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Self-similar abelian groups and their centralizers

Alex C. Dantas, Tulio M. G. Santos, and Said N. Sidki

Abstract. We extend results on transitive self-similar abelian subgroups of the group of automor-
phisms oA, of an m-ary tree 7;, by Brunner and Sidki to the general case where the permutation
group induced on the first level of the tree, has s > 1 orbits. We prove that such a group A embeds in
a self-similar abelian group A* which is also a maximal abelian subgroup of +y,. The construction
of A* is based on the definition of a free monoid A of rank s of partial diagonal monomorphisms
of sAy,. Precisely, A* = A(B(A)), where B(A) denotes the product of the projections of A in its
action on the different s orbits of maximal subtrees of 7y, and bar denotes the topological closure.
Furthermore, we prove that if A is non-trivial, then A* = C,4_(A(A)), the centralizer of A(A)
in 4A;;. When A is a torsion self-similar abelian group, it is shown that it is necessarily of finite
exponent. Moreover, we extend recent constructions of self-similar free abelian groups of infinite
enumerable rank to examples of such groups which are also A-invariant for s = 2. In the final sec-
tion, we introduce for m = ns > 2, a generalized adding machine a, an automorphism of 77,, and
show that its centralizer in #,, to be a split extension of (a)* by As. We also describe important
Zn[#As] submodules of {(a)*.

1. Introduction

Our purpose in this paper is to study intransitive self-similar abelian groups and their
centralizers, generalizing known results for the transitive case. The results confirm the
importance of the centralizer as an analytic and discovery tool for groups and their repre-
sentations.

Nekrashevych and Sidki characterized in [7] self-similar free abelian subgroups of
finite rank of the group of automorphisms of the binary tree 9. Brunner and Sidki con-
ducted in [3] a thorough study of fransitive self-similar abelian subgroups of A, the
group of automorphisms of the m-ary tree 75, based on two facts. The first is that A,
is a topological group and for an abelian subgroup G of #,,, its topological closure G is
again abelian. The second, when G is a transitive self-similar abelian group, its closure
under the monoid (x) generated by the diagonal monomorphism

xao (o,0,...,0)

from A, to its first level stabilizer, is again self-similar abelian.
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Actually, it was asserted erroneously in [3, Proposition 1, p. 459] that the topological
and diagonal closure operations commute and then that the group A* was a “combination”
of these two closures applied to A. The precise statement is that in that paper A* should
have been, first the diagonal closure then the topological closure applied to A, which in
reality was the order used.

Bartholdi and Sidki produced in [1] the first free abelian transitive self-similar group
of infinite enumerable rank. Further transitive self-similar abelian groups appear in Koch-
loukova-Sidki [6, Theorem C] in the context of transitive self-similar metabelian groups
as finitely generated Z Q-modules of Krull dimension 1, where Q is a finitely generated
abelian group.

Let G be a subgroup of +,,. Consider P = P(G) < Sym(m) the permutation group,
or group of activities, induced by G on Y = {1, ..., m}, and let

Ow =1{l,....m1}, Opy={mi+1,....m +ma}, ...,
Oy = {my 4+ +ms_y +1,...,m}

of respective size my, my, ..., ms be the orbits of P in this action; we will view these
orbits as ordered in the manner as they are written here. For this set of orbits, an element &
of Sym(m) is called rigid, provided it permutes the set of orbits and is order preserving in
the sense that forall 1 <i <sandallk </ in O, (k)§ < ([)§ in O(u)g).

The group P induces transitive permutation groups Py on Og),i =1,...,s,and P is
naturally identified with a sub-direct product of the P(;y’s. We call (m1, . . ., my) the orbit-
type of G and (P(y), ..., P(s)) the permutation-type of G. An element o of P decomposes
as 0 = 0(1)0(2) * - O(s)» Where 0(;) € Pg.

Every & = (a1, ...,0,)0 € G can be written as
a = (aq),....0%))0,
where a1y = (@1,...,¥m,), ..., k) = (Om,4tmg_i+1--- - %m). Therefore, a can be

factored in the form
o = 0q1] O]

where o] = (o), e,...,e)oq), ..., 0 = (e,...,e,0x))o(); the factors ;) commute
among themselves.
Define the subgroups of A,

G[l] = {(O[(l), e,..., 6)0'(1) | o € G},

G ={(e, ..., e, 2(5))0(5) | @ € G}

and denote the group generated by the Gy;;’s by B(G). Clearly, B(G) = Gy Gy is
a direct product of its factors and G is a sub-direct product of B(G).
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The symmetric group Sym(m) is naturally embedded in #4,, as a group of rigid per-
mutations of the set of maximal subtrees of 7,; therefore, any subgroup of Sym(m) in
this embedding is self-similar in .

In the intransitive setting, we need to substitute the monoid (x) by the monoid A freely
generated by the s-partial diagonal monomorphisms from A, to Stab 4, (1)

Xitat>(e,...,e,a,...,a,e,...,e)

with o occurring in coordinates from the orbit Oy and the trivial automorphism e occur-
ring in the other positions.

Given u € A, we denote its length by |u|, set Ay = {u € A||u| = k} for k > 0 and
denote the closure of G under A by

A(G) = (G? | w € A).
Our results are as follows.

Theorem A. Let A < A, be a self-similar abelian group. Let Cy4, (A(A)) denote the
centralizer of A(A) in A, and define A* = A(B(A)). Then
(1) A(A), A(A), A(B(A)) and A* are again self-similar abelian groups and of the
same permutation-type as A.

(i) If A is nontrivial, then A* = Cy,,(A(A)) and A* is a maximal abelian subgroup
of Am.

