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Commensurations of the outer automorphism group of
a universal Coxeter group

Yassine Guerch

Abstract. This paper studies the rigidity properties of the abstract commensurator of the outer
automorphism group of a universal Coxeter group of rank n, which is the free product W, of n
copies of Z/27. We prove that for n > 5 the natural map Out(W,) — Comm(Out(W;)) is an
isomorphism and that every isomorphism between finite index subgroups of Out(W},) is given by
a conjugation by an element of Out(W};).

1. Introduction

Given a group G, the abstract commensurator of G, denoted by Comm(G), is the group
of equivalence classes of isomorphisms between finite index subgroups of G. Two such
isomorphisms are equivalent if they agree on some common finite index subgroup of their
domain. Note that every automorphism of G induces an element of Comm(G), and in
particular, the action of G on itself by global conjugation gives a homomorphism G —
Comm(G).

The abstract commensurator of G captures a notion of symmetry for the group that is
weaker than its group of automorphisms. For instance, the abstract commensurator of Z™
is isomorphic to GL(m, Q) while the abstract commensurator of a nonabelian free group
is not finitely generated (see [1]). However, some groups satisfy strong rigidity properties
and the group Comm(G) is then not much larger than Aut(G) or G itself. For instance, the
Mostow—Prasad—Margulis rigidity theorem and Margulis arithmeticity theorem (see, for
instance, [37]) imply that if T" is a lattice in a connected noncompact simple Lie group G
with trivial center, and if G # PSL(2, R), then T’ is a finite index subgroup of Comm(I")
if and only if T is not arithmetic, otherwise Comm(I") is dense in G. In the case of the
extended mapping class group of a connected orientable closed surface Sg of genus g at
least 3, we have an even stronger result due to Ivanov [26] since the natural homomor-
phism Mod® (S e) = Comm(Mod* (S ¢)) is an isomorphism. This result also extends to
the case of the mapping class group of a connected orientable surface with genus equal
to 2 and with at least two boundary components. In the context of the outer automorphism
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group of a free group F of rank N, Farb and Handel [10] proved that, for N > 4, the
natural map from Out(Fy ) to Comm(Out(Fy )) is an isomorphism and that every isomor-
phism between two finite index subgroups of Out(Fy ) extends to an inner automorphism
of Out(Fy). This result was later extended by Horbez and Wade [25] to the case N = 3
using a more geometric approach. Their techniques also enabled them to compute the
abstract commensurator of many interesting subgroups of Out(Fy ), like its Torelli sub-
group. These rigidity results have been extended to other groups, such as handlebody
groups [22] and big mapping class groups [2].

In this article, we are interested in the outer automorphism group of a universal Coxeter
group. Let n be an integer greater than 1. Let F = Z /27 be a cyclic group of order 2 and
W, = %, F be a universal Coxeter group of rank 7, that is, a free product of n copies
of F. We prove the following theorem.

Theorem 1.1. Let n > 5. The natural homomorphism
Out(W,) — Comm(Out(W,))

is an isomorphism.

The group Out(W,) is finite and the group Out(W3) is isomorphic to PGL(2, Z). This
gives an almost complete classification except for n = 4, where our proof for n > 5 can-
not be immediately adapted to this case as Out(W;) does not contain any direct product
of two nonabelian free groups. Hence the case n = 4 remains open. One step towards
the understanding of Out(W}) is given in [12], where we proved that Out(W,) has a non-
trivial outer automorphism. The conclusion of Theorem 1.1 will therefore not be true if
one can prove that this outer automorphism remains nontrivial for every finite index sub-
group of Out(W,,). Theorem 1.1 is a major improvement of [12, Théoréme 1.1] which
states that, for n > 5, the only automorphisms of Out(W¥,,) are the global conjugations.
In turn, Theorem 1.1 implies that every isomorphism between two finite index subgroups
of Out(W,,) is given by a conjugation by an element of Out(W,,). The proof of the present
Theorem 1.1 significantly differs from the one of [12, Théoréme 1.1] since the proof
of [12, Théoreme 1.1] is based on the study of torsion subgroups of Out(W;), whereas
Out(W,) is virtually torsion free (see [17, Corollary 5.5]).

Our proof of Theorem 1.1 is inspired by the proof of the similar result in the context
of Out(Fy) given by Horbez and Wade [25]. However, new ideas are required in this sit-
uation. Indeed, to our knowledge, there is no way to compute the abstract commensurator
of Out(W},,) by identifying it with a subgroup of Out(Fx ). Moreover, the study of the
restriction of automorphisms of W, to some finite index nonabelian free subgroup of W,
is not sufficient to understand the abstract commensurator of Out(W,,), as it does not give
information about finite index subgroups of Out(W},). Finally, the proof of Horbez and
Wade relies extensively on the possibility of writing a free group as an HNN extension,
which is not possible in a universal Coxeter group. Instead, we use the fact that W, can be
written as a free product W,, = A * B, where B is a finite abelian subgroup of W,,.
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We now sketch our proof of Theorem 1.1. Following a strategy that dates back to
Ivanov’s work [26], we study the action of Out(W,,) on various graphs which are rigid,
that is, every graph automorphism is induced by an element of Out(W,,). These graphs
include the spine K, of the outer space of W,, as defined by Guirardel and Levitt in [17],
generalizing Culler and Vogtmann’s outer space of a free group [9], or the free splitting
graph K, of W, (see [13, Theorems 1.1 and 1.2] and Section 2.2 for definitions). The
proof of Theorem 1.1 relies on the action of Out(W,) on a subset of the vertices of K,
called the set of Wy-stars. Let k € {0,...,n — 1}. A Wy-star is a free splitting S of W,
such that the underlying graph of the induced graph of groups W, \S is a tree with n — k
edges, such that the degree of one of the vertices, called the center, is equal to n — k,
and such that the group associated with the center is isomorphic to Wy and the groups
associated with the leaves are all isomorphic to F. The Wy-stars are the analogue for W,
of the roses in the outer space of a free group. They play a significant role in the proof of
other rigidity results for Out(W;,) (see [12, 13]).

This allows us to introduce a graph called the graph of one-edge compatible W, _5-
stars, and denoted by X,. It is defined as follows: vertices are W, -equivariant homeomor-
phism classes of W,,_,-stars, where two vertices § and 8§’ are adjacent if there exist S € §
and S’ € §’ such that S and S’ have both a common refinement and a common collapse.
We prove the following result.

Theorem 1.2. Let n > 5. The natural homomorphism
Out(W,) — Aut(X,)

is an isomorphism.

Our proof of Theorem 1.2 requires the rigidity of another graph, called the graph of
Wi-stars, and denoted by X, . It is the graph whose vertices are the W}, -equivariant home-
omorphism classes of Wy-stars with k varying in {0, ...,n — 2}, where two vertices §
and §’ are adjacent if there exist S € § and S’ € 8§’ such that S refines S’ or conversely.
We first show that every graph automorphism of X, induces a graph automorphism of X,
and that the induced map Aut(X,) — Aut(X]) is injective. Using the rigidity of X (see
Theorem 3.4), we show that any graph automorphism of X, is induced by an element of
Out(W,,).

We then show that every commensuration f of Out(W,) induces a graph automor-
phism of X,,. Once we have that result, a general argument (see Proposition 2.1) gives the
isomorphism between Out(W;,) and Comm(Out(W,,)). In order to construct such a homo-
morphism Comm(Out(W,)) — Aut(X,), we first give an algebraic characterization of the
stabilizers of equivalence classes of W),_,-stars. The characterization relies on the exam-
ination of maximal abelian subgroups of Out(W,) and of direct products of nonabelian
free groups in Out(W,). In particular, we prove (see Theorem 5.1), using the action of
Out(W,) on a simplicial complex called the free factor complex of Wy, the following
result.
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Theorem 1.3. Let n > 4. The maximal number of factors in a direct product of nonabelian
free groups contained in Out(W,,) is equal to n — 3.

One of the examples of such a maximal direct product of nonabelian free subgroups
of Out(W,,) is the following. Let W,, = (x1, ..., x,) be a standard generating set for W,
and let W = (x1, x2, x3). For every i > 4 and every w € W, let F;,, be the automor-
phism which fixes x; for every j # i and which sends x; to wx;w™!. Let [F; ] be the
outer automorphism class of F; ., and let H; = ([F; w]wew). Then the group (H;)i>4 is
a subgroup of Out(W},) isomorphic to a direct product of n — 3 groups isomorphic to W3.

The complete characterization of stabilizers of equivalence classes of W), _,-stars being
quite technical, we do not give the complete statement in the introduction (see Proposi-
tions 6.11 and 7.10). However, we remark that this characterization relies on the following
key points: the fact that stabilizers of equivalence classes of W,,_,-stars contain a maximal
free abelian subgroup and the fact that it contains a direct product of 7 — 3 nonabelian free
groups. The characterization also features a study of the group of twists of a W,,_,-star,
which is a direct product of two virtually nonabelian free groups by a result of Levitt [28]
and such that each of which has finite index in the centralizer in Out(W,,) of the other.

This characterization being preserved by commensurations of Out(W,,), it induces
a homomorphism from Comm(Out(W},)) to the group Bij(V X,,) of bijections of the set of
vertices of X,. In order to show that this map extends to the edge set of X,,, we also present
an algebraic characterization of compatibility of W,,_,-stars, which is essentially based on
the fact that if the intersection of stabilizers of equivalence classes of W, _1-stars contains
a maximal abelian subgroup of Out(W,,), then the W, _;-stars are pairwise compatible
(see Propositions 6.13 and 8.1). We deduce that the map Comm(Out(W,,)) — Bij(VX,)
extends to a map Comm(Out(W,,)) — Aut(X,), which completes our proof.

Finally, we prove in the appendix the rigidity of another natural graph endowed with
an Out(W),)-action, called the graph of W,_;-stars. It is the graph whose vertices are
W, -equivariant homeomorphism classes of W,,_;-stars, where two vertices § and §’ are
adjacent if there exist S € § and S’ € §’ such that S and S” have a common refinement.
This graph arises naturally in the study of Out(W,) and its action on the free splitting
graph K, as it is isomorphic to the full subgraph of K, whose vertices are the equivalence
classes of Wg-stars, with k varying in {0, ...,n — 1}. This gives another geometric rigid
model for Out(W,,) (see Theorem A.1).

2. Preliminaries

2.1. Commensurations

Let G be a group. The abstract commensurator of G, denoted by Comm(G), is the group
whose elements are the equivalence classes of isomorphisms between finite index sub-
groups of G for the following equivalence relation. Two isomorphisms between finite
index subgroups f: Hy — H, and f’: H] — H} are equivalent if they agree on some
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common finite index subgroup H of their domains. If f is an isomorphism between finite
index subgroups, we denote by [ /] the equivalence class of f. The identity of Comm(G)
is the equivalence class of the identity map on G. Let [f], [f'] € Comm(G), and let
f:Hy - H, and f’: Hl — Hj be representatives. The composition law [f]- [f”] is
givenby [f]-[f'] = [f o f'|f1(#,)nm;]- Note thatif H is a finite index subgroup of G,
then the natural map Comm(G) — Comm(H ) obtained by restriction is an isomorphism.

Two subgroups G and G, in G are commensurable if G; N G, has finite index in
both G; and G,. Being commensurable is an equivalence relation. If H is a subgroup
of G, we will denote by [H] its commensurability class in G. The group Comm(G) acts
on the set of all commensurability classes as follows. Let [H] be the commensurability
class of a subgroup H. Let [f] € Comm(G) and let f: H; — H, be a representative
of [ f]. Then we define [ /] - [H] by setting [ f]-[H] = [f(H N Hy)].

The next result, due to Horbez and Wade, gives a sufficient condition for Comm(G) to
be rigid. It comes from ideas due to Ivanov when studying mapping class groups (see [26]).
It requires the existence of a graph on which G acts by graph automorphisms.

Proposition 2.1 ([25, Proposition 1.1]). Let G be a group. Let X be simplicial graph such
that G acts on X by graph automorphisms. Let Aut(X) be the group of graph automor-
phisms of X. Assume that

(1) the natural homomorphism G — Aut(X) is an isomorphism,

(2) given two distinct vertices v and w of X, the groups Stabg (v) and Stabg (w) are
not commensurable in G,

(3) the sets I = {[Stabg(v)] | v € VX}, § = {([Stabg (v)], [Stabg (w)]) | vw € EX}
are Comm(G)-invariant (in the latter case with respect to the diagonal action).

Then any isomorphism f: Hy — H, between finite index subgroups of G is given by
the conjugation by an element of G and the natural map G — Comm(G) is an isomor-
phism.

2.2. Free splittings and free factor systems of W,

Let n be an integer greater than 1. Let FF = Z/27Z be a cyclic group of order 2 and
W, = %, F be a universal Coxeter group of rank n. A splitting of W, is a minimal,
simplicial W, -action on a simplicial tree S such that:

(1) The finite graph W, \S is not empty and not reduced to a point.
(2) Vertices of S with trivial stabilizer have degree at least 3.

Here minimal means that W,, does not preserve any proper subtree of S. A splitting S
of W, is free if all edge stabilizers are trivial. A splitting S’ is a blow-up, or equivalently
a refinement, of a splitting S if S is obtained from S’ by collapsing some edge orbits
in §’. Two splittings are compatible if they have a common refinement. We define an
equivalence class in the set of free splittings, where two splittings S and S’ are equivalent
if there exists a Wj,-equivariant homeomorphism between them.
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A free factor system of Wy, is a set ¥ of conjugacy classes of subgroups of W, which
arises as the set of all conjugacy classes of nontrivial point stabilizers in some (nontrivial)
free splitting of W,,. Equivalently, there exist k € N\{0, 1} and [44], ..., [Ax] conjugacy
classes of nontrivial, proper subgroups of W, such that W,, = A; % --- % Ay and ¥ =
{[A1],...,[Ak]}. The free factor system is sporadic if k = 2, and nonsporadic otherwise.
The set of all free factor systems of W, has a natural partial order, where & < ¥ if
every factor of ¥ is conjugate into one of the factors of ¥’. Remark that if {xy, ..., x,}
is a standard generating set of W,,, then for every free factor system F of W, and every
i €{l,...,n}, there exists [A] € ¥ such that x; is conjugate into A. In other words, the
free factor system {[x1], ..., [x]} is a minimum for the partial order on the set of free
factor systems of W,.

Let ¥ be a free factor system of W,,. We denote by Out(W,, ¥) the subgroup of
Out(W,,) consisting of all outer automorphisms that preserve all the conjugacy classes
of subgroups in . If # = {[A;].....[Ax]}, we denote by Out(W,, ) the subgroup
of Out(W,,, ¥) consisting of all outer automorphisms which have a representative whose
restriction to each A; withi € {1,...,k} is a global conjugation by some g; € W,,.

A (W, F)-tree is an R-tree equipped with a W,,-action by isometries and such that
every subgroup of W, whose conjugacy class belongs to ¥ is elliptic. A free splitting
of W, relative to ¥ is a free splitting of W), such that every free factor in ¥ is elliptic.
A free factor of (Wy, ¥) is a subgroup of W,, which arises as a point stabilizer in a free
splitting of W, relative to ¥. A free factor of (W,, ¥) is proper if it is nontrivial, not
equal to W, and not conjugate to an element of . An element g € W, is ¥ -peripheral
(or simply peripheral if there is no ambiguity) if it is conjugate into one of the subgroups
of ¥, and ¥ -nonperipheral otherwise. In particular, for every free factor system & of W,,,
and every element x € W), appearing in a standard generating set of W},, we see that x is
F -peripheral.

