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Asymptotic property C of the wreath product Z 2 Z
Jingming Zhu and Yan Wu

Abstract. Using the relationship between transfinite asymptotic dimension and asymptotic prop-
erty C, we obtain that the wreath product Z ? Z has asymptotic property C. Specifically, we prove
that the transfinite asymptotic dimension of the wreath product Z ¢ Z does not exceed @ + 1.

1. Introduction

In coarse geometry, the asymptotic dimension (asdim) of a metric space is an import-
ant concept which was defined by Gromov for studying asymptotic invariants of discrete
groups [4]. As a large scale analogue of Haver’s property C in dimension theory, Dranish-
nikov introduced the notion of asymptotic property C and proved that every metric space
of bounded geometry with asymptotic property C has property A [3]. Guentner, Tessera
and Yu introduced the notion of finite decomposition complexity to study topological
rigidity of manifolds [5] and proved that every metric space of bounded geometry with
finite decomposition complexity has property A [6].

It follows by definition that every metric space with finite asymptotic dimension has
asymptotic property C and finite decomposition complexity [3, 6]. But the inverse is not
true, which means that there exists some infinite asymptotic dimension metric space X
with both asymptotic property C and finite decomposition complexity. Therefore, how
to classify the metric spaces with infinite asymptotic dimension into smaller categories
becomes an interesting problem. Radul defined transfinite asymptotic dimension (trasdim),
viewing it as a transfinite extension for asymptotic dimension, and proved that for every
metric space X, it having asymptotic property C is equivalent to trasdim(X) < « for some
countable ordinal number « [8].

The relation between asymptotic property C and finite decomposition complexity was
studied by Dranishnikov and Zarichnyi [2]. As far as we know, there is no example of
a group that makes a difference between asymptotic property C and finite decomposition
complexity. The wreath product Z ¢ Z has finite decomposition complexity [6, 10], but
Z ! Z does not have finite asymptotic dimension. So we are interested in the question of
whether Z ? Z has asymptotic property C. In this paper, we prove that transfinite asymp-
totic dimension of Z ¢ Z does not exceed @ + 1. Consequently, Z ¢ Z has asymptotic
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property C. The wreath product Z ¢ Z is the first finitely generated group we found with
asymptotic property C and infinite asymptotic dimension.

The paper is organized as follows: In Section 2, we recall some definitions and prop-
erties of asymptotic property C, transfinite asymptotic dimension and wreath product.
In Section 3, we prove that transfinite asymptotic dimension of the wreath product Z ? Z
does not exceed @ + 1.

2. Preliminaries
Our terminology concerning asymptotic dimension follows from [1].

2.1. Asymptotic property C
Let (X, d) be a metric space and U, V C X. Let

diam U = sup{d(x,y) | x,y € U}

and
diU,V)=inf{d(x,y) | x e U, y e V}.

Let R > 0 and U be a family of subsets of X, U is said to be R-bounded if
diam U = sup{diamU | U € U} < R.
In this case, U is said to be uniformly bounded. For r > 0, U is said to be r-disjoint if
dlU,V)y=r forevery U,V € UwithU # V.

In this paper, we denote the union U{U | U € U} by UU and denote the family {U |
UeUyorU € Uy} by Uy U U,. Let N be the set of all non-negative integers.

Definition 2.1 ([1]). A metric space X is said to have finite asymptotic dimension if there
is such n € N that for every r > 0, there exists a sequence of uniformly bounded families
{U;}7_, of subsets of X such that the family U7—o U; covers X and each U,; is r-disjoint
fori € {0,1,...,n}. In this case, we say that asdim(X) < n.

Definition 2.2 ([3]). A metric space X is said to have asymptotic property C if for every
sequence Ry < R} < Ry < -+ < R; < ---of positive real numbers, there exist suchn € N
and uniformly bounded families Uy, ..., U, of subsets of X that each U; is R;-disjoint
fori € {0, 1,...,n} and the family ( J]_, U; covers X.

