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Iterated Minkowski sums, horoballs and
north-south dynamics

Jeremias Epperlein and Tom Meyerovitch

Abstract. Given a finite generating set A for a group I', we study the map W + WA as a topolo-
gical dynamical system — a continuous self-map of the compact metrizable space of subsets of I'. If
the set A generates I" as a semigroup and contains the identity, there are precisely two fixed points,
one of which is attracting. This supports the initial impression that the dynamics of this map is rather
trivial. Indeed, at least when ' = Z9 and 4 € Z4 is a finite positively generating set containing
the identity, the natural invertible extension of the map W +— W + A is always topologically con-
jugate to the unique “north-south” dynamics on the Cantor set. In contrast to this, we show that
various natural “geometric” properties of the finitely generated group (I", A) can be recovered from
the dynamics of this map, in particular, the growth type and amenability of I'. When ' = 74, we
show that the volume of the convex hull of the generating set A is also an invariant of topological
conjugacy. Our study introduces, utilizes and develops a certain convexity structure on subsets of
the group I', related to a new concept which we call the sheltered hull of a set. We also relate this
study to the structure of horoballs in finitely generated groups, focusing on the abelian case.

1. Introduction

In this paper we study the topological dynamical system associated to a finitely generated
group via the “Minkowski product”. We denote the collection of subsets of a countably
infinite group I" by &#(T"). This space is naturally identifiable with the space {0, 1}T, thus
naturally equipped with a topology turning it into a topological Cantor set.
Any finite subset A C I' defines a continuous map ¢4 : P (I') — P (') given by
oa(W) := WA, where
WA :={wa:weW, acA}

The set WA is often called the Minkowski product of W and A.
Most instances in the literature deal with the abelian case, where the group operation
is usually denoted by 4 and the set

W+A:={w+a:weW, acA}

is called the Minkowski sum.
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Our point of view here is to study (£ (I"), ¢4) as a dynamical system. We ask how
dynamical properties of ¢4 relate to algebraic properties of I' and more specifically to
geometric properties of the Cayley graph of I with respect to the set A. We focus on the
case where 4 is positively generating,i.e. T = | J;—; A" and 1 € A. We call such a pair
(T, A) as above simply a finitely generated group.

In this case limy, o0 @ (W) =T for any non-empty set W C I, so I" and @ are the only
fixed point for @4, and the forward orbit of any set in £ (I") \ {@} converges to the fixed
point I". Thus, the only ergodic ¢4-invariant probability measures on J(I") are the delta
measures 8t and &g. So from the ergodic theory viewpoint, the maps ¢4 are completely
trivial. Nevertheless, from the point of view of topological dynamics it turns out that the
system (P (I"), ¢4) encodes non-trivial properties of the finitely generated group (I, A).

Call a property P of finitely generated groups dynamically recognizable (among a
family § of finitely generated groups) if for any pair of finitely generated groups (I';, A1)
and (I'2, A2) (in the family §) such that (P (I'1), ¢4,) = (P (T2), ¢4,), (I'1, A1) has the
property P if and only if (I, A,) has the property P. This approach is analogous to the
study of group properties only depending on the Cayley graph in geometric group theory.

We show that the following properties are dynamically recognizable:

*  Growth type (polynomial, exponential, ...), see Corollary 4.9.

Rank and volume of the convex hull of the generating set, among {Z¢ : d € N}, see
Corollary 4.10.

* The exponential growth rate among e.g. free groups, Corollary 4.12.
* Amenability, see Corollary 5.8.

From the geometric point of view, the dynamical invariants underlying the above res-
ults are related to a certain convexity structure we introduce on subsets of an arbitrary
finitely generated group (I, A), and to a new concept which we call the sheltered hull.
This is introduced in Section 3. The convexity structure given by the sheltered hull is
related to the notion of a horoball, which we recall and discuss in Section 2.

The dynamical system (£ ('), ¢4) only depends on the directed Cayley graph
Cayley(T', A). One can easily generalize the map ¢4 to general countable, locally finite,
directed graphs (see Section 2), and for many results we do not actually need that this
graph is a Cayley graph. Hence this is the level of generality we assume if it does not add
further complications.

The dynamically recognizable properties above, captured by the sheltered hull, are in
some sense based on “quantifying non-invertibility” of the map ¢4 in a manner which
is invariant under topological conjugacy. It is thus natural to ask if there are dynamic-
ally recognizable properties that can be “detected disregarding non-invertibility”. Thus, in
Section 7 we consider “the invertible analog” of ¢4: Namely, the natural extension of the
restriction of @4 to its eventual image (for brevity we refer to this as “the natural extension
of ¢4”). This is a homeomorphism with “north-south dynamics”, which we discuss and
recall in Section 6. In Section 10 we show that, at least for I' = Zd, the natural extensions
are all topologically conjugate to one another.
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The first part of the paper, up to Section 7, deals with results about general finitely
generated groups (in some cases these are general results about locally finite graphs). In
the second part of the paper, from Section 8 onwards, we specialize to the case I' = Z¢ . In
Section 8 we discuss the structure of horoballs in Z¢ with respect to a generating set A and
show that up to translation these are in a natural bijection with the faces of the convex hull
of A (viewed as a subset of R?). En route we recall some old results about the structure
of iterated Minkowski sums in Z¢ . In Section 9, still working with I = 74, we consider
the space of horoballs (and its closure) as a topological space and a Z%-dynamical sys-
tem. In particular, we observe that its homeomorphism type is uniquely determined by the
rank d (Corollary 9.7). We also provide an explicitly checkable characterization of the
topological conjugacy class of the associated dynamical system (Theorem 9.8). Our proof
in Section 10 that the natural extension of (2 (Z%), ¢4) is perfect, thus topologically con-
jugate to the unique north-south dynamics on the Cantor set, is contrasted in Section 11,
where we show that the topological structure of the eventual image is sensitive to the spe-
cific generating set A C Z¢, already when d = 2. In Section 12 we discuss the problem
of when (£ (I'1), ¢4, ) factors onto (£ (I'2), ¢4,), a problem which for the most part we
have not been able to resolve.

Currently we do not have a reasonable necessary and sufficient condition for the exist-
ence of a conjugacy between (£ (I'1), ¢4,) and (P (I'2), ¢4,), eveninthe case I'| = I, =
74 . This remains an open problem for future work.

2. Horoballs in directed graphs and finitely generated groups

2.1. Quasi-metrics on directed graphs

Let G = (V(G), E(G)) be a countably infinite, locally finite directed graph. We assume
throughout that G is strongly connected, meaning that for every v, w € V(G) there is a
directed path in G from v to w.

Let 2(V(G)) denote the collection of subsets of V(G), which we identify with
{0, 1Y@ equipped with the product topology. Consider the continuous self-map

oG : P(V(G)) - PV(G)),
pc(W) =W U{v e V(G):3Iwe W st (w,v) € E(G)}.

Via the identification of subsets of V(G) with their characteristic functions this can be
rewritten as follows:

Logowy(w) = max{]lW(v) t(v,w) e E(G)orw = v}.

Under the assumption that the graph G is strongly connected, there are precisely two
fixed points for ¢, namely V(G) and @. Also, for any W € P(V(G)) \ {0}, we have
lim,— 00 ¢ (W) = V(G). For v, w € V(G) define

d(w,v) = min{n € Ny : v € ¢ ({w})}.
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The function d : V(G) x V(G) — Ny is a quasi-metric, meaning it satisfies the axioms of
a metric, apart from symmetry. For w,v € V(G), d(w, v) is the minimal number of edges
in a directed path from w to v. For background on quasi-metrics, sometimes also called
“non-symmetric metrics”, see for instance [11, 30]. In the case where G is an undirected
graph (which we think of as a directed graph with edges going both ways), d is called
the graph metric. The reason we allow for directed graphs is to handle non-symmetric
generating sets in finitely generated groups. We can also express ¢g directly in terms of
the quasi-metric as ¢, (W) = {v € V(G) : 3w € W s.t. d(w, v) < n}. Many notions in
metric geometry still make sense in our setting:

We define a geodesic ray in a graph G as a sequence of vertices (¥, )neN, in V(G)
such that the shortest directed path from y; to y; for i > j has length i — j. In particular,
this means that (41, Yn)neN, € E(G) for every n.

For a vertex v € V, we refer to o7, ({v}) as the ball of radius n centered at v. In the case
where the graph G is undirected, this is actually a ball with respect to the graph metric. In
general, for W C V(G) one can think of @7, (W) as ‘the set of elements accessible from
W in n steps’.

The space of balls is clearly invariant under ¢g but it is not a closed subset of P (V(G)).
The new elements arising in the closure are called horoballs.

Definition 2.1. Let G be a locally finite graph. A limit point in P (V(G)) of a sequence
of balls (¢ ({vi}))ien with radii (n;);en tending to infinity is called a horoball in G if
it is non-empty and has non-empty complement. Let Hor(G) be the set of all horoballs
in G.

The definition of horoballs is due to Gromov [10] and comes from hyperbolic geo-
metry. It makes sense in any quasi-metric space. Gromov’s definition is slightly different
from ours, but we will see later in this section that they are equivalent. For the definition
in terms of limits of balls, see for instance [17]. See also [1], where horoballs “tangent to a
base point” are called “cones” (in the context of finitely generated groups, where the base
point is the identity element of the group).

2.2. Busemann balls and Gromov’s horofunction boundary
Busemann balls are horoballs coming from geodesic rays:

Definition 2.2. A Busemann ball in G is a set H € P(V(G)) \ {9, V(G)} of the form
U2, @6 {yr}), where (Yn)nen, € V(G)No is a geodesic ray. Note that this is an increas-
ing union, so H is indeed a limit of balls.

There is a slightly more classical approach to horoballs via Gromov’s horofunction
boundary [10], which we now recall (restricting to the case where the underlying quasi-
metric space is a locally finite directed graph). See [26] and references therein for back-
ground and further details. Fix a base vertex vy in V(G) and consider the space
C(V(G), Z) of integer-valued continuous functions on V(G) with the topology of point-
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wise convergence (in a more general setting one needs to consider real-valued functions,
with the topology of uniform convergence on compact sets). We have an embedding
0:V(G) - C(V(G),Z) via w + @y with gy (v) = d(w, v) — d(w, vg). The elements
of C(V(G), Z) which are in the closure of o(V(G)) but not in o(V(G)) are called horo-
functions. By definition, for every x € V(G), the sublevel sets of the function g, are balls
around x. As in [26], horoballs are sometimes defined as sublevel sets of horofunctions.
The following proposition verifies that in our setting sublevel sets of horofunctions are
exactly accumulation points of balls (one implication follows directly from [26, Proposi-
tion 2.8]).

Proposition 2.3. Let F be a horofunction on G. For every r € Z the sublevel set Hp g :=
{veV(G): F(v) < R} is either a horoball or equal to V(G). Conversely, if H is a
horoball, then there is R € 7 and a horofunction F such that H = HF g.

Proof. Let (0w, )ken be a sequence of functions as above converging to a horofunction F.
Then

By = {v [S V(G) L Owy (U) = R}
= {v € V(G) : d(wg, v) < d(wg, vo) + R}

d s R
= @Ze TR (1

is a sequence of balls converging to HF g.

The set Hr, g is non-empty because for non-negative R every Bj contains vg and for
negative R it has non-empty intersection with {v € V(G) : d(v, vo) = |R|}. Thus, Hr r
is either a horoball or equal to V(G).

Conversely, let ((pf;k ({wg }))ken be a sequence of balls converging to the horoball H .
We will show that ry — d(wg, vo) is bounded. Let u be a point on the ‘boundary of H’,
namely u € pg(H) \ H. For sufficiently large k we have d(wy,u) = rr + 1 and hence
(keeping in mind that d is not necessarily symmetric),

e — d(w. vo)| = |d(wi,u) — 1 —d(wg. vo)| < d(vo,u) + 1+ d(u, vo).

Therefore we can find a subsequence of balls <pg‘ ({wg}) converging to H with ry —
d(wg, vo) constant equal to R € Z.

Next we will show that the corresponding functions @, are uniformly bounded.
Namely for v € V(G) we have |0y, (v)| = |d(wk,v) — d(wg, vo)| < d(v, vo) + d(vo, V)
by the triangle inequality. Therefore we can select a subsequence of (wy)xen such that
Qw, converges to a horofunction F. But then HF  is the limit of the sequence of sets

{veV(G): 0w, (v) <R =ri—d(wg,v)} = {v € V(G) : d(wg,v) < ri}
= g (wi})

and hence Hr p = H. [
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Thus, for fixed R € Z, the map F +— Hp g from the horofunction boundary to the
space of horoballs (and possibly the whole vertex set) is surjective. It is natural to ask the
following.

Question 2.4. When is the map F — Hp g from the horofunction boundary to the space
of horoballs (and possibly the whole vertex set) injective for fixed R € Z?

