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On continuous orbit equivalence rigidity for virtually
cyclic group actions

Yongle Jiang

Abstract. We prove that any two continuous minimal (topologically free) actions of the infinite
dihedral group on an infinite compact Hausdorff space are continuously orbit equivalent only if
they are conjugate. We also show the above fails if we replace the infinite dihedral group by certain
other virtually cyclic groups, e.g., the direct product of the integer group with any non-abelian finite
simple group.

1. Introduction

Let G be a countable discrete group and X be a compact Hausdorff space. Denote by €
a class of continuous actions of G on X. A natural and classical topic is to classify ele-
ments of € up to certain equivalence relation. In classical topological dynamical systems,
the classification of Z-actions, or amenable group actions in general, up to conjugacy, has
been studied intensively. Historically, the notion of entropy was invented to distinguish
Bernoulli shifts on finite bases with different sizes up to conjugacy (at first, in the mea-
surable setting). Over the last decade, more and more attention has been put on a much
wider class of acting groups, sofic groups, after the pioneering work of L. Bowen on sofic
entropy in the measurable setting [3] and D. Kerr and H. Li shortly in the topological
setting [14].

In contrast to the conjugacy relation, a systematic study of the notion of continuous
orbit equivalence (see Definition 2.1) for topological free actions of a general group G [19]
was initiated by X. Li during his study of crossed product C *-algebras. Note that this
notion and its weaker versions, e.g., topological orbit equivalence have been studied in
special cases (see [4,10,27]) before Li’s work. In particular, Giordano—Putnam—Skau [10]
and Giordano—Matui—Putnam—Skau [8, 9] have proved a series of remarkable results on
classification of minimal Z-actions on the Cantor set up to topological orbit equivalence.

Although continuous orbit equivalence relation is, by definition, a priori weaker than
the conjugacy relation, an interesting phenomenon is that these two notions may coincide
in certain cases. To better describe this, say that a continuous action « of G on X is con-
tinuous orbit equivalence rigid for € if for any continuous action 8 € €, « is continuously
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orbit equivalent to 8, implies that they are conjugate, denoted by « < B=u L B. Note
that here, unlike in [19, Definition 2.5], we further assume the acting groups are the same.
Now, we take € to be the class of minimal topologically free actions and explain
two motivations behind this work. First, continuous orbit equivalence rigidity has been
established for various group actions, see, e.g., [4,5,7,19,25,26]. However, as far as we
know, the acting groups are assumed to be torsion-free in all written proofs (see also
Remarks 2.5 and 4.7). Thus it is natural to ask whether continuous orbit equivalence
rigidity can be established when the acting groups contain non-trivial torsion elements.
Second, a well-known result due to Boyle-Tomiyama [4] says that two topologically tran-
sitive, topologically free Z-actions (e.g., minimal free Z-actions) are continuously orbit
equivalent only if they are conjugate. This result has been extended to minimal equicon-
tinuous actions of Z4 (d > 2) in [7]. More precisely, it is shown there that for minimal
equicontinuous Z¢-systems, continuous orbit equivalence implies that the systems are
virtually piecewise conjugate. Moreover, actions of virtually cyclic groups have recently
been considered in the study of dynamic asymptotic dimension [1] and Matui’s HK con-
jecture [22,23]. Thus, it is natural to study the analogue of Boyle-Tomiyama’s above
mentioned result for virtually cyclic group actions, i.e., to ask the following question.

Question 1.1. Can we establish continuous orbit equivalence rigidity for minimal topo-
logically free actions of infinite virtually cyclic (but non-cyclic) groups?

In general, we could not hope continuous orbit equivalence rigidity holds true for all
infinite virtually cyclic groups. Indeed, we have the following theorem.

Theorem 1.2. Let F be any non-trivial finite group with trivial center, e.g., a non-abelian
finite simple group. Then there exist two minimal free actions & and & of 7. X F on an
P ~ COE ~ ~ conj

infinite compact Hausdorff space X such that @ ~ &@ but&@ ~ &

On the positive side, when dealing with the infinite dihedral group, we do have such
a rigidity theorem.

Theorem 1.3. Let « and B be any two minimal (topologically free) actions of the infi-

nite dihedral group Do = 7 % Z /27 on an infinite compact Hausdorff space X. Then
coe conj

a~B=a ~

Note that minimal actions of D, on an infinite compact Hausdorff space are automati-
cally topologically free, see Proposition 2.6. Moreover, under the assumptions of the above
theorem, we know that continuous orbit equivalence implies that the two actions have the
same topological entropy. This can be compared with [17, Theorem 7.5] and [16, Theo-
rem D], where it is shown that many non-virtually cyclic groups admit actions for which
topological entropy is an invariant of continuous orbit equivalence. For possible general-
izations of the theorems to other virtually cyclic groups, see the discussion in Section 5.
Here, we are content not to discuss a general version of the above theorem. Below, we
briefly describe strategy for the proofs.
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To prove Theorem 1.2, we use the skew product construction to reduce it to a problem
of constructing minimal actions admitting continuous cocycles into finite groups which are
not coboundaries. On the positive side, one may compare the proof of Theorem 1.3 with
the proof of Boyle-Tomiyama [4] for continuous orbit equivalence rigidity for minimal
Z-actions. Here, the basic strategy is as follows: in view of a criterion by X. Li [19,
Proposition 4.4], it suffices to show that the orbit cocycle ¢ is cohomologous to a group
isomorphism of D . The starting point for our proof is the characterization of bi-Lipschitz
bijections of Z due to Benjamini—Shamov [2]. After restricting the orbit cocycle c: Z x
X — D on the sub-Z-action, we can extract from it a defect cocycle a which attains
only finitely many values in D,. Here, a is defined to measure the defect between ¢ and
a group homomorphism from Z to D,. By twisting a with a suitable coboundary, we can
assume the range of a is contained in Z. If the sub-Z-action is minimal, one can apply the
well-known Gottschalk—Hedlund theorem [12] for minimal Z-actions to deduce that a is
actually a coboundary, which implies the original orbit cocycle c is trivial. For the general
case where the sub-Z-action is not minimal, we can apply Gottschalk—Hedlund theorem
to each Z-component, now the existence of reflection of Z in the group structure of D
allows us to patch up untwisters for each component to get a global one.

The paper is organized into five sections. In Section 2, we explain terminologies used
in this paper, including cocycles, continuous orbit equivalence, skew product actions and
induced actions, and present examples of continuous actions. Then we give examples
of minimal free actions admitting continuous cocycles which are not coboundaries in
Section 3. The proof of Theorem 1.2 (resp. Theorem 1.3) is given in Section 4.1 (resp.
Section 4.2). We conclude the paper with a several remarks on the possible generalization
of the theorems in Section 5.