2.2. Transfinite asymptotic dimension

In [8], Radul generalized asymptotic dimension of a metric space X to transfinite asymp-
totic dimension, which is denoted by trasdim(X).
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Definition 2.3 ([8]). Let Fin N denote the collection of all finite, nonempty subsets of N
and let M € FinN. For o0 € {@} UFinN, let

M? ={teFinN |tUoc e MandtNo = J}.

Let M? abbreviate M ? for a € N. Define the ordinal number Ord M inductively as
follows:

OrdM =0 & M =@,
OrdM <a & VaeN, OrdM? < f for some < «,
OrdM =o & OrdM <« andforany y < o, Ord M < y is not true,

Ord M = oo < for any ordinal number o, Ord M < « is not true.
Definition 2.4 ([8]). Given a metric space (X, d), define the following collection:

A(X,d) = {o € Fin N | there are no uniformly bounded families U; fori € o

such that each U, is i-disjoint and | J; ., U; covers X }.

i€o
The transfinite asymptotic dimension of X is defined by trasdim(X) = Ord A(X, d).
Remark 2.5. It is easy to see that transfinite asymptotic dimension is a generalization of

finite asymptotic dimension. That is, trasdim(X) < n if and only if asdim(X) < n for each
n e N.

Lemma 2.6 ([8]). Let X be a metric space. X has asymptotic property C if and only if
trasdim(X) < « for some countable ordinal number «.

Lemma 2.7 ([11]). Given a metric space X with asdim(X) = oo and k € N, the following
are equivalent:
e trasdim(X) <w + k;

* foreveryn € N, there exists m(n) € N such that for every d > 0, there are uniformly
bounded families U_g, U_+1, ..., Umu) satisfying the following conditions:

— U; is n-disjoint fori € {—k,—k +1,...,0},
- U; is d-disjoint for j € {1,2,...,m(n)},
— the family U:":('i)k Ui covers X.

2.3. Wreath product

Let G be a finitely generated group with finite generating set S. For any g € G, let |g|s be
the length of the shortest word representing g in elements of S U S~!. We say that | - |
is word-length function for G with respect to S. The left-invariant word-metric ds on G
is induced by word-length function, i.e., for every g, h € G,

ds(g.h) =g hls.
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The Cayley graph is the graph whose vertex set is G, one vertex for each element in G,
and any two vertices g, h € G are incident with an edge if and only if g7'h € S U S™!.

Let G and N be finitely generated groups and let 1g € G and 15 € N be their identity
elements. The support of a function f: N — G is the set

supp(f) = {x € N [ f(x) # lg}.
The direct sum €Dy G of groups G (or restricted direct product) is the group of functions
Co(N,G) ={f: N — G with finite support}.
There is a natural action of N on Co(N, G): foralla € N, x € N, f € Co(N, G),
a(f)(x) = flxa™).

The semidirect product Co(N, G) x N is called the restricted wreath product and is
denoted by G ¢ N. We recall that the product in G ¢? N is defined by the formula

(f.a)(g,b) = (fa(g),ab) forevery f,g € Co(N,G)anda,b € N.

Note that (f,a)™' = (a='(f~),a™ ).

Let S and T be finite generating sets for G and N, respectively. Let e € Co(N, G)
denote the constant function with the constant value 1. For every v € N and b € G, let
85: N — G be the §-function, i.e.,

s2(w)y=b and 85(x) =1 forx #v.
Note that a(§2) = 62, and hence

(8. 15) = (e, v) (87, In) (e, v ™).

Since any function f € Co(N, G) can be presented as 8311 .. 83,’(‘,

(fly) = (851 1n) - (8% 1x) and  (fiu) = (f.1x)(e.u).

Thus the set
S ={@1,.1In), (e;t) |s€S,t €T}
is a generating set for G ¢ N.
An explicit formula for the word-length of wreath products with Z was found by Parry.