2.3. The outer space of (W, ¥)

Recall the definition of the unprojectivized outer space of (W;,, ¥), denoted by O (W,,, )
and introduced by Guirardel and Levitt in [17]. It is the set of all (W,, ¥ )-equivariant
isometry classes S of metric simplicial trees with a nontrivial action of W,, with triv-
ial arc stabilizers and such that a subgroup is elliptic if and only if it is peripheral. The
set O(W,, ) is equipped with the Gromov—Hausdorff equivariant topology introduced
in [31]. The projectivized outer space of (W,, ), denoted by PO(W,,, ¥), is defined
as the space of homothety classes of trees in O(W,, ¥). The spaces Q(W,,, ¥) and
PO(W,, ¥ ) come equipped with a right action of Out(W,,, ¥) given by precomposition
of the actions.

The space PO (W,, ¥) has a natural structure of a simplicial complex with missing
faces. Indeed, every element § € PO (W, ¥) defines an open simplex as follows. Let S
be a representative of § such that the sum of the edge lengths of W,,\S is equal to 1. We
associate an open simplex by varying the lengths of the edges, so that the sum of the edge
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lengths is still equal to 1. A homothety class 8’ € PO (W, ¥) of a splitting S’ defines
a codimension 1 face of the simplex associated with § if we can obtain S’ from some
representative S of § by contracting one orbit of edges in S.

The closure O (W,,, ¥) of outer space in the space of all isometry classes of mini-
mal nontrivial Wj,-actions on R-trees, equipped with the Gromov—Hausdorff equivariant
topology, was identified in [24] with the space of all very small (W,,, ¥ )-trees, which are
the (W,, ¥ )-trees whose arc stabilizers are either trivial, or cyclic, root-closed and non-
peripheral, and whose tripod stabilizers are trivial. The space PO (W,, ¥) equipped with
the quotient topology is compact (see [24, Theorem 1]).

We recall the definition of a simplicial complex on which the space PO (W, ¥)
retracts Out(W,,, ¥ )-equivariantly, called the spine of outer space of (W,,, ¥) and denoted
by K(W,,¥). It is the flag complex whose vertices are the W, -equivariant homeomor-
phism classes § of free splittings relative to ¥ with the property that, if S € §, then all
elliptic subgroups in S are peripheral. Two vertices § and §’ in K(W,,, ) are linked
by an edge if there exist S € § and S’ € §’ such that S refines S’ or conversely. There
is an embedding F: K(W,, ¥) — PO (W,, ¥) whose image is the barycentric spine of
PO (W,, F). We will from now on identify K(W,,, ¥) with F(K(W,, ¥)).If ¥ consists
of exactly n copies of F, we simply write K, for K(W,,, ¥). In this case, the dimension
of the simplicial complex K, is n — 2. Indeed, if § is an equivalence class of a free split-
ting S in K, such that the number of edges of W,\S is minimal, then, the number of
edges in W,\S is equal to n — 1. If § is an equivalence class of a free splitting S in K,
such that the number of edges of W, \S is maximal, then W,\S has n leaves and every
vertex of W, \ S that is not a leaf has degree equal to 3. As S is a tree, this shows that the
number of edges in W, \ S is equal to 2n — 3. Since, every splitting S of K, collapses onto
a splitting S’ such that W,,\ S’ has n — 1 edges, we see that the dimension of K, is equal
to2n—-3—-(n—1)=n-2.

The free splitting graph of Wy, denoted by K, is the following graph. The vertices
of K, are the W,-equivariant homeomorphism classes of free splittings. Two distinct
equivalence classes § and §’ are joined by an edge in K, if there exist S € § and S € §’
such that S refines S’ or conversely. The free splitting graph of W, is the 1-skeleton of
the closure of K, in the space of free splittings of W,. The group Aut(W,) acts on K, on
the right by precomposition of the action. As Inn(W,,) acts trivially on K,,, the action of
Aut(W,,) induces an action of Out(W,) on K.

2.4. The free factor graph of (W, , ¥)

Let ¥ be a free factor system of W,. We now define a Gromov hyperbolic graph on
which Out(W,,, ¥) acts by isometries. The free factor graph relative to ¥ , denoted by
FF(W,, ¥), is the following graph. Its vertices are the W},-equivariant homeomorphism
classes of free splittings of W, relative to & . Two equivalence classes § and §’ are joined
by an edge if there exist S € § and S’ € §’ such that S and S’ are compatible or share
a common nonperipheral elliptic element. The free factor graph is always hyperbolic
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(see [3,16,21]). The next proposition is due to Guirardel and Horbez. Here, if H is a sub-
group of Out(W,) and if ¥ is a free factor system of W,,, we say that ¥ is H -periodic if
there exists a finite index subgroup H' of H such that H'(¥) = ¥ .

Proposition 2.2 ([16, Theorem 5.1]). Let n > 3 and let ¥ be a nonsporadic free factor
system of Wy. Let H be a subgroup of Out(W,,, ¥) which acts on FE(W,,, ) with bounded
orbits. Then there exists an H -periodic free factor system ¥' such that ¥ < F' and
F£F.

The Gromov boundary of FF(W,,, ¥) has been described in terms of relatively ara-
tional trees (see the work of Reynolds [33] for the definition of an arational tree in the
context of a free group, the work of Bestvina and Reynolds and the work of Hamenstéadt
[4, 20] for the description of the boundary in the case of a free group, and the work of
Guirardel and Horbez [16] in the case of a free product). A (W,,, F)-tree T is arational
if no proper (W,,, ¥ )-free factor acts elliptically on 7 and, for every proper (W, ¥)-free
factor A, the A-minimal invariant subtree of T  (that is the union of the axes of the loxo-
dromic elements of A for the action of W,, on T, see [8, Proposition 3.1]) is a simplicial
A-tree in which every nontrivial point stabilizer can be conjugated into one of the sub-
groups of ¥. We equip each arational (W,,, ¥)-tree with the observers’ topology: this is
the topology on a tree T such that a basis of open sets is given by the connected com-
ponents of the complements of points in 7. We equip the set of arational (W,,, ¥ )-trees
with an equivalence relation, where two arational (W,,, ¥ )-trees are equivalent if they are
W,,-equivariantly homeomorphic with the observers’ topology.

Theorem 2.3 ([16, Theorem 3.4]). Letn > 3. Let ¥ be a nonsporadic free factor system
of W,,. The Gromov boundary of FE(W,,, ¥) is Out(W,,, ¥ )-equivariantly homeomorphic
to the space of all equivalence classes of arational (W,,, ¥)-trees.

Lemma 2.4 ([14, Proposition 13.5]). Letn > 3. Let ¥ be a nonsporadic free factor system
of W, and let H be a subgroup of Out(W,,, ). If H fixes a point in d.oFF(W,,, ¥), H has
a finite-index subgroup that fixes the homothety class of an arational (W,,, ¥ )-tree.

2.5. Groups of twists

Let S be a splitting of W, let v € VS, let e be an edge with origin v, and let z be an
element of the centralizer Cg, (G¢) of G, in G.. We define the twist by z around e to be
the automorphism D, , of W,, defined as follows (see [28]). Let S be the splitting obtained
from S by collapsing all the edges of S outside of the orbit of e. Then S is a tree. Let & be
the image of e in S and let ¥ be the image of v in S. Let @ be the endpoint of & distinct
from v. The automorphism D, , is defined to be the unique automorphism that acts as the
identity on Gy and as conjugation by z on G. The element z is called the twistor of D, ;.
It is well defined up to composing on the right by an element of Cy, (Gz) N Cg, (Ge). The
group of twists of S is the subgroup of Out(W,) generated by all twists around oriented
edges of S.
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We now give a description of the stabilizer of a point in K,, due to Levitt. If § € VK,,,
we denote by Stab($) the stabilizer of § under the action of Out(W,,). Let S be a repre-
sentative of . We denote by Stab®($) the subgroup of Stab(S) consisting of all elements
F € Out(W,,) such that the graph automorphism induced by F on W,\ S is the identity.

Proposition 2.5 ([28, Propositions 2.2, 3.1 and 4.2]). Letn > 4 and § € Vlzn. Let S be
a representative of § and let vy, . . ., vg be the vertices of W, \ S with nontrivial associated
groups. Fori € {1,...,k}, let G; be the group associated with v;.

(1) The group Stab®(8) fits in an exact sequence

k
1 - 7 — Stab®(§) — l_[Ollt(Gi) -1,

i=1
where T is the group of twists of S.
(2) The group Stab®(8) is isomorphic to

k
1—[ G;leg(vi)fl x Aut(G;),

i=1

where Aut(G;) acts on GiCl ce(vi)=1 diagonally.
(3) The group of twists T of S is isomorphic to

k
7~ @G/ Z(Gy).
i=1

where the center Z(G;) of G; is embedded diagonally in Gf ee(v),

Remark 2.6. In [28, Proposition 2.2], Levitt shows that the kernel of the natural homo-
morphism Stab®(§) — ]_[f=1 Out(Gj;) given by the action on the vertex groups is gen-
erated by birwists. Since edge stabilizers are trivial, the group of bitwists is equal to the
group of twists. More generally (see [28, Proposition 2.3]), if the outer automorphism
group of every edge stabilizer is finite (in particular, if edge stabilizers are isomorphic
to Z or to F), then the group of twists is a finite index subgroup of the group of bitwists.

Finally, if the centralizer in W}, of an edge stabilizer is trivial, then the group of bitwists
about this edge is trivial. Therefore, if the edge stabilizer is not cyclic, then the group of
bitwists about this edge is trivial. In all cases, we see that, for every equivalence class §
of a splitting S of W, the group of twists of § is a finite index subgroup of the group of
bitwists of W,.

We establish one last fact about twists around edges whose centralizer is cyclic (see [7,
Lemma 5.3] for a similar statement in the context of the outer automorphism group of
a nonabelian free group).
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Lemma 2.7. Let n > 3 and let § be the equivalence class of a splitting S. Suppose that
there exists an edge e of S with cyclic stabilizer and let D be the outer automorphism
class of a twist about e. Let Hg be the subgroup of Stab®(8) which induces the identity on
the edge stabilizer G, of e. Then D is central in Hg. In particular, Stab®(8) has a finite
index subgroup Hg such that D is central in Hg.

Proof. Let U be a splitting onto which S collapses (or S itself if S does not have a non-
trivial collapse), and let U be its equivalence class. Then Stab®($) C Stab®(U). Thus,
we may suppose, up to collapsing all orbits of edges of S except the one containing e,
that S has exactly one orbit of edges. Let v and w be the two endpoints of e and let G,
and Gy, be their edge stabilizers. Let f € Hg and let F be a representative of f such that
F(Gy) = Gy, F(Gy) = Gy and F|g, = idg, (this representative exists since f € Hg).
Let z € Cg,(G,) be such that D, ; is a representative of D. Then, since F(z) = z, for
every x € W,, we have D, ;o F o De_; (x) = F(x). Hence f and D commute, and D
is central in Hg. Since the outer automorphism group of a cyclic group is finite, we see
that Hy is a finite index subgroup of Stab®($). This concludes the proof. ]

3. Geometric rigidity in the graph of W, -stars

We start by defining Wy -stars, which are the main splittings of interest in this article.

Definition 3.1. Letn > 3, and let k > 1 be an integer.
(1) A free splitting S is a k-edge free splitting if W, \ S has exactly k edges.
(2) Suppose that 0 <k <n — 2. A Wy-star is an (n — k)-edge free splitting such that:

 the underlying graph of W,,\ S has n — k + 1 vertices and one of them, called
the center of W,\ S, has degree exactly n — k,

* the group associated with the center of W}, \S is isomorphic to W (we use the
convention that Wy = {1} and that W; = F),

 the group associated with any leaf of W,,\ S is isomorphic to F.

(3) A W, _1-star is a one-edge free splitting S such that one of the vertex groups of
W, \S is isomorphic to Wj,_; while the other vertex group is isomorphic to F.

Note that, in [13], a Wj,_;-star is called an F-one-edge free splitting. Using Proposi-
tion 2.5 (2), we see that, if k € {0,...,n — 2}, and if § is the equivalence class of a Wy -star,
then the group Stab®($) is isomorphic to Wk"_k_1 x Aut(Wy).

Note that, if S is a Wj-star with k € {0,...,n — 2} and S’ is a splitting on which S
collapses, then there exists £ € {k,...,n — 1} such that S’ is a Wj-star. In particular,
for every k € {0,...,n — 2}, if S is a Wj-star, then every one-edge free splitting on
which S collapses is a W,,_;-star. A similar statement is also true for refinements of Wj-
stars (see Lemma 3.8).
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3.1. Rigidity of the graph of W,-stars

We introduce in this section a graph, the graph of one-edge compatible W, _»-stars, on
which Out(W;,,) acts by simplicial automorphisms. We prove that this graph is a rigid
geometric model for Out(W;,). The proof relies on the study of the rigidity of an additional
graph on which Out(W,,) acts, the graph of Wi-stars, to be defined after Theorem 3.3.

Definition 3.2. (1) The graph of W,,_;-stars, denoted by X, is the graph whose vertices
are the W,-equivariant homeomorphism classes of W, _,-stars, where two equivalence
classes § and §’ are joined by an edge if there exist S € § and S’ € §’ such that S and S’
are compatible.

(2) The graph of one-edge compatible W,,_,-stars, denoted by X, is the graph whose
vertices are the W, -equivariant homeomorphism classes of W}, _,-stars where two equiv-
alence classes § and §’ are joined by an edge if there exist S € § and S’ € §’ such that S
and S’ have a common refinement which is a W,,_3-star.

Note that the adjacency in the graph X, is equivalent to having both a common col-
lapse (which is a W,,_;-star) and a common refinement. The graph X, is a subgraph of X,
The group Aut(W,) acts on X, and X, by precomposition of the action. As Inn(W,,)
acts trivially on X,,, the action of Aut(W,,) induces an action of Out(W,). We denote by
Aut(X,,) the group of graph automorphisms of X,,. In Section 3.2, we prove the following
theorem.

Theorem 3.3. Let n > 5. The natural homomorphism
Out(W,) — Aut(Xy,)
is an isomorphism.

In order to prove this theorem, we take advantage of the action of Out(W,,) on another
graph, namely the graph of W-stars, denoted by X, . The vertices of this graph are the
W, -equivariant homeomorphism classes of Wj-stars, with k varying in {0, ...,n — 2}.
Two equivalence classes § and S’ are joined by an edge if there exist S € § and S’ € §’
such that S refines S’ or conversely. Note that we have a natural embedding X, <> K,.
We identify from now on X, with its image in K. In this section, we prove the following
theorem.

Theorem 3.4. Let n > 5. The natural homomorphism
Out(W,) — Aut(X,)
is an isomorphism.

Theorem 3.4 relies on the fact that X, contains a rigid subgraph, namely the graph of
{0}-stars and F -stars, and denoted by L,,. The vertices of this graph are the W,,-equivariant
homeomorphism classes of {0}-stars and F-stars. Two equivalence classes § and §’ are
joined by an edge if there exist S € § and S’ € §’ such that S refines S’ or conversely.
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We recall the following theorem.

Theorem 3.5 ([13, Theorem 3.1, Corollary 3.2]). Let n > 4. Let f be an automorphism
of Ly preserving the set of {0}-stars and the set of F-stars. Then f is induced by the
action of a unique element y of Out(Wy,). In particular, for every n > 5, the natural homo-
morphism

Out(W,) — Aut(L,)

is an isomorphism.

The strategy in order to prove Theorem 3.4 is to show that every automorphism of X,
preserves L, and that the natural map Aut(X,) — Aut(L,) is injective.

Remark 3.6. Using the same techniques, we may prove that the graph of W,,_-stars is
rigid. This is done in the appendix (see Theorem A.1).

First we recall a theorem due to Scott and Swarup.

Theorem 3.7 ([34, Theorem 2.5]). Letn > 4. Any set {S1,..., St} of pairwise nonequiv-
alent, pairwise compatible, one-edge free splittings of W,, has a unique refinement S such
that W\ S has exactly k edges. Moreover, the equivalence class of S only depends on the
equivalence classes of Sy, ..., Sk. If S is a free splitting such that Wy \S has exactly k
edges, then S refines exactly k pairwise nonequivalent one-edge free splittings.

