into M’, such that M’ deformation retracts onto K. We need to show that the
restriction of w, to K factors as

K —> K/K“W™? = \/ 5471 — 5471, (6.14)
T

where the 7-th component of the right-hand map is a map f;: S~ — S9! of degree
fi(z, 8). By smooth approximation and transversality, we may assume that each (d — 1)-
cell T of K is smoothly embedded into M’ and that § and T have been chosen so that (a)
each r-cell of K, for r <d — 2, is disjoint from 7" and (b) each t N T, for  a (d — 1)-cell
of K, consists of finitely many (d — 1)-discs each intersecting § transversely in one point.

By property (a), and since M’ ~ T is sent to the basepoint by wy, we see that its
restriction to K must factor through the projection K — K/K@~2)_ So we just have to
show that f; has degree f(z, §). By property (b) and the description (6.13) of wg|7, each
component of the disjoint union of (d — 1)-discs ¢ N T contributes either +1 or —1 to
deg( f). Being careful about (local) orientations as explained in Definition 6.5, we see
that the sum of these +1°s and —1’s is precisely the algebraic intersection number f(z, §)
of 7 and §.

This completes the proof that wg|x factors as in (6.14), and hence that wg ~ My, in
other words, the right-hand side of (6.12).

The proof of (6.11) is similar to the proof above of the right-hand side of (6.12):
looking at Figure 2 and using a geometric model for the point-pushing map supported in
a tubular neighbourhood of an embedded loop representing «, one checks carefully that
the definition of thy from Definition 6.6 is a correct description of 7 up to homotopy.
This is explained in Figure 4, which depicts the map 72 induced by point-pushing along
o and compares it to the definition of Me. ]

7. Examples

To illustrate the more complicated setting where M is non-simply-connected and has max-
imal handle dimension, we discuss some explicit examples, namely

M = (S' x $?) ~int(D?)
and more generally
M = (S' x SHH(S! x S2)f---#(S! x §2) ~int(D?)

g copies
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@

o N 7 viewed in Df‘l

Figure 4. Two views of the map 7?‘5” ‘M — M v §971 induced by point-pushing along an embed-
ded loop «, and in particular its effect on a (d — 1)-cell 7. In (1), we view the loop « (in red) and a
neighbourhood of its intersections {y1, . .., yn } with t (in blue) from within M. From the geometric
description of point-pushing (Lemma 3.4), the result of point-pushing is as depicted in the bottom
half of (1): the n small disc neighbourhoods of {y1, ..., y,} in 7 are pulled along ¢ and wrapped
around the S9~! summand of M v S9~!. From this, we may deduce the description of ﬁg’l up to
homotopy given in part (2) of the figure. At the top of (2), we view the disc D,‘f ~1 (whose image
under the characteristic map ®; is the cell 7) in blue and its intersection {y1,..., y,} with & as a
configuration of red points. We also choose small disc neighbourhoods of each of these points (now
depicted in green), divided into three concentric regions. Translating the depiction of ﬁéu from (1)
into this viewpoint, we see that the blue region (the complement of the small green disc neighbour-
hoods) is fixed by ﬁtfy , in other words, it is simply mapped into M by the characteristic map ®; of
the cell. For each small green disc neighbourhood, its image under ﬁg’l is illustrated as a light blue
surface in (1); projecting this onto t U U § 4=1 does not change it up to homotopy, and this may
then be described in (2) as follows: the outer region of each green disc is “stretched” to cover the
whole green disc (and then mapped into M via the characteristic map ®;); the intermediate region
is collapsed to an interval and then mapped into M via a terminal segment of the loop «; the central
region is collapsed to a sphere and then mapped with degree £1, depending on local orientations,
to the S9~1 summand of M v S9! This is precisely the map (6.9) from Definition 6.6 (see in
particular Figure 3), which is the restriction of Mg to the cell 7. Thus for each (d — 1)-cell 7, the
restrictions of 7M and of fhy to T are homotopic relative to its boundary; hence M ~ M.
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which all have maximal handle-dimension dim(M') — 1 = 2 and which have fundamental
groups Z and Fy (the free group on g generators), respectively. Indeed, the following
computations generalise to all

M =ML = (S"xSTTHHES x ST #(ST x ST < iny(DY)

g copies
ford = 3and g > 0.

Example 7.1. First, consider M = (S! x $?) <~ int(D3) and let o be a generator of
m1(M) = Z. By Proposition 6.3, the point-pushing map

Ty MV S? > MV S?

has a simple explicit description when restricted to the S? summand, and is homotopic to
the (in general complicated) map the: M — M Vv S§2 of Definition 6.6 when restricted to
the M summand.

In this example, M is homotopy equivalent to S v/ S? (see Figure 5 for a picture of
an embedded S! v S? onto which it deformation retracts). So, under this identification,
the point pushing map 7, is an endomorphism of S v $2 v §2. We will label the 1- and
2-spheres with subscripts o, T and p to indicate which of the spheres they correspond to
(light or dark red spheres in Figure 5). Thus our aim is to describe (up to based homotopy)
the map

Ta:SqgVSpVSI=X—>X=8,vS2vSZ

This is an element of the homotopy set (X, X) = mo(Map, (X, X)), which becomes a
monoid under composition. In fact, we know of course that 7, must be an invertible
element of this monoid, i.e. an element of 7y(hAut. (X)), but we will describe it as an
element of the larger monoid (X, X). In order to do this, we first describe the monoid
(X, X) explicitly.