In this paper, G and H usually mean virtually cyclic groups or finitely generated
groups, which is clear from the context. Moreover, we denote a target group by K. Unless
otherwise specified, all cocycles are assumed to be continuous.

2. Preliminaries

2.1. Cocycles and continuous orbit equivalence

Let G ~ X be a continuous action on a compact Hausdorff space and let K be a discrete
group. Recall that a continuous map c¢: G x X — K is called a K-valued (continuous)
cocycle if c(g182,x) = c(g1, g2x)c(g2, x) for all g1, g2 € G and all x € X. Two con-
tinuous cocycles c1, c2: G X X — K are (continuously) cohomologous/equivalent if there
exists a continuous map b: X — K such that ¢;(g, x) = b(gx) 'ca(g. x)b(x) for all
g € G and all x € X. A continuous cocycle is called trivial (resp. a coboundary) if it is
equivalent to a group homomorphism ¢: G — K (resp. the trivial group homomorphism
¢ = ek on G), which is treated as a constant cocycle on X.
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Note that when G = Z, a K-valued cocycle ¢ for Z ~, X can be represented as a map
f:X — K. Indeed, for one direction, set f(x) = c(1, x); for the other direction, we can
define ¢(1, x) = f(x) and use the cocycle identity to define c(N, x) for all N € Z and
hence get a cocycle c. Sometimes, we may abuse our notation by calling f a cocycle.

Given two continuous actions G ~, X and K ~, Y, we have the notion of continuous

orbit equivalence [19, Definition 2.5] (abbreviated as coe for short), which was systemat-
ically studied by X. Li [19].
Definition 2.1 (Continuous orbit equivalence). We call two continuous actions G ~, X
and K ~, Y continuously orbit equivalent, G ~, X T K ~ Y, if there exists a home-
omorphism ¢: X ~ Y with inverse ¥ = ¢! and continuous maps a@: G x X — K and
b: K x Y — G such that

#(gx) = a(g,x)¢(x), Y(hy)=>bh,y)¥(y)
foralge G,he Hyxe Xandy €Y.

If both a and b are further assumed to be group isomorphisms from G to K and from K
to G, respectively, we call these two actions conjugate, written as G ~, X Lk ~Y.
Clearly, conjugacy implies coe.

Remark thatif K ~, Y is topologically free (i.e., foreache #h € K,{y € Y:hy # y}
is dense in Y), then a is a continuous cocycle, see [19, Lemma 2.8]. When both a and b
are cocycles in the above definition, we simply call b the inverse cocycle of a.

The following fact is proved independently in [21] and [20], we sketch the proof for

completeness.

Proposition 2.2. Let G and K be finitely generated groups. Let G ~ X and K ~ Y
be two topological free actions on compact spaces. Assume they are continuously orbit
equivalent, and a: G x X — K is the associated continuous orbit cocycle, then G > g —
a(g, x) € K is a bi-Lipschitz bijection for each x € X with respect to the right invariant
word metrics on both G and K.

Throughout the paper, a bi-Lipschitz bijection means a bijective map ¢ such that both ¢
and ¢! are Lipschitz maps in the usual sense.

Proof. Let S and T be any symmetric generating sets for G and K, respectively. Let | - |s
and | - |7 be associated word lengths, and let dg (-, -) and dr (-, -) be the corresponding right
invariant word length metrics on G and K, i.e., ds(g1,2) = |g2¢7'|s and d7 (h1, h2) =
|h2h1’1|T forall g1, g» € G and hy, hy € K. Then

dr(a(gy,x),a(g2.x)) = la(gz, x)a(g1. x) " |7 = la(g287". g1%)IT

< |g287"|s - sup max |a(s, x)|r
xeX SE€S

= ds(g1.82) - sup maxa(s. x)|r.
xeX S€S
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where the inequality follows from the cocycle identity. This shows that g > a(g, x) is
a Lipschitz map.

To see that g > a(g, x) is a bijection and its inverse is a Lipschitz map, apply a similar
argument to the inverse cocycle using [19, Lemma 2.10]. ]

The following lemma is well known, but we present its proof for the reader’s con-
venience.

Lemma 2.3. Let a: Z ~ X be a minimal action on a compact space X and Ky C K be
a closed subgroup in a topological group. Let c:Z x X — Ko be a continuous cocycle
such that c(n,x) = f(0(x)) f(x)~! for some continuous map f:X — K and alln € Z,
x € X. Then there is a continuous map f': X — Kg such that c(n,x) = " (0, (x)) f/(x)!
holds foralln € Z and all x € X.

Proof. Observe that the continuous map
xeX — K()f(x) S K()\K

is a-invariant. Hence minimality implies there exists some k € K such that Kq f(x) =
Kok forall x € X, ie., f(x) € Kok forall x € X. Define f'(x) = f(x)k~!. We deduce

that c(n,x) = f(an(x)) f/(x)~ L. m

2.2. Skew product actions

We recall the following well-known construction of skew product actions. Let o: H —
Aut(K) be a group homomorphism. Let c: H ~, X — K be a skew cocycle, i.e., for all
hi,hy € Handallx € X,

c(hiha, x) = c(hy, hax)op, (c(ha, x)).

One can check that c((h1h2)h3,x) = c(hy1(hyh3),x) holds forall h; € H,1 <i <3, and
all x € X. Besides, ¢ is a skew cocycle if and only if the map ¢’: H ~» X — K %o H
given by ¢’(h, x) = (c(h, x), h) is a cocycle in the usual sense.

Given a group homomorphism o: H — Aut(K), an action H ~, X and a skew cocy-
cle ¢ defined as above, we can define the generalized skew product action:

G:=Kxg Hn XxK, (kh)(x,k'):=hx,ch x)opkk™t).

Note that when o is trivial, i.e., 0 = idg, skew cocycles (resp. skew product actions) are
reduced to the usual cocycles (resp. usual skew product actions) for the group K x H.
In this paper, we usually take H = Z, K be a finite group and o be trivial. To emphasize
the cocycle ¢, we usually denote X x K by X x. K.
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2.3. Induced actions

Let H be a subgroup of G. Fix any lift map L: G/H — G such that L(gH)H = gH
for all g € G. Consider the associated cocycle ¢: G x G/H — H givenby c(g,g'H) =
L(gg'H) 'gL(g'H) for all g, g’ € G. Given any continuous action H ~, Y, then the
induced action G ~ G/H x Y is defined as follows:

g(g'H,y) = (¢¢'H,c(g,g'H)y) forallg,g’ €eGandye?.

