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Hofer’s metric in compact Lie groups
Gabriel Larotonda and Martin Miglioli

Abstract. In this article, we study the Hofer geometry of a compact Lie group K which acts
by Hamiltonian diffeomorphisms on a symplectic manifold M. Generalized Hofer norms on the
Lie algebra of K are introduced and analyzed with tools from group invariant convex geometry,
functional and matrix analysis. Several global results on the existence of geodesics and their charac-
terization in finite-dimensional Lie groups K endowed with bi-invariant Finsler metrics are proved.
We relate the conditions for being a geodesic in the group K and in the group of Hamiltonian diffeo-
morphisms. These results are applied to obtain necessary and sufficient conditions on the moment
polytope of the momentum map, for the commutativity of the Hamiltonians of geodesics. Particular
cases are studied, where a generalized non-crossing of eigenvalues property of the Hamiltonians
hold.
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1. Introduction

The subject of this paper is the metric geometry of compact Lie groups K: we are inter-
ested in the geometry of such a group when it is provided with a Finsler bi-invariant metric,
not necessarily smooth neither strictly convex. The rectifiable distance in K is defined
as the infimum of the lengths of paths joining given endpoints, and a geodesic in K is
a distance minimising path (we also use short). Since the unit sphere can have faces and
corners, there is a zoo of short paths for the distance in K besides the one-parameter

2020 Mathematics Subject Classification. Primary 58B20; Secondary 53D20, 53C22, 58D05.
Keywords. Hofer’s metric, compact Lie group, Hamiltonian action, moment map, moment polytope,
Finsler length structure, geodesic, coadjoint orbit, commuting Hamiltonians, symplectic energy.


https://creativecommons.org/licenses/by/4.0/

G. Larotonda and M. Miglioli 840

groups. We want to give a full characterization of these geodesics and relate it with other
geometrical invariants of the group and its Lie algebra. Let us recall here that a Finsler
length structure on the group Ham(M, w) of Hamiltonian diffeomorphisms of a symplec-
tic manifold M with symplectic form w, was introduced by Hofer in the paper [17]. The
Lie algebra of this group is the set of Hamiltonian vector fields, which can be identified
(by means of the symplectic gradient) with the set of Hamiltonian functions in M (mod-
ulo constant functions). The norm of a vector field is then the quotient L°°(M )-norm of
the generating Hamiltonian function (modulo constant functions). A natural problem of
current interest in the literature is the study of geodesics in this Finsler manifold. There
has been a significant amount of progress, and fairly deep work on the properties of this
metric, mostly from the point of view of symplectic topology, see [8,20-22,31,32] and
also the textbook [28] and the references therein. The results of this paper are for finite-
dimensional groups; there is however an interesting relation among them and the Finsler
structure of (M, w): we will consider (almost) effective Hamiltonian actions of compact
semi-simple Lie groups K on a symplectic manifold (M, ®). This action defines an inclu-
sion (modulo the discrete kernel of the action) K — Ham(M, w), which allows us to
introduce a pullback Hofer metric on K by means of

Ixlluany = max (y,x) = min (y,x).

Here x € ¥ = Lie(K) = T1K and p is the momentum map of the Hamiltonian action.
For this norm, the intersection of its unit ball with a maximal abelian subalgebra ) C ¥ is
the polar dual of a certain polytope P, which is derived from the moment polytope of the
action . A main example of this situation is when M = conv(y,), the convex closure
of the adjoint orbit of w in £, with trivial momentum map and the adjoint action of K.

The results on geodesics in this article are stated for any Finsler length structure given
by (left or right) translation of an Ad-invariant Finsler norm in ¥, therefore we include
non-symmetric distances in our discussion; what follows in one of the main results of this
paper:

Theorem A. Let K be a compact semi-simple Lie group with a bi-invariant Finsler met-
ric, let y:[a,b] — K be a piecewise C1 path. If y is short for the bi-invariant metric, then
for (almost) all t we have ¢(y; 1y:) = |ly; 1y:¢|| for some unit norm functional ¢ € ¥*.
Conversely, if the equality holds for some ¢ and (almost) all t € [ty, 1], and L(y)i; <R
then y is short in [tg, t1] C [a, b].

Here R is the injectivity radius of the norm. In particular, one-parameter groups in K
are always geodesics for these distances, provided their speed is in the domain of injec-
tivity of the exponential map of K. It is worthwhile mentioning here that the notion of
majorization of real vectors ¥ < w (identified with the eigenvalues of the operators ad v,
ad w, where v, w € ¥) plays a significant role in the proofs concerning minimality of
geodesics, and it is related to the condition v € conv(O,,), where the latter set is the con-
vex closure of the coadjoint orbit of w in ¥. If we specialize the previous result for a Hofer
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norm derived from a Hamiltonian almost effective action K ~, (M, ), one-parameter
groups in K are in correspondence to paths in Ham(M, w) with autonomous Hamiltonian,
and we obtain the following:

Theorem B. Let y:[a,b] — K be piecewise C', and denote its right logarithmic deriva-
tive by x; = Yy, V. If y is a short path in K, then (W**)ie[0.1] is a quasi-autonomous
Hamiltonian path, and if i is quasi-autonomous, y is locally short (in each interval of
length < R).

Then, in the final part of the paper, we move on to a finer characterization of geodesics
for some special norms, and we obtain several sharper results. Relevant geometrical prop-
erties of the geodesics can be expressed in terms of the extreme points of Hofer’s poly-
tope P. Of particular relevance are the polytopes with only regular extreme points in £,
which are fully characterized both in terms of the Lie algebra (by polar duality) and in
terms of the geometry of geodesics in K:

Theorem C. Let B be an Ad-invariant convex body in ¥ containing 0, such that P =
(B N §)° is a polytope (here Yy is any Cartan subalgebra). Endow K with the Finsler
length structure corresponding to the Minkowski norm of B. Then, all the extreme points
of P are regular if and only if all short curves y in K have commuting logarithmic deriva-
tives.

We obtain similar results for the pullback of the one-sided Hofer norm, which is usu-
ally only positively homogeneous.

There are several relevant applications related to this setting of actions of compact Lie
groups: for instance, as shown in [15], the geometry of the canonical Hamiltonian action
SU(n) — Ham(Gt, ,, w) can be used as a tool to study the eigenvalue inequalities in the
quantum version of Horn’s problem [5]. Here Gr; ,, is the Grassmannian of r-dimensional
planes in C”, and w is the canonical Kirilov—Kostant—-Souring symplectic form. We plan
to extend some of the results in this article to the case of infinite-dimensional groups using
ideas connected to the results in [11,23]. Some of the techniques developed in this article
might also be relevant to the study of Finsler length structures derived from mechanics
with non-smooth energy.

The article is organized as follows: in Section 2, we define generalized Hofer norms.
We study the faces and norming functionals of the unit balls of these norms, based on
two different theories. We first analyse the structure of these balls with functional analytic
techniques via an embedding in certain function spaces, an approach that will be useful
in the study of the stability under geodesy at the end of Section 5.4. We also study these
norms using results from convex geometry.

In Section 3, we recall basic results on Hamiltonian actions and Hofer’s metric on
groups of Hamiltonian diffeomorphisms, and we pull back these metrics to compact
groups using the homomorphism K — Ham(M, w). These are the motivations and main
examples for the norms and length structures on groups studied in this article. Never-
theless, this part of symplectic geometry is not necessary for the understanding of sev-
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eral results in the article which are solely based on convexity and Finsler length struc-
tures.

In Section 4, a characterization of the intersection of the unit balls of the Hofer norms
with maximal abelian algebras is given based on group invariant convex analysis and
symplectic convexity theorems.

In Section 5, we first recall several results obtained in [23] for groups endowed with
Finsler length structures obtained from Ad-invariant norms which are valid for the groups
studied in this article. Then we prove several global results on geodesics in the case
of finite-dimensional groups endowed with continuous Finsler metrics. We show that
geodesics in groups K with Hofer’s metric are quasi-autonomous, which provides a link
between the conditions for length minimization in K and the corresponding conditions in
Ham(M, w).

Finally, in Section 6 we study actions of groups with commuting Hamiltonians. We
start with the important special case of actions on regular coadjoint orbits and related
groups: the Hamiltonians of length minimizing curves have the interesting feature of “non-
crossing of eigenvalues”. We characterize the Ad-invariant norms such that in groups with
Finsler structures defined from these norms, all geodesics have commuting speeds. Based
on this result we characterize the compact groups of Hamiltonian diffeomorphisms such
that length minimizing curves have commuting Hamiltonians. We then show how condi-
tions on Kirwan’s polytope can characterize this property. The paper ends with a study of
how these properties behave when we consider the direct product of Hamiltonian actions.
It is proved then that it suffices to have geodesics with commuting Hamiltonians for one
of the actions, to obtain the same property for the geometry induced in K by the direct
product of actions.

2. The generalized Hofer norm and its convex geometry

In this section, we define the generalized Hofer norms and we study them with two ap-
proaches. In the first, we embed the normed space in a quotient of a space of continuous
functions and use functional analytic techniques. In the second, we use the polar duality
from convex geometry.

Definition 2.1. A subset E C V of a vector space V is called full if it affinely generates
the space. A set B C V is a convex body if B is a compact convex set with non-empty
interior. If additionally, B is centrally symmetric (v € B = —v € B), then it is called
a symmetric convex body. Equivalently, a symmetric convex body is a convex balanced
absorbing set in V.

Definition 2.2. Let (V, (-,)) be a finite-dimensional inner product space and let £ C V
be a compact full subset. Consider the norm || - || g on V' given by the embedding

Ve CE)/RL, x> [px]:=0¢x+RI1,
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where ¢, (y) = (x, y) for y € E. Then
[xllz = max @y (y) —min gx(y) = 2[[[¢x]lloo- 2.1
yeE yeE

where [|[¢x]]loo = inf{]l@x — Al|jco: A € R} is the quotient norm. We call || - | g a gener-
alized Hofer norm.

This is a norm since F is full. If there is a group acting isometrically on V' and leaving
the set E invariant, then the action is also isometric for the norm || - | .

Remark 2.3. Another (semi)-norm which is invariant for isometric actions on V' that we
will consider is the generalized second Hofer norm given by the supremum norm

Ix[z = max{max gx (), —min x ()} = ¢xlloo- 22
yEE yeE

It is also of interest to consider a third invariant norm which is only a Finsler norm (i.e.,
only positively homogeneous), given by

+
X = max .
IxIf = maxp.(y)

We will call this the one-sided Hofer norm. This defines a Finsler norm for a bounded set
E C V such that its convex hull contains O in its interior, or equivalently, such that the
cone generated by E is all of V. It is also possible to consider

Ixlz = —;nelgwx(y),

but note that this one can be obtained from the previous by replacing E with —E. Clearly,
Ixll = max{||x||JEr, x|} is the second Hofer norm and || x| g = ||x||JbC + [[x ||z is the
first Hofer norm.

2.1. Maximal faces and norming functionals

We begin studying the faces of the sphere and the norming functionals of Hofer’s norm
by relating this norm on the space V to the norm on the much larger space C(E)/R1
(where E is a compact full set) by means of the embedding ¢: V < C(E)/R1 given by
X > ¢y + R1, where ¢, = (x,-).

Definition 2.4. Let IV be a normed space and denote ||¢| = sup{e(v): ||v|| = 1} for
@ € V*. The dual space V* with this norm is a Banach space. We say that ¢ € V* is
a norming functional of v € V if ¢(v) = ||v|| and |¢| = 1. A functional ¢ is extremal
if ¢ is an extreme point of the unit ball By . If || - || is only positively homogeneous (to
remark it, we say that it is a Finsler norm), the same definitions apply, and the norm given
to V* is only positively homogeneous. In any case, we refer to it as the dual norm.

Remark 2.5. Note that the difference between the ball of a norm and that of a Finsler
norm is that the last one might not be balanced (i.e., symmetric). In both cases, it is an
absorbing, open convex set containing 0 € V.
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Definition 2.6. A face F of the unit ball By of a normed space V is the intersection
of the unit ball By with the hyperplane determined by a unit norm functional ¢ € V'*,
lell =1, ie.,

F, =By n{veV:pl) =1}

We say that the face is maximal if ¢ is extremal. Every face is contained in a maximal
face: if ¢ is a unit norm functional then ||¢| = 1 and since By is compact and convex,
there exists by the Krein—-Milman theorem extremal functionals {¢; }i=1,....» € By such
that ¢ is a convex combination of the ¢;:

o= higi. Ai=0. > =1

It is then easy to check that if ¢(v) = ||v||, then ¢; (v) = ||v|| for all i. Therefore, if v € F,,,
v € Fy, for all i and in fact F, is the intersection of all the maximal faces that contain it.

The cone generated by a face F, is Ry F,. Note that this cone consists exactly of
those v € V such that p(v) = ||v||.

The following elementary characterization will be useful:

Lemma 2.7. In a vector space V, vy + -+« + v, || = |lv1|| + -+ + ||va || holds if and only
if vi,..., v, belong to the cone generated by a face.

Proof. If the v; are in the cone of ¢, then
lvill 4+« + lloall = [lvr + -+ oall Z @01 + -+ + vp) = [vrll + -+ + [oall-

On the other hand, if |[vy + -+ 4+ v, || = ||[v1|| + -+ + ||va ]| holds, by means of Hahn—
Banach theorem pick a unit norm functional that norms the sum of the v;, i.e., p(3_; v;) =
[l >°; vill. Then

bt

since ¢(v;) < ||v;|| for all i; this is only possible if equality holds for each i. Therefore,
¢ is a norming functional for all the v;. ]

=¢(Xw)= Do) =Yl = | X

14

2.1.1. Norming functionals as Borel measures. Let X be a compact Hausdorff topolog-
ical space and let C(X) be the continuous real valued functions on X. Endow C(X)/R1
with (twice) the quotient L °°-norm (the factor 2 is there to be consistent with formula (2.1)
of the definition of generalized Hofer norm). By Riesz—Markov’s theorem, its dual space
can be identified with the regular finite Borel signed measures in X such that u(X) = 0
(that is because the identification u > ¢, is given by integration ¢, (f) = [y fdu, and
we require that ¢, (1) = 0). The norm of ¢, is given by the total variation of p, there-
fore unit norm functionals are characterized by having total variation equal to two. The
following characterization of norming functionals follows:
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Remark 2.8. For f € C(X)/R1 different from zero, its norming functionals are given by
¢ = ut —pu~, where ut and ™ are probability measures in X, supported in argmax( f)
and argmin( /'), respectively. Since the extreme points of the probability measures are the
Dirac measures, the maximal faces are given by norming functionals ¢ = §* — §~, with

delta measures §, §~ supported in x*, x~ € X, respectively.

Proposition 2.9. A set { fi}ic; C C(X)/R1 is a subset of a cone generated by a face if
and only if (;¢; argmin( f;) # @ and ();cy argmax(f;) # 0. For f.g € C(X)/R1, we
have || f + gll = | /Il + llgll if and only if argmin( f') N argmin(g) # @ and argmax(f) N
argmax(g) # 0.

Proof. If both intersections are non-empty, pick x~, x* respectively in each of them and
consider ¢ in the dual given by ¢(f) = f(x*) — f(x7). Then ¢ is a unit norm functional
and

Sl | A ze( X 5) = AN~ hi6) = XA

therefore by Lemma 2.7, the f; are in the cone generated by the face given by ¢. Con-
versely, if there are, say, f = f; and g = f; such that the maximal argument of f does
not intersect the maximal argument of g, then max(f 4+ g) < max f + max g, therefore

I/ + gl = max(f + g) —min(f + g) <max f + maxg —min f —ming = | /| + [Ig]
and the conclusions follows by Lemma 2.7. |

Putting together the previous characterizations (and recalling that the norm we are
considering is twice the quotient norm), we have following:

Corollary 2.10. The maximal faces of the ball of C(X)/R1 are given by the sets

Fe v = AL/ lloo = 2,x7 € argmin(f), x™ € argmax(f)}
for a choice of points x~,xt € X.
Since a face of the ball of V' is contained in a face of C(E)/R1 by means of the map ¢

of Definition 2.2, we have the following result (see Figure 2):

Corollary 2.11. Let V be a vector space with the norm defined by the map ¢ and the
compact full set E C V. A set S C V is a subset of a cone generated by a face if and
only if

ﬂ argming (¢x) # @ and ﬂ argmaxg (¢x) # 0.

x€eS x€eS

Definition 2.12. Given a compact E C V and x~, x+ € E, we define the cone

Cy-x+(E) :={x € V:x~ € argming (¢x) and xt € argmaxg (¢x)}.
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Proposition 2.13. Each cone generated by a maximal face is equal to Cy- (+(E) for
some x~,xT € E.

