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Almost finiteness and homology of certain non-free
actions

Eduard Ortega and Eduardo Scarparo

Abstract. We show that Cantor minimal Z Ì Z2-systems and essentially free amenable odometers
are almost finite. We also compute the homology groups of Cantor minimal Z Ì Z2-systems and
show that the associated transformation groupoids satisfy the HK conjecture if and only if the action
is free.

1. Introduction

The property of almost finiteness for ample groupoids was introduced by Matui and
applied to questions in groupoid homology in [13]. Furthermore, in [2, 10, 11, 20], this
property was applied to problems in classification of C �-algebras.

Kerr and Szabó in [11] and Suzuki in [20] observed that it is a consequence of work of
Downarowicz and Zhang [5] that any free action of a group with subexponential growth
on the Cantor set is almost finite. Moreover, free odometers arising from sequences of
finite index normal subgroups of an amenable group were shown to be almost finite by
Kerr in [10].

On the other hand, there exist interesting examples of non-free odometers. For exam-
ple, in [19], certain non-free Z Ì Z2-odometers were shown to be counterexamples to the
HK conjecture, which is a conjecture posted by Matui in [14] that relates the homology
groups of an ample groupoid with the K-theory of its reduced C �-algebra.

In Section 2, we investigate almost finiteness of odometers and of Cantor minimal
Z Ì Z2-systems.

In particular, we prove that an amenable odometer is essentially free if and only if it is
almost finite. The proof uses a result by Kar et al. [8] which shows that, given an amenable
essentially free odometers, the acting group admits a Følner sequence consisting of coset
representatives.

We also show that any Cantor minimal Z Ì Z2-system is almost finite. For that, we
use a structure result for Cantor minimal Z Ì Z2-systems from [3].

In Section 3, we compute the homology groups of Cantor minimal Z Ì Z2-systems
and conclude that these systems satisfy the HK conjecture if and only if the action is free.
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It should come as no surprise that, in determining the homology groups, we are able to
mainly follow the ideas introduced by Bratteli et al. in [3] and Thomsen in [22] in their
computation of the K-theory of the associated crossed products since, although the HK
conjecture is now known to be false, it has been verified in many cases (see the work of
Proietti and Yamashita [16, Remark 3.5] and the references therein).

2. Almost finiteness

In this section, we review some terminology about étale groupoids and verify almost finite-
ness for certain classes of non-principal groupoids. The reader can find an introduction to
étale groupoids in, e.g., [18, Chapter 3].

2.1. Almost finite groupoids

Let G be a Hausdorff étale groupoid with range and source maps denoted by r and s. A
bisection is a subset S � G such that r jS and sjS are injective maps.

Let G0 WD ¹g 2 G W r.g/ D s.g/º and let G.0/ be the unit space of G. Then G is said
to be principal if G0 D G.0/ and effective if the interior of G0 equals G.0/. The orbit of
a point x 2 G.0/ is the set G.x/ WD r.s�1.x//. We say that G is minimal if the orbit of
each x 2 G.0/ is dense in G.0/. Also G is said to be ample if its unit space is totally
disconnected.

Example 2.1. LetX be a locally compact Hausdorff space and let ˛ W � ÕX be an action
of a discrete group � on X . Given g 2 � and x 2 X , we will denote gx WD ˛.g/.x/.
As a space, the transformation groupoid G associated with ˛ is G WD � � X equipped
with the product topology. The product of two elements .h; y/; .g; x/ 2 G is defined
if and only if y D gx, in which case .h; gx/.g; x/ WD .hg; x/. Inversion is given by
.g; x/�1 WD .g�1; gx/. The unit space G.0/ is naturally identified with X . Note that G is
principal if and only if ˛ is free (gx D x ) g D e). If X is totally disconnected, then G
is ample.

Let G be an ample groupoid with compact unit space. A subgroupoid K � G is said
to be elementary ifK is compact-open principal andK.0/ D G.0/. The groupoidG is said
to be almost finite if for any compact subset C � G and " > 0, there isK � G elementary
subgroupoid such that, for any x 2 G.0/, we have that

jCKx nKxjˇ̌
K.x/

ˇ̌ < ":

For compact groupoids, the following holds:

Proposition 2.2. Let G be an ample almost finite groupoid. If G is compact, then G is
principal.