Theorem B. There exists a finitely generated subgroup H of B(A) such that A* = A(H).

Corollary 1.1. An abelian torsion group of infinite exponent cannot have a faithful rep-
resentation as a self-similar group.

Problem 1.2. In view of the above corollary, we pose the question about the existence of
torsion-free abelian subgroups of Aut(7;,) which do not afford faithful representations as
self-similar subgroups of Aut(7;,) for any m’ > 2.

Let j be a positive integer, @ = (e, ..., e, ozxj_l)(l ---m) and D, (j) be the group
generated by Q(«) = {o, ", ..., o }, the states of «. Then D,,(j) is a free abelian
group of rank j which is transitive self-similar and diagonally closed. In contrast, in the
general case, we have the following result.

Theorem C. Let A be a free abelian group.
(i) Suppose A has finite rank.
(a) If A is a non-transitive self-similar group, then A(A) is not finitely generated.

(b) Let A be a transitive self-similar subgroup of Ay,. Then the self-similar rep-
resentation of A extends to a non-transitive self-similar representation into
Am+1 having orbit-type (m, 1) such that A(A), with respect to the second
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representation, contains a self-similar free abelian group of infinite enumer-
able rank.

(i) Suppose A has infinite countable rank. Then A can be realized as a self-similar
subgroup A of A, +1 of orbit-type (m, 1), invariant with respect to A = (x1, X3),
and is freely generated by the set U whose elements are

ay = (e,...,e,ar,e)(12---m)(m + 1),

ori1 = 0o (I = 2), ay =02 >1).

Moreover, ;™ = ™', U = {01} U {ag - x2A). Also A = A({@1)), and C4,,(A)
is a free abelian pro-m group,

CanA) =A x> [[ciZm.

i>1

|

¢ e

N

Figure 1. Diagram of the automaton A.

A

Problem 1.3. Is there a self-similar free abelian group of uncountable rank?

The final section is an application of the general theory developed in this paper to
a self-similar cyclic group generated by a generalized adding machine which we define
below. Other examples of self-similar cyclic groups can be found in the previous version
of the present paper [5, Section 5].

Let m = ns > 2. The generalized adding machine a is an element of Aut(7;,) de-
fined as:

a=(aq),aw),....a¢))p1p2---ps. ag = (e,e,...,a) forl <i <s,
nn=00,2,....n), pp=m+1,n+2,....2n), ..., ps=((s=Dn+1,...,sn).
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We will show that C(A) is a semidirect product of a Z,[Aut(7s)]-module by Aut(Ty)
and exhibit some of its important submodules. Define the following subgroups of A*:

V=Aap-ul|ll=<i=<s uecl)

Vi=A{ap-u|l1<i<s—1l,uely) fork>0

and Vi * is the normal closure of V. under the action of A(S). We gather the results in the
following theorem.

Theorem D. (i) C(A) = A* - A(S), where S is the group of permutations of the
set of the s orbits O(;) which is isomorphic to Sym(s), A(S) corresponds to
Aut(Ty), and A* is a Z,[Aut(T;)]-module.

(ii) V is freely generated by U = {a} U{a1-u |1 <i <s—1,u e A}.
(i) A*=V =A4-Zy ® B <ics_y {am WZy) |uc A}

(v) Vo'=A@ Vo andfork =1, V! =Vo* nk @ @, Vj -nk.
) Vi is A(S)-invariant for all k.

2. Preliminaries

2.1. Self-similar groups

Let Y ={l1,...,m} be a finite alphabet with m > 2 letters. The monoid of finite words Y
over Y has a structure of a rooted m-ary tree denoted by 7 (Y) or 7;,. The incidence
relation on 7y, is given by: (u, v) is an edge if and only if there exists a letter y such that
v = uy. The empty word @ is the root of the tree, and the level i is the set of all words of
length i. Two vertices u, v of 7, are comparable provided u is a suffix of v or vice versa,
v is a suffix of u.

The automorphism group 4, (or Aut(7,)) of 7, is isomorphic to the restricted
wreath product recursively defined by #,, = A, ¢ Sym(Y ). An automorphism « of 73, has
the form o = (ay, ..., o, )o (), where the state «; belongs to #,, and o: A, — Sym(Y)
is the permutational representation of #,, on Y, seen as first level of the tree 7,; o (@) is
referred to as the activity of . The action of @ = (¢, ..., ay)o(x) € A, on a word
Y1 V2 -+ ¥ of length n is given recursively by (1)@ (y5 -+ yn)®1.

The recursively defined subset of 4,

m
0(@) = {o} | Q@)
i=1
is called the set of states of a. A subgroup G of A, is self-similar (or state-closed, or

Sfunctionally recursive) if Q(«) is a subset of G for all @ in G and is transitive if its action
on Y is transitive.
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2.2. Self-similarity data

A virtual endomorphism of an abstract group G is a homomorphism f: H — G from
a subgroup H of finite index in G. Let G be a group and consider

H=(H <G |[G:H]=mi (1 =i =<y)),
m= (my,...,mg), m=my~+--+mg,

F = (f;: H; — G virtual endomorphisms | 1 <i <).

We will call (m, H, F) a G-data or a data for G. The F-core is the largest subgroup of
Nj_, H; which is normal in G and f;-invariant for all i = 1, ..., s. In the case where
F-core is trivial, we say that F is free.

The following approach to produce intransitive self-similar groups was given in [4].