We also need the following lemma concerning refinements of Wy-stars.

Lemma 3.8. Let k,£ € {0,...,n — 1} and let S and S’ be respectively a Wy -star and
a Wy-star. If S and S’ have a common refinement, then there exists j € {0,...,n —2} and
a Wj-star S” which refines both S and S’. Moreover, S" can be chosen such that S” is
a refinement of S and S’ with the minimal number of orbits of edges.

Proof. LetSy...., S,y ben —k W,_;-stars onto which S collapses and let S{,...,S’_,
be n — £ Wy_1-stars onto which S’ collapses. Then the set {Sy,..., S, . S{.....S,_,}
is a set of pairwise compatible W, _;-stars. For every s € {1,...,n —k} and every t €
{1,...,n — £}, let 8 be the equivalence class of Sy and S; be the equivalence class of S;.
Letn—j = [{S1,....8 . S1.....8, _,}|. By Theorem 3.7, there exists a free split-
ting S” with n — j edges which refines every W,_;-star of the set {S1, ..., S,—¢, S},
... S _,}. But, as F is freely indecomposable, a common refinement of two W,_;-
stars U and U’ is obtained from U by blowing-up an edge at the vertex of W, \U whose
associated group is isomorphic to W;,—;. Since U’ is also a W, -star, this common refine-
ment has two orbits of edges and the two corresponding leaves have a stabilizer isomorphic
to F, hence it is a W, _;-star. The same argument shows that, if Uy is a W,_;-star and
if Uy is a Wy-star with k € {1,...,n — 1} compatible with Uy, then a common refinement
of Uy and U; with a minimal number of orbits of edges is either a Wy-star (if the equiv-
alence classes of Uy and U, are adjacent in K,) or a Wj._-star. Therefore, by induction
oni €{l,...,n—{}, we see that a common refinement of {Sy, ..., S,—x.,S]..... S};_e}
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with the minimal number of orbits of edges is a W;-star. This shows that S” is a W;-star.
This concludes the proof. ]

Lemma 3.8 implies that the set of Wj-stars with k varying in {0, ...,n — 1} is closed
under taking collapse and taking refinement with a minimal number of orbits of edges.

Lemma 3.9. Let n > 5. For every f € Aut(X,), we have f(L,) = L. Moreover, if
flL, =1idp,, then f = idy;.

Proof. Let f € Aut(X,). The fact that f(L,) = L, follows from the fact that vertices of
K, N X, in X, are characterized by the fact that they are the vertices with finite valence.
The proof is identical to the proof of [13, Proposition 5.1].

Now suppose that f|z, = idz, and let § be the equivalence class of a W,,_,-star S.
Let us prove that f(S§) = S. Let {x1, ..., x,} be a standard generating set of W, such that
the free factor decomposition of W}, induced by S is

W = (x1) * {x2,..., Xp—1) * {xn).

Let X be the equivalence class of the F-star X depicted in Figure 1.

(x1) (x1)
(x3)

(xn) (xn)

Figure 1. The F-stars X (on the left) and X’ (on the right) of the proof of Lemma 3.9.

We see that § and X are adjacent in X,,. Therefore, as f(X) = X, we see that f(S)
and X are adjacent in X,.

Let 8’ be the equivalence class of a W,_j-star adjacent to X and distinct from §.
Then, as X and 8’ are adjacent, there exist distinct i, j € {l1,...,n} with i, j # 2 and
a representative S’ of §’ such that the free factor decomposition of W, induced by S’ is

Wi = (xi) % (X1, Xiy oo Xjue ooy Xn) % (X)),

Since § # §’, we may suppose that i ¢ {1,n}. But then § is adjacent to the equivalence
class X' of the F-star X’ depicted in Figure 1 whereas §’ is not adjacent to X’. Since
f(X") = X', this shows that f(S) # §'.

Finally, let k € {2,...,n — 3} and let $® be the equivalence class of a Wj-star S
which is adjacent to X. We prove that f(S) # S®. Since k < n — 3, the underlying
graph of W, \S® has at least 3 edges. Therefore, there exists i ¢ {1,n} and a leaf v of
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the underlying graph of W, \S® such that the preimage by the marking of W;\S?® of
the generator of the group associated with v is x;. But then the equivalence class § @ is
not adjacent to the equivalence class X' of the F-star X’ depicted in Figure 1. As § is
adjacent to X’ and as f(X') = X', we see that f(S) # S@. Therefore, f(§) = §.

The above paragraphs show that f fixes pointwise the set of equivalence classes of
W,_p-stars. Let k € {2,...,n — 3} and let T be the equivalence class of a Wy-star T.
By Theorem 3.7, the equivalence class 7 is uniquely determined by the set of W},_;-stars
on which 7" collapses. Since two distinct equivalence classes of W, _,-stars are adjacent
in K, to distinct pairs of equivalence classes of W,_;-stars, the equivalence class 7 is
uniquely determined by the set of W},_,-stars on which it collapses. Since f fixes point-
wise the set of equivalence classes of W;,—»-stars, we see that f(7) = 7. Hence f =idy;.
This concludes the proof. ]

Proof of Theorem 3.4. Let n > 5. We first prove the injectivity. By Theorem 3.5, the ho-
momorphism Out(W,) — Aut(L,) is injective. Moreover, it factors through Out(W,,) —
Aut(X,) — Aut(L,). We therefore deduced the injectivity of Out(W,) — Aut(X;,). We
now prove the surjectivity. Let f € Aut(X},). By Lemma 3.9, we have a homomorphism
®: Aut(X;) — Aut(L,) defined by restriction. By Theorem 3.5, the automorphism ®( /')
is induced by an element y € Out(W},). Since the homomorphism Aut(X;,) — Aut(L,) is
injective by Lemma 3.9, f is induced by y. This concludes the proof. ]

3.2. Rigidity of the graph of one-edge compatible W,,_,-stars

In this section, we prove Theorem 3.3. In order to do so, we construct an injective homo-
morphism

Aut(X,) — Aut(X)).

First, we need to show some technical results concerning the graph X,,. Indeed, let A be
a triangle (that is, a cycle of length 3) in X,,, and let 81, S, and S5 be the vertices of this
triangle. By Theorem 3.7, for every i € {1, 2, 3}, there exists S; € §; such that Sy, S,
and S3 have a common refinement .S, and we suppose that S has the minimal number of
orbits of edges among the common refinements of S;, S, and S3. Since S1, S> and S5 are
W, _,-stars, there exists k € {0,...,n — 3} such that S is a Wy-star. By definition of the
adjacency in X,,, the splitting S is either a W,,_3-star or a W,,_4-star (see Figure 2). Our
first result shows that we can distinguish these two types of triangles.

Lemma 3.10. Let n > 5. Let 81, 82 and $3 be three equivalence classes of Wy,_,-stars
which are pairwise adjacent in X,,. Let S1, Sz and S3 be representatives of S1, S and S3
which have a common refinement S. Suppose that S is the refinement of S1, Sz and S3
which has the minimal number of orbit of edges. Then S is a Wy, _4-star if and only if there
exists an equivalence class S4 of a W,,_5-star S4 distinct from 81, S, and 83 such that, for
everyi € {1,2,3}, the equivalence classes S; and S4 are adjacent in X,,.
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(x2,x3, x4) (x2,x3,x4)

(xs) (x1) (xs) {x1)

/

. X3, X4) (x3, x4, x5) (x1,x3, x4) (x1,x2, x4)

/\./\./\/\.

Figure 2. Two triangles in X}, one corresponding to a W, _3-star (on the left) and one corresponding
to a Wy, _4-star (on the right).

Proof. Suppose first that S is a W,,_4-star. Let {x1, ..., x,} be a standard generating set
of W, such that the free factor decomposition of W}, induced by S is

W, = (x1) % (x2) * {(x3) * (xq) * (x5,...,%X,).

Since being adjacent in X, is equivalent to having a common refinement which is a W,,_3-
star and having a common collapse which is a W,_;-star, the W,_,-stars S1 and S,
share a common collapse S’ which is a Wj,_1-star. Let 8’ be the equivalence class of S’.
We claim that there exists an orbit of edges E in S3 such that the splitting obtained from S
by collapsing every orbit of edges of S3 except E is in §’. Indeed, suppose towards a con-
tradiction that this is not the case. Then, as for every i € {1, 2}, the equivalence classes §;
and S5 are adjacent in X,,, we see that, for every i € {1, 2}, the splittings S; and S5 share
a common collapse onto a Wj,_i-star S/. Recall that we supposed that there does not exist
an orbit of edges E in S3 such that the splitting obtained from S3 by collapsing every
orbit of edges of S5 except E is in §’. This implies that for every i € {1, 2}, the equiva-
lence class Sl’ of Sl.’ is distinct from §’. Since S; and S, are W, _,-stars, they collapse onto
exactly 2 distinct W;,_;-stars. Therefore, for every i € {1, 2}, the equivalence classes §’
and Sl’ are the two equivalence classes of W,,_;-stars onto which S; collapses. It follows
that a common refinement of S;, S and S’ is also a common refinement of S1, S> and S3.
But a common refinement of S, S} and S’ is a W;,_3-star. This contradicts the fact that S
has the minimal number of edges among common refinements of S;, S, and S3. Thus S3
collapses onto a W,,_; -star in the equivalence class $’. Let j € {1,..., 4} be such that the
free factor decomposition of W, induced by S’ is

Wy = (xj) % {X1,.... X}, ..., Xn).
Let S4 be the equivalence class of the W,,_-star S5 whose induced free factor decompo-
sition is
Wo = (xj) *{(X1,..., X5, ..., X, ..., Xp) * (X5).

Then, for every i € {1, 2, 3}, the equivalence classes $4 and §; are adjacent in X,.



Y. Guerch 938

Conversely, suppose that S is a Wj,_3-star. Let {x1, ..., x,} be a standard generating
set of W}, such that the free factor decomposition of W,, induced by S is

W, = (x1) * {x2) * (x3) * (x4,...,Xp).

Then, up to reordering, we may suppose that, for every i € {1,2, 3} the free factor decom-
position of W}, induced by S; is

Wn = (xl) * (xl+1) * (-xlv'-'a-;c;ax/i:itly--'vxn)a

where, for i = 3, the index i + 1 is taken modulo 3. Let §' be the equivalence class of
a Wy,_,-star S’ adjacent to 81 in X,, and distinct from §, and §5. Then, up to changing the
representative S’, there exists j € {1, 2} such that S’ collapses onto the W;,_;-star whose
associated free factor decomposition is

Wy = (xj) * (X1, ..., Xj, ..., Xn).

If j = 1, then, as §’ is distinct from 8§; and S5, we see that §’ is not adjacent to S, in X,.
If j = 2, then, as §’ is distinct from 8; and S5, we see that §’ is not adjacent to S5 in X,.
In both cases, we see that there exists i € {2, 3} such that §’ is not adjacent to §;. This
concludes the proof. ]

Corollary 3.11. Let n > 5. Let k > 4 and let 1, ..., Sk be k equivalences classes of
W, —»-stars which are pairwise adjacent in X,. Fori € {1,...,k}, let S; be a representa-
tive of S;. Let S be a refinement of S, . . ., S whose number of orbits of edges is minimal.
Then S is a W,,_j_1-star.

Proof. For all distinct i, j € {1,..., k}, the equivalence classes §; and §; are adjacent
in X,. Hence, for every distinct i, j € {1, ..., k}, there exists a common refinement
of S; and S; which is a W,_3-star. This implies that, for every p € {I,...,k} and for
all iy,...,ip € {1,...,k}, acommon refinement of S;,, ..., S,-p is obtained from a com-
mon refinement of S;,,..., S iy whose number of orbits of edges is minimal by adding
at most one orbit of edges. We claim that a common refinement of S;,, ..., Sip whose
number of orbits of edges is minimal has exactly p + 1 orbits of edges. Indeed, otherwise
there would exist i, j, £ € {1,..., k} pairwise distinct such that a W;,_3-star which refines
both S; and S; also refines S;. This is not possible by Lemma 3.10 since k > 4. This
proves the claim. Taking p = k concludes the proof. ]

Proposition 3.12. Let n > 5. There exists a Out(W),)-equivariant injective homomor-
phism ®: Aut(X,) — Aut(X}).

Proof. We first exhibit a map ®: Aut(X,) — Bij(VX}). Let f € Aut(X,). Let § be the
equivalence class of a Wy-star S with k € {0,...,n —2}. If kK = n — 2, then we set
D(f)S) = f(5).Ifk <n—3,let Sy be a W,,_;-star refined by S. Let S1,...,Sy—x—1
be the W},_,-stars such that, forevery i € {1,...,n —k — 1}, S refines S; and S; refines Sy
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(see Figure 3). Foreveryi € {1,...,n —k — 1}, let §; be the equivalence class of .S;, and
let T; be a representative of f(S;). By Corollary 3.11, if n —k — 1 > 4, the W,,_,-stars
Ti,...,Ty_g_1 are refined by a Wy-star T'. This Wj,-star is unique up to W,,-equivariant
homeomorphism by Theorem 3.7. In the case where k = n — 3, wehaven —k —1 =2
and, since f(S1) and f(S,) are adjacent in X, the splittings 77 and 75 are refined by
a Wy,_3-star T’ and it is unique up to Wj,-equivariant homeomorphism by Theorem 3.7.
Finally, when k = n — 4, Lemma 3.10 implies that a common refinement of 77, 7> and T3
with the minimal number of orbits of edges is a W;,_4-star T”, and it is unique up to W,,-
equivariant homeomorphism by Theorem 3.7. In all cases, let 7/ be the equivalence class
of T'. We set ®(f)(S) =T

(Xk+1) (Xr4i)

(x1,..., xp—1) (X1 e e es Xhr e ns
(X1, Xg)

(Xn) S (xn) So (xn) Si

Figure 3. The construction of the map Aut(X,) — Aut(X},).

We now prove that © is well defined. Let k € {0,...,n — 2} and let § be the equiv-
alence class of a Wy-star S. Let Sy and S; be two distinct W, _;-stars onto which §
collapses and let 8 and S be their equivalence classes. Let S1, ..., S,_x—1 be the W, _»-
stars such that, for every i € {1,...,n —k — 1}, S refines S; and S; refines Sy and let
S1.....8_,_, bethe W, _-stars such that, forevery i € {1,...,n —k — 1}, S refines S/
and Si’ refines S(’). Fori € {1,...,n —k — 1}, let §; be the equivalence class of S; and let
S/ be the equivalence class of S;. Forevery i € {1,...,n —k — 1}, let T; be a represen-
tative of f(S;) and let 7; be a representative of f(S/). Let T be a Wy-star which refines
Ti,...,Tpx—1 and let T’ be a Wy-star which refines 77,...,7,_, . Finally,let 7 be the
equivalence class of T and let 7’ be the equivalence class of 7’. We claim that T = 7.
Indeed, we first remark that there exist i, j € {1,...,n —k — 1} such that §; = S]’ it is
the equivalence class of the W}, _,-star which refines both Sy and Sj,. Up to reordering, we
may suppose that i = j = 1, that §; = S and that 7 = T. Therefore, both T and T’
collapse onto T7.