Proof. Compactness of G implies that there is a finite partition of G into compact-open
bisections. Hence, there isM > 0 such that, for each x 2 G.0/, we have that jG.x/j <M .
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If G is not principal, there is g 2 G n G.0/ such that r.g/ D s.g/. Then, for any
elementary subgroupoid K � G, we have that g … K and

jgKs.g/ nKs.g/jˇ̌
K
�
s.g/

�ˇ̌ >
1

M
:

Therefore, G is not almost finite.

Given an étale groupoid G with compact unit space, denote by M.G/ the set of G-
invariant probability measures on G.0/.

Remark 2.3. It was observed in [13, Remark 6.6] that if G is an almost finite groupoid,
then M.G/ ¤ ; and, given � 2M.G/, we have that

�
�
r
�
U \ .G0 nG.0//

��
D 0; for any U � G compact-open bisection: (1)

2.2. Almost finite actions

Let us recall the characterization of almost finiteness for transformation groupoids pre-
sented in [11, 20]. We will restrict ourselves to actions on totally disconnected spaces.

Let � be a group acting on a compact Hausdorff totally disconnected space X . A
clopen tower is a pair .V; S/ consisting of a clopen subset V of X and a finite subset S of
� such that the sets sV for s 2 S are pairwise disjoint. The set S is said to be the shape
of the tower. A clopen castle is a finite collection of clopen towers ¹.Vi ; Si /ºi2I such that
the sets SiVi D ¹gVi W g 2 Siº for i 2 I are pairwise disjoint.

Given " > 0 and K � � finite, we say that a finite set F � � is .K; "/-invariant if
jKF4F j < "jF j.

Let G be the transformation groupoid associated to the action of � on X . Then G is
almost finite if and only if, given K � � finite and " > 0, there is a clopen castle which
partitions X , and whose shapes are .K; "/-invariant (see [20, Lemma 5.2] for a proof of
this fact). In this case, we say that the action is almost finite.

Recall that an action of a group � on a locally compact Hausdorff space X is said
to be minimal if the orbit of any x 2 X is dense in X . Clearly, this is equivalent to the
associated transformation groupoid being minimal. It is also equivalent to every open (or
closed) �-invariant set being trivial. If the action is minimal, then any f 2 C.X;Z/ which
is �-invariant must be constant. We will say that a homeomorphism ' on X is minimal if
the Z-action induced by ' is minimal. By a Cantor minimal �-system, we mean a minimal
action of � on the Cantor set.

Given � a group acting on a compact Hausdorff space X , we denote by M�.X/ the
set of �-invariant probability measures on X . For g 2 � , let Fixg � X be the set of points
fixed by g.

If � 2 M�.X/, we say that the action of � on .X; �/ is essentially free if, for any
g 2 � n ¹eº, we have �.Fixg/D 0. The action is said to be topologically free if the interior
of Fixg is empty for each g 2 � n ¹eº. Notice that topological freeness is equivalent to
effectiveness of the associated transformation groupoid.
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Also observe that if � Õ X is a minimal action, then any � 2 M�.X/ has full sup-
port. Therefore, for minimal actions, essential freeness of � Õ .X;�/ implies topological
freeness of � Õ X .

Remark 2.4. If G is a transformation groupoid associated to an action of a group � on
a compact Hausdorff space X and � 2 M.G/ � M�.X/, then the condition in (1) is
equivalent to the action of � on .X; �/ being essentially free. It follows from Remark 2.3
that if the action is almost finite, then � Õ .X; �/ is essentially free.

2.3. Odometers

Let � be a group and .�i /i2N a sequence of finite index subgroups of � such that, for
every i 2 N, �i � �iC1.

For each i 2 N, let pi W�=�iC1 ! �=�i be the surjection given by

pi .�iC1/ WD �i ; for  2 �: (2)

LetX WD lim
 �
.�=�i ;pi /D ¹.xi / 2

Q
�=�i W pi .xiC1/D xi ; 8i 2Nº. ThenX is homeo-

morphic to the Cantor set and � acts in a minimal way on X by .xi / WD .xi /, for  2 �
and .xi / 2 X . This action is called an odometer.