Proposition 2.1. Given a group G, m > 2 and a G-data (m, H, F). Then the data provides
a self-similar representation of G on the m-tree with kernel the F-core,

s
<1<< (Hi | K <G.K/ <KVi= 1,...,s>.
i=1
There exists a variety of G-data. Among these we distinguish: G-data (m, H, F) is sim-
ple if the F-core is trivial; strongly simple if every f;-invariant subgroup of H; is trivial;
recurrent, if in addition each virtual endomorphism f; is an epimorphism. Furthermore,
we say that a recurrent G-data is strongly recurrent if

fir Hi 0 () ker(f;) > G
J#i
is an epimorphism for any f; in F = (f1,..., fs)-

1)2,3]4
21, 4|3 1]1,2|2,3]3, 4[4

Figure 2. Diagram of the double adding machine a.

There are recurrent G-data (m, H, F) which are not strongly recurrent. Indeed, con-
sider A the group generated by the double-adding machine ¢ = (e, a,e,a)(12)(34), then
Fix4(1) = Fix4(3) = (a?) and the A-data ((2,2), (Fix4(1),Fix4(3)), (1, 3)) is recurrent
but not strongly recurrent. The automorphism a was first considered in [2, Section 2.1].
Its generalization for the m-tree (m > 2) is given in Section 5.

2.3. Layer closure

Given a subgroup P of Sym(m), the set of elements « of 4, whose states have their
activities are from P forms a self-similar subgroup L, (P) of A, called the layer closure
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of P in +A,,. We simplify L,,(P) to L(P) when the context is clear. L(P) inherits from
the wreath product structure of A, its structure L(P) = (X, L(P)) - P.Let G be a self-
similar subgroup of #A,, of orbit-type (m1,ma,, ..., ms) and corresponding permutation-
type (P1, Pa, ..., Ps). Then the following factorization holds.

Lemma 2.2 ([4, Lemma 2.1]).
L(P) = L(P)L(P2)---L(Ps),

where the factors are two by two permutable.

3. Operators acting on automorphisms of m-trees

Since partial diagonal monomorphisms of #,, such as @ — (a,e, ..., e) play an important
role in our paper, we approach the subject more generally. Define

Func(m) = { f: A, — A, function},
End(m) = {f: A» — Ay endomorphism},
Mon(m) = { f: A — Ay, monomorphism}.

As is usually observed, Func(m) is closed under two binary operations: the composi-
tion of functions “-” defined by

(@)(f-8)=a)f)g

and the non-commutative “+4”" defined by

@(f +g) = (@) f)(a)g)

for all f, g € Func(m) and a € A,,.
End(m) is closed under “” and Mon(m) is a submonoid of End(m). We note that for
f, g, h € Func(m),

provided & € End(m).

Lemma 3.1. Let f,g € End(m) and leth = | + g.
(i) Then h € End(m) if and only if (Am)” commutes element-wise with (,)E.
(ii) Suppose h € End(m). Then h € Mon(m) if and only i]‘Amf N A% = {e}.

The proofs are straightforward.
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3.1. Monomorphisms of #A,,

Let (+4A )k denote the group induced by conjugation of +4,, on itself. Since m > 2, the cen-
ter of A,y is trivial, so (A, )k is isomorphic to #,, and is contained in Mon(m). The tree
structure induces certain additional monomorphisms of «,, defined as follows. First,
a connecting set M of T (Y) is a subset of vertices of 7 (Y) such that every element of
T (Y) is comparable to some element of M and different elements of M are incomparable.
Some examples for Y = {1,2}are: M ={0}; M =Y; M = {1,21,221,... 201, ot

Given a connecting set M and a non-empty subset N of M (called partial connecting
set), define the monomorphism

ON: Am —> Am, at> (a)dy = Db,

where b is such that b,, is equal to a for all u € N and to the identity e for all u in M \ N.
Then § is in Mon(,,). When w € Y, we simplify the notation 8y, to §,,. Define §(Y') to
be the monoid (8; | i € Y). When Y is fixed, we simplify §(Y') to § and denote the image of
a subgroup H of 4, under the action of § by §(H) = H® = ((a)-w |a € H and w € §).

3.2. The monoid §(Y)
Lemma 3.2. Forallu,v €Y, 848y = 8yu, and therefore
§=1(8|ie?)
is a free monoid of rank m.
Proof. We check (a)é,6, = ((@)8,)8y = (a)dyy forall a € A,, and freeness follows. m

Lemma 3.3. Let U = {u; | 1 <i <k} be a set of incomparable elements of T,,. Then,
> wer 6u € Mon(m), {8, | u € U} is a commutative set and

(Am)™ 0 {(Am)™ | u € Uou 3 v) = {e}.
Proof. The argument is as that of Lemma 3.1. ]
Lemma 3.4 (Permutability relations). Let r € A, and w € Tp,. Then
Sw - (MK = (ruw)K - Sw)r
and therefore the following monoid factorization holds:
((Am)ic. 8(Y)) = (Am)ic - 8(Y).