Proof. Let R4 Fi.x be the cone generated by a maximal face. By Corollary 2.11, it is
contained in Cy- ,+(E) for some x~, x* € E. Since C,— ,+(E) satisfies the condition
of Corollary 2.11, it is contained in the cone R4 F generated by a face F. By maximality
of Finax, we get Fiax = F and the conclusion follows. [

The cones of Definition 2.12 have good properties with respect to sum of sets.

Proposition 2.14. Let Eq, ..., E, be compact sets in V and let x, xl-"' € E; fori =
l,....n. Ifwedefine E=E;+++ Ep, x~ =x7 ++-+x, andxt =x +---+x},
then

Copt(E)= ) Cp o+ (Ed).

i=1,...,n

Proof. Itis easy to verify that for x € V' the functional ¢, has a maximum at x;", xi+ e E;

in E; fori =1,...,nif and only if it has a maximum at x| +--- 4+ x, in Eq +--- + E,.
The same holds for the minimizers and the proof follows. ]
Remark 2.15. Similar results can be obtained for the one-sided Hofer norm || - ||;5r (Re-

mark 2.3), for a compact set E such that its convex hull contains O in its interior. A set
S C V is a subset of a cone generated by a face if and only if

ﬂ argmax g (¢x) # 0.

xeS

Given a compact £ € V and xT € E, we define the cone
Co+(E) :={x € V:xT € argmax (¢x)}.

Each cone generated by a maximal face is equal to C,+ (E) for some x* € E. These cones
have also good properties with respect to sum of sets. Let Ey, ..., E, be compact sets in
%4 andletxiJr € E; fori =1,...,n.If we define

E=E+---+FE, and x+=x1++---+x,J[,

then
Cer(E)= () Cur(En).

i=1,....,n
We now characterize norming functionals for the Hofer norm, see Figures 1 and 2.
The convex hull of a set X is denoted by conv(X).

Theorem 2.16. The norming functionals of x € (V, || - ||[g) are ¢,+_,-, with

yt € conv(argmaxg ¢y) and y~ € conv(argming @y).
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vt € H(x, E) = {¢x = argmaxg (¢x)}

y{ € conv(argming (¢x))

. $x = argming (¢x)

Figure 1. Norming functionals, faces and supporting hyperplanes.

Proof. Suppose first that y* € conv(argmax g ¢x) and y~ € conv(argming ¢y ), then we
have ¢, (y ™) = maxg (¢x) and likewise with y~. It is immediate from the definitions that
l¢y+—,~ I < 1, and on the other hand

Pyt_y-(x) =yt =y, x) = max(¢x) —min(px) = |lx]|e,

thus ¢,,+_ - has unit norm and it is norming for x. Suppose now ¢ is a norming functional
of x in V >~ (V) € C(E)/R1. We can extend it by the Hahn—Banach theorem to all
C(E)/R1, so that it is given by integration with ™ — ™ for probability measures ™,
.~ supported in argmax(¢y) and argmin(gp, ), respectively. Hence

0(2) = /E (w.2) (i1 — p2)(w) = | /E w dji (w) — /E wdpa(w). )

= (cent(j1) — cent(i2), z),

where cent(ut) denotes the center of mass of the probability measure w. The result follows
if we take y ™ = cent(i11) and y~ = cent(jy). n

In Theorem 2.26, we will give another proof of the previous result, based on polar
duality.

2.2. Convex sets, polar duality and Minkowski norms

We present some basic results on convex geometry and polar duality which will be used in
this section to characterize the Hofer norms. We refer to [12, Chapter I] for basic results
on convex sets and Chapter II of the same book for basic results on convex polytopes.
Another reference is [4]. Let V' be a finite-dimensional inner product space. For a non-
zero vector x € V and a scalar a € R, we define the hyperplane

Hya={y € H: (x,y) =aj.
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. Y7 € argming (¢x,) Nargming (¢x,)

~

Figure 2. ¢ = ¢, +_ - is a norming functional of x; and x>.

Fora =1, we set Hy := Hy ;. We define the negative halfspace as
Hx_’a ={ye H:(x,y) <a}.

The polar duality is given by the following bijection between non-zero points in V' and
hyperplanes in V' not containing zero: x — H,.

Definition 2.17 (Supporting hyperplanes). The support function of a bounded subset
E C V is the function

hg: V - R, hg(u) = sup(x,u).

xeE

Note that h g = heonv(E), and that if conv(E) contains 0 in its interior, then / g is a Finsler
norm, our one-sided Hofer norm (Remark 2.3).
If 0 # x € V, the hyperplane given by

H(E,x):={veV:(v,x) =hg(x)}
is the supporting hyperplane of E for x (See Figure 1). For x € E, the set
Fy(E) = EN H(E,x) = argmax g (¢x)

is called the face of E defined by x, or also the support set of E for x. For v € Fy(E), we
say that H(E, x) supports E at v.

In the literature, the faces defined above are usually called exposed faces.

Definition 2.18 (Minkowski gauge). The Minkowski gauge or gauge of a bounded convex
set B C V' which contains the origin in its interior is the function

gp: V>R, gp(x)=inf{t >0:x € tB}.
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The set B is a symmetric convex body (Definition 2.1) if and only if the gauge func-
tion gp is a norm on V whose unit ball is B. Otherwise, it is a Finsler norm, i.e., only
positively homogeneous.

Remark 2.19. If x € V is such that gg(x) = 1, then H, = <py_1(l) ={zeVi(z,y)=1}
is a supporting hyperplane of B at x if and only if ¢y, is a norming functional of x.

Definition 2.20. The polar of a non-empty bounded set £ C V' is
E°={xeV:{x,y)<l1forally € E}.

Note that if E is invariant by an isometric action, so is its polar E°. A polytope is the
convex hull of a finite set of points.
These are the results of applying the polar operation to some standard sets:

» If B, is the unit ball of the £” space for 1 < p < oo, then B; = B, where g is conjugate
to p.

* The polar of an ellipsoid £ € R” with axes of length ay, ..., a, is the ellipsoid with
axes of length 1/ay,...,1/a,.

* The polar of a polytope P C V containing 0 in its interior and which has n faces and k
vertices is a polytope with k faces and n vertices.
Remark 2.21. These are some standard properties that will be used later; let E, FF C V
be compact convex sets containing O € V' in the interior, then
(1) E°° = E, this is the bipolar property.
(2) AE)° =A"LE® for A > 0.
(3) If E C F,then F° C E°.
@ (EUF)=E°nNnFe°.
(5) (EN F)° =conv(E° U F°).

(6) For a polytope E = conv{xy, ..., X,}, we have
E°={yeViix,y) <lfori=1,...,n}
(7) For E ={y € V:{(x;,y) < 1fori =1,...,n},its polar is the polytope
E° = conv{0, x1,..., X}

The next result can be found in [12, Theorem 6.4 and Corollary 6.5], and [33, Theo-
rem 14.5].
Theorem 2.22. Let E C V be a compact convex set containing 0 in its interior. Then

(1) hg = ggo and gg = hEge.

(2) The supporting hyperplanes of E are the hyperplanes determined by the points of
the boundary bd E° of E°, i.e., Hy with x € bd E°.
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HJ’I H
z
zZ
V2
B HJ/Z B° y1
0" 0

Figure 3. Polar duality and supporting hyperplanes.

The following are equivalent, see Figure 3:

* the hyperplane H, supports E at x € E;

» the hyperplane H, supports E° aty € E°;
* x€ebdE,yebdE®and{x,y) =1

The following, which relates the polar operation to orthogonal projections and sections
with subspaces, will also be used. Its proof is elementary therefore omitted.

Remark 2.23. If B is a convex body in the inner product space V', W is a subspace of V/,
and pw is the orthogonal projection onto W, then the following holds:

i) (BNW)° = pw(B°).

(i) B°NW = pw(B)°.
Item (ii) actually holds for any subset B of V and item (i) follows from polar duality.
2.3. Convex structure of the unit ball of Hofer norms

In this section, we characterize the generalized Hofer norms in terms of the supporting
and gauge functions hg, g, E.

Proposition 2.24. Let E C V be a compact full set. Then we have

Ivlle =he-E(Y) = gE-E)» ().
Iyl’s =heu—£() = gEu-E) ().

If in addition O is in the interior of conv(E),

vz =hey) = ge-(y).
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Proof. For the first Hofer norm, observe that

Iylle = rxneag(x, y)— ggg(m y) = I;leag(x, y)— (= gcneag(x, =y)

Definition 2.17

= he(y) — (=hg(=y)) = hg(y) + he(=y)
=hg(y)+h_g(y) =he—g(y)

Theorem 2.22

gE-Eyr(Y).

For the second Hofer norm,
[»I'z = max{max(x, y), — min{x, y)} = max{max(x, y), max —(x, y)}
x€eE xeE x€E x€E

= max,maxi{x, , max (x, = max X, = h —
{er< y> xe—E< y>} erU—E( y) EvV E(}’)
Theorem 2.22

g(EU-E)y (¥).

For the one-sided Hofer norm,
Iyl = max(x,y) = hg(y) = ge- (). u
x€E
Remark 2.25. Note that the unit ball of Hofer’s norm is exactly
(E — E)° = (conv(E — E))° = (conv(E) — conv(E))°.

Therefore, all norms are generalized Hofer norms if we take £ = %B°, where B is the
unit ball of the norm.

With these tools, we give a second proof of the characterization of the norming func-
tionals of vectors in the unit sphere (Theorem 2.16), or equivalently, the supporting hyper-
planes of the unit ball for points in its sphere.

Theorem 2.26. The norming functionals of x € V are given by ¢,+_,,- with
yt € conv(argmaxy ¢y) and y~ € conv(argming @y).

Proof. Rescaling, we can assume that 1 = [|X||g = geonv(E—E)°(X), s0 x € bd(E — E)°.
By Remark 2.19, a functional ¢y, is a norming functional of x if and only if the hyper-
plane H, supports (E — E)° at x. Theorem 2.22 implies that H, supports (E — E)°
at x if and only if Hy supports (E — E)°° = conv(E — E) = conv(E) — conv(E) at
y € conv(E — E). Moreover, H, supports conv(E — E) at y € conv(E — E) if and only
if y € argmax oy (£)—conv(£) (¢x), and this happens if and only if

Yy € argInaXconv(E)((tox) - aI'glninconv(E)((:0)6)~
Thatis, y = y* — y~ with
y+ € argmax ,ny(E) ((pX) = conv(argmaXE (pX)

and likewise with y~. This finishes the proof. ]
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Remark 2.27. For the one-sided Hofer norm, the norming functionals of x € V are given
by ¢y + with y* € conv(argmax g ¢y).

3. Hofer’s metric on compact Lie groups

In this section, we present actions of compact semi-simple Lie groups K on compact con-
nected manifolds M with symplectic form w, as a nice setting for the convex geometry that
was discussed in the previous sections. It should serve as motivation and also as a source
of examples. We refer to [32] for general background on the geometry of Hamiltonian
actions.

3.1. Hamiltonian diffeomorphisms

Let (M, w) be a connected closed symplectic manifold and let H:[0,1] x M — R be
a smooth function. We denote H;(m) := H (¢, m). This function H induces a time depen-
dent Hamiltonian vector field X, by Hamilton’s equations

dH; = o(-, XH,) = —lXp, @, 3.1

and hence an isotopy ¢F: M — M, t € [0, 1] by the prescription that

d
g5 =¢ and — ¢ (m) = Xu, (9" (m)

for a symplectic map ¢. The Hamiltonian diffeomorphism group Ham(M, w) is by defini-
tion the set of diffeomorphisms ¢p: M — M which can be written as ¢ = (;5{1 for some H
and qb({{ = id as above.

The set Ham(M, w) is an infinite-dimensional group under composition, all elements
of which are symplectomorphisms of (M, w). Its Lie algebra are the Hamiltonian vector
fields in X’ (M), which can be identified with the smooth functions in M modulo constant
functions, via (3.1), hence

TiyHam(M, ®) ~ Xygam(M) =~ C*°(M)/R1.

Since ¥*Xp = XHoy, the adjoint action in this group is given by Ady [H] = [H o ¥/],
where [H] will denote the class of H modulo constant functions. If the Hamiltonian is
time independent, i.e., H, = H for ¢t € [0, 1], it is called autonomous. Note that the flow
of such H is ruled by the equation

d
E‘Mm) = Xpu(¢:(m)) = D(Ry,)1(XH)

when we interpret the differential of the right translation R, in the group of diffeomor-
phisms, as composition from the right. Therefore, ¢, is the flow of the right invariant field
Xy = D(Rg)1(Xpg) and with the initial condition ¢9 = id = lyam(m,e) it is clear that
¢1 = exp(Xpg), where exp is the exponential map of the group of Hamiltonian diffeomor-
phism. However, this exponential map is not well-suited as a chart for the group, since it is
not a local diffeomorphism in any reasonable neighborhood of the 0 vector field, see [32].
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3.1.1. Hofer’s norm. The Ad-invariant L°°-norm
IIH]|| = max H — min H 3.2)
M M

on the Lie algebra Tiy Ham(M, w) >~ C*°(M)/R1 of the group Ham(M, w) is Hofer’s
norm. It induces a Finsler length structure on curves (¢;)e[o,1] in Ham(M, ) by means of

1 d 1 1 )
1ength(¢>tH):/0 HE@H‘dt:/O 1H, o ¢ || dt :/0 (max H; —min H,) 1,

and hence a bi-invariant distance

dist(¢o, ¢1) = inf { length(¢y): d3r = o, ¢y = d1}-

As was shown for R?” in [17] and for general symplectic manifolds in [20], dist is a
non-degenerate, bi-invariant metric on Ham(M, w).

Hofer proved that the path of any autonomous Hamiltonian on C” is length min-
imizing (among homotopic paths with fixed endpoints) as long as the corresponding
Hamilton’s equation has no non-constant time-one periodic orbit. This result was gen-
eralized in [20] to general symplectic manifolds.

Definition 3.1. A path (¢;);e[0,1] S Ham(M, w) is a geodesic of the Hofer metric if each
t € [0, 1] has a neighborhood [ such that ¢|; is minimal, i.e., no longer than any other
path joining its endpoints. A Hamiltonian H; is called quasi-autonomous if there exists
two points x~, x* € M such that

H;(x7) =min H;, H;(x") = max H,
M M

forallz € [0, 1].

In Section 5.1 below, we will give a characterization of all short paths for a Finsler
metric in a compact Lie group K (Theorem 5.23). When the metric is the pullback metric
obtained by the action of K on a symplectic manifold (M, w) (see Section 3.2.1 below), we
will be able to show that the autonomous Hamiltonians are in correspondence with one-
parameter groups in K, and all other minimizing paths in K are in correspondence with
the quasi-autonomous Hamiltonians (Theorem 5.28). These results should be compared to
the following theorem, obtained by Hofer and others with an entirely different approach
(see [28, Section 12.3] and the references therein for proofs).

Theorem 3.2. Let (¢)re[0,1] € Ham(M, ) be a regular path (C' and with non-vanish-
ing derivative). If ¢ is short for the Hofer metric, then the corresponding Hamiltonian H,
is quasi-autonomous. If the Hamiltonian is quasi-autonomous, then ¢ is locally short
(locally here refers to the time-variable).

A very similar norm used in the literature is defined without taking the quotient of
the Hamiltonian functions by the constant functions. It is defined via the normalization
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f M Hw" = 0, where w" is the Liouville measure on M. The norm is the Ad-invari-
ant L°°-norm
|H | = max{max H,—min H} = || H o

which we are going to relate to the second Hofer norm in Remark 3.8.

3.2. Hamiltonian actions

Let K be compact semi-simple Lie group with Lie algebra ¥ = T1 K and dual space £*,
which we identify with ¥ through the duality pairing given by the (opposite of) the Ad-
invariant Killing form (-, -). This is an inner product in £ because f is compact; since it
is also Ad-invariant, we can identify the coadjoint action with the adjoint action. The Lie
algebra ¥ acts by skew-symmetric transformations, that is, ad x is skew-adjoint for this
inner product, for any x € .

Definition 3.3. Assume that the action of K on M is a symplectic action, that is, there is
a smooth map ®: K x M — M that we denote (g, m) = g - m such that for each fixed
g € K, the automorphism ®, = ®(g, ) is a symplectomorphism of M. We also assume
that the action is almost effective (g — ®g has discrete kernel). For fixed m € M, we
denote by m,,: K — M the map 7,,(g) = ®(g, m).

For x € £, let xps(m) = % |t=0 exp(tx) - m € T, M denote the infinitesimal action
on M. The assumption that the action is almost effective implies that ¥ 5 x — xps €
X (M) is injective; the assumption that the action is symplectic implies that the field xps
is symplectic, i.e., £x,,® = 0.