Given j � 1 and g�j 2 �=�j , let U.j; g�j / WD ¹.xi / 2 X W xj D g�j º. Then®
U.j; g�j / W j 2 N; g�j 2 �=�j

¯
is a basis for X consisting of compact-open sets.

Notice that X admits a unique �-invariant probability measure. Hence, there is no
ambiguity in calling an odometer action essentially free. It is known (see, for example,
[7, (1.6)]) that the odometer is essentially free if and only if, for each g 2 � n ¹eº, we have

lim
i

ˇ̌
¹x 2 �=�i W gx D xº

ˇ̌
j�=�i j

D 0:

If the odometer is free, then
T
i �i D ¹eº, but the converse does not hold in general

(see, e.g., [1, Theorem 1]).
Let us now give a characterization of almost finite odometers. First recall that a Følner

sequence .Fn/ for � is a sequence of finite subsets of � such that for every g 2 � we have
that jgFn�Fnj

jFnj
! 0.

Theorem 2.5 ([8,9]). Let � be a countable amenable group and � Õ X WD lim
 �

�=�i an
odometer. The following conditions are equivalent:

(i) the action is essentially free;

(ii) there is a Følner sequence .Fn/ for � such that each Fn is a complete set of
representatives for �=�n;

(iii) the action is almost finite;

(iv) there is a unique tracial state on C.X/ Ì � .
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Proof. The equivalence of (i) and (iv) is a consequence of [9, Corollary 2.8]. That (iii)
implies (i) is a consequence of Remark 2.4. The implication from (i) to (ii) is the content
of [8, Theorem 7]. Let us show then that (ii) implies (iii).

Notice that for each n 2 N,

X D
G
2Fn

U.n; �n/: (3)

By taking n sufficiently big, we can make the shapes of the castle (3) arbitrarily invari-
ant.

A few remarks are in order about the result above:

Remark 2.6. (i) It follows from Theorem 2.5 and the results in [2] that crossed prod-
ucts associated to essentially free odometers in which the acting group is countable and
amenable are classifiable by their Elliott-invariant.

(ii) It is a consequence of [12, Proposition 4.7] that if � Õ lim
 �

�=�i is an almost finite
odometer, then � is amenable.

(iii) In [19, Proposition 2.1], it was shown that an odometer � Õ X WD lim
 �

�=�i is
topologically free if and only if, for every  2

T
�i n ¹eº and j � 1, there exists b 2 �j

such that b�1b …
T
�i .

We do not know whether, for a countable amenable group � , topological freeness of a
�-odometer implies essential freeness. If one drops the amenability assumption, there are
several counterexamples in the literature (see, for example, [1, Theorem 1]).

Example 2.7. Recall that the infinite dihedral group is the semidirect product Z Ì Z2
associated to the action of Z2 on Z by multiplication by �1.

Let .ni / be a strictly increasing sequence of natural numbers such that ni jniC1, for
every i 2 N. Define � WD Z Ì Z2 and, for i � 1, �i WD niZ Ì Z2.

By [19, Lemma 3.2] and the fact that any element of the form .n; 1/ 2 Z Ì Z2 is
conjugate to either .0; 1/ or .1; 1/, we obtain that any g 2 � n ¹eº fixes at most finitely
many points in lim

 �
�=�i . Hence, this odometer is essentially free.

Let us describe a Følner sequence for Z Ì Z2 satisfying condition (ii) in Theorem 2.5.
Given m 2 N, let Fm � Z Ì Z2 be defined by

Fm D

8<:
��
�
m
2
;�1

�
� ¹1º

�
[
��
0; m

2

�
� ¹0º

�
; if m is even;��

�
m�1
2
;�1

�
� ¹1º

�
[
��
0; m�1

2

�
� ¹0º

�
; if m is odd:

(4)

Then .Fm/m2N is a Følner sequence for Z Ì Z2 such that each Fm is a set of representa-
tives for ZÌZ2

.mZ/ÌZ2
.

