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A property of closed geodesics on hyperbolic surfaces

Max Neumann-Coto and Peter Scott

Abstract. We study closed geodesics on hyperbolic surfaces and give bounds for their angles of
intersection and self-intersection, as well as for the size of the n-gons that they form, depending
only on the lengths of the geodesics.

In this paper, we consider the geometry of closed geodesics on a hyperbolic surfaceM by
looking at the geodesic lines that form their pre-images in H2. We are interested in finding
lower bounds for the distances and the angles between these lines, as well as upper bounds
for the size of the n-gons that they form, in terms of the lengths of the closed geodesics
involved.

If l and m are two geodesic lines in the hyperbolic plane H2 that do not share a point
at infinity, the orthogonal projection of l onto m has finite length, which depends on the
distance between the lines if they are disjoint, or the angle of intersection if they meet.
As there is a hyperbolic reflection interchanging l and m, the orthogonal projection of l
onto m and the orthogonal projection of m onto l have the same length. The main result
of the paper is the following.

Theorem 5.1. Let  be a closed geodesic on an orientable hyperbolic surface M , and
let l and m be distinct geodesics in H2 above  . Then the orthogonal projection of l
onto m is shorter than the length of  .

The result in the case when l and m are disjoint is a consequence of the stable neigh-
borhood theorem of Basmajian [1], of which we give a new proof. The case when l andm
intersect is new and is a strong refinement of a result of Beardon [2, Theorem 11.6.8] (see
also [3, Corollary IVb]), which we discuss later.

Theorem 5.1 gives bounds for the self-intersection angles of a hyperbolic geodesic 
that depend only on its length l./ and not on the topology of the surface or the hyper-
bolic metric chosen. Recall that the angle of parallelism of a positive number a, denoted
by….a/, is the third angle of a right hyperbolic triangle with one side of length a and two
asymptotic parallel sides. In Corollary 5.2, we show that if  is a closed oriented geodesic
on an orientable hyperbolic surface M , the angle � formed by two outgoing arcs of  at
any self-intersection point satisfies …. l./

2
/ < � < � �…. l./

4
/.
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These bounds hold for the angles formed by the axes of any two conjugate isometries
of H2 that generate a free discrete subgroup of SL.2;R/.

Theorem 5.1 also gives a bound for the size of the convex polygons in H2 formed
by geodesic lines above a closed hyperbolic geodesic. In Corollary 5.3, we show that the
triangles formed by the geodesic lines above  in H2 have sides shorter than l./, and the
n-gons have sides shorter than .n � 2/l./.

The bound given in Theorem 5.1 is optimal in the sense that for each hyperbolic sur-
face M , there is a sequence of geodesics in M and lines above them in H2 for which the
ratio of the projection length to the geodesic length approaches 1. But this does not imply
that the bound for the angles is optimal, and the bounds for the sides of n-gons might be
far from optimal for n > 3.

Theorem 5.1 can be generalized to the case of two closed geodesics. In Corollary 5.4,
we show that if  and ı are closed geodesics on an orientable hyperbolic surface M , and
if l and m are distinct geodesics in H2 above  and ı, respectively, then the orthogonal
projection of l onto m has length strictly less than l./C l.ı/. This bound is optimal too,
in the sense that there are two sequences of closed geodesics n and ın and lines ln andmn
above them, for which the ratio between the length of the projection of n to ın and the
sum of the lengths of n and ın approaches 1.

Corollary 5.4 gives lower bounds for the distance between two non-intersecting lines
above  and ı (which generalizes the stable neighborhood theorem of Basmajian to pairs
of geodesics) and gives lower bounds for the intersection angles of intersecting lines.
These bounds are not as good as the bounds given in [2] and [3], but we give them for
completeness and because the proof of Corollary 5.4 in the case of intersecting geodesics
is very simple (it uses only Lemma 2.1).

Let us now discuss the relations between the bounds given by Theorem 5.1 and previ-
ous results, in particular [2, Theorem 11.6.8] and [3, Corollary IVb]. Beardon and Gilman
consider a pair of hyperbolic isometries A and B that generate a purely hyperbolic dis-
crete subgroup of SL.2;R/. If the translation lengths are jAj and jBj and the axes meet at
an angle �, they show that sin.�/ sinh.jAj=2/ sinh.jBj=2/ > 1. This lower bound on the
angle � is stronger than the bound from Corollary 5.7, but when A and B are conjugate,
so that jAj D jBj, those results give the inequality

sin.�/ > csch2
�
jAj

2

�
D

4

.e
jAj
2 � e�

jAj
2 /2

:

On the other hand, in the case of a single closed geodesic, Theorem 5.1 implies that �
is larger than the parallelism angle of jAj

2
. Hence

sin.�/ > sin
�
…

�
jAj

2

��
D sech

�
jAj

2

�
D

2

e
jAj
2 C e�

jAj
2

;

which gives a much stronger bound: for jAj � 4 log.1C
p
2/ (a lower bound for the length

a non-simple geodesic in any hyperbolic surface), the ratio of the two bounds is around 17,
and as jAj increases, the ratio grows exponentially to infinity.
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Most of this paper is devoted to the proof of Theorem 5.1. We will use a mix of
geometric and algebraic arguments to deal with the different cases, some of which are
very simple and allow us to give some better bounds, but others are quite intricate and
involve many steps. In Section 1, we prove some simple results about axes of elements of
a group which acts on a tree. In Section 2, we consider the case of disjoint geodesics and
some special cases of crossing geodesics. In Sections 3 and 4, we consider the cases when
the surface is a three-punctured sphere or a once-punctured torus. Finally, in Section 5, we
complete the proof of Theorem 5.1 and then deduce several consequences.

1. Groups acting on trees

Theorem 5.1 can be regarded as a geometric version of a simple result about the intersec-
tions of axes of elements of a group acting on a tree.

Let T denote the tree which is the universal cover of a finite graph X with a single
vertex. Such a graph is called a rose. Thus the free group G D �1.X/ acts freely on T
with quotient X . After orienting each loop in the rose X , there is a naturally associated
set S of free generators of G, one generator for each oriented loop. Thus, each oriented
edge of T has an element of S [ S�1 associated to it, and any oriented edge path � in T
has a word w in S [ S�1 associated to it. Any element ˛ of G can be expressed uniquely
as a reduced word in S [ S�1. We are interested in the minimal length L.˛/ of all words
representing conjugates of ˛. Such a word realizes this minimal length if and only if it is
cyclically reduced. Any nontrivial element ˛ of G has an axis A, which is an edge path
in T that is preserved by ˛ and on which ˛ acts by a translation of length L.˛/. This is
why we use the same letter L for this algebraically defined length as for the length of an
edge path in T . The infinite reduced word associated toA, when suitably oriented, is made
by concatenating copies of a cyclically reduced word w equal to a conjugate of ˛. We call
this infinite word the unwrapping of w.

Lemma 1.1. Let W be a reduced word in a free group G. If W contains two nontrivial
subwords u and v and u D v�1, then u and v cannot overlap.

Proof. We have u D s1s2 : : : sn for some si ’s in the generating set S [ S�1 of G. Thus
vD s�1n s�1n�1 : : : s

�1
1 . Without loss of generality, we can assume that the overlap consists of

an initial segment s1 : : : sk of u and an ending segment s�1
k
: : : s�11 of v. Denoting s1 : : : sk

by z, we see that z is a nontrivial reduced word that is equal to its own inverse, which is
impossible. This completes the proof of the lemma.

In the next lemma, we give bounds for the length of the intersection of two axes in T
with conjugate stabilizers.

Lemma 1.2. LetG be a free group which acts freely on a tree T with quotient a rose, and
naturally associated set S of free generators ofG. Let ˛ be a nontrivial element ofG with
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axis A, and L.˛/ � 2. Let ˛0 and ˛00 be conjugates of ˛ with axes A0 and A00, respectively.
Then the following inequalities hold:

(1) If A and A00 share an edge of T where the translation directions of ˛ and ˛00

disagree, then L.A \ A00/ < L.˛/�1
2

.

(2) If A and A0 are distinct, then L.A \ A0/ < L.˛/ � 1.

Proof. (1) Choose an orientation of A so that the associated infinite reduced word is the
unwrapping zW of a cyclically reduced word W equal to a conjugate of ˛. Let I denote
the interval A \ A00 regarded as a subinterval of A with the induced orientation, and let u
denote the reduced word associated to I . Thus, zW contains u as a subword, and also
contains infinitely many translates of u by shifting by powers of W . Next, consider the
axis A00 of ˛00. As ˛00 is conjugate to ˛, we know A00 is a translate of A, and we give A00 the
induced orientation. Now the infinite reduced word associated to A00 is also equal to zW ,
and so also contains infinitely many copies of the subword u. If we cycle W to begin
with u, we have W D uv for some reduced word v, and zW D : : : uvuvuv : : :

As the translation directions of ˛ along A and of ˛00 along A00 disagree, the infinite
reduced word zW must contain a copy of u�1. Lemma 1.1 tells us that u and u�1 cannot
overlap, so that u�1 must be a subword of the subword v of zW . Further, u�1 cannot
contain the initial or the final letter of v, as this would contradict the fact that zW is reduced.
As u and u�1 have the same length, we conclude that 2L.u/ � L.W /� 2, so that L.u/ �
L.w/�2

2
D

L.˛/�2
2

.
(2) Let I denote the interval A \ A0. We will assume that L.I / � 1, as otherwise the

result is trivial. Further, we can assume that the translation directions of ˛ and ˛0 agree
on I , as otherwise the result follows from part (1).

If I has length at least L.˛/, and x denotes the initial point of I , then ˛x and ˛0x
must be equal as each is a vertex of I with distance L.˛/ from x. Note that this uses our
assumption that the translation directions of ˛ and ˛0 agree. It follows that ˛ equals ˛0,
so that A equals A0, which contradicts our hypothesis. Thus, we will suppose that I has
length L.˛/� 1, and let x and y denote the endpoints of I . Now the translation lengths of
˛ along A and of ˛0 along A0 are equal to L.˛/. Thus, by interchanging x and y if needed,
we have that ˛x and ˛0x both have distance 1 from y. Thus ˛0�1˛ moves x distance 2.
But ˛0�1˛ is a commutator as ˛0 is a conjugate of ˛, and so either it is trivial or it moves
any point distance at least 4. This is because a reduced word of length strictly less than 4
must be trivial or map to a non-zero element in the abelianization of G. We conclude that
˛0�1˛ is trivial, so that ˛ and ˛0 are equal andA is equal toA0, which again contradicts our
hypothesis. This contradiction shows that L.I / < L.˛/ � 1, which completes the proof
of part (2) of the lemma.