If we take the limit along a geodesic ray y starting in xo € V(G), the functions o,,
converge to a special kind of horofunction, called a Busemann function, see [18,25]. The
sublevel sets of Busemann functions are precisely the Busemann balls. There are known
examples of Cayley graphs with horofunctions which are not Busemann functions, see
[24,25,28]. In response to a question raised in a preliminary version of this work, Salo [19]
provided various examples of Cayley graphs with non-Busemann horoballs and showed
that connectedness of every horoball is equivalent to “almost-convexity” as introduced
by Cannon [3]. Furthermore, Salo shows that the lamplighter group has horoballs which
are not even coarsely connected. The following observation shows that horoballs that are
minimal with respect to inclusion are Busemann.

Proposition 2.5. Let H be a horoball and v € H. There is a Busemann ball B such that
veBCH.

Proof. Let gag‘ ({wg}) be a sequence of balls converging to H. For each k, let y* =
(Vekk’ yé‘k_l, e, y{f) be a shortest path in G starting in wy = yé‘k and ending in v = y(’)‘.
Because G is locally finite, and in particular has finite in-degrees, we can assume that for
every £ € Ny the sequence (ylk )keN, Stabilizes, hence we can assume that the sequences
y* converge to a geodesic ray y = (Yk)ken, With yo = v. The Busemann ball correspond-
ing to the geodesic ray y is contained in H and contains v. ]

Since unions of horoballs will play the role of the eventual image for the dynamical
systems (L (V(G)), ¢G), we mention the following conclusion of Proposition 2.5.

Corollary 2.6. Every set which is a union of horoballs is also a union of Busemann balls.

As we will see in Section 8, in every Cayley graph of Z”" there are only finitely many
horoballs up to translation. It is thus natural to ask:

Question 2.7. Which Cayley graphs allow for finitely many horoballs up to translation?

Tointon and Yadin [22, Conjecture 1.3] ask if groups of polynomial growth admit
finitely many horofunctions, and recall an observation of Karlsson that an affirmative
solution would yield an alternate proof of Gromov’s theorem on groups of polynomial
growth.

2.3. Iterated Minkowski products, positively generating sets and Cayley graphs

Recall that a subset A in a group T is called positively generating if T' = | J72; A". This

n=
means that A is a generating set for I' considered as a semigroup. Throughout the paper
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when we consider a finitely generated group (I", A), we will assume A is a finite positively
generating set which contains the identity, although we will not necessarily assume A is
symmetric. The Cayley graph Cayley(I', A) for the finitely generated group (I', A) has
vertex set I and edges of the form (g, ga) with g € T" and a € A. In this case the map
@cayley(T, 4) coincides with the Minkowski product maps ¢4 given by

oa(W) 1= WA.

Note that ¢4 is a cellular automaton over the group I', in the sense that it is a continuous
map that commutes with the I" action of translation from the left.

Definition 2.8. For a finitely generated group (I", A) an A-horoball is a non-empty subset
of T that is the limit of balls {g, A} that is neither a ball itself nor the whole set I". We
abbreviate Hor(Cayley (T, A)) by Hor(T', A).

Example 2.9. Consider I' = Z? with the generating set A = {—1,0, 1}2. Then horoballs
are either translated vertical or horizontal halfspaces or translated quadrants. As we will
show, up to translation there are therefore eight of them, corresponding to the 4 edges and
4 vertices of the convex hull of A, which is a square.

We note that Hor(T", A) = Hor(I", A) U {@, T} is a closed I'-invariant subset of (I").
It is natural to wonder what properties of the group I' or of the generating set A can
be extracted from the topology of Hor(I', A) or from the dynamics of the I' action on
Hor(T, A).

Question 2.10. Let A1, A, be two positively generating sets for I'. Is it the case that
Hor(T', A1) and Hor(I", A,) are homeomorphic?

We will later provide an affirmative answer in the particular case I' = Z< (see Corol-
lary 9.7 below).

3. The sheltered hull

From now on let G be a locally finite strongly connected directed graph. Our next goal is to
introduce a convexity structure on the vertices of G. We will use this convexity structure in
later sections to extract an invariant of topological conjugacy. This new convexity structure
might also be of independent interest from the point of view of geometric group theory.

Definition 3.1. Given W C V(G) and r > 0 we define the r-sheltered hull of W to be

SW) :={v e V(G) : p5({v}) S p5(W)}.

The G-sheltered hull of W is then given by

Se(W) = | S¢(m).

r=1
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We call a set W C V(G) G-sheltered if it agrees with its G-sheltered hull. When G is
clear from the context, we omit it and write “sheltered” instead of G -sheltered.

Remark 3.2. In ‘mathematical morphology’, a subfield of image analysis, the operation
W S5 (W) is called closing, see e.g. [20].

Remark 3.3. The definition of the sheltered hull naturally extends to general metric and
quasi-metric spaces. In Euclidean space, the interior of the sheltered hull of a set agrees
with the interior of the convex hull.

We denote by G the graph with the same vertex set as G and the directions of edges
in G reversed, that is, E(G) = {(w,v) : (v,w) € E(G)).

There is an interesting characterization of the complement of S5, (W) in terms of r-
balls of G:

Proposition 3.4. A vertex v € V(G) is contained in the complement of S, (W) if and only
if it is covered by an r-ball in G which is disjoint from W. More precisely,

VG)\ Se) = | {wg () - u € V(G). g5 (u) n W = o).

Proof. Suppose u € V(G) and <pz—;({u}) N W = @ or, in other words, u & g (W). Let

vE goé({u}). Then u € ¢g ({v}) and therefore g ({v}) € @i (W). Thus v & S5 (W).
Now let v € V(G) \ S;;(W). Then ¢, ({v}) contains at least one element u not con-

tained in g, (W). This implies ¢ré {uph) nw =0. |

In analogy to Proposition 3.4 we can characterize the complement of Sg (W) as the
union of all horoballs in G disjoint from W . See Figure 1 for an illustration.

Figure 1. The sheltered hull of three elements (depicted by little guards providing shelter from the
evil horoballs) of Z2 with generator {—1,0, 1}2 and the horoballs covering the complement.
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Proposition 3.5. For every non-empty subset of W C I" we have
V(G)\ S¢(W) = | J{H € Hor(G) : HN W = @}.

Proof. Let v € V(G) \ Sg(W). By Proposition 3.4 for every r € N there is a vertex
u, € V(G) such that cp ({u,}) is disjoint from W but contains v. Let (r¢)xen be a growing
sequence of radii such that P "k ({u e 1) converges to a limit H . Since v is contained in H
and H N W = @, this limit H is neither empty nor the whole of V(G). Hence we found
ahoroball H withve Hand H N W = 0.

Now let v be in Sg(W). By deﬁniti(gl there is r € N with g5 ({v}) € (p&(W);Since
@i ({v}) is finite, there is a finite subset W of W such that already ¢, ({v}) € ¢ (W) and
thusv e S g(W) forall R >r.In pjlrticular, every ball in G witll radius R > r containing
v has non-trivial intersection with W by Proposition 3.4. Since W is finite, this also means
that every horoball in G containing v must intersect W C W. Therefore v is not contained
in | {H € Hor(G) : HNW = 0}. "

There is an analogy between sheltered sets in graphs and convex subsets of R¥, as
sheltered sets actually form an abstract convexity structure in the sense of [23]:

Proposition 3.6. For any directed graph G the sheltered sets in G fulfill the following
axioms:

(@) 9, V(G) are both sheltered.
(b) The family of sheltered sets is closed under arbitrary intersections.
(c) The union of an increasing chain of sheltered sets is sheltered.

Furthermore, for any W C V(G) the sheltered hull Sg (W) is equal to the intersection of
all sheltered sets containing W.

Proof. (a) This is clear by definition.

(b) Let M be a family of sheltered sets. By Proposition 3.5 we know that a set W is
sheltered if and only if every element in its complement is contained in a horoball in G
disjoint from W. For every v € V(G) \ (M there is W € M with v € V(G) \ W and
hence there is a horoball H disjoint from W with v € H. But then H is also disjoint from
(M, and thus () M is sheltered.

(c) Let Wi € W, € W3 C --- be an increasing chain of sheltered sets with W =
Ure; Wk. Letv € V(G) \ W and hence v € V(G) \ Wy for all k € N. We want to find
a horoball in G disjoint from W containing v. By Proposition 3.4 we know that for each
k € N we can find a ball (pg‘ ({vg}) which contains v and which is disjoint from Wj. By
compactness we can take a subsequence of these balls converging to a horoball H in G.
Clearly v € H and if there would be u € H N W, then for sufficiently large k we would
have u € ¢z " ({vg}) and u € Wy, since the later sets are monotonically increasing. But the
set W and 95 "k ({vg }) are disjoint, thus H N W = @. Therefore W is sheltered. |
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Remark 3.7. By Proposition 3.5 and Proposition 3.6 given a directed graph G, the shel-
tered sets form a convexity structure generated by the complements of G-horoballs in the
sense that they are the smallest family of sets closed under intersections and unions of
increasing chains which contains G-horoball complements. Notice the analogy with the
situation in R” where the usual convexity structure is generated by the set of all half spaces
(or equivalently the complements of half spaces). A similar concept of convex hull was
considered in [7], but there the convexity structure is generated by the horoballs instead
of their complements.

Remark 3.8. Since every G-horoball is the union of G-Busemann balls by Proposi-
tion 2.5, a set M is G-sheltered if and only if every point in its complements is contained
in a G-Busemann ball disjoint from M. In other words, the convexity structure of G-
sheltered sets is also generated by the complements of G -Busemann balls.

Let us now turn our attention back to Cayley graphs. Let I" be a finitely generated
group and let A be a positively generating set containing the unit. For g € I" we denote

Igla = d(1r,g) = min{n € Ny : g € A"}.

To simplify notation we denote Séayley(G, 4 and Scayley(G,4) by S) and Sy4.

A dead end for (I', A) is an element g from which no element of word length larger
than |g|4 can be reached via one of the generators. Equivalently, g is a dead end if and
only if p4({g}) € Al8l4. This notion is due to Bogopolskii, see [2].

Proposition 3.9. For everyn € N with S4(A") \ A" # @, there is at least one dead end
inT \ A"

Proof. Letw € S4(A™)\ A". Letm > 1 be the minimal positive integer such that wA™ C
A™T™ Then m is finite by the definition of S4(A™). Since m was chosen minimal, there
must be v € wA™ !\ A%~ Hence |v|q > n + m and therefore vA € wA™ C
Amtm C AlYla | This shows that v is a dead end outside of A”. [ ]

Corollary 3.10. If (I, A) has only finitely many dead ends, then S4(A™) = A" for suffi-
ciently large n.

Proof. If (T, A) has only finitely many dead ends, then there is n € N such that all dead
ends are contained in A” and then S4(A") = A” by Proposition 3.9. |

Remark 3.11. While some groups have “very few” dead ends, Suni¢ shows in [21, The-
orem A.1 3] that every group has a generating set with respect to which it has at least one
dead end.

Another bound on the size of the sheltered hull can be given in groups with more
than one end. The number of ends of a finitely generated group (I", A) with a symmetric
generating set is the minimal number 7 in N U {oco} such that the removal of every finite
vertex set from Cayley(I", A) leaves at most # infinite connected components. The number
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of ends of a group is independent of the generating set and is contained in {0, 1, 2, co} by
a result of Freudenthal.

Proposition 3.12. [f T is a group with more than one end and A is a symmetric generating
set, then there is C € N such that S4(A") € A"t for any sufficiently large n.

Proof. The proof is an adaption of an argument of Lehnert [13, Theorem 2] showing that
groups with more than one end have bounded dead end depth. The idea behind the proof
is to find a uniform bound on the distance from group elements to their closest geodesic
ray. Since T" has more than one end, there must be k € N such that removing A* from
Cayley(I', A) generates at least two infinite connected components. Set C := 2k, consider
n>kandletu € '\ A”FC. Let m € N be arbitrary. Since Cayley(T", A) is invariant
under translation by u, the removal of uA¥ from Cayley(I', A) also generates at least two
infinite connected components.

Take a geodesic ray y starting at 1 which eventually stays in a connected component
not containing 1. This ray must cross uA¥. Let v be the last vertex on y in uA¥. Let w
be the (m — k)-th vertex on this ray after v. Then

d(lr,w) =d(Ir,v) + (m — k)
>d(r,u)—k+m—k
>n+C—-2k+m=n-+m,

du,w) <du,v)+dw,w) <k+ m-—k)=m,

hence w € uA™ \ A"*™. Since m was arbitrary, this shows that uA™ is not contained in
A" for all m so u & Sq(A"). n

Question 3.13. Which finitely generated groups I" have the property that for some finite
positively generating set A the sheltered hull S4 (W) is finite for any finite W C I'? Does
this depend on the positive generating set A?

Example 3.14. Consider the Heisenberg group H, given by the standard presentation
H = <a,b | [a,[a,b]],[b,[a,b]]).