A moment map for a symplectic K action on (M, w) is amap pu: M — £* defined by

wr(m) = (u(m),x), pu*: M —R

such that p intertwines the K-action on M and the coadjoint action on £*, i.e., (g -m) =
Adg w(m) forall g € K, m € M, and such that . satisfies Hamilton’s equation

X

du”® = —t(xpy)w = —w(xy,-) forall x € £. (3.3)

A symplectic K action is called Hamiltonian if it admits a moment map.

Remark 3.4. A symplectic K action on a symplectic manifold (M, ) is the same thing
as a homomorphism K — Symp(M, w) to the group of symplectomorphisms of (M, w)
such that the map K x M — M, (g,m) — g - m is smooth. The action has a moment map
if and only if the image of the identity component of K is contained in Ham(M, w), i.e.,
there is a map pu: M — ¥* which satisfies Hamilton’s equations (3.3). Averaging with the
Haar probability measure dk on K yields an equivariant moment map

n(x) = /k KAdk uk™x)dk.
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Note that if x € £, then xjs is a Hamiltonian vector field and H = p* is a Hamilto-
nian; from (3.3) it is apparent that X ,» = xps. Also note that the Poisson bracket of the
Hamiltonian functions * and p” is given by {u*, u”} = u®¥ for x, y € £.

The action defines a homomorphism with discrete kernel

K — Ham(M, w).
At the level of Lie algebras, this morphism is injective
Ti(K) =t — C*®(M)/R1 ~ T,y Ham(M, w), 3.4)
x =[] = pu* +R1 = xp. .

Givenu € K and a path x:[0, 1] — ¥, t — x;, we calculate the isotopy ¢; € Ham(M, w)
given by the initial condition ¢9 = ®,, and the time dependent Hamiltonian H, = pu*
(as noted, the Hamiltonian vector fields are (x;)ar).

Proposition 3.5. [fy: [0, 1] — K is the smooth solution to y,y; ' = x; and yo = u, then
the isotopy is given by ¢, = ®,,.

Proof. We have to check that J),gbt_l = (xy)p.Foreachm € M,

4.51(’") = (yr-m) = D(wm)y,(Vt) = D(7tm)y, (X1 V1)

d d
= D(”m)y:(%’rzo eXP('”xt)Vt) = E‘rzonm(e’x’y,)
d
= (x)m (ye -m) = (xe)m (@ (m)) = ((xe)m © ¢r)(m),
and therefore, 43, = (x¢)p o ¢ as claimed. ]

Remark 3.6. The image of the moment map (M) is a union of (co)adjoint orbits in £
which we denote by @) = Adg (1) for A € £. Let T be a maximal torus of K and § its Lie
algebra, a Cartan subalgebra. The image of the moment map can therefore be parametrized
by a subset A = u(M) N b4 of a closed positive Weyl chamber §, corresponding to
a choice positive simple roots. Hence we have

n(M) = |_| Adg(A) = |_| O;.
A€A A€A

3.2.1. Hofer’s metric given by Hamiltonian actions. We use the inclusion of Lie alge-
bras (3.4) to pull back the Finsler length structure given by Hofer’s norm. The L°°-norm
on C*®(M)/R1 restricted to the image 77 (K) = ¥ is therefore by definition of the Hofer
norm (3.2) given by

X = max p* — min p* = ma ,x) — min ,
] max / (m) min p (m) meﬁ(u(m) x) melM(u(m) x)

max (y,x)— min ,x) = ||x , 3.5)
Jmax (v.x) = min {y,x) = ¥l (
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where the last equality is by definition of the generalized Hofer norm (Definition 2.1) for
the Ad-invariant set £ = u(M) C £.

Remark 3.7 (|| - || ,ar) is @anorm). Since M is compact, the image of the moment map is
bounded. Also, because the image of the moment map is full in ¥ if and only if the action
is almost effective: The image of the moment map is not full if and only if its image is
contained in a hyperplane, which in turn happens if and only if there exists x € ¥ such
that ¢, is constant on p(M). This is equivalent to the map u*: M — R being a constant
Hamiltonian which generates the zero vector field. Finally, this is also equivalent to the
one-parameter group exp(zx) acting trivially, i.e., the action not being almost effective.

Therefore, the Hofer norm just described is the norm || - ||,,(ary for a moment map
u: M — £* ~ ¥, given by equation (3.5) above. For a general Ad-invariant set E in £,
we obtain an Ad-invariant norm || - || g in . This norm is Ad-invariant and induces a bi-
invariant Finsler metric on K by left (or right) translation given by

1 1 1
length(y) = [o Vel di = /0 Ver e di = /0 1 el dr.
dist(u, v) := inf{length(y;): yo = u, y1 = v}.

Remark 3.8 (Barycenter). In the case of actions by semi-simple Lie groups, all Hamilto-
nians are normalized in the following sense:

/ wo =0.
M

/ (. x)o" = / (y.x) dv(y),
M w(M)

where v = py(w") is the pushforward of the normalized Liouville measure w” by the
moment map. The measure v is Ad-invariant hence its center of mass is also invariant. The
center of mass is zero since the group is semi-simple, therefore | W(M) (y,x)dv(y) =0.
The resulting L°°-norm is

This is because

|4 loo = max { sup p*(m),— inf p*(m)} = |lx[l,an)
meM meM

by the definition of the second generalized Hofer norm in (2.2) for the Ad-invariant set
E = pu(M) C £. Therefore, this second Hofer norm just described is the norm defined in
equation (2.2) as || - ||;L(M) for a momentum map u: M — £* ~ ¢,

Remark 3.9. We can define also an L?-norm for 1 < p < oo via the embedding
Ve LP(E,v)/R1, x> [px] =¢x+R1,

where v is an Ad-invariant measure. Consider the case of an L?-norm defined by the
inclusion

t: ¥ — LP(M,v)/R1.
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Since L?(M, v) is uniformly convex when 1 < p < oo, the quotient L? (M, v)/R1 is
uniformly convex. Therefore, the L?-norm is uniformly convex and this implies by [23,
Theorem 4.15] that K with the induced metric is uniquely geodesic. We will not be pur-
suing the geometry of these norms in this paper.

Remark 3.10. Recall that for a compact semi-simple group K, each element A € K is
semi-simple. A regular element A is such that its commutant ) = 3(1) is a maximal abelian
subalgebra; equivalently in this setting, [) is a Cartan subalgebra of f.

In the case of K = SU(n), an element of ¥ = su(n) is regular if and only if all its
eigenvalues are distinct.

Example 3.11 (Coadjoint orbits). An important special case is that of a compact con-
nected semi-simple Lie group K acting via Ad in a Hamiltonian way on a (co)adjoint
orbit @, containing A € £* ~ f.

For the action to be almost effective, it is necessary and sufficient that A is non-zero
in each simple summand of £. This is because in that case, each factor of K acts non-
trivially on the orbit, and this is equivalent to the fact that the (co)adjoint orbit is full in ¥
(see [9, Lemma 17] and Remark 3.7). In particular, this occurs if A is regular.

The adjoint orbit is endowed with the Kirilov—Kostant—Souriau symplectic form w.
The kernel of this homomorphism is the center Z(K) of K which is a discrete subgroup.
We have therefore an inclusion

K/Z(K) — Ham(O,, w).

At the level of Lie algebras this inclusion is x + [©*], where u*: @, — R is the Hamilto-
nian map given by the u*(y) = (x, y). The Hamiltonian is the component of the moment
map t: Oy < £* ~ P along x, that is, u* = ¢, o . Moreover, since the action of K is
given by g — gxg~!, it is apparent that if x € ¥, then the induced Hamiltonian vector
field is given by

d d
xo, (m) = T lio exp(tx)-m = yrii Adgix(m) = (ad x)(m) = [x, m].

The symplectic form is

wx(y0,(¥), 20, (X)) = (x.[y.2]),

where the pairing is given by the opposite Killing form of £ as before. The induced Hofer
norm on 77 (K) = £ is therefore

- X(y) — min w5 (v) = X(Ady A) — min 1 (Ady A
lxllo, ;relegiu(y) yrgbriu(y) gcnea;u( kA) ke?“( kA)

= max(x, Adg A) — min(x, Adg A). (3.6)
kekK kekK
Since the action is almost effective, || - ||@, is a norm. Since it is also Ad-invariant, it

induces a bi-invariant Finsler metric on K.
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Example 3.12. In the case of the special unitary group SU(n), we have the inclusion
SU(n)/Zy, ~ PU,, — Ham(0O,, w),

where O, is a (co)adjoint orbit of SU(n) passing through the given diagonal matrix
A =idiag(Aq,...,4,) € su(n) with A1 < A, <--- < A,. At the Lie algebra level, this
inclusion is

T1(SU(n)) = su(n) — C*(0,)/R1 >~ T,y Ham(O, , »),
and pu*: @) — R is the linear Hamiltonian given by the opposite Killing form
w*(y) = —2ntr(xy™) = 2ntr(xy).
The Hofer norm (3.6) is given by
lvllo, =2n max{tr(Auvu~1): u € SUn)} — 2n min{tr(lwvw ™)1 w € SU®n)},
which is exactly (2n-times) the A-numerical diameter of v, see the next remark.

Example 3.13. The group SU(2)/{id, —id} >~ SO(3) acts on a non-trivial (co)adjoint
orbit @, ~ §? which is the two-dimensional sphere endowed with the area form w. The
action is given by rotations, see [31, Example 1.4.H].

Remark 3.14 (One-sided norms). For fixed 0 # A € ¥ and v € ¥, consider the function

+
= max (v, Adg A).
[v]1g, = max(v. Adg A)

Note that by the Ad-invariance of the norm, this can be also computed as

||v||J(g = max(Adg v, A) = max{(y,A):y € conv(Oy)}.
A kek

When A is non-zero on each simple-summand of £ (in particular if A is regular), then 0
is in the interior of its closed convex hull (see Remark 5.10 below). Therefore, this is
a Finsler norm, in fact it is our one-sided Hofer norm of Remark 2.3. In the context of the
group of Hamiltonian symplectomorphisms, these norms appear in [27] where the name
one-sided was used.

4. Convex geometry of Hofer’s norm on Cartan algebras

In this section, we study generalized Hofer norms on the Lie algebra of a compact semi-
simple Lie group. We use several convexity theorems and the convex analysis of Ad-
invariant convex functions. This convex analysis expresses properties of Ad-invariant
functions in terms of properties of their restrictions to Cartan algebras and positive Weyl
chambers, which are fundamental domains for the adjoint action.

We first recall Kirwan’s non-abelian convexity theorem (see [16]), which will be useful
for our purposes of characterizing the Hofer norm restricted to a Cartan subalgebra Iy C .
As before, h C | is a choice of closed positive Weyl chamber.
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Theorem 4.1 (Kirwan). If K ~, M is a Hamiltonian action with K a compact connected
Lie group and (M, w) compact and connected, then (M) N h4 is a convex polytope, i.e.,
the convex hull of a finite set of points x1, ..., X, in Y, that is,

w(M)Nhy =conv{xy,...,x,}.

This theorem is a generalization of the Atiyah—Guillemin—Sternberg theorem, which
states that for a Hamiltonian action of a torus on a compact connected manifold the image
of the moment map is the convex hull of the image of the fixed point set of the action. The
Atiyah—Guillemin—Sternberg theorem is a generalization of Kostant’s convexity theorem
which will be useful here:

Theorem 4.2 (Kostant). If K is a compact Lie group and T is a maximal torus in K and
p:¥ — b is the projection of the Lie algebra of K onto the Lie algebra of T, then

p(0,) = conv(W.A),

where 'W.A is the Weyl group orbit of A € £.

The projection p is taken along the orthogonal direction given by (minus) the Killing
form of £.

4.1. The Hofer polytope

With these tools, we characterize the intersection with Cartan algebras of unit balls (of
Hofer norms given by compact, full and Ad-invariant sets £ C ¥).

Lemma 4.3. If E is Ad-invariant, and p: ¥ — Yy is the orthogonal projection, then
p(conv(E)) = conviw.x:x € ENh4, w € W},

and if E N hy = conv{xy,..., X}, then
p(conv(E)) = conv{w.x;:i = 1,...,n, w € W}.

Proof. This follows from the identities

p(conv(E)) = p(conv( U (91)) since pisaffine v (p( U (91»

A€EENh4+ A€END4
= conv( U p((9,1)) by Thegrem 4.2 conv( U {wA:w e 'W})
AGEHEH_ }LEEQI)_'_

=conv{w.A:A € ENDhy, w e W}
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Now observe that if £ N § = conv{xy,...,x,}

p(conv(E)) = conv( U {wA:w e W})
AEEND4+

= conv( U w.(EN f)+)) = conv( U conv(w.(E N f)+)))

wew wew
= conv( U conv{w.x;:i = 1,...,n})
wew
=conv{w.x;:i =1,...,n, w € W}

where the third and last equalities follow from basic properties of the convex hull opera-
tion. ]

Remark 4.4. Let B C ¥ be an Ad-invariant convex body, and p: ¥ — [ the orthogonal
projection to a Cartan sub-algebra, then Kostant’s Theorem 4.2 implies that B N §) =
p(B). This follows from p(b) € p(Op) = conv(Up N'h) € conv(B Nh) = B N for
b € B.

Proposition 4.5. Set A = E N Yy, then
(conv(E) —conv(E)) N h = conv{wy.x] — wa.X2: X1, X2 € A, wy, wp € W},

(conv(EU—E))Nh=conv{iw.x:x € AU—-A,w € W},
conv(E)Nh = conv{w.x:x € A,w € W}.

If, furthermore, A = conv{xy,..., X} is a polytope, then
(conv(E) —conv(E)) N = conv{w.x —w'.x":x,x" € {x1,...,x,}, w,w € W},
(conv(E) Uconv(E)) N =conv{w.x:x € {xX1,...,Xn,—X1,...,—Xn}, w € W},
conv(E) Nh = conv{w.x:x € {x1,...,xn},w € W}.

Proof. For the first equality, note that by the previous remark,

(conv(E) —conv(E)) N = p(conv(E) — conv(E)) = p(conv(E)) — p(conv(E))

= conv{w;.X] — Wz.X2: X1, X2 € A, wy, wy € W},
where the last equality is due to Lemma 4.3. For the fourth assertion, note that

(conv(E) —conv(E)) N = p(conv(E) — conv(E)) = p(conv(E)) — p(conv(E))

=conv{w.x —w'.x:x,x" € {x1,....xp}, w,w € W}

holds, where we used the second assertion of Lemma 4.3 in the last equality.
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For the second equality, note that by Remark 4.4,

(conv(E U—E))NYh = p(conv(E U—E)) = p(conv(conv(E) U conv(—E)))
= conv(p(conv(E) U conv(—E)))
= conv(p(conv(E)) U p(conv(—E)))
= conv(p(conv(E)) U —p(conv(E)))
=conv({w.x:x € A, we W)U —{w.x:x € A, w e W})
=conv({w.x:x € AU—A, w € W})

where the penultimate equality is due to Lemma 4.3. For the fifth assertion, note that

(conv(E U—E))Nh = p(conv(E U—E))
= conv{tw.x:x € conv{xy,...,X,}, w € W}

= conv{w.x: X € {X1,...,Xn,—X1,...,—Xn}, W € W}

holds, where we used the previous identity and properties of the convex hull operation.
The proof of the third and fourth equalities is simpler and we omit it. ]

In Figure 4, we illustrate the first couple of equalities of Proposition 4.5 in the case
E = O, where A € su(3) is singular and non-zero.

VAANTAS

0,Nh -0,Nh ext(P) U {0}

Figure 4. Extremal points of the Hofer norm polytope.

Definition 4.6. For £ N §; = conv{xy,..., x,}, we call the polytope
P =conviw.x —w' .x:x,x" € {x1,...,x,}, w,w € W}
of Proposition 4.5 the Hofer norm polytope. We call
P’ =conv{w.x:x € {x1,...,Xn,—X1,...,—Xp}, w € W}
the second Hofer norm polytope. Finally, we call
Pt =conviw.x:x € {x1,....x,}, w € W}

the one-sided Hofer norm polytope.



G. Larotonda and M. Miglioli 862

Remark 4.7 (Polytopes, norms, unit balls). If ext(P) = {y1, ..., ym} are the extreme
points of the Hofer norm polytope P, then this set is Weyl group invariant. If

B = (conv(E) — conv(E))°
is the unit ball of the Hofer norm (Remark 2.25), from Remarks 2.23 and 4.4, we obtain
BNYH = (conv(E) —conv(E))°NHh = P°. 4.1

The same holds for the other Hofer norms with B’ = (conv(E) N —conv(E))° and Bt =
conv(E)® and the polytopes P’ and P, respectively (for the second Hofer norm and the
one-sided Hofer norm, see Remark 2.3). The polytopes P and P’ are centrally symmetric,
and in general P is not.