Lemma 2.8 ([7,9]). Let H be a finitely generated group and x = (f,n) € H?Z, m =
min{k € Z | f(k) # 1g}, M = max{k € Z | f(k) # 1g}. The word-length of x satisfies

x| = d iff=e,
Yien | fD]+ Lz(x) otherwise,

where e is the identity of @;cz H, Lz(x) denotes the length of the shortest path starting
from 0, ending at n and passing through m and M in the (canonical) Cayley graph of Z.
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Remark 2.9. By the formula of the word-length, we obtain that for every x = (f,n),
y =1(gn2) €L,

d(x,y) = |x""y[ = 107" (f T g).ny o)
_ ) Ini=na] if f=g,
iz | f() —g(@)| 4+ Lz(x7'y) otherwise,

where Lz (x~!y) denotes the length of the shortest path starting from 0, ending at n, — n;
and passing through all vertices in the support of n7!(f~'g) in the (canonical) Cayley
graph of Z.

Note that d(x, y) > |n; — ns|.

2.4. Saturated union

Definition 2.10 ([1]). Let U and 'V be families of subsets of X. For r > 0, the r-saturated
union of 'V with U is defined as

V{JU={N(V:W |V eVIUU € U|dU.V) > r},

where N,(V;U) =V U(U{U € U|dU,V) <r})and d(U,V) > r means that for every
Vev,dlUV)>r.

Lemma 2.11 ([1]). Let U be an r-disjoint and R-bounded family of subsets of X with
R >r. Let'V be a 5R-disjoint, D-bounded family of subsets of X. Then the family V| J, U
is r-disjoint, (D + 2R + 2r)-bounded and V | J, U covers U(V U U).

3. Main results

Inspired by the technique from [12], we obtain the following lemma.
Let Z™ be the set of all positive integers. Fora € Z and k € Z™, let

Xok = (EBZ) x (la.a +k]NZ) = {(f,n) ‘ fe@zne [a,a+k]nz},
Z Z

and assume that X, x is a subspace of the metric space Z ¢ Z with the left-invariant word-
metric.

Lemma 3.1. Forevery k,m € Z7, there exists B = B(k,m) > 0 satisfying the condition
that for any a € 7, there exist B-bounded families

uO, ul, e U(3k+1)23k

of subsets of X, i such that each U; is m-disjoint fori € {1,2,...,(3k + 1235, Uy is

K
k-disjoint and the family Ugikoﬂ)? U; covers Xg .



J. Zhu and Y. Wu 606

Proof. Without loss of generality, we assume that m > k. Let B = 13m + 5m? 4 267 +4
and let

Vo={[Q2n—-1m,2nm)NZ|neZ} and Vi ={2nm,2n+1)m)NZ |neZ}.

Then Vy, V; are m-disjoint, m-bounded and the family Vo U V; covers Z. Let S =k + m.
Forl =1,2,3,...,2%™ et

€ = {2 (n—1)+1)28S —m,(2*™"n +1)2S —m —k)NZ | n € 7},
D ={[2*"n +1)2S —m —k,(2*™"n +1)2S —m)NZ | n € Z}.

Then each € is k-disjoint, 23" *3-bounded and D; is (22" 1k + 22+, — k)-disjoint,
2m
k-bounded. The family £; U €; covers Z and the family U12=1 Dy is m-disjoint. Let

2m
W, = {HVz | Vi € Vo, i 6{1,2,3,...,2m}},

i=1
where ¢ is a bijection from {1,2,3,...,22™} to {0, 1}>™. Then each ‘W, is m-disjoint for
l e {1,2,3,...,22’”} and
22m 22m

U W is disjoint, i.e., for every W, W e U W, and W # W, wnw =a.
=1 I=1

Define 1, wp: Z2™ — Z™ by
()72 = (x)fey and  mo((x)72) = (omi)fLy -

For ¥ € @y Z and ()T, W) € by (€K +! x W), let U(X, (G;)?X T, W) denote
the set of all x € P, Z satisfying the following conditions:
*  Xg—k—m+i = X; fori € Z withi <0,
* (Xg—k-m—1+4i)i, € m(W),
. (xa—k—1+i),~3ff1 € H?i}q G,
* (Xg42k+i)izy € m2(W),
*  Xgi2k+tm+1+i = X; fori € Z withi > 0.
Let

Uo = {U(E, (CHXF W) x ([a,a +k]NZ) ( Xe @Z,
Z

22m

(€)X W) e e+ w,)}.