This is the simplest example of a non-abelian finitely generated nilpotent group. With
respect to the generating set A = {a, b, a1, b1, e}, there are finite sets whose sheltered
hull is infinite. More precisely, any subsets of H which contains A2 has an infinite shel-
tered hull. This is a consequence of the following result: If we abbreviate the commutator
of @ and b by ¢ := [a, b], then for any m € N there exists n € N such that ¢ A" C A2,
This last result can be extracted (with some additional arguments) for instance using [27,
Proposition 5.3], which involves a certain “normal form” for elements of H .

On a first glance, there seems to be a strong resemblance between the infiniteness
of S4(A™) and unbounded dead end depth: If w € S4(A"), then there is m € N such
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that wA™ C A"t If w has dead end depth at least m, then wA™ C AW The next
example shows at least that these conditions are not equivalent. We currently do not know,
if bounded dead end depth implies finiteness of S4(A"). In a preprint of this paper, we
claimed to show that, but the alleged proof contained an error.

More precisely, we show that while the standard lamplighter group with standard
generators has dead ends of unbounded depth, the sheltered hull of every finite set is
nevertheless finite.

Example 3.15. The lamplighter group L := 72 Z is given by the presentation

L={at]|a*[a,t"at"]).

TPl

This is a finitely generated solvable group of exponential growth. The generator “a” cor-
responds to “switching a light”, “¢” corresponds to “moving the lamplighter”. With respect
to the generating set A = {a,t*!, e}, L has dead ends of unbounded depth. Indeed, the

element
w=a"".  a"D g q® . g,

where ¢ = t~at’,is a dead end of depth at least n + 1. The element w is depicted in
Figure 2.

-n, -n-1 -n 0 N ntl n+)

Ny Ny ]

Figure 2. A dead end in the lamplighter group of depth .

The element w corresponds to “the lamplighter standing at zero with lamps from —n
to n switched on”. Note that w has length 6n + 1 with respect to the generating set A
because one needs 7 steps to move from the origin to position n, 2n steps to move to —n,
and n steps to move back to the origin, and additionally there are 2n + 1 lamps to switch
on. Moving the lamplighter within the range from —n to n only decreases the length of w,
as we do not have to move the lamplighter back to the origin at the end of the movement.
Switching lights off also decreases the length of w, hence wA” € A™! and w is a dead
end of depth at least n + 1.

Nevertheless, the sheltered hull of every finite subset of the lamplighter group L with
respect to the generating set A is finite, as shown by the following proposition.

Proposition 3.16. The sheltered hull of every finite subset of the lamplighter group L =
737 = (a,t | a2, |a,t™"at"]) with respect to the generators {a,t*', e} is finite.



Iterated Minkowski sums, horoballs and north-south dynamics 257

Proof. More precisely we will show that for every m € N if w € S4(A™) then the lamp-
lighter in w is positioned within —m, ..., m and there is no lamp switched on outside of
{-m,...,m}.

Assume the lamplighter in w is positioned at k € Z with |k| > m. Assume without loss
of generality that k > m. The element wa” has the lamplighter at position k +n > m + n,
hence wa™ & A™*" for every n. Thus w & Sq(A™).

Now assume the lamplighter in w is positioned at k € {—m, ..., m} and there is a light
switched on in w at position £ outside of {—m, ..., m}. If £ > 0, consider the element
wa~". Tt still has a light switched on at £ and the lamplighter is positioned at k —n <
m < £. Hence wa™" has length at least £ 4+ £ — (k — n), since the lamplighter has to
get to £ and then back to k —n. But 2 —k +n > 2m —m 4+ n = m + n. Therefore
wa™" ¢ A" and w & S4(A™). If on the other hand £ < 0, the same reasoning for wa”
leads to w & S4(A™). Therefore |S4(A™)| < (2m + 1)22™T1 < co. Now every finite set
M C L is contained in A™ for some m and Sq(M) C S4(A™). |

4. Growth related conjugacy invariants for ¢

In this section we will show that we can recover some “coarse geometric” properties of a
graph G from the dynamics of the map ¢g. We begin by showing how to characterize the
finite vertex sets “dynamically”.

Definition 4.1. Suppose ¢ : X — X is a function. Define
Fin(p) :={x € X : [¢7"({¢" ™" (x)})| < oo forall r,n € N}.

Lemma 4.2. Let G be a countable, strongly connected locally finite directed graph. Then
Fin(pg) = {M S V(G) : M| < oo}

Proof. Let M be finite. Then ¢ (M) is also finite for every r,n € N. Every subset
N C V(G) with ¢ (N) = " (M) must be a subset of ¢ (M), hence there are only
finitely many such sets. This shows M € Fin(¢g).

Now let M C V(G) be infinite. We will show that |5 (¢ (M))| = oo, andso M ¢
Fin(pg). Since M is infinite and G is locally finite, we can choose an infinite 1-separated
set N C M. By this we mean that N is an infinite subset of M such that v; &€ ¢g ({v2})
for all vy, v, € N with vy # v,. Define

M':= (¢g(M)\ ¢6(N)) UN,
M" = g&(M)\ M" = ¢G(N) \ N.

The sets M’ and M"” are clearly disjoint. From the fact that N is infinite and 1-separated,
it follows that both M’ and M" are infinite. We will show that U U M’ € ¢ (p¢ (M)
forevery U € M”. Since {U U M’ : U C M"} is infinite, this will complete the proof.
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LetU € M"”. Clearly o (U UM’') C (pg (M). On the other hand

95 (M) = 96 ((9& (M) \ p6(N)) U ¢ (N))
C 96(M') U gZ(N)
Cog(M") UM Ugg(N)
C9c(M') C pc(M"UU). "

Definition 4.3. Let (I", A) be a finitely generated group. Define

LHM) = (N ST ¢f(N) = gf (M)} = o* (e (M)},
LY (M) = log, |£5(M)).
We cannot access the size of subset M C V(G) via the dynamics of ¢4 and therefore

will use Lﬁ (M) as a substitute. The next two lemmas show that this might be feasible.
We start by showing that the map M — Lff1 (M) is monotonous for fixed k.

Lemmad.4. Letk € N and let M, M' C V(G) with M € M'. Then LK (M) < LX(M").

Proof. Defineamap W : £X(M) — V(G)by N - N U (M’ \ Sk(M)). For N € £X(M)
we have go’j(N) = <p1’;(M), hence N C Sf(M). Therefore W(N) N Sf(M) = N. This
shows that the map is injective. To prove our claim, it is now enough to show that the image
of W is contained in éfifl (M), or in other words, that (pﬁ (¥ (N)) = (plj (M"). Since N C
Y(N) and go]j(N) = (pﬁ (M), it is enough to show that (pﬁ(M’) \ (pﬁ (M) C (pﬁ (W(N)).
Lety € <p§(M’) \ (pﬁ(M). There must be x € M’ with y € goﬁ({x}). Since y ¢ (pﬁ(M),
this implies (pﬁ (x) & (pﬁ (M), hence x ¢ S}l‘ (M). Together this shows

y € gk ({x)) S ok (M’ \ k(M) € pk(W(N)). n

Recall that A is positively generating and contains the identity, hence there exists
g € Nsuch A7 C A9,

Lemma 4.5. Let (T, A) be a finitely generated group and let ¢ € N be as above. Let M
be a finite non-empty subset of T' and let k be a positive integer such that M C A*. The
following inequalities hold for every r € N:

_ k k
i (M)| < LETPCTR @ (M) < |8V on ().
Proof. If <ngq+1)(r+k)({v}) - (p51q+1)(r+k) (¢ (M)), then by definition
k
v e STV (my),

This establishes the upper bound on qu+l)(r+k) (M). To prove the lower bound on
qu+1)(r+k) (M), we verify the identity

k k _
QDR M)y = pUTDCR or (M) \ @ (M)).



Iterated Minkowski sums, horoballs and north-south dynamics 259

Clearly the set on the right-hand side is contained in the set appearing on the left-
hand side of the identity we wish to check. Since I is infinite, there is a point y € M’ :=

(M) \ goz_l(M). Hence 1 € (pjlflk({y}) C <pz(r+k)(M’) and so

<,0:1_1(M) C ¢§+r—l+q(r+k)(M/) c ¢1§q+1)(r+k)(M/).
Thus

k k _ _
P @TDCTR (Gr (M) = (PO )\ T (M) U o7 (M)
k _
C pU@TDCER (o (M) \ o (M)). -

We recall notions of strong domination and strong equivalence for functions on the
integers, following [6, Chapter VI]:

Definition 4.6. A function f; : N — N is said to strongly dominate a function f, : N — N
if there is a constant C > 0 such that f>(n) < f1(Cn) for all n € N. Two functions f;
and f; are said to be strongly equivalent if they strongly dominate each other.

It is easily verified that strong equivalence is indeed an equivalence relation.

Definition 4.7. The growth function of a finitely generated group (I, A) is given by
re A7

Theorem 4.8. Let (I, A) be a finitely generated group and let ¢ € N be such that A~' C
A9. Let M C Fin(@4) be non-empty and let k and q be such that M € A* and A=' C A9.
Then the growth function of (I, A) is strongly equivalent to the function

ri L{ (g n).
Proof. Using the left inequality in Lemma 4.5, we have
I3 )] < LIV 03 (M),
Since M is non-empty, we have [42"~!| < |p3"}(M)|, and as r < 2r — 1, it follows that
|AT| < Li(q-i-l)rk (@jr (M)).
On the other hand, using the right inequality in Lemma 4.5 and

S{gq-'_l)rk(M) c S§q+1)rk(Ar+k) c A(q+l)rk+r+k’

we conclude that Lﬁlqﬂ)'k (ph(M)) < |Ala+Dkr| .

Corollary 4.9. Let (I'1, A1) and (I's, A2) be finitely generated groups. If 4, and ¢4, are
topologically conjugate, then I'y and I's have strongly equivalent growth functions.
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Proof. Suppose @ : P (I'1) — P(I'2) is a topological conjugacy between ¢4, and ¢4,.
Take a non-empty M; € Fin(gpy,), and let M, = ®(M;). Clearly M, € Fin(gg4,) is non-
empty. Also, forany r,¢q,k € N,

L™ (ol (My) = L™ (@(¢), (M1))) = LEY V(0 (M2)).

Choosing k and ¢ large enough to apply Theorem 4.8, it follows that the growth functions
of (I'1, A1) and (I',, A») are equivalent. [

When I' = Z4, we can say more:

Corollary 4.10. Let A; and A, be positively generating sets of .91 and 7.% respectively,
both containing 0. If ¢4, and @4, are conjugate, then di = d, and volg, (conv(A4,)) =
volg, (conv(A53)).

Proof. The growth type of Z¢ is n — n? and these growth types are different for pairwise
different d. Recall that by [13] (Z¢, A) has only finitely many dead ends (the statement
in [13] is only for symmetric generating sets, but the proof goes through for positively
generating sets). By Corollary 3.10, we have Sq(A") = A" for sufficiently large n (we
use multiplicative notation here for the group operation, even though the group is Z%).
Therefore, for M € Fin(p,4), ¢ so that A~! € A9, k so that M < A* and large r,
L| r—1| < LL(CI'H)rk( r(M)) < L|Ar+k|
d = ata Y4 = d :
Sending r to infinity, the left and the right side of this inequality both converge to
vol(conv(A)), a fact which follows directly from Proposition 8.1 below. Therefore

.1 - k k
lim r—dlogz}qu (@+Dr ({¢§q+1)r (¢£(M))})| = vol(conv(A)). n

r—>0o0

Definition 4.11. For /' : N — N we call w( f) = lim, .« v/ f (1) the exponential growth
rate of f if this limit exists.

An argument very similar to that in the proof of Corollary 4.10 shows that for free
groups of rank at least 2 the exponential growth is also “dynamically recognizable”.

Corollary 4.12. Let (T'y, A1) and (I'2, Ay) be two finitely generated groups with infin-
itely many ends. If g4, and @4, are topologically conjugate, then Cayley(I'1, A1) and
Cayley(I'2, Ay) have the same exponential growth rate.

5. Amenability
Throughout this section (I, A) will be a finitely generated group, and ¢ € N will be a

constant such that A~! C A4. The aim of this section is to show that amenability of (T, A)
can be characterized in terms of the dynamics of ¢g4.
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Recall that a sequence (My)nen of finite subsets of I' is called a (right) Fglner
sequence if for any g € I', [ Mg \ M,|/|M,| — 0 as n — oo. Existence of a Fglner
sequence is one of many equivalent conditions for amenability of a group [8]. The follow-
ing lemma states two of many well-known equivalent conditions for a sequence of subsets
to be a Fglner sequence. See for instance [5, Chapter 4] for details.

Lemma 5.1. For an increasing sequence (My)neN of finite subsets of T the following are
equivalent:

(1) M, is a Fglner sequence.
(2) Thereis{ > 1 with |<pﬁ(Mn)|/|M,,| — L
(3) There is £ > 1 with |p§(My) \ My,|/|M,| — 0.