First, note that there is a bijection

(X, X) = m1(X) X m2(X) x ma(X),

and that 71 (X) = Z{«a}, the free (abelian) group generated by «. The second homotopy
group of X is the same as that of its universal cover, and using Hilton’s theorem [12] to
compute homotopy groups of wedges of spheres, we see that

(X)) = Z{d" p,a"t | n € Z},

the free abelian group generated by the symbols «” p and «” 7 for each n € Z. Moreover,
the action of 771 (X) = Z{a} is given by a.o” p = &" ! p and a.” t = " ! 7. This means
that we may write 72 (X) = Z[aT|{p. t} = Z[7x1(X)]{p. t} as a free module over the
group-ring of 71 (X). Putting these identifications together, we have

(X, X) = Z{a} x Z[eT W p, 1} x Zjat"){z, p} (7.1)
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Figure 5. The picture is to be thought of as S with three open balls (in blue) cut out, and the
boundaries of two of them (the top two) identified by a reflection. This is a model for the manifold
M = (S x §2) < int(D3). The embedded copy of S v §2 is drawn in red, consisting of a 1-
sphere called o and a 2-sphere called t. The manifold M deformation retracts onto this subspace.
As a model for M with a puncture removed, we glue back in the top half of the lower 3-ball (so the
boundary now consists of the light blue shaded 2-disc together with the southern hemisphere of the
lower blue 2-sphere) and then remove the black point. This manifold (let us call it M) deformation
retracts onto the embedded wedge sum S! v S2 v §2 consisting of &, 7 and the dark red 2-sphere
called p. The green solid cylinder called 7T is a tubular neighbourhood of «, isotoped slightly so that
it contains the puncture in its interior. Thus, the effect of the point-pushing map on o may be realised
explicitly by a diffeomorphism of the manifold M’ supported in the interior of T, as described in
Lemma 3.4.

as a set. To describe the monoid operation (composition) on (X, X) under this identifica-
tion, it is useful to include it into the larger monoid (X, X'), where

T o~ 2 2
X~ \/Sa"p v \/Sa"t
i€Z i€Z
is the universal cover of X. Since V is the coproduct for pointed spaces, we have

(X, X) = My(M3\(Z)), (7.2)
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the monoid of 2 x 2 block matrices whose entries are vertically-finite Z x Z matrices with
entries in Z. (Vertically-finite means that each column has only finitely many non-zero
entries.) For example, the (i, j) entry in the bottom-left block of the matrix corresponding
to f: X — X records the degree of the map

S2, C—>fi>f—»S2i.
alp alt

Once a compatible base point in X is fixed, each based self-map of X lifts uniquely up to
homotopy to a based self-map of X, so there is an injection (X, X) < (X, X). Under the
identifications (7.1) and (7.2), this is given by

(koe,Zoti(miP +nir),Zai(r,~p +Sif)) = (é g)

where each of the matrices A, B, C, D is a diagonally constant matrix of slope —k, in
other words its (i, j) entry is equal to its (i — jk, 0) entry; in particular, it is determined
by its 0-th column, and the 0-th columns of A = (a;;), B = (b;;), C = (c;j), D = (d;;)
are given by
aio =m;, bio=ri, cio=n;, dio=si.

For example, the identity X — X corresponds to (., p, 7), which is sent to (£ 9); and the
map X — X that is the identity on the two S? factors and collapses the S! factor to the
basepoint corresponds to (0, p, ), which is sent to ( 100 100 ), where 1 is the matrix with 1s
on the 0-th row and Os elsewhere.

Since the operation on (f X ) is just multiplication of matrices, one may use this
inclusion of monoids to deduce a formula for the operation on (X, X) under the identific-
ation (7.1), which is given as follows:

(koe, Zai(mip + n;1), Zai(rip + s,-r))
i i
o (k’a,Zaj(m}p —i—n}r),Zaj(r;p +s}r))
J J

= (kk’a, Zai‘Hk ((mim’; + rinf) p + (nim; 4 s;n’;)7),

i,J

ZaiJrjk((m,-r]’- +risi)p 4 (nir} + s,-s})r)).

i,J

By considering the action on the universal cover, and using Definition 6.6 and Propos-
ition 6.3, we may write the element 7, € (X, X) in terms of these explicit descriptions of
(X, X) as
T = (@, ap, T+ p).

Similarly, we may calculate that

Tyt = (@, p,t—a™p).
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As a sanity check, let us verify that these are indeed inverse elements in the monoid. After
including into the larger monoid (X, X), we have

7O g JASR O (Y
Fraz(o 1) and ﬁalz(o / ),

where A© denotes the matrix obtained by shifting A vertically upwards by £ steps, and
these matrices are clearly inverses. This description also in particular encodes the fact that
Tq acts on 71 (X) = Z{a} by the identity and on H(X:;Z) = Z{p,t} by (4 !). (The
action on H> is obtained by applying the operation M%f(Z) — 7 that takes the sum of the
entries in the 0-th column to each entry of the 2 x 2 block matrix.)

The element 7, = (@, ap, T + p) € (X, X) has infinite order: this can be detected by
its action on H,(—; Z), but one may also directly calculate:

()" = (@,ap, T+ p)o---o(a,ap, T+ p)
n

=(o,a"p, 7+ (1 +a+...+an—1)p)’

using the inclusion into ()Z X ) and the identity /®J® = J¢+K) Hence the point-
pushing homomorphism

mi(M) = Z{a} — mo(hAut (M v §?)) C (X, X)
is injective. This factors through the point-pushing homomorphism
m1(M) — mo(Homeo, (M ~ %)),

which is therefore also injective.