Let Uy, ..., U,_x—1 be the W,_3-stars such that, for every j € {2,...,n —k — 1},
the W,_s-star U; refines S; and U; is refined by S. Forevery j € {2,...,n —k — 1},
there exist £,¢' € {2,...,n —k — 1} such that Sy and S, are refined by U;. Therefore, the
map g:{2,...,.n—k —1} > {2,...,n —k — 1} sending £ to £’ is a bijection. Thus, we
may suppose that g is the identity, that is, we may suppose that j = £ = £’. It follows that
forevery j € {2,...,n —k — 1}, the equivalence class of the W,,_3-star which refines S;
and S is the same one as the equivalence class of the W,,_3-star which refines S; and S j’ .
Therefore, for every i € {2,...,n —k — 1}, the set {S1, S, Sl./} defines a triangle in X,
which corresponds to the equivalence class of a W, _3-star. By Lemma 3.10, for every
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ie€{2,...,n—k—1},theset{f(S1), f(S;), f(S])} defines a triangle in X,, which corre-
sponds to the equivalence class of a W, _3-star. Thus, up to changing the representative 77,
for every i € {1,...,n —k — 1}, the W,,_3-star which refines T} and 7; is the same one
as the W, _s-star which refines 77 and Ti’ . As 7 and T’ are characterized by the set
of equivalence classes of W,_3-stars which collapses onto 7} and on which 7" and T’
collapse, we see that 7 = J'. Therefore, the map ®(f): VX, — VX, is well defined.
As ®(f)o®(f~!) = ®(f o f~1) = id, we see that ®( f) is a bijection.

We now prove that the map ®: Aut(X,) — Bij(VX},) induces a monomorphism ®:
Aut(X,) — Aut(X,). Let f € Aut(X,) and let us prove that ®(f) preserves EX,,.
Let 8, 8’ be adjacent vertices in X,,. Up to exchanging the roles of § and §’, we may
suppose that there exist S € § and S’ € 8§’ such that S’ collapses onto S. Let k, £ €
{1,...,n — 2} be such that S is a Wy-star and S’ is a Wj_g-star. Let So be a W,_1-
star such that S refines Sy. Let Sy, ..., S,—x—1 be the W,,_,-stars such that, for every i €
{1,...,n—k — 1}, S refines S; and S; refines Sy. As S’ refines S, there exist £ W,,_,-stars
Sy—ks---»Sn—k+e—1 such that the W,_,-stars Sy,...,Sy—g4¢—q arethen —k + £ —1
W, —»-stars which collapse onto S¢ and which are refined by S’. Forevery i € {I,...,n —
k + £ — 1}, let §; be the equivalence class of S;. By definition of ®( f'), there exist a rep-
resentative 7 of ®( f)(S) and representatives 71, ..., Ty—x—1 of f(S1),..., f(Sn—r—1)

such that T is a common refinement of 77, ..., T,,_x—1. Moreover, there exist a rep-
resentative T’ of ®(f)(S’) and representatives Ty—k, ..., Tp—g+e—1 Of f(Su—k)s...,
f(Su—k+e—1) such that this T’ is a common refinement of f(S1),..., f(Sp—k+e—1)-

As{f(S81),..., f(Sp—k—1)} is a subset of { f(S1),..., f(Sn—k+¢—1)}, we see that f(S)
and f(8’) are adjacent. This shows that the application ®(f): VX, — VX, induces
a homomorphism ®: Aut(X,) — Aut(X,). Finally, the facts that d is injective and is
Out(W,,)-equivariant follow from the fact that, for every equivalence class § of W,_,-
stars, we have f(S) = ®(f)(S). This concludes the proof. L]

Proof of Theorem 3.3. Let n > 5. We first prove the injectivity. By Theorem 3.4, the
homomorphism Out(W; ) — Aut(X},) is injective. Moreover, it factors through Out(W,,) —
Aut(X,) — Aut(X,). We therefore deduce the injectivity of Out(W;,) — Aut(X,). We
now prove the surjectivity. Let f € Aut(X,). By Proposition 3.12, we have a homomor-
phism ®: Aut(X,) — Aut(X 7). By Theorem 3.4, the automorphism ®(f) is induced by
an element y € Out(WW,). Since the homomorphism Aut(X,) — Aut(X,) is injective by
Proposition 3.12, f is induced by y. This concludes the proof. ]

4. The group of twists of a W,_,-star

In this section, we study the centralizers in Out(W,) of twists about a W, _;-star. We
first show that to a free factor of W, isomorphic to W,,_;, one can associate a canonical
equivalence class of W,,_;-star (see Lemma 4.4). We then show that, for an outer automor-
phism f in the stabilizer of the equivalence class § of a W, _-star, there exists a canonical
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representative F' of f such that ' commutes with a twist 7" of § if and only if F fixes the
twistor of 7' (see Lemma 4.12). We first need some preliminary results about stabilizers
of free factors of W, isomorphic to Wj,_;.

Let {x1,..., x,} be a standard generating set of W,,. For distinct i, j € {1,...,n}, let
0j,i: Wp — W, be the automorphism sending x; to x;x;x; and, for k # j, fixing x;. For
distinct i, j € {1,...,n},let (i j) be the automorphism of W, switching x; and x; and,
for k # i, j, fixing xj. The following theorem is due to Miihlherr.

Theorem 4.1 ([30, Theorem B]). Let n > 2. The set {0; ; | i # jU{({ j)|i # j}is
a generating set of Aut(W,,).

We now introduce a finite index subgroup of Out(W;,) which will be used throughout
the remainder of this paper. For all i, j € {1,...,n} distinct, both o; ; and (i j) pre-
serve the set of conjugacy classes {[x1], ..., [x,]}. Since {o; ; | i # jyU{G j)|i # j}
generates Aut(W,) by Theorem 4.1, we see that we have a well-defined homomorphism
Out(W,) — Bij({[x1],. ... [xx]}). Let Out’(W},) be the kernel of this homomorphism. The
group Out® (W},) has finite index in Out(W,,). We will mostly work in Out® (W}, ) from now
on because of the following lemma.

Lemma 4.2. Let n > 3 and let f € Out®(W,). Suppose that f fixes the equivalence
class S of a free splitting S. Then the graph automorphism of the underlying graph of
W, \S induced by f is the identity. Therefore, we have

Staboyo(yy, ) (§) = Stabl oy, ) (5)-

Proof. The underlying graph W\S of W,\S is a tree. Moreover, since S is a free split-
ting, if L is the set of leaves of W\ S, then the set {[Gy]}yer is a free factor system of W,.
Note that, as {[x1], ..., [xn]} is a free factor system of W, which is minimal for inclusion,
for every i € {1,...,n}, there exists one v € VS such that x; € G,. Since S is a free
splitting, for every i € {1,...,n}, the element x; is contained in a unique vertex group.
Moreover, for every v € L, there exist k € {0,...,n — 1} and {iy, ..., i} S {1,...,n}
such that G, is isomorphic to Wy and {[x;,] N Gy, ..., [x;,] N Gy} is a free factor system
of Gy. As f € Outo(W,,), and as f fixes S, it follows that, for every v € L, we have
f([Gy]) = [Gy]. Hence the graph automorphism f of W,\S induced by f acts as the
identity on L. As any graph automorphism of a finite tree is determined by its action on
the set of leaves, it follows that f = id. This concludes the proof. [

Remark 4.3. The subgroup Out®(W,,) of Out(W,) is our (weak) analogue of the subgroup
IAN(Z/3Z) of Out(Fy), which is defined as the kernel of the natural homomorphism
Out(Fy) — GL(N, Z/37Z). Indeed, the group 1Ay (Z/37Z) satisfies a statement similar
to Lemma 4.2, but it has the additional property that if ¢ € 1Ay (Z/37Z) has a periodic
orbit in the free splitting graph of F, then the cardinality of this orbit is equal to 1. In the
context of Out’(W,), we do not know if Out’(W,) contains a torsion free finite index
subgroup which satisfies this property.



Y. Guerch 942

The next lemma relates the stabilizer of a free factor of W}, isomorphic to W,_; and
the stabilizer of a W), _-star.

Lemma 4.4. Letn > 3. Let A be a free factor of Wy, isomorphic to W,,_1. Then, up to W,,-
equivariant homeomorphism, there exists a unique free splitting S in which A is elliptic.
In particular, if f € Out(W,) is such that f([A]) = [A], then [ fixes the equivalence
class of S.

Proof. By definition of a free factor, there exists a free splitting S of W}, such that A4 is
elliptic in S. This proves the existence. We now prove the uniqueness statement. We may
assume that {x;, ..., x,—1} is a standard generating set of A and x,, € W, is such that

W, = A * (xp).

Then, the free factor system ¥ = {[A], [(x»)]} is a sporadic free factor system which
contains [A]. Let ¥’ be a free factor system of W, which contains [A4]. Since the free
factor system {[{x1)], ..., [{xx)]} is the minimal element of the set of free factor systems
of W,, we see that there exists [B] € ¥’ such that x,, € B. As ¥’ contains [A4] and as
W, = A x (x,), it follows that W;, = A x B and that B C (x,,). Therefore,

[B] = [(xa)] and &' ={[A][(xn)]}.

We deduce that ¥ is the unique nontrivial free factor system which contains [A]. But the
spine K(W,,, ¥) of the outer space relative to ¥ is reduced to a point, i.e., it is reduced to
a unique equivalence class of free splittings. This proves the uniqueness statement. ]

Remark 4.5. In the context of Out(Fy ), the analogue of the splitting given by Lemma 4.4
is the following one. Let [A] be the conjugacy class of a free factor of Fp isomorphic
to Fy_;. Then the canonical splitting associated with A is the splitting corresponding
to the HNN extension Fy = Ax over the trivial group. However, there does not exist
a natural choice (up to conjugacy) of an element g € Fy such that {[A], [(g)]} is a free
factor system of Fy.

Let S be a splitting with exactly one orbit of edges, whose stabilizer is root-closed and
isomorphic to Z. Then the group of twists of S is isomorphic to Z by a result of Levitt
(see [28, Proposition 3.1]). The next proposition is similar to a result in the case of the
outer automorphism group of a free group (see [6] and [25, Lemma 2.7]). Recall that an
element w € W, is root-closed if there does not exist wg € W, and an integer n > 2 such
that w = wy.

Lemma 4.6. Let n > 3. Let A be a free factor of W, isomorphic to Wy,—1 and let w € A
be a root-closed element of infinite order. Let x € W,, be such that W,, = A x (x). Let §
be the equivalence class of a splitting S whose associated amalgamated decomposition
of Wy, is the following:

Wp,=A *(w) ((w) * (X))
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Let D be a nontrivial twist about S. Let R be the equivalence class of a free splitting R
of Wy, such that D(R) = R. Let R’ and S’ be metric representatives of R and S, let R’
and 8’ be their Wy,-equivariant isometry classes and let [R'] and [8'] be their homothety
classes.

(1) InPO(Wy,), there exists an increasing function ¥: N — N such that
lim DY (R]) = [5].
n—>o00

(2) The splittings S and R are compatible.

Proof. We prove the first part. As PO (W,) is compact, up to passing to a subsequence,
there exist a sequence (A,)eN € (Ri)N and a Wy-equivariant isometry class 7 of an
R-tree T such that

lim A,D"(R)=7T.

n—>00

Since translation length functions are continuous for the Gromov—Hausdorff topology
(see [31]), for every g € W}, we have

lim A, gllpnwy = llgl7s
n—>oo

where | g||s is the translation length of g in 7. Hence, for every g € W, the limit
lim, o0 An||lgllDn(®y is finite. But as D has infinite order, we have lim, o, A, = 0.
As there exists a representative ¢p € Aut(W,) of D such that ¢4 = idy, for every g € A,
we have

lim A, gllpr®r) = lim A,|gllz = 0.
n—>o0 n—o0

Hence every element of A fixes a pointin 7. As A is finitely generated, this implies that A
fixes a point in T (see for instance [8, Section 3]). Similarly, we see that (w) * (x) fixes
apointin 7. As W, = A x (x), we see that A and (w) * (x) cannot fix the same point
in T. Let U be the free splitting of W, associated with the free factor decomposition
W, = A = (x). Let vg be the vertex of U fixed by A, let v; be the vertex fixed by x and
let v, be the vertex fixed by wxw™!. Let e; be the edge between vy and v; and e, be
the edge between vy and v,. The arguments above show that we have a canonical W,,-
equivariant morphism from U to T'. This morphism is obtained by a fold of the edges e;
and e, of U and this fold is extended W,,-equivariantly. Since w is root-closed, there is no
other edge of U that can be folded as otherwise the stabilizer of an edge of 7" would not
be cyclic. Therefore, the R-tree 7' is simplicial and the decomposition of W,, associated
with W,\T is
n = A x) (W) * (x)).

Hence 7 = $’ and the first statement follows.

Let us prove the second statement. For every n € N, the equivalence classes A, D" (R)
and R have compatible representatives. But as limy, o0 A, D" (R) = §, it follows from
[19, Corollary A.12] that, in the limit, the splittings S and R are compatible. ]
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Lemma 4.7. Letn > 3 and let S be the equivalence class of a Wy—1-star S. Let T be the
group of twists of  and let f € T be an element of infinite order. Let R be the equivalence
class of a Wy—_1-star R such that f(R) = R. Then S and R are compatible.

Proof. Let
Wn = A x (xn)

be a free factor decomposition of W), associated with S and let zy € A be the twistor
of f. Let z be a root-closed element of A such that there exists m > 1 with z™ = zy. Let
h € T be the twist about z. We see that /" = f. Let S’ be the splitting associated with
the following amalgamated decomposition of Wj,:

W, =4 *(z) ((xn) * (Z>)

Let $’ be the equivalence class of S’. Let 7’ be the group of twists of §’. Since A is
isomorphic to W,,—; and since z is root-closed, we see that C4(z) = (z). Therefore, T’ is
isomorphic to Z and a generator of 7" is h. As f(R) = R, Lemma 4.6 implies that S’
and R are compatible. Let U be a common refinement of S’ and R whose number of
orbits of edges is minimal. Since both S” and R are one-edge splittings and are different,
the splitting U has 2 orbits of edges. It follows that W, \U is obtained from W,\S’ by
blowing-up an edge at one of the two vertices of W,,\ S’. Let ¥ be the vertex of S’ whose
stabilizer is A and let v be its image in W,,\S’. Let W be the vertex of S’ fixed by (x,) * (z)
and let w be its image in W, \S’.

Claim 4.8. Either § = R or the splitting W,\U is obtained from W,\ S’ by blowing-up
an edge at v.

Proof. Suppose that W,\U is obtained from W, \ S’ by blowing-up an edge at w. Then,
since the group G, associated with w is {(x,) * (z) and since z must fix an edge of U,
we see that a free splitting of G, such that z fixes a vertex, is a (G, {{z), (x»)})-free
splitting. But (G, {{z), (x»)}) has exactly one such equivalence class of one-edge free
splitting: the one with vertex stabilizers conjugated with (z) and (x,). This implies that
R = §. The claim follows. |

Suppose that R # §. The claim implies that the amalgamated decomposition of W,
associated with U is

Wp = B x C x5 ({z) * (xn)),

where B and C are free factors of W, suchthat A = B x C and z € C. Let U’ be arefine-
ment of U whose associated amalgamated decomposition of W, is

Wy = B % C *(;) (2) * (xn),

that is, z and x, fix distinct points in U’. Then, since A = B * C, the splitting U’ is
arefinement of S. This concludes the proof of Lemma 4.7. ]
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Proposition 4.9. Let n > 3. Let S be a Wy,_y-star and let f € Out(W,) be a twist
about the unique edge of Wy\S. Let g € Out’(W;,) be such that g € Courw,)(f). Then

g(8) =S.

Proof. Let
Wy = (x1,...,Xn—1) * {xn)

be the free factor decomposition associated with S and let § be the equivalence class
of S. By Lemma 4.4, in order to prove that g(§) = §, it suffices to show that g preserves
the conjugacy class of A = (x,..., x,—1). Let f be a representative of f such that
f |4 = id4. Let g be a representative of g. Suppose towards a contradiction that g does
not preserve the conjugacy class of A. By hypothesis, there exists / € Inn(W,,) such that
]70§:IO§0]7.Thus,

fog(A)=10F0 f(A) =10F(A).