The following examples show that the inequalities given in Lemma 1.2 are sharp.
Let G be the free group of rank 2 generated by x and y, and let T be the standard 4-valent
tree with vertices labelled by elements of G.



A property of closed geodesics on hyperbolic surfaces 5

For part (1), we let ˛ D xy�1xy and ˛00 D x�1˛x D y�1xyx, so that L.˛/ D 4 and
L.˛/�1
2
D

3
2

. Thus L.A \ A00/ < 3
2

, and we claim that L.A \ A00/ D 1. As ˛ and ˛00 are
cyclically reduced, each of their axes, A and A00, passes through the vertex e of T . Now
it is easy to check that A and A00 each contain the edge of T with vertices e and y�1, and
that indeed the translation directions of ˛ along A and of ˛00 along A00 disagree on this
edge. Hence L.A \ A00/ D 1, as required.

For part (2), we let ˛D xyx, ˛0D x˛x�1D xxy, so thatL.˛/D 3 andL.˛/ � 1 D 2.
ThusL.A\A0/ < 2, and we claim thatL.A\A0/D 1. As ˛ and ˛0 are cyclically reduced,
each of their axes, A and A0, passes through the vertex e of T . Now it is easy to check
that A and A0 each contain the edge of T with vertices e and x. Hence L.A \ A0/ D 1,
as required.

2. Hyperbolic geometry

Let M be an orientable hyperbolic surface and let  be a closed geodesic on M . The
universal cover zM of M is isometric to the hyperbolic plane H2. If l and m are geodesic
lines in H2 above  , there is g in �1.M/ such that m D gl . Let ˛ denote a generator of
the stabilizer of l , and consider the cover F of M with the fundamental group generated
by ˛ and g. As F is hyperbolic and �1.F / has two generators, F cannot be closed. As F
is also orientable, it follows that it must be homeomorphic to a sphere with three disjoint
discs removed, or a torus with a disc removed. Note that as g lies in �1.F /, the geodesics l
and m in H2 project to a single closed geodesic on F with the same length as  . Hence,
in order to prove Theorem 5.1, it suffices to handle the case when M is equal to F .

Geometrically, there are several distinct possibilities depending on whether each end
of F is a cusp or contains a closed geodesic. For simplicity in most of our arguments
below, we will consider only the special cases when the ends of F are cusps. It turns out
that these are the most subtle cases. In Section 5, we will discuss how to prove Theorem 5.1
in general, using essentially the same arguments as in these special cases.

If F is a three-punctured sphere or a once-punctured torus, there is a pair of disjoint
simple infinite geodesics which together cut F into an ideal quadrilateral Q. The three-
punctured sphere is the double of an ideal triangle, and we choose two of the common
edges of the triangles to be the geodesics which cut F into the ideal quadrilateral Q. The
third common edge becomes one of the diagonals of Q. As the three-punctured sphere
admits a reflection isometry which fixes the three common edges, it follows thatQ admits
a reflection isometry in this diagonal. Hence the diagonals ofQ must meet at right angles.
If F is a once-punctured torus, Q may not admit any reflection isometries.

Now we consider the universal cover zF of F , which is isometric to H2 and is natu-
rally tiled by copies of the quadrilateral Q, as in Figure 1. The tessellation obtained from
a three-punctured sphere is very symmetric, but the tessellations obtained from a once-
punctured torus need not be so symmetric. We will consider the tree T dual to these
edges. The geodesics l and m are automatically transverse to these cutting edges and will
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Figure 1. Tessellations of H2 by ideal quadrilaterals from a three-punctured sphere and from dif-
ferent once-punctured tori.

intersect each translate of Q in some (possibly empty) collection of embedded arcs. The
group �1.F / acts freely on T with quotient that is a finite graph with a single vertex.
There is a natural projection of zF onto T which maps a (thin) collar neighborhood of
each cutting geodesic onto an edge of T and maps the rest of each polygon to a vertex
of T . The projections of the geodesics l and m to T are injective on the intersection with
each collar neighborhood of a cutting arc. As two distinct geodesics in H2 cross at most
once, it follows that the images of l and m traverse each edge of T at most once. Thus,
the images in T of l and m are the axes of ˛ and g˛g�1, respectively.

Now we are in a position to apply our results from Section 1, but we will first consider
some special cases of Theorem 5.1 which give some stronger bounds and can be settled
using only geometric arguments.

We will say that the bisector of two disjoint geodesics � and �0 in H2 is the unique
geodesic ƒ such that the reflection in ƒ interchanges � and �0.

The first result is equivalent to the stable neighborhood theorem of Basmajian [1,
Theorem 1].

Lemma 2.1. Let  be a closed geodesic on an orientable hyperbolic surfaceM , and let l
andm be disjoint geodesics in H2 above  . Then the orthogonal projection of the bisector
of l and m onto m has length no greater than l./.

Proof. Let b be the bisector of l andm. We will show that the translates of b by the action
of the stabilizer of l are disjoint. See Figure 2.

p b ˛b

m ˛m

˛p

p0 ˛p0l

Figure 2. If l and m are disjoint geodesics.
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If ˛ is a generator of the stabilizer of l , and r is the reflection of H2 in b, then
r 0 D ˛ ı r ı ˛�1 is the reflection of H2 in ˛b. If b and ˛b were not disjoint, then r 0 ı r
would fix their intersection point, and so r 0 ı r would be an elliptic isometry. But this
is impossible because r 0 ı r is an element of �1.M/. To prove this, observe that r 0 ı r
mapsm to ˛m, preserving the orientations induced by  . If p and p0 are the closest points
of the geodesics m and l , then r maps p to p0, and r 0 maps ˛p0 to ˛p. So r 0 ı r maps
the point p in m to a point in ˛m at distance l./ from ˛p. Therefore, ˛�1 ı r 0 ı r is
a translation along m of length l./, and so it lies in �1.M/.

Let � be the geodesic joining p and p0, so � crosses l ,m and b orthogonally. Thus ˛�
joins ˛p and ˛p0 and crosses ˛l , ˛m and ˛b orthogonally. Now, if � is the perpendicular
bisector of the geodesic segment joining p0 and ˛p0, then reflection in � preserves l and
interchanges b and ˛b. It follows that � is disjoint from b and ˛b, because if � met b,
it would have to meet ˛b in the same point, contradicting the fact that b and ˛b are
disjoint. Hence � crosses l orthogonally and separates b from ˛b. It follows that b lies
between � and ˛�, so the orthogonal projection of b onto l has length no greater than l./,
as required.

Example 2.2. The bound given in the previous lemma is sharp. If M is a once-punctured
torus for which the tessellation of H2 by quadrilaterals is symmetric, and  is a longi-
tude of M , then the bisector of two adjacent geodesics l and m above  is an edge of
a quadrilateral, which projects to an arc of l of length l./.

At this point, we need a brief discussion of orientations of geodesics in H2. If two
oriented geodesics in H2 are disjoint, it makes sense to say that they are coherently or
oppositely oriented. Two oriented disjoint geodesics l andm are coherently oriented if for
any geodesic � which cuts both of them, they cross � in the same direction, and they are
oppositely oriented if for any geodesic � which cuts both of them, they cross � in opposite
directions. Clearly, this does not depend on the geodesic �. In particular, l andm are coher-
ently oriented if and only if the orthogonal projection of l onto m is coherently oriented
withm. (Note that the orthogonal projection of l ontom inherits a natural orientation from
that of l , as it cannot consist of a single point unless l andm cross and do so orthogonally.)
If we choose an orientation of a closed geodesic  on a hyperbolic surface M , it induces
an orientation of each geodesic in H2 above  . If l and m are two disjoint such geodesics
which are coherently oriented, they will remain coherently oriented if we reverse the ori-
entation of  , and the same applies if they are oppositely oriented. Thus we do not need to
specify an orientation for  in order to ask the question of whether l andm are coherently
or oppositely oriented.

If l and m are crossing oriented geodesics in H2, the above definition of coherent
orientation does not work, as the way they cross � does depend on �. But still, the orthog-
onal projection of l onto m is coherently oriented with m if and only if the orthogonal
projection of m onto l is coherently oriented with l . (Unless l and m cross at right
angles.)
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Having discussed relative orientations for geodesics in H2, we also need to make
clear the connection between this and the relative orientations of the corresponding axes
in the tree T described above, which is dual to some family of cutting geodesics in H2.
Let � denote one of these cutting geodesics which meets disjoint geodesics l andm above
a closed geodesic  in a hyperbolic surface M . If e denotes the edge of T dual to �, the
axes in T to which l andm project must each contain e, and the directions in which l andm
cross � are the same as the direction in which the axes traverse e. Thus, if l and m are
disjoint geodesics in H2 above  and if their images A and B in T have a common edge,
then l andm are coherently oriented if and only ifA andB are coherently oriented on their
intersection. However, if l and m are crossing geodesics above  and if the axes A and B
in T overlap, these axes may or may not be coherently oriented, and this may well depend
on the choice of cutting geodesics in H2. In particular, it is possible that the orthogonal
projection of l onto m is coherently oriented with m, while A and B overlap and have
opposite orientations.

Having completed this discussion, we can give a special case of Theorem 5.1, for
which we get an even lower bound on the orthogonal projection of l onto m. This is
analogous to the result of part (1) of Lemma 1.2.

Lemma 2.3. Let  be a closed geodesic on an orientable hyperbolic surface M , and
let l and m be disjoint geodesics in H2 above  which are oppositely oriented. Then the
orthogonal projection of l onto m has length strictly less than l./=2.

Remark 2.4. The fact that �1.M/ is a discrete group of isometries of H2 implies that two
distinct geodesics in H2 above  cannot have a common endpoint at infinity. This fact is
needed in the proof of this and many later results.