Example 7.2. Consider the more general example of

M = (S' x SHH(ST x §H)t---4(S! x §2) ~int(D?).

g copies
Now M is homotopy equivalent to a wedge of g circles (labelled by «,...,0g) and g
two-spheres (labelled by 71, ..., 7¢), so the point-pushing homomorphism is of the form
m(M) = Fg = {a1,...,0q) = mo(hAut. (X)) C (X, X), (7.3)
where

_ ¢l 1 2 2 2

X =8, V...V8 VS V...VS VS,
Here (a1, ..., ag) denotes the free group generated by a1, . .., o and (X, X') denotes the

monoid g(Map, (X, X)), as before. We would like to describe the point-pushing maps
Tays- -+ Ta, (the images of oy, .. ., g) as elements of this monoid.
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Generalising the discussion in the previous example, suppose that X is a wedge of a
number of circles indexed by a set A and a number of two-spheres indexed by a set B. We
then have

m1(X) = Fq4 and mp(X) = Z[F4]B,

where Fj is the free group on the set A, Z[F4] is its integral group-ring and Z[F4]B is
the free Z[ F4]-module on the set B. The underlying set of the monoid (X, X) is therefore

(X.X) = [ [Fax[]Z[FalB.
A B

To understand the operation of composition, it is again convenient to embed this into the
larger monoid (X, X), by lifting self-maps of X to self-maps of its universal cover

5 )

X~\/ Vs2,.

weFy4 beB

This monoid is isomorphic to the monoid Mp (Ml‘f{1 (7)) of B x B block matrices whose
entries are F4 x F4 integer matrices that are vertically finite (each column has only finitely
many non-zero entries).

Returning to our setting (and writing 79 = p for notational convenience), we have
A={ay,...,ag}and B = {19,..., 74}, 50

g g
(X.X)=]Jler.....a0) x [[ Z{ei ... ..oz Wao. ... e},
i=1 i=0 (7.4)
(X.X) = Mg (M, o)D),
where Z(afﬂ, e ,ozg,tl) denotes the ring of non-commutative Laurent polynomials with
coefficients in Z in the variables ¢, . . ., g . The embedding of monoids (X, X) — (X, X)
is given by
Ago - Aog
(wi,...,wg, fo...., fg) — : .
Ago -+ Agg
where the matrices A;; are determined as follows. First, consider w = (wy, ..., wg) as the
endomorphism of {(«y, ..., a.) that sends the letter ¢; to the word w;. Each matrix A4;; is

“diagonally constant of slope —w”, in the sense that if we write A;; = (@u,v)uve(ar,....aq)
then ay .y = @y w)-1,1- In particular, each of these matrices is determined by its Ist
column. Finally, the 1st columns of each of these matrices are determined by setting
(au,1)ij equal to the coefficient of ut; in f;.

We may now describe the point-pushing maps 7y, . .., T, and their inverses under
the identifications (7.4). Namely, we have

Ty = (@140 0, QGTO Tl e o Tie1, T + T0s Tid 1y - -+ s Tg)s

- _ -1 1
Tyt = (01, ..., g, @ " T0, T1sevs Tim1,Ti — Q) T, Titl,---»Tg)
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as elements of (X, X), and

ACO NN S J@ o )

e =| . Foa=| ° - : (1.5)

as elements of (}7 X ), where unspecified entries agree with the identity matrix, and AW)
denotes the result of shifting the matrix A vertically by w, in other words, if A = (ay,»)
and AW = (b, ), then by y = Gy -1 4.

From this description, we deduce a formula for 7, for any word w in the generators

ay,...,ag. Note that we are not assuming that the word w is reduced.
Proposition 7.3. Let w be a word in the generators ay, . .., og. Then
Tw = (A1,...,0g, W0, T1 + f1(W)T0, T2 + f2(W)T0, ..., Tg + fg(w)T0)

as an element of (X, X ), and

1@ Ay(w) Ax(w) - Ag(w)
0 1 0 0
e 0 I 0
0 0 0 1

as an element of ()’(~ X ), where the non-commutative Laurent polynomials f;(w) and
matrices Aj(w) are defined as follows. Write

£
W= wio; Waer? - Wedl;  Wep s

where the w; are words not involving o= and &; € {1} and let W; be the initial subword
J 8 &; J J

& & .
_ {wlailwz(xiz---wj ife; = +1,
w; =
j

€1 & o=l ife. — —
w0 wa;? W ife; =—1

of w. Then
L Y B
fiw) =Y ;@ and  Aj(w) =y e 1@,
j=1 j=1

Proof. The description of 7y, as an element of (X, X') will follow from its description as
an element of (X, X) via the embedding of monoids described earlier, so we only have
to prove the latter. Multiplying out the matrices (7.5) corresponding to the letters of the



Point-pushing actions for manifolds with boundary 1211

word w, it is clear that 7, is of the form

I® 2w KW - %W
0 1 0 0

0 0 1 0 ,
0 0 0 1

so we just have to verify that ?; (w) = A; (w). We first note that, directly from the defini-
tion, the matrices A; (w) have the following property: if w = w’w”, then

Ai(w) = A;(w') + I1®)4;(w"). (7.6)

We also observe from (7.5) that the equality ?; (w) = A; (w) is true if w is the letter o; or
its inverse.