2.4. Almost finiteness of Cantor minimal Z Ì Z2-systems

Notice that any action ˛ of Z Ì Z2 on a set X is given by a pair of bijections on X .'; �/

such that �2 D IdX and �'� D '�1, so that ˛n;i D 'n� i , for .n; i/ 2 Z Ì Z2.
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There is an isomorphism Z Ì Z2 ' Z2 � Z2 which takes the canonical generators
a; b 2 Z2 � Z2 to .1; 1/; .0; 1/ 2 Z Ì Z2.

Proposition 2.8. Let ˛ WD .'; �/ be a minimal action of Z Ì Z2 on the Cantor setX . The
following holds.

(i) The Z-action induced by ' is free and ˛ is topologically free. If ˛ is not free,
then either � or '� has at least one fixed point.

(ii) If the Z-action induced by ' is not minimal, then there exists a clopen set Y
such that Y \ �.Y / D ;, Y [ �.Y / D X , '.Y / D Y , and 'jY is minimal. In
particular, ˛ is free.

Proof. (i) Suppose that the Z-action induced by ' is not free. Then there is n 2 Z n ¹0º
and x 2 X such that 'n.x/ D x; then 'n�.x/ D �'�n.x/ D �.x/. Hence, the ˛-orbit of
x is finite, which contradicts the fact that ˛ is minimal. Therefore, the Z-action induced
by ' is free.

Suppose that ˛ is not topologically free. Then there is a non-empty open set U � X
and n 2 Z such that 'n� fixes U pointwise.

Fix x 2 U . By minimality of ˛, there is .m; i/ 2 Z Ì Z2 such that 'm� i .x/ 2 U and
'm� i .x/ ¤ x. Furthermore, by multiplying .m; i/ on the left by .n; 1/, we can assume
that i D 0.

Since 'm.x/ 2 U , we get that 'm.x/D 'n�'m.x/D '�m'n�.x/D '�m.x/; hence
'2m.x/D x. But this contradicts the fact that the Z-action induced by ' is free. Therefore,
˛ is topologically free.

If ˛ is not free, then there is n 2Z and x 2X such that 'n�.x/D x. Since any element
of the form .n; 1/ 2 Z Ì Z2 is conjugate to .0; 1/ or .1; 1/, we conclude that either � or
'� has at least one fixed point.

(ii) This is the content of [15, Proposition 2.10] (see also [22, Lemma 4.28]).

The following lemma is a slight modification of [3, Lemma 1.4], and we include the
proof for the sake of completeness.

Lemma 2.9. Let .'; �/ be a minimal action of Z Ì Z2 on the Cantor set X and Y � X
a non-empty clopen set such that �.Y / D Y .

Then there is a partition of Y into clopen sets Y1; : : : ; YK and positive integers J1 <
J2 � � � < JK such that ¹'k.Yi / W i D 1; : : : ;K; k D 0; : : : ; Ji � 1º is a partition of X , and
�'Ji .Yi / D Yi for each i D 1; : : : ; K.

Proof. Define �.y/ WD min¹n > 0 W 'n.y/ 2 Y º, for y 2 Y . From Proposition 2.8, it fol-
lows that the map � is well defined, in the sense that for each y 2 Y there is n > 0 such
that 'n.y/ 2 Y .

It is easy to check that � is continuous. Hence, it has a finite range ¹J1; : : : ; JKº,
where J1 < J2 < � � � < JK . Define Yi D ��1.Ji / for each i . Then the sets ¹'k.Yi / W i D
1; : : : ; K; k D 0; : : : ; Ji � 1º are pairwise disjoint. From Proposition 2.8, it follows that
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the union of these sets is ' and � -invariant, hence minimality of the action implies that
this is a partition of X .

Let us show that �'Ji .Yi / D Yi for each i . Observe first that �'Ji .Yi / � Y since
'Ji .Yi / � Y and Y is � -invariant.

Take y 2 �'Ji .Yi /. Then there is x 2Yi such that yD �'Ji .x/. In particular, 'Ji .y/D
�.x/ 2 Y . Therefore, �.y/ � Ji .