2.4. Examples of continuous actions

Odometer actions. Fix a sequence of strictly increasing positive integers (1;);>1 such
that n; | nj4q foralli > 1. Let

liinZ/n,-Z = {(x,- +n;Z)i>1 € nZ/YliZZni | (xiy1 —x;) Vi > 1}.

i>1

The odometer action associated to (n;) is defined as the continuous action «: Z ~,
limZ/n; Z given by
<«

an((x; +n;Z2);) = (n +x; +n;Z);, x; €Z.

Weakly mixing actions. A continuous action Z ~, X on a compact Hausdorff space
is called (topologically) weakly mixing [11, p. 23] if the product action Z ~, X x X is
transitive, i.e., for every pair of non-empty open sets U, V in X x X there exists some
g € Z with gU NV # @. Examples of free minimal weakly mixing actions include the
so-called Chacén system [11, p. 27].

It is well known and easy to check that for a continuous action Z ~, X on a compact
Hausdorff space X, if X has no isolated points and there is a point in X with dense
orbit, then Z ~ X is transitive. Conversely, for a compact metric space X, Z ~ X being
transitive implies that it admits a point with dense orbit, see, e.g., [15, Proposition 7.9].

2.5. Subgroups of D,

Let Doo = Z % % = (s) x (t) = (5.t | t2, tsts) be the infinite dihedral group. We record
a simple lemma on the structure of its subgroups.

Lemma 2.4. If H is a subgroup of Do, then either H = (s*, s't) for some k.,i € Z,
0<|i| <k, or H=(s*t), or H = (s*) for some k € Z. Moreover, all subgroups can
be realized as ¢;(H) for some i € 7 and some H € {k7Z % %, kZ, %:k € 7.}, where
¢; € Aut(G) is defined by ¢;i(s) = s, ¢; (t) = s't.

Proof. Write H N Z = (s¥) for some k € Z. Note that the set of torsion elements of G
is precisely {sil:i € Z}. If H contains no non-trivial torsion elements, then H C Z, i.e.,
H = H NZ = (s¥).If H contains some non-trivial torsion element, say s'¢ € H for some
i € Z. Without loss of generality, we can assume that |i | is smallest among all non-trivial
torsion elements in H .
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Case 1. i = 0. Then clearly, H = (s*,1).

Case 2. |i| > 0.1f k = 0, then H = (s’t). Indeed, assume not, then s/¢ € H for some
j # i, which implies that (s’t)(s/t) = s'~/ € H N Z, a contradiction. We can suppose
that k > 0. Clearly, 0 < |i| < k, then H = (s*, s't). Indeed, assume s/t € H, then
(s7)(s') P =577 € HNZ = (s%), hence s/t € (s¥,5t).

The moreover part is now clear. ]

Remark 2.5. Lemma 2.4 implies that the notion of structurally conjugacy between two
odometer actions of D, as introduced in [7, Definition 3.1] coincides with the usual con-
jugacy. Thus, from [7, Theorem 3.3] it follows that continuous orbit equivalence between
two free odometer actions of D, implies they are conjugate.

Next, let us observe the following holds, see also [22, Proposition 2.8].

Proposition 2.6. If a: Doy ~ X is a minimal action on an infinite compact Hausdorff
space X, then it is topologically free.

Proof. Without loss of generality, we can assume « is not free. Write Do, = Z X % =
(s.t] t2,tsts) = (s) x (t). Then observe that the sub Z = (s)-action, i.e., |z:Z ~, X is
minimal.

Indeed, note that the number of minimal Z-components in X is either one or two
(see the discussion before case I in the proof of Theorem 1.3 for details). If we have two
minimal Z-components, say X¢ and 7 Xy, then |z on each component is free and so is «,
contradicting our assumption.

Now, as the action is minimal and X is infinite, every stabilizer subgroup must be of
infinite index in D,. By Lemma 2.4, we deduce that for each x € X, if the stabilizer
group Stab(x) is not trivial, then Stab(x) = {e, s"¢} for some n € Z. To check topological
freeness of o, we only need to show that for each n € Z, the closed set X, := {x €
X:s"tx = x} is nowhere dense.

Note that x € X, if and only if Stab(x) = {e, s"¢}. Now, assume that 30 # U < X,,
where U is an open set. Then we can pick any y € X\U and use Z ~, X is minimal to
deduce that for each N, 3|m| > N such that sy € U. Hence, {e, s"t} = Stab(s"y) =
s™ Stab(y)s ™. Since Stab(y) = {e} or {e, st} for some k € Z, we deduce that 2m =
n — k, which gives us a contradiction since m can be arbitrarily large. ]

2.6. Bi-Lipschitz bijections of Z

We need the following result from [2].

Theorem 2.7 (Benjamini—Shamov). Let f:7 — Z be a bi-Lipschitz bijection (Z is equip-
ped with its usual metric, namely p(x, y) := |x — y|). Then either sup,.7 | f(x) — x| <
+00 orsup,cz | f(x) + x| < +00. More precisely, f(x) = xx + const + r(x), where
Sup,ez 1 (x)] < oo.
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2.7. Gottschalk-Hedlund theorem

Another ingredient that we need is the classical Gottschalk—Hedlund theorem [12, Theo-
rem 14.11]. We record the following version as presented in [13, Theorem 2.9.4, p. 102]
and explain how to use it in our setting. Note that the proof of [13, Theorem 2.9.4, p. 102]
still works without the metrizability assumption on the space.

Theorem 2.8 (Gottschalk—Hedlund). Let X be a compact Hausdorff space, f: X — X
a minimal continuous map and g: X — R continuous such that

n

sup D g0 fl(x0)

nelli—g

< 0

for some xo € X. Then there is a continuous ¢: X — R suchthatpo f —¢ = g.

Now, let f: X — X be a minimal continuous action and ¢: Z x X — R be a continuous
cocycle for this action. Set g(x) = ¢(1, x), then a calculation shows that

> go fi(xo) =c(n+ 1.x0).
i=0

Thus, Gottschalk—Hedlund theorem actually shows that if ¢ is a bounded cocycle, i.e.,
SUP(y xyezxx |€ (11, x)| < oo, then it is a continuous coboundary map.

3. Existence of cocycles that are not coboundaries

To proof Theorem 1.2, we need to construct free minimal actions that admit continu-
ous cocycles which are not coboundaries with values into finite groups. We collect some
results along this direction.

Proposition 3.1. Let Z ~, X be a minimal weakly mixing and continuous action on a com-
pact metric space X. Then for each non-trivial group homomorphism ¢ from Z to F,
where F is a finite abelian group, ¢ is not a coboundary.