We now prove that ?;(w) = A;(w) by induction on the number of letters of w that
are equal to o; or ozi_l. If this is zero, i.e. if w does not contain ozl-il, then A4;(w) =0
and also ?;(w) = 0, since it is the (0, i) entry in a product of matrices that each have the
property that their i-th rows and columns agree with the identity matrix. This establishes
the base case. If there are £ > 1 letters of w that are equal to «; or ai_l, then we may
write w = w'afw”, where w” does not contain aF!. Applying the base case to w”, the
inductive hypothesis to w’ and using the observation above, we already know that

%) =0=A4;w"), %W)=A4w), %)= Aie).
Writing just the rows and columns indexed by 0 and i, we therefore have

I 9 (w) 1@ o)\ (1@ - @)\ (1@ - % w”)

o -.- I 0o ... I 0o ... T o .- I
IO oo Ay )\ (1@ - Ay () (17 - A (w")

0o ... I 0 --- I 0 --- I

T oo A (w)
0 --- I
where we apply the identity (7.6) twice to deduce the final equality. ]

In particular, we note that the coefficient of the generator p = 7y in the middle com-
ponent of 7, is exactly w € Fg € Z[Fg] = Z{af', ... aF"). This implies that the
point-pushing homomorphism (7.3) is injective.
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The two examples above go through identically if S x S is replaced with S x §9~1
for any d > 3; we obtain the same formulas for the point-pushing maps 7, and the point-
pushing homomorphism « +— 7, is injective. Thus we have seen that, for any manifold of
the form

M =ML = (S"xSTTHHS x ST #(ST x ST N inty(DY)

g copies
ford = 3 and g = 0, the point-pushing homomorphism
pushy,: 71 (M) — mo(Homeo, (M ~ x)) — mo(hAuty (M Vv Sd_l))

is injective. For d = 2 this is also true: Recall that the point-pushing homomorphism is
part of the Birman exact sequence [2]:

1 — nl(Mg’l) = e — Fél,,l — T — L

In the next section, we put these facts into context by discussing the kernel of the
point-pushing map more generally and for any number of configuration points.

8. The kernel of the point-pushing map

Let M be a smooth, connected manifold of dimension d > 3 and fix a ball D C M in the
interior of M containing the base configuration z. This determines an identification (4.3)
of 11 (Cx (M) with the semi-direct product 771 (M ) x . For Cat € {Diff, Homeo, hAut},
recall from Section 3 that the point-pushing map

P 11 (Ce (M) — mo(Cat(M, z)) (8.1)

is the monodromy of the bundle Cy (M) — Cr (M), viewed either as a smooth bundle,
a topological bundle or a Serre fibration.'

Except when Cat = hAut and k > 2, this may equivalently be described as a connecting
homomorphism in the long exact sequence of the fibration Cat(M) — Cy(M) taking
an automorphism ¢ to its evaluation ¢(z) at the base configuration z. (Note that such a
description is impossible for Cat = hAut and k = 2, since homotopy automorphisms need
not be injective, so there is no well-defined map hAut(M) — Ci (M) in this case.) Thus
if Cat € {Diff, Homeo}, or if Cat = hAut and k = 1, the point-pushing map fits into an
exact sequence of the form

1 — ker(pg) = 71 (Cx(M)) — mo(Cat(M, z)) — mo(Cat(M)) — 1.

'In Section 3, we focused on the Cat = hAut setting, but the Cat = Homeo and Cat = Diff settings are
exactly parallel.
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When the boundary dM is non-empty, the point-pushing map (8.1) factors as
P 1 (Cr (M) — mo(Caty(M, 2)) (8.2)

followed by 7o (Caty(M, z)) — mo(Cat(M, z)), where Caty(M) C Cat(M) denotes the
subspace of Cat-automorphisms of M that fix dM pointwise.

Despite the differences between the categories of Diff and Homeo on the one hand and
hAut on the other, the following results hold for all three. Note though that ker(p;) and
ker(py) may be different groups for the three different categories.

Proposition 8.1 (see also [1, Lemmas 2.4 and 2.5]). Letk = 1. Then
ker(p1) € Z(m1(M)),

i.e. the kernel of (8.1) is contained in the centre of wi(M). If OM # &, then (8.2) is
injective.

Proposition 8.2. In general, we have that

ker(pr) = A(ker(py)),

i.e. the kernel of (8.1) is equal to the diagonal of ker(p1)*¥ C i (M)¥ C 71 (Crp(M)),
where we use the identification of w1 (Cx(M)) with w1 (M)* x Sy fixed above. If
IM # @, then (8.2) is injective.

The first proposition is an immediate consequence of the following basic lemma.

Lemma 8.3 ([11, p.40]). For any space X, the image of the map 71 (hAut(X)) — 71 (X)
induced by evaluation at some point x € X has image contained in the centre Z(mw1(X)).

Proof of Proposition 8.1. By the long exact sequence, the kernel of (8.1) is equal to the
image of the map 71 (Cat(M)) — m1(M) induced by evaluation at the point z; € M.
The first statement then follows from Lemma 8.3. Similarly, the kernel of (8.2) is equal
to the image of the map on 7; induced by the evaluation map Caty(M) — M atzy € M.
But evaluation at z; is homotopic to evaluation at some point in M # @ (since M is
path-connected), so this map is nullhomotopic. ]

Proof of Proposition 8.2 in the smooth or topological setting. In this proof, we assume
that Cat € {Diff, Homeo}, and we use the long exact sequence into which the point-pushing
map (8.1) fits. We give a separate proof in the setting Cat = hAut further below. That proof
also works in the smooth or topological category, but it is more involved, so we give a more
geometric proof in these categories first.