Lemma 5.2. Letk € N and let M, N C T with oX(M) C ¢k (N). Then
k k

@k (N 0 M) U (o) \ M) = g (o ().

Proof. Clearly
k NNMU (g+1k M M cC ko (g+1)k M

@ (( YU (g (M) \ M) S gi(pg ™ (M),

Let us show the other inclusion. Suppose u € (pﬁ ((prFl)k (M)). We need to show that
k
u € gk (N N M) U (V% (M) \ M)).

Ifue ¢§(¢£q+1)k (M) \ M), we are done. So assume that u ¢ ¢§(¢§q+l)k(M) \ M).
Thus,

u € k(M) \ (o5 (@ (M) \ M)).

In particular, because (pﬁ (M) c goif (N),wehaveu € (pﬁ (N), so there exists v € N so that
ue (pﬁ({v}). Hence

v e ol*(u}) < o4 V* ().

But the assumption u & (pﬁ ((pfqu)k (M) \ M) together with u € <p§ ({v}) implies that
v € M. We conclude that u € (pﬁ (N N M). This completes the proof. |

Lemma 5.3. Let M C Fin(p4) and k € N. If{ > (q + 1)k, then

LE(@§ (M) < LK@ TVR (M) + 1515 (M) \ M.

Proof. Consider the map

W 2R @R (M) x PR (M) \ M) — o5 (M),
\P(Wl, Wz) = WlAWZ.
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k
(p‘glI‘f‘l) (M)

W] W2

Figure 3. Illustration of the decomposition of W in the proof of Lemma 5.3.

We have to show that é(iﬁ ((,of1 (M)) is contained in the image of W. Let W € élif; ((pﬁ (M)).
Then (see Figure 3)

W = W1 AW, with
Wi o= (W N M) U (oS (M) \ M),
Ws = (9T VR (M)A (M UW)).

By Lemma 5.2 the set W is contained in Iﬁ (¢/(1q+1)k (M)). Since W € éﬁﬁ (gof1 (M))
f(wﬁ"’k (M)) and W, N M = @, we also have W, C goﬁ"'k (M)\ M. L]

Lemma 5.4. Let H be a finite undirected graph such that every connected component
contains at least two vertices. Then H has a vertex cover of size at most |V (H)|/2.

Proof. Choose a spanning tree in every connected component. Since every one of these
spanning trees is bipartite, we can pick the smaller of the two partition classes in each of
them. Since all our spanning trees contain at least two vertices, the picked vertices form a
vertex cover and we picked at most half of the vertices. ]

Lemma 5.5. Let M C Fin(py). Then for allk > g, £ > 1 we have Lfl((pﬁ (M)) = %|M|

Proof. Form the following graph H . The vertices of H are the elements of ¢4 (M) and we
add an edge between u and v in g4 (M) if u € ¢ ({v}) and v € ¢ ({u}). Since for every
a€Aandu € M wehave u = uaa™' € p4-1({ua}) C <p;11 ({ua}) and ua € 4 ({u}), every
connected component of H contains at least two vertices. Hence by Lemma 5.4 we can
find a subset W C @4 (M) with |W| < %|(pA (M)| such that for all elements v € g4 (M)
there is a vertex w € W with v € (pj ({w}), hence p4(M) C (pif(W). Thus for every set
N C @4 (M) with (9§ (M) \ g4(M)) UW C N we have ¢k (N) = ¢k (p{(M)). Since
there are 2124(MI=IWI guch sets, we have Lﬁ (gofl(M)) > %l(pA (M)| = %|M|. |
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Lemma 5.6. Let k € N and let M C Fin(py). If £ > (¢ + 2)k + 3, then
k — _
LE(@i (M) = L (M) + o7 (M) \ 97> (M),
Proof. By definition of Lfl, we need to prove that
k — —
£ (@i (M))] = [Lh (e (M) x P (M) \ o> (M))].
We prove this by constructing an injective function
k - _
W L) x P (e (M) \ 9T (M) — Lh(ef(M)).
This is given by
— — k
V(0. P) = (¢f (M) \ ¢ (M) U P U (g >(M) \ o2 (M) U Q.
First we check that the image of this map lies indeed in éﬁfl ((pﬁ (M)). Let
k — —

(0. P) € Z(p V(M) x P (o7 (M) \ 9> (M)).

It is clear that (pﬁ (¥ (Q, P)) < <p§+( (M). We also have
— — k
(M) \ o (M) U (72 (M) \ P (M)
k
= oD\ @M (M) < f(W(Q. PY).

. k
Finally, ¢k (Q) = ¢ ™ (M), hence ¢} *(M) < ¢k (¥ (0, P)).
It is now enough to check that W is injective. This follows from

P =W(Q.P)N (g5 (M) \ g5 (M)).
k
0 =w(Q. P)Nef ™ ). .
Theorem 5.7. Let (I, A) be a finitely generated group and let ¢ € N be such that A~' C
A4. Then T is amenable if and only if there is a sequence of finite sets (My)neN in Fin(gy4)

such that €+5)
Lo (M)

=% LA (g (M)

1. (5.1

Proof. Let I' be amenable and let (My,),en be a Fglner sequence. By Lemmas 4.4, 5.3
and 5.5 we have
| LA T () \ M|
TLY@TI M) T LTV (M)

<1+ 2|§0/(1q+6)q(Mn) \ M,|
- | My |

s
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where the last inequity follows from Lemma 5.5. By Lemma 5.1 the right-hand side con-
verges to one and therefore (5.1) is satisfied.

On the other hand assume that (M,),eN is a sequence in Fin(gy4) satisfying (5.1). By
Lemma 5.6 we have

LEG@AT™ M) ef T (M) \ g (M)

LA (@¥tD (M) ~ L% (p¥ D (M,,))
L T M) \ T (M)
N P (M,,)|

4O M) \ @ T

=1 {0972 (M)

Since we assumed that the left side of this inequality converges to one, this shows that

lalos ™ (M) \ @i VM)

0.
V92 (M)

Hence by Lemma 5.1 the sequence (<,0§1“7+5)‘F2 (My))nen is a Fglner sequence and T is

amenable. [

Corollary 5.8. Let (I'1, A1) and (T2, A2) be finitely generated groups such that ¢4, and
@4, are topologically conjugate. If I'1 is amenable, then ' is amenable too.

6. North-south dynamics

Definition 6.1. A homeomorphism 7 : X — X of a compact metric space X is said to
have north-south dynamics if there are precisely two fixed points x T, x~ € X for T such
that lim,, 00 T"(y) = xT forevery y € X \ {x~} and lim,, oo T~"(y) = x~ for every
yeX\{xT}

Two simple examples of homeomorphisms with north-south dynamics are the map
t > +/t on the interval [0, 1] and the map n +— n + 1 on the two-point compactification
Zioo =Z U {+00,—00}.

For any homeomorphism 7' : X — X the map S(7) : S(X) — S(X) given by

S(T)(x.1) = (T(x), V1)

has north-south dynamics. Here S(X) is the suspension of the topological space X given
by

S(X) = (X x[0,1])/~,
(x1,11) ~(x2,12) <= t1 =t =0o0rt; =1, = lor(x1,t1) = (x2,12).
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So for instance the suspension of the d-dimensional sphere is the (d + 1)-dimensional
sphere.
In a similar way we can define Sz(7T') : Sz(X) — Sz(X) by

Sz(T)(x,n) = (T(x),n + 1),
where Sz (X) is a disconnected analog of the suspension given by

Sz(X) = (X X Zxoo)/~.

(x1,n1) ~ (xp,n3) < ny =hny =+ooorn; =ny =—o0or (xy,n1) = (x2,n3).

A complete characterization of north-south systems was obtained for many spaces, see
[15] for a survey of known results. This includes the Cantor set for which the following
uniqueness result was obtained in [14]. We include a short proof for self-containment.

Proposition 6.2. Up fo topological conjugacy there is a unique homeomorphism with
north-south dynamics on the Cantor space {0, 1}N.

Proof. We will show that any north-south dynamics on a Cantor space is topologically
conjugate to the “standard” north-south dynamics ¢(x,n) = (x,n + 1), ¢ : Sz(C) —
Sz (C) where C is a Cantor space and Sz (C) is the “disconnected suspension” defined
above. It is easy to check that Sz (C) is compact, totally disconnected, second countable
and has no isolated points, so it is a Cantor space.

Let X be a Cantor space and 7 : X — X be any homeomorphism with north-south
dynamics. Let D be an clopen neighborhood of the unique positively attracting fixed point
x7 such that X \ D is a neighborhood of the unique negatively attracting fixed point x~.
For every point x € X \ {x*, x~} the expression np(x) = sup{n € Z : T"(x) € X \ D}
is a well defined integer. We want to show that

C:={xeX\{xT.x"}:inp(x)=0} =(X\D)N m T*(D)
k=1

is a clopen set in X. For every point x € X \ {xT} there is k > 0 such that 7% (x) e
X \ D, hence (N2, T5(D) N (X \ D) is empty. By compactness there must be N € N
such that already the finite intersection ﬂ,ivzl Tk(D) N (X \ D) is empty. In other words,
Ni—, T*¥(D) C D and therefore

N
(\T7%D) < T~ N*+D(D).
k=1

Thus
N+1

N
(\T7%D)= () T77%D) c 7"V (D).
k=1 k=1
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By induction we obtain

N oo
(\T7*D)=(T7*D).
k=1 k=1
This shows that C = (X \ D) Nz, T—k(D) is indeed a clopen subset of X hence a
Cantor space itself. Notice that the orbit of every non-fixed point x of T intersects C in
precisely one point, namely 7”2 (x), since np (T (x)) = np(x) — 1.
Let yT be the attracting and y~ the repelling fixed point of ¢. We define

+ +

y ifx=x7,
P:X - Sz(C), P(x)=4y" ifx =x7,

(Tnn(x) (x),—np(x)) otherwise.

It is clear that @ intertwines ¢ and T and that it is bijective. To complete the proof, we
check that & is continuous.

Let (x,)neN be asequence of points in X so that lim, 0o X, = x € X. If x &{x7,xT},
then x € T7"?™)(C). Since T7"?™(C) is open, it also contains x, for sufficiently
large n. For these n we have

D(xn) = (T2 (x,), —np (x)) = (T (x), —np (x)) — D(x).

If x =x7, thennp(x,) = —ooc and ®(x,) — y*. Similarly, if x = x~, then np (x,) — 0o
and ®(x,) —> y~. ]

7. The eventual image and the natural extension of ¢¢

Let (X, ) be a topological dynamical system, not necessarily invertible. Namely X is a
compact topological space and ¢ : X — X is a continuous self-map. The eventual image
(also called the maximal attractor) is given by Evt(¢) := (,—; ¢" (X).

Proposition 7.1. For a non-empty set M C V(G) with M # V(G) the following are
equivalent:

(1) M is in the eventual image (), 0 (P V(G))).

(2) M is the union of arbitrary large balls, i.e. for every r there is M’ C M such that

M = o5 (M').

(3) M is a union of horoballs.

(4) M is the union of Busemann balls.
Proof. Conditions (1) and (2) are obviously equivalent as for any M’ C V(G) andn > 0

we have g (M') = Jyepr 9 ({w}). Assume now that M is a union of arbitrary large
balls. For every v € M there is a sequence of points wy and increasing radii r; such that



Iterated Minkowski sums, horoballs and north-south dynamics 267

v € (pg‘ ({wr}) € M. Taking a limit along a subsequence, one obtains a horoball in M
containing v. That every union of horoballs is a union of Busemann balls and vice versa
follows directly from Proposition 2.5. Condition (4) implies (2) because every Busemann
ball is an increasing union of arbitrary large balls. ]

In view of the above proposition, we call elements of Evt(¢g) horoballunions.
The natural extension of a dynamical system (X, ¢) (which is not necessarily injective
nor surjective) is the dynamical system (X, ¢) where

Xp = {% € X% %y41 = @(%y) foralln € Z},
and ¢ : Xw — X¢, is the shift given by
P(X)n = ¢(Xp).

Note that ¢(X),, = X,+1 for every x € X¢, and n € Z. It follows that ¢ : X(a — Xw isa
homeomorphism. The natural extension factors onto the eventual image via the projection
X > Xo. Every morphism from an invertible system factors through the natural exten-
sion. In particular, any other invertible extension of the eventual image factors through the
natural extension.

For a countably infinite graph G, the natural extension of (£ (V(G)), (pg) is topolo-
gically conjugate to the map (xXy)yev(G) — (¥» + 1)yev(G) on the space Xg C Zioo ,
consisting of the two points x1 := (+00)"(@ and x~ := (—00)"(@ and all the points
x € ZV(9 that satisfy:

* Forevery v € V(G) there exists w € V(G) such that (w,v) € E(G) and xy, = x + 1.
* Forevery (v,w) € E(G) one has x, < xy, + 1.