Proof. Suppose that ¢(s) = L(sx) — L(x) for some continuous map L: X — F and
all s € Z, x € X. Then L(sx) — L(x) = L(sy) — L(y) for all x, y € X. Therefore,
L'(x,y) := L(x) — L(y) is a continuous map which is constant on each orbit of any
point in X x X. By assumption, we know that L’ is constant since the diagonal action
Z ~ X x X admits a point with dense orbit. Thus L'(x, y) = L’(x,x) =0forall x,y € X,
i.e., L is a constant function on X . Hence ¢(s) = O forall s € Z, i.e., ¢ is a trivial homo-
morphism, a contradiction. n

For the next result, we need the following known characterization of coboundaries
using essential values for continuous cocycles in [18], which was adapted from Schmidt’s
notion for measurable cocycles in [24].
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Let K be a locally compact group with the unit element e. By K, we denote the one
point compactification of K, i.e., Koo = K U {o0}. We can extend the group operation
from the group K onto the set Ko, by g - 0o = oo for all g € K. One can check that the
operation Ko X Koo 3 (g1, 82) = £182 € K is continuous.

Definition 3.2 ([18, Definition 3.1]). Let T:Z ~, X be a continuous action on a compact
space X. Let c:Z x X — K be a continuous cocycle. We say that r € K is an essential
value of ¢ if for each non-empty open U C X and each neighborhood V of r there exists
N € Z such that

UNTNUNn{xeX:c(N,x)eV}+#0.

The set of all essential values of ¢ we denote by Eoo(c). Put also E(c) = Exo(c) N K.

Proposition 3.3. Let Z. ~ X be a minimal action and K be a compact abelian group,
e.g., a finite abelian group. Let c: 7. X X — K be a continuous cocycle. Then E(c) = {e}
if and only if ¢ is a coboundary, where e denotes the neutral element in K.

Proof. = See [18, Lemma 3.1 (ii)]. <= One can check this directly using the definition of
E(c). ]

The following result might be known to experts; since we do not find a reference, we
include the proof.

Proposition 3.4. Let (Z, X) be a minimal odometer action, say X = limZ /n; Z, where
<«

ni | nj foralli < j andlim;_.oon; = 0o. Let p be a prime number. Then the following

statements are equivalent:

(1) Every continuous map f:X — 7/ pZ gives rise to a continuous coboundary.

(2) sup; ord(p, n;) = oo, where ord(p,n;) := max k.

p¥|n;

Proof. (1) = (2): By Proposition 3.3, we know that for all continuous f: X — Z/pZ,

E(f)={0},i.e.,forall0 # c € Z/ pZ, there exists some non-empty open set U C X such

thatforalln € Z, wehavex e UNT"U = f(x)+ f(Tx)+---+ f(T" 'x) #c.
Now, denote by 7;: X — Z/n;Z the natural projection map, i.e.,

i ((xi +niZ)i) = xi +niZ.
Suppose that sup; ord(p, n;) is bounded, let us take some j such that
ord(p,n;) = sqpord(p,ni)
i
and assume n; > 1, then we define amap f: X — Z/pZ as the composition
xS zmzhzpz.

where f'(i +n;jZ) =681 € Z/pZ forall0 <i <n; —1.Takec =1 € Z/pZ, then we
find some U C X as above. We can shrink U if necessary to assume U = 7 Yio + nx Z)
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for some k > j and iy. Now, take any x = (x; + n;Z); € U and n = ng{ for some
: n _ . . . . n . .
integer £ such that n—’jf@ = 1 mod p. (This is possible since p } ﬁ by our choice of j
and p is a prime number.) Note that ny | n implies that T"x € U. Now, a calculation

shows that

n—1
FO)+ f(Tx) 4+ fT" ) =) f(x; +s+n,2)
s=0
ot ez
n; n;

This is a contradiction.

(2) = (1): The proof is similar as above. By Proposition 3.3, we aim to show that for
all continuous f: X — Z/pZ and all 0 # ¢ € Z/ pZ, there exists some non-empty set
U C X suchthatforalln € Z,x cUNT"U = f(x)+ f(Tx)+---+ f(T" 'x) #c.

Choose large enough j such that f factors through 7;: X — Z/n;Z,ie., f =mjo f’
for some map f':Z/n;Z — 7/ pZ. Since sup; ord(p, n;) = oo, we can find k > j such
that ord(p, nx) > ord(p,n;). Thenlet U = 7rk_1(0 + niZ).Foreachn € Z,if x e U N
T7"U,then x;p =0 = xx +ninZ/niZ, so ni | n. Now, a calculation shows that

fx)+ f(Tx)+---+ f(T" 1x)
n—1 ni—1
s=0 pord ;
nj—1

= [( Z s + n_iZ))%} ”k € pZ (since ord(p,ng) > ord(p,n;)).

s=0 Z
Thus, 0 = f(x) + f(Tx)+---+ f(T" 'x) 4 cinZ/pZ. L]

From the above proposition, we can deduce that the free minimal odometer action

-L_ .= X admits a continuous Z /3Z-valued cocycle that is not a coboundary.

Z r~ lim 577

4. Proofs

4.1. Non-rigidity part
Theorem 1.2 is a direct corollary of the following proposition.

Proposition 4.1. Let «: Z ~, X be a minimal free action on a compact Hausdorff space.
Letc,c': 7 x X — F be two continuous cocycles (with respect to the action ) into a finite
non-trivial group F. Consider the associated skew product actions &: F X Z. ~ X x. F
and@': F X7, ~, X X F as defined in Section 2.2. Then the following holds:

(1)  Both & and &' are minimal free actions.
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() a=xa.

. ~conj ~, . . .
(iii) Ifc’ = e € F, the neutral element in F, then & 2 implies that ¢ is cohomol-

ogous to a group homomorphism from 7, into C(F).
. . .. . ~ conj
(iv) For each F with trivial center, there exist o, ¢ and ¢’ such that & ~ @'

Proof. (i) We leave it as an exercise.
(ii) Recall that &: F X Z ~, X X, F is defined as follows:

G fmy(x, 1) = (@n(x),c(n,x) f' f~Y) forall f, f'€ F,ne€Zandx € X.
Define 0: (F x Z) x (X X, F) — F X Z by setting
0((t,n), (x, ) = @tf e, x) c'(n,x) f,n) foralln € Z,t € Fand x € X.

One can check that it is a continuous cocycle with respect to the skew product action &.
Indeed,

0((t1,n1) (12, n2), (x, f))

= 0((t1t2,n1 + n2), (x, 1))

= (titaf Le(ny +na,x) " e (n1 + nau x) fing + n2),
O((t1,n1), Aty ) (x, f))O((12,112), (x, [))

= 0((t1.11). (@n, (x). (12, %) f 15 1)) 0((12.12). (x. f))

= (itzf " e(n2, ) e(ny, any () 7' (1, @y (X)) (2. %) f15 1 1)

X (t2.f "le(na. x)7 ¢ (n2. x) finz)
= (tita f " Le(na, x) Le(ny, an, (X)) e (n1, @, (X)) (12, X) finq 4 12)

= (htaf 'e(ny +na,x) 7' (ny + na,x) finy + ny).
Thus,
O((t1,n1)(t2,n2), (x, f)) = 0((t1,n1), U(1y,n,) (X, [))O((12,12), (x, [)).