Proof. Let|w| = k. The development of r at the k-th level of the tree is r = (ry, | |u| = k)o
for some permutation o of the k-th level. Then as

(a)(6y) = (e,...,e,a,e,...,e)
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an element of Stab,, (k) and has a in the w-th coordinate, we compute
(@)(Bw) - (k= ((a)dy) = (e,...,e,a,e,...,e)
=(e,...,a",e,....,e)° =(e,....e,a’™ e, ... e),
where in the last equation a”™ is in the (w)® = (w)r coordinate. Thus,
(@) (Gw) - (r)x = (a™)Ewyr) = (@) ((rw)k - Saw)r)).
Sw - (Nk = (ry)k - (S(w)r)- u
3.3. Partial diagonal monomorphisms in §(Y)

Letw ={Y; | j =1,...,s} be apartition of Y. Define §(7) = (65 | N € «).
In the particular case where 7 is the set of orbits {Oyy,..., O} of G < A, on'Y,
denote the partial diagonal monomorphisms associated to G and its set of orbits by

X1 = ’\0(1)7 e X 1= )to(s).
Order the elements of the orbit Oy asil <i2 <--- <im;.
Lemma 3.5. Letr € A,, and x; in A.
(i) Then
xi - (P = [(ri)k - (Sanyr)] - [(riz)k - Bazyr)] -+ [(Fim ) - (Smy)r)]-
(ii) If the states ri1, ..., Tim; of ¥ centralize an element a of A, then
(a)x; - (r)k = (a)x;,
where Oqy = O(i)r)-
Proof. Leta € A,,. Then
(@)xi - () = [(@)8i1(a)iz -+~ (@)dim;]" = [(@)éir]"[(@)8i2]" -~ - [(@)Bim,]"
= [(@™M)8anyrll@"?)8q2)r] - - (@ )8 imyyr]-
In the last equality, we used Lemma 3.4.
Item (ii) is a consequence of (i). ]
3.4. Some relations between the operations, A, Stab, ~ and B

Let A be an abelian self-similar subgroup of +#4,,. As we often need to compose the above
operations in our manipulations of A, for the sake of reference, in the following, we sepa-
rate facts about some of them.

Lemma 3.6. Let x; € A and k > 1. Then, Stabygx; (k) = (Stabg(k — 1))*.

Proof. Straightforward. ]
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Lemma 3.7. i) A(A) < A(A);

(ii) form =2 and A = (a = (12)), the above inclusion is proper.
Proof. (i) The topological closure of A is the infinite product
A= A-Staby(l)---Staby(i)--- .

Therefore, for any w € A, (4)" = AY - (Stabg (1)) --- (Stabs(i))* --- which, by the
previous lemma, is a subset of Av,
(ii) Since for A = ((12)) < A, A = A, we have

A(A) = {a"™ | p(x) € Z/2Z[x]}.
whereas
A(A) = {a”™ | f(x) € Z/2Z [[X])}. m
Lemma 3.8. Letw € A.
(i) B(A") =AY if|w] = I;
(i) B(A(A)) = B(A4) - A(A), A(B(A(A))) = B(A(A)).
Proof. (1) (Aw/xi)[k] = {e} if k is different from i, and
AV )y = AV ifk =i
(ii) By direct computation, we have

B(A(A)) = B(A)(B(A™) | |w| = 1) = B(A)(A" | |w| = 1)
= B(A)A(AY | |w| > 1) = B(A)A(A). -

4. The centralizer of self-similar abelian groups

We start with a description of the structure of centralizers of self-similar abelian groups
and then proceed to prove Theorem A.

The very first step is to describe the structure of the centralizer of subgroups of finite
symmetric groups.

Lemma 4.1. Let Q be a subgroup of Sym(m) with the set of orbits Oy, 1 <i <s. Then
the centralizer of Q in Sym(m) has the structure

Csymom)(Q) = Csym(m1)(Q 1) *** Csym(my) (Q(s)) - S(Q),

where S(Q) is the subgroup of rigid permutations in Sym(m) with respect to the given
set of orbits. Let {J1, ..., J;} be the partition of the orbits of Q with equal length. Then,
S(Q) is isomorphic to the direct product Sym(Jy) X - -+ x Sym(J;). In the case where Q

is abelian, Csym(n)(Q) = B(Q)S(Q).
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Given a subgroup G of #,,, we write C(G) for C4,, (G) and define
S(G) =1{£ € S(P(G)) | C(G) N Staby,, (1)& non-empty}.

Since S(P(G)) = S(P(B(G)), any lifting of £ in S(G) to C4,, (G) can be modified by
an element of B(G) so as to induce a rigid permutation of the orbits, in this sense that
we choose each £ to be rigid and define R(G) to be the group generated by these liftings.
We note that any two liftings of £ differ by an element of Stabg (1). If € itselfisin Cy,, (G),
then G[i]E = G;], where O(i)g = O¢j), and therefore £ normalizes B(G).

Proposition 4.2. Let A be an abelian subgroup of Ay, and recall B(A), C(A), R(A).
Then,

(i) C(4) = Stabea) () B(A)R(A);

(ii)  the subgroup Stabc(4)(1) B(A) is normal in C(A);

(iii) B(A) centralizes Stabc(4)(1).
Suppose furthermore that A is self-similar. Then,

(iv) Staby(1) is a subgroup of A*' - A¥2 ... A%s;

(v) C(A) and Stabc(a)(1) are A-invariant;

(vi) A(A), A(B(A)) and A(B(A)) are self-similar abelian groups of the same per-
mutation-type as A.

Proof. (i) This item follows from the fact that C(A) modulo Stabc(4)(1) is isomorphic to
a subgroup of Csym(m) (P (A)) as in Lemma 4.1,

(i) Given r = (r1,...,rm)§ € R(A), where § € S(P(A)), and h € A[;) written as
h=n"-o,where h’ € Staby,, (1) and o € P(;), we have ofe Py;¢). As there exists g € Af;¢
such that g = g’ - 0%, we have (h") - g=! = (h')" - (g')~! € Stabc(4)(1), and therefore
the subgroup Stabc(4)(1) B(A) is normal in C(4).

(iii) Let f = (fl, fz, ey fm) = f[l]f[Z] .. -f[s] € StabAm(l) anda = any---aps) € A.
Then,

fa = f[l]a[ll ce f[S]a[S]_

Thus, f € C(A) if and only if f[; centralizes A[;) for all i. As f[;] centralizes A[;] for all
J # i, itfollows that f € C(A) if and only if f};) centralizes B(A) for all i.