If i D 1, we must then have �.y/ D J1. Therefore, �'J1.Y1/ � Y1. Since �'J1 is
involutive, we conclude that �'J1.Y1/D Y1. Arguing the same way for i D 2; : : : ;K, the
result follows.

Theorem 2.10. Any minimal action of Z Ì Z2 on the Cantor set is almost finite.

Proof. Let ˛ D .'; �/ be a minimal action of Z Ì Z2 on the Cantor setX . It follows from
the fact that ˛ is topologically free (Proposition 2.8) and the Baire category theorem that
there is y 2 X such that if .n; i/; .m; j / 2 Z Ì Z2 are distinct, then 'n� i .x/¤ 'm�j .x/.

LetZ be a clopen neighborhood of y and Y WDZ [ �.Z/. Then �.Y /D Y and, given
N2N, if we takeZ sufficiently small, we can assume that the sets ¹Y;'.Y /; : : : ;'N�1.Y /º
are disjoint. Then, by Lemma 2.9, we can partition Y into clopen sets Y1; : : : ; YK such
that

X D tKiD1 t
Ji�1
kD0

'k.Yi /

and �'Ji .Yi / D Yi for each i D 1; : : : ;K. In particular, '�l�.Yi / D 'Ji�l .Yi / for any l .
Consider the Følner sequence .Fm/ introduced in (4), and notice that

X D

KG
iD1

G
g2FJi

˛g.Yi /: (5)

Furthermore, each Ji � N . By taking N sufficiently big, we can make the shapes of
the castle (5) arbitrarily invariant.

3. Homology of Cantor minimal Z Ì Z2-systems

In this section, we compute the homology groups of Cantor minimal Z Ì Z2-systems.
Given a group � and a �-module M , we denote by M� the quotient of M by the

subgroup generated by elements of the form m �mg, for m 2M and g 2 � . Recall that
M� is canonically isomorphic to H0.�;M/. If i Wƒ! � is an embedding, we denote the
canonical map i�WH�.ƒ;M/! H�.�;M/ by cor.

We will use the following result about the homology of free products, whose proof can
be found in [21, Theorem 2.3].

Theorem 3.1. Let �1 and �2 be groups and M a .�1 � �2/-module. Then, for n � 2,

Hn.�1;M/˚Hn.�2;M/ ' Hn.�1 � �2;M/
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and there is an exact sequence

0! H1.�1;M/˚H1.�2;M/
.cor;cor/
�����! H1.�1 � �2;M/

!M
.cor;� cor/
������!M�1 ˚M�2

.cor;cor/
�����!M�1��2 ! 0:

Given an action of a group � on a topological space X , then C.X;Z/ has a structure
of �-module given by fa.x/ WD f .ax/ for every f 2 C.X;Z/ and a 2 � .

Lemma 3.2. Let a and b be involutive homeomorphisms on the Cantor setX and suppose
that the Z-action induced by ab is minimal. Denote byA andB the abelian groupC.X;Z/
endowed with the Z2-action given by a and b, respectively.

Then .cor;cor/WH1.Z2;A/˚H1.Z2;B/!H1.Z2 �Z2;C.X;Z// is an isomorphism
and the following sequence is exact:

0! C.X;Z/
.cor;� cor/
������! AZ2 ˚ BZ2

.cor;cor/
�����! C.X;Z/Z2�Z2 ! 0:

Proof. By Theorem 3.1, we only need to show that

.cor;� cor/WC.X;Z/! AZ2 ˚ BZ2

is injective.
Take f 2 C.X;Z/ such that .cor;� cor/.f / D 0. This implies that there exist g; h 2

C.X;Z/ such that f D g � ga D h � hb. In particular, fa D f b D �f . Therefore,
fab D f . Since the Z-action induced by ab is minimal, we conclude that f is constant.
Finally, as fa D �f , we must have f D 0.

In order to apply Theorem 3.1 and Lemma 3.2 to Cantor minimal Z2 � Z2-systems,
we need to compute homology groups of the form H�.Z2; C.X;Z//.

Lemma 3.3. Let a be an involutive homeomorphism on a compact, Hausdorff, totally
disconnected space X . Then, for k � 0, we have H2kC1.Z2; C.X;Z// ' C.Fixa;Z2/.