=1
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To define Uy, Uz, Us. ... Uggpiypsk- we let p:{1,2,3,.... 2%} — {0, 113 be
abijection, t € {1,2,3,...,2%}ands e {a—k,a—k + 1,...,a + 2k}. ForX € @, Z,
Vo, € T15, Vo, and (D, W) € UZ (D) x W), let Uy (R, (Vi)3k |, Dy, W) denote
the set of all x € P, Z satisfying the following conditions:

*  Xg—j—m+i = X; fori € Z withi <0,
* (Ya—k-m—1+i)j=, € m (W),
* Xg_k—14i € Vifori €{1,2,3,...,s —a +k},
e x5 € Dy,
* Xgpyi€Viforie{s—a+k+1,s—a+k+2,...,3k},
o (Xat2k+i)iz; € ma(W),
*  Xgioktm+1+i = X; fori € Z withi > 0.
Let

XG@Z,

uzsk(s_a+k)+l = {Us(fa (I/l)?ila Dy, W) x ([a,a+k]NZ)
Z

3k 22m
Vs € [ Vown- (Ds. W) € | (D1 x Wz)}~
i=1 I=1
Step 1. Firstly, we will prove that Uy is k-disjoint and B(m)-bounded. To prove that Uy
is k-disjoint, let

U=UR (X' WyeUy, U =UGF.(CH*T' W)eUy and U #U"

i=1 > i=1 >
Letx = (f,n1) €U,y =(g,n2) €eU’.

Case 1: (X,W) # (X', W’). Then there exists j <a —k or j > a + 2k such that f(j) #
g(j).ie. (f~1g)(j) # 0, which implies that there exists j <a —k —n; < —k or j >
a+2k —ny>ksuchthatn'(f~'g)(j) #O. It follows that Lz (x~'y) > k. And hence
d(x,y) = k.

Case 2: (X,W) = (X', W’). Since Ulzi”; W, is disjoint, W = W’ € ‘W, for some unique
l€{1,2,3,...,22™}. Then

(Ci)3k+1 (Ci/)3k+l c '€l3k+l and (Ci);ik+l 7é (Ci/)3k+1.

i=1 > i=1 i=1 i=1
It follows that there exists i € {1,2,3,...,3k + 1} such that C; # C/ and C;, C/ € €,
which implies that | f(a —k —14+1i) —gla—k — 1 +1i)| > k since €; is k-disjoint.
Hence d(x,y) > k.Sod(U,U’) > k, i.e., Uy is k-disjoint.
To prove that Uy is B(m)-bounded, let x = (f,n1),z = (h,n3) € U.
If f =h,thend(x,z) = |n3 —ny| <k < m. Otherwise, since

1)—n()| <2m” + + <2m”+ (3m +
|fG) —h()| < 2m? + Bk + 127" <2m® + (3 1)23m+3
ieZ <2m2+26m+4
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and
suppnl_l(f_lh) Cla—k—m-—ny,a+2k+m—ny] C[-2k —m,2k +m]
C [-3m, 3m],

then Lz (x7'2) < 12m, d(x,z) < 12m + 2m? + 25"+4 < B(m), i.e., diam U < B(m).
So Ug is B(m)-bounded.

Step 2. Now we will prove that for every ¢ € {1,2,3,...,2%Vands € {a —k,a —k +
L,....a + 2k}, Upsk (s—q4k)+¢ 18 m-disjoint and B(m)-bounded.
Let
U =U(x, (Vz)filv Dy, W)yx(la,a+k]NZ) € u23k(s—a+k)+t’
U' = U, (V)75 DLWy x (la,a + K] N Z) € Unsks—aiiyse

andU £ U’. Letx = (f,n1) €U,y = (g,ny) e U'.
Case I: Dy # D! Since | J%| Dy is m-disjoint, | £(s) — g(s)| = m. So d(x.y) > m.