Proof. As l and m both lie above  , there is g in �1.M/ such that l D gm. Let g denote
any element of �1.M/ such that l D gm, and let �g denote the axis of g in H2. Clearly,
�g meets l if and only if �g meets m. As l and m are oppositely oriented, they must
be disjoint from �g . Now consideration of the various possibilities shows that �g must
lie in the region of H2 between l and m, and must not separate l from m. See Figure 3.
In particular, it is now clear that m cannot meet gl D g2m. This holds for any g such that
l D gm. Thus m is also disjoint from ˛kgl , for each integer k, where ˛ generates the

�g

l D gm

m gl D g2m

Figure 3. If the geodesics l and m are disjoint and oppositely oriented.
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stabilizer of l . It follows immediately that the geodesics in the family ¹˛km; ˛kglºk2Z

are all disjoint, and disjoint from l . Now we consider the orthogonal projections onto l
of these geodesics. These must all be disjoint, as any two of them can be separated by
a geodesic perpendicular to l , constructed as in the proof of the previous lemma. The
projection of gl to l is the translate by g of the projection of l to g�1l Dm, and so has the
same length. We conclude that the orthogonal projections onto l of the geodesics in the
family will all have the same length. Now it follows that this length can be at most l./=2.
Equality can only occur if there are distinct geodesics in the family ¹˛km;˛kglºk2Z with
a common endpoint at infinity. This is not possible by Remark 2.4, so it follows that the
orthogonal projection of m onto l has length strictly less than l./=2, as required.

Next we will obtain analogous results in the case of crossing geodesics, even though
we can no longer compare orientations of such geodesics in the same way.

Lemma 2.5. Let  be a closed geodesic on an orientable hyperbolic surfaceM , and let l
and m be crossing geodesics in H2 above  . If the orthogonal projection of m to l has
orientation opposite from that of l , then this projection has length strictly less than l./=2.

Proof. The orientation of  gives orientations for l and m and their translates. Let l�
and lC be the points at infinity of l , and let m� and mC be the points at infinity of m in
the given directions.

Let ˛ be the generator of the stabilizer of l , and let g be a covering translation that
maps m to l , so g maps the point p D m \ l to the point p0 D l \ gl . We can assume
(by composing g with some power of ˛ if necessary) that p0 lies between p and ˛p. See
Figure 4 (a), where the positive ends of the lines correspond to the tips of the arrows.

We will show that m D g�1l and m0 D gl are disjoint. By hypothesis, the angle
m�plC, which is equal to the angle l�p0m0C, is less than �=2. Thus, the rays pmC and
p0m0� cannot cross.

Now we will show that the rays pm� and p0m0C also cannot cross. Let � be the bisector
of the angle m�plC, so g� is the bisector of the angle l�p0m0C. Then � and g� must be
disjoint. Indeed, otherwise they would meet at a point x that is equidistant from p and p0,
and as g is orientation preserving and maps � to g�, sending p to p0, it would have to
fix x, contradicting the fact that g cannot have fixed points. As � and g� are disjoint,
they separate the rays pm� and p0m0C, so these rays cannot meet. Hence m D g�1l and
m0 D gl are disjoint, as required.

Now the covering translation ˛g�1 maps p0 D m0 \ l to ˛p D l \ ˛m, so it maps
m0 D gl to ˛l , which is equal to l , and the preceding argument shows that m0 is disjoint
from ˛m. Thus, m and its translates by powers of ˛ are disjoint from m0 and its translates
by powers of ˛. As the projection of m0 to l has the same length as the projection of m
to l (because m and m0 make the same angle with l), and the sum of the two lengths is
less than the translation length of ˛, it follows that the projection of m to l is shorter than
l./=2. Again we need Remark 2.4 to ensure this inequality is strict.
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m0 D gl

m D g�1l ˛m ˛m

˛E0gE0E0

˛p˛p
l l

˛� s

pp r s0 p0

r 0g�� p0

m0 D gl

m D g�1l

(a) (b)

Figure 4. (a) Projection is oppositely oriented. (b) Overlap is oppositely oriented.

Lemma 2.6. Let  be a closed geodesic on an orientable hyperbolic surfaceM , and let l
and m be crossing geodesics in H2 above  whose images A and B in T overlap with
opposite orientations. Then the orthogonal projection of m onto l has length strictly less
than l./=2.

Proof. We will use the same notation as in the proof of the previous lemma. Let ˛ be the
generator of the stabilizer of l , and let g be a covering translation that maps m to l and
sends the point p D m \ l to the point p0 D l \ gl that lies between p and ˛p. We want
to show thatmD g�1l andm0 D gl are disjoint. Indeed, then the same argument as in the
proof of Lemma 2.5 shows that the projection of m to l is shorter than l./=2.

We can assume that the angle m�plC, which is equal to the angle l�p0m0C, is greater
than �=2, as otherwise the previous lemma gives the result. So the rays pm� and p0m0C
cannot cross. See Figure 4 (b).

It remains to show that the rays pmC and p0m0� cannot cross. By hypothesis, the
axes A and B in T overlap with opposite orientations, so there is an edge e0 of T that is
traversed byA and B in different directions. IfE0 is the cutting geodesic dual to e0, then l
and m cross E0 in opposite directions. Thus, gE0 is also a cutting geodesic, and E0 and
gE0 are disjoint (they cannot be equal because they cross l in opposite directions).

If E0 crosses l and m at p, then gE0 crosses l and m0 at p0 and the arcs E0 and gE0
play the roles of the bisectors � and g� in Figure 4 (a). As E0 and gE0 are disjoint, they
must separate the rays pmC and p0m0�, which are therefore disjoint.

If E0 crosses l and m at two different points r and s, then either r is in the ray pl�
and s is in the ray pmC, or r is in the ray plC and s is in the ray pm�. See Figure 4 (b).
In either case, as E0 and gE0 are disjoint, E0 cannot cross m0 and gE0 cannot cross m,
so E0 and gE0 must again separate the ends of the rays pmC and p0m0�, hence these two
rays must be disjoint.

The above argument shows that, in all cases, m D g�1l and m0 D gl are disjoint, as
required.
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Lemma 2.7. Let  be a closed geodesic on an orientable hyperbolic surface M , and
let l and m be crossing geodesics in H2 above  . Then the orthogonal projections of the
bisectors of l and m onto m have lengths whose sum is at most 2l./.

Proof. Let ˛ be a generator of the stabilizer of l , and let ˇ be the corresponding generator
of the stabilizer of m, so that they are conjugate in �1.M/. Let � and �0 denote the bisec-
tors of l and m as shown in Figure 5. We will show that the geodesics �, ˛�0 and ˛2� are
disjoint, so their orthogonal projections to l are also all disjoint. This will imply that the
sum of the orthogonal projections of � and ˛�0 to l is at most the translation length of ˛2,
which is 2l./, as required.

�0 ˛�

l

� ˛�0

m ˛m

˛ˇ�ˇ�0
˛ˇlˇl

Figure 5. The bisectors of two crossing geodesics.

Let p be the image of l \ m in  . Consider the commutator � D ˛ˇ˛�1ˇ�1, which
must be a hyperbolic or parabolic isometry of H2. Thus � is represented by a loop ı onM
that follows  turning left or right (but always to the same side) each time that it reaches p,
so ı covers the image of  four times before closing up. The loop ı is the projection of
a piecewise geodesic line k in H2 formed by an arc of ˛�1l , an arc of m, an arc of l , an
arc of ˛m and their translates by the action of � D ˛ˇ˛�1ˇ�1. See Figure 5. The bisectors
at the corners of k are ˇ�0, �, ˛�0, ˛ˇ� and their translates by powers of � D ˛ˇ˛�1ˇ�1.

By the symmetry of the picture, if �were to intersect ˛�0, then ˇ�0 would intersect ˛�0

at the same point, and so all the bisectors at the corners of k would cross at that point,
which would be fixed by � D ˛ˇ˛�1ˇ�1 and so � would be elliptic, a contradiction.

Now we start the proof of the main part of Theorem 5.1, which is the case when l and
m cross and their images in T overlap with coherent orientations.

Let  be a closed geodesic on a hyperbolic three-punctured sphere or once-punctured
torus F , and let l and m be crossing geodesics in H2 above  . As in the proof of Lem-
ma 2.1, there is g in �1.M/ such that m D gl , and l and m project in T to axes of ˛ and
g˛g�1, respectively, which we denote by A and B .

Part (2) of Lemma 1.2 tells us that the intersection A \ B is a point or an edge path
of T of length at most L.˛/ � 2, where L.˛/ denotes the translation length of ˛ acting
on T . (Note that we cannot have L.˛/D 1, as this would imply that the closed geodesic 
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is simple, contradicting the fact that l and m cross.) Thus the intersection A \ ˛B is
a point or an edge path of the same length as A \ B and so is disjoint from A \ B .
In particular, there are two consecutive edges e and e0 of A whose union meets each of
A\B andA\ ˛B in at most one vertex and separates them inA. The cutting geodesicsE
and E 0 in H2 which correspond to e and e0 must cross l , not cross m nor ˛m, and must
separate m from ˛m. In particular, m and ˛m must be disjoint. But as m and ˛m cross l ,
it does not immediately follow that there is a geodesic in H2 which crosses l orthogonally
and separates m from ˛m. The geodesics E and E 0 are edges of an ideal quadrilateral
region Q in H2 such that Q is disjoint from m and ˛m. We call Q a gap quadrilateral.
Note that there may be several gap quadrilaterals between m and ˛m. The preceding
argument shows only that there must be at least one. Of course, l does meet Q in some
arc. There are two possible configurations. One is that l crosses opposite edges of Q, and
the other is that l crosses adjacent edges ofQ. In the second case, the adjacent edges ofQ
have a common vertex v, i.e., a point in the circle at infinity of H2. We will say that l
crosses Q at a cusp and that v is the associated vertex.