In the case of an undirected graph, we can say that the natural extension of ¢g :
PV (G)) - P(V(G)) is “pointwise incrementing by 1 on the two-point compactific-
ation of the integer-valued 1-Lipschitz functions on V(G) without local maxima”. With
this identification, the natural extension of the subsystem corresponding to the closure of
the horoballs consists of Z-valued functions which are vertical translations of horofunc-

tions (with the two additional points x~ and x “at infinity”), see Proposition 2.3.

Proposition 7.2. Suppose G1,G; are both countable, strongly connected locally ﬁnite dir-
ected graphs. Let (X G;»9G; ) denote the natural extensions of pg, fori =1,2. If X G, and
X G, have no isolated points, then (X G1> 96, ) is topologically conjugate to (X Goys DG, )-

Proof. For any strongly connected, countable graph G the natural extension of ¢g has
a unique attracting fixed point x* given by x,7 = V(G) for every n € Z, and a unique
repelling fixed point x~ given by x,7 = @. The natural extension of ¢ acts on a closed
subspace of £ (V(G))%, so under the assumption of no isolated points it has north-south
dynamics on the Cantor set. The result follows by Proposition 6.2. ]
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8. The geometry of horoballs in Z¢

In the following sections we will exclusively consider abelian groups ((Zd, +) and
(]R{d, +)), so we switch to additive notation. For B, C C Z4 or B,C C R? we write
B + C for the Minkowski sum

B+C={b+c:beB ceC}.
For B € Z% or B C R? and n € N we abbreviate the n-fold Minkowski sum of B by nB:

nB=B+---+B={by+-+by:by,....b, € B}.
N—

n

Note that whenever B C RY is convex, the n-fold Minkowski sum coincides with n-
dilation, meaning n B = {nb : b € B} for n € N. We denote the closed ball of radius R in
R”™ around v by Bg(v). We denote the convex hull of a subset B € R¢ by conv(B), and
by Ext(B) the extremal points (or vertices) of conv(B). Whenever we write conv(B) for
aset B C Z4, we mean the convex hull of B in R¥.

In the following, A will be a positively generating set of the additive group Z¢. The set
A will not necessarily be symmetric, but it will always contain 0. This last assumption is
mostly for convenience, because for any positively generating set A, there exists a positive
integer ng such that 0 € n A for every n which is a positive integer multiple of n.

Iterated Minkowski sums of a finite positively generating set of Z¢ are “roughly” equal
to the integer points in the dilated convex hull. A proof of this fact appears in [12]. For
completeness, we include a precise statement and a short proof based on the well-known
Shapley-Folkman lemma (see for instance [4]). See [29] for a similar convexity-based
proof of a closely related result, and also [9].

Proposition 8.1. Ler A C Z? be a finite positively generating set with 0 € A. Then for
anyn € N
nA C nconv(A) N 74,

and there exists N € N so that for everyn > N
(n — N)conv(4) N 74 C nA.

Proof. By definition of the convex hull, A € conv(A), sonA C nconv(4) N Z<2. To prove
the second part we apply the Shapley—Folkman lemma which implies that for any compact
B<RYandm > d

conv(imB) = (m —d)B + d conv(B).

Since A C Z4, it follows that

conv(mA) N 24 = (m — d)A + (d conv(A) N Z%).



Iterated Minkowski sums, horoballs and north-south dynamics 269

Since A is positively generating and contains the identity, the sequence kA monotonically
increases to Z¢ as k — o0o. Since d conv(A) N Z< is a finite subset of Z<, it follows that
there exists k € N so that d conv(4) N Z? C kA. Together this implies

mconv(A4) N 74 = conv(mA) N 74 c (m—d)A+kA. |

Definition 8.2. For a face F' of conv(A4) let Mg denote the collection of (d — 1)-dimen-
sional faces F’ of conv(A) that contain F.

Definition 8.3. For a (d — 1)-dimensional face F of conv(A) let £F denote the inward
facing unit normal vector of F, namely the unique £z € R¢ satisfying
* rll =1,
e ({p,u—v)=0forallu,veF,
e ({p,u—v)>0forallu € conv(4),v € F.
Given a face F of conv(A), we define the envelope of A with respect to F to be
Envg = Envp 4 1= ﬂ {v ceRY . LFr,v) > 0}.
F'eMp
It follows from the definition that

Envy = { Z Zau,v(u — V) toy,y €[0,00) forallu € A, v € Ext(F)}. 8.1
veExt(F) ucA

In particular, if F = {v} is a zero-dimensional face of conv(A4), then
Envyp = { Ztu(u —v):te€ [0,00)}.
u€eA

Also, if F is a (d — 1)-dimensional face of conv(A), then Envf is a translation of the
unique half-space containing A whose boundary is the affine hull of F.

In Z4 the structure of A-horoballs is essentially given by the convex hull of A. There is
a one-to-one correspondence between faces of conv(A) and A-horoballs up to translation.
The following theorem makes this precise.

Theorem 8.4. Let A C 74 be a finite generating set. For any face F of conv(A) there
exists a unique A-horoball Hr C 7.2 with the property that 0 € Hp and

Envg = conv(HF).
The horoball HF is given by
o0
Hp= Y  |Jjd-w). (8.2)
weExt(F) j=0

Conversely, any A-horoball is of the form v + Hp for some v € Z¢ and a face F of
conv(A). This face is uniquely determined.



J. Epperlein and T. Meyerovitch 270
Note that HF is precisely the semigroup generated by {(¥ —v) : u € A, v € Ext(F)}.
We split the proof into a number of simple lemmas.

Lemma 8.5. For any face F of conv(A) we have
conv(Hfr) = Envpg .

Proof. For any finite set B C R%,
conv({ Zavv tay € Z+}) = {Zavv tay € [0,00)}.
veEB veB

The result follows immediately from the expression (8.2) for Hr and the expression (8.1)
for Envg. [

Lemma 8.6. Let F be a face of conv(A). Then the set Hr given by (8.2) is an A-horoball.

Proof. Letm = |Ext(F)|. Forany j € N let
B; = Z j(A —w).
w €Ext(F)

Then
B; = (—j Z w)+ij
wEExt(F)

is a translate of jmA. Since B; € B4 for every j,
oo [o.¢]
j=1 j=1 weExt(F)

This shows HF is an increasing union of translates of iterated sums of A. It is clearly
non-empty and by Lemma 8.5 it is contained in a half-space, so Hr # 74 . This proves
HF is indeed a horoball. ]

We will need the following lemma only later but we prove it here since it is very close
in spirit to the previous one.

Lemma 8.7. For any face F of conv(A) there exists v € Z2 so that
Envg nz4 Cv+ Hp.
Proof. As in the proof of Lemma 8.6, for every N € N we have
o0
Hr = | ((—j 3 w) +ij), (8.3)
j=N weExt(F)
where m = |Ext(F')|. By Proposition 8.1 there exists N € N so that for any j > N

(j = N)conv(4) N Z% C jA.
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From this it follows that for every j > N
(—j 3 w) + (mj — N)conv(A) N Z4 C jmA + (—j 3 w).
wEeExt(F) weExt(F)
Taking the union over j > N, using (8.3), it follows that

O ((‘j Z w) + (mj — N) conv(A) ﬂZd) C Hp.
J=N

wEExt(F)

:;I/Vj

For each j the set W; consists precisely of vectors u € R? of the form u = > veExi(d) GvV
so that 3 cpa) @v = —N, ay > 0 for v € Ext(A) \ Ext(F), and a,, > —j for w €
Ext(F). Moreover, u € Envp if and only if it is of the form u = }_, x4 @yv With
ZUEBH(A) a, =0and a, > 0 forany v € Ext(A4) \ Ext(F). It follows that for vy € Ext(F),

W = Enve —Nuo.
j

Thus
Envp ﬂngNvo—i—HF. [

Here is a simple criterion for a semigroup in Z¢ to be a group:

Lemma 8.8. Let S C Z be a semigroup. Then S is a group if and only if the convex hull
of S is equal to the linear span of S. Equivalently, a semigroup S C 7.9 is a group if and
only if it is not contained in a proper half-space of its linear span.

Proof. Any subgroup of Z¢ is a lattice in its linear span, and thus its convex hull is equal
to its linear span. Conversely, suppose S C Z¢ is a semigroup and that the convex hull
of S is equal to the linear span of S. Then the rational convex hull of S is equal to the
rational span of S. Now fix a € S. Then in particular, —a is in the rational convex hull
of S, so there exist g1,...,¢, € QN [0,00) and vy,..., v, € S so that

m
—a = E qivi.
i=1

Multiplying by the common denominator of the g;’s, we see that for some positive integer

N and positive integers ny, ..., n, we have —Na = Z:’n=1 n;v;. This shows that —Na
is in the semigroup. Thus —a = —Na + (N — 1)a is also in the semigroup S. So the
semigroup S is closed under inverses, thus it is a group. ]

Foraset L C 74 we denote the stabilizer of L by

stab(L) :={veZ9:L+v=L)}.
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The set stab(L) is always a subgroup of Z.
Also, for a face F of conv(A) let L p denote the linear span of {u — v : u,v € F N A}.
Equivalently,
Lp= () {veR?: ({tr.v) =0}
F'eMp
The following lemma identifies the stabilizers of horoballs in Z.
Lemma 8.9. For any face F of conv(A),
stab(Hrp) = HFr N LF.

Equivalently, stab(HF) is equal to the group generated by {u —v : u,v € F N A}. In
particular, stab(HF) is a finite index subgroup of Ly N Z2.

Proof. Set GF := Hf N LF. From (8.2) and the fact that F is a face of the convex hull
of A,

o0
Gr= Y JinF)—wv.
vEEXt(A)NF j=0
In particular, G is a semigroup. Also since any vector of the form v — w with v, w €
Ext(A N F) is in G, the convex hull of GF is equal to L, which contains the linear
span of Gr. Thus by Lemma 8.8, G is a group and therefore contains any vector of the
formu —v withu,ve ANF.

Now since 0 € Hp, for any v € stab(Hf), v € v+ Hr = Hr. If ve Hf \ LF,
then the convex hull of Hg + v is contained in the interior of the convex hull of Hfr, so
v ¢ stab(H ). It follows that stab(Hr) € Hr N L p. Conversely, it follows directly from
(8.2)thatu — v € HF forevery u,v € AN F. Since stab(HF) is a group, this completes
the proof. ]

The following result, which will be used in Section 10, expresses the dynamics of ¢4
on horoballs Hf.

Lemma 8.10. For any face F of conv(A) and any v € Ext(F) we have
¢a(Hp) = Hr +v.
Proof. Let F be aface of conv(A) and let v € Ext(F). Since v € A, we have
Hr +v C Hr + A = p4(HF).

On the other hand, suppose u € p4(HF) = Hf + A. Then by definition of Hp, there
exist w, wy,...,w; € Aand vy,...,v; € Ext(F) so that u = Z,’czl(wk —vg) +w. It
follows that

J
u = Z(wk—vk)+(w—v)+ver+v.
k=1
This shows that 94 (Hr) C Hf + v. |
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Lemma 8.11. Let W C Ext(A) be a non-empty subset. If F is the minimal face of conv(A)

that contains W, then
o0
Hp =Y | JjA-v).
veW j=0

Proof. The point \1W| > wew W is contained in the relative interior of F. Therefore we
can represent it as the rational convex combination of the extremal points of F' with all
coefficients positive. Multiplying by the common denominator, we obtain m € N and
positive integer coefficients (8, )yegx(F) such that

me: Z Byv and Z By = m|W|.

wew vEEXt(F) vEExt(F)

Note that for any w € W, |72, j(4 — w) = 72, jm(A — w). Therefore

> Uid—wy={Jjmwia—jm 3w

weW j=0 j=0 wew
o0
=Jjimwia—j > B
j=0 vEEXt(F)

Yo Uiua—v)

veExt(F) j=0

> Jid-v

veExt(F) j=0

:HF |

Proof of Theorem 8.4. We first show that any A-horoball is of the form v + HF for some
v € Z¢ and a face F of conv(A). By Lemma 8.11 it suffices to show that any A-horoball
is a translate of a set of the form ), .y U;i1 j(A — w) for some W C Ext(V). Let
L be a horoball containing 0. There is a sequence of sets of the form —by + ni A with
increasing ny and by € ny A converging to L. By the Shapley—Folkman lemma as in the
proof of Proposition 8.1, passing to a subsequence, we can ensure that there are r € N
and s € rA such that by € s + (nx — r) Ext(A). Hence we can find tuples (cty, k) yeExi(4)
of non-negative integers such that

b =5+ Z oy kv and Z Oy =Nk —T.

v€EExt(A4) v€EExt(A)

Again passing to a subsequence, we may assume that for every v € Ext(A) the sequence
(oy,k)kenN is non-decreasing and that therefore the limit

oy 1= lim o,k € No U {+00}
k—o00
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exists. Let
W = {v € Ext(A4) : ay = +oo}
be the set of vertices v for which (&, x)xen tends to +o0o. We may assume without loss
of generality that o, p = O forall v ¢ W and k € N as this merely translates L. With this
assumption, we claim that L is a translate of 3~ (U7 (4 — w).
First of all we have

—br +npA=—s— ( Z av’kv) +niA
veW

=—s+rA+ Z oy k(A —v).
veW

Hence L is the increasing union of the sets —by + nyx A. Now

L = U—bk—i—nkA:—s—i—rA—i— U Zav,k(A—v)

keN keN veW

=-s+rd+ Y | Jowx(4d-0)

veW keN

=—s+71A+ Z Uk(A—v).
veW keN

Now choose w € W. Then rA = r(A — w) + rw. Since (A — w) is contained in the
semigroup Y ", e Uren k(4 — v) and contains 0, we have

rA-w)+ Y (Jka-v =Y |JkA-v).

veW keN veW keN

It follows that
L=—-s+rw+ Z U k(A —v).
veW keN

This completes the proof that any A-horoball is a translate of some Hr. Let v + HFf be
an A-horoball for some face F of conv(A4) and v € Z¢ such that 0 € v + Hr and so
that conv(v + Hr) = Envg. By Lemma 8.5, conv(v + Hr) = v + Envpg. Thus, v +
Envg = Envp,sov e LF.ButO e v+ HF,so—v € Hr. By Lemma 8.9 it follows that
v+ HF = HF. ]

9. Horoballs in Z¢ as a topological space and a topological dynamical
system

In this section we make a brief digression from the study of ¢4 in order to study the space
Hor(Z4, A) as a compact totally disconnected topological space and as Z¢-topological
dynamical system.