Using the identification of 71 (Cx(M)) with 71 (M)¥ x £, and the long exact se-
quence, we have a diagram

7 (Cat(M)) ——— m(M)* xS, —2% 5 7(Cat(M, 2))

l / \ l (8.3)
71 (hAut(Cy (M))) g
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whose top row is exact and right vertical map records the permutation of z induced by
the automorphism. It follows from the right-hand side of this diagram that ker(py ) is con-
tained in 71 (M )¥. A diffeomorphism or homeomorphism of M induces a diffeomorphism
or homeomorphism — in particular, a homotopy automorphism — of Cy (M), and so the top
left arrow factors through

71 (hAut(Cr(M))) = 71 (M) x .

From Lemma 8.3 it thus follows that ker(py ) is contained in the centre Z (71 (M)* x Zy).
Together with the fact that ker(px) € 71 (M)*, we deduce that it is contained in the diag-
onal copy of Z(w1(M)) in

Z(m(M)* € 1 (M) € (M) x 5.

(Except when k = 2 and 77y (M) = 1, the centre Z(ry(M)¥ x =) is precisely this diag-
onal copy of Z(m1(M)). On the other hand, in the somewhat degenerate special case of
k =2 and (M) = 1, the centre of 71 (M)* x I is =,.) Next, we consider the com-

mutative diagram

71 (Cat(M)) — s 7 (M)

\ lpmh
()

(M)

where the image of (%) is ker(py) and the image of (x%) is ker(p;) (these identifica-
tions follow, again, from the relevant long exact sequences, for general k and for k = 1
respectively). We know already that ker(py) is equal to A(G) € G* for a certain subgroup
G C Z(m1(M)) C 1 (M). Since this is a diagonal subgroup of the product 7; (M), the
projection onto the first factor restricts to an isomorphism of A(G) onto G C 7;1(M).
By commutativity of the above diagram, it follows that G = ker(p;). This concludes the
proof of the first statement of the proposition. For the second statement, we repeat the
same arguments with Cat replaced by Caty everywhere to obtain a similar formula, and
then apply Proposition 8.1. ]

For the proof of Proposition 8.2 in the homotopy setting, we will use the following
basic lemmas.

Lemma 8.4. Let A C X be a cofibration and Y any space, and assume that X and
A are exponentiable, for example locally compact Hausdorff. Then the restriction map
Map(X,Y) — Map(A, Y) is a Serre fibration. Moreover, the restriction map hAut(X) —
Map(A4, X) is also a Serre fibration.

Proof. The first step is to prove that, for any space Z, the inclusion Z x A — Z x X is
also a cofibration. This is most easily seen using the characterisation [1 1, Proposition A.18]
of cofibrations A — X as precisely those inclusions for which X x [0, 1] retracts onto
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(X x{0}) U (A4 x [0, 1]). If r is a retraction witnessing that A < X is a cofibration, then
idz x r is a retraction witnessing that Z x A < Z x X is a cofibration.
Now suppose that we have a homotopy lifting problem as follows:

Zx{oy — L 5 yX

l l (8.4)

Zx[0,1] —&—— y4,
By taking adjoints twice (since X and A are exponentiable), we may rewrite this as

ZxA—5 5yl

1 J

zxx — Iy
This admits a lift 4’: Z x X — Y[O’l], since Z x A < Z x X is a cofibration. Taking
adjoints twice again, we obtain a lift 1: Z x [0, 1] — Y X of (8.4). Thus we have shown
that
Map(X,Y) =YX — Y4 = Map(4, Y)

is a Hurewicz fibration, so in particular a Serre fibration.

In particular, this says that the restriction map Map(X, X)) — Map(4, X) is a Serre
fibration. In general, whenever E — B is a Serre fibration and E¢ C E is a union of path-
components, the restriction Eg — B is also a Serre fibration. Since hAut(X) is a union of
path-components of Map(X, X), this implies the second statement of the lemma. ]

Lemma 8.5. Let A C B C X be cofibrations of exponentiable spaces such that B admits
a strong deformation retraction onto A. Then the inclusion hAutg(X) < hAuty(X) isa
weak homotopy equivalence.

Here we write hAuty (X) for the space of homotopy automorphisms of X that agree
with the identity on A. We will also use the notation Map, (B, X) for the space of maps
B — X that agree with the inclusion on A.

We will use this lemma below when X is a manifold, B C X is an embedded inter-
val and A is a point in this interval. (Manifolds are locally compact Hausdorff, hence
exponentiable.)

Proof of Lemma 8.5. Consider the commutative diagram

hAutg(X) —— hAuty(X)

[ [

hAut(X) —9 5 hAut(X)

“1e| J-u

Map, (B, X) s Map(B, X) — 5 Map(4, X).