From (4.1) and Proposition 2.24, we obtain the following:

Corollary 4.8. Let || - || ) be the Hofer norm derived from the Ad-invariant set E =
w(M), and let P be the corresponding Hofer norm polytope. Then Hofer norm restricted
to the Cartan subalgebra Yy is given by the Minkowski gauge gp-, that is,

x|l .ary) = gpe(x) = inf{t > 0:x € tP°} Vx €.
Remark 4.9. From Remark 2.21, it follows that
P°={xeV:{y,x)<lfori =1,...,m}.

4.1.1. Direct sums of manifolds and polytopes. If My, ..., M, are symplectic mani-
folds equipped with Hamiltonian actions of K with moment maps (1, ..., i, then the
induced action on My X --- x M, is also Hamiltonian with moment map

w: My x---x My, — £

given by
ulmy,...,my) = p1(my) + - + pn(my).

Therefore, the image of w is given by
P(My X oo X M) = puy(My) + -+ + pn(Mp). (4.2)

To find the Hofer norm polytope of this action we need the following:

Lemma 4.10. If Eq, ... ,E, are Ad-invariant and compact subsets of £, and p:¥ — §) is
the orthogonal projection, then

(conv(Ey +---+E,) —conv(E; +---+E,))NDH
= (conv(E) —conv(Ey)) N+ -+ (conv(E,) —conv(E,)) N b.
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Proof. Again, by Remark 4.4

(conv(E; 4+ ---+E,;)—conv(E; +---+E,))Nh
= p((conv(Ey + -+ + Ep) —conv(Ey + -+ + Ep)))
= p((conv(E;) —conv(Eq)) + --- + (conv(Ey) — conv(Ey)))
= p(conv(Ey) —conv(Eq)) + --- + p(conv(E,) — conv(E,))
= (conv(Ey) —conv(Ey))Nh+---+ (conv(E,) —conv(E,)) N, m

The next proposition is now a straightforward consequence of Lemma 4.10.

Proposition 4.11. If M4, ..., M, are symplectic manifolds equipped with Hamiltonian
almost effective actions of a compact semi-simple group K such that the Hofer norm
polytopes are Py, ..., P,. Then the induced action on My X --- x My, has Hofer norm
polytope Py + --- + P,.

Remark 4.12. Proposition 4.11 is also valid in the case of the one-sided Hofer Finsler

norm (Remark 3.14) with polytopes P;",..., Pt and P;" +---+ P.".

4.1.2. Faces of balls of Ad-invariant norms. In this section, we will use Lewis’ results
on convex analysis of Ad-invariant functions and their restriction to Cartan subalgeb-
ras [25] to describe the faces of the ball of Ad-invariant norms.

Since Lewis’ results are stated in terms of subgradients of gauge function we provide
next the correspondence between the faces of the balls and the gradients of the gauge
functions: the subdifferential of a gauge gp at a unit norm x corresponds via 'y +— @y to
the supporting functionals of the polar of the ball at x.

Recall that the subdifferential of a convex function f:V — R at x¢ € V is defined as

9f (x0) = {y € V: f(x) = f(x0) = (x = x0.y) Vx € V}.

Each such y which satisfies the condition stated above is called a subgradient. It defines
a supporting hyperplane to the graph of f at (xo, f(xo))-

Proposition 4.13. Let B C V be a convex body containing 0 € V and let gg be the gauge
function associated to B. For a non-zero x € V,

dgp(x) = Fx(B®) and 03gp-(x) = Fx(B)
i.e., 0gp(x) is the exposed face of B° defined by x.
Proof. If x # 0, we first claim that
dgp(x) ={y € V:(y.x) = gp(x).gp(y) = 1}.

This is [33, Corollary 23.5.3], we give a direct proof for the convenience of the reader.
Note that since gg = hpo (Proposition 2.24), (y, x) = gp(x) and gp-(y) = 1 imply
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(x,y) = supycpo{x,w) = gp(x) and (y, z) < gp(z) Yz € V, respectively. Thus for
such y € V and any z € V, we have (z, y) — (x, y) < gg(z) — gp(x) which shows that
y € dgp(x). Conversely, if y € dgp(x), then replacing with z = 0 and z = 2x in

sup (w,z) — sup (w,x) = gp(z) — gp(x) > (z, ) — (x, ),
weB° weB°
we obtain gp(x) = (x, y); in particular, gg-(y) > 1. But then from gp(z) > (z, y) for
all z it also follows that gp-(y) < 1, thus proving the claim.
Therefore, noting that x/gp(x) € bd B

dgp(x) ={y € V:(y,x) = gp(x),gp-(y) = 1}
={yeV:i(y,x) =gp(x),y €bd B°}
={yeV:(y.x/gp(x)) =1,y € bd B°}

Py Theem 222 () € s Hy /g5 (x) supports B® at y}

by Definition 2.17 ° °
CETT Fagpoo(B) = F(B°).

The other identity is immediate from the polar duality. ]

The next theorem relates the subdifferential of the gauges to the subdifferentials of the
gauges restricted to Cartan subalgebras [j. Its proof can be found in [25, Theorem 3.5].
We define the map §:¥ — H+ by O, N h+ = {§(x)}, that is, §(x) is the unique element in
the positive Weyl chamber h* which is Ad-conjugated to x.

Theorem 4.14 (Lewis). Let K be a semi-simple compact group and let gg: ¥ — R be an
Ad-invariant gauge function. Then y € 0gg(x) if and only if §(y) € 0gy(8(x)) and there
isu € K such that Ady(x), Ady(y) € h4.

If g = £ & p is the Cartan decomposition of a semi-simple Lie algebra g, then Lewis’
theorem was stated for an Ad-invariant gauge on p. We can take the complexified Lie
algebra g = £ @ if and apply the theorem to p = i f. In the case K = SU(n), the matrices x
and y such that there is u € K with Ad,(x), Ad,(y) € §+ are said to be simultaneously
ordered diagonalizable.

We now restate Lewis’ theorem in a form convenient to its application in Section 6;
there is a related formulation due to Lewis in [24] for the orthogonal group of matrices.

Theorem 4.15. Let K be a semi-simple compact group, let B be an Ad-invariant convex
body in ¥ containing 0, and let Y) be a Cartan algebra in ¥ and Y+ a positive Weyl chamber.
Then for non-zero x € by,

Fx(B) = AdZ(x)(Fx(B N b) N E)+),
and for general x' € ¥, if v € K is such that Ad,(x') € b4, then

Fy/(B) = Ady-1 Adzad, (x')) (Fad,x) (BN H) Nh).
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Proof. We restate Theorem 4.14 in the case that x € ). Let g = gp be the gauge function,
see Definition 2.18. The theorem states that y € dg(x) if and only if y(y) € dgy(x) and
for some u € K we have Ad, (x), Ad,(y) € h4. Observe that Ad,(x) € 4 foru € K
if and only if u € Z(x), so the condition Ad, (y) € hy reduces to y € Adz) b+. The
conditions y(y) € dgp(x) and y € Adz(x) b+ are equivalentto y € Adz(x)(9gp(x) N h).
Hence

0g(x) = Adz(x)(0gp(x) Nh4).

For a general x’ € ¢, take v € K such that Ad,(x’) € §. Then, since the adjoint action is
isometric for the norm g, we get

9g(x") = Ady-1 Adz(ad, () (0g5(Ady (X)) N 4).

In the case that g = gp and gy = gpny, we have
Fy(B°) = 0p(x) = Adz(x)(3gBnp(x) N h4+) = Adz() (Fx(B° NH) Nhy),

where we used Fx(B°) = dp(x) and Fx(B° Nbh) = dgpny (this follows from Propo-
sition 4.13). If we take polars, by Remark 2.23 and the bipolar property, we obtain the
required statement. ]

If B=conv(E — E)°,then BNh=conv(E — E)°Nh=(conv(E — E)NHh)°=P°,
so we get the following:

Corollary 4.16. If B = conv(E — E)° is the unit ball of Hofer’s norm and
P =conv(E—E)N}H
is Hofer’s norm polytope, then for non-zero x € §)+
Fx(B) = Adzx)(Fx(P°) N b4).

The same characterization holds for the one-sided Hofer norm and its polytope P .

5. The geometry of groups with bi-invariant Finsler metrics

In this section, we focus our study of geodesics of Lie groups with Finsler metrics obtained
by (left or right) translation of Ad-invariant Finsler norms. We want to emphasize that in
this section, we only require that norms are positively homogeneous, i.e., [|[Ax|| = A| x|
for A > 0, thus including our one-sided Hofer norms. Therefore, the distance obtained is
not necessarily symmetric.

We need to begin with some remarks concerning compact semi-simple Lie algebras
and their root decomposition.
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Remark 5.1. A connected finite-dimensional Lie group K admits a bi-invariant Rieman-
nian metric if and only if it is isomorphic to the cartesian product of a compact group
and an additive vector group (see [29, Lemma 7.5]). Therefore, in that case £ >~ ¥y & a,
where a is an abelian sub-algebra and ¥ is semi-simple. To simplify the discussion, we
will only consider here compact groups K with semi-simple Lie algebra £. Thus K is
always unimodular, in particular trad v = 0 for any v € £. The Ad-invariant inner prod-
uct is given by (minus) the Killing form of ¥, as before, and for this Ad-invariant inner
product, the operator ad v is skew-adjoint for any v € ¥ ([29, Lemmas 6.3 and 7.2]).

What follows, in the form of a remark, is in fact a recollection of useful facts that we
will use about the real root decomposition of a real semi-simple Lie algebra. It will also
help to fix and clarify the notation.

Remark 5.2 (Real root decomposition). Let A be the set of (real) roots of ¥ with respect to
a fixed Cartan subalgebra ), and denote by A the positive roots. There is an orthonormal
set (the real root vectors)

{ug,vg:x € Ay} CE

with respect to this inner product, such that for each 2z € §
[h o ug] = —a(h)vy  [h,ve] = a(Wuy  [ug, ve] = hy, 5.1

where hy € b is the unique element such that (hy,-) = —a(-) (see, for instance, [19,
Chapter 6]). Set
Zy = Ruy & Ruy.

Thent =0 & Pyen, Za, and moreover for each /i € b, we have

adh =i Y a(h)(uy ® Vo —Va Que) =i Y a(h)Ty. (5.2)

aeA acAy
where we write Ty = (Ug ® Vo — Vo ® Ug) for short. Note that T, Tg = 0 when o« # S.

Remark 5.3. The Weyl group of K acts transitively on the roots (see the remark in [34,
p. 47]). Thus, if o is a permutation of the roots, there exists k; € K such that Adg, uy =
Ugsq and likewise with v,. Let w € b, and assume that Ty is the linear transform in ¥
obtained by permuting the eigenvalues of ad w, then

Ty =i Z oa(w)(Ug ® vy — Vg @ Ug) =i Z a(w)(Uge ® Voo — Voa @ Usa)

(X€A+ a€A+

= Adg, i Z (W) (Ug @ Vg — Vg R ua)Ad,:;

aeA

= Ady, adw Adi! = ad(Adg, w).

Then 75 = ad(Adg, w). Itis clear that T, commutes with ad w, and since f is semi-simple,
Ady, w commutes with w and in particular we = Adg, w € b.
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5.1. Geodesics of groups with bi-invariant Finsler metrics

First we recall here some useful facts regarding norming functionals in £, their proofs are
quite elementary and can be found in [23, Section 4].

Remark 5.4 (Gauss’ lemma). Let f be the Lie algebra of K equipped with an Ad-invariant
norm (or Finsler norm). As mentioned in the introduction, it is relevant to remark here
that the norm does not need to be homogeneous, it is only necessary that it is positively
homogeneous. For v € ¥, let ¢ be a norming functional of v or —v. Then

(1) We have ¢(Jw, v]) = 0 for all w € £. Equivalently, ¢ o adv = 0O on f.
() p(e?*Py) = p(w) forall w € £ and A € R.
(3) p(e7’Dexp, w) = ¢(w) forallw € ¥.

When the norm || - || is a norm derived from an inner product, the third item above
is in fact Gauss’ lemma of Riemannian geometry (it is well known that the Riemannian
exponential map, for a bi-invariant Riemannian metric in a Lie group, coincides with the
group exponential). We next show how to describe the boundary of a ball in K. We first
recall a definition.

Definition 5.5. Let B be a convex body in a vector space V' and let v € bd B. The solid
tangent cone at v is

TC, := N{H, : Hy is a supporting hyperplane of B at v}.
IfveV,|-|)and ||v] = r > 0, then taking B = B, (0) it is apparent that
TC, := N{¢~ (=00, r]: ¢ is a norming functional of v}.

Thus by Gauss’ lemma above, for each 0 # v € £, if w € TC,, thene "D exp, w €
T C,. Moreover, if v is such that the differential of the exponential map is invertible (for
instance, if v is smaller that the injectivity radius of K, see Definition 5.11 below), then it
is clear that
D exp,(TCy) = e’ TC,.

Geometrically, the differential of the exponential map at v acts on the tangent cone at v as
the left translation.

Remark 5.6. Any functional ¢ can be described as ¢(v) = (v, a) for some a € £, via the
inner product in ¥ (Remark 5.1). Thatis, ¢ = —tr(ada - ). If ¢(z) = ||z|| for some z € ¢,
then ¢([v, z]) = 0 for all v € ¥ (Remark 5.4). Thus for any v € £,

0=9(v.z]) = ([v.z].a) = (v, [z,a])

and then [z, a] = 0. Therefore, ad ¢ and ad z commute, and they are simultaneously
diagonalizable. Let {e;};—1,.. .~ be an orthonormal basis of $C that diagonalizes both
simultaneously, let ¢; ; = e; ® e; and ¢; = ¢;; the corresponding rank-one orthogonal
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projections. Ifadz =i ) jes Zj4j 1s the spectral decomposition of the skew-adjoint oper-
ator ad z, we can write

A =ada =i2ajqj +iB

jed

for certaina; € R and B* = B = Zk’lﬂ Briqgi, with Bg; = Oforall j € J.
Lemma 5.7 (Supporting norming functionals). Let ¢ norm z € ¥ as in the previous remark,
and ||¢|| = 1, drop the term B and all the aj = 0, and consider y = —tr(A -), where
A=i Zj ajqj. Then v is still norming for z and has unit norm.

Proof. Note first that ¥ is still norming for z:
Y(z) = Zajzj tr(gj) = tr(Aoadz) = ¢(z) = |z|.
J
Now for any x € ¥, write ad x as a block matrix in terms of the ¢; and its orthogonal
complement,

_ _ iaj 0 r iaj 0 [ Xij *
A—ada—(o B)’ A—(O O)’ adx—(* %)

where xoq; = 0 for all j. Then

I =gl = sup ¢(x) = sup —tr(ada oadx)

lxl=1 Ixl=1
= sup Zajx” +tr(Bxo) >  sup Za]x” + tr(Bxo)
xl=1 xll=1,x0=0
sup Zaj Xjj = Sup Zaj Xjj
IIXII 1,x0=0 xl=1
= sup —tr(A oadx) = sup 1/f(x) = ||yl
lxl=1 lxl=1
This proves that ||| < 1, but since ¥ (z) = ||z, it must be ||| = 1. |

We now characterize the linear order given by Finsler Ad-invariant norms; results in
the same vein can be found in [3, Section 12], [7, Proposition 6] and [18, Proposition 2.8].
For z, w € ¥, we denote by w = (wy, ws, ..., wy) the string of real numbers such that
iw; are the eigenvalues of ad w in the complexification ¥C of £, and likewise with Z.

Proposition 5.8 (Majorization and norms). Let z, w € ¥, let N = dim(f). The following
are equivalent:
(1) z € conv Oy, more precisely there exist (at most) N + 1 points k; € K and N + 1
real numbers A; > 0 with ) _; A; = 1 such that

N+1
z= Y A Adg w.

i=1
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(2) Z < W (strong majorization,).
3) llz|l < llw]| for all Ad-invariant Finsler norms in .
(4) maxgcg(z, Adg x) < maxgeg(w, Adg x) forall x € ¥.

If, moreover, equality holds for some Finsler norm, then z and all the Ady, w lie in the
same face of the ball for that norm (and in fact lie in the intersection of all the faces that z
lies in). If that norm is strictly convex, then z = Ady w for some k € K.