For u € R? and R > 0 we let Bg(u) denote the Euclidean ball of radius R centered
at u.
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Lemma 9.1. There exists R > 0 such that for any face F of conv(A), if u € conv(HF),
then u € conv(Hp N Br(u)).

Proof. Choose u € conv(HFp). Then u is of the form

U= Z Z Ay, (W —v),

vEEXt(F) weA

with oy, 4 € [0, 00). For @ € R let [a]o = |&] and [@]; = [ee]. Then u is in the convex
hull of the set

Ay = { Z Z[Olv,w]f(v,w)(w — 1)) : f c {O, 1}Ext(F)><A}.

vEExt(F) weA

Let
A = { Z Z byw(w—v):be[-1, l]Ext(F)xA}.

VEEX(F) weA

Then A, € Hr N (u + A’). Choose R > 0 sufficiently large so that A’ is contained in
BRr(0). Then u € conv(Hf N Br(u)). ]

Recall that for a face F of conv(A), M has been defined in Definition 8.2.

Lemma 9.2. Suppose Fy, F, are faces of conv(A), and that (v;)ieN is a sequence of
points in Z2. Then v, + Env F, — Envg, as n — oo (with respect to the product topology
on {0, I}Rd) if and only if Fy C F, and for every F' € M, we have

—00 ifF/EMF1 \MFZ,

o ©.1)
0 ifF € Mp,

lim ({pr,v,) = {
n—00
Proof. Note that F; € F, implies Mg, € Mp,.If ({F/,v,) < —R forevery F' € Mp, \
Mp, and (£, v,) = O for every (d — 1)-dimensional face F’ of conv(A) which contains
F,, then

(vn, + Envp,) N Br(0) = Envg, NBR(0).

This proves that the conditions F; C F, together with (9.1) imply that v, + Envp, —
Envp, asn — oo.

Conversely, suppose that v, + Envg, — Envp, as n — oo. Since 0 € Envp,, it follows
that 0 € v, + Envp, and thus —v, € Envp, for all sufficiently large n. This implies that
Envg, C v, + Envp, for all sufficiently large 7. Taking n — oo, we deduce that Envg, C
Envp,, which implies F; € F». Let F’ € MF,. Define points

Z weF CF,
w €Ext(F)

U= Z (v—mpg,).

vEEXt(F')

1
TS Exe(Fy)|
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Suppose F' € MF,. Lete > 0. We have (u,{f/) = 0.For F” € MF, \ {F'} we have
{(u,Lpr) > 0. We thus can choose & > 0 large enough such that for all these F” we have
(au — elpr, Lpr) > 0. Since (au — elp/, Lp/) = —e < 0, our point au — gl ps is not
contained in Envf,, and hence also not in v, + Envf, for sufficiently large n € N. As
shown above, we may also assume that —v, € Env,. Therefore there must be F” € MF,
with (eu — el g/ — vy, Lpr) <O0. Since (—vy, LFr) > 0, this implies (¢u — el g/, Lpr) <O.
By our choice of « this can only happen for F” = F’. But then (ou — el — vy, LF1) <O,
thus —e = (qu — elp/, L) < (vy,LF/) < 0.Hence lim,_— o0 (vy, £F/) = 0.

Suppose F' € MF, \ Mg,.Forevery F” € Mp, we have (u,{g~) > 0. It follows that
for every R > 0, there exists Q > 0 such that Qu — R{f/ € v, + Envp, for all sufficiently
large n. So there is w, € Envp, such that v, = Qu — R{F/ — wy,. This implies that

(LFr,vy) = (lF,Qu—RLpr —wy) = —R— (LFr,w,) <—R

and thus

lim ({F/,v,) = —o0,
n—>oo

completing the proof. ]

Lemma 9.3. Let F be a face of conv(A) and let (v,)nen be a sequence of points in Z.°.

If

lim max (g, v,) = +o0, 9.2)
n—>oo F'eMp

then (v, + Hp) — @ asn — oc.

Proof. For any R > 0 there exists Q > 0 such that maxgepr, ({7, v) < Q for every
v € Br(0). It follows that whenever maxrrep, ({F/, v,) = O, we have (v, + Hr) N
BRr(0) = @. Thus condition (9.2) implies that (v, + Hr) — @ asn — oo. |

Lemma 9.4. Suppose Fy, F> are faces of conv(A) and that (v;);eN is a sequence of points
in Z2. For ease of notation we allow F» = conv(A) (considered as a “d-dimensional
face”), in which case we denote Hp, = Z2. Then (v, + Hp) - Hf, asn — oo if
and only if (v, + conv(HF,)) — conv(HE,) as n — oo and there exists N € N so that
v, € stab(HF,) foralln > N.

Proof. Suppose (v, + Hr,) - HF,.Let R > 0 be as in Lemma 9.1. Recall that Envg, =
conv(HF,) and Envg, = conv(HF,). Let u € R”. Since (v, + HF,) — HF,, it follows
that there exists N € N such that Hr, N Br(u) = (v, + Hf,) N Br(u) foralln > N.
Thus, foralln > N, conv(HE, N Br(u)) = conv((v, + HF,) N Br(u)). By Lemma 9.1,
u € conv(HF,) if and only if
u € conv(Hp, N Br(u)) = conv((HF, + vn) N Br(u))
= v, +conv(HF, N Br(u — vy))

and this is the case if and only if ¥ € v, + conv(HF, ). Hence

(vn + conv(HF,)) — conv(HF,).
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By Lemma 9.2 this implies that vy, is in the linear span of {(v — w) : v, w € Ext(f,)}
for sufficiently large n and that F; C F». Since v, + Hf, — HF,, it follows that 0 €
vn + HF, for large n. So —v, € Hf,. By Lemma 8.9, the intersection of the linear span
of {(v —w) :v,w € Ext(F,)} with HF, is contained in stab(H r, ). We conclude that there
exists N € N so that v, € stab(HF,) foralln > N.

Conversely, suppose that v, + conv(HF,) — conv(HF,) as n — oo and there exists
N € N so that v, € stab(HF,) for all n > N. By compactness, it suffices to show that
for any converging subsequence (v,, + HF, )ken, we have (v,, + Hf,) - HF, ask —
oo. Let (vy, + HF,)ken be a converging subsequence, so (v,, + Hr,) — W for some
w cz4. By Lemma 9.2, v, + conv(HF,) — conv(HF,) implies F; € F,. Since v, €
stab(HF,) € HF,, and HF, is a semigroup, it follows that v, + Hf, € HF, foralln > N.
This implies that W € Hpf,. By Theorem 8.4 the limit W must either be of the form
v 4+ HF for some face F of conv(A), or Z¢ or @. But the first part of the proof shows that
conv(W) = conv(HF,). It follows that W = v + HF, for some v € Z4 in the linear span
of {(u —w) : u, w € Ext(F2)}. We have already concluded that v + Hr, = W C HF,.
Using Lemma 8.9, the conditions v + Hr, € HF, and v + conv(HF,) = conv(HF,)
together imply that v € stab(HF,) and (v,, + Hf,) — HF,. |

Lemma 9.5. Let F be a face of conv(A) and let (v;)ien be a sequence of points in Z2.
Then:

(1) Suppose limy,_,oo maxprepy (CFr, vn) = +00. Then (v, + HF) — @ asn — oo.

(2) Suppose that limy, o (LFr, V) = —00 for every (d — 1)-dimensional face F' of
conv(A) containing F. Then (v, + Hr) — Z9 asn — oo.

(3) Otherwise, suppose that the limit limy,_, oo (L pr, vy) € [—00, +00) exists for every
F' € Mg and let F" denote the face of conv(A) which is the intersection of all
F' € M such that limy, o0 (€ g/, vy ) is finite. Furthermore, suppose all but finitely
many elements of (vy)neN belong to a fixed coset of stab(H pr). Then there exists
vezd so thatv, + HF — v+ Hpr asn — oo.

(4) In all other cases, the sequence v, + HF does not converge.

Proof. (1) If limy, oo maxprep (€Fr, vp) = +00, then (v, + Hr) — @ by Lemma 9.3.
(2) & (3) Note that (2) is essentially a particular case of (3) if we agree that F" =
conv(A) when limy, oo (£ F7, V) = —o0 for all F’ € Mp. By Lemma 9.2,

vy + conv(Hp) — v + conv(Hpr).

Using the fact that v, — v € stab(Hp») for all n > N, by Lemma 9.4, it follows that
v, + HF > v+ Hpn.

(4) Let (v;);en be a sequence of points in 74, and let us suppose that the sequence
(vn + HF )nen converges. By compactness this sequence converges if and only if all of
its converging subsequences have the same limit. Then by Theorem 8.4 the possible limit
points are @, Z¢ and v + Hp» for faces F” of conv(A) and v € Z4.
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If lim, oo maxfrepy (LF/, v4) = +00, we are in case (1). Otherwise we know from
Lemma 9.4 that (v, + conv(HFp)) — (v 4 conv(HF~)) and that v, € (v + stab(HFn))
for all sufficiently large n € N. By Lemma 9.2 we can conclude that if (v, + HF )peN
converges, we are either in case (1), case (2) or case (3). [

For a topological space X let X’ denote the set of accumulation points of X. The k-th
Cantor—Bendixson derivative is inductively defined as

X® =x and x*V = (x®y.

Later in Section 11 we will also need the a-th Cantor—Bendixson derivative for an ordinal
number «. For successor ordinals the same definition as above holds and for limit ordinals

« it is defined as
x @ — ﬂ x B
B<a
A topological space X has Cantor—Bendixson rank « if and only if « is the smallest ordinal
with X @ = x @+,
Using Theorem 8.4 and Lemma 9.5, we can summarize the topological structure of
Hor(Z4, A) as follows:

Theorem 9.6. Let A C 79 be a finite positively generating set. Then the closure of
Hor(Z2, A) in P(Z4) is a countable compact subset of P (Z%) having Cantor-Bendixson
rank d + 1. Furthermore,

——(d)
Hor(Z4,A) = {0,274},
and for 0 < k < d the isolated points of Hor(Z4 A)(k) are precisely

{v + HF : F is a k-dimensional face of conv(A) and v € Zd}.

Proof. Let F, F’ be faces of conv(A4). By Lemma 9.5, the horoball Hg- is a limit point
of the orbit of Hf under translations if and only if F C F’. This show that v + HF is an
isolated point of Hor(Z¢4, A)(k) if and only if F is a k-dimensional face of conv(4). =

Corollary 9.7. Let dy,d, € N. Suppose A; € 79 are finite positively generating sets for
i =1,2. Then Hor(Z4, Ay) is homeomorphic to Hor(Z92, A,) if and only if d1 = d>.

Proof. Lemma 9.5 shows that for any finite positively generating set A of Z¢, if X4 =
Hor(Z4, A), then Xfld) = {@, Z?} consists of 2 points. It follows from a theorem of
Mazurkiewicz and Sierpinski [16] that any such countable compact metrizable topolo-
gical space of Cantor—Bendixson rank d + 1 is homeomorphic to the ordinal 2w? + 1,
with the order topology. ]

Theorem 9.8. Suppose Ay, A, € Z% are finite positively generating sets. Then the 7.¢
actions by translations on Hor(Z4, A1) and Hor(Z4, A,) are topologically conjugate if
and only if there is a bijection ® between the faces of conv(Ay) and the faces of conv(A3)
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such that for every face F of conv(Ay), the following two conditions hold:

Z Z(u —v) = Z Z' —v)

u,veEFNA; u' wWed(F)NA,

(in other words, the group generated by differences of elements in F N Ay is equal to the
group generated by differences of elements in ®(F) N A,) and

Envp 4, = Enve(ry, 4, -

Proof. The case d = 1 is somewhat degenerate as the convex hull of any finite set is an
interval. We leave it for the reader to check that for any finite positively generating set
A C Z, the shift action on Hor(Z, A) is topologically conjugate to the action of the shift
on Hor(Z,{—1,0, 1}). So from now on we assume d > 2.