Moreover, one can verify that
Ay (x, ) = &é(([,n),(x,f))(x7 /).

By symmetry, one can also define the inverse cocycle for 6, hence & T

(iii) First, we observe that for each ® € Aut(F x Z), we have ®(z,1) = (e(t)g, £1) for
some ¢ € Aut(F) and g € C(F), the center of F. Indeed, since F is finite, ®(F x {0}) =
F x {0}, thus we define ¢ = ®|Fxqoy. Next, we can write (e, 1) = (g, =1) for some
g € F. From ®((e, 1)(¢,0)) = ®((¢,0)(e, 1)) for all t € F, we deduce that g € C(F).
Note that ®(¢,n) = (e(¢)g", £n) forall n € Z and t € F. For such ®, we simply write

P = (e()g. ).
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Next, assume & is conjugate to &', say via a homeomorphism t: X X, F — X X F
and a group isomorphism (e(-)g, £): F x Z = F x Z defined in the last paragraph. Then
we can write

t((x, f1) = (p(x. f). ¥ (x. )

for some continuous maps ¢: X x, F — X and ¢: X x, F — F.
Fix any (x, f') € X x. F and (f,n) € F X Z, the F x Z-equivariance of t shows
that forall x € X, f, f’ € F and all n € Z, we have

atn(P(x, 1) = dlan(x),c(n,x) f'f71),
' (En e, fNYx g e(f)7 = Ylan(x),cn.x) f f7).

Since f is arbitrary in the first expression in (4.1), we deduce that ¢ only depends on

its first coordinate, so we can directly write ¢(x, —) = ¢(x) and hence a4, (¢(x)) =

¢ (ot (x)). Using 7 is a homeomorphism, we can check that ¢ |x is also a homeomorphism.
Now, set /' = c¢(n,x) and f’ = e into the second line in (4.1). We get that

.1

' (En, ()Y (x,e)g "e(c(n, x))™! = Y (an(x),e).

Thus,

¢'(£n,¢(x) = ¥ (an(x), e)elc(n, x))g" ¥ (x,e) 7. (4.2)

Since oty (P (x)) = ¢(atn (x)), (4.2) can be rewritten as
(£n,x) = Y@ (@an(x)), )e(c(n, ¢ (x))E" Y (¢~  (x), )",
or simply
' (n,x) = ¥ (an(x)e(c(£n, ¢ 1 (x)) g v/ (x)™! foralln € Zandx € X, (4.3)

where ¥/ (x) := ¥ (¢~ (x), e).

Now, let ¢ = e € F, the neutral element in F, then (4.3) is the same as saying ¢’ is
cohomologous to a group homomorphism Z 3 n — g*" € C(F).

(iv) Set ¢ = e. We are left to construct « and ¢ such that & & 1t suffices to make
sure the above identity (4.3) fails. Since C(F) is trivial, we deduce g = e. It suffices to
find some « and a cocycle ¢’: Z x X — F (with respect to «) which is not a coboundary.
By Cauchy theorem, we can find some non-trivial ¢ € F such that Z/pZ = (t) C F for
some prime number p. By Lemma 2.3, it suffices to find some « and a continuous cocycle
¢':7Z x X — 7/ pZ which is not a coboundary.

We can apply Proposition 3.1 or Proposition 3.4 to construct a suitable free minimal
and weakly mixing or free minimal odometer action Z ~, X and a continuous cocycle ¢
which is not a coboundary. ]
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4.2. Rigidity part
We are ready to prove Theorem 1.3.

Proof of Theorem 1.3. Let Do = Z % % = (s) x (t). Denote by S the symmetric gener-
ating set {sT, 1%} for D,. Denote by | - |s the word length on G with respect to S. Note
that |s"t|s = n + 1 and |s"|s = n. Let d(-, -) be the right-invariant word metric on Do
with respect to S, i.e., d(g1, g2) := |g287 '|s- Let ¢: Do X X — Do be the continuous
orbit cocycle associated to a given continuous orbit equivalence.

Claim 4.2. For all x € X, the following holds: either sup, .z d(c(s", x), s") < oo or
sup,cz d(c(s", x),s™") < oo.

Proof. Define m: Z — Dy, by setting m(s2") = s" and m(s2"*1) = ts" for all n € Z.
One can verify that 7 is a bi-Lipschitz bijection. In fact,

[n —m|

2
Fix any x € X and write ¢ (g) = c(g, x) forall g € D Define ¢p: Z — Z by setting
¢ = w1 o ¢, o 7. Clearly, ¢ is a bi-Lipschitz bijection as well by Proposition 2.2. From
Theorem 2.7, we deduce that either sup,,c7 |¢(n) —n| < 0o or sup, ¢z |¢p(n) + n| < oco.
This implies Claim 4.2 holds. |

<d(@@G"),n(s™)) <2n—m| foralln,m e Z.

Define X and X_ in the following way:
X4+ ={x e X:supd(c(s" x),s") < o0},
nez
X_={xeX:supd(c(s",x),57") < oo}.
nez
Clearly, X4+ N X_ = @ since s has infinite order. From Claim 4.2, we know that X =
Xy UX_.

Claim 4.3. Both X4 and X_ are clopen subsets of X.

Proof. We follow the idea while dealing with Z-actions in [4]. For each r > 1, define
B(r) := {ts',s":]i| <r} C Doo. Note that B(r) /" Dy as r — o0.

First, for all N > 0, there exists K > 0 such that B(N) C c¢(B(K), x) forall x € X.
Indeed, since Dy > g > c(g, x) € D is a bijection, we can find Ky > 0 such that
B(N) C c¢(B(Ky), x) for all x € X. Moreover, by continuity of ¢, we can find a small
open neighborhood Vy > x such that B(N) C ¢(B(Ky), y) for all y € V. Since X =
Uxex Vx, compactness of X implies we can find a finite subcover X = U?_, Vy,, set K =
maxi<j<n Kx;.

Let N := maxxex,¢es |c(g.x)|, and K as above for this N. Then for all x € X,

either ¢(s™%,x) € {s7%157% and ¢(s= K, x) € {s=0,15~%}

or ¢(s™%,x) € {s7% 5% and c(s= 7K, x) € {s7°,1570).
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Here, ¢(s™X, x) := {c(s', x):i > K}, and c(s~X, x) is similarly defined; {s>°, 5>} :=
{st,ts/:i >0, j >0} and {s=°,¢s=0} is similarly defined.