(iv) An element of Stabg (1) has the forma = (aq),ac), . . .. a())- As P() is transitive
on Og), conjugation of a by elements A[;; shows that the entries of a;) are all equal.

(v) Given ¢ € C(A), easily ¢c¥ € C(A). Therefore, C(A)A = C(A). Since

(Stabc(A)(l))A < C(A)A =C(A) and (Stabc(A)(l))w < StabC(A)(l)
for w € A of length at least 1, we have

(Stabc4)(1))2 = Stabe)(1)).
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(vi) Since A is a self-similar abelian group, A(A) is also self-similar abelian. By induc-
tion on the length of elements of A, the fact that A(B(A)) is abelian is reducible to A[;
commutes with (A[;})" for all i, j. Clearly, A;; commutes with (A;)* if w = e or
w = w’ - xg for k # i.Inthe case k = i, A;j commutes with (Ap;1)" if and only if Af;
commutes with (A[j])w/. Further, since P(A(B(A))) = P(A(A)) = P(A), it follows that
A(B(A)) and A(A) are of the same permutation-type as A. Since the topological closure
of abelian groups are also abelian, A(B(A)) is abelian and is also self-similar. |

4.1. The case where R(A) consists of rigid permutations

Naturally, the complexity of C(A) depends upon that of R(A). In the case R(A4) = S(A),
we obtain finer structural results.
Proposition 4.3. Suppose R(A) = S(A). Then,

(1) B(A) is normal in C(A) and A(B(A)) is normalized by A(R(A)).

(ii) Define H = A(B(A))A(R(A)). Then A(R(A)) normalizes A(B(A)), and H =
A(B(A))A(R(A)).

Proof. (i) As R(A) = S(A), conjugation by elements of R(A) induces permutations of
the set of A[;1’s, and therefore R(A) normalizes B(A). Hence B(A) is a normal subgroup
of C(A). We calculate for b € B(A) the conjugates of b¥ by & for b = a;) € Ap;; and
v,w € A. As B(A) is normal in C(A), we may assume |v| > 0 and write v = v’x; for
some i . Also, since for any g € A, (g%)f = gxl, where | = k¥, we can assume |u),| >0
and write w = w’x;. Now check that (bw/xi)fv Y= (b¥")% if j =i and (b“’,xi)fv Y=
b®'i otherwise. The result follows by induction on the lengths of v and w.

(i) Since P(A) and P(S(A)) intersect trivially, it follows that their layered closures
L(P(A)), L(P(S(A))) also intersect trivially. Therefore, for all k > 0, the k-th stabilizers
of A(B(A)) and A(R(A)) intersect trivially, and thus

Stabg (k) = Staba(p(4)) k) - Staba(r(4)) k).
Hence, A(R(A)) normalizes A(B(A)). ]
We prove Theorem A in a more detailed form.

Theorem 4.4. Let A < A, be a nontrivial abelian self-similar group and let A* =
A(B(A)) and C = Cy,, (A(A)). Then

(i)  C leaves each orbit O invariant (that is, R(A(A)) = {e}) and
C = Stabc (1) B(A);

(ii)  Stabc (1) = (€)™ (C)™ -+ (C)™;

(iii) A* = Cau,, (A(A)) and A* is a maximal abelian subgroup of A, and is the
unique one containing A(A).
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Proof. Denote A(A) by K.
(1) We need to prove R(K) = {e}. Suppose, by contradiction, that

r = (r(l), . ..,r(s))é S R(K)

with £ # e, then r centralizes K = A(A). Let @ € A be nontrivial. Since £ # e, there are
Oy # O(j) such that &: Oy — Ojy. Recall Oy = (i1.12,...,im;). Then (&™)" = o™,
and on the other hand, (a¥)" = (e,...,e,a™, ... a"im),e,..., e)é; the identity e is
in positions outside Oy, after conjugation by &, the identities are shifted to positions
outside O(;y. Therefore, @ = e which is a contradiction. Hence, C = Stab¢ (1) B(K).
By Lemma 3.8, B(K) = B(A)A(A), and therefore

C = Stabc (1) B(A). .1

By Proposition 4.2, B(A) is central in C.
(ii) Let y = (Y1), ---» Y(s)) € Stabc (1), w € A and a € A. Then,

e=[y.a""]=(e,....e.[yq).a%].e,....e). yu € Cc(4®) =C.
Therefore, y € (C)*' ---(C)™. Thus,
Stabc (1) = C*1C*2 ... C*s, 4.2)
(iii) We substitute (4.1) in (4.2) and collect B(A)* in the right-hand side to obtain

Stabe(1) =[] (Sabc(1)” [ BA)*.

weA, |lw|=1 weA, |lw|=1
Thus,
Stabc (1) = Stabc(2) [ (B(A)™.
weA, |lw|=1
More generally,
sabe() =[] Swbc)® [ (B, (4.3)
weA, |lw|=k weA, |lw|=k
and
Stabc (1) = Stabe (k + 1) [[  (B(A)¥. 4.4)

weA, lw|=k

Let g € C. Then, as Cy4,, (A(A)) = Stabc (1) B(A), there exists b©® e B(A) such that
g(0)™! e Stabe (1)

and using (4.3), there exists b(1) € nweA,|w|=l (B(A))Y such that

@) M) ¢ [[ (Stabe(1)® < Stabe(2).

weA, |lw|=1
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Iterating, we produce 5®) in [Twen, lw|=k (B(A))Y such that

g(b(o))_l (b(l))_l ...(b(k))_1 € Stabc (k + 1).
Thus we produce the infinite product b = ---b® ... p(MpO) ¢ A(B(A)), and

gh™' € () Stabc (k) = {e}.
k>0

Hence, g = b and Cu,, (A(A)) = A(B(A)).