M. Palmer and U. Tillmann 1216

The maps denoted —|p and —|4 are restrictions to B respectively A4, and are Serre fibra-
tions by Lemma 8.4. Let r: B — A be a retraction of B onto A and let i;: B — B be
a homotopy between incf or and idp relative to A. Then incff or is a point in the
bottom-left space Map, (B, X) and a deformation retraction H; of this space onto the
point {incjf or}isgivenby H,(f) = f o h;. From the long exact sequence of homotopy
group it follows that the bottom horizontal map —|4 induces isomorphisms on 7, for x > 1
and an injection on 7ry. This map is also clearly surjective since any map A — X may be
extended to B using the retraction r, so it is a weak homotopy equivalence. It then follows
from the 5-lemma (and a little extra care in degree 0) that hAutg(X) < hAutg(X) is a
weak homotopy equivalence. ]

Proof of Proposition 8.2 in the homotopy setting. In this setting, we cannot use the long
exact sequence, so we give a different argument. First, the right-hand side of diagram
(8.3) implies that ker(px) € 71 (M)*. We then consider the commutative square in dia-
gram (8.5) below, where the subscript z means that z is fixed pointwise. It follows that
ker(pr) € ker(py)*.

We next show that ker(py) contains the diagonal A(ker(p;)). Fix an element a; €
m (M), seta = (ay,...,a;) € w1 (M)* and consider the diagram

mo(hAut; (M))

|

m (M) —25 s mo(hAut, (M) (8.5)

| |

T (M) —2 s 7o(hAut(M, z;))

for some fixed i (say i = 1), where I C M is an embedded interval containing the con-
figuration z and again the subscript / means that I is fixed pointwise. We observe that the
element pg(a) € mo(hAut; (M)) may be lifted to an element ¢ € wo(hAut; (M)), defined
as follows. Choose an isotopy of embeddings I < M starting at the inclusion, pulling the
interval I around the loop a; and then ending at the inclusion again. This may be construc-
ted similarly to the explicit description of the (smooth) point-pushing map in Lemma 3.4
and Figure 1, using a tubular neighbourhood of an embedded representative of the loop
ai, which is a D4~ pundle over ai, and a choice of trivial sub-/-bundle. Extend this
by the isotopy extension theorem to a path in Diff(M) from id to ¢. Then ¢ is a diffeo-
morphism (hence homotopy automorphism) of M fixing / pointwise and representing
Pk (a) when considered as a homotopy automorphism of M fixing z C I pointwise. Now
if we assume that a; € ker(p), it follows that ¢ = 1 € wy(hAut; (M)), since the inclusion
hAut; (M) — hAut(M, z;) is a weak homotopy equivalence by Lemma 8.5, so in partic-
ular it induces an injection on . It then also follows thata = (ay,...,a1) € ker(pg).
Finally, let us suppose that ker(pr) # A(ker(pi)). Then there must be an element
a = (a,...,ax) € ker(pg) ~ A(ker(p1)). Since a; € ker(py), we already know that



Point-pushing actions for manifolds with boundary 1217

Figure 6. The paths A; and the support of the point-pushing automorphism py ().

(a7l ...,a7") € ker(pk), so we also have b = (b1, ..., by) € ker(pi) ~ A(ker(p1)),
where b; = aial_l, in particular 51 = 1. Choose embedded paths A; from z; to z; for each
i €{2,...,k} that are pairwise disjoint except at z; . Also choose embedded loops based at
z; representing b; (also denoted b; by abuse of notation) for eachi € {2,...,k}. We may
assume that the loops b; are pairwise disjoint, and also disjoint from the arcs A4; except at
z;. We also assume that the point-pushing automorphism py (b) € hAut(M, z) has support
contained in a small tubular neighbourhood of the union of the loops b;. See Figure 6. By
assumption, there is a homotopy id >~ pg (b) of self-maps (M, z) — (M, z). Restricting
this to the embedded path A4;, we see that A; >~ py (D)(A;) relative to endpoints. Thus, we
have
bi ~ A7' - pr(b)(A;) ~ A7 A ~ *,

where - denotes concatenation of paths. So b = (1,..., 1), which is a contradiction.

This finishes the proof of the first statement of the proposition. For the second state-
ment, just as before, we repeat the same arguments with hAut replaced by hAuty every-
where to obtain a similar formula, and then apply Proposition 8.1. ]

Remark 8.6. The kernel of (8.1) for k = 1, in the 3-dimensional topological (equivalently
smooth) setting, has been understood completely by [1]. By Proposition 8.2, it is therefore
also understood completely for all k in the 3-dimensional topological/smooth setting.

Remark 8.7. If M does not necessarily have boundary, but it is equipped with marked
points that are required to be fixed under automorphisms, then the corresponding point-
pushing map

Pr: 71 (Cy (M ~ P)) — mo(Catp(M, z))

is injective when the set P C M of marked points is non-empty, just as in the M # @
setting. For k = 1 this follows since ker(p;) is the image of the map on m; induced by
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evaluation Catp (M) — M at a point z; € M ~ P, which is homotopic to evaluation at
a point in P, hence nullhomotopic. For higher k, the proof above adapts to show that
ker(pr) = A(ker(py)) also in this setting, and hence py is also injective.

Remark 8.8 (A fake Dehn twist). Lemma 8.5 in the setting (X, B, A) = (S, D, {x})
for a surface S with embedded closed disc D C S with centre * € D has the following
potentially counter-intuitive consequence. Let Tp € hAutp (S) be a Dehn twist supported
in a small annular neighbourhood of D in S. Then the element

[Tp] € mo(hAutp(S)) (8.6)

of the mapping class group of S relative to D is trivial: this is because its image in
mo(hAut,(S)) is clearly trivial — one may simply untwist 7p while keeping the point
* fixed — and the map mo(hAutp(S)) — mo(hAut.(S)) is injective by Lemma 8.5. In
contrast, the element

[Tp] € mo(hAutyp (S ~ int(D))) 8.7

is well-known to be non-trivial (and of infinite order) in the mapping class group of S ~
int(D) relative to the boundary-component dD, as long as S is not the 2-sphere or the
2-disc.”