Therefore, f preserves the conjugacy class of g(A4). By Lemma 4.4, f fixes the unique
equivalence class R of the W,_;-star R associated with g(A). By Lemma 4.7, the split-
tings S and R are compatible. Since we suppose that g(A4) ¢ [A], there exists a common
refinement S’ of S and R which is a W,,_,-star. Thus, there exists y, € W, such that the
free factor decomposition associated with S’ is

W, = (xn) * B * (yn),

where B is such that A = B x (y,) and B * (x,) is a conjugate of g(A). Up to changing the
representative g(A), we may suppose that g(A4) = B * (x,). This implies that x,, € g(A4),
that is 71(x,) € A. But, since A = (x1,...,Xx,_1), we see that [§71(x,)] € {[x1],...,
[xn_1]}. This contradicts the fact that g € Out®(W},). L]

Combining Lemma 4.7 and Proposition 4.9, we have the following corollary.

Corollary 4.10. Letn > 3. Let S and R be two distinct Wy, -equivariant homeomorphism
classes of two Wy_1-stars S and R. Let [ and g be twists about respectively S and R
such that  and g commute. Then S and R are compatible.

Proof. Let k > 1 be such that g€ € Out®(W,,). By Proposition 4.9, since g¥ and f com-
mute, we have gX(S) = §. Since g¥ is a twist about R, by Lemma 4.7, we have that S
and R are compatible. ]

Let S be the equivalence class of a W,,_;-star S and let
Wn == (‘x15 .. )xn_l) * (xn)

be the free factor decomposition of W, associated with S. Let 4 = (x, ..., x5—1).
Let f € Stabou(w,)($). Then any representative of f* sends A to a conjugate of itself.
Let f” be a representative of f such that f'(A) = A. Since the vertices in S fixed by 4
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and x, are adjacent, and since the stabilizer of every vertex in S adjacent to the vertex
fixed by A4 is a conjugate of (x,) by an element of A, we see that f (xn) = xx,x7 !
with x € A. Therefore, there exists a representative f of f such that f (A) = A and
f (xn) = xj. The automorphism f is the unique representative of f such that f (A) =
and f(xn) = Xp.

We have a similar result for W,,_,-stars. Indeed, let $’ be the equivalence class of
a W,,_,-star S and let

Wa = (x1) * (X2, ..., Xn—1) * (Xn)

be the free factor decomposition of W, associated with S” and let B = (x3,...,x,—1). Let
f € Stab, 0w,y (8"). A similar argument as in the case of a W, _-star shows that there
exists a representative f of f such that f (B) = B and f (xn) = xp.

Lemma 4.11. Let n > 4. Let S be the Wy, -equivariant homeomorphism class of a Wy,—1 -
star S. Let T be the group of twists of S. Let §' be the Wy, -equivariant homeomorphism
class of a Wy,_-star S’ which refines S. Let e be the edge of W, \S’ such that a represen-
tative of 8 is obtained from W, \S’ by collapsing the edge distinct from e. Let T' be the
group of twists of S" about the edge e. Then T N Stabg, 0y, (S") € T'.

Proof. Let
Wy = (x1) % (X2, ..., Xp—1) * (Xp)
be the free factor decomposition of W, induced by S’ and let A = (x5,...,x,—1). Let
Wa = B % (yn)

be the free factor decomposition associated with S. Up to changing the representative S,
we may suppose that B = (x1....,xp—1) and that y, = x,. Let { € T' N Stabg,0 ¢y, ) (9.
Let f be the representative of f such that f (B) = B and f (xp) = Xn, Which exists
since f € StabOm(Wn)(S) Since f € T, there exists g € B such that f |p is the global
conjugation by g. Let f " be a representative of f such that f (A) = Aand f (xn) = xn,
which exists since f € Stabg,0y,)(S’). Since the centralizer in Wy of x, is (x,) and
since A is malnormal in W,,, we see that f I f’. Hence f (A) = A, and, since A is
malnormal, we see that g € A. Therefore, f € T’, which concludes the proof. [

Lemma 4.12. Letn > 3. Let § be the equivalence class of a W,,—1-star S and let
Wy = (x1,...,Xn=1) * (Xn)

be the free factor decomposition associated with S. Let A = (x1,...,xn—1). Let T be the
group of twists of S. For [ € T, let zy € A be the twistor of f. Let g € Stab(§) and let g
be a representative of g such that g(A) = A and §(x,) = Xxp. Then g € Coumw,)({f)) if

and only if g(zr) = zy.
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Proof. By Proposition 2.5 (2), the group Stab(§) is isomorphic to Aut(A). The isomor-
phism Stab(S) — Aut(A) is defined by sending f € Stab(§) to its representative ]7 such
that f(A) = A and f(xn) = Xp,. In particular, for every hy, h, € Out(W,) N Stab(S),
we see that i; and h, commute if and only if there exist representatives n 1 and ﬁz
of iy and h,, respectively, such that IZI (A) = A, gz(A) = A, El (xp) = Ez(xn) = x, and
n 10 IZZ = IZZ oh 1- Moreover, Proposition 2.5 (2) identifies the group of twists 7" with the
group Inn(A). For a € A, let ad, be the inner automorphism of A4 induced by a. Since, for
every h € Aut(A) and every a € A, we have h ad, hl = adp(q), we see that 1 commutes
with ad, if and only if #(a) = a. Hence g € Coww,)({(f)) ifandonly if g(zf) =z7. =

5. Direct products of nonabelian free groups in Out(W,)

Following [25, Section 6], we define the product rank of a group H, denoted by rkpoq(H ),
to be the maximal integer k such that a direct product of k nonabelian free groups embeds
in H. Note that, if H’ is a finite index subgroup of H, then rkya(H') = rkproa(H).
Moreover, if ¢: H — Z is a homomorphism, then rkproq(ker(¢p)) = rkproq(H ). The aim of
this section is to prove the following theorem.

Theorem 5.1. The groups Aut(W,) and Out(W,,) satisfy the following properties:
(1) Foreveryn > 3, we have rkproa(Aut(W,)) = n — 2.
(2) Foreveryn > 4, we have tkproa(Out(W,)) = n — 3.

(3) Suppose thatn > 5. If H is a subgroup of Out(W,)) isomorphic to a direct product
of n — 3 nonabelian free groups, then H has a subgroup H' isomorphic to a direct
product of n — 3 nonabelian free groups which virtually fixes the Wy, -equivariant
homeomorphism class of a W,_1-star. In addition, H does not virtually fix the
Wi -equivariant homeomorphism class of any one-edge free splitting that is not
a Wy_1-star.

We first recall an estimate regarding product ranks and group extensions due to Horbez
and Wade.

Lemma 5.2 ([25, Lemma 6.3]). Let 1 - N — G — Q — 1 be a short exact sequence
of groups. Then 1Kpr0d(G) < Kproa (V) + tkproa (Q).

In order to compute the product rank of Out(W,,), we take advantage of its action on
the Gromov hyperbolic free factor complex. We recall a general result concerning actions
of direct products on a hyperbolic space.

Lemma 5.3 ([25, Proposition 4.2 and Lemma 4.4]). Let X be a Gromov hyperbolic space,
and let H be a group acting by isometries on X. Assume that H contains a normal sub-
group K isomorphic to a direct product K = I—[f:l K;.

Ifthere exists j € {1,...,k} such that K; contains a loxodromic element, then ]—L-?éj K;
has a finite orbit in 0oo X .
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If there exist two distinct i, j € {1, ..., k} such that both K; and K; contain a loxo-
dromic element, then H has a finite orbit in 0p0 X .

If, for every j € {1,... k}, the group K; does not contain a loxodromic element, then
either K has a finite orbit in 000X or H has bounded orbits in X.

Let ¥ be a free factor system of W,,. Recall that O (W,,, ¥) is the outer space of W,
relative to . Given T € O(W,,, ¥), let [T] be the homothety class of T'. The homothetic
stabilizer Stab([T]) is the stabilizer of [T'] for the action of Out(W,, ¥) on PO(W,, ¥).
Equivalently, ® € Out(W,,, ¥) lies in Stab([T']) if there exists a lift e Aut(W,, ) of ®
and a homothety 7/, T —>T such that, for all g € W, and x € T, we have

I5(gx) = (g)I5(x).

The scaling factor of Iz does not depend on the choice of a representative of @, and we
denote it by A7 (®). This gives a homomorphism

Stab([T]) — R*, @ > Az (P).

The kernel of this morphism is called the isometric stabilizer of T and is denoted by
Stab®* (7). It is the stabilizer of T for the action of Out(W,, ) on O(W,, F).

Lemma 5.4 ([16, Lemma 6.1]). Let n > 3. Let ¥ be a nonsporadic free factor system
of Wy,. Forevery T € O(W,,, ), the image of the morphism At is a cyclic (maybe trivial)
subgroup of R

We will also use a theorem due to Guirardel and Horbez which assigns to every
nonempty collection of free splittings whose elementwise stabilizer is infinite, a canonical
(not necessarily free) splitting.

Theorem 5.5 ([15, Theorem 6.12]). Let n > 3. There exists an Out(W,)-equivariant map
which assigns to every nonempty collection € of free splittings of W, whose elementwise
Out(W;,)-stabilizer is infinite, a nontrivial splitting Ue of Wy, whose set of vertices V Ue
has a Wy -invariant partition VUe = V) 11 V, with the following properties:

(1) For every vertex v € Vi, the following holds:

(a) either some edge incident to v has trivial stabilizer, or the set of stabilizers
of edges incident to v induces a nontrivial free factor system of the vertex
stabilizer Gy,

(b) there exists a finite index subgroup Hy of the elementwise stabilizer of the
collection € such that every outer automorphism in Hy has a representative
in Aut(W,)) which restricts to the identity on G,.

(2) The collection of all conjugacy classes of stabilizers of vertices in V, is a free

factor system of W,,.

Finally, we state a proposition due to Guirardel and Horbez concerning the isometric
stabilizer of an arational tree.
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Proposition 5.6 ([16, Proposition 6.5]). Let n > 3. Let ¥ be a nonsporadic free factor
system of Wy, and let T be an arational (W, ¥ )-tree. Let H be a subgroup of Out(W,,, ¥ )
which is virtually contained in Stab™(T). Then H has a finite index subgroup H' which
fixes infinitely many (W,,, ¥ )-free splittings, and in particular, H fixes the conjugacy class
of a proper (Wy, ¥)-free factor.

Note that the statement of Proposition 5.6 in [16] only mentions that H’ fixes one
(W,,, F)-free splitting, but the proof uses an arbitrary free splitting of W,, so that one
can construct infinitely many pairwise distinct free splittings fixed by H' by varying the
chosen free splitting of W,.

Proof of Theorem 5.1. The proof is inspired by [25, Theorem 6.1] due to Horbez and
‘Wade and [23, Theorem 4.3] due to Hensel, Horbez and Wade.

We first prove that if n > 4, then rkproa(Out(W,)) > n — 3 and that, if n > 3, then
tkproa (Aut(W,)) > n — 2. Pick a standard generating set {x, ..., x,} of W,. Then the
group H generated by {x;x,, X2x3} is a nonabelian free group (see [30, Theorem Al]).

Suppose first that n > 4. Fori € {4,...,n}and h € H, let F; j, be the automorphism
sending x; to hx;h~1 and, for j # i, fixing x;. Then, for all distinct i, j € {4,...,n} and
for every g, h € H, the automorphisms F; ¢ and F; , commute, giving a direct product
of n — 3 nonabelian free groups in Out(W,,). Moreover, for all g,h € H, and every i €
{4....,n}, the inner automorphism ad, commutes with F; ,, which yields a direct product
of n — 2 nonabelian free groups in Aut(W},). In the case where n = 3, the group Aut(W3)
contains the subgroup (adj ) g, which is a nonabelian free group.

We now prove that, if n > 3, then rkpoq(Aut(W,)) < n — 2, if n = 3, then we have
Kproa (Out(W;,)) = 1 and if n > 4, then rkproq(Out(W,)) < n — 3. The proof is by induc-
tion on n. The base case where n = 3 follows from the fact that the group Aut(W3) is
isomorphic to Aut(F,) (see [36, Lemma 2.3]) and the fact that the group Aut(F>) does
not contain a direct product of two nonabelian free groups (see [25, Lemma 6.2]). More-
over, by [12, Proposition 2.2], the group Out(W3) is isomorphic to PGL(2, Z) which is
virtually free.

Let k > max{n — 3,2} and let H = H; x Hy x --- X H be a subgroup of Out(W},)
isomorphic to a direct product of k nonabelian free groups. Note thatk =n —3ifn > 5
and k = 2 if n = 4. We prove that there exists a subgroup K of H isomorphic to a direct
product of k nonabelian free groups which virtually fixes a one-edge free splitting of W,.
Let ¥ be a maximal H -periodic free factor system. If ¥ is sporadic, then H virtually
fixes a one-edge free splitting, so we are done. Therefore, we may suppose that ¥ is
nonsporadic. As ¥ is supposed to be maximal, by Proposition 2.2, the group H acts on
FF(W,, ) with unbounded orbits. Lemma 5.3 implies that, after possibly reordering the
factors, the group H' = Hy x Hy X --+ X Hj_1 has a finite orbit in dooFF(W,, ). By
Lemma 2.4, the group H' virtually fixes the homothety class [T'] of an arational (W,,, ¥)-
tree T.

Let Hy be a normal subgroup of finite index in H' that is contained in Stab([T]).
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Claim 5.7. The group H contains a subgroup isomorphic to a direct product of k non-
abelian free groups, which fixes the equivalence class of a one-edge free splitting.

Proof. By Lemma 5.4, the homomorphism Ar|g, from Hy to RY given by the scaling
factor has cyclic image. As Hy contains a direct product of k& — 1 nonabelian free groups,
so does P = ker(Ar|H,) (see the beginning of Section 5). In particular, the intersection
of P with every direct factor H; of H’ is a nonabelian free group. As P is contained
in the isometric stabilizer of 7', Proposition 5.6 implies that P contains a finite index
subgroup Py which fixes infinitely many (W,,, ¥ )-free splittings.

Let € be the (nonempty) collection of all (W,,, ¥ )-free splittings fixed by the infinite
group Py, let Ue be the splitting provided by Theorem 5.5, and let Ue be its equivalence
class. Since Py commutes with Hy, the equivalence class U is (Py x Hy)-invariant.

Suppose first that the splitting Ue contains an edge e € EUe with trivial stabilizer.
Let U’ be the splitting obtained from Ue by collapsing every edge of Ue that is not
contained in the orbit of e, and let U’ be its equivalence class. Then U’ is the equivalence
class of a one-edge free splitting virtually fixed by Py x Hy. Since Py contains a direct
product of k — 1 nonabelian free groups, the claim follows.

Thus, we can suppose that all edge stabilizers of Ue are nontrivial. We show that this
leads to a contradiction. Let VUe = V; LI V, be the partition of V' Ue given by The-
orem 5.5. Let P’ be a finite index subgroup of Py which acts trivially on the quotient
W, \Uge. We claim that the intersection of P’ with the group of twists of Ue is trivial.
Indeed, let e be an oriented edge of Ue. As every subgroup of W, with nontrivial central-
izer is cyclic, if the edge stabilizer G, of e is not cyclic, the group of twists around this
edge is trivial. Thus, oriented edges with nontrivial group of twists have cyclic stabiliz-
ers. But twists about edges with cyclic stabilizers are central in a finite index subgroup of
Stab®(Ue) by Lemma 2.7. Let P” be a finite index subgroup of P’. Then the intersec-
tion of P” with every direct factor H; of H’ is a nonabelian free group. Therefore, every
element of P” is contained in a nonabelian free subgroup of P”. In particular, the center
of every finite index subgroup of P’ is trivial. Thus, we see that the intersection of P’
with the group of twists is trivial. By Remark 2.6, up to passing to a further finite index
subgroup of P’, we may suppose that the intersection of P’ with the group of bitwists is
trivial.