Proof. The fact that any element in the orbit can be written with a prescribed number of
combinations (N + 1) is a consequence of Caratheodory’s theorem. Let us establish first
the equivalence (1) < (2). Assume (1), passing to the adjoint representation, we have

N
adz =) 2 Ad, adw Ady" .

i=1

Each Ady; is a unitary operator acting in ¥C, therefore ad z belongs to the convex hull of
the coadjoint orbit of ad w, and this in turn (and by Schur-Horn’s theorem) implies that
strong majorization Z < w holds. Now assume (2) holds, let ) be a Cartan subalgebra
containing w, let AT be the positive simple roots and let k € K such that Ady z € h. The
spectrum of

ad(Ady z) = Adg ad z Ad;*

is also the string Z, and the assumption implies Z is in the convex hull of the permutations
of the eigenvalues of ad w (see [0, Theorem I1.1.10]). Equivalently (and again invoking
Caratheodory’s theorem), there are N + 1 such elements with

N+1
ad(Adgz) = Y ATy,
i=1

for a certain string of non-negative numbers (A;);=1,..,n+1 such that ) ; A; = 1. Now
each Ty, is obtained permuting the eigenvalues of ad w or equivalently, permuting the roots
o € A;. By Remark 5.3, any such a permutation is obtained by an inner automorphism,

therefore
N+1 N+1

ad(Adg2) = 3 A ad(Ady, w) = ad( 3 ki Ady, w),
i=1 i=1

and by the semi-simplicity of £, we obtain z = ZlN:'ql Ai Adg; w € conv Oy, where k; =
k~h i-

Clearly (1) = (3), and (3) = (4) when x € f is a regular element (so we obtain
a non-degenerate Finsler norm, see Remarks 3.14 and 5.10). Since regular elements are
dense in ¥, it is straightforward to see that (4) must then hold for any x € ¥, if (3) holds.
Now assume that (1) does not hold, then by Hahn—-Banach theorem there exists a linear
functional ¢ separating z and the convex capsule of the orbit, i.e.,

p(y) =r <g@(z) VYyeconv(Oy).
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Let x € £ such that ¢ = (x, -), then by Remark 3.14

max{(w, Adg x) = max(Ad; w, x) = max{(y,x):y € conv(Oy)} <r < (z,x).
keK keK

This shows that (4) cannot hold, finishing the proof of the equivalences. Now assume that

any of the conditions hold, and we have equality of norms ||z|| = ||w|| holds for some

norm, then

lwll = 1z = | 32 4 Ade w] = D2 2l Adg wll = Y Affwll < fwll

We note that there is a common norming functional ¢ for all the A; Adg, w by Lemma 2.7;
since A; > 0, this amounts for the Adg, w in the same face of a sphere of the norm. Then
also

02 = oD b Adi w) = 3 hip(Ad, w) = 3 Aillwl = ] = |zl

If ¢ is any functional norming z, then

Izl = 0(2) = 3 Aig(Ady w) < Y Aill Adg, wl = [lwl = |1z

shows that it must be ¢(Adg, w) = || Adg, w|| for all i, thus these vectors are in fact in the
intersection of all the faces where z lies. If the norm is strictly convex, all the Adg, w are
aligned, but being normed by the same functional they must be equal, therefore z = Ad; w
as claimed. ]

Remark 5.9. It suffices to check condition (3) above only for strictly convex norms to
obtain the equivalences. This is because any Ad-invariant Finsler norm || - || can be approx-
imated explicitly with a strictly convex (Ad-invariant, Finsler) norm by means of

lxlle = llxll + ellx]l2.

Here | x||3 = —tr(ad x o ad x) is the norm derived from the Killing form of ¥. Likewise,
it suffices to check (4) for regular x € ¥.

Remark 5.10 (One-sided norms). Since K is compact, it is unimodular and then 0 =
> W= i tr(ad w) (Remark 5.1). This easily implies that all the partial sums Zle Wi,
with the wy rearranged in decreasing order, must be non-negative. Thus the vector w
strongly majorizes the zero vector in RY | i.e., 0 < W, and by the previous proposition,
0 € conv(Oy,) for any w € £. In particular, the one-sided Hofer norms (Remark 3.14)
are in fact non-negative, regardless their degeneracy or non-degeneracy. Assuming that
the orbit Oy, is full, then O must be an interior point of conv(®y, ), and then we obtain
a true Finsler norm. This can be seen using the argument in [9, Lemma 6]: if O is in the
boundary of conv(0y,), by Hahn—Banach separation theorem, there exists 0 # x € £ such
that ¢, (0) = 0 and ¢, (conv(O,,)) > 0. But then it must be ¢, (Q,,) = 0 because otherwise
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contradicting that [, _. Adg(w) dk is a fixed point of the adjoint action, therefore it is 0
because ¥ is semi-simple. Since ¢, (Qy,) = 0, the orbit is not full.

5.1.1. Domain of injectivity of the exponential. Since K is a finite-dimensional Lie
group, the exponential map of K is a local diffeomorphism for some open ball of the
norm || - ||. More precisely, let D C ¥ be a maximal open convex Ad-invariant set, such
that V = exp(D) is open in ¥ and exp: D — V is a diffeomorphism. It will be con-
venient to denote by || - |loo the Minkowski gauge of the set D; it is an Ad-invariant
Finsler norm in £ and we will refer to it as the uniform norm. Then we also define the
following:

Definition 5.11. Let K be a Lie group, | - || an Ad-invariant Finsler norm on £, and for
R>O0let Bg ={v ef:||v|| < R}, Vr = exp(Br). If exp: Br — VR is a diffeomorphism
between open sets and R is maximal, we call R the radius of injectivity for the given
norm.

Note that if Bg € D, then exp: Bg — Vg is a diffeomorphism between open sets,
thus one looks for balls of the given norm that fit inside the domain of injectivity of the
exponential map.

Remark 5.12. The condition Bg C D is equivalent to Bg N § € D N . In the case of
Hofer norms, Bg N'H) = R{y1,..., ym}°, where {y1, ..., ym} are the extreme points of
the Hofer norm polytope. Note also that D N ) can be taken as the interior of | J,,c w.C,
where C is a Weyl alcove.

Example 5.13. For the group SU(n), we take D = {z € su,: ||z]jcc < 7} Where || - [loo
now is exactly the usual spectral norm. Equivalently, D N § is

{diag(x1,...,xy) € b |x;| < 7w, fori =1,...,n}.
For the group SU(n)/Z,,, we take
D N Y = {diag(xy1,...,xn) € b:|x;| <m/n, fori =1,...,n}.
We now show that the convex body D (which depends only on K) is optimal in terms
of lengths of segments (one-parameter subgroups) for any bi-invariant distance:

Theorem 5.14 (Exponential map and Finsler norms). Let z, w € ¥ such that e = e™.
Assume that z € D/2, then w commutes with z and ||z|| < |w| for any Ad-invariant
Finsler norm || - || in £. If equality of norms holds for a strictly convex norm, then w = z.

Proof. Assume first that w is regular, let 3(w) = § denote the Cartan subalgebra. Note
that

exp(e’ ™% z) = exp(Adew z) = e!WeZe ™V = W eIV = ¥,

Therefore, differentiating at + = 0, we obtain D exp,([w, z]) = 0, and since z € D, we
conclude that [w,z] =0, and z € §. Since ¥ = ¢34 then exp(ad(w — z)) = exp(ad w —
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adz) = 1, implying that o (ad(w — z)) C 2xiZ. This implies, using equation (5.2), that
we can write
i Z Wely =adw =i Z (zo +27ng)Ty
a€EA L a€EA L

with wgy, zo € R and ny, € Z. It will be convenient to number the roots, so we let J =
card(A4) and we have w; = z; + 2zn; for all j € J, where some of the z; might be
zero. Note that since z € D/2, then 2z € D, therefore the exponential map is injective
and a diffeomorphism in ¢2z for ¢t € [—1, 1], and in particular it must be o(ad 2z) C
(—2mi,2mi) (by inspection of the formula of the differential of the exponential map, see
Remark 5.4 below). Thus we have |2z;| < 2z forall j € J or, equivalently, - < z; < 7.
We can assume that the z; are givenin order z; > z, > --- > z; (recall also » zj =0). Let
us reorder the w; in non-increasing order also, so there is a permutation o of {1,...,J}
such that if v; = wej, then vy > v, > --- > vy (and we also have 3 v; = 0). From here
itis also clear that ) n; = 0. Let us spare for a moment those j such that n; = 0, and for
the others, note thatif n; > 0 and n, < 0, then

Zj+2an; > —m+2x = >—n =-2n 4+ >2nn, + z,.

This shows that the v; = z4; + 27 ng;, with positive n4j, are always bigger than those
with negative nq;. We split the indices in two sets: let jo be such thatif j € {1,..., jo},
then ny; > 0 and otherwise ny; < 0 when jo + 1 < j < J. We compute the sum of the z;
up to any such 1 < j < jo, we have

On the other hand, it is clear that the sum of the first j bigger v, for k < j, must be of
those vg with ngg > 0, therefore

J J
Zvj = Zzok 4+ 2nngr > —jrn +2nj = jm.
k=1 k=1
Thus if j < jj,

v+ z2+ -+ 2z S+ v+ v (5.3)

Now assume that j > jo + 1, and note that

J N
Yoze=— > zm<m(N-(+D).
k=1

k=j+1

Likewise,

J N N
ka=— Z Vg = — Z (Zok + 27 ngk)
k=1

k=j+1 k=j+1
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and note that now all the ny; < —1sincek > j + 1> jo + 1 > jgo. Therefore,

J
vz —a(N—(G +1)+22(N—( + 1) =N -+ 1),
k=1

and equation (5.3) is also valid for j > jo. Let ¥ = (v1,va,...,vy) and likewise Z =
(z1,22,...,zn). Then equation (5.3) together with 3" z; = > v; = O tells us that Z < v,
that is, ¥ majorizes z. Then by [6, Theorem 11.1.10], Z is in the convex hull of all vec-
tors obtained by permuting the coordinates of v. Clearly, we can add those w; such that
w; = z; (nj = 0) and this still holds true. Since the v; are just a permutation of the wy,
then Z is in fact in the convex hull of all vectors obtained permuting the coordinates of
w = (w1, ws, ..., wy). By Remark 5.3, we have

adz = Y Ay ad(Adg, w) = ad ( Y Ao Ady, w),
(o8 (o8

and since ¥ is semi-simple, it mustbe z = )" A, Adg, w. Then

Iz < ) Aol Adg, wll = Y Agllwl = [w]]

proving the claim for regular w. If w is not regular, fix the bi-invariant distance in K given
by the uniform norm (the Minkowski Finsler norm of the convex set D). For each ¢ > 0,
pick w, € £ such that ||we |00 < €, and w + w, is regular (regular elements are dense).
Observe that

dist(e™, e¥ ) < |lweloo < €

by Theorem 5.18. Therefore, there exists y, € ¥ such that eWe¥s = e¥W % Again, note
that

[ Velloo = dist(1, e?) = dist(1,e ¥ e® %) = dist(e?, e? %) < |w]oo < €.

Now consider the map f:v + e*TV. Since f(0) = e? and Dfy = D exp,, the hypothesis
z € D/2 guarantees that f is a local diffeomorphism from a 0-neighborhood to a neigh-
borhood of e?. Therefore, there exists a unique z; € ¥ in that neighborhood, such that
e?T? = eZe¢¥s, Note also that when y, — 0, then also z; — 0. In particular, for small
e >0,z + z. € D/2just like z. Then from

€z+zs — pZeYe = eWeYe — ew+ws

and the previous proof, we can conclude that ||z 4+ z.|| < ||w + wg| for any Ad-invariant
Finsler norm in . Letting ¢ — 0 gives us the desired inequality ||z|| < |w]|.

Now assume that there is an equality of norms for a strictly convex norm, then by
Proposition 5.8, z = Adg w for some k € K, and in particular w € D/2 also. But e” = e*
and the injectivity of the exponential map implies z = w. ]
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Remark 5.15. If z, w are as in the previous theorem, then by Proposition 5.8, we have

N+1
z= > A Adg w,

i=1

for some k; € K, A; > 0 with ) ; A; = 1. We also mention here that the proof of the
previous theorem shows that when w is regular, the k; are in the Weyl group of K.

For linear Lie groups such as K = SU(n), the passage to the adjoint representation
is unnecessary. Thus from e? = e¥ with z € D, we can conclude that [w, z] = 0 and
therefore

w=z+2mi anqj.
J
With the same proof as the previous theorem, we now obtain the same result for z € D,
i.e., ||z]loo < 7 (and not just z € D/2):

Corollary 5.16 (Linear groups). Let K C M,(C) be compact semi-simple linear Lie
group. Let z, w € ¥ such that e = e¥, and assume that z € D. Then |z| < ||w|| for
any Ad-invariant Finsler norm || - || in £, and if equality of norms holds for a strictly
convex norm, then w = z.

5.1.2. Local Hopf-Rinow theorem and the characterization of geodesics. Let us take
a look at geodesics of a Lie group with a bi-invariant Finsler metric. We recall here the
fundamental results about geodesics, for proofs see [23, Section 4]. For a given Finsler
norm, let R > 0 be an injectivity radius. The results are stated in terms of the left logarith-
mic derivatives y; !y, and hold also if stated in terms of the right logarithmic derivative
since the norm is Ad-invariant.

Definition 5.17 (Short paths). We call a curve y: [0, 1] — K short or we say that y is
a geodesic if it minimizes the length functional

b b b
L(y) = length(y) =/ Ielly. dt =/ lyeyy Hldt =/ ly el dt
a a

a

among all curves in K with the same endpoints.

Theorem 5.18 (Geodesics). Let ug,u; = uge® € K with ||z|| < R.
(1) If8(t) = uge'?, t € [0, 1], then § is shorter than any other piecewise C' path y
in K joining ug, u1, and dist(ug,u1) = ||z||.
) Ifv,w € ¥, then
dist(e?, e™) < |lw — v]|
and if w, v commute and ||\w — v|| < R, then equality holds (this is known as the
exponential metric decreasing property).
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(3) Let T:[a, b] — ¥ be a piecewise C short path joining 0, z, let y = e'. Then
ly, el = ||| for all t, and y is short in K with the same length as T'. Moreover,
if ¢ is norming functional for z, then

o(v: ') = lly; "9l = T2 = o(Ty) Vi € [a,b],

thus y~'y (normalized) sits inside a face of the unit sphere of the norm.

(4) y:[a,b] = K is a piecewise C' short path joining 1, e in K if and only if y = e’
for a piecewise C! path T':[a, b] — ¥ joining 0, z (with |T¢|| < R) and

o(C) =y el = oy 1)

for some unit norm functional ¢ and all t € [a, b] (and then this holds for any
norming functional of z ).

(5) If z/||z|| is an extremal point of the unit sphere of ¥, then the only short piece-
wise C ! path joining 1, €7 in K is (a reparametrization of) the segment §(t) = e'?.

These results were established in [23] with some generality; for finite-dimensional
groups, we can improve the existence of short paths invoking the metric version of Hopf—
Rinow’s theorem. As usual, here K denotes a connected compact Lie group with semi-
simple Lie algebra ¥. The last item of this theorem extends significantly (to this family of
Lie groups) the results obtained in [2] for the group U(n).

Theorem 5.19. Let dist be a bi-invariant metric in K (i.e., from an Ad-invariant Finsler
norm || - || in £). Then

(1) For each uy,uy € K, there exists a short polygonal path § joining them, i.e.,
a concatenation of segments t — u;e'? such that ||z;|| < R and

L) = Z lzi | = dist(uy, uz).

(2) Ifthe norm is strictly convex, there exists w € £ such that ||w|| = dist(uq,uz), and
the segment t +— uye'™¥ is a short path joining them. Any short path is a reparam-
etrization of a segment, and if dist(uq,u3) < R, there is exactly one short segment
Jjoining them.

(3) If z € D/2 (z € D for linear Lie groups), then dist(1, e?) = | z||. If the norm is
strictly convex, t +— e'? is the unique short path joining them.

Proof. Let distg denote the bi-invariant distance induced by the Ad-invariant metric given
by the Killing form in ¥. It is well known that metric dist, has one-parameter groups as
Riemannian geodesics, therefore it is geodesically complete. By Hopf—-Rinow’s theorem,
(K, distg) is metrically complete, and therefore (K, dist) is metrically complete since
both metrics are uniformly equivalent (since both are bi-invariant and the tangent norms
are uniformly equivalent, £ being finite-dimensional). Since any of these metrics induce
the original topology of K, and since K is a finite-dimensional manifold, it is locally
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compact and we can apply Cohn-Vossen’s theorem [13, Theorem 2.5.28] to the metric
space (K, dist). This theorem tells us that any approximating sequence of paths in K has
a limit point y: [0, 1] — K such that y is rectifiable and L(y) = dist(uy, u,). Partition y
into finite pieces, in points denoted by y; = yy,, such that dist(y;, yi+1) < R. Write y; 1 =
y;e®i using Theorem 5.18 (1), hence if § is the concatenation of these paths,

LG =) llzill = ) dist(yi, yi+1) = distur, uz)

which shows that § is minimizing. If the norm is strictly convex, it can be shown that the z;
commute, hence we can replace the concatenation of segments by a segment; the proof of
this and the local uniqueness can be found in [23, Theorem 4.15]. Now assume that z is
in (half of) the domain of injectivity of the exponential map. Assume first that the norm is
strictly convex. By the previous item of this theorem, there exists w € ¥ such that 7 +—> e¥
joins 1, e and such that ||w|| = dist(1, e*) < ||z||. But Theorem 5.14 also tells us that
Iz]l < lw]l, therefore ||z|| = |Jw| = dist(1, e?). Now let || - || be any Ad-invariant norm,
lete > O and let ||v||; = /(v, v) be an Ad-invariant Riemannian metric in ¥. Consider

lle = llvll + ellvll.

and note that | - | is Ad-invariant and strictly convex. Therefore, by what we just proved,
if z € D/2, then

Izl = |zl = diste(1, €) < Le(y) = L(y) + eLg(y)

for any piecewise smooth path y joining 1, e? in K. Letting & — 07 first, and taking the
infimum over the paths y, shows that || z|| < dist(1, %) as claimed. If the norm is strictly
convex, any other short path is also a segment 7 — e'¥ by the second item of this theorem.
Thus e” = e and ||w|| = ||z||, and by Theorem 5.14, we conclude that w = z. For linear
Lie groups, we can replace half of D by the full set D by Corollary 5.16. ]

From the last assertion of the theorem, we can give a nice characterization of the
product of exponentials. This is connected with the non-commutative Horn inequalities as
studied by Belkale et al., see [5, 15] and the references therein.