Notice that such an apparent discrepancy cannot occur if hAut(—) is replaced with
Homeo(—) or Diff(—), since in these two cases there is a canonical homeomorphism
between Catp (S) and Catyp (S ~ int(D)) for Cat € {Homeo, Diff}.

The reason for this apparent discrepancy in the Cat = hAut setting is illustrated by
exhibiting an explicit nullhomotopy of (8.6): see Figure 7. This nullhomotopy depends on
the fact that points may be mapped into the disc D (hence why it does not work for (8.7))
and also the fact that homotopy equivalences may be non-injective (hence why it does not
work for Cat € {Homeo, Diff}).

Remark 8.9. There is a subtle difference between the space hAuts(X) involved in
Lemma 8.5 and the proof of Proposition 8.2 and the space hAut(X|A) defined in Sec-
tion 2, namely:
hAut(X|A4) = {f € Map(X, X) | f|4a = id4 and
f admits a homotopy inverse relative to A},
hAuty (X) = { f eMap(X, X) | f|la =id4 and f admits a homotopy inverse},

so clearly hAut(X|A) C hAutq(X). In general, if A C X is a cofibration and f: X — X
restricts to the identity on A and admits a homotopy inverse, then one may find both a left

2To see this, write y for a curve in the interior of S ~ int(D) parallel to dD, so that T, = Tp, and
choose an arc « in S ~ int(D) with both endpoints on dD so that i («, y) = 2, where i (—, —) is the minimal
geometric intersection number amongst isotopic representatives. Then i(T}f‘ (), @) is strictly increasing as
k — oo. See [9, Proposition 3.2] for details (in the case of closed surfaces, which may easily be adapted to
compact surfaces with boundary).
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Figure 7. A nullhomotopy of the “fake Dehn twist” in the (homotopy automorphism version of
the) mapping class group of S relative to D. The blue lines indicate twisting in an annular region.
The central grey disc is D. The green annulus surrounding D in some of the pictures indicates
that the inner boundary of the green annulus is mapped to itself by the identity (as it must be), the
outer boundary of the green annulus is sent to the midpoint of the disc, and the interior of the green
annulus is “turned inside out” and mapped onto the grey disc D. The untwisting of the Dehn twist in
steps 3 and 4 is well-defined exactly because the outer boundary of the green annulus is collapsed to
a point. The homotopies in steps 1 and 6 are given by gradually “folding” the green annulus inwards,
while keeping the grey disc fixed, until the outer boundary of the green annulus is collapsed to the
midpoint of the disc. Steps 2 and 5 are not strictly necessary, since one could directly perform the
homotopies of steps 1 and 6 with the larger green annulus, but they perhaps make the picture more
intuitive.

homotopy inverse for f relative to A and a right homotopy inverse for f relative to 4, but
these may not necessarily coincide. On the other hand, if the space Map(A4, A) is simply-
connected, then one may always find a two-sided homotopy inverse for f relative to A,
and so in this case the two spaces hAuty (X) and hAut(X|A) are equal. In particular, this
holds if A = D is a disc.

9. Formulas for associated point-pushing actions on mapping spaces

As an immediate corollary of Proposition 5.1, Lemma 6.1 Proposition 6.2 and Lemma
3.13, we obtain (under certain assumptions on M) a formula for the associated point-
pushing action (Definition 3.12) of 1 (Cy(M)) on the mapping space MapS (M ~ z, X),
under the identification

MapS (M ~ z, X) =~ Map, (M, X) x (R x)k 9.1)

induced by the identification of M ~ z with M v \/k S9-1 (see Construction 4.2). On
the right-hand side of (9.1), Qf ~1X denotes the union of path-components of Q41X
corresponding to the subset ¢ C [S -1y ].
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Remark 9.1. There are two natural actions on the space fol X . First, there is an action-
up-to-homotopy of 71 (X) on Q41 X, which restricts to an action-up-to-homotopy on
the subspace Q‘C’l ~1X (this is because the subset ¢ C [S¢~1, X] corresponds to a union of
71 (X)-orbits of mz_1(X)).

Second, there is an involution of Q41X given by precomposition with a reflection
of $9~1 in a hyperplane containing the basepoint; this involution commutes with the
action-up-to-homotopy of 1 (X). If ¢ € [S¢~!, X] is invariant under the corresponding
involution of [S¢~!, X], then this involution restricts to the subspace Q‘C" ~1X. In our
situation, the involution will only be relevant if M is non-orientable, in which case we
have assumed (see Definition 3.9) that ¢ € [S?~!, X] is a subset of the fixed points under
the involution, so in particular it is invariant under the involution.

Corollary 9.2. Suppose that d = dim(M) = 3 and that M satisfies at least one of the
following conditions:

* M is simply-connected, or
* the handle-dimension of M is at most d — 2.