Recall that �1.F / is a free group of rank 2 and that �1.F / acts freely on the tree T
dual to the cutting geodesics in H2 given by the edges of the quadrilaterals. These edges
determine a new set of generators of �1.F /, which we will denote by x and y, and ˛
is uniquely expressible as a reduced word in x and y whose length we denote by l.˛/.
Consider the usual projection of l and m to the axes A and B in the tree T . We let L.˛/
denote the length of the cyclically reduced word W conjugate to ˛, so that ˛ acts on A by
a translation of length L.˛/. Then the infinite reduced word zW associated to A, the axis
of ˛ in T , is made by concatenating copies of W , and each letter of W corresponds to an
oriented edge e of A. Further, each oriented edge ofA corresponds to l crossing one of the
cutting geodesics which are edges of our tiling of H2 by ideal quadrilaterals. Letw denote
the subword of zW associated to the interval A\ B . We will call w the overlap word of l .
Observe that the overlap word is empty or trivial if A and B do not intersect or if they
intersect at a single point. If w is nontrivial, then we will usually cycle W so that w is an
initial segment of W . The final segment of W will be called the gap word of l . Similarly,
the conjugate ˛g acts on B by a translation of length L.˛/, and the infinite reduced word
associated to B is also equal to zW . Let W 0 denote the subword of length L.˛/ obtained
by reading along B , whose initial segment is the word w associated to the interval A\B .
The final segment of W 0 will be called the gap word of m. Note that the two gap words
are usually very different. In particular, neither can start or end with the same letter as the
other, as that would contradict the fact that w is associated to the full intersection A \ B .

It will be convenient to introduce the following terminology. We will say that two
reduced words in x, y and their inverses are equivalent if they are equal or become
equal after possibly interchanging x and y and/or inverting x or y. Note that each of
these operations is an automorphism of the free group �1.F / on x and y. The automor-
phisms of �1.F / generated by these automorphisms will be called elementary. Thus, if
two words w and w0 in x and y are equivalent, there is an elementary automorphism of
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�1.F / which sends w to w0. Such an automorphism simply corresponds to a re-labelling
of the generators of F .

At this point, our proof of Theorem 5.1 breaks up into several cases, depending on
whether F is a three-punctured sphere or a once-punctured torus and on the configura-
tion of l in the various gap quadrilaterals. We will use a combination of arguments in
hyperbolic geometry and arguments with reduced words in a free group.

As the cases of the three-punctured sphere and once-punctured torus are substantially
different, we will devote a separate section to each.

3. The case of the three-punctured sphere

Lemma 3.1. Let  be a closed geodesic on a hyperbolic three-punctured sphere F , and
let l and m be geodesics in H2 above  . If there is a gap quadrilateral Q such that l
crosses opposite edges ofQ, then the orthogonal projection of l ontom has length strictly
less than l./.

Proof. Let E1 and E2 be the edges of Q crossed by l , and let � and �0 be the diagonals
ofQ. So l crosses � and �0, forming a triangle. As F is a three-punctured sphere, � and �0

cross at right angles, and therefore the perpendicular � to l through the point � \ �0 goes
through the shaded regions in Figure 6 (a), and so it lies in the region of H2 bounded
by E1 and E2, separating E1 from E2. (This type of argument will be used several times
later.) If ˛ is a generator of the stabilizer of l , thenm lies between � and ˛� or between �
and ˛�1�, so the orthogonal projection of m onto l is shorter than the translation length
of ˛, and so is shorter than l./, as required.

Lemma 3.2. Let  be a closed geodesic on a hyperbolic three-punctured sphere, and let l
and m be crossing geodesics in H2 above  whose images in T do not share an edge.
Then the orthogonal projection of m onto l has length strictly less than l./.

Proof. As the images of l and m in T do not overlap, l and m cannot cross together any
edges of the quadrilaterals. So, l and m cross at an interior point p of a quadrilateral Q,
and l and m cross opposite edges of Q. Let ˛ be a generator of the stabilizer of l and
let g be an element of �1.F / that maps m to l , chosen so that gp lies between p and ˛p.
Then gQ is a gap quadrilateral for l , and l crosses opposite edges of gQ, so by the
previous lemma, the orthogonal projection of m to l is shorter than l./.

Next we apply this result.

Lemma 3.3. Let  be a closed geodesic on a hyperbolic three-punctured sphere, and
let l and m D gl be geodesics in H2 above  . Then either the projection of m onto l has
length strictly less than l./, or l crosses all the gap quadrilaterals at cusps with the same
vertex.
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l �

E2E0 �

�0

E1

E3

Q0Q

�0�

l

E2E1

(a) (b)

Figure 6. (a) The geodesic l crossing opposite sides of a gap quadrilateral. (b) The geodesic l
crossing two gap quadrilaterals at cusps with different vertices.

Proof. By Lemma 3.1, we can assume that l crosses each gap quadrilateral at a cusp.
Either all these cusps have the same associated vertex, or there is a gap quadrilateral Q
such that l crosses Q at a cusp with vertex v and crosses the next gap quadrilateral Q0 at
a cusp with a different vertex v0. See Figure 6 (b). Let E1 be the edge that separates Q
from Q0, and let E0 be the other edge of Q crossed by l . Let E2 be the other edge of Q0

with one endpoint at v, and letE3 be the other edge ofQ0 crossed by l . Thus,m and all its
translates by the action of the stabilizer of l lie outside the region of H2 bounded by E0
and E3.

As F is a three-punctured sphere, reflection in E1 interchanges E0 and E2, so the
hyperbolic line � that joins the other endpoints of E0 and E2 is perpendicular to E1.
As l crosses from E0 to E3, it must cross the lines E1 and �, forming a right triangle
(see Figure 6 (b)). Thus, the perpendicular to l from the point E1 \ � crosses l between
l \ E1 and l \ �, and so it goes through the shaded regions in the picture. Hence this
perpendicular is contained in the region of H2 bounded by E0 and E3 and separates E0
from E3. As m lies on the other side of E0 and ˛m lies on the other side of E3, this
perpendicular separates m from ˛m. Thus, as before, the projection of m to l must be
shorter than the translation length of ˛, which is l./, as required.

We are left with the case where l crosses all the gap quadrilaterals at cusps with the
same associated vertex.

Lemma 3.4. Let  be a closed geodesic on a hyperbolic three-punctured sphere F , and
let l and m D gl be crossing geodesics in H2 above  , whose images in T overlap with
coherent orientations. If l crosses all the gap quadrilaterals at cusps with the same ver-
tex v, then m or ˛m do not cross any cusp edges at v.

Proof. Label the cutting geodesics that end in v byEi , i 2Z, so that l crossesE0;E1; : : : ;
En. We will call theseEi ’s cusp edges, and the regions between them cusp regions. LetQ
be a gap quadrilateral, and let Eq and EqC1 be the edges of Q crossed by l . As Q sep-
arates m and ˛m, it follows that m can only cross Ei ’s with i < q, and ˛m can only
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Figure 7. The geodesic l crossing the cusps at a vertex.

cross Ei ’s with i > qC 1, as shown in Figure 7 (a). Note that ifm crosses a cusp edge Ei ,
which is also crossed by l , then the axes A and B in T will share the edge of T corre-
sponding to Ei . Thus the letter we read as l crosses Ei is part of the overlap word of l
and m. A similar comment holds if ˛m crosses a cusp edge which is also crossed by l .

Now an orientation for  induces orientations for l , m and ˛m. As m crosses l , the
two endpoints mC and m� of m lie on opposite sides of l . So ˛m has endpoints ˛mC
and ˛m�, and as ˛ preserves orientation, mC and ˛mC lie on one side of l and m�
and ˛m� lie on the other side. This implies that m and ˛m “travel around v in opposite
directions”, as shown in Figure 7 (a).

Now suppose that both m and ˛m cross at least one Ei . It follows that m and ˛m
cross the Ei ’s in opposite directions. Hence one of m and ˛m crosses the Ei ’s in the
opposite direction to l . Suppose that m does this, as shown in Figure 7 (a). (If we reverse
the orientations of m and ˛m in the figure, then ˛m will do this.)

Recall that F has three cusps, and that the simple loops around these cusps represent
x, y and xy, respectively, when correctly oriented. Thus, by an elementary automor-
phism of �1.F /, we can arrange that as l crosses E0; E1; : : : ; En, either each crossing
contributes x to the associated word, or each crossing contributes x and y alternately.
In particular, the gap word for l is positive. As the wordsW andW 0 associated to l andm
are conjugates and are reduced, the gap words for l and m have the same abelianization
and are reduced. In particular, the gap word for m must also be positive. As m crosses
the Ei ’s in the opposite direction to l , these crossings yield a negative word, which must
therefore be disjoint from the gap word for m. But this implies that these crossings yield
part of the overlap word, which is also impossible, as the overlaps of A and B in T are
coherently oriented. This contradiction shows that m cannot cross any cusp edges at v, as
required.
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Lemma 3.5. Let  be a closed geodesic on a hyperbolic three-punctured sphere, and let l
and m be crossing geodesics in H2 above  whose images in T overlap with coherent
orientations. If l crosses all the gap quadrilaterals at cusps with the same vertex v, then
the orthogonal projection of l onto m has length strictly less than l./.

Proof. LetE0;E1; : : : ;En be the cusp edges crossed by l . By Lemma 3.4, eitherm or ˛m
does not cross any Ei ’s, so by interchanging the roles of m and ˛m if necessary, we can
assume that m does not cross any Ei ’s, so that the gap quadrilaterals start at E0. As there
is at least one gap quadrilateral, ˛m does not cross any Ei with i � 1. Let vi be the
endpoint of Ei other than v. Recall that the union of all the cusp edges that end at v is
symmetric under reflection in E0. In that reflection, the point v1 is sent to v�1. Let �
denote the geodesic joining v1 to v�1, see Figure 7 (b). The symmetry implies that �
meets E0 orthogonally. As l crosses E0 and E1, it must also cross �. As E0 and � form
a right triangle with l , the perpendicular to l from the point E0 \ � crosses l between
l \ E0 and l \ �. So this perpendicular to l has one endpoint between v0 and v1 and the
other endpoint between v and v�1. As m does not meet any Ei , this perpendicular does
not crossm nor ˛m and it separatesm from ˛m. Now the usual argument implies that the
projection of m to l is shorter than l./.

Lemmas 2.1, 2.6, 3.2, 3.3 and 3.5 together show that Theorem 5.1 holds when M is
the three-punctured sphere.

4. The case of the once-punctured torus

In this section, we will proceed much as in the previous one, but the proof is more delicate.
The basic reason for this is that, unlike the three-punctured sphere, the once-punctured
torus is not rigid, but admits a 2-parameter family of complete hyperbolic metrics, and
when we cut a once-punctured torus into a hyperbolic quadrilateral, the resulting tessel-
lation of H2 may be much less symmetric than the tessellation from the three-punctured
sphere: the only symmetries may be the covering translations. In particular, the diagonals
of the quadrilaterals do not have to intersect at right angles, and the family of cusp edges
: : : ;E�2;E�1;E0;E1;E2; : : : that end at a vertex v may not be invariant under reflections
in those edges. We need to discuss what symmetries still exist.