Corollary 5.20 (Product of exponentials). Let x,y,z € £ withz € ﬁ/ 2 be such that the
relation e*e” = e* holds. Then

M lzIl < llx + y|| for any Ad-invariant Finsler norm in ¥.

(2) Let N = dim(¥), then there exist (at most) N + 1 points ki € K and N + 1 real
numbers A; > 0 with )", A; = 1 such that

N+1
z = Z Ai Adg, (x + ).
i=1
(3) If equality holds for some Finsler norm, then z and all the Ady, (x + y) lie in
the same face of the ball for that norm (in fact, in the intersection of all the faces
where z sits).
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(4) If equality holds for a strictly convex norm, then x, y commute, z = Adg(x + )
forsomek € K (thus x +y € D/2) and k commutes with e*. If moreover z € D/2,
then x, y commute and z = x + y.

Proof. Let B(1) = e' e, which joins 1, e? in K. Note that 8,1, = e 737 (x + y)
therefore L(B) = ||x + y| for any Ad-invariant Finsler norm in £. By the previous theo-
rem, the third assertion also holds for the closure of D/2, therefore we must have

Izl = L(B) = llx + ¥l

for any such Finsler norm. Assertions (2) and (3) follow from Proposition 5.8. If the
norm is strictly convex, then z = Adg (x + y) by Proposition 5.8, but also x, y commute
by [23, Theorem 4.17]. This implies % = eA%O+Y) = XtV k=1 = keXeV k! = ke?k ™!
thus k commutes with e?. When z € D/2, the condition eA%? = ¢ is only possible if
Ady z = z = Adg(x + y), therefore z = x + y. m

Remark 5.21. For linear Lie groups such as K = SU(n), and by Corollary 5.16, the
same results stated in the previous corollary hold for z € D, i.e., ||z]|oo < 7 (and not just
z € D/2).

5.2. Characterization of all short paths

Before we proceed with the characterization of other short paths (for the case of non-
strictly convex norms), we recall two results concerning the exponential map and the
adjoint representation of the group K and its differentials:

Remark 5.22. If g; is a smooth path in K,

d 1
77 Adg, v = Adg g, '6,,v] Vvet. (5.4)

This follows by noting that to compute the derivative we can take g, = goe’80 lg"’, and
differentiate at t = 0, thus

Adg, v = Adgy Ad o1, v = Adg, '8 $oy = Adg v + t Adg, ad(gy ' g0)v + 0(t2).

On the other hand if v, w € £, then it is well known that

1
e ’Dexp,w = / ety d) = F(adv)w, (5.5)
0

where F(1) = lfi’_l is extended by F'(0) = 1 to be a holomorphic function in C. In par-
ticular, note that if v € D (the domain of injectivity of exp), then F'(ad v) must be non-
singular and in particular +27i ¢ o(ad v); otherwise, we would have 0 € o (F(ad v)).
Moreover, it must be o(ad v) C i(—2m, 27), otherwise replacing v by tv for some ¢ €
(0, 1), we would obtain a contradiction (recall that D is convex).
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With these tools at hand, we now characterize short paths y without the restriction of
having length less that the radius of injectivity of the group. In the next theorem, K is
a connected compact semi-simple Lie group with the metric induced by an Ad-invariant
Finsler norm in f.

Theorem 5.23 (Characterization of geodesics). Let y:[a,b] — K be a piecewise C path
in K. If y is short for the bi-invariant metric, then for (almost) all t

o) = v il (5.6)

for some unit norm functional . Conversely, if the equality holds for some ¢ and (almost)
all't € [ty, 1], and L(y)i(l) < R, then y is short in [to, t1] C [a, b].

Proof. By the invariance of the metric, it suffices in all cases to consider paths starting at
u = 1. If y is short, assume first that its length is smaller than R, then for any ¢ € [a, b] we
have dist(y(a), y(t)) = L(y)!, < R. Therefore, we can lift y, = e'* for a rectifiable path
I':[a,b] — £, which does not leave the ball Bg. Then by Theorem 5.18, for any norming
functional of z and any ¢ we have

t t
o(Ty) = / o(I") ds = / Iy~ 9llds = L(y), = dist(ya. yae™) = [Tl
a a

Therefore, again by the previous theorem and by Gauss’ Lemma 5.4,

b b b
20l = p(2) = / o(Iy) ds = / (™ D expr, ) ds = / o 7o) ds
a a

a

b
< [ Wl = L@ = distte?) = |21,
a

and this is only possible if ¢(y;'y;) = |ly; !y, || for (almost) all . If y is short but its
longer than R, we can still partition y in pieces of length smaller than R and its still
short on each piece, in any of these intervals [a;,a;+1] withi = 1,..., k. There we have
dist(y(a;), y()) < L(y)fli < R. Write y,,,, = yq;€”, thus we can lift y, = yaie” for
a rectifiable T: lai,ai+1] — £, which does not leave the ball Bg. Using the translation
invariance of the metric (from y,,; to 1) and repeating the argument above, we have for
each i

@i (v ) = lyr el if @i norms z; and [|g; || = 1 (5.7)

for (almost) all ¢ € [a;, a;j+1]. Now let B(s) = e’?1e5%2 ... 5% then B(0) = 1 = y(0),
B(1) = y(1) and

dist(1,y1) < L(B) < Y _ llzill = Y _ dist(yi, vis1) = Y LY lfa;.6s7) = L(¥)}

= dist(1, y1),
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therefore B is short also. Since § is smooth, there exists ¢ € (0, 1) such that

1 . .
D llzill = dist(1, 1) = L(B) = [0 1B Bsllds = 185" Bell-

Now let wg = zx, w; = e ™%z, wy = e €%k e~¢2dZk-17,, and in general

_ _—cadzy ,—cadzj_ —cadzp_;
w; =e ke k=l...e k=itlzp_;

for j =0,...,k — 1. Note that |w; || = ||zxk— || for each j. A straightforward computation
shows that

k—1

_1 A

B Be =) wj.
Jj=0

therefore

)

S lhwill = Y Izl = L8 = 18 Bell = | Y- ws
j i J

and by Lemma 2.7, there exists a unit norm functional such that ¢(w;) = [|w;|| for all
j =0,....k — 1. In particular, ¢(zx) = @(wg) = ||lwo| = ||zx||, thus also by Gauss’
lemma (Remark 5.4) we have

@(zk—1) = ple ™% z_1) = p(w1) = |wi] = l|zk—1].

Proceedings backwards in this fashion, we can conclude that ¢(z;) = ||z;|| for all i =
1,...,k. Thus by (5.7), we have that (5.6) holds for this ¢, for (almost) all ¢ € [a, b].

Now assume that (5.6) holds for some ¢, described as ¢ (v) = (v,a) = —tr(ad v o ad @)
for some a € ¥ (Remark 5.6), and let o <t <ty; then dist(yy,, ;) < L(y)j, < L()/)g = R.
Using the invariance of the metric, we can assume that y;, = 1. Then there exists a rectifi-
able lift T" of y such that ' € Bg, Ty, =0, ¢!t = y,,. Note that | T';, || = R = dist(1, yy,).
By Remark 5.6, since ¢ norms y; !y, we have that y; !y, and a commute for all 7. By for-
mula (5.4) of Remark 5.22,

d

dt
which shows that Ad,, a = a for all ¢ (since y;, = 1). Then by formula (5.5) for the
differential of the exponential map of K,

Ady, a = Ady,[y; ' y:,a] = 0,

1
e—F;DeXpF[ [T;,a] = (/ e~ tadl: ad T, d)t)(a) — _e—AadFt|(l)(a)

0
=—¢ g 4 g = —Ad,1a+a=0.

Since T; is inside the injectivity radius of the exponential map, it follows that [[';,a] = 0
for all ¢ € [ty, t1]. Then for fixed ¢, the operators ad I'; and ad @ commute, and since they
are both skew-adjoint operators acting on ¥, they can be simultaneously diagonalized in an
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orthonormal basis, say {ej,...,er} of . Let p; = e; ® e; denote the rank-one orthogonal
projection with range e;, then ada = Zle a;p; and adT'; = ), A; p;. Note that

d T, Ai
Ad)’tzea tzze pi-
i

Now we apply formula (5.5) for the differential of the exponential map to the path ¢
e T and noting that ad I'; = (adT';)", we obtain

1
e52d@dT) 4q T, ds = / e ST 44 1y es 2T g,

1
e~¥ltp eXpyar, ad Iy = /
0

0
Due to (5.4), we also have

. d _ :
ady; 'y, = Ad, S Ady, = “TtD expyr, (ad I'y). (5.8)

Then since ad a and €T are diagonal in the orthonormal basis {e;};—;.. x (for this

particular ), we have

.....

pi(e™™ T ad Ty e’ o ada) p; = eShi piad T, Mg, pi = piadl; a; pi

a;(ad ;)i pi = pi(ada oadIy) p;.
Integrating s in [0, 1], it follows that
(ada o el p eXpyar, ad I'))ii = (ada o ad f,),-,-,
and using (5.8), shows that
(ada o (ady; 'y,))ii = (ada o ad Ty)ii
for all i. Thus

(P(Vfl)}t) = (a»)’;ll/'t) = —tr(adyt’l)}, oada)
=— (ady; ‘s oada)i; = — Y (adaoadl);
i i

= —tr(ada oadT) = (I, a) = ().

Since this holds for any ¢ € [fo, 71], we have ¢(I";) = ;7 '7:| there, and then

o, 31 .
distrig:ve) = Il = 0T = o [ var) = "oty a

to to

151
- / Vit el de = L )
to

which proves that y is short in that interval. ]
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Remark 5.24. 1t is clear from the proof of the previous theorem that

i Ify= el is short, then there exists a € ¥ such that ad T'; (and then also ad f,,
Ady,, ad y; 'y;) commute with ad a for all 7. From the faithfulness of the adjoint
representation, this is equivalent to I', ft, Ve, Vi 1y, commuting with a for
each ¢. For linear Lie groups, it then follows that a and I'; can be simultaneously
diagonalized for each ¢, and this basis also diagonalizes y; = el*. However,
a word of caution: the orthonormal basis depends on ¢.

(i)  Once y is short in a certain interval [a, b], and assuming that we first write y; =
yaefle?? .- e%k with y(ti+1) = y(t;)e*, and the z; giving the distance among
the endpoints and ||z;|| < R, then equality (5.6) if fulfilled for any norming
functional of z; + --- + z,. If v, = y,e? with z € D, when can we ensure
that z and the z; are in the same face of the sphere? Equivalently, z and y !y
are in the same face of the sphere? If ||z|| < R this follows from Theorem 5.18,
see also the next remark.

@iii) Ifyo =1,y = e® with z € D, and y is short for a given norm, does it follow
that y = el with T' C D? The argument used in repeated occasions is that if
|z]l < R and y is short for that norm, then there is a lift I' C Bg; but this radius
depends on the norm.

Remark 5.25 (Non-optimal lifts). By Theorem 5.18, we know that if I" is short in ¥ for
a given norm, then its exponential y = el is short in K for the bi-invariant metric of that
norm. Is there any concrete example of Lie group K with Ad-invariant Finsler norm such
that: there exists a path y = e'': [a, b] — K, with y short in K joining 1, eZ but I" (which
joins 0, z in ¥) not short in ¥? For strictly convex norms this is not possible since the only
short paths are segments; as we will see in the next section, it is also impossible if all the
faces of the unit sphere are abelian (Corollary 5.27). Another relevant example, studied
by Antezana, Ghighlioni and Stojanoff in [1], is the full unitary group (or in our setting,
K = SU,) with the spectral norm: examining [1, Theorem 2.1] it is apparent that lifted
short paths are also short there.

5.3. Norms with abelian faces

In Theorem 5.19, we showed that when the faces of the unit ball are singletons, the
short paths are one-parameter groups. We will show here that the situation is somewhat
similar if we allow the faces of the unit ball to be inside abelian subalgebras of £. In Sec-
tion 6, we will give a full characterization of those norms with this important structural
property.

Proposition 5.26. Let B be the unit ball of the bi-invariant norm in £. Then all the faces
of B are abelian if and only if for all piecewise C' short curves y C K, the logarithmic
derivatives x; = )/,_1)'/, of y commute for all t.
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Proof. Assume first that each face of the unit ball is abelian. By Theorem 5.23, if y is
short, it has logarithmic derivative (after normalizing) inside a face of the ball, and these
commute for all 7.

Now assume that for some w € ¥ the face Fy,(B) is non-abelian. Let x, y € Fy,(B)
with [x, y] # 0. Let R > 0 be the radius of injectivity and for 0 < b < Rlet y:[0,b] > K
be the path which solves

Vilve =tx+ (b —1t)y

for ¢ € [0, b]. Then by Theorem 5.23, y is a geodesics, furthermore the logarithmic deriva-
tives yy 170 = x and 173 19, = y do not commute. ]

Corollary 5.27. Let B be the unit ball of the bi-invariant norm in ¥ and assume that the
faces of B are all abelian. Let y:[a,b] — K be a short piecewise C path. Then

(i) There exists z € ¥ such that §; = yge'? is also short with the same endpoints.

(i) If L(y) < R (thus yp = yqe® for some |z| < R), then y = yqe', where T
[a,b] — ¥ and [Ty, T5] = 0 for all s,t € [a, b), thus y; 'y, = I'y. In particu-
lar, the logarithmic derivatives of Yy commute, and T is short in £, with the same
length as y.

Proof. As always, we can assume y, = 1, partition y in small pieces such that y(¢;41) =
y(t;)e? with ||z;|| < R as in the proof of Theorem 5.23. Let (s) = e’?1e*?2, then B
joins 1, e#'e®2 = y(tp) and L(B) = ||z1 + 22|, thus

dist(1, ys,) < L(B) < ||lz1ll + llz2ll = dist(1, yz,) + dist(yy,, vr,) = dist(1, yz,),

which shows that 8 is short among its endpoints. For small s, let B = eB with By =
s(z1+22) + %[21,22] + o(s?), then by Theorem 5.18 (1), || By || = dist(1, Bs) = L3 (B) =
s||z1 + 22]|. On the other hand, by Theorem 5.18 (4), we also have ¢(B) = ||,3;1,3s | =
|lz1 + z2|; then integrating, we have ¢(Bs) = s||z1 + z2|| = || Bs||, and this shows that By
(normalized) is inside a face of the ball, which implies that the By commute for all
(small) s (therefore they also commute with By). Then using formula (5.5), we have

e MRzt 2p) = 7 By =e B D eXpp, By = By = z1 + 22 + s[z1, 22] + 0(s?).

Differentiating at s = 0 shows that [z1, z5] = 0. Thus y(f2) = e”1e?2 = e?' 22 and y (13) =
e71e72¢73 = 71172073 We repeat the argument now using B = e*(?1172)¢573 this shows
that [z3, 2 4 23] = 0. Thus y, = e?1e?2e?3 ... ¢ = ¢X% andif weletz = Y z;, then

Izl =Y llzill = dist(va. vs).

and the first claim follows.
For the second claim, let I" be the smooth lift of y, I'; = 0, then by Theorem 5.18 (4)
we have p(I';) = || ¥ '7¢ || for some unit norm ¢, and again integrating ¢(I';) = Li(y) =
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dist(1, e™r) = || T;|| shows that I'; (normalized) is inside a face of the sphere, which by
hypothesis is abelian. But then I'; and I'; also commute for all 7 and it is apparent that

b b b
L<r>=/ ||r||dr=[ ||e—FDexprr||dz=/ ly~'pllde = L(y),
a a

a

thus if ', = z, then ||z|| < L(T') = L(y) = dist(1,e?) = ||z|| and T is short. ]

5.4. Geodesic are quasi-autonomous

Throughout, the action of the semi-simple compact group K on the symplectic mani-
fold M complies the hypothesis of Section 3.2. Recall (Definition 3.1) that a Hamiltonian
H, is called quasi-autonomous if there exists x~, x T € M such that H;(x™) = minys H;,
H,;(x%) = maxys H; for all ¢ € [a, b]. As before, we use R to indicate the injectivity
radius of the exponential map of K for the given norm. In the next theorem, the geome-
try of the group K is the one given by the generalized Hofer norm (3.5) obtained by the
almost effective action.