Proof. By [23, Theorem 6.2.2], we have that

H2kC1
�
Z2; C.X;Z/

�
D

®
f 2 C.X;Z/ W f D fa

¯®
f C fa W f 2 C.X;Z/

¯ :
Let EW ¹f 2C.X;Z/WfDfaº

¹fCfaWf 2C.X;Z/º ! C.Fixa; Z2/ be the map given by restriction to Fixa.
Clearly, this is a well-defined homomorphism, and we will show that it is bijective.

Given F � Fixa clopen, take for each x 2 F a clopen set Ux � X such that x 2 Ux ,
Ux \ Fixa � F , and a.Ux/ D Ux . Then there exist x1; : : : ; xn 2 F such that

F D
[
.Uxi \ Fixa/:

LetU WD
S
Uxi . Notice that a.U /DU . Hence,E.Œ1U �/D 1F . Therefore,E is surjective.
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Let us show now injectivity ofE. Take f 2C.X;Z/ such that f Dfa and E.Œf �/D 0,
and we will show that Œf � D 0. We claim that we can assume that f jFixa D 0. Indeed, let
U1; : : : ; Un be a-invariant clopen subsets of X whose union cover Fixa, and such that f
is constant on each Ui . By taking differences, we can assume that these sets are disjoint.
By summing f with functions of the form 2mi1Ui , we get our claim.

Assume then that f jFixa D 0. We have

f D
X

q2Zn¹0º

q1f �1.q/:

Since the support of f does not intersect Fixa, we can, for each q 2 Z n ¹0º, partition
f �1.q/ as f �1.q/ D Aq t a.Aq/, for some Aq clopen. Hence, Œf � D 0.

Lemma 3.4. Let a be an involutive homeomorphism on a compact, Hausdorff, totally
disconnected space X and Ga WD ¹f 2 C.X;Z/ W fa D f and f .Fixa/ � 2Zº. Then

 WC.X;Z/Z2 ! Ga

Œf � 7! f C fa

is an isomorphism and, for k � 1, we have H2k.Z2; C.X;Z// D 0.

Proof. Clearly,  is a well-defined homomorphism, and we will show that it is bijective.
Given f 2 C.X;Z/, suppose that f C fa D 0. Then f jFixa D 0. Take A clopen

neighborhood of Fixa such that a.A/ D A and f vanishes on A.
Then we can partition Ac as Ac D B t a.B/ for some clopen set B . Let g WD f 1B .

Then f D g � ga. Hence,  is injective.
Let us now show surjectivity of . Take f 2C.X;Z/ such that faD f and f .Fixa/�

2Z, and let us show that f 2 Im .
Let U1; : : : ; Un be a-invariant clopen subsets of X whose union cover Fixa, and such

that f is constant on each Ui . By taking differences, we can assume that these sets are dis-
joint. By summing f with functions of the form 2mi1Ui , we may assume that f jFixa D 0.
We have f D

P
q2Zn¹0º q1f �1.q/. Since the support of f does not intersect Fixa, we can,

for each q 2 Z n ¹0º, partition f �1.q/ as f �1.q/ D Aq t a.Aq/, for some Aq clopen.
Let g WD

P
q2Zn¹0º qAq . Then  .Œg�/ D f .

Finally, notice that by [23, Theorem 6.2.2], we have that, for k � 1,

H2k
�
Z2; C.X;Z/

�
D

®
f 2 C.X;Z/ W f C fa D 0

¯®
f � fa W f 2 C.X;Z/

¯ : (6)

Since the right-hand side of (6) is equal to ker , the result follows.

Given a finite index subgroupƒ of a group � , andM a �-module, there is a homomor-
phism trWM�!Mƒ given by tr.Œm�/D Œ

P
gim�, where ¹g1; : : : ; gŒ�Wƒ�º is a complete set

of right coset representatives (this is the so-called transfer map, and it does not depened
on the choice of representatives).
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Theorem 3.5. Let ˛ WD .'; �/ be an action of Z Ì Z2 on the Cantor set X such that the
restricted Z-action is minimal. Let

trWH0
�
Z Ì Z2; C.X;Z/

�
! .1C ��/H0

�
Z; C.X;Z/

�
Œf � 7! Œf C f��:

If ˛ is not free, then tr is an isomorphism. If ˛ is free, then ker tr ' Z2 and it is
generated by Œ1K � � Œ1L�, where K and L are clopen sets such that X D K t �.K/ D
L t '�.L/.