We claim that if one fixes v and restricts attention to just the even-numbered Ei ’s, this
family is invariant under reflection in any one of them, and the same holds for the family of
odd-numbered edges. To see this, refer to Figure 8. The even-numbered cusp edges project
to a single cutting geodesic �x in the punctured torus F , and the odd-numbered cusp
edges project to a single cutting geodesic �y in F . There is a simple closed geodesic cx
representing x which meets �x in one point, and there is a simple closed geodesic cy
representing y which meets �y in one point. The punctured torus F admits an orientation
preserving symmetry � of order two with three fixed points, the Weierstrass rotation. One
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Figure 8. Symmetries of the cusp edges for a punctured torus.

fixed point is cx \ cy , one is cx \ �x , and one is cy \ �y . Thus each of cx , cy , �x and �y is
preserved but reversed by �. It follows that the family of even-numbered Ei ’s is invariant
under reflection in any of them, as claimed. Similarly, the same holds for the family of
odd-numbered edges. Note that if � and �0 have a common endpoint v, then the bisector
of � and �0 must also share that endpoint. It follows from the above that the reflections
in the bisectors of two consecutive Ei ’s preserve the family of all Ei ’s, interchanging the
even-numbered Ei ’s with the odd-numbered Ei ’s. Note that these reflections in the Ei ’s
and in the bisectors need not come from a symmetry of the once-punctured torus, and they
may not preserve the quadrilaterals of the tessellation.

We will continue to use the terminology introduced at the end of Section 2. By Lem-
mas 2.1 and 2.6, we are left only with the case when l andm are crossing geodesics whose
axes in T do not overlap or overlap with coherent orientations.

Lemma 4.1. Let  be a closed geodesic on a hyperbolic once-punctured torus F , and
let l and m D gl be geodesics in H2 above  whose images in T overlap with coherent
orientations. Then l crosses at least one gap quadrilateral at a cusp.

Proof. If l does not cross any gap quadrilateral at a cusp, then each edge of each gap
quadrilateral crossed by l yields the same letter in zW , say x, so that the gap word of l is
a positive power of x.

Let w denote the overlap subword of zW associated to the interval A \ B . Then, by
cyclingW if needed, we can assume thatW Dwxn. Reading along the axis B yields that,
after cycling, W 0 D wz for some word z that is the gap word for m. As W 0 is conjugate
to W , they have the same image in the abelianization of the free group �1.F /. Thus
z D xn, but then there is no gap. This contradiction completes the proof of the lemma.

Next, we consider some other special cases.

Lemma 4.2. Let  be a closed geodesic on a hyperbolic once-punctured torus F , and
let l and m D gl be geodesics in H2 above  whose images in T overlap with coherent
orientations. If l has only one gap quadrilateral, then l and m are disjoint.
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Proof. Lemma 4.1 implies that l crosses the gap quadrilateral at a cusp. By applying an
elementary automorphism of �1.F /, if needed, we can assume that the two edges of the
gap quadrilateral crossed by l yield the gap word xy in zW . Let w denote the overlap
subword of zW associated to the interval A \ B . Then, by cycling W if needed, we can
assume thatW Dwxy. Reading along the axisB yieldsW 0Dwz for some word z. AsW 0

is conjugate toW , they have the same image in the abelianization of the free group �1.F /.
Thus the word z must be xy or yx. In the first case,W 0 would equalW , contradicting the
fact that w is the entire overlap word. It follows that W 0 D wyx. Now Figure 9 (a) shows
that the two ends of m must lie on the same side of l , so l and m must be disjoint.

˛m

x

y

l

x
y

m

˛m
x

y

lx
y

m

(a) (b)

Figure 9. If the gap word is positive, starting in x and ending in y.

The argument above can be greatly generalized to obtain the following result.

Lemma 4.3. Let  be a closed geodesic on a hyperbolic once-punctured torus F , and
let l and m D gl be geodesics in H2 above  whose images in T overlap with coherent
orientations. If the gap word of l is a positive word in x and y that starts with x and ends
with y, then l and m are disjoint, so the orthogonal projection of m onto l has length
strictly less than l./.

Proof. As in the preceding lemma, if w denotes the overlap subword of zW associated to
the interval A \ B , then W D wxuy where u is a positive word, and W 0 D wz for some
word z. As W 0 is conjugate to W , they have the same image in the abelianization of the
free group �1.F /. Thus the word z is also positive. Further z cannot begin with x, nor end
with y, as either would contradict the fact that w is the entire overlap word. It follows that
W 0 D wyu0x, for some positive word u0. Now Figure 9 (b) shows that the two ends of m
must lie on the same side of l , so that l and m must be disjoint. Thus Lemma 2.1 implies
the required result.

Next we consider some special cases for subwords of gap words.
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Figure 10. If the gap word contains yxy�1x or yxy�1y�1.

Lemma 4.4. Let  be a closed geodesic on a hyperbolic once-punctured torus, and let l
and m D gl be two geodesics in H2 above  . If the gap word of l contains a subword
yxy�1x or yxy�1y�1, then the projection of m to l is shorter than  .

Proof. By hypothesis, l crosses two gap quadrilaterals Q and Q0 at cusps with the same
vertex v and crosses the next gap quadrilateral Q00 either at a cusp with a different vertex
or across opposite edges. See Figure 10. Let E0, E1 and E2 be the edges of Q and Q0

crossed by l and with endpoint v, let E3 be the other edge of Q00 with one endpoint at v,
and let E4 and E5 be the other edges of Q00. So m and all its translates by the action of
the stabilizer of l lie outside the region of H2 bounded by E0, E4 and E5. Let � be the
hyperbolic line that joins the other endpoints of E0 and E3.

As the reflection in the bisector of E1 and E2 interchanges E0 and E3, the angles
that � makes with E1 and E2 inside Q0 (marked in the picture by ") are equal, and so " is
larger than �=2. As l crosses from E0 to E4 or E5, it crosses the lines E2 and �, forming
a triangle whose other angles must be acute. Therefore, the perpendicular to l from the
point E2 \ � crosses l between l \ � and l \ E2, so it goes through the shaded regions
in the picture. Hence it lies inside the region of H2 bounded by E0, E4 and E5, and
separates E0 from E4 and E5. Asm lies on the other side of E0, and ˛m lies on the other
side ofE4 orE5, this perpendicular must separatem from ˛m, so as before, the projection
of m to l must be shorter than the translation length of ˛, which is l./.

Lemma 4.5. Let  be a closed geodesic on a hyperbolic once-punctured torus, and let l
and m D gl be two geodesics in H2 above  . If the gap word of l contains a subword
yxky�1, with k > 1, then the projection of m to l is shorter than  .

Proof. By hypothesis, l crosses a gap quadrilateral Q0 at a cusp with vertex v, then
crosses k � 1 gap quadrilateralsQ1;Q2; : : : ;Qk�1 across opposite edges and then crosses
another gap quadrilateral Qk at a cusp with vertex v0 ¤ v, as in Figure 11.

Let E0 and E1 be the edges of Q0 crossed by l , with E1 separating Q0 from Q1, and
let Ek�1 and Ek be the edges of Qk crossed by l , with Ek�1 separating Qk�1 from Qk .
Let � be the covering translation that takes Q0 to Q1. Note that � must also take Qi�1
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Figure 11. If the gap word contains yxky�1, k > 1.

to Qi , for 2 � i � k. In particular, �k�1 takes E1 to Ek . Let � be the geodesic joining
��1v to �v, and let �0 be the geodesic joining ��1v0 to �v0. Thus �k�1 also takes � to �0.
Also l must cross � and �0. Therefore, the angles formed by E1 and �, and by Ek and �0

are equal, and so the angles marked in Figure 11 by " and "0 are supplementary. If "� �=2,
the perpendicular from the point � \ E1 to l goes through the shaded regions between �
and E1, and if "0 � �=2, the perpendicular from the point �0 \ Ek to l goes through the
shaded regions between �0 and Ek . So one of these two perpendiculars lies in the region
of H2 bounded byE0 andEkC1 and separatesE0 fromEkC1, thus separatingm from ˛m.
As before, this implies that the projection from m to l must be shorter than l./.

Lemma 4.6. Let  be a closed geodesic on a hyperbolic once-punctured torus, and let l
andmD gl be two geodesics in H2 above  . If the gap word of l contains the subwords x2

and y2, then the projection of m to l has length less than  .

Proof. If the gap word for l contains the subwords x2 and y2, then l crosses a gap quadri-
lateralQ “from left to right” and crosses another gap quadrilateralQ0 “from the bottom to
the top”, crossing both diagonals of each quadrilateral, see Figure 12. There is a covering
translation � that takes Q to Q0 and takes the diagonals � and �0 of Q to the diagonals
ofQ0, so the angles between their diagonals are equal. Hence either " � �=2 or "0 � �=2.

"
l

y

y

"0

xx

Q Q0

Figure 12. If the gap word contains the subwords x2 and y2.
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In the first case, the perpendicular to l from �\ �0 goes through the shaded regions of Q,
and in the second case, the perpendicular to l from �� \ ��0 goes through the shaded
regions ofQ0. So one of these perpendiculars to l lies in a region of H2 that is not crossed
by m or ˛m, and so it separates m from ˛m. As before, this implies that the projection
of m to l must be shorter than l./.

Lemma 4.7. Let  be a closed geodesic on a hyperbolic once-punctured torus, and let l
and m be crossing geodesics in H2 above  whose images A and B in T do not overlap.
Then the orthogonal projection of m onto l has length strictly less than l./.

Proof. As the axes A and B in T do not overlap, l and m cross in the interior of a quadri-
lateral Q, and l and m cross opposite edges of Q. Therefore, the word for l contains
a subword x˙2 and the word for m contains a subword y˙2, or vice versa. As the words
for l andm are conjugate, each must contain the other subword too. The quadrilateralsQ0

and Q00 crossed by l and m corresponding to these other subwords are gap quadrilaterals
for l and m, respectively.

Now the proof of the previous lemma shows that either there is a perpendicular to l in
the region of H2 between the edges ofQ0 crossed by l , or there is a perpendicular tom in
the region of H2 between the edges ofQ00 crossed bym. As before, this implies either that
the orthogonal projection of m to l is shorter than l./ or that the orthogonal projection
of m to l is shorter than l./.