Now suppose that M is a maximal abelian subgroup of A, and A(A) < M. Then,
Ca,, (M) < Cy,,(A(A)) = A*. Thus, Cy, (M) is abelian and so, C4, (M) = M < A*
and M = A*. (]

Next we prove Theorem B.
Theorem B. There exists a finitely generated subgroup H of B(A) such that A* = A(H).

Proof. Choose a generating set {0;; | 1 < j < [;} for each P(; and choose B;; € B(A)
having activity 0;;. Define H = (B, |1 <i <s,1 < j <I;). Then B(A) < Stabp(4)(1) H
and by Proposition 4.2, Stabp(4)(1) < B(A)™ --- B(A)™.
Therefore,
A* = Staby~(1)B(A) = Stabys (1) H,
Stabgx (1) = (A*)*" -+ (A*)™ = (Stabg« (1) H)™" --- (Stabgs (1) H)™
[[ b ] H"

weA, |lw|=1 weA, |lw|=1

Thus, we can substitute H for B(A) in our arguments in the previous theorem to obtain
A* = A(H). u

An equivalent form of Corollary 1.1 is next.
Corollary 4.5. Let A be a torsion self-similar abelian group. Then A has finite exponent.
Proof. As A* = A(H), and H has finite order, it follows that A* has the same exponent
as H, and therefore so does A. ]
4.2. Free abelian groups

The purpose of this section is constructing a self-similar free abelian group of infinite
countable rank which is A = (x1, x)-invariant and showing that its topological closure
is a free abelian pro-m group.

Proposition 4.6. Let A be a self-similar abelian group of degree m = my + --- + my
and orbit-type m = (my, ..., mg) with s > 2. Then A = A(A) if and only if there exists
a strongly recurrent A-data (m, H, F).
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Proof. If A = A(A), it is enough to consider the A-data (m, H, F) defined by
H, = Fix4(1), H, = Fixq(m; + 1), ..., Hy = Fixq(my +---+mg_1 + 1),

and
fl =, f2 = TTmy+1s «- - fs = Tmy+-tms—1+1

where 7; is the projection on the i -th coordinate.

Suppose that we are given a strongly recurrent data (m, H, F) for A. Let Ty, ..., T
transversal of Hy, ..., Hs in A, respectively. We will show that given a € A there exists
b € A such that b® = a%¥ foralli = 1,...,s, where ¢: A — A, is the representation

induced by the A-data (m, H, F) and the transversal 71, ..., Ts. Indeed, since f;: H; N
(), ker(fj) — A is onto there exists b € H; N ();; ker(f;) such that b%i = a. Note
that H;tb = H;t for any t € T;, then

b? =(e,...,e,a%,...,a%e,...,e) = a%".
The result follows. [

Now we prove Theorem C.

Theorem C. Let A be a free abelian group.
(1) Suppose A has finite rank.
(a) If A is a non-transitive self-similar group, then A(A) is not finitely generated.

(b) Let A be a transitive self-similar subgroup of #A,,. Then the self-similar rep-
resentation of A extends to a non-transitive self-similar representation into
Am1 having orbit-type (m, 1) such that A(A), with respect to the second
representation, contains a self-similar free abelian group of infinite enumer-
able rank.

(i) Suppose A has infinite countable rank. Then A can be realized as a self-similar
subgroup A of An 41 of orbit-type (m, 1), invariant with respect to A = (x1, x2),
and is freely generated by the set U whose elements are

ar =(e,...,e,ay,e)(12---m)(m + 1),
i1 =" (I >2), g =072 (0 = 1).

Moreover, ;™ = ™', U = {01} U {ag - x2A). Also A = A({a1)), and C4,, (A)
is a free abelian pro-m group,

Ca,(A) =A ~ Hoz,-Zm.

i>1

Proof. (i) Let us prove (a). Suppose that K = A(A) is finitely generated. Then K = A(K)
and by Proposition 4.6 there exists a strongly recurrent K-data (m, H, F). Since K is an
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abelian group, we have that f;| H; N ker(f;) 18 injective, H; N (i ker(f;) ~ K and
the index
[K: Hin() ker(fj)]
J#i

is finite for alli = 1, ..., s. Therefore, ker( f1) N --- N ker(fs) # {e}; a contradiction.

Let us prove (b). Let H be a subgroup of index m in A, and let f: H — A be a virtual
endomorphism whose core is trivial. Consider the free abelian group of infinite rank A® =
@72, Ai, where A; = Aforalli. Write H| = H ® (§72,4;), H, = A, and fori = 1,2,
define the homomorphisms f;: H; — A®:

f]Z (h,az,a3,...) = (hf,az,a3,...),
fz: (al,az,a3, .. ) = (Cl2,6l3,a4, .. )
It follows that the A“-data

(m+1=(m,1), H= (Hy, Hy), F ={f1. f2})

has a trivial F-core. Let ¢: A — Ay, be the self-similar representation of A® induced
by the above A®-data. Then,

A7 = (47)% = AAD).

and Af is self-similar.