Proof. Let f 2 ker tr. In this case, there is h 2 C.X;Z/ such that

f C f� D h � h': (7)

This implies that h � h' D .h � h'/� D h� � h'� .
Therefore, hC h'� D h� C h'. Composing the right-hand side of this equation with

'�1, we obtain that hC h'� is '-invariant. Since, ' is minimal, we conclude that there
is an integer z such that

hC h'� D �z: (8)

Furthermore, from (7), we get that f C f� � hD�h' D�h' � h� C h� D zC h�:
Therefore,

f C f� � h � h� D z: (9)

LetG� andG'� be as in Lemma 3.4. By Lemmas 3.2 and 3.4, there is an isomorphism

 WC.X;Z/ZÌZ2 !
G� ˚G'�®

.g C g�;�g � g'�/ W g 2 C.X;Z/
¯

such that, for f1; f2 2 C.X;Z/, we have  .Œf1 C f2�/ D Œ.f1 C f1�; f2 C f2'�/�.
From (8) and (9), we get that  .Œf �/ D  .Œf C 0�/ D Œ.f C f�; 0/� D Œ.z;�z/�.
If z is even, then clearly Œ.z;�z/� D 0. Besides, if ˛ is not free, then it follows from

(8), (9), and Proposition 2.8 that z is even.
Now suppose that ˛ is free and take K and L clopen sets as in the statement. Clearly,

Œ1K � 1L� 2 ker tr and .Œ1K � 1L�/D Œ.1;�1/�. Finally, notice that Œ.1;�1/�¤ 0. Indeed,
if there is g 2 C.X;Z/ such that 1D gC g� D gC g'� , then g� D g'� , which implies
that g is '-invariant, hence constant. But this contradicts the fact that 1 D g C g� .

The next result is essentially a summary of what we have obtained so far.

Theorem 3.6. Let ˛ WD .'; �/ be a minimal action of Z Ì Z2 on the Cantor set X .

(i) If ' is not minimal, then there exists Y � X clopen and '-invariant such that
X D Y t �.Y / and 'jY is minimal. Furthermore,

H0
�
Z Ì Z2; C.X;Z/

�
' H0

�
Z; C.Y;Z/

�
;

H1
�
Z Ì Z2; C.X;Z/

�
' Z;

Hn
�
Z Ì Z2; C.X;Z/

�
D 0; for n � 2:
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(ii) If ' is minimal and ˛ is free, then

H0
�
Z Ì Z2; C.X;Z/

�
' Z2 ˚ .1C ��/H0

�
Z; C.X;Z/

�
;

Hn
�
Z Ì Z2; C.X;Z/

�
D 0; for n � 1:

(iii) If ˛ is not free, then

H0
�
Z Ì Z2; C.X;Z/

�
' .1C ��/H0

�
Z; C.X;Z/

�
;

H2n�1
�
Z Ì Z2; C.X;Z/

�
' C.Fix� tFix'� ;Z2/; for n � 1;

H2n
�
Z Ì Z2; C.X;Z/

�
D 0; for n � 1:

Proof. (i) The existence of Y is the content of Proposition 2.8. Notice that

C.X;Z/ ' IndZÌZ2
Z C.Y;Z/:

Shapiro’s lemma [4, Proposition 6.2] implies then that

H�
�
Z Ì Z2; C.X;Z/

�
' H�

�
Z; C.Y;Z/

�
:

Finally, the homology groups of a Cantor minimal Z-system are easy to compute.
(ii) Let us begin by showing that

H0
�
Z Ì Z2; C.X;Z/

�
' Z2 ˚ .1C ��/H0

�
Z; C.X;Z/

�
: (10)

Consider the map

trWH0
�
Z Ì Z2; C.X;Z/

�
! .1C ��/H0

�
Z; C.X;Z/

�
from Theorem 3.5. Since H0.Z; C.X; Z// is torsion-free, it follows that its subgroup
.1C ��/H0.Z; C.X;Z// is torsion-free as well. Since tr is surjective, we conclude from
[6, Section 23 (H)] that ker tr is a pure subgroup of H0.Z Ì Z2; C.X;Z//. By Theorem
3.5, we have that ker tr ' Z2. Therefore, [6, Theorem 24.1] implies that ker tr is a direct
summand of H0.Z Ì Z2; C.X;Z//. This conludes the proof of (10).