By using the above lemmas, we will show how to reduce to the case when the gap
word has a very special form.

Lemma 4.8. Let  be a closed geodesic on a hyperbolic once-punctured torus F , and
let l and m D gl be geodesics in H2 above  whose images in T overlap with coherent
orientations. By applying elementary automorphisms of �1.F / and replacing ˛ by its
inverse if needed, we can arrange that one of the following cases holds:

(1) The projection of m to l has length less than  .

(2) The gap word of l is positive and of the form yxd1yxd2y : : : yxdry or the form
xd1yxd2y : : : yxdr , where each di � 1.

(3) The gap word of l is a subword of .xyx�1y�1/N for some N .

Remark 4.9. In part (3), the geodesic l crosses all the gap quadrilaterals at cusps with the
same associated vertex.

Proof. Suppose that the projection of m to l has length greater than that of  . We will
show that part (2) or (3) of the lemma must hold.

Lemma 4.6 tells us that the gap word v of l cannot contain both x2 and y2. By applying
elementary automorphisms, it also follows that v cannot contain both x2 and y�2, nor
both x�2 and y2, nor both x�2 and y�2. It follows that one of x and y can only occur
with exponents 1 or �1. We will assume that y can only occur with exponents 1 or �1.
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Suppose that x has a power which is not 1 or �1. After an elementary automorphism,
we can assume that v contains xk for some k � 2. The proof of Lemma 4.1 shows that v
cannot equal a power of x, so by a further elementary automorphism, and perhaps the
inversion of ˛, we can assume that v contains the subword xky.

If v contains the subword xkyxl , we claim that l � 1. Indeed, if l � �1, the gap
word v contains the subword x2yx�1, which is equivalent to the inverse of yxy�2. Now
Lemma 4.4 shows that this cannot occur.

If v contains the subword xkyxlym, we claim that m D 1. For if l � 2 and m D �1,
then v contains the subword yxly�1, which is not possible by Lemma 4.5. And if l D 1
and m D �1, then v contains the subword xyxy�1 which is equivalent to the inverse of
yxy�1x, and so impossible by Lemma 4.4.

If v contains the subword xkyxlyxn, we claim that n� 1. If l � 2, the same argument
we used above shows that n � 1. If l D 1 and n � �1, then v contains the subword
yxyx�1, which is equivalent to the inverse of yxy�1x, and so impossible by Lemma 4.4.

Now a simple inductive argument shows that the entire segment of v which begins
at xk must be positive. By applying the same argument to the inverse of ˛, we conclude
that we can arrange that the entire gap word v is positive.

Next, suppose that x also can only occur with exponents 1 or �1. Lemma 4.4 tells us
that v cannot contain the subword yxy�1x, nor any word which is equivalent to yxy�1x
or its inverse. It follows that in the gap word v, either all powers of x have the same
sign, and the same holds for all powers of y, or that v is a subword of .xyx�1y�1/N for
some N . In the first case, we can apply an elementary automorphism to arrange that v is
positive. The second case is part (3) of the statement of the lemma.

Finally, we recall that if the gap word v of l is positive, so is that ofm. It follows from
Lemma 4.3 that v must begin and end with x or begin and end with y, which completes
the proof of the lemma.

At this point, we need to notice that the form of the gap words depends on our initial
choice of generators x and y for �1.F /. We will now discuss how to change generators
so as to simplify the gap words we are considering.

The basic operation is to replace one pair of opposite edges of a quadrilateral by diag-
onals. We will say that a reduced word in x and y is of mixed sign if it contains positive
and negative powers of x, or if it contains positive and negative powers of y. Clearly,
a reduced word of mixed sign cannot be equivalent to a positive word.

Lemma 4.10. Let  be a closed geodesic on a hyperbolic once-punctured torus F , and
let l and m D gl be geodesics in H2 above  whose images in T overlap with coherent
orientations. If the gap word of l is yxd1yxd2y : : : yxdry or xd1yxd2y : : : yxdr , where
each di � 1, then the above change of basis yields a new gap word which either is of
mixed sign or is positive and shorter than the original gap word.

Proof. We start by noting that the gap words for l and m must begin and end in distinct
letters. As we are assuming that the gap word for l is positive, it follows that the gap word
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for m is also positive. In particular, each gap word must begin and end in x or in y. As W
and W 0 are cyclically reduced, it follows that the overlap word w cannot begin or end
in x�1 or in y�1.

Now replace the sides of the quadrilaterals corresponding to x by the diagonals shown
dotted in Figure 13, keeping the names of the generators.

If the gap word is yxd1yxd2y : : :yxdry and the overlap wordw starts and ends with x,
then the new gap word is obtained from the original by reducing each di by 1. See Fig-
ure 13 (a). Thus the new gap word is positive and shorter, as required. If the overlap word
starts or ends with y, the new gap word is of mixed sign. See Figure 13 (b).

(a) yxyxyx ! yyxy (b) yxyxxy ! x�1yyxy

(c) xxyxyx ! xyy (d) xxyxyx ! xxyyx

Figure 13. A change of basis.

If the gap word is xd1yxd2y : : : yxdr , then the new gap word is obtained from the
original by reducing each di by 1, for 1 < i < r , while d1 and dr are either reduced
by 1 or remain the same, depending on how the overlap word starts and ends. See Fig-
ures 13 (c), (d). Thus the new gap word is positive and is shorter, except possibly when
r D 2. But this case cannot occur because it would mean that the gap word v of l equals
xd1yxd2 , so that the gap word v0 ofm contains only one y. Hence v0 would have to begin
or end in x, contradicting the fact that v and v0 cannot begin or end with the same letter.

Now we need to put together everything we have proved so far.

Lemma 4.11. Let  be a closed geodesic on a hyperbolic once-punctured torus F , and
let l and m D gl be geodesics in H2 above  whose images in T overlap with coherent
orientations. Then either the projection of m onto l has length strictly less than l./, or l
crosses all the gap quadrilaterals at cusps with the same associated vertex.
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Proof. Lemma 4.8 and Remark 4.9 together tell us that either the projection of m onto l
has length strictly less than l./, or the gap word of l is positive and has one of the
forms yxd1yxd2y : : : yxdry or xd1yxd2y : : : yxdr , where each di � 1, or l crosses all
the gap quadrilaterals at cusps with the same associated vertex, so it remains to handle the
middle case.

Lemma 4.10 tells us that in this case, there is a change of basis yielding a new gap
word which is either of mixed sign or positive and shorter than the original gap word. If
the new gap word is positive and one of x and y only occurs with exponent 1, we can
apply Lemma 4.10 again. Thus, by repeatedly applying this lemma, we must eventually
obtain a gap word of mixed sign or a positive word that contains both x2 and y2. In the
second case, Lemma 4.6 implies that the projection of m onto l has length strictly less
than l./. If the gap word v is of mixed sign, it cannot be equivalent to a positive word.
Thus, Lemma 4.8 implies that either the projection of m onto l has length strictly less
than l./ or l crosses all the gap quadrilaterals at cusps with the same associated vertex,
thus completing the proof of the lemma.

Lemmas 2.6, 4.7 and 4.11 show that we can reduce to the case when the crossing
geodesics l and m have images in T which overlap with coherent orientations, and l
crosses all the gap quadrilaterals at cusps with the same vertex v. As in the proof of
Lemma 3.4, we label the cusp edges at v byEi , i 2 Z, so thatE0;E1; : : : ;En are the cusp
edges crossed by l , see Figure 14.

�

l

˛m

Ek

m

E0 E1

E�1

�

l

m

E�1

E0 E1

˛m

Ek

(a) (b)

Figure 14. The cusps at a vertex for a punctured torus.

Lemma 4.12. Let  be a closed geodesic on a hyperbolic once-punctured torus F , and
let l and m D gl be crossing geodesics in H2 above  whose images in T overlap with
coherent orientations. If l crosses the k gap quadrilaterals at cusps with the same vertex v,
then

(1) One of m or ˛m does not cross any of the cusp edges E0; E1; : : : ; En.

(2) Each of m and ˛m crosses less than k � 1 of the remaining cusp edges.
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Proof. (1) As in the proof of Lemma 3.4, letQ be a gap quadrilateral, and letEq andEqC1
be the edges of Q crossed by l . As Q separates m and ˛m, it follows that m can only
cross Ei ’s with i < q, and ˛m can only cross Ei ’s with i > q C 1, as shown in Fig-
ure 14 (a). From that same proof, we also know thatm and ˛m “travel around v in opposite
directions”, as shown in Figure 14 (a).

Observe that if m crosses two Ei ’s, then it crosses all the Ej ’s between them.
Now suppose that m crosses E0 and E�1. This implies that the overlap between l

and m starts as they cross E0, so that l must cross all the overlap quadrilaterals and all
the gap quadrilaterals at cusps with vertex v. But this implies that ˛ fixes v and so is
a parabolic element, contradicting our assumption that  is a closed geodesic. We conclude
that m cannot cross E0 and E�1. A similar argument shows that ˛m cannot cross En
andEnC1. Moreover, ifm crossesE0 then ˛m cannot crossEn and vice versa, becausem
and ˛m cross the cusp edges in opposite directions, but l crosses E0 and En in the same
direction, and ˛m is a translate of m.

It follows that either m crosses only Ei ’s with i < 0, or ˛m crosses only Ei ’s with
i > n, which proves the first part of the lemma.

(2) To prove this, we need only consider m, as the roles of m and ˛m can be inter-
changed. Ifm crosses someEi with i � 0, thenm cannot cross anyEi ’s with i < 0. Hence
m can only cross Ei ’s with 0 � i < q, which proves part (2) of the lemma in this case.

Now suppose thatm crosses some Ei with i < 0, so thatm cannot cross any Ei ’s with
i � 0. Then m must cross E�1, as otherwise E�1 would separate m from l . So the k gap
quadrilaterals must start at E0 and end at Ek , and if m crosses k � 1 cusp edges, they
must be E�1; E�2; : : : ; E�kC1.

If w denotes the overlap word for l andm, then we can read off the rest of the wordW
from the cusp edges that l crosses in the gap, namely E0; : : : ; Ek . As our punctured torus
has only one cusp, after an elementary automorphism of �1.F /, we can arrange that as l
crosses these cusp edges, we read off the letters x; y; x�1; y�1; x; y; x�1; y�1; : : : As the
images of l and m in T overlap and are oriented coherently, m crosses the cusp edges in
the opposite direction to l . Thus as m crosses the cusp edges E�1; E�2; : : : ; E�kC1, we
read off the letters y, x, y�1, x�1 repeatedly. This leads to four cases depending on the
size of k modulo 4.