Case 2: Ds = D}.Then Dy = D!, € D; for some unique / € {1,2,3,...,2>™}. By defin-
ition of Upsk (s—giryrrs W W' € W . If W £ W/, then ) ;7 | f(i) — g(i)| = m since
W, is m-disjoint. If W = W', then

& (D # @ (D).
It follows that at least one of the following two situations holds:
(a) (V,-)?il #* (Vi’)?il. In this case, there exists j € {1,2,3,...,3k} such that V; #
Vj’ € Vo@);- Then | f(j) — g(j)| = m since V), is m-disjoint. So d(x, y) > m.

(b) X # X'. Then there exists j <a —k —mor j > a + 2k + m such that f(j) #
g(j),ie., (f~1g)(j) # 0, which implies that there exists j <a —k —m —n; <
—mor j >a+ 2k +m—ny; >msuchthatn7!(f~1g)(j) # 0. It follows that
Lz(x7'y) > m.Sod(x,y) > m.

Then d(U,U’) > m, and hence U; is m-disjoint.
Let x = (f,n1),z = (h,n3) e U. If f = h, then d(x,z) = |[n3 —n1| <k <m.
Otherwise, since

D OIfG@) = h()] < 2m® + Bk + Dm < 2m* + 3m + Dym,
i€Z
and
suppni (f'h) Cla—k —m —ny,a+ 2k +m —ny] C [-2k —m, 2k + m]
C [-3m, 3m]

implies that Lz (x™1z) < 12m, d(x,z) < 2m? + 3m + )m + 12m < B(m).
Sodiam U < B(m), i.e., U; is B(m)-bounded.
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Step 3. Finally, we will prove that U(3k+1)2 U; covers X.
Indeed, for every x = (f.n) € X \ UU,, there exist a unique / € {1,...,2>™} and
W € ‘W, such that

(fla—k—m),..., fla—k—1)) e my (W)

and
(fla+2k+1),.... fla+2k+m))em(W).

Since x ¢ UUp, we have

3k+1
(f(a— —1+l))3k+l ¢ U{ 1_[ C; |(C )3k+1 E-€3k+l}

i=1

Then there exists s € {a —k,a —k + 1,...,a + 2k} such that f(s) ¢ UC;. Since
€; U Dy covers Z, there exists Dy € D; such that f(s) € D;. Since Vo U V; covers Z,
we can take ¢ € {1,2,3,...,2%%} such that (f(a — k), fla—k + 1), fla—k +2),...,
fGs=1)., f(s+1..... fla+2k) e [[2X, Vi, where Vi € V.0 €{1,2.3.....3k}.
Sox € Uuzak(s_a+k)+,- .

Theorem 3.2. Let X be the metric space 7.2 7. with the left-invariant word-metric. Then
trasdim X < w + 1. Consequently, 7.2 Z has asymptotic property C.

Proof. By Lemma 2.7, it suffices to show that for every k, m € N, there are uniformly
bounded families V_1, Vj, .. V(6k+2)23k such that V; is k- dlSJOlIlt fori = —1,0,V; is
m-disjoint for j = 1,2,... (6k + 2)23k and the family Ul(6=k_+12)2 Vi covers X.
Without loss of generality, we assume that m = kp for some p € N.Fori € Z, let A; =
1K, IK + NZ. emma 3.1, there exist 51(m) > 0 an 1(m)-bounded tamilies
ik,ik +k]NZ.ByL 3.1, th ist B 0 and B bounded famili
ip+1 ip+1 ip+1
Uy U ,...,‘u(3k+1)23k
satisfying each UPT! is m-disjoint for j € {1,2,..., (3k + 1)23%}, UL *! is k-disjoint
(3k+1)23k ]z +1 o
and ;2 ]p covers (Py Z) x Aipt1. By Lemma 3.1, there exist D1(m) > 0
and D1 (m) bounded families
ip+2 ip+2 ip+2
Uy 7, U ,...,u(3k+1)23k
satisfying each U
disjoint and U(3k+1)2 ‘u}”“ covers (Pg Z) x Aip4a.For j €{1,2,...,(3k + 1)23},
let