To see this, for each |k| > K, we have ¢(s¥, x) & B(N) as ¢(—, x) is bijective. Since
le(sT1, sk x)| < N, from ¢ (sT1H5 x) = ¢ (sF!, sk x)c (s, x), we deduce that c (s, x)
and ¢ (s*, x) must have the same sign for the s-exponent when writing them as elements in
tZ = t(s) or Z = (s). Then apply Claim 4.2 to see that if ¢ (s> X, x) € {s>°,£5>°} holds,
then x € X and thus c(s~%, x) € {s=°, 5<%} is automatic.

Now, denote by X/, := {x € X:ic(s™%,x) € {70,157, c(s= K, x) C {s=0,15<0)}
and X’ :={x € X:c(s”%,x) S {s=%1t5<0), c(s=7K x) € {s>°,15>°}}. From above, we
have shown X/, U X’ = X = X, U X_.Itis easy to see that X/, = X and X/ = X_.
Hence, to finish the proof, we just need to observe that both X, and X' are closed as c is
continuous and D, is countable and discrete. [

Define a: Z x X — Dy by setting

c(s™,x)s™" ifx e X4,
c(s™, x)s"  ifxe X_.

a(s",x) = {

Claim 4.4. The map a is a continuous cocycle taking finitely many values as n changes.

Proof. From Claim 4.2, we know that a takes only finitely many values. Fix any x € X
and n € Z. We have

a(s™t x) = (s, x)sT = c(s™, s x)e (s, x)s s
{a(s’”, s"x)s"a(s", x)s™™  ifs"x € X4,

a(s™,s"x)s™a(s", x)sT™" ifs"x € X_.

Case 1. s"x € X,. Since both a(s™ 1", x) and a(s™, s"x) lie in a finite set as m changes,
we deduce that {s"a(s", x)s™™:m € Z} is a finite set. Therefore, we have a(s", x) € Z
and thus a(s™", x) = a(s™, s"x)a(s", x).

Case 2. s"x € X_. Since both a(s™", x) and a(s™, s"x) lie in a finite set as m changes,
we deduce that {s™a(s", x)s™":m € Z} is a finite set. Thus, a(s", x) € Zt. Once again,
this implies that a(s™", x) = a(s™, s"x)a(s", x). To sum up, we have shown that for all
X € Xi,a(s™™ x) =a(s™,s"x)a(s", x) holds for all m, n € Z.

Similarly, one can show this also holds for all x € X_. We include the details for
completeness.

Fix any x € X_ and n € Z. We have

a(sm-i-n’x) — C(Sm+n,x)sm+n — C(Sm,Snx)C(Sn,x)Sm+n
. {a(sm,s"x)sma(s”,x)sm if s"x € Xy,

a(s™,s"x)s™a(s", x)s™ ifs"x e X_.
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(i) s"x € Xy. Since a(s™*", x) and a(s™, s"x) take finitely many values as m

changes, we get that {s™a(s", x)s™:m € Z} is a finite set. Therefore, a(s”, x) €
Zt, which implies that a(s™", x) = a(s™, s"x)a(s", x).

(ii) s"x € X_. This case can be checked similarly. ]
Define D: X — D by

t if X_,
D(x)={ ifx €

e ifxeXy.
From Claim 4.3, we know D is a continuous map. Moreover, one can verify that
D(s"x)a(s",x)D(x)"' €Z forallx € X andn € Z.

Indeed, one can check this by considering four cases depending on x € X4 and
s"x € X1+. We explain the proof for the case x € X4 and s”x € X_ below, the other
three cases can be checked similarly.

By assumption, there exists a finite subset ' C Dy, such that c(sk, x)s_k e F>
c(s*, s"x)s* for all k € Z. From the cocycle identity ¢(s”, x) = c(s*, s"x) " Le(s¥ ", x),
we deduce that ¢(s”, x) = sKgrs**" for some gy € F~'F for all k € Z. Taking a suf-
ficiently large k, we deduce that gx € tZ = t(s) and thus c(s", x) € t(s). Therefore,
D(s"x)a(s", x)D(x)"! =tc(s", x)s" € Z = (s).

Thus, the map a’: Z x X — 7 C Dy defined by

a'(s",x) == D(s"x)a(s", x)D(x)"!

is a continuous cocycle taking finitely many values in Z.

Take a Z-minimal component, say Xg, i.e., X9 = Orb(Z, x¢) for some x¢ € X is min-
imal with respect to the sub-Z-action. Then since Z <1 Do, we know t Xy = Orb(Z, tx¢)
is also a minimal Z-component. Moreover, Xo U 7 Xy is a G-invariant closed subset, hence
X = Xy U tXp by minimality assumption. Clearly, either Xo N tX¢ = @ or X¢ = tXp.

At this stage, we need to split the proof into two cases.

Casel. Xy = tX), i.e., the sub-Z-action Z ~, X is still minimal. We can think of a’ as
a cocycle taking values in R via the natural inclusion Z < R. As we assume Z ~, X is still
minimal, we can apply Gottschalk—Hedlund theorem, i.e., Theorem 2.8 and Lemma 2.3 to
deduce there exists some continuous map L: X — Z such that a’(s”, x) = L(s"x) "' L(x).
Thus, letting L'(x) = L(x)D(x), we deduce that

a(s",x) = L'(s"x)"'L'(x).
Therefore,
L'(s"x)"'L'(x)s" ifxe Xy,
L'(s"x)" 'L/ (x)s™ ifx e X_
= L'(s"x)"'s"L'(x) forallx € X andn € Z.

c(s™, x) = {
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Here, the last equality can be checked by observing that L(x) € Z which is abelian and ¢
acts on Z as a reflection.
Claim 4.5. There exists some k € Z such that c(t,x) = L'(tx) "' (s¥t) L' (x) forall x € X.
Proof. Notice that on the one hand,
(57", x)=L'(s"x)" s L' (x),
on the other hand,

- c(ts"t™ x) = c(t,s"t 7 x)e (™, 7 x)e(t 7L, x)

c(t, "t )L (5"t X)L L (1 ) e (7Y x).

c(s™", x)

Thus,
ST (X)L )T ()T s T = LI(s T x)e(t, "I L (" )T (4.4)

Since the right-hand side of the above takes only finitely many values as n changes, we
deduce that L'(x)c(t™!, x)" 'L/ (t71x)~! € Zt. Write L' (x)c(t™', x)"'L'¢"'x)"! =
sk®¢ for some k(x) € Z. It is clear from definition that X 3 x +— k(x) € Z is con-
tinuous. Next, from (4.4), we can deduce that ¢ (=, x)™! = L’ (x)"'s*®¢L’(t~'x) and
c(t, 8"t x) = L' (s7"x) "'k L/ (s"t 1 x). Since 12 = e, the above implies that k (x) =
k(s"x) foralln € Z and x € X. Since the sub-Z-action is minimal and k(-) is continuous,
we get that k(x) = k forall x € X. |

To sum up, we have shown that
c(s™,x) = L'(s"x) "L (x), ¢(t,x) = L'(tx)"'s*tL'(x) foralln € Z, x € X.