The remaining computations of the homology groups in cases (ii) and (iii) are a con-
sequence of Theorem 3.1 and Lemmas 3.2, 3.3, and 3.4. In case (iii), since the Z-action
induced by ' is free, notice that Fix� is disjoint from Fix'� .

Let us now apply Theorem 3.6 to an example which had its K-theory computed in
[3, Corollary 4.4].

Example 3.7. Fix � 2 .0; 1/ an irrational number. Let zX be the set obtained from R
by replacing each t 2 Z C �Z by two elements ¹t�; tCº, and endow zX with the order
topology. Notice that there is an action Z

˛Õ zX by translations (˛n.x/ D nC x). We let
X WD

zX
Z . Then X is homeomorphic to the Cantor set and there is a minimal homeomor-

phism R� WX ! X given by R� .x/ D x C � .
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Furthermore, there is an involutive homeomorphism � on X given by �.x/ D �x and
�.t˙/D t�. Notice that the only fixed point of � is 1

2
, and the only fixed points of R� ı �

are 1C�
2

and �
2

.
It was shown in [17, Theorem 2.1] that H0.Z; C.X;Z// ' Z2 and the generators are

Œ1Œ0C;�C/� and Œ1Œ�C;1C/�. Observe that �� acts trivially on these two elements.
From these observations and Theorem 3.6, it follows that, for k � 1,

H0
�
Z Ì Z2; C.X;Z/

�
' Z2;

H2k�1
�
Z Ì Z2; C.X;Z/

�
' Z2 � Z2 � Z2;

H2k
�
Z Ì Z2; C.X;Z/

�
D 0:

Remark 3.8. In [14], Matui conjectured that ifG is an ample, effective, second countable,
minimal groupoid with unit space homeomorphic to the Cantor set, then

K�
�
C �r .G/

�
'

1M
nD0

H2nC�.G/

for � D 0; 1 (HK conjecture). In [19], the (transformation groupoids of the) Z Ì Z2-
odometers from Example 2.7 were shown to be counterexamples to the HK conjecture.

Let ˛ be a minimal action of Z Ì Z2 on the Cantor set X . If ˛ is not free, then the
associated crossed product C.X/ Ì Z Ì Z2 is AF [3, Theorem 3.5], hence K1.C.X/ Ì
Z Ì Z2/ D 0. On the other hand, it follows from Proposition 2.8 and Theorem 3.6 that
H2nC1.Z Ì Z2; C.X;Z// ¤ 0. Therefore, ˛ is a counterexample to the HK conjecture.

If ˛ is free, it follows from [22, Theorems 4.30 and 4.42] and Theorem 3.6 that ˛
satisfies the HK conjecture. Alternatively, this also follows from Theorem 3.6 and [16,
Remark 4.7].

Remark 3.9. Given an ample groupoid G with compact unit space, the topological full
group of G, denoted by ŒŒG��, is the the group of compact-open bisections U such that
r.U / D s.U / D G.0/.

Given an effective, minimal, second countable groupoid G with compact unit space
homeomorphic to the Cantor set, Matui conjectured in [14] that the index map I W ŒŒG��ab!

H1.G/ is surjective and that its kernel is a quotient ofH0.G/˝Z2 under a certain canoni-
cal map (AH conjecture). Assuming thatG is also minimal and almost finite, Matui proved
that the index map is surjective and if G is also principal, then it satisfies AH conjecture.

We have not been able to verify whether the AH conjecture holds for non-free Cantor
minimal Z Ì Z2-systems in general, but note that in [19] it was shown that the Z Ì Z2-
odometers from Example 2.7 satisfy it.
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