jl’“ is 5By (m)-disjoint for j € {1,2,..., 3k 4+ 1)23%}, UL+ is k-

ip+2 _ q4ip+2 ip+1
VPR = w2 Jurt
Then 'V;p+2 is m-disjoint and B, (m)-bounded by Lemma 2.11, where B, (m) = D (m) +
2B1(m) 4+ 2m. By Lemma 3.1, there exist D,(m) > 0 and D, (m)-bounded families

ip+3 ip+3 ip+3
UPEUPT L uE
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satisfying each U'P*> is 5B, (m)-disjoint for j € {1.2..... (3k + 2%}, UP ™ is k-
3k ;
disjoint and Uj(-ik(;rl)z UPT3 covers (P Z) x Aiprs.For j €{1,2,...,(3k 4+ 1)23},

J
let
rvl_P+3 — uzp+3 U 'Vl-p+2,
J J J
m

Then 'V;p+3 is m-disjoint and B3 (m)-bounded by Lemma 2.11, where B3z (m) = D,(m) +
2B>(m) + 2m. After finitely many steps, we obtain m-disjoint and B, (/m)-bounded fam-
ilies
ip+p ~)ip+p ip+p
VoA, ,...,V(3k+1)23k.

Note that 'V;p+p is a family of subsets of (P, Z) x (Uf=1 Aipy ;) and
p o (3k+1)23k , p
(U‘l,{lop+1)u( U "V;p+p) COVCI‘S(@Z)X(UAUH-]')-
j=1 j=1 v/ j=1
For j € {1,2,...,(3k 4+ 1)23k}, let

nez nez
Since for every iy, iy € Z with iy # is,
p P
a((B2) x Uz (D2) x U dzape ) = pk = m
z j=1 z j=1
and
P p
d((@z) x U A@iy+1)p+j (@Z> x U A(2i2+1)p+j) = pk=m,
Z j=1 z j=1
each V; is m-disjoint and uniformly bounded for j € {1,2,..., (6k + 2)23k} . Let

Vo= J U and v, =Judt.

nezZ nez

{(@z) X Agy | 1 eZ}

is k-disjoint and UZ" is a family of subsets of (B Z) x A2, and
{(@Z) X A2n+l | ne Z}
Z

is k-disjoint and ‘ug"“ is a family of subsets of (B Z) x Azn+1, Vo and V_q is k-
disjoint and uniformly bounded.

Since
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k
Finally, we will prove that U(6k+2)23 Vi covers Z Z.

i=—1

Since
b4
z:z=(@z)xz=(Dz)x 4 =JU(DZ)x 4ipss
Z neZ 7 i€Zj=1 Z
P
- U(@2)«U s
i€Z Z j=1
and
p o (3k+1)23k ' p
(U uz)P-H) U ( U 'V]’_P+p) covers (@Z) X U Aipyij,
j=1 j=1 Z j=1
we obtain that
D o (3k+1)23k A
(U U ugpﬂ) U (U U V;p+p) covers Z  Z.
i€Zj=1 ieZ j=I1
Note that
p . .
UUu™ = us =(U‘u§")u(U‘ug”+l) =Vo UV
ieZ j=1 nez nez nez
and
(3k+1)23 (3k+1)23 (3k+1)23k
U U w=( U U)o U Uveror)
ieZ j=1 j=1 nez j=1 nez
(3k+1)23 (3k+1)23k
= ( U Vj) U ( U vj+(3k+1)23k)
j=1 j=1
(6k+2)23k
= U v
j=1
Therefore, U,(ikjlz)z% V; covers Z Z. n
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