Clearly, this is equivalent to say ¢ is cohomologous to ¢ € Aut(Doo), where ¢ is given
by ¢(s) = s and ¢(¢) = s as mentioned in Lemma 2.4. Finally, we can apply [19,
Proposition 4.4 ] to conclude that the two actions are conjugate.

CaseIl. XoNtXy =0,ie., X = Xo U tXp and hence Xy is a clopen subset. We apply
Gottschalk—Hedlund theorem to the minimal subactions Z ~, X and Z ~, tXy. Argue
similarly to case I, we can find two continuous maps L”: Xo — Do and L": X9 — Do
such that

" L"(s"x)"'s"L"(x) forallx € Xoandn € Z,
c(s”,x) = , nys (4.5)
L'(s"x)"'s"L'(x) forallx etXgandn € Z.

Fix any x € Xy, we compute as follows:
(s, x) = L"(s"x)"LsT"L" (x),

c(s™ x) =c(@ts"t7h x) = c(t, s"t T x)e (", T x) et x)

=c(t,s"t )L ("t 1x) "L/t x) et x).
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Thus, we deduce
L'(s7"x)e(t, s"t X)L/ (5"t 1x) " = s L (x)c (L, x) L () T s T
As {L"(s7"x)c(t,s"t 7 x)L'(s"t'x)"':n € Z} is a finite set, we deduce that
L'(x)c@ Y, x)" 1L/ ¢ x)™!
= L"(s7"x)c(t, s"t 'x)L' (s"t 'x)" € Zt foralln € Z.
Let us write
L"(x)et™ )7L (17 x) ™ = 59y (4.6)

for some map k: Xg — Z. Clearly, k(-) is a continuous map. Moreover, since X is Z =
(s)-invariant, from the above identity, we deduce that

L"(s7"x)e(™ !, s7"x) "L (1 s x) T = ROy
[L"(s7"x)c(t, s"t X)L (s"t ' x) 71! = [sFDg7L.
Multiply the above two expressions and use 12 = e, we deduce that e = skK6" k() je

k(s™"x) = k(x) forall n € Z. Since X is Z = (s)-minimal, we deduce that k is constant,
say k(x) = k for all x € Xj. Then, (4.6) can be simplified to

L'(tx)=L'("'x) =t 's*L"(x)e¢", x)7L.
From (4.5), a calculation shows that for each x € X,
c(s",tx) = L'(s"tx)" 1" L' (tx) = L'(ts™"x) " Ls" L' (tx)
= [ sTRL (s s )T T T s TR L () e, x) 7Y
=c(@ L s™x)L (s7"x) " LsT L (x)e (e, x) 7L

In fact, using cocycle identity, we can compute the full expression for ¢. More precisely,
for all x € X, we have

c(s",x) = L"(s"x)" "L (x),
c(s"t,x) =c(t™ s x)L (s x) " Ls T L  (x),
c(s" tx) =c(@ s X)L (s x) LT L (x)e(r Y x) 7,

c(s"t,tx) = L"(s"x) " " L" (x)c(t, tx).

A.7)

Now, we remind that the two actions considered in Theorem 1.3 are @ and . But for
simplicity, we have omitted writing o for the first action. So, we have gx = B, (¢ x)(x) for
all g € Dy and x € X. Define a map

¢
X=XoUtXg — X, ¢kx)= ,BL//(X)(X), P(tx) = ﬂ,—1Ln(x)(x) for all x € Xp.

Clearly, ¢ is continuous as Xj is clopen and both ¢ and L”: Xo — Dy, are continuous.
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Claim 4.6. The map ¢ is the desired conjugacy between the two actions, i.e., ¢ is a
homeomorphism and ¢(gx) = Bg(¢p(x)) forall g € Do and x € X.

Proof. The conjugacy identity can be checked by computation using (g x)(X) = gx and
the above expression for c(g, x) in (4.7). We are left to show that ¢ is a bijection.

Injectivity. First, we check that ¢|x, is injective. Indeed, take any x, y € X, suppose
¢ (x) = ¢(y), that is, Brrx)(x) = Brry)(¥), i€, Brry)-1Lr(x)(x) = y. Since Do >
g+ c(g,x) € Dy is a bijection by Proposition 2.2, we can find some g € D, such that
c(g,x) = L"(y)7'L"(x).

Thus, y = Be(g.x)(x) = gx. Since x,y € Xp and Xo Nt Xo = @, we deduce that g € Z,
say g = s". Hence, c¢(s",x) = L"(s"x) "' L"(x). In view of (4.7), we deduce 5" = e, i.e.,
x = y. Clearly, this also shows that ¢|,x, is injective.

It remains for us to show that ¢(x) # ¢(ty) for any x, y € Xy. Assume not, then
Brrx)(x) = Bi-117(3)(¥), i.e., Brry)-1:17(x)(X) = y. We can find some g € D such
that ¢(g,x) = L"(y)"'tL"(x). Hence, y = Be(g.x)(x) = gx.So g € Z, say g = s". Thus,
c(s™,x) = L"(s"x)"'tL"(x). In view of (4.7), this implies s” = t, a contradiction.

Surjectivity. First, we observe that the second action also has two distinct minimal Z-
components. Suppose not, we can apply the proof of case I to the second action to see the
first action is conjugate to the second one.

Thus, these two actions must have the same number of minimal Z-components (as
each automorphism of D, must fix the subgroup Z = (s) globally), but this contradicts
our assumption in case II.

Let us write the two minimal Z-components of the second action as Yy and ;(Yp),
ie, X = Yo U B:(Yp). Now, since ¢p(gx) = Bg(¢(x)) forall g € Do and all x € X, we
know ¢(Xg), ¢ (tXo) € {Yo, B:(Yo)}. As ¢ is injective and Xy Nt Xy = @, we deduce that
{6 (Xo), ¢(1X0)} = {Yo. B:(Yo)}, s0 ¢ is surjective.

This concludes the proof of Theorem 1.3. ]

Remark 4.7. From [5, 6], we know that for every finitely generated one-ended group G,
its full shifts G ~, A for finite A are continuous cocycle superrigid actions with respect
to any countable target groups. It was mentioned in [5, Corollary 5] that this can be com-
bined with [19, Theorem 1.6] to deduce that the full shifts as above are continuous orbit
equivalence rigid actions if G is further assumed to be torsion-free and amenable. In fact,
this further assumption is unnecessary. Indeed, we just observe that from continuous cocy-
cle superrigidity, we deduce c(g, x) = L(gx) '¢(g)L(x). Then take x to be any fixed
point for this full shift action and use g — c(g, x) is a bijection for all x € X, we deduce
that g — ¢(g) is automatically a group isomorphism of G. Hence, we can just apply [19,
Proposition 4.4] instead to deduce that for every finitely generated one-ended group G, its
full shifts as above are continuous orbit equivalence rigid actions.
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5. Concluding remarks

Here are several remarks on the theorems and possible generalizations.