(i) Let m > 2 be an integer and let {a;, as, as, ...} be a free basis of A. Consider
Hy = {al’,a»,as,...) and H, = A. Define the homomorphisms f;: H; — A (i = 1,2)
which extend the maps

fual'>an, aye(=1), axy-10a; (i >2),
frrazici—>e(i=1), azr>a; (i =1).
Note that the A-data ((m, 1), (Hy, H>), (f1, f2)) is strongly recurrent. By Proposition 4.6,

the induced representation
o A — Apmi

is faithful and A = A% is closed under A = (x1, x,); recall the action of x1, x, on Ay,+1,

' =(c,...,c.e), 2 =(e,...,ec).

From the representation ¢, we have o; := a;.p (i € N), where

ar =(e,...,e,ay,e)(12 ---m)(m + 1),
i1 =" (i 22),

oz =02 (i > 1).
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The free abelian group A is freely generated by the ordered set U = {¢; | i € N}. The
subgroup (o) is self-similar, and ;' = of". It is clear that, given n € N, there exists w
in A such that &, = @}’ and A = A({@1)) = (@1) @ (01 | w € x» - A). Furthermore,
B(A) = A and R(A) = {e}. Therefore, by Theorem 4.4, C(A) = A* = A(A).

To calculate K, we note that for k > 0,

k k—1
Staba(k) = (o', ... 00| Ckt2. Ok43, .- .),

and Staby (k) \ Staba (k + 1) is the set of coset representatives
k—1

() \ @) - ()N (@) - ((ar 1) \ (o).

Therefore, A = [Tien @ and each m is isomorphic to Z,,. Since U converges to
the identity automorphism, we conclude that A is the free abelian pro-m group generated
by U [8, Example 3.3.8 (b), (d)]. [

5. The n-adding machine of multiplicity s

Let m be an integer > 2 and let m = sn be a factorization in positive integers s, n.
We follow the model of the adding machine in defining for the pair (s, ), the follow-
ing automorphism in A,

a=(aqy,...,d()D:

where the n-blocks are defined by

agy =ap)=--=day = (e,e,...,e,a),
p :pl...ps7
rn=0,2,....n), pp=m+1,n+2,...,2n), ...,
ps=((s—Dn+1,(s—Dn+2,...,sn).
Thena = ap)-ap)---afs), where a) = (e, ....e,ag),e,...,e)p;.

Remark 5.1. (1) The A-data in the given representation of A is as follows:

m1:m2:"':mS:ng
Hi=H,=---=Hg = (a"),
fi=fo=-=Ffs, fird"—a.

Then, the A-data is strongly simple and recurrent.

(2) It was proven in [2, Theorem 3] that transitive self-similar finitely generated tor-
sion-free nilpotent subgroups of #,, have solvability degree bounded by the num-
ber of prime divisors (counting multiplicity) of m, and the same holds for the
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nilpotency class in the case of strongly simple representations. In the same paper,
it was shown that the transitivity condition is necessary. Indeed, the centralizer
in A4 of the double adding machine,

a=(e,a,e,a)l2)(34),
was shown to contain an infinite family of self-similar 2-generated metabelian

torsion-free nilpotent groups such their set of nilpotency class is unbounded.

(3) The highly regular definition of a enables us to find b, an s-th root of it in Aut(7,),
such that (b) is transitive self-similar.
One such root is
b=(e,...,e,a)g,

where

g=U,s+1,....n—Ds+1,2,s+2,....(n—1)s+2,...,5,2s,...,n5).

Clearly,
C = Cyu,,(b) = Stabc (1) + (b).
Givenc = (¢1,¢2,...,Cm—1,Cm), We have
= (1,20 emetiem™® T = (Em® Cst1s s Clnmt)s)-
b

The equation ¢” = ¢ implies ¢; = c; forall i and ¢; € Cy,, (a). Therefore,

Ciap () = (Ca,, (@)™ + (D),

where x = x + X3 + -+ + X; is the full diagonal monomorphism.

We recall,

R(A) = S(4) = S ~ Sym(s), C(A) = AB(A))-A(S), A(S) ~ Aut(T;).

The group A(S) corresponds to the finitary subgroup of Aut(7s), and (A;(S) |l > k)
corresponds to Staba(7;) (k).

Let R = Z[A] be the integral monoid ring of A, or equivalently, the polynomial ring
in non-commuting variables x; (1 <i < ). The ring R = Z[A] decomposes as

R=Z+R-x1+R-x2++R-x,.

If u is a non-zero (reduced) polynomial, its degree is the maximum length of a A-term
in . We will view A(B(A)) additively and denote it by V', which then becomes an R-
module generated by {a;; | 1 <i < s}. Since a is central, we choose it to replace af in
the free generating {a[1], apy, . . ., afs} set of B(A).
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Proposition 5.2. The group V is Z-freely generated by
U={a}Ulap-u(1<i<s—1),uecl}

Proof. Since a = apy) + ap) + -+ + as), we write @’ = apy) + ap) + -+ + ag—1) and
we write our first additive relation as afs) = a — a’. Further additive relations are

a-xi=ap-n (1<i=<s—1),

a-xg=ap-n=@—-d)-n=a-n—a -n.

It follows that
s—1
V=44 ay-Z[A]
i=1
In order to formalize reductions in V', we look at its presentation with respect to its
generating set {a,ay;], ..., a]}
Let M be the free-R module freely generated by {y, y1, ..., ys}; denote y’ = y; +
Y2 + -+ + ys—1. Then, the map

¢p:y—a, yi—ap (1<i=<s-1)

extends to an R-epimorphism ¢: M — V.
Let K = ker(¢). We note that K has the following recursive property inherited from
automorphisms of the tree:

W=y X1+ U2 X3+ -+ s xg € K implies py, Uz, ..., us € K.

Let I be the R-module contained in K generated by

s—y+y.yxi—yi-n(I1<i<s—1),y-x,—(y—y)n}.