By Proposition 2.5 (1) and Remark 2.6, the fact that the intersection of P’ with the
group of bitwists is trivial implies that we have an injective homomorphism

P J] ouG,).
veW,\VUe

By Theorem 5.5 (1) (b), for every vertex v € V7, the homomorphism P’ — Out(G,) has
finite image. Therefore, up to passing to a finite index subgroup of P’, we have an injective
map
P — H Out(Gy).
veW,\V;
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By Theorem 5.5 (2), for every v € V5, the vertex stabilizer G, is an element of a free factor
system of W,,. Therefore, there exists k£ such that G, is isomorphic to Wi. By Lemma 5.2,
we have
n—4<k—1=rkpa(P) < > rkpoa(Out(Gy)).
veEW,\ V>

By induction, we see that, if |W,\ V2| > 2, then

Z I‘kprod(out(Gv)) =n-— 6,
UEWn\Vz

which leads to a contradiction. Thus |W,\V,| = 1. Let v € W, \V,. Then there exists
£ e{l,...,n— 1} such that G, is isomorphic to W;.If £ < n — 2, then

rkprod(om(Gv)) =n-=>35,

which leads to a contradiction. If £ = n — 1, then the free factor system ¥ contains a free
factor isomorphic to W, _; and is therefore a sporadic free factor system, which leads to
a contradiction. [

Therefore, we see that there exists a subgroup K of H isomorphic to a direct product
of k nonabelian free groups such that K fixes the W, -equivariant homeomorphism class
of a one-edge-free splitting §. We now prove that § is the equivalence class of a W,,_;-
star. Let S be a representative of §, let v; and v, be the vertices of the underlying graph
of W,\S and, fori € {1, 2}, let k; be such that W, is isomorphic to G,,. Let K, be the
finite index subgroup of K which acts as the identity on W,\S. Then Ko C Stab®($).
By Proposition 2.5 (2), the group Stab®($) is isomorphic to Aut(Wy,) x Aut(Wg,). Sup-
pose towards a contradiction that, for every i € {1, 2}, we have that k; # 1. Suppose first
that, for every i € {1,2}, we have k; > 3. Then, by Lemma 5.2, we see that

k= rkprod(l(O) = rkprod (Aut(Wkl)) + rkprod (AUt(sz))
<k —24+ky—2=n-—4,
where the second inequality comes from the induction hypothesis. If there exists i € {1,2}

such that k; = 2, then, as Aut(W,) is virtually cyclic (it is isomorphic to W, by [35,
Lemma 1.4.2]), we see that

k = tkoroa(Ko) < tkproa (Aut(Wi,)) + rkoroa (Aut(Wi,)) < ky —2 < n — 4.

In both cases, we have a contradiction as k > n — 3 when k > 5 and k = n — 2 when
n = 4. Thus, there exists i € {1, 2} such that k; = 1. This shows that S is a W, _;-star.
In particular, when k = n — 3, that is, when n > 5, this proves Theorem 5.1 (3).

Since Ky C StabO(S ), Proposition 2.5 (2) implies that

k = rkoroa(Ko) < tkproa(Aut(Wy_1)) =n—1—2=n—3.
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When n = 4, then k = 2 = n — 2. Therefore, we have a contradiction in this case. This
shows that, for all n > 4, the product rank of Out(W,,) is equal to n — 3. This concludes
the proof of Theorem 5.1 (2).

It remains to prove that, if n > 4, we have rkyoa(Aut(W,)) < n — 2. We have the
following short exact sequence

1 - W, - Aut(W,) — Out(W,) — 1.
By Lemma 5.2, as W, is virtually free, we see that
rkprod(Aut(Wn)) = rkprod(W/n) + rkprod(OUt(VVn)) =l4+n-3=n-2.

This concludes the proof of Theorem 5.1 (1). ]

6. Subgroups of stabilizers of W,_;-stars

In the next two sections, we prove an algebraic characterization of stabilizers of equiv-
alence classes of W, _,-stars. In this section, we take advantage of properties satisfied
by stabilizers of equivalence classes of W, _,-stars which are sufficiently rigid to show
that a subgroup H of Out(W,,) which satisfies these properties virtually fixes a W;,_;-star.
In the next section, we will take advantage of the fact that stabilizers of equivalence classes
of compatible W, _,-stars have large intersections to give a characterization of stabilizers
of equivalence classes of W,,_,-stars.

Let I be a finite index subgroup of the group Out®(W,,) (defined after Theorem 4.1).
We introduce the following algebraic property for a subgroup H C T'.

(Pw,_,) The group H satisfies the following three properties:

(1) The group H contains a normal subgroup isomorphic to a direct product
K1 x K5 of two normal subgroups such that each one contains a nonabelian
finitely generated normal free subgroup of finite index and such that for every
i € {1, 2}, for every nontrivial normal subgroup P of a finite index sub-
group K/ of K;, and for every finite index subgroup P’ of P, the group
Couwo(w,)(P') contains K;1 as a finite index subgroup (where indices are
taken modulo 2).

(2) The group H contains a direct product of n — 3 nonabelian free groups.

(3) The group H contains a subgroup isomorphic to Z" 2,
Remark 6.1. (1) Notice that property (P, ,) is closed under taking finite index sub-
groups.

(2) Hypothesis (Pw,_,) (1) implies that, if for every i € {1, 2}, the group P; is a finite
index subgroup of a nontrivial normal subgroup of a finite index subgroup of Kj, the
centralizer in Out®(W,,) of Py x P, is finite.
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We first prove that the stabilizer in I' of the equivalence class of a W,,_,-star satisfies
(Pw,_,). We then show that a group satisfying (Pw,_,) virtually fixes the equivalence
class of a W,,_;-star.

6.1. Properties of Z gc-factors

In order to prove that the stabilizer in I' of the equivalence class of a W,,_,-star satisfies
(Pw,_,), we first need some background concerning Z gc-splittings. Let G be a finitely
generated group. A Zrc-splitting of G is a splitting of G such that every edge stabilizer
is either trivial or isomorphic to Z and root-closed. A Zgc-factor of G is a subgroup of G
which arises as a vertex stabilizer of a Z gc-splitting of G. Note that since edge stabilizers
are root-closed, so are the vertex stabilizers.

We now describe a finite index subgroup of W, that we will use in the proof of Proposi-
tion 6.3. Let I be the kernel of the homomorphism W,, — F which sends every generator
of a standard generating set of W, to the nontrivial element of F. Remark that F does not
depend on the choice of the basis. Indeed, if {x1, ..., x,} is a standard generating set of
W,, and if x is an element of W), of order 2, there exists i € {1,...,n} and g € W, such
that x = gx;g~!. We have the following result due to Miihlherr.

Lemma 6.2 ([30, Theorem Al). The group I is a nonabelian free group of rank n — 1
which is a characteristic subgroup of W,. Moreover, the natural restriction homomor-
phism

Aut(W,) — Aut(F)

is injective.
We now outline here some properties of Z g -factors (see, e.g., [25, Proposition 7.3]).

Proposition 6.3. Let n > 3. The Z gc-factors of W, satisfy the following properties:

(1) Let H be a finitely generated subgroup of W,, which is not virtually cyclic. There
exists g € H which is not contained in any proper Z gc -factor of H.

(2) There exists C € N* such that, for every strictly ascending chain Gy < --- S G
of Z rc-factors of Wy, one has k < C.

) If a subgroup K of W,, is not contained in any proper Z gc -factor of Wy, and if
P is either a finite index subgroup of K or a nontrivial normal subgroup of K,
then P is not contained in any proper Z gc -factor of Wy,.

(4) A subgroup K of W, is contained in a proper Z ¢ -factor of Wy, if and only if
every element of K is contained in a proper Z g -factor of W,,.

Proof. The first assertion is a consequence of [11, Lemma 4.3] due to Genevois and
Horbez.

For the second assertion, let G; < --- & Gy be a sequence of strictly ascending Z rc-
factors. Then, since Z rc-factors are root-closed, for every i > 3 the group Gj; is not
cyclic. Thus, as we want an upper bound on the number of subgroups of such a sequence,
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we may suppose that for every i € {1,...,n}, the group G; is not cyclic. We claim that,
forevery i € {1,...,k}, there exists ¢; € Aut(W},) such that Fix(¢;) = G;. Indeed, let S;
be a Zgc-splitting of W, such that there exists v € V'S; whose stabilizer is equal to G;.
Up to collapsing edges, we may suppose that every vertex of S; has nontrivial stabilizer.
Let ey, ..., e, be the edges with origin v which are in pairwise distinct orbits. Let Fy C
{e1, ..., ey} be the subset made of all edges with nontrivial stabilizer. By the definition of
a Zpc-splitting, for every ey, € Fy, the group G, is cyclic. For every e5 € Fy, let z; be
a generator of G, . For every ey € {e1,...,es}\ Fo, let zy € G; be such that, if wy is the
endpoint of ey distinct from v, we have zy Gy, zs_,l # Guw,.Letg; = D¢y 7y 040 Dy, z,
be a multitwist about every edge with origin v. Then, as the centralizer of an infinite cyclic
subgroup of W, is infinite cyclic, we have Fix(¢;) = G;. Therefore, in order to prove the
second assertion, it suffices to prove that there exists C € N* such that for every strictly
ascending chain Fix(¢;) € --- € Fix(¢x) of fixed points sets of automorphisms of W,
onehask < C.
Let IF be the characteristic subgroup of W}, given by Lemma 6.2 and let

®: Aut(W,) — Aut(F)
be the natural injective homomorphism given by restriction. Then

Fix(®(¢1)) € -+ € Fix(®(¢x))
is an ascending chain of fixed points sets.

Claim 6.4. Foreveryie{2,...,k—1}, the set {Fix(®(¢;—1)), Fix(D(¢;)), Fix(P(¢i+1))}
contains at least 2 elements.

Proof. Suppose towards a contradiction that

{Fix(P(¢i—1)), Fix(P(¢;)). Fix(®(¢i+1))}| = 1.

As Fix(¢i—1) & Fix(¢;) and Fix(®(¢p;—1)) = Fix(D(¢;)), there exists a € W, \F such that
¢i(a) = a and ¢;_1(a) # a. Since the index of I is equal to 2, we see that ¢; _; (a?) = a>.
Therefore, ¢;—1(a)?> = a? and ¢;_1(a) is a square root of a?. If a® has infinite order, its
only square root is a. This implies that ¢;_; (a) = a, a contradiction. Thus, we can assume
that a has order 2 and, up to changing the basis {x1, ..., X, }, we may suppose thata = x.

As the index of F is equal to 2, we have W,, = IF LI x;F. Let x € Fix(¢;j+1)\F. Then
there exists y € F such that x = x;y. As x; € Fix(¢;) and Fix(¢;) < Fix(¢;+1), we have
that ¢; +-1(x1) = x1. Hence ¢;+1(y) = y. As y € F and Fix(®(¢;)) = Fix(®(¢i+1)), we
see that

¢i(y) =y and ¢;(x) =¢i(x1y) =x1y = x.

Therefore, we have that Fix(¢;) = Fix(¢;+1), which is a contradiction. Then the claim
follows. ]
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From Claim 6.4, we have that the length of the strictly ascending chain associated
with Fix(®(¢1)) C --- C Fix(®(¢y)) is at least equal to I% But any strictly ascending
chain of fixed subgroups in a free group on n — 1 generators has length at most 2(n — 1)
(see [29, Theorem 4.1]). Therefore, there exists C which depends only on 7 such that
k < C. The second assertion of Proposition 6.3 follows.

We now prove the third assertion. Let P and K be as in Proposition 6.3 (3). If K
is a virtually infinite cyclic group, then K is either isomorphic to Z or to W,. Let a be
a generator of the subgroup of K isomorphic to Z and root-closed in K. Since (a) is
a finite index subgroup of K and since K is not contained in any proper Zgc-factor
of W,, then neither is a. Remark that any nontrivial normal subgroup of K intersects the
subgroup (a) nontrivially. Therefore, if P is contained in a proper Zgc-factor of W,
then a is elliptic in a Z g -splitting. This contradicts the fact that a is not contained in any
proper Z gc -factor of W,.

So we can assume that K is not virtually cyclic. As every finite index subgroup con-
tains a nontrivial normal subgroup of K, we may assume that P is a nontrivial normal
subgroup of K. Notice that P is necessarily noncyclic. Suppose towards a contradiction
that P is contained in a Zgc-factor. Then there exists a Zgc-splitting S of W, such
that P is elliptic in S. Since edge stabilizers are cyclic, the group P fixes a unique ver-
tex x of S. But, as P is normal in K, for every k € K, we have that kx is also fixed by P,
hence we have kx = x. Therefore, x is fixed by K, which contradicts the fact that K is
not contained in any proper Z gc -factor.

We finally prove Proposition 6.3 (4). Suppose that K is contained in a proper Zgc-
factor. Then it is clear that every element of K is contained in a proper Z gc -factor.

Conversely, assume that K is not contained in any proper Z gc-factor of W,,. Let us
prove that there exists g € K such that g is not contained in any proper Z gc-factor.
By Proposition 6.3 (2), there exists a bound on the length of an increasing chain of Zgc-
factors of W,,. Therefore, the group K contains a finitely generated subgroup K’ which is
not contained in any proper Z gc-factor. By Proposition 6.3 (1), there exists g € K’ such
that g is not contained in a proper Zgc-factor of K’. Let S be a Zg¢-splitting of W,.
As K’ is not contained in any proper Z g¢-factor of W,,, the group K’ has a well-defined,
nontrivial minimal subtree Sx+ with respect to the action of K’ on S. As S is a Zgc-
splitting of W, the splitting Sk is a Zgc-splitting of K’. Since g is not contained in
any proper Zgc-factor of K’, it follows that g is a hyperbolic isometry of Sk and is
not elliptic in S. As § is arbitrary, it follows that g is not contained in any Z ¢ -factor
of W,. [

Proper Z gc-factors appear naturally when studying stabilizers of conjugacy classes
of elements as shown by the following theorem. Recall that, if # = {H;, ..., Hi} is
a finite family of finitely generated subgroups of W,,, the group Out(W,,, #®) is the sub-
group of Out(W,,) consisting of all outer automorphisms ¢ € Out(W},) such that, for every
i €{l,...,k)}, there exists a representative ¢; € Aut(W,) of ¢ such that ¢; (H;) = H;
and (;i |Hi = idH,- .
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Theorem 6.5 ([18, Theorem 7.14]). Letn > 3, g € W,,. Then the subgroup Out(W,, (g))
of outer automorphisms which preserve (g) up to conjugacy is infinite if and only if g is
contained in a proper Z gc -factor of Wy,.

More generally, Let G be a finitely generated Gromov hyperbolic group. If ¥ is a finite
family of finitely generated subgroups of G, then the group Out(G, #®) is infinite if and
only if there exists a nontrivial Z gc-splitting S of G such that every subgroup of H fixes
a vertex of S.

6.2. Stabilizers of W,_;-stars satisfy (Pw,_,)

Lemma 6.6. Let n > 5 and let T be a finite index subgroup of Out’(W,). Let S be the
equivalence class of a Wy—s-star S. Let ey and e, be the two edges of W,\S and, for
i € {1,2}, let T] be the group of twists about e; in Stabr(S). Let i € {1,2}, let T; be
a finite index subgroup of T] and let P’ be a finite index subgroup of a nontrivial normal
subgroup of T;. Then for every finite index subgroup Py of P’, the group Py fixes exactly
one equivalence class of W,,—,-stars.

Proof. Let
Wy = (x1) * (x3,...,x,) * (x2)

be a free factor decomposition associated with W,\S and A = (x3,..., x,). Up to ex-
changing the roles of e; and e;, we may suppose that P’ is contained in the group of twists
of the equivalence class of the W,,_;-star S; whose associated free factor decomposition
of W, is, up to global conjugation:

W, = (x1) * (x2,X3,...,X,).

Let B = (x5, x3,...,Xx,) and let §; be the equivalence class of S;. Finally, let §, be the
equivalence class of the W,,_;-star S, whose associated free factor decomposition of W,
is, up to global conjugation:

W, = (x2) * (x1,X3,...,X).