(1) Let F be any non-trivial finite abelian group. From the proof of Proposition 4.1,
we know that if Z ~, X is a minimal action admitting a continuous cocycle c: Z x
X — F which is not cohomologous to a group homomorphism from Z to C(F),
the center of F, then we can construct two continuously orbit equivalent but not
conjugate actions.
In fact, for each non-trivial finite abelian group F such a minimal action Z ~ X
and a cocycle as above do exist (by taking Z ~, X to be a well-chosen Toeplitz sys-
tem [11, Example 1.20], as shown to me by Prof. Lemanczyk). By combining this
with Lemma 2.3, we can deduce that for each finite non-trivial group F, F X Z
admits two continuously orbit equivalent but not conjugate minimal actions.

(2) The construction in the proof of Proposition 4.1 (ii) can be modified to deal with
a general semi-direct product group G = F X, Z for a finite group F. Since
Aut(F xg Z) becomes more involved and the existence of minimal actions that
admit nontrivial skew cocycles into finite groups is not clear to us, we do not study
the full generality here.

(3) Let G = D . Then we take a Z-minimal component, for example Xy, i.e., Xo =
Orb(Z, x¢) for some x¢g € X is minimal with respect to the sub-Z-action. Then
since Z <1 G, we know t Xy = Orb(Z, tx¢) is also a minimal Z-component. More-
over, Xo Ut Xy is a G-invariant closed subset, hence X = Xo U 1 X if we assume
G ~ X is minimal.

We observe below that once we have two minimal Z-components, the G-action is an

induced action.

Proposition 5.1. Under the above notations and assumptions, if Xo NtXo = @, then the
action G ~, X = Xo Ut Xy is conjugate to the induced action G ~, G/Z x X associated
to a cocycle §: G x G/Z — 7.

Proof. Indeed, consider the natural lift map L: G/Z — G which given by L(Z) = e
and L(tZ) = t. Then for the associated cocycle 6: G x G/Z — Z given by (g, g'Z) =
L(gg'Z) 'gL(g'Z) we have

8(s",Z2) =s", S(s".tZ)=s"", 8(s"t,Z)=s"", O(s"t,tZ)=5s"
for all n € Z. Now, define : X — G/Z x X, by setting

(Z, x) if x € Xo,

Ve = {(tZ,tx) if x € tXy.

Clearly, v is a bijection and continuous (as X is clopen). One can check that {(gx) =
g¥(x)forallg e Gandx € X.
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Hence, ¥ is a conjugacy between G ~, X = X U t X and the induced action G ~,
G/Z x Xy for a free minimal action Z ~, Xy (i.e., the sub-Z-action) with respect to the
above chosen cocycle c. ]

Next, consider the two actions G ~, G/Z x Xy induced from any two minimal topo-
logically free Z-actions on X, defined above, and let ¢ be a homeomorphism which
induces a continuous orbit equivalence between these two actions. Suppose we know that
¢ = id, then one can show that the two actions are conjugate directly. This shows that the
main difficulty for dealing with case II in the proof of Theorem 1.3 is that we do not know,
a priori, how the homeomorphism behaves on the two minimal Z-components.

Before proving the above assertion, let us fix some notation for the induced actions.
Fix any lift L: G/Z — G, i.e., L(gZ)Z = gZ for all g € G. We can further assume
L(Z)=eand L(tZ) =t.Thenlet§: G x G/Z — Z be the associated cocycle §(g,sZ) =
L(gsZ) 'gL(Z). Observe that §(s, Z) = L(sZ) 'sL(Z) = s forall s € Z.

Fix a minimal topologically free action o: Z ~, Xy, then the induced action @: G ~,
X = G/Z x Xy is defined as follows: a5(gZ, x) := (sgZ, as(s,gz)(x)) forall s, g € G
and x € Xj.

Now it suffices to show the following holds.

Proposition 5.2. Let o, f: Z ~ X¢ be two minimal topologically free actions. Also let
a,B:G ~ X :=G/Z x Xg be the associated induced actions as recalled above. Then the
following holds:

~ COf

1 a=~ B via the identity homeomorphism = o = B;
. conj

Q) a=Xp=a™B.

Proof. (1) Let c: G x X — G be the continuous orbit cocycle with respect to &, i.e.,
0g(X) = Be(g.x)(X), where X = (sZ, x) € X is any point. Then a calculation using the
definition of the induced actions shows that

gSL = (8, X)SL, as(g,5z)(X) = Bs(c(g.5).52)(x) Vg s €G, Vx € Xo.

This implies that ¢ (g, X)Z = gZ as Z <1 G. In particular, c(s, X) € Z forall s € Z.

Now, we define the map 0: Z x X¢ — Z given by 6(s,x) = c(s, X), where X := (Z, x).
Clearly, 0 is well-defined and continuous. Then, we verify that 6 is a cocycle with respect
to . Take any s1, 5, € Z and x € X, we have

0(s152,Xx) = c(s152,X) = c(81, s, (X)) (52, X),
0(s1. 015, (x))0(52. X) = (51, 0, (X)) (52. %)
It suffices to check that &, (X) = a;xé). Recall that
X=(Z,x) and a5, (X) = (522, 0s(5,,2)X) = (Z, a5, (X)).

Meanwhile, oy, (x) = (Z, a, (x)).
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Now, let us check that 6 gives us a coe between « and §. Indeed, we have

o5 (x) = a5(5,2) (X) = Bs(e(s,%),2)(X) = BL(c(s,5)2)e(s,5)L(Z) (X)
= Bresz)-10(s.x)(X) = Bos,x)(x) Vs € Z, Vx € Xp.

(2) Let 6: Z x X9 — Z be the cocycle from the coe. By [4], we know that (s, x) =
f(as(x))"'sT f(x) for some continuous map f: X — Z. One can check Xy 3 x
Br)(x) € X intertwines o with B+, whichimplies Y 3 (gZ,x) = (8Z, Brx)(x)) € X
intertwines ofg with ,gr(g). Here, T € Aut(G) is defined as follows:

L id if0(s,x) = f(as(x))"Lsf(x) foralls € Z,
e if0(s.x) = flas(x))"ts™! f(x) forall s € Z.

Here, T € Aut(G) is determined by t(s) = s~! for all s € Z and t(¢) = ¢ for the reflection
tegG. ]
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