Theorem 5.28. Let K ~, (M, w) be a Hamiltonian almost effective action. Let y: [a, b] —
K be piecewise C', and denote its right logarithmic derivative by x; = y,y;\. Then if y
is short, (W*")ef0,1] is a quasi-autonomous Hamiltonian, and if |u is quasi-autonomous,
y is locally short (in each interval of length < R).

Proof. By Theorem 5.23, y is locally short if and only if there is a common norming
functional for x; = y;y; 1, for all ¢. By Corollary 2.11, the set of logarithmic derivatives
{Xt}sef0,1] S f is contained in a cone generated by a face if and only if there exist x~
and xV such that x~ € mte[o,l] argmin(gy,) and x* € mze[o,u argmax(¢y, ), where @y,
(M) — R. We can choose m~,m+ € M such that x~ = u(m™) and x* = pu(m™). The
result follows since u** = ¢y, o u forall ¢ € [0, 1]. |

Remark 5.29. A similar characterization of geodesics (in fact, of their logarithmic deriva-
tive y, 1)'/, = X;) can be obtained for the one-sided norm induced by the action of K in
M, if one replaces the condition of quasi-autonomous for the Hamiltonian H; = u*,
with the condition that there exists a point x* € M such that H;(x") = maxys H; for all
t €la,b].

6. Spheres with abelian faces

In this section, we characterize those Ad-invariant norms which have unit balls with
abelian faces in terms of conditions on its intersection with a Cartan subalgebra. When
this intersection is a polytope the condition reduces to the regularity of the extreme points
of its polar dual. Based on this result and on the Kirwan’s Theorem 4.1, we character-
ize the compact semi-simple groups of Hamiltonian diffeomorphism such that geodesics
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have commuting Hamiltonians. We start with the important special case of Hofer norms
derived from coadjoint actions on regular coadjoint orbits. Groups with length structures
derived from these norms have the property that the logarithmic speed of its geodesics lie
in a Weyl chamber.

6.1. Regular coadjoint actions and non-crossing of eigenvalues
In this section, we follow the setting of Example 3.11 on (co)adjoint orbits in @ C £ ~ £*,

Definition 6.1. The (co)adjoint orbit @ = @, C ¥ of the action is regular if A € £ is
a regular element (Remark 3.10).

In order to characterize the faces of the unit ball in £ via Corollary 2.11, we need to
study, for a non-zero x in ¥, the sets argmax (¢x) and argming (¢x) of ox = u*: O — R.
Let m; = Ad.rv m be a path through m € @ with my = [v, m] € T,,0, differentiating
ox(my) = (x,m;) att = 0, we obtain

D(‘Px)m(mo) = (xv [v,m]) = —(X, [m’ l)]) = ([m?x]vv)v

since ad m is skew-adjoint for the Killing form. Since v € ¥ is arbitrary, this implies that
m € @ is a critical point of ¢ if and only if m € 3(x), where 3(x) is the centralizer
of x, i.e.,

Crit(¢x) = O N 3(x). 6.1

The proof of following proposition can be found in [9, Lemma 23].

Proposition 6.2. Fix a maximal torus T C K, a non-zero vector x € ) = Lie(T) and
a point m € O NY; thus m € Crit(ey). Then m is a maximum point of ¢y if and only if
there is a Weyl chamber in Yy whose closure contains both x and m.

With these tools at hand, we next characterize the faces of the unit ball of || - ||g.

Proposition 6.3. Let O be a regular (co)adjoint orbit and let || - || be the associated
Ad-invariant Hofer norm. A set of vectors has a common norming functional if and only
if it is contained in a Weyl chamber (given by a choice of torus and positive simple roots).
Hence, the maximal cones generated by faces of the unit ball are Weyl chambers.

Proof. By Corollary 2.11, a set of elements S C f have the same norming functional if and
only if the set {¢,:u € S} has a common maximizer x* € (9 and a common minimizer
x~ e€0.

We denote by b the Weyl chamber that contains x, it is unique since x* is regular.
If u € S, then the functional ¢, has a maximum at x T, hence by equation (6.1) u com-
mutes with x and therefore u € ). By Proposition 6.2, we conclude that u € 4 if and only
if the functional ¢, has a maximum at x*. Let us denote by x’ € ¥ the element defined by
{x'} = O N =4 , that is, the element of O in the opposite Weyl chamber. A functional ¢,
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has a minimum at x” if and only if ¢_, has a maximum at x’. This holds if and only if —u
and x’ belong to the same Weyl chamber, which is equivalent to u € §. Hence, ¢, has
amaximum at x+ and ¢, has a minimum at x’, are both equivalent to u € %, . If we take
x~ = x’ as the common minimizer, we get a maximal face which is §.

If b, is a Weyl chamber, we denote by x* and x~ the elements defined by {x*} =
O N bt and {x~} = @ N —h4. Then we can reverse the argument in the previous para-
graph to conclude that the functionals ¢, with u € h have xT € @ as maximizer and
x~ € O as minimizer. ]

From this characterization of the faces of the unit ball in £, we can determine the
geodesics in K. Let y:[a,b] — K be a curve in a group K endowed with the length struc-
ture obtained from Hofer’s norm || - || for a regular (co)adjoint orbit (. As a combination
of the previous proposition and Theorem 5.23, we obtain the following:

Theorem 6.4. If y is short, then all its logarithmic derivatives are contained in the same
Weyl chamber Y+ (given by a choice of torus and positive simple roots). If its derivatives
are contained in a Weyl chamber, then y is locally short (in each interval of length < R,
where R is the injectivity radius of the norm).

Example 6.5 (K = SU(n) and the non-crossing of eigenvalues). Consider the case of
SU(n) acting on a regular (co)adjoint orbit @, containing A = i diag(Aq, ..., A,), with
A1 < -+ < A,. Recall that here we obtain in ¥ the A-numerical radius as Hofer norm
(Example 3.12). The local condition for the logarithmic derivatives to be the speeds of
geodesics is that there exists a fixed orthonormal basis such that the speeds are simulta-
neously diagonal in this basis for all # (Corollary 5.27) and if x; () are the eigenvalues of
x; = Y7, then

x1(t) <--- < x,(t) Vt€la,b].

This is because in SU(n) the condition of being in the same Weyl chamber is given by the
non-crossing of the eigenvalues.

Remark 6.6. The Hofer norm associated to singular (co)adjoint orbits can be studied
using the following result on maximizers and minimizers of linear functionals restricted
to the orbits, see [9, Lemma 22]. Let Z(x) be the centralizer of x in K and let F(O) be
the face of @ defined by x. Then

» argmax(py) is a Z(x)-orbit,
* ext(Fy(conv(())) = argmax(¢y), so ext(Fx(conv(0))) is a Z(x)-orbit,
* Fx(conv(9)) < 3(x).

6.2. Invariant norms with abelian faces

Let K be a compact connected semi-simple Lie group and let (-, -) be as usual the opposite
Killing form of ¥C restricted to £. Let A be the set of (real) roots of £ with respect to
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a fixed Cartan subalgebra §j, as in Remark 5.2. For x € |, we have

w=he P Z. 6.2)

acA,a(x)=0

here 3(x) is the Lie algebra of Z(x) as usual (the centralizer of x € ¥). We define the
smallest Weyl chamber wall containing x as the linear space

Wy = ﬂ ker(x).
{aeA:a(x)=0}

Theorem 6.7. Let K be a semi-simple compact connected group and let B be an Ad-
invariant convex body in ¥ containing 0. Let Yy be a Cartan algebra in ¥ and )+ a positive
Weyl chamber. Then all faces of B are abelian if and only if for all x € H we have

Fx(BNh)Nhy € Wy,
and in this case Fx(B) = Fx(BNH) Nhy.

Proof. We assume for simplicity that x € h. Theorem 4.15 states that

Fx(B) = Adzx)(Fx(BNH) Nbhy).

Next we show that this set is abelian when the inclusion stated in the theorem holds.
If x is in the interior of the Weyl chamber, then Z(x) is trivial and

Fx(B) = Fx(BNh) Nhy,

hence the face is abelian. If x is not regular, and hence Z(x) is not trivial, then by (5.1)
and (6.2) the centralizer Z(x) acts trivially on W,. Therefore, the inclusion Fy (B N §H) N
by € W, implies that Fy(B) = Adz)(Fx(BNH)Nbhy) = Fr(BNh) Nhy, sothe
face is abelian. Note also that the last assertion of the theorem follows from this argument.

If the inclusion in the statement of the theorem is not satisfied, there exists y €
Fx(B NHh) Nht such that y ¢ Wy it follows that there exists o such that «(y) # 0
and a(x) = 0. Consider the orbit Adz(x)(y) C ¥ as a submanifold with its differentiable
structure, and observe that

[3(x), ¥] € Ty (Adz) (¥)).

By (6.2), we have vy, Uy € 3(x); the equations [y, uy] = —a(y)v, and [y, vy] = @ (y)ug
hold by (5.1), therefore we conclude that

{ug,va} S T, (AdZ(x) ).

Since [Uq, Vo] = ho # 0, the tangent T, (Ad z(x)(y)) is not an abelian set, so that Adz(x) ()
cannot be an abelian set. The inclusion Adzx)(y) € Adzu) (Fx(BNH) Nhy) = Fx(B)
implies that F (B) is not an abelian set. |
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Remark 6.8. From the previous theorem, we know that if the faces of B are abelian, then
Fx(B) = Fx(BNh) Nhy

for a Weyl chamber §; given by a choice of torus and positive simple roots such that
x € h4. Therefore, the balls of the norms studied in Section 6.1 have maximal commuting
cones generated by faces.

6.3. Polytopes with regular extreme points

The aim of this section is to prove the following theorem. Note that an element x € ¥ is
regular if and only if ¢(x) # O foralle € A.

Theorem 6.9. Let K be a semi-simple compact connected group, let B be an Ad-invariant
convex body in ¥ containing 0 such that B N\ = P° is a polytope. Then all faces of B
are abelian if and only if all extreme points of P are regular.

For the proof of this theorem, we need a couple of preliminary lemmas on polytopes
invariant under finite reflection groups. These lemmas will be later applied to the Hofer
norm polytopes defined in Definition 4.6, which are polytopes invariant under the Weyl

group.

Definition 6.10 (Finite reflection groups). Let ‘W be a finite reflection group acting iso-
metrically on an inner product vector space (V, (-,-)) and generated by reflections {r;, },,c®.
Here r, is the refection which fixes the mirror hyperplane M, = {u}* and ® is a finite
subset of the unit sphere that is called the positive root system. For a finite reflection group,
the space can be subdivided into chambers bounded by mirror hyperplanes. We can choose
any (closed) chamber C and call it the fundamental chamber. Given a positive root sys-
tem @, a fundamental chamber is given by

C={xeV:{x,u) >0forall u € ®}.

Let P be a polytope with extreme points ext(P) = {y1,..., ym} and assume that P is
invariant under ‘W.

Lemma 6.11. Let IT € ® and assume that (\ J,,ey Mu) N Y1, ..., Ym} = 0. If Hy sup-
ports P aty and 'y € (,erg Mu, it follows that x € (,,cg Mu.

Proof. Assume P is invariant under a reflection r,, and the mirror hyperplane does not
contain any extreme point of P, i.e., My, N {y1,..., ym} = 0, see Figure 5. Then, if H, is
a hyperplane that supports P at y € M,,, we claim that x € M,,. To prove this, we write y
as a convex combination of the yq,..., Vm, 1.6, y = A1y1 + +++ + Apy, with n < m,
AyoooyAn >0,and Y7 A; = 1. If we write

1 1 1 1
y = Ey + Eru(y) = 5(/\1)/1 + o+ Auyn) + Eru(klyl + o+ Auyn),
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V1 : Y Y2

H,
i
Y6 e, * )3
P "
V5 e e )a
M,

Figure 5. Mirror hyperplane and extreme points of a polytope P.

we see that we can assume that y = A;y; + -+ 4+ Ay, with A1, ..., 4, >0, Z:’zl A =1
and r,(y;) € {y1,...,yny fori =1,...,n. Since Hy supports P at y € M,,, we get
ox(y) =1 and ¢ox(y1) < 1,...,0x(ym) < 1. From y = A1y; + .-+ + Apy, with
Ao Ay >0, Z?zl A; = 1, itfollows that g, (y1) = 1,...,¢x(yy) = 1. Since y; ¢ M,,,
we know that r, (y1) € {y2, ..., yn} so that y; — r,(y1) is non-zero. Since y; — r,(y1)
is orthogonal to the mirror My, and ¢ (y; — r,(y1)) = 1 — 1 = 0, we conclude that x
is orthogonal to y; — r,(y1) and is therefore contained in M,,. The lemma follows by
applying this result to each of the mirrors { My, }, . |

Lemma 6.12. Assume that there is an extreme point y1 of P such that y, € C and y; is
contained in a mirror. Then there is a supporting hyperplane Hy of P at y, such that x’
is in the interior of the fundamental chamber.

Proof. By assumption, IT := {u € ®:y; € M,,} # @. The set of reflections {r,,: u € IT}
generates the stabilizer Stab(y) of y; (see, e.g., [10, Theorem 12.6]). Since P is a poly-
tope, then there exists x which determines a supporting hyperplane of P at y; such that
ox(y1) = land gx(y;) < 1for j =2,...,m.If we denote by x’ the average

1
X = ——— w. X,
| Stab(y1)] Z

weStab(y1)

then ¢y (y1) =1, ox (yj) <1for j =2,...,m,and x" € ("), ey Mu. To show that x’ € C,
we need to verify that (x’,u) > 0 for all u € ®. If u is not in IT, then y; is not in M,,, there-
fore ¢,/ (y1) = 1 and @y (ry,(y1)) < 1 which implies that ¢,/ (y1 — ry,(y1)) > 0. On the
other hand, since y; is in the positive chamber C, it follows that y; — r,(y1) = d.u for
d > 0. Hence ¢y (d.u) > 0 which is equivalent to (x’, u) > 0.

The x’ can be perturbed so that H, is a supporting hyperplane of P at y; and x’ is in
the interior of the fundamental chamber. ]
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Proof of Theorem 6.9. We apply the previous lemmas to the Weyl group action on }. It is
easy to check that the condition of Theorem 6.7 can be stated using the more general
notation of the previous lemmas as follows:

Fy(P)NCcW,:= () M,
ued:yeM,

for all non-zero y in C = h4. Here, for example, My, = ker(«), with i, as in (5.1). We
can multiply y by a positive scalar and assume that it is in bd P. Then by Theorem 2.22,

F,(P°) = {x € V: H, supports P° at x} = {x € V: Hy supports P at y}.

By Lemma 6.11, if the extreme points of P are allregularand y € W, = ﬂueq,:yeMu M,,
then x € W, holds when H supports P at y,i.e., x isin F, (P°).

If there is a non-regular extreme point of P, then by invariance of P under the reflec-
tion group ‘W, we can choose a non-regular extreme point y; of P in C. Lemma 6.12
implies that there is a supporting hyperplane Hy of P at y; such that x’ is in the inte-
rior of C. Then x’ € F,,(P°) N C and x’ does not belong to Wy, so that the condition of
Theorem 6.7 is not satisfied and there is a face of B which is not abelian. |

Let K be a semi-simple compact connected group, let B be an Ad-invariant convex
body in £ containing 0, such that B N §) = P° is a polytope. Let gp be the associated
Ad-invariant norm and endow K with the corresponding Finsler length structure.

Theorem 6.13. The extreme points of P are regular if and only if all short curves y in K
have commuting logarithmic derivatives.

Proof. By Theorem 6.9, the extreme points of P are regular if and only if B has abelian
faces, and by Proposition 5.26 this holds if and only if all short curves have commuting
logarithmic derivatives. |

We now specialize Theorem 6.13 to compact semi-simple groups of Hamiltonian dif-
feomorphisms.

Theorem 6.14. Let K ~ M be an almost effective Hamiltonian action with moment map
w: M — £* ~ ¥ and endow K with the pullback metric of Section 3.2.1. Let u(M) N h+ =
conv{xy, ..., X, } be Kirwan’s polytope given by Theorem 4.1, and let

P =conv{w.x —w' .x":x,x" € {x1,...,x,}, w,w € W}

be the Hofer norm polytope derived from it. Then all short curves in K have commuting
Hamiltonians if and only if all the extreme points of P are regular.