Let C = (x1,x3,...,Xn) = A * {x1).

We claim that the only equivalence classes of W,_;-stars fixed by any finite index
subgroup of P’ are §1 and S,. Indeed, fix i € {1,2}. The group T; is isomorphic to a finite
index subgroup N of W,,_,. By Proposition 6.3 (3) applied with K = W,,_, and P = N,
as n > 5, the group N is not contained in any proper Z rc-free factor of W, _,. By Pro-
position 6.3 (4), there exists g € N such that W},_, is freely indecomposable relative to g.
Hence there exists g € A such that A is freely indecomposable relative to g and P’ con-
tains the twist about e; whose twistor is g. Note that this twist can be seen as a twist about
the W,_1-star Sy. Let S be the equivalence class of the one-edge cyclic splitting S| whose
associated amalgamated decomposition of W,, is, up to global conjugation:

Wa = ((x1) * (g)) *(g) B.
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Let 3 be the equivalence class of a W,,_;-star S5 fixed by some finite index subgroup
of P’ and distinct from §;. Let
Wy = (y)* D

be the free factor decomposition associated with S3. We claim that §3 = §,. As P’ con-
tains the twist about g, by Lemma 4.7, the splitting S3 is compatible with S;. Let U be
a two-edge refinement of S| and S3. Then U is obtained from S3 by blowing-up an edge
at vertices whose stabilizers are conjugate to D. Moreover, U is obtained from S| by
blowing-up an edge at vertices whose stabilizers are conjugate to B or by blowing-up an
edge at the vertices whose stabilizers are conjugate to (x1) * (g). But, the second case can
only occur when §3 = §; (see Claim 4.8). Therefore, we may suppose that U is obtained
from S by blowing up an edge at vertices whose stabilizers are conjugate to B. Thus, up
to applying a global conjugation, we may assume that (x1) * (g) € D. But, as g is not
contained in any proper Z rc-factor of A and as A N D is a free factor of A, we see that
AN D = A.Hence A * (x1) C D, and, as A * (x1) is isomorphic to W,,_1, we have in
fact A % (x;) = D. It follows that C = D and, by Lemma 4.4, we see that S, = §3. Thus
the only equivalence classes of W),_1-stars fixed by finite index subgroups of P’ are $;
and $,.

Therefore, the only equivalence classes of W},_,-stars fixed by finite index subgroups
of P’ are the equivalence classes of the Wj,_,-stars which refine S; and S. As S7 and S;
are refined by a unique (up to W,-equivariant homeomorphism) W, _,-star by Theo-
rem 3.7, we conclude that § is the only equivalence class of W,,_,-star fixed by finite
index subgroups of P’. This completes the proof. ]

Proposition 6.7. Let n > 5 and let T be a finite index subgroup of Out®(W,,). Let § be the
equivalence class of a Wy,_»-star S. Then Stabr(S) satisfies (Pyw,_,). Moreover, we can
choose for the subgroup Ky x K, of property (Pw,_,) (1) the direct product of the groups
of twists of S about the two edges of S.

Proof. The fact that Stabr($) satisfies (P, _,) (2) follows from the fact that Stabr(S)
contains the stabilizer in " of the equivalence class of a Wj-star obtained from S by
blowing-up n — 5 edges at the center of W,,\S. Indeed, Proposition 2.5 (3) ensures that
the group of twists of a Wjs-star is isomorphic to a direct product of n — 3 copies of Wj.

The fact that Stabr () satisfies (P, _,) (3) follows from the fact that Stabr(S) con-
tains the stabilizer in I" of the equivalence class of a W,-star obtained from S by blowing-
up n — 4 edges at the center of W, \S. Indeed, the group of twists of a W,-star is isomor-
phic to a direct product of n — 2 copies of W, by Proposition 2.5 (3).

Let us now prove that Stabp($) satisfies (Py, ,) (1). Let T’ be the group of twists
of $ and let T = T’ N T. The group T is normal in Stabr($) since T' € Out®(W},).
By Proposition 2.5 (3), the group 7" is isomorphic to 7| x T, where, for i € {1,2}, T} is
the group of twists in Out(W,,) about one edge of W, \S. Fori € {1,2},letT; = T/ NT.
Forevery i € {1,2}, the group 7; is a normal subgroup of Stabr(§) and the group 7} x T,
is a normal subgroup of Stabr(§). Let Tl(z) be a finite index subgroup of T and let P’
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be a finite index subgroup of a nontrivial normal subgroup of Tl(z). We prove that the
centralizer of P’ in I" contains T as a finite index subgroup. This will conclude the proof
of the proposition by symmetry of 77 and 7. By Lemma 6.6, the equivalence class § is
the only equivalence class of W,,_,-star fixed by every finite index subgroup of P’. Hence
Cr(P’) fixes §.

Let H be a finite index subgroup of Cr(P’) which fixes §. Let

Wy = (x1) * (x3,...,x0) * {x2)

be a free factor decomposition associated with W,\S and A = (x3, ..., x,). By Propo-
sition 2.5 (1), the kernel of the natural homomorphism H — Out(A) is isomorphic to
H N T. We claim that the image of H in Out(A) is finite. Indeed, as P’ is a finite index
subgroup of a nontrivial normal subgroup of a finite index subgroup of 77 and as 77 is
isomorphic to a finite index subgroup of W;_,, we see that P’ is isomorphic to a finite
index subgroup N of a nontrivial normal subgroup of a finite index subgroup of W,,_,.
By Proposition 6.3 (3), N is not contained in any proper Z gc -factor of W, _,. By Propo-
sition 6.3 (4), there exists g € N such that g is not contained in any proper Z rc-factor
of W,,_,. Thus, there exists g € A such that g is not contained in any proper Z gc -factor
of A and the twist about g is contained in P’. As H commutes with the twist about g,
Lemma 4.12 implies that H preserves the conjugacy class of g. Hence, by Theorem 6.5,
the image of H in Out(A) is finite.

Thus, H N T has finite index in H and in Cr(P’). But, as H commutes with P’ C Ty,
and as T is virtually a nonabelian free group, the intersection H N 7T, has finite index in
H N T, hence has finite index in Cr(P’). This completes the proof. |

6.3. Groups satisfying (Pw,_,) and stabilizers of W,_;-stars

We prove in this section that if H is a subgroup of Out(W,) which satisfies (P, ,),
then H virtually fixes the equivalence class of a W,,_1 -star. We first recall a general lemma.

Lemma 6.8. Let G be a group and let N be a finitely generated normal subgroup of G.
Letn € N*,

(1) There exist only finitely many subgroups of N of index equal to n.

(2) For every finite index subgroup N' of N there exists a finite index subgroup G’
of G such that N' is a normal subgroup of G'.

Proof. Assertion (1) is well known, we only prove assertion (2). Let N’ be a subgroup
of N of index n and let g € G. As N is a normal subgroup of G, the automorphism
adg: G — G induces an automorphism adg|y: N — N by restriction. Therefore, ad,
permutes the subgroups of index n in N. Since there exists a finite number of subgroups
of index n in N by the first assertion, we see that there exists a finite index subgroup G’
of G such that, for every g € G’, we have adg(N’) = N’. Therefore, N’ is a normal
subgroup of G’. This concludes the proof. ]
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Lemma 6.9. Letn > 5. Let H be a subgroup of Out® (W) satisfying (Pw,_,)- Let K1 x K»

) (1). Then one of the following holds:

(1) Foreveryi € {1,2}, the group K; does not virtually fix the equivalence class of
a free splitting.

be a normal subgroup of H given by (P,

n

(2) The group H virtually fixes the equivalence class of a one-edge free splitting.

Proof. Suppose that there exists i € {1,2} such that K; virtually fixes the equivalence
class of a free splitting. Up to reordering, we may assume that i = 1. Let K| be a finite
index subgroup of K; which fixes the equivalence class of a free splitting, and let € be the
set of all equivalence classes of free splittings fixed by K. Since K is a finitely generated
normal subgroup of H, by Lemma 6.8 (2), there exists a finite index subgroup Hy of H
such that K| is a normal subgroup of Hy. In particular, the set € is preserved by Hp.

Suppose first that the set € is finite. Then the set € is virtually fixed pointwise by Hy.
Hence the group H virtually fixes the equivalence class of a free splitting.

So we may assume that the set € is infinite. Let Ue be the splitting provided by Theo-
rem 5.5, and let Ue be its equivalence class. By the equivariance property in Theorem 5.5
the equivalence class Ue is Hp-invariant. Suppose first that the splitting Ue contains an
edge e € EUe with trivial stabilizer. Let U’ be the splitting obtained from Ue by collaps-
ing every edge of Uy that are not contained in the orbit of e, and let U’ be its equivalence
class. Then U’ is the equivalence class of a one-edge free splitting virtually fixed by H.

Thus, we may assume that all edge stabilizers of Ue are nontrivial. We show that this
leads to a contradiction. Let H’ be the subgroup of finite index in Hy which acts trivially
on W, \Ue. We claim that the intersection of H’ with the group of twists of U is finite.
Indeed, let e be an oriented edge of Ue. As W, is virtually free, if the edge stabilizer G,
of e is not cyclic, the group of twists about this edge is trivial. Thus, as we suppose that all
edge stabilizers are nontrivial, oriented edges with nontrivial group of twists have cyclic
stabilizers. But by Lemma 2.7, twists about edges with cyclic stabilizers are central in
a finite index subgroup of Stab®(Uy¢). Note that Remark 6.1 (2) implies that the center
of every finite index subgroup of H’ is finite. Therefore, the intersection of H’ with the
group of twists is finite. By Remark 2.6, the intersection of H’ with the group of bitwists
is finite. Thus, up to passing to a finite index subgroup, we may suppose that the map

H — 1_[ Out(Gy)
veV(W,\Ue)

given by the action on the vertex groups is injective.

Let VUe = Vi L V, be the partition of V Ue given by Theorem 5.5 and, for every
i €{l,2}, let H; be the subgroup of H' made of all automorphisms whose image in
]_[vGWn\Vi Out(G,) is trivial. Then H; and H, centralize each other and, according to
Theorem 5.5 (1) (b), the group H; N K7 is a finite index subgroup of Kj. Thus H» cen-
tralizes a finite index subgroup of K i . We prove that rkyroq (H2) > 2, which will contradict
the fact that the centralizer of every finite index subgroup of K7 is virtually free.
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By Theorem 5.5 (2), the set of all conjugacy classes of groups G, with v € V5 is a free
factor system of W,,. In particular, for every v € V5, there exists ky, € {0,...,n — 1} such
that G, is isomorphic to Wy, . Suppose first that |W,\V>| > 3. In this case, by Theo-
rem 5.1 (2) and since rkproa(Out(W3)) = 1 and rkproa (Out(W2)) = 0, for all v € V5, we
have rkproq (Out(Wg,)) < ky — 2. Hence

I‘kprod( 1_[ Out(Gv)) <n-— 6.
UEWn\Vz

Since rkpmd(H’) = n — 3, using Lemma 5.2, we see that rkyoq(H2) > 3. This leads to
a contradiction. Suppose now that |W,\V,| = 2 and let vy, v, € W,,\V; be distinct. Then
for every i € {1, 2} there exists k; € {1,...,n — 1} such that G, is isomorphic to Wg,.
If W,, = Wy, * Wy, then the group H’ virtually fixes the equivalence class of the one-
edge free splitting determined by this free factor decomposition of W,,. So we may assume
that W, # Wi, * Wg,. This implies that k; + k, < n — 1. Hence

rkpmd( 1_[ Out(Gv)) <n-—>5.
veW,\V>

Since rkproa(H') = n — 3, using Lemma 5.2, we see that rkpr,q(H2) > 2. This leads to
a contradiction. Suppose now that |W,\V,| = 1, and let v € W,,\ V5. Then there exists
k €{1,...,n — 1} such that G, is isomorphic to Wy. Suppose first that k < n — 2. Then
according to Theorem 5.1 (2), and since rkproa (Out(W3)) = 1, rkproa (Out(W;)) = 0 and
tkproa (Out(W2)) = 0, if n # 5, we have

Kprod (Out(Wy)) <n —5.

Thus, by Lemma 5.2, we see that rkprod(Hz) > 2. When n = 5, the case where k = 3 and
tkprod (Out(Wy)) = 1 = n — 4 can occur. But by property ( Py, _,) (3), the group H’ con-
tains a subgroup isomorphic to Z3. Since Out(W3) is virtually free, the group H, contains
a subgroup isomorphic to Z?2. This contradicts the fact that the centralizer of every finite
index subgroup of K is virtually nonabelian free. Hence we have k = n — 1. But then,
by Lemma 4.4, the group H’ (and hence the group H) virtually fixes the equivalence class
of a W,,_-star. This concludes the proof. [

Lemma 6.10. Let n > 5. Let ¥ be a nonsporadic free factor system. Let H be a sub-
group of Out®(W,,) N Out(W,, F) containing a direct product of n — 3 nonabelian free
groups. Then H cannot contain a finite index subgroup which fixes the homothety class of
a (W, F)-arational tree.

Proof. Suppose towards a contradiction that H has a finite index subgroup which fixes
the equivalence class of a (W, ¥ )-arational tree. Up to passing to a finite index sub-
group, we may suppose that H itself fixes the homothety class of a (W,, ¥ )-arational
tree. By Lemma 5.4, there exists a homomorphism from H to Z whose kernel K’ is
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exactly the isometric stabilizer of a (W,,, ¥ )-arational tree. Note that K’ contains a direct
product of n — 3 nonabelian free groups as it is the kernel of a homomorphism from H
to Z. By Proposition 5.6, there exists a finite index subgroup K of K’ such that K fixes
infinitely many equivalence classes of free splittings. Let € be the collection of all equiv-
alence classes of free splittings fixed by K.

We claim that € is in fact finite, which will lead to a contradiction. Since K C
Out®(W,), Lemma 4.2 implies that if § is the equivalence class of a free splitting S fixed
by K, then the group K fixes the equivalence class of every one-edge free splitting onto
which S collapses. By Theorem 3.7, if § is the equivalence class of a free splitting S,
then § is determined by the finite set of equivalence classes of one-edge free splittings
onto which S collapses. Therefore, it suffices to show that K can only fix finitely many
equivalence classes of one-edge free splittings. Let § be the equivalence class of a one-
edge free splitting fixed by K. Since K contains a direct product of n — 3 nonabelian free
groups, Theorem 5.1 (3) implies that S is a W,,_;-star. Let

Wy = (xX1,...,Xn—1) * {xn)

be a free factor decomposition associated with S and let A = (x1,...,x,—1). By Proposi-
tion 2.5 (1), the kernel of the natural homomorphism K — Out(A) is the intersection of K
with the group of twists 7' of §. By Theorem 5.1 (2), the product rank of Out(A) is equal
to n — 4. Since K contains a direct product of n — 3 nonabelian free groups, we see that
K N T is infinite. Therefore, for every equivalence class § of a W,,_;-star S fixed by K,
the group K contains an infinite twist about §.

Let $ and S’ be two distinct equivalence classes of Wj,_1-stars fixed by K. Let S
be a representative of § and let S’ be a representative of §’. We claim that S and S’ are
compatible. Indeed, by the above, there exists f € K of infinite order such that f is a twist
about §. Since f fixes §’, Lemma 4.7 implies that S and S’ are compatible. Therefore,
for all distinct equivalence classes § and 8’ of one-edge free splittings fixed by K, there
exist S € § and S’ € §' such that § and S’ are compatible. By Theorem 3.7, this is only
possible when € is finite. This leads to a contradiction since K must fix infinitely many
equivalence classes of free splittings. This concludes the proof. ]

Proposition 6.11. Let n > 5. Let H be a subgroup of Out®(W,) satisfying (P, ).
Then H virtually fixes the equivalence class of a Wy—1 -star.