Case k D 4N , where N � 1: Then W D w.xyx�1y�1/Nx. Hence we find that W 0

has initial segment w.yxy�1x�1/N�1yxy�1. As l.W 0/ D l.W /, we must have W 0 D
w.yxy�1x�1/N�1yxy�1zu, where each of z and u denotes one of x, y, x�1 or y�1.
AsW 0 is a conjugate ofW , abelianizing shows immediately that zu has weight 0 in x and
in y. But this is impossible, as W 0, and hence zu, is a reduced word.

Case k D 4N C 1, where N � 0: As in the preceding case, we have that W D
w.xyx�1y�1/Nxy, and W 0 has initial segment w.yxy�1x�1/N . It follows that W 0 D
w.yxy�1x�1/N zu, where each of z and u denotes one of x or y or its inverses. As W 0

is a conjugate of W , abelianizing shows that zu must be equal to xy or to yx. The first
case is impossible as W 0 is reduced, so we must have zu D yx. Thus we can write W in
the form wxUy and can write W 0 in the form wyU 0x. Now the argument in the proof of
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Figure 15. (a) If k is even. (b) If k is odd.

Lemma 4.3 shows that l and m must be disjoint, contradicting our assumption that they
cross. Note that the use of Figure 9 (b) did not depend on the gap word xUy being posi-
tive. That hypothesis was used in the proof of Lemma 4.3 to show that the gap word for
m must be of the form yU 0x, but in the present situation, that is given.

Case k D 4N C 2, whereN � 0: As in the case before,W D w.xyx�1y�1/Nxyx�1,
and W 0 has initial segment w.yxy�1x�1/Ny. Thus W 0 D w.yxy�1x�1/Nyzu, where
each of z and u denotes one of x or y or its inverses. As W 0 is a conjugate of W , abelian-
izing shows immediately that zu has weight 0 in x and in y. But this is impossible, asW 0,
and hence zu, is a reduced word.

Case k D 4N C 3, where N � 0: We have that W D w.xyx�1y�1/Nxyx�1y�1,
and W 0 has initial segment w.yxy�1x�1/Nyx as in the preceding case. Thus W 0 D
w.yxy�1x�1/Nyxzu, where each of z and u denotes one of x or y or its inverses. AsW 0

is a conjugate of W , abelianizing shows that zu must be equal to x�1y�1 or to y�1x�1.
The first case is impossible as W 0 is reduced, so we must have zu D y�1x�1. Thus we
can write W in the form wxUy�1 and can write W 0 in the form wyU 0x�1. Now a sim-
ilar argument to that in the proof of Lemma 4.3 shows that l and m must be disjoint,
contradicting our assumption that they cross. Note that in this case, we need a modified
version of Figure 9 (b). The above contradictions, for any value of k, complete the proof
of part (2).

Lemma 4.13. Let  be a closed geodesic on a hyperbolic once-punctured torus F , and
let l and m D gl be geodesics in H2 above  whose images in T overlap with coherent
orientations. If l crosses all the gap quadrilaterals at cusps with the same vertex, then the
orthogonal projection of l onto m has length strictly less than l./.

Proof. Let E0; E1; : : : ; En be the cusp edges crossed by l . By Lemma 4.12, we can
assume that the k gap quadrilaterals start at E0 and end at Ek , so ˛m can only cross Ei ’s



A property of closed geodesics on hyperbolic surfaces 27

with i > k, and m can only cross Ei ’s with �.k � 1/ < i < 0. Recall that the union of all
the even cusp edges that end at v is symmetric under reflection in E0. If vi is the endpoint
of the cusp edge Ei , this reflection sends the point v2i to v�2i , see Figure 15.

If k is even, we let � denote the geodesic joining vk to its reflected image v�k . The
symmetry implies that � meets E0 orthogonally. As l crosses the cusp geodesic Ek , it
must also cross �. Let � denote the perpendicular to l from the point E0 \ �. Clearly,
one endpoint of � lies between v0 and vk , and the other endpoint lies between v and v�k .
As m cannot cross E�k , it follows immediately that � cannot meet m nor ˛m. As usual,
this implies that the orthogonal projection of l onto m has length strictly less than l./.

If k is odd, we apply the above paragraph using the even number k � 1 in place of k.
As m cannot cross E�kC1, it again follows immediately that � cannot meet m nor ˛m,
which again implies that the orthogonal projection of l onto m has length strictly less
than l./. Thus the result follows in either case, as required.

Lemmas 2.1, 2.6, 4.7, 4.11 and 4.13 together show that Theorem 5.1 holds whenM is
the three-punctured torus.

5. The main result

At this point, we are ready to complete the proof of our main result.

Theorem 5.1. Let  be a closed geodesic on an orientable hyperbolic surface M , and
let l and m be distinct geodesics in H2 above  . Then the orthogonal projection of l onto
m is shorter than the length of  .

Proof. The results in the preceding three sections yield a proof of the theorem in the spe-
cial cases when M is finitely covered by a three-punctured sphere or by a once-punctured
torus. In general, as discussed at the start of Section 2, we need to consider a cover of
M which is a surface F homeomorphic to a sphere with three discs removed or to a
torus with one disc removed, but the hyperbolic metric on F needs not have a finite vol-
ume. Thus, the once-punctured torus may be replaced by a surface with no cusp, and a
closed geodesic as the boundary of its convex core, and the three-punctured sphere may
be replaced by a surface with less than three cusps and some closed geodesics as the
boundary of the convex core. The crucial step which allows one to proceed in the same
way as in the preceding sections is to choose the cutting geodesics in F to be orthogonal
to any closed geodesic boundary components of the convex core of F . Again this yields
a tiling of H2 by quadrilaterals, but these quadrilaterals may be ultra-ideal, i.e., have ver-
tices beyond infinity. The diagonals of an ultra-ideal quadrilateral join opposite ends and
are orthogonal to any closed geodesic boundary components of the convex core of the
quadrilateral.

Recall that the hyperbolic three-punctured sphere is the double of an ideal triangle.
Similarly, a hyperbolic three-holed sphere F is the double of a triangle, some of whose
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vertices are ultra-ideal. We choose two of the common edges of these triangles to be the
cutting geodesics for F , so they cut F into a quadrilateral Q with some ultra-ideal ver-
tices which admits a reflectional symmetry in a diagonal. In particular, the diagonals forQ
meet at right angles. The convex core of a one-holed torus may not admit any reflectional
symmetries.

Now all the lemmas in Sections 2, 3 and 4 can be proved in essentially the same way,
but the references to cusps of the quadrilaterals will need to be replaced by references to
the vertices of the quadrilaterals. References to the cusp edges, which are geodesics with
one end at the cusp, will need to be replaced by references to edges which go to the same
vertex of the tiling of the universal covering of F . In the case of a three-holed sphere, the
symmetries of the quadrilaterals show that the set of edges of the tiling with a common
vertex is invariant under reflections in any of them. In the case of a one-holed torus, it has
a rotational symmetry of order two. Thus, as discussed at the start of Section 4, the cutting
geodesics for the tiling of H2 by quadrilaterals admit some limited symmetries. Namely,
if one considers the family : : : ; E�2; E�1; E0; E1; E2; : : : of those geodesics that end
at a vertex of the tiling, the even-numbered ones are invariant under reflection in any of
them, and the same holds for the odd-numbered ones. Further, the entire family of Ei ’s is
invariant under reflection in the bisector of two consecutive Ei ’s. Finally, recall that some
of our earlier arguments depended on the fact that the element ˛ of �1.F / carried by the
closed geodesic  is not a parabolic element. We will also need the fact that  cannot be
a component of the convex core of F . For then  would be simple, so that two distinct
geodesics in H2 which lie above  cannot cross.

We can now deduce the following bounds on the self-intersection angles of a hyper-
bolic geodesic in terms of its length.

Corollary 5.2. If  is a closed oriented geodesic on an orientable hyperbolic surface,
and � is the angle formed by two outgoing arcs of  at a self-intersection point, then
…. l./

2
/ < � < � �…. l./

4
/.

Proof. The first inequality follows immediately from Theorem 5.1. The second inequality
follows by applying Lemma 2.5 to the supplementary angle � � �.

We can also deduce the following bounds on the lengths of polygons formed by the
lines above  in H2.

Corollary 5.3. If  is a closed geodesic on an orientable hyperbolic surface M , then the
triangles formed by the geodesic lines above  in H2 have sides shorter than l./, and
the n-gons have sides shorter than .n � 2/l./.

Proof. The length of a side s of a closed polygon P in H2 is bounded above by the sum of
the lengths of the orthogonal projections of the other sides to the line containing s. These
lengths are bounded by the lengths of the projections of the lines containing them to s,
and in the case of the two sides adjacent to s, by half of that length.
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If the polygon P has an oriented boundary (with the orientations of the sides induced
by an orientation of  ), then Lemmas 2.3 and 2.5 show that the sides of P are shorter than
n�1
2
l./.
Now we can deduce the following result.

Corollary 5.4. Let  and ı be closed geodesics on an orientable hyperbolic surface M ,
and let l andm be distinct geodesics in H2 above  and ı. Then the orthogonal projection
of l onto m is shorter than l./C l.ı/.

Interestingly, the case of two intersecting lines above distinct geodesics reduces to the
case of two disjoint lines above a single geodesic, while the case of two disjoint lines above
distinct geodesics reduces to the case of two intersecting lines above a single geodesic.
First, we consider the situation where l and m are disjoint.

Lemma 5.5. Let  and ı be closed geodesics on an orientable hyperbolic surfaceM , and
let l and m be disjoint geodesics in H2 above  and ı, respectively. Then the orthogonal
projection of l onto m is shorter than l./C l.ı/.