Proof. By Proposition 3.5, a curve y has Hamiltonians ™', where x; = y,y; ! is the right
logarithmic derivative. Recalling that {;*s, *} = pl*s¥1_ the theorem follows. |
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Note that the same result holds if we endow K — Ham(M, w) with the second Hofer
norm by taking the second Hofer norm polytope

P’ =conv({w.x:x € {X1,...,Xn, —X1,...,—Xn}, W € W})

of Definition 4.6, and also if we consider the one-sided Finsler Hofer norm with its poly-
tope
Pt = conv{w.x:x € {x1,...,x,}, w € W}

Example 6.15. An example of a group K with non-commuting Hamiltonians is SU(4)
acting on the singular (co)adjoint orbit containing x = i diag(3, —1, —1, —1). The Hofer
norm polytope is the convex hull of the permutations of the matrix i diag(4, 0, 0, —4).
Its extreme points are the permutations of the matrix given by i diag(4, 0, 0, —4), which
are all singular. We can give a short informal explanation for this which is similar to the
proof of Proposition 6.3. If the maximum of ¢, is at x* = i diag(3, —1, —1, —1) and the
minimum is at x~ = i diag(—1, —1, —1, 3), then x T block diagonalizes x and x~ block
diagonalizes x, so that
X =i(A1Pce; ® AD Ay Pce,).

with A a selfadjoint operator on Ce, @ Ces such that its spectrum spec(A) satisfies A1 >
spec(A4) > Ag4.

6.4. Properties determined by Kirwan’s polytope and product actions

In Section 6.3, we characterized Hofer norms with abelian faces using the regularity of the
norm polytope (Theorem 6.9), and before that in Section 6.1 we studied the case of faces
generating maximal abelian cones. In this section, we show how conditions on Kirwan’s
polytope can characterize these properties, and then to finish the paper, we study how
these properties behave if we take products of Hamiltonian actions.

We are here in the context of finite reflection groups of Section 6.3, in particular see
Definition 6.10. We recall from [14, Section 4] or [26, Lemma 2.9] the following general-
ization of the rearrangement inequality

n n
E Xz@)Vi = E Xi Vi
i=1 i=1
forxy <.+ < Xxp, y1 <+ < y, and certain permutations 7.

Lemma 6.16. Suppose x,y € V, then

sup (x,w.y) = (x,y)
wew

if and only if x and y belong to the same Weyl chamber. In this case,
{x,w.y) = (x,y)

if and only if there exists w' € Stab(x) such that w.y = w’.y. That is, the set of maximizers
of px in W.y is exactly Stab(x).y.
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Definition 6.17. Let £ C V be a convex set with x € E. The normal cone to E at x is
defined as
Nx,E):={yeV:(y,z—x) <O0forall z € E}.

It is a closed convex cone.
We will also need the following simple fact about a polytope and its normal cones.

Lemma 6.18. Let P C V be a convex polytope. If A C ext(P) and

UNG.Py =V,

yeA
then A = ext(P).

Note that if P is a convex polytope that contains O in its interior, then for y € ext(P)
we have R Fy,(P°) = N(y, P).

6.4.1. Conditions on Kirwan’s polytope. If a Hamiltonian action has the same Hofer
norm polytope as the action on a regular (co)adjoint orbit, then it has the same geodesics;
therefore they are characterized by Theorem 6.4. We next characterize the Hofer norm
polytopes which are derived from regular coadjoint orbits.

Definition 6.19. Given a Weyl chamber §j, let —h = w*.h4 be the opposite Weyl
chamber (there is a unique such w* € ‘W). We say that y € b is symmetric if w*.y = —y.

Proposition 6.20. A W-invariant symmetric polytope P is the Hofer norm polytope of
| - llo for a coadjoint orbit O if and only if ext(P) = W.y for a symmetric y € §.

A ‘W-invariant symmetric polytope P is the Hofer norm polytope of || - | @ with a reg-
ular coadjoint orbit O if and only if ext(P) = W.y for a symmetric regular y € b.

Proof. For x € by, let O be a coadjoint orbit. The Hofer norm polytope of | - ||e, is
given by

P = conviw.x —w' .x:w,w’ € W}.
If we take y = x — w*x € h4, we claim that P has an extreme point at y € h+ with normal

cone at this point which equals [ J y w-h. To see this, note that by Lemma 6.16
forzebhrandw € W

w eStab(y

9z(x) = gz (w.x),
and
0 (—w*.x) = p_,(W*.x) > p_;(Ww*.x) = g, (—ww*.x).
Therefore,
oz (x —w*.x) > @ (w.x —w'.x)

for w, w’ € W, and we conclude that the normal cone to P at y includes b .
Since this argument is Weyl group invariant, for w € ‘W the normal cone to P at w.y
includes w.h 4. In the case of singular y there can be repetitions: if Stab(y) is not trivial,
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then the normal cone to P at y includes Uwesmb(y) w.h. We have |, e w.hy =0,
hence by Lemma 6.18 W.y are all the extreme points of P, and the normal cone to P at

/ H !
w'.yis w'. Uy esn(y) W-H+-

If y is symmetric, then we can take O(1/2)y, and the Hofer norm polytope of | - [[o,, ),
satisfies ext(P) = W.y.

The proof of the second assertion is similar and we omit it. |
Theorem 6.21. Let E C ¥ be an Ad-invariant set such that E N 4+ = conv{xy,...,xn}.

The Hofer norm polytope derived from E has extreme points 'W.y for regular y if there
is x;, say x1, such that

e The point x1 — w*.x1 € Yy is regular.

* Forx € by, we have ox(x1) > @x(x;) for j € {2,...,n}, that is, h4 is contained in
the normal cone of conv{xy,...,x,} C b at x1.

Proof. The Hofer norm polytope is given by
P =conviw.x —w' .x:x,x € {x1,...,xp}, w,w € W}

We are going to prove that ext(P) = W.(x; — w*.x1). Since x; — w*.x; is regular,
W.(x1 —w*.x1) has |W| points. We claim that P has an extreme point at x; — w*.x; € h
with a normal cone at this point which equals 4. To see this, note that by the second
assumption in the statement of the theorem and by Lemma 6.16 for x € b, j € {1,...,n}
andw € W

Px(x1) = (/)x(xj) = (px(w-xj)»

and
ox(—w*.x1) = (P—x(w*'xl) = ‘P—x(W*~xj) = (P—x(WW*~xj) = (Px(_WW*-xj)'

Therefore,
Px(x1 —w*.x1) > @x(w.x —w'.x")

for x,x’ € {x1,...,x,} and w, w’ € W, and we conclude that the normal cone to P at
x1 — w*.xy includes §4. Since this argument is Weyl group invariant, for w € ‘W the
normal cone to P at w.(x; — w*.x;) includes w.h1. We have | J,, ey w.h+ = b, hence
by Lemma 6.18 the orbit W.(x; — w*.x) consists of all the extreme points of P, and the
normal cone to P at w.(x; — w*.x1) is w.h4. [

Example 6.22. An example of this is the action of SU(3) on the singular (co)adjoint orbit
containing A = i diag(2, —1, —1). The Hofer norm polytope is the convex hull of 0 and the
permutations of i diag(3, 0, —3). Its extreme points are the permutations of i diag(3,0, —3).
This is the same Hofer norm polytope as the one derived from the (co)adjoint action on
the regular (co)adjoint orbit containing ’5 diag(—3, 0, 3). Several other examples can be
computed from the cases of SU(3) acting on products of P? studied in [30]. In fact, it is
easy to see from all the figures in [30] that all the Kirwan polytopes listed there lead by
Theorem 6.21 to Hofer norm polytopes with extreme points ‘W.y for regular y.



Hofer’s metric in compact Lie groups 893

Corollary 6.23. Let Oy for x € Y be a coadjoint orbit. The Hofer norm polytope derived
Sfrom O has extreme points W.y for regular y if and only if x — w*.x € by is regular.

Example 6.24. An example of the previous corollary is the case of (co)adjoint orbits
of SU(n). Let y be an extreme point of P. The set of x such that ¢, has a unique maximum
at y is an open cone so we can assume that all eigenvalues of x are different, and without
loss of generality we assume that they are ordered increasingly: x; < --- < x,. Hence if
the eigenvalues of the (co)adjoint orbit are A; < --- < A,, the extreme point of the Hofer
norm polytope which maximizes @y is

i diag(A1, ..., An) —i diag(An, ..., A1) = i diag(hs — Ans A2 — Anetsen oy An — A1)

This is the same maximum as the one that would be obtained from looking at the Hofer
norm polytope derived from the (co)adjoint orbit with eigenvalues x; = %()Ll —An) <
-+ < Xxp = 5(Ay — A1). If these eigenvalues are all distinct, then the Hofer norm polytope
is equal to the Hofer norm polytope of a regular (co)adjoint orbit.

Remark 6.25. For the one-sided Hofer norm polytope, the condition for being derived
from a regular coadjoint orbit is that there exists a regular x; € P, say x1, such that for
x € by we have ¢x(x1) > ¢x(x;) for j € {2,...,n}, where

Pt =conv{w.x:x € {x1,...,x,}, w € W}

The extreme points of the Hofer norm polytope are Weyl group invariant, so we can
partition them into orbits

ext(P) = W.y;U---U W.y,

for y1,....,ym € b+. If y1,..., ym are regular, then by Theorem 6.9 the unit ball B has
abelian faces. We next give a sharper characterization of these faces.

Proposition 6.26. Ifext(P) = W.y, U---U W.y,, for regular y1, ..., ym € Y4, then for
ie{l,...,m}

Fy,(B) = {x € h:9x(y:) = land ¢x(y;) < 1fori # j}.
Proof. From Theorem 6.7, we know that if the faces of B are abelian, then
Fx(B) = Fx(BNBH) N by

for a Weyl chamber 1 given by a choice of torus and positive simple roots such that
x € bhy. We take for simplicity y; = yj, note that
Fy (B) = F, (BN Ny = F, (P Ny
= {x € bd P°: Hy, supports P° at x}
= {x € bd P°: H, supports P at y;}
={xebiiox(y1) =landgx(y;) <1forj =2,...,n}.
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Note that H, supports P at y; is equivalent to ¢ (y1) = 1 and ¢x(w.y;) < 1 forw e 'W
and j =1,...,n. This in turn is equivalent by Lemma 6.16 to ¢ (y1) = 1 and ¢ (y;) <1
forw e Wand j =2,...,n since x € h. This establishes the last equality. The third
and fourth equalities follow from previous results on polar duality. ]

Remark 6.27. We now have an alternative proof of Proposition 6.3: the extreme points
of the Hofer norm polytope are ‘W.y for a regular y € 4, hence

Fy(B) ={x € hy:ox(y) = 1}.
The cone generated by this face is hy.

Next we obtain conditions in terms of Kirwan’s polytope which imply that y;, ...,
Ym € b+ are regular. This follows from the previous discussion, therefore we omit the
proof.

Theorem 6.28. Let E C ¥ be an Ad-invariant set such that E N §+ = conv{xy,...,xn}.
The Hofer norm polytope derived from E has regular extreme points if the extreme points y
of

A =conv{x; —w*.xjii,j =1,...,n}
such that the normal cone N(y, A) intersects the interior of \+ are all regular.

6.4.2. Products of actions. We now study products of Hamiltonian actions where the
image of the moment map is given by (4.2). A property of regularity on one of the factors
implies the same property in the product, in the following two cases.

Consider the case of the Hofer norm || - ||@, +..+0, for coadjoint orbits Oy, ..., O,.
This norm arises by (4.2) from the canonical symplectic action of K on @ X --- x O9,,.

Proposition 6.29. Let Py, ..., P, be W-invariant convex polytopes in Yy such that
ext(P;) = W.y; foryi €brandi =1,...,n.

Then ext(Py 4+ ---+ Py) = W.(y1 + -+ + yu). Hence, if there is y; that is regular, then
the extreme points of Py + --- + Py are the Weyl group orbit of a regular element.

Proof. Let x be a point in the interior of h4. Then, by Lemma 6.16 ¢y (y;) > ¢x(w.y;)
fori =1,...,n and w € W\ Stab(y;). Hence ¢, has a unique maximum in P; at y;.
This implies that ¢, has a unique maximum in P; + -+ Py at y; + -+ + yu, 1., y1 +
-+ + y, is an extreme pointof Py +---+ P,andx € N(Py +---+ Py, y1 + -+ yn).
Since the normal cones are closed, 4+ € N(Py +---+ P,, y1 + - -+ + y,) and since this
argument is Weyl group invariant,

why S NP+ + Prw.(y1 + -+ yn))

for w € 'W. By Lemma 6.18, all the extreme points are W.(y; + -+ + y,). If there is
J €{1,...,n} such that y; is regular, then this point is in the interior of the cone h so
that y; + --- 4+ y, is also in the interior, i.e., it is regular. [
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From Proposition 6.20, we get the following:

Corollary 6.30. Let Oy, ..., O, be (co)adjoint orbits and let || - |9, +-+0, be the Ad-
invariant Hofer norm defined by Q1 + - -+ + Oy. If at least one coadjoint orbit is regular,
then the Hofer norm polytope derived from | - || @, +--+0, has extreme points equal to 'W.y
for a symmetric regular y € Yy, i.e., it is the Hofer norm polytope derived from a regular
coadjoint orbit.

Remark 6.31. By Corollary 2.11, acone C C ¥ generated by a face has the same norming
functional, so the set {¢x: x € C} has a common maximizer x* € Oy + --- + O,, and
a common minimizer x~ € Oy + --- + O,. Let us write x~ = x{ +--- + x;,; and xt =
xi" + .-+ x,‘f with x7, x;" € O; fori = 1,...,n. Then by Proposition 2.14,

17

Cot(O1 4+ 0) = () Cp +(0)).

i=1,...,n

If O is regular, then by Theorem 6.3 Cxl_,xr (1) is contained in a Weyl chamber (given
by a choice of torus and positive simple roots).

Conversely, if 4 is a Weyl chamber (given by a choice of torus and positive simple
roots), we choose xi‘" to be the intersection of @; with h; and x; to be the intersection
of O; with —h. By Proposition 6.2, the Weyl chamber 4 is contained in Cx.—’xf (09)
fori = 2,...,n, and by Proposition 6.3, Cxl_’x;r((%) = b4. Hence if we write x~ =

Xy +--+x, andxt = xfr + -+ + x5, we get by Proposition 2.14

Cx—,x+((91 + -+ (9n) = Cxl-_,xi‘*'((gi) = b+’
i n

i=1,...,

which is a set with the same norming functionals. We conclude again that the Weyl cham-
bers (given by a choice of torus and positive simple roots) are the cones generated by
maximal faces.

We now turn to ‘W-invariant polytopes such that their extreme points are more than
one W-orbit.

Proposition 6.32. Let Py, ..., P, be W-invariant convex polytopes in Y. If the extreme
points of one of the polytopes are all regular, then the extreme points of Py + -+ + Py are
all regular.

Proof. Let y be an extreme point of P; + --- 4+ P,. There exists an x € ) such that ¢,
attains its unique maximum in Py + --- 4+ P, at y. Since the normal cone to the polytope
P +--- 4+ P, at y is open, we can choose a regular x, therefore Stab(x) is trivial. This
regular x is in a unique Weyl chamber which we denote by h;. We have y = y; +

-+ + y,, where yi,. .., y, are points where ¢, attains its unique maximums in Py,. .., Py,
respectively. Since fori = 1,...,n we have W.y; C P; and ¢, attains a maximum at y;,
Lemma 6.16 implies that yq, ..., y, are in h4. Since one of the y; is in the interior of .,

so is their sum y = y; + --- 4+ y,, hence y is regular. ]
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To finish this paper, from Proposition 6.32 and Theorem 6.14 we obtain the following
structural property of geodesics (with different metrics) in the group K:

Theorem 6.33. Let K ~ My, ..., K ~ M, be Hamiltonian almost effective actions of
a compact semi-simple group K and let K ~, My X --- x M,, be the product action.
Endow K with the pullback metrics of Section 3.2.1. Assume that each short curve in K
with the metric derived from the action on one factor has commuting Hamiltonians: then
all short curves in K with the metric derived from the product action have commuting
Hamiltonians.

Remark 6.34. Another proof of the previous theorem can be given as follows. If the
extreme points of one of the Hofer norm polytopes, say P, are regular, then all the
maximal faces of the sphere of the norm || - ||, (ar) are abelian. The cones of the form
Cxl_’x1+ (1 (M)) for x7, xfr € p1(M) are contained in cones generated by faces and are
therefore abelian. The cones generated by faces of the sphere of the norm || - || ,(ar) are
contained in Cy— +(u(M)) for x~, xt € u(M). Also
Coxr (M) = [ Cp s (i (M)
i=1,...,n

for x;°, xi+ € ni(M) and i = 1,...,n by Proposition 2.14. Since the first set of the
intersection is abelian, the result follows.
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