By Theorem 9.6, the orbits of the 74 action on Hor(Zd, Aj;) are the two fixed points
@, 7% together with the orbits of Hr where F runs over the faces of conv(A;). Suppose
¢ : Hor(Z4, A,) — Hor(Z4, A5) is a topological conjugacy of the Z¢ actions. By The-
orem 9.6, the Z?-orbits of Hor(Z¢, A;) which are isolated points in Hor(Z4, A)(k) (with
0 < k < d) are in bijection with the k-dimensional faces of conv(A4;). Thus, for each k-
dimensional face F of conv(A,) there exist vz € Z? and a k-dimensional face ®(F) of
conv(f3) such that ¢(Hf) = vr + He(r). Clearly ® is a bijection between the faces
of conv(A7) and the faces of conv(A4,). Furthermore, by Lemma 9.5 for faces F, F’ of
conv(Ay), Hf is an accumulation point of the orbit of H if and only if F C F’. Thus the
bijection ® respects the incidence relations between the faces of the polytopes conv(A4;)
and conv(A5). In other words, the polytopes conv(A;) and conv(A,) are combinatorially
isomorphic. Since ¢ is a topological conjugacy, we must have stab(Hr) = stab(¢ (HF)).
By Lemma 8.9, the stabilizer of Hf is equal to the group generated by differences of
elements in F' N A;. This shows that the group generated by differences of elements in
F N A is equal to the group generated by differences of elements in ®(F) N A,. The
set of two fixed points {@, Z¢} is obviously mapped bijectively into itself via ®. Using
Lemma 9.5, we conclude that Z¢ has the property that for any H € Hor(Z9, A;) the set
of directions v in which H tends to Z¢ is convex, whereas (for d > 2) the set of direc-
tions v in which a vertex horoball tends to @ is not convex. This implies (for d > 2) that
®(Z?%) = Z% and so ®(¥) = ¥. By Lemma 9.3, v, + Hr — @ if and only if the distance
between —v,, and conv(H ) tends to co. This shows that conv(Hr) = conv(Hg(r)). By
Lemma 8.5 this implies that Envg 4, = Enve(r), 4, -

Conversely, suppose that there is a bijection ® between the faces F of conv(A;) and
the faces of conv(4,) as above. Define ¢ : Hor(Z4, A;) — Hor(Z4, A,) by ¢(9) = 0,
¢ (2% =79 and p(v + Hp) = v + HgFy for v € 74 and F a face of conv(A,). By
the assumption that the group generated by differences of elements in F' N A; is equal to
the group generated by differences of elements in ®(F) N A, and using Lemma 8.9, we
getthat vy + Hrp = vy + Hp if and only if vi + He(r) = v2 + Ha(F), so the map ¢ is
well defined and it is a bijection (here we also use Theorem 9.6). It is clear that the map
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¢ is equivariant. Combining Lemma 9.5 with the assumption that Envg 4, = Enve(r), 4,
for every face F of conv(A4,), it follows that (v, + Hr) — (v + HF-) if and only if
(vn + Hor)) = (v + Herr)). The analogous statements for Z2 and @ hold as well.
This shows that ¢ is a homeomorphism. ]

Example 9.9. Consider the generating set depicted on the left side of Figure 4. Rota-
tion by 90° gives a generating set whose space of horoballs together with the action by
translation is conjugate to the original one, but none of the horoballs agree.

=

Figure 4. A generating set A of Z2, whose convex hull is a centered square, and the ball 43.

From Theorem 9.8 it follows that there is an algorithm to decide given two finite pos-
itively generating sets Ay, A, C Z¢ if the Z¢ actions by translation on Hor(Z4, A;) and
Hor(Z4, A5) are topologically conjugate, as one can reduce this to several applications of
the following problems:

« Given v € Z? and a finite set C C Z<, decide if v is in the convex cone generated by
C (this is a linear programming problem).

+  Givenv € Z? and a finite set C C Z<, decide if v is in the group generated by C (this
amounts to solving a system of linear Diophantine equations).

10. The natural extension of ¢, A € Z“¢
Our next goal is to show that for G = Cayley(Z¢, A) with d > 2 the natural extension of
@4 is perfect. This will take the remainder of this section.

Lemma 10.1. For every finite positively generating set A C 7% the set

m
4= {U(w,- + Higy) :m > [Ext(A)], wy.....wm € Z9, {v1.. .. vm} = Ext(A)}

i=1
is dense in the eventual image of 4.
Proof. Ttis clear that X4 consists of horoballunions and hence is a subset of the eventual

image of ¢4. Let R > 0. There is n € N such that (—nv 4+ Hy,y) N Br(0) = @ forevery v €
Ext(A). Let M be a set in the eventual image of ¢4, hence M is the union of translates of
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horoballs of the form Hyy,y for v € Ext(A). The unions of finitely many of these horoballs
cover M N Bg(0). Denote this union by M;. Then M, := My U |, ey (—nv + Hpy) €
X 4. Furthermore, M, N Br(0) = M N Bg(0). Therefore X 4 1s dense in the eventual
image of 4. ]

Definition 10.2. For a finite positively generating set A C Z¢ define A by

A= U (—v 4+ Envgy 4),
veExt(A)

see Figure 5 for an illustration.

(a) A generating set A of Z2. (b) —conv(A) together with A

Figure 5. Illustration of the proof of Lemma 10.3.

Lemma 10.3. Let A C Z2 be a finite positively generating set. Let m > [Ext(4)|, wy,.. .,
W € Z2 and {vi,..., v} = Ext(A). Set M, := U;"zl(w,- —nv; + Hypy) € X 4. Then
M, € o "({My}) and %M,, converges to A with respect to the Hausdorff metric, i.e. for
all € and n large enough we have %Mn C A+ Be(0) and A C %Mn + B:(0).

Proof. From Lemma 8.10 it follows that M, € ¢, ({My}). Also there is N > 0 such that
Envyy,y € Bg/2(0) + (Envyyy D%Zd) forevery n > N and every v € Ext(A4). By Lemma 8.7
this implies that for every v € Ext(A) there exists u, € Z¢ such that

Envy, nz¢ C uy + Hyyy,
hence ] {
EnV{v} C BS/Z(O) =+ (;MU =+ ;H{v}>.
Finally, for large enough n we have

m m

U(%wi —v; + %Hv,) + Bg/2(0) 2 U(%uv —v; + %Hv,-)

i=1 i=1
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and

1 ! 1
My + Bu(0) = U(;wi —v+ ;Hv,.) + B (0)
i=1

"ol 1

U(_uv -V + _Hv,-> + Bs/Z(O)
o n

A

U

U

On the other hand Envy,) D Hy,y for every v € Ext(A) and for sufficiently large n
1 2 1
—Mn = U(—w,-—vi+—Hvl.) §A+B8(O) |
n ~\n n

Lemma 10.4. Let d > 2 and let A € Z? be a finite positively generating set and let
v € Ext(A). Then there is a point p € R? and an & > 0 such that Bs(p) N A = @ and
(Be(p) + Hgyy) Nconv(—A) = 0.

Proof. Let F be a (d — 1)-dimensional face of conv(A4) containing v. Set

1
=—_— — SF.
P ), 2 T
w €Ext(F)
For all w € B:(ps) + Hyyy we have ({p, w) > (€F,—v) — & 4 § but for w € conv(—A)
we have (F,w) < ({F,—v). Hence for ¢ < § we have

(Be(ps) + Hy) N conv(—A) = 0.

To show that B.(ps) N A = 0 for sufficiently small §, we have to show that pjg is not
contained in —v 4 Envy for every point v € Ext(A). In other words, we have to show
that ps + v & Envyzy. Let F # F bea (d — 1)-dimensional face of A containing #. Then
all points u € Env(gy have ({z,u) > 0 but

1

= By 2 (w8 L)

weExt(F)

(g, ps + 1)
which is negative for small § because (£ z, 9 — w) is non-positive for all w € Ext(F’) and
negative for at least one w € Ext(F). |

Proposition 10.5. For any finite positively generating set A € 72, d > 2, the natural
extension of @4 is perfect.

Proof. By Lemma 10.1 it suffices to show that for any M € X4 and R > 0 there exist
neN, W, W, € o "({M}) and W, # Wi, both in the eventual image of ¢4, such that

M N Br(0) = ¢3(W1) N Br(0) = ¢4 (W2) N Br(0).
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Let M = i~ (w;i + Hy,) with wy, ..., wy € Z% and {vy, ..., v} = Ext(A). If we
define, as in Lemma 10.3,

m
M, = U(wi —nv; + Hyy,y),

i=1

for any n € N, then M,, € ¢;"({M}). By Lemma 10.4 there are £ > 0, a point p € R4
and a point v € Ext(A) such that

Bs(p))NA=0 and (Be(p)+ Envg,y) Nconv(—A) = @.

Since %Mn converges to A by Lemma 10.3, we can choose n large enough such that

1 1 R
—My O Bepp(p) =0, 290 Bea(p) #£0, — <

| ™

Let w € By,/2(p) N Z9 and set Wy := M, W := M, U (w + Hyyy). Since Wi N
Bpe/2(p) =@ and w € Wp N Byg/2(p), we have W, # Wi, We also have

Pi(W2) = M U (w + nv + Hy).
It remains to show that (w + nv + Hy,y) N Br(0) = @. We know that
(Bg/2(p) + Enviyy) N (Bg2(0) 4 conv(—4)) = @.
Hence
(an/z(’lp) + EnV{v}) N (nconv(—A) + an/z(o)) =0,
(w+ H{v}) N (—nv + Br(0)) = @,
(w + nv + Hyyy) N Br(0) = 4. ]
Combining Proposition 7.2 and Proposition 10.5, we conclude:

Corollary 10.6. For any d > 1 and any finite positively generating set A C 79 that
contains 0, the natural extension of @4 is topologically conjugate to the (unique) north-
south system on the Cantor set.

11. The eventual image of ¢, A € Z“

In this section we still consider the dynamics of ¢4 : P(24) — P(Z%) where A is a
positive generating set of Z¢ containing 0. Our goal is to show that the Cantor—Bendixson
rank of the eventual image is a non-trivial invariant. More precisely, we show by examples
that for A C Z2, the Cantor—Bendixson rank of Evt(¢4) can be 0, 1 or w. We suspect that
these are the only possibilities, at least for d = 2. Recall that we call elements of Evt(¢4)
horoballunions.
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(a) A (b) A, (c) 43

Figure 6. Three generating sets whose eventual images have different Cantor—Bendixson rank,
together with the envelopes corresponding to the extremal points of the convex hull, moved slightly
outward for greater clarity.

Example 11.1. Consider the positive generating sets Ay, A, and A3 of Z? depicted in
Figure 6. The eventual image of ¢4, has the following structure.

(1) Evt(g4,) is perfect by Proposition 11.5 below.

(2) Evt(g4,) has Cantor—Bendixson rank 1 by Proposition 11.6 below.

(3) Evt(gp4,) has Cantor-Bendixson rank w by Proposition 11.7 below.

We now turn to prove the statement claimed regarding the example above.
Here is some ad-hoc terminology:

Definition 11.2. Let W C Z< be finite and M € Evt(g4). We call M e Evt(p4) a W-
approximationof M it M NW =M N W.

Definition 11.3. A horoballunion M € Evt(g,) is called deficient, if there is a finite set
of horoballs u; + Hyy,y,i € I suchthat M = | J;c;(u; + Hyy,y) and | J; c; Envyy,y # R4.
Denote the set of deficient horoballunions by D 4.

Lemma 11.4. The set of all deficient horoballunions has no isolated points.

Proof. Let M = \J;¢; (u; + Hyy,;y) be a finite deficient union of horoballs. Set

U:= {w € UEHV{vi} Cwl] = 1}.

iel

Let u be an element in the boundary of U considered as a subset of S9! = {w € R? :
lw]| = 1}. We can find v € {v; : i € I} such that u € Envy,. Then —u ¢ Envy,, and
we can find it € Z¢ \ | J;c; Envyy,; such that still —i ¢ Envy,. Hence, for every finite
W C Z¢ we can find to > 0 such that for all # > o we have (tii + Envy,y) N W = 0.
Since M = Uiel(u,- + Hyy,), by our choice of # we can find f; € N, f1 > o such that
t1i ¢ M, hence M U (t11 + Hyy,y) is a W-approximation of M which is different from
M but still deficient. u
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The following results will show that there are cases where the Cantor—Bendixson rank
isOor 1.