Proof. Without loss of generality, we can assume that l./ � l.ı/. As usual, we let ˛
denote the element of �1.F / represented by  , so that ˛ acts on H2 with l as its axis. Ifm
and ˛m are disjoint, the proof of Lemma 2.1 shows that the orthogonal projection of m
onto l has length strictly less than l./, thus proving the lemma in this case. Now suppose
that m and ˛m cross at a point r 0. Let p and p0 be the closest points of l and m, so the
arc Œp; p0� is perpendicular to l and tom. Letm1 be the point at infinity ofm such that r 0

lies in the ray .p0; m1/, let q be the foot of the perpendicular to l from m1, let q0 be the
intersection of qm1 with ˛m, and let s be the foot of the perpendicular to ˛m from m1.
See Figure 16. To prove the lemma we need to show that the arc Œp; q�, which is half of
the orthogonal projection of m to l , is shorter than half of l./C l.ı/.

If q lies between p and ˛p, then l.p; q/ < l.p; ˛p/ D l./ � 1
2
.l./ C l.ı//, as

required. Next suppose that q lies beyond ˛p, as in Figure 16. Then the anglem1q0˛m1
must be acute because it is equal to an interior angle of the geodesic quadrilateral q0q˛p˛p0

whose other interior angles are right angles. It follows that s must lie on the ray Œq0;˛m1/,

q˛prp

l

m ˛m

q0˛p0
r 0

p0 s

˛m1m1

Figure 16. Orthogonal projection of geodesics above different curves.
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as shown in Figure 16. Therefore, l.r; q/ < l.r 0; q0/ < l.r 0; s/. As .r 0; s/ is half of the
orthogonal projection ofm to ˛m, Theorem 5.1 tells us that l.r 0; s/ < 1

2
l.ı/. Thus l.r;q/ <

1
2
l.ı/. As l.p; r/ D 1

2
l.p; ˛p/ D 1

2
l./, it follows that l.p; q/ D l.p; r/ C l.r; q/ <

1
2
l./C 1

2
l.ı/, as required.

If q D ˛p then q0 D ˛p0 D s, so l.p; q/D l.p; r/C l.r; ˛p/ < l.p; r/C l.r 0; ˛p0/D
l.p; r/C l.r 0; s/. As in the preceding case, l.r 0; s/ < 1

2
l.ı/ by Theorem 5.1, and l.p; r/D

1
2
l./. Again it follows that l.p; q/ < 1

2
l./C 1

2
l.ı/, as required.

We now consider the case when l and m cross. In this case, we get a better bound for
the projection length, which depends only on Lemma 2.1.

Lemma 5.6. Let  and ı be closed geodesics on an orientable hyperbolic surface M ,
and let l andm be distinct crossing geodesics in H2 above  and ı, respectively. Then the
orthogonal projection of a bisector of l and m onto m is shorter than l./C l.ı/.

Proof. As l and m cross, so do  and ı. The idea of our proof is to perform cut and
paste on  and ı so as to obtain a new curve of length l./C l.ı/. The shortest closed
geodesic � in the homotopy class of this curve must have l.�/ < l./C l.ı/.

Consider the crossing geodesics l andm in H2, and let p denote the intersection point
l \ m. A cut and paste at p determines a cut and paste operation on  and ı at a single
point, which must yield a single piecewise geodesic closed curve � with two corners at the
cut and paste point. Thus, there are two piecewise geodesic paths n and n0 in H2 above �,
which pass through p. See Figure 17. Each proceeds along l from p for a distance equal
to l./, then turns a corner onto a translate of m, and proceeds a distance l.ı/, etc. We
let � denote the closed geodesic in the homotopy class of �. Corresponding to n, we can
construct a geodesic o in H2 above � by simply joining the midpoints of the geodesic
segments of n by geodesic segments. And similarly, we can construct a geodesic o0 in H2

above � by simply joining the midpoints of the geodesic segments of n0. The reason why o
and o0 are geodesic rather than just piecewise geodesic is that n, and hence o, is invariant
under rotation through � about each of the points where nmeets o, and a similar statement
holds for n0 and o0. As n and o have the same stabilizer, and n0 and o0 similarly, it follows
that o and o0 must lie above the closed geodesic � . As o0 is a translate of o by the action
of the stabilizer of l , it follows that o and o0 are disjoint. As a rotation through � about p
sends o to o0, their bisector b goes through the point p.

o

l

o0
m

p
n0

n

o

l

o0

b

c
m

Figure 17. The geodesics o and o0 arising from piecewise geodesics n and n0.
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Now Lemma 2.1 says that the orthogonal projections of b to o and o0 are not larger
than l.�/. These have the same length as the projections of o and o0 to b, which are the
same interval of b. This interval contains the feet of the perpendiculars to b from the
endpoints of l , so the projection of l to b is shorter than the projections of o and o0 to b.
For the same reason, the projection of m to b is shorter than the projections of o and o0

to b. Thus, the orthogonal projections of b to l and m are shorter than l.�/.
Let c denote the bisector of l and m. Then one of l and m forms a larger angle with c

than with b, so that the orthogonal projection of c to one of l and m is shorter than the
orthogonal projection of b. Hence the orthogonal projections of c to l and m, which are
equal, must be shorter than l.�/, which is smaller than l./C l.ı/, as required.

Lemma 5.6 gives a lower bound for the intersection angles of two hyperbolic geo-
desics.

Corollary 5.7. The intersection angles of two closed geodesics  and ı in an orientable
hyperbolic surface are larger than 2…. l./Cl.ı/

2
/.

Theorem 5.4 also shows that the sides of the n-gons formed by the lines above a family
of geodesics 1; 2; : : : ; k are shorter than 2.n � 2/max¹l.i /º.

The bound for the lengths of the orthogonal projections given in Theorem 5.1 is opti-
mal in the following sense:

Claim 5.8. For each hyperbolic surface M with �.M/ < 0, there is a sequence of closed
geodesics n and lines ln, mn in zF above n such that the length of the orthogonal pro-
jection of mn to ln, divided by the length of n, converges to 1.

Proof. As each hyperbolic surface M with �.M/ < 0 has a (usually infinite) covering
which is a hyperbolic sphere with three holes, it suffices to prove the claim when M is
a hyperbolic sphere with three holes, each corresponding to a cusp or a boundary curve of
its convex core. We can cut M along two infinite geodesics meeting the boundary curves
of the convex core orthogonally to get an ideal or ultra-ideal quadrilateral. In each case,
this quadrilateral has a reflectional symmetry that shows that the diagonals intersect at
right angles, and the distances between opposite sides of the quadrilateral are equal. Let x
and y be generators of �1.M/ dual to the cutting geodesics. To get a sequence n where ln
intersectsmn, let n be the geodesic represented by the cyclic word .xy/nx. Let ln andmn
be two pre-images of i in the universal cover zM of M as in Figure 18. Since the infinite
words corresponding to ln and mn overlap in a word .xy/n�1x, then ln and mn cross
together 2.n � 1/ quadrilaterals.

We claim that the arc an where ln crosses these quadrilaterals is contained in the
projection of mn to ln. To see this, consider the shaded quadrangle in Figure 18, formed
by ln,mn, the first cutting geodesic E that they cross together and the last diagonalD that
they cross together. Recall that M is the double of an ideal or ultra-ideal triangle, and so
it admits a reflection symmetry which interchanges these triangles. It follows that in the
universal cover zM of M , reflection in any quadrilateral edge or diagonal is a symmetry
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Figure 18. Two lines with long projections.

of the tiling of zM by quadrilaterals. In particular, a reflection in D preserves the tiling
and preserves but inverts the geodesic l , because it inverts the infinite word which is the
unwrapping of .xy/nx. It follows that the angle at the point where ln crosses D is �=2.
Also, the reflection of ln in E is a geodesic that crosses two of the 2.n� 1/ quadrilaterals
crossed by ln and mn and “turns north” at the third quadrilateral. So the reflection of ln
lies “north” of ln in these quadrilaterals, and therefore the shaded angle at the intersection
of ln and E is greater than its supplementary angle, and so it is greater than �=2.

Now, if d is the distance between opposite sides of the quadrilaterals, then n is shorter
than .2nC 1/d , as it is homotopic to a polygonal curve that runs through the middle arcs
of the quadrilaterals, made of 2n arcs of length d and 2 subarcs of length d=2. On the
other hand, the orthogonal projection of mn to ln is longer than the arc an, which has
length at least 2.n � 1/d . So the ratio between the length of the projection and the length
of the geodesic is larger than 2n�2

2nC1
, so it converges to 1.

To get a sequence n where ln is disjoint from mn, let n be the geodesic repre-
sented by the word x.xy/ny, and let ln and mn be two pre-images of i in zF , so that
the infinite words corresponding to ln and mn overlap in the word .xy/n�1. So ln and
mn cross together 2.n � 1/ � 1 quadrilaterals. One can show as before that the arc where
ln crosses these quadrilaterals is contained in the projection of mn to ln. So n is shorter
than 2.nC 1/d , while the orthogonal projection of mn to mn is longer than .2n � 3/d .
Therefore, the ratio between the length of the projection and the length of n is larger than
2n�3
2nC2

, and so it converges to 1.

The upper bound for the lengths of the orthogonal projections of lines above two differ-
ent geodesics given in Corollary 5.4 is also optimal. Consider the sequence of geodesics n
and ın represented by the words .xy/nx and .xy/nC2x in a three-holed sphere. Take
two geodesic lines ln and mn above n and ın whose axes have a common subword
.xy/nx.xy/n. Then the projection of mn to ln has length greater than 4nd , while the
lengths of n and ın are smaller than .2nC 1/d and .2nC 5/d , respectively, so the ratio
between the length of the projection and the sum of the lengths of n and ın is larger than
4nC1
4nC6

, and so it converges to 1.

Remark 5.9. Although the bound for the projection length given in Theorem 5.1 is opti-
mal in relative terms, it may not be so in absolute terms. The above examples suggest that
the projection length for two intersecting geodesics above  might be shorter than l./� c
for some constant c > 0 independent of  . Comparing the angles of parallelism of l

2
and
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l�c
2

, one can see that …. l�c
2
/=…. l

2
/ D arctan.e�l=2Cc=2/= arctan.e�l=2/ is an increasing

function of l which is greater than 1 for each c > 0. For c � 1:45, this function is already
greater than 2 when l D 4 log.1C

p
2/ � 3:5255 (the length of the shortest non-simple

geodesic on any hyperbolic surface, or twice the width of a regular ideal quadrilateral).
So a gap of around 1:45 between the projection length and the geodesic length of  would
imply that the self-intersection angles of  are larger than 2….l./=2/, or twice the bound
given in Corollary 5.2.
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