Then the point-pushing action of y = (a1, . .., ax;0) € 11 (Cx(M)) = 1 (M)* x =y on
the mapping space MapS (M ~ z, X), under the identification (9.1), is given as

(a1$~'-»ak;0)'(ﬁgl»"'»gk) = (ﬁglv"'vgk) (92)

(see also Figure 8), where g; = fu(@;).85¢)- sgn(w; ), and

* foran element a € w1(M) we write sgn(a) = +1 if « lifts to a loop in the orientation
double cover of M and sgn(a) = —1 otherwise,

» the actions of w1 (X) and of {£1} on Qf‘l X are as described in Remark 9.1.

Proof. Tt suffices to check this for elements of the form (1,...,1;0) and (o, 1, ..., 1;id)
(symmetric and loop generators), which we denote simply by o and « by abuse of notation.

By Proposition 5.1, the action of 0 on M ~ z >~ M Vv Wy is the identity on the M
summand and permutes the k copies of S¢~1 in Wy = \/de_l. Lemma 3.13 tells us
that the associated point-pushing action of ¢ on Map, (M, X) x (Q?_IX ) is induced
from its point-pushing action on M Vv W} by precomposition, so we deduce that it acts by
the identity on the Map, (M, X') component and the Q?’_l X components are permuted by
o~ ! (the inverse occurs since precomposition is contravariant).

Similarly, Lemma 3.13 implies that the point-pushing action of « on Map, (M, X) x
(Qf‘l X)¥ is induced from the point-pushing action of @ on M Vv Wy, which is described
by Lemma 6.1 and Proposition 6.2, by precomposition. Putting this together, we see
that o sends the tuple (f, g1, ..., gx) to the tuple (f, fi(x).g1.sgn(w), g2, ..., &k), as
desired. Specifically, the f entry in this tuple follows from the left-hand side of (6.3), the
Jf«(0r).g1.sgn(a) entry follows from the right-hand side of (6.3) and the remaining entries
follow from Lemma 6.1. ]
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(a@1,...,qx;0) =y
I

— —
o —
Je(@1).85(1)- sgn(ay) > | a-1(1) g1
(1) =
o —
Jx(@2).85(2)- sgn(a2) >2 | a1(2) o
2) A 'l
. o C
> —
o5—1
Fe (@) 8o (k) - sEn(a) >k oK)

f f

N N

Figure 8. The action of the point-pushing map associated to y = («1,...,0;0) € 711(Cx(M)) on
the mapping space Map,, (M, X) x (Qg_l X )k. The loop y is represented in blue, the elements of
the mapping space in black and the point-pushing map is represented in green.

Remark 9.3. Part of the formula (9.2) remains valid without the additional hypothesis
on M. More precisely, assuming still that dim(M) = 3 but removing the second hypo-
thesis (so M is now allowed to be non-simply-connected and to have maximal handle-
dimension), the formula for the action of y = («q, ..., ax; o) becomes

(ar,....0k:0) - (f. 81, . 8k) = (.81, 8k). 9.3)

where the entry ? is not in general f, but rather a based map M — X that depends in a
subtle way on £, the loop y and the elements g;. For example, when y = («, 1,.. ., 1;id),
the map 7: M — X is given by the composition

foldo (f vV g)ohe:M > Mv S 5> XVvX X,

where ﬁ, is the map defined in Definition 6.6. To see this, recall that the equations (6.3)
describe the point-pushing action of a loop generator v under the additional assump-
tions on M, and the equations (6.5) describe the point-pushing action of o without these
assumptions. The right-hand equation of (6.3) agrees with the right-hand equation of (6.5),
which is why the tuple (g1, ..., k) occurs in (9.3), just as in (9.2). However, the left-
hand equation of (6.3) is simply ﬁé"’ =~ incys, whereas the left-hand equation of (6.5) is

aM ~ .

Remark 9.4. Corollary 9.2 is used in [16, §8] to prove a certain split-injectivity result
for maps between configuration-mapping spaces. More precisely, there is a natural map of
spectral sequences converging to the map on homology induced by the stabilisation map

CMap; ™ (M: X) — CMap;’; | (M: X).
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Under the hypotheses on M assumed in Corollary 9.2, this map of spectral sequences is
split-injective on E2 pages. For the precise statement, see [16, Theorem 8.12].

Corollary 9.2 may also be used to understand the path-components of configuration-
mapping spaces of manifolds of dimension at least 3. As an example, we have the follow-
ing.

Corollary 9.5. Suppose that d = dim(M) = 3, M is orientable and either
* M is simply-connected, or

* the handle-dimension of M is at most d — 2.

Then there is a natural bijection

mo(CMapy*(M: X)) = | | SP¥(cs), 9.4)
fe(M.X)

where (M, X) = mo(Map, (M, X)), the notation SP* (=) means (<)X / £ and cr is the
pre-image of ¢ € [S?1, X] under the quotient map

Ta—1(X)/ fe(m1 (M) = g1 (X)/71(X) = [S?7", X].

Proof. By the long exact sequence associated to the bundle (3.8), the left-hand side of
(9.4) is naturally in bijection with the set of orbits of

moMapS(M ~ z, X)) = (M, X) x &

under the monodromy (i.e., point-pushing) action of 71 (Cr(M)), where ¢ denotes the
pre-image of ¢ € [S¢~!, X] under the quotient map

Ta—1(X) = ma_1(X)/mi(X) = [S971, X].

Corollary 9.2 implies that the elements of 71 (Cx (M )) act on a tuple ([ f], [g1],-- -, [gk])
by (i) permuting the [g;]’s and (ii) acting on each [g;] (individually) by fi (71 (M)) <
71(X). The formula (9.4) follows. [ ]
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