Proposition 11.5. If A C Z? is a positively generating set with 0 € A and conv(A) is a
triangle, then Evt(g,) is perfect.

Proof. Let A be as above. Because the sum of the angles of a triangle is r, which is strictly
less than 27, every finite union of A-horoballs is deficient. Hence by Lemma 11.4, D4 is
a dense subset of Evt(¢4) without isolated points. |

Proposition 11.6. Suppose A C 7.2 is a positively generating set with 0 € A that satisfies
the following properties:

(1) For every w € R? \ {0} there exists v € Ext(A) so that w is contained in the
interior of Envyyy.

(2) For every v € Ext(A) there exists w € R? \ {0} which is not contained in

U Envgy,y .

v’€Ext(A)\{v}
Then the Cantor—-Bendixson rank of Evt(py) is equal to 1.

Proof. Let A be as above. We will prove the result by showing that any horoballunion M
which is not in the closure of Dj4 is isolated in Evt(¢4). Let M be such a horoballunion.
There exists a finite set W C Z? such that all W -approximations of M are non-deficient.
Consider the horoballunions of the form (J,,casnmw) (W + Hiv,}) With {vy, : w € M N
W} = Ext(A). There are only finitely many of them, they are all cofinite by (1), and by (2)
every W- approx1mat10n of M contains one of them. Therefore we can find a finite set W
such that all W - approximations of M contain the complement of W. Thus M is isolated.
This shows that the isolated points of Evt(¢4) are precisely all points not in D 4. ]

The following result demonstrates the case of Cantor—Bendixson rank w.

Proposition 11.7. Suppose n € N and let A = {—1,0, 1}> € Z?. Then Evt(p4) has
Cantor-Bendixson rank w.

Proof. Let A = {—1,0,1}? C Z?. Denote
= {(~1,0).(1,0), (0, 1), (0, )} € Z*.

Let a ray be a set of the form {(x, y) + tv : t € N} with (x, y) € Z? and v € B. For
M € Evt(py4) define the rank of M as follows. If M is in the closure of D4, the rank
of M is co. If M is not in the closure of D4, the rank of M is the maximal number of
pairwise disjoint rays contained in the complement of M.

Let us first establish that for M ¢ D, the rank is indeed finite. Let M ¢ D4, hence
there is a finite set W such that all W-approximations of M are non-deficient. Hence
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there must be w, € Z? for v € Ext(A) such that all W-approximations of M contain
Uvegxia)(Wo + Hiw}). But no ray contained in {(0, y) +#(1,0) : > 0} with y between
the y-coordinates of w(_;,—1) and w(1,;) can be contained in the complement of M.
Hence there can be only finitely many pairwise disjoint rays with direction (1, 0) in the
complement of M. Similarly for the other directions.

Now we want to show that the set of all horoballunions having rank k or larger is
closed. Let M ¢ D 4. We have to show that every sufficiently good approximation of M
has rank at most that of M. As above there is a finite set W and there are w, € Z? for
v € Ext(A) such that all W -approximations of M contain

M = U (wy + H{v}).
vEExt(A)

Therefore M has finite rank larger than or equal to the rank of M. Let
R={(x,y)+1(1,0):t € N}

be a ray contained in M but disjoint from M. It is now enough to show that every suffi-
ciently good approximation of M also contains R. Set

L:={(x,y)+1(1,0):1 € Z}.

If LN (X \ M) # @, then every sufficiently good approximation of M by a horoball-
union will also contain the ray R.

If, on the other hand, L € M, we will show that every sufficiently good approximation
of M by horoballunions must contain L. Assume there are arbitrary good approximations
of M by horoballunions not containing L. It is easy to see that in this case either the upper
or lower half space defined by L is contained in M. Without loss of generality assume it
is the lower half space, call it S, and that S is the maximal one contained in M. Every
sufficiently good approximation of M must contain ((x1, y1) + Hi,1)) U ((x—1, y—1) +
H(_1,1)) for points (x1, y1) € Z? and (x_1,y—1) € Z*> with y; > y, y—; > y and x1 < x_1.
This is due to the fact that M is not contained in D4 and that S is the maximal lower half
space contained in M. Consider a vertical line

V ={@,0)+1t0,-1):1€Z}

with x; < a < x_1. Itis now enough to show that § N V' is contained in every sufficiently
good approximation of M. We have to treat two cases.

(1) The left or the right half space defined by V' is contained in M. Assume it is the
left one and call it S. As discussed above, since M is not in the closure of Dy,
there must be a point b € Z2? \ (S U §) such that  + Hy(. ) is contained in
every sufficiently good approximation of M. But then V NS C W + Hy, 1y is
also contained in every sufficiently good approximation of M. A similar argument
works if the right half space defined by V is contained in M.
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|
|
|
% 1 S B
(x,n)
(x.y) k
Figure 7. Approximating a horoballunion of Figure 8. An element of Evt(p4) with rank k.

rank k + 1 by one of rank k.

(2) Neither the left nor the right half space defined by V' is contained in M. Hence
V N (Z?*\ M) # @, as discussed above, so V N S is contained in every sufficiently
good approximation of M.

This shows that the whole of S is contained in every sufficiently good approximation of
M . All in all we thus showed that the horoballunions having rank k or larger form a closed
subset of Evt(py4).

Now we have to show that every horoballunion of rank k + 1 can be arbitrarily
well approximated by a horoballunion of rank k. Assume that Z2 \ M contains a ray
with direction (0, 1) and let {(x, y) + #(0, 1) : t € N} be the rightmost of them. Then
(M U ((x,n) + H—1,-1)))neN is sequence of horoballunions converging to M whose
rank is k for sufficiently large n. See Figure 7 for an illustration.

By induction this shows that Evt(p4)® consists of all horoballunions of rank at least k
and the isolated points in this set are those of rank precisely k. We also saw that

() Evi(pa)® = Dy.
kENo

Finally, see Figure 8 for an element in Evt(¢4)®, so all these sets are non-empty.
All in all we therefore showed that Evt(¢4) has rank w. [ ]

12. Factoring and non-factoring results for ¢4, A € Z¢

So far we presented several invariants for topological conjugacy for systems of the form
(P(T), p4), but we do not have a complete solution for this isomorphism problem, even
for the case I' = Z¢. The following is another seemingly innocent question, which we
have been unable to resolve.
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Question 12.1. Given two finite positively generating sets A; C 74 and A, € 7%, when
does (P (2), @4, ) factor onto (P(2%), ©04,)?

In fact, apart from the case d; = 1 and d» > 1, we do not know of any example where
the answer is false. On the other hand, we know very few examples of non-trivial factor
maps between such systems.

The rest of the section presents feeble partial results on the above question.

It is a folklore result that any factor map between topological dynamical systems
induces a factor map between the eventual images and between the natural extensions.
The simple proof (below) is a compactness argument.

Lemma 12.2. Let X, Y be compact Hausdorff topological spaces and f : X — X and
g : Y — Y be continuous maps, and let ¥ : X — Y be a continuous surjective map such
that w o f = gom. Then:

(1) The restriction of 7w to Evt(f) is onto Evt(g).

(2) Let7: Xf — Xg be given by 7t ((xn)nez)ik = w(xx). Then 7 is a factor map from
(Xr, f) onto (Xg, 8).

Proof. For every y € Evt(g) we can find (y,)nez € X ¢ With yo = y by compactness. It
is therefore enough to show that 7 is surjective. Let (y,)nez € Xg. Forevery k € N there
is x¥ € X with y_; = (x¥). Set

& xk ifn < —k,
Xy =

" frtnxky ifn > —k.
Let x be a limit of some subsequence of ((X,]f)nez)keN- Then x € )2f and (yp)nez =
ﬁ((xn)neZ)- u

Proposition 12.3. There is no factor map from (P (Z), p(—1,0.13) onto (P(Z?), ®1-1,0,1)2)-

Proof. By Lemma 12.2 it suffices to show that the eventual image of (P (Z), ¢;—1,0,1})
does not factor onto the eventual image of (P (Z?), ©(—1,0,112). This follows from the fact
that the eventual image of ((Z), ¢{—1,0,1}) is countable, whereas the eventual image of
(P(Z?), ¢1—1,0.132) is not:

The eventual image of (P (Z), ¢;—1,0,1}) consists of elements of the form

{Z\ (s.t):s <1}

with s,¢ € Z U {—00, oo}. In particular, it is countable.
On the other hand the eventual image of ($(Z), ¢{—1,0,1}) is uncountable, as it con-
tains the pairwise different elements ( J;¢; ((i, —i) + Hyqa,1yy) for I € Z. |

We finish with some easy cases where there is a factor map.
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Proposition 12.4. There is a factor map from

(Evt(@i-1,0132): 9(-1,0,132) onto  (Evt(p(—1,0,1}) P(~1,0,1})-
Proof. Define a map 7 from (Evt(¢q_1 0,1y2), ¢{—1,0,1}2) to P (Z) by
n(M):={keZ:(kk)yeMorM ¢ Xy}
where

Xg:={M € P(Z): 35,1 € Zst. M N{—k,... .k}
= (((S,S) + H{(—l,—l)}) U((t,t) + H{(l,l)})) N{—k,... ,k}z}.

Let us check that 7 indeed defines a factor map from (Evt(¢—1,0,1}), ¢{—1,0,1}): The map
7 is continuous, because whether k € (M) depends only on M N {—k, ... k}?. Recall
that

Evi(@(—1,013) = {Z\ (s,1) 15 <t} U{Z\ (5. 400) : 5 € Z}
U{Z\ (—o0.1):t € Z} U{Z,0}.

Now for any s < ¢,

7 (((s,8) + Hyr,—1pp) U (1,0 + Hya,ny)) = Z )\ (5,1),
7((s,8) + Hy—1,-1)y) = Z \ (s, +00),
T[((l»t) + H{(l,l)}) =7 \ (_005 t)»
n(Z* =127, n®) =9.
Thus the image of & contains Evt(¢{_1,0,1}). It remains to show that 7 intertwines the
dynamics. For this we record the following easy facts about the sets X,k € N.
(1) Xg41 S Xk
(2) IfM e Xk+1, then @{_1’0’1}2(M) € Xk.

(3) If 91_1,0,112(M) € Xy and there is £ € {—k, ..., k} with (£,£) & 11 9,112(M),
then M € X 4.

We first show that ¢_q,0,13(T(M)) € 7(@(_1,0.132(M)). Let k € ¢;_1,0,13((M)), so we
must have {k — 1,k,k + 1} N 7 (M) # @. Therefore either
{(k =1,k—=1),(k.k),(k+1k+1D}NM#0
or
M ¢X|k_1| N Xkl N Xiget1)-

In the first case, (k, k) € ¢q_1,0,132(M) and k € w(p(_1,0,132(M)). In the second case,
by (1), M & X|k|+1 and thus by (3) either ¥{=1,0,1)2 (M) & Xk or (k, k) € V(—1,0,1) (M).
In both cases we have k € 7 (¢_1,0,1y2(M)).
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Now we show ¢q_1,0,13(T(M)) 2 7(p(-1,0,132(M)). Let k € 7(@(—1,0,12(M)), so
(k. k) € p—1,01y2(M) or 9_1,0,1j2(M) & X|g,. In the first case
{(k —1,k-1), (k. k), (k+1,k+ 1)} NnNM #@,

hence {k —1,k,k + 1} N w(M) # @ and thus k € ¢;_; 0,13 (7w(M)). In the second case
¢0(—1,0112(M) & X\ hence M & X |41. Therefore eitherk + 1€ x(M)ork — 1€ x(M),
depending on the sign of k, and thus finally k € ¢(_; ¢ 13 (7 (M)). |

Let G denote the subgraph of Cayley(Z, {—1,0, 1}) induced by N, i.e.,

V(Gn) =N,

E(Gn) ={(n.n+1):neN}U{(n+1,n):neN}U{(n,n):neN}.
Proposition 12.5. Let (I, A) be a finitely generated group without dead ends and with
A = A7 Then (P(T), ga) factors onto (P (N), pgy,)-

Proof. The factor map is given by 7 : (I') — P (N) with
0Oen(M) <= 1r € M and
ken(M) < (AK\A*YYNM # @ fork > 0. "
Proposition 12.6. Let A = {—1,0, 1} € Z. There is factor map from (P(Z), @an) to
(P(Z),p4q) foralln € N.
Proof. The factor map is given by  : P(Z) — P(Z) with
n(M):{keZ:{kn,...,kn—i—(n—l)}ﬁM;é@}. |
More generally, with A = {—1,0, 1} € Z, as pointed out by the anonymous referee in
response to a question posed in a preliminary version, for every i < j,i, j € N thereisa
factor map 7 from (P (Z), ¢4,) to (P (Z), ¢4:) which is given by
ki+ryenM) < (kj +(r +j—1i)) € M wheneverk € Z,0 <r </,

and
kien(M) < {kj,....kj +(j —i)} N M # @forevery k € Z.
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