Given u € M/I, we can assume it to be written as i = 1y + 1,, where

s—1 s—1 s
m=y-ko+Y vi-kio m=y yi- (Zp(ij) -xj')
i=1 i=1 j=1
for some integers k; and polynomials p(ij) € Z[A].
We note that as ¢ (1) = 0 and as ¢ (n2) belongs to the first level stabilizer of the tree,
then ¢ (1) also belongs to the first level stabilizer of the tree.
If 1 is non-zero, we define its degree as

d(p) = lko| + max{deg(p(ij)) |1 =i =s—1.1=<j <s}.

Suppose K # I and choose o € K \ I minimizing d(u). As ¢ (11) belongs to the first
level stabilizer of the tree, we see from its multiplicative form

ki . 'a[s—l]ks_l — (a[l] "‘a[s—l]a[s])ko . a[l]kl . "a[s—l]ks_l

ko+ki . "a[s—l]k0+ks_l . a[s]k()

a** - ap)

=4an]
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ko+ki .. _1k0+ksf1

that p; - Ds - ps¥0 = e is the trivial permutation. We conclude that the
exponents kg + kq,...,ko + ks—1, ko are multiples of n, and so we write
ki=nk; (0<i<s-—1).
Now, since aj;j-n =a-x; (1 <i <s), we have
dp(m)=a-(kg+ky) -x1+-+a-(kog+kj_y) xe—1 +a-kg-xs.
Thus we can assume
m = y(ko+kDx1 + -+ y(ko + kg_)xs—1 + ykoxs.
When this new form of 7; is substituted into u, we find
M=y s X1+ @) s X2 e )t X,

where

pay =y - (kg + k1) + y1-p(11) 4+ -+ ys1 - p((s — D),

tes-1) =y - (ko + kg_p) + y1-p(1(s = 1) + -+ + ys1p((s = D(s — 1),
Ry =Y ko +y1-p(Is) + -+ ys—1p((s — 1), 5)

all elements of K.
Next, we note that d(us) < d(u), or g = 0. By the minimality of w, we have s = 0;
that is,

{ko, p(is),....p((s — 1), s)} = {0}.
Hence, substituting ky = 0 in wgy, i # s, we conclude similarly that pu(j) = 0 for 1 <
J < s —1, and thus, £ = 0; a contradiction is reached. n
5.1. Topological closure
Define V_; = A, recall Vy = {(ajj-u |1 <i <s—1, u € Ag) and define
Vo=V10 V.
In order to determine the topological closure of V' = A(B(A)), first we find
k-1
Staby (k) = (Vo -n) @ PV -n* ) @ P Vi
i=1 i>k

for k > 1. Next we choose the coset representatives Co = V' \ Staby (1) = Vo \ (170 -n),
and for k > 1,

Cr = Staby (k) \ Staby (k + 1)

k
= (Vo -n)\ (Vo - n* ™) + Y (Vi - n* )\ (V- n*H17),

i=1



Self-similar abelian groups and their centralizers 21

By writing infinite products cg - ¢y ---cg --- with ¢; € C; and collecting the V; terms,

we obtain e
V=nhe@dV.

Indeed,

s—1
V= al, ® @{a[i]zn lueA, |ul > 0}.

i=1
5.2. Submodules of A*

The group Aut(J) acts permutationally on the Z-modules Wy freely generated by the
vertices of the k-th level of the tree 7. The kernel of the action on Wy is Stabay7,) (k).
The natural “permutational” space W for Aut(J) is defined as the inverse limit of the
ordered set of spaces
Wo+ Wi +---+ W | k> 0}.
In contrast with W, we consider Vk# (k > 0), the normal closure of V} under the
action of A(S), and show it to have a comet-like appearance.

Theorem 5.3. Fork =0,
VO#Z Vo=A8 V.

Fork > 1,

k
Vit = vt -n* @ @Vi onkE
i=1

Moreover, Vi is centralized by Aj(S) for | > k, and both Vi.*, W(z Vi Z,) are invari-
ant with respect to A(S) ~ Aut(T).

Proof. Let§ € S and u,w € A. We will determine (a[; - u)Ew forl <i <s-—1.
We recall Lemma 3.5 (ii): Let 1 <i <s. Then, given g € Aut(7;,) and £ € S, £: g% —
g*®&. Let v be the largest common suffix of w and u, and write w = w’v, u = u’v. Then

€V ap - (W'v) - (ap -u’)‘E V.

It can be verified directly that

(ag - w)E" = () agoen v ifu' =w' =1
(i) apy-u ifu' =1, w #1;
(iii) ag - o’ ifu #1#w';

(v) apy- " -xqye) ifu' =u"x, w' = 1.
Thus, for [u| = k, we have (a[; -u')E" v € Vi, unless u = w and (i) = 5. In the
latter case, the image is

(ap -u)sw = a[éi] ‘U = apip)g] U = a[g] - U
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On varying £, we obtain

Vi = (agq) - Ak) @ Vi,

in particular,

Vot =(a) @ Vo =A@ Vp.

More generally, since afs) - u = (a —a’) - u, we obtain

Vit = (a- Ax) @ Vi
Moreover, for 1 </ <s,a-(x;-u') = (a-x;)-u’" = (ag;-n)u’. Hence, for k > 1,

V' = (lags) - Ak—1) -n) & (Vi1 -n) @ Vi

We note from the actions of £ on a[;) - u spelled out above, that the action is trivial if

|w| > |ul. Since

AS) =]]A5.

J=0

it follows that V;* is A(S)-invariant, and so is W. [ ]
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