Proof. The proof is inspired by [25, Proposition 8.2] and [23, Proposition 6.5]. We prove
that H virtually fixes the equivalence class of a one-edge free splitting. Since H con-
tains a direct product of n — 3 nonabelian free groups, we will then conclude by Theo-
rem 5.1 (3). Suppose towards a contradiction that H does not virtually fix the equivalence
class of a one-edge free splitting. Let ¥ be a maximal H -periodic free factor system.
We can assume that ¥ is nonsporadic, otherwise H virtually fixes the equivalence class
of a one-edge free splitting and we are done. As ¥ is maximal, by Proposition 2.2, the
group H acts with unbounded orbits on FF(W,,, ).
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Let K; x K, be a normal subgroup of H given by (Pw,_,) (1). Suppose first that
neither K nor K, contains a loxodromic element on FF(W,,, ¥). As H has unbounded
orbits on FF(W,,, ¥ ), Lemma 5.3 implies that Ky x K5 has a finite orbit in doo FF(W},, ¥).

By Lemma 2.4, there exists a finite index subgroup K| x K} of K; x K, such that
K| x K, fixes the homothety class of an arational (W,, ¥)-tree T'. Since K; x K, does
not contain a loxodromic element, K} x K} fixes 7' up to isometry, not just homoth-
ety (see, e.g., [16, Proposition 6.2]). By Proposition 5.6, the group K| x K virtually
fixes infinitely many equivalence classes of (W,, ¥ )-free splittings. By Lemma 6.9, the
group H virtually fixes the equivalence class of a one-edge free splitting of W,.

So we may suppose that there exists a loxodromic element ® € K| x K>. First sup-
pose that there exists a unique i € {1, 2} such that the group K; contains a loxodromic
element ®;. We may assume, up to reordering, that only K, contains a loxodromic ele-
ment ®. Therefore, by Lemma 5.3, the group K virtually fixes a point in doo FF(W,,, ¥).
By Lemma 2.4, the group K virtually fixes the homothetic class an arational (W, ¥)-
tree 7. Let K| be a normal subgroup of K; of finite index that is contained in Stab([T']).
As K does not contain any loxodromic element, as in the above step, K| fixes T up
to isometry. By Proposition 5.6, the group K fixes the equivalence class of a free split-
ting relative to . By Lemma 6.9, the group H virtually fixes the equivalence class of
a one-edge free splitting of W,.

Now suppose that for every i € {1,2}, the group K; contains a loxodromic element. By
Lemma 5.3, the whole group H virtually fixes a point in dooFF(W,,, ¥). By Lemma 2.4,
the group H virtually fixes the homothety class of an arational tree. This contradicts
Lemma 6.10.

Hence in all cases, the group H virtually fixes the equivalence class § of a one-edge
free splitting S. By Theorem 5.1 (3), since H contains a direct product of n — 3 nonabelian
free groups, the group H virtually fixes the equivalence class of a W},_;-star. ]

We now prove a proposition which gives a sufficient condition for equivalence classes
of W,,_;-stars provided by Proposition 6.11 to be compatible. We first need the following
result due to Krsti¢ and Vogtmann.

Proposition 6.12 ([27, Corollary 10.2]). Let n > 3. The virtual cohomological dimension
of Out(W,,) is equal to n — 2. In particular, the maximal rank of a free abelian subgroup
of Out(Wy,) is equal ton — 2.

Proposition 6.13. Let n > 5 and let T be a subgroup of Out®(W,,) of finite index. Let
k € N* and let Hy, ..., Hy be subgroups of I' which satisfy (Pw,_,) and such that the
intersection ﬂf-czl H; contains a subgroup H isomorphic to 7"~ 2. Fori € {1,...,k},
let 8; be the equivalence class of a Wy, —1-star S; which is virtually fixed by H;. Then, for
everyi,j €{l,...,k}, the Wy_y-stars S; and S; are compatible.

Proof. Leti, j €{l,...,k} be distinct integers. Let H' be a finite index subgroup of H
contained in Stabr(S;) N Stabr(S;). Let A; and A; be the vertex groups isomorphic
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to Wy—1 of W,\S; and W, \S;, respectively (well-defined up to conjugation). By Propo-
sition 6.12, the rank of a maximal abelian subgroup of Out(W,—1) is equal to n — 3.
Therefore, the kernel of the homomorphisms H’ — Out(4;) and H" — Out(4;) given by
the action on the vertex group contains an element of infinite order. Let f; € ker(H' —
Out(4;)) and f; € ker(H’ — Out(4;)) be infinite order elements. By Proposition 2.5 (1),
fi and f; are twists about S; and S;, respectively. As f; and f; commute, by Corol-
lary 4.10, S; and S are compatible. This concludes the proof. ]

7. Algebraic characterization of stabilizers of W, _,-stars

In this section, we give an algebraic characterization of stabilizers of W, _,-stars. By the
previous section, we know that groups which satisfy (P, ,) virtually stabilize equiva-
lence classes of W, _;-stars, and we have given an algebraic criterion to show that these
W,,—1-stars are compatible. In order to prove that a group H which satisfies ( Py, ,) virtu-
ally stabilizes the equivalence class of a W,,_,-star, we study the intersection of a normal
subgroup K; x K, of H given by (P, _,) (1) with the group of twists of the equivalence
class of a W,,_-star virtually fixed by H.

7.1. Groups of twists in groups satisfying (Pw,_,)

We start this section with a lemma which gives a sufficient condition for a group H satis-
fying (Pw,_,) to be the stabilizer of a W,,_,-star.

Lemma 7.1. Let n > 5 and let T be a subgroup of finite index of Out’®(W,). Let H be
a subgroup of T which satisfies (Pyw,_,) and let K1 x K, be a normal subgroup of H
given by (Pw,_,) (1). Let §; be the equivalence class of a Wy,_1-star Sy virtually fixed
by H and let Ty be the group of twists of 8.

Suppose that Ty N K, is infinite and that there exists an equivalence class S» of
a Wy_y-star Sy such that the intersection of K, with the group of twists T» of 85 is
infinite. Then S1 and S, are compatible and H virtually fixes the equivalence class S
of the W,,_»-star which refines S1 and S>. Moreover, S is the unique equivalence class
of a Wy_y-star virtually fixed by H. Finally, the groups T1 N Stabr(S) and K; (resp.
T, N Stabr(S8) and K, ) are commensurable.

Proof. Fori € {1,2},let f; € T; N K; be of infinite order. First remark that, as f; and f,
generate a free abelian group of order 2, we have T; # T, because the group of twists of
a Wj,_1-star is virtually a nonabelian free group. Hence we have §1 # §,. As K; commutes
with f,, Proposition 4.9 shows that K fixes §,. As K contains a twist of §;, Lemma 4.7
shows that S; and S, are compatible.

Let S be a W, _-star which refines S; and S, let § be its equivalence class and
let T be the group of twists of § in I'. Then 7" contains a finite index normal subgroup
isomorphic to Kfl X ng, where Kf ! and ng are virtually nonabelian free groups.
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By Proposition 6.7, we can choose Kf‘ X Kf2 such that Kf‘ X ng is a group satis-
fying property (Pw, ,) (1). Moreover, up to reordering, K f ' C Ty and K;g > C T». Since
K fixes both §7 and S5, we see that K; fixes §. Therefore, by Proposition 2.5 (1), we have
a homomorphism ®: K; — Out(W,,_,) whose kernel is exactly K1 N 7. By Lemma 4.11,
we see that 77 N Stabr(S) N Kf‘ is a finite index subgroup of 77 N Stabr (). As K1 N Ty
is infinite, so is K1 N Kf‘.Let

P =ker(®) N K" = Ky N K}

Then, since K1 C Outo( W,), the group K f ' N K is a normal subgroup of K. Therefore,
P is a nontrivial normal subgroup of K;. By property (Pw, ,) (1), we see that K5 is
a finite index subgroup of Cr(P). But P is centralized by Kfz since P € K f '. Hence
K§2 N K5 is a finite index subgroup of ng. As Kf ' is a finite index subgroup of the
centralizer of Kfz by property (Pw, ,) (1), and as K; is a finite index subgroup of the
centralizer of K,, we see that K fl M K has finite index in K; and therefore P has finite
index in K. Let
Wn = (x1) % (x3,...,Xn) * (x2)

be the free factor decomposition of W, induced by S and let A = (x3, ..., x,). Then, up
to reordering, for every f € P, there exist zy € A and a representative F of f such that F
sends x1 to folz_l, and, for every i # 1, fixes x;.

Claim 7.2. The only equivalence classes of Wy—_1-stars which are virtually fixed by K
are 81 and S,.

Proof. Let 3 be the equivalence class of a W,,_;-star S virtually fixed by K;. Suppose
towards a contradiction that §3 is distinct from both §; and §,. Let K| = K N Stabr(S3)
and P’ = P N Stabr(S3). Then, as P is an infinite subgroup of the group of twists of Sy,
and as P’ is a finite index subgroup of P, we see that P’ is an infinite subgroup of the
group of twists of §;. By Lemma 4.7, we see that S; and S5 are compatible. Let S’ be
a W, _,-star that refines S; and S3 and let §’ be its equivalence class. Let

W = (y1) * (¥3,.... ¥n) * (¥2)

be the free factor decomposition of W, induced by S’ and let B = (y3,..., y»). Since S
is a refinement of S7, we may suppose that B * (y,) = A * (x;) and that y; is a conjugate
of x1 by an element of B * {y,). Up to applying a global conjugation, we may also suppose
that y; = x; and that B * (y,) = A * (x2).

Let 77 be the group of twists of §’. Then 7" contains a finite index normal subgroup
isomorphic to P| x Pj, where both P| and P, are virtually nonabelian free subgroups
of T’ which correspond to the groups of twists about the two edges of W,\S’. Then,
as P’ is a group of twists of 81, and as P’ fixes 8, by Lemma 4.11, up to reordering, the
group P’ is contained in P;.

Let f/ € P{,let F' be the representative of f” which acts as the identity on B * (y2)
and let zgr € B be the twistor of F’. Then F’ acts as the identity on A * (x,) and
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F'(x1) = Zf/xlz_,l. Recall that for every ¢ € P’, there exists a unique zy € A and
a unique representative W of i such that ¥ sends x; to ZyX1Zy, 1 and, for every i # 1,
fixes x;. Thus, a necessary condition for f” to bein P’isthatz;» € AN B.

But as A and B are free factors of W,,, the group A N B is a free factor of B. To see
this, let U be a free splitting of W, such that A is a vertex stabilizer of U and let Up be
the minimal subtree of B in U. Then, as U is a free splitting of W,,, we see that Up is a
free splitting of B. But then, as A is a vertex stabilizer in U, we see that A N B is a vertex
stabilizer in Ug. Therefore, A N B is a free factor of B. Thus one can find a W,_3-star S @
which refines S’ and such that, for every f’ € P’, the twistor z¢ fixes a vertex of S @,
Indeed, one can equivariantly blow up an edge e at the vertex of S” whose stabilizer is B
such that the stabilizer of one of the endpoints of e is a subgroup C isomorphic to Wj,_3
with A N B C C. Therefore, we may also assume that S @isa W, _3-star. Let § @ be the
equivalence class of §®. By Proposition 2.5 (3), the group of twists of § ? is isomorphic
to a direct product W,>_; of three infinite groups, where each factor is a group of twists
about an edge of W, \S®. This implies that P’ is contained in exactly one of the three
factors isomorphic to W,_3. It follows that the centralizer of P’ contains two elements
which generate a free abelian group of order 2. This contradicts the fact that the centralizer
of P’ is virtually a nonabelian free group by ( Py, ,) (1). The claim follows. ]

The claim above then implies, as K; is a normal subgroup of H, that H virtually
fixes §,. As H virtually fixes §;, we see that H virtually fixes the equivalence class §.
Moreover, the above claim shows that § is the unique equivalence class of a W,_,-star
virtually fixed by K, and hence virtually fixed by H .

We finally prove that K; and 77 N Stabr(S) (resp. K, and 7, N Stabp(S)) are com-
mensurable. By Lemma 4.11, for every i € {1,2} we see that Klfgi N T; N Stabr(S)
is a finite index subgroup of 7; N Stabr(S). Moreover, for every i € {1,2} and every
f e Kfi, the twist f of § is also a twist of S;. Hence we have Klfgi C T; N Stabr(S).
Therefore, for every i € {1, 2}, the groups Kis " and T; N Stabr(S) are commensurable.
Hence it suffices to show that, for every i € {1,2}, the groups K; and K I.S" are commen-
surable.

Recall that Kfz N K, is a finite index subgroup of K§2 and that Kf‘ N K; has
finite index in K;. Since H virtually fixes §, and since K§2 is a normal subgroup of
Stabr(S), we see that K;gz N K> is a normal subgroup of a finite index subgroup of K5.
We know that K§2 N K, commutes with K f ! because K fl and Kfz commute with each
other. Thus, by property (P, ,) (1) applied to K; x K>, the centralizer of Kfz N K,
contains K as a finite index subgroup. This shows that K; N K f ! is a finite index sub-
group of Kls '. Hence K; and K f ' are commensurable. By property (Py,_,) (1) applied
to K f ' x ng, the centralizer of a finite index subgroup of K fl contains ng as a finite
index subgroup. Moreover, the centralizer of a finite index subgroup of K; contains K as
a finite index subgroup. Hence the centralizer of K1 N K f ! contains both K, and ng as
finite index subgroups. Thus K, and ng are commensurable. This completes the proof
of Lemma 7.1. ]
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Lemma 7.1 suggests that in order to show that a group H which satisfies (Py,_,) is in
fact virtually the stabilizer of the equivalence class of a W,,_,-star, it suffices to study the
intersections of H with groups of twists. A first step towards such a result is the following
lemma.

Lemma 7.3. Let n > 5 and let T be a subgroup of Out’(W,,) of finite index. Let H be
a subgroup of T satisfying (Pw,_,) and let K; x K, be a normal subgroup of H given
by (Pw, ,) (1). Let § be the equivalence class of a Wy—1-star S virtually fixed by H and
let T be the group of twists of 8 contained in T'.

There exists a unique i € {1,2} such that K; N T is infinite. Moreover, H N T N K;
has finite indexin H N T.

Proof. Up to passing to a finite index subgroup of H, we may suppose that H fixes §. The
uniqueness assertion follows from the fact that 7" is virtually a nonabelian free group and
that Ky x K> is a direct product. Therefore, up to reordering, we may suppose that K1 N T’
is finite. Since Out(W,,) is virtually torsion free by [17, Corollary 5.3], there exists a finite
index subgroup Kj of K; such that K} N T is trivial. Since K is a finitely generated
normal subgroup of H, Lemma 6.8 implies that there exists a finite index subgroup H'
of H such that K is a normal subgroup of H'. Therefore, we may suppose that K1 N T
is trivial. By Proposition 2.5 (1), the natural homomorphism K; — Out(W,,_1) given by
the action on the vertex groups is injective.

We claim that H N T is infinite. Indeed, consider the natural homomorphism ®: H —
Out(Wy,—1). The rank of a maximal free abelian subgroup of Out(W,_;) is equal ton — 3
by Proposition 6.12. As H contains a subgroup isomorphic to Z"~2 by (P, ,) (3), the
kernel of H — Out(W,,_;) is infinite. But, by Proposition 2.5 (1), this is precisely H N T.
Therefore, H N T is infinite.

We now prove that H N T N K5 has finite index in H N T. This will conclude the
proof as H N T is infinite. Let K = ®~1(®(K>)). Note that H N T C K. Then, as K5 is
normal in H, we see that K is a normal subgroup of H which contains H N T and K.
We claim that K N K is finite. Indeed, suppose towards a contradiction that there exists
f € K N K; of infinite order. Then, as the homomorphism

Dlk,: K1 — Out(W,—1)
is injective, the element ®( /) has infinite order. By definition of K, we see that
O(f) € ®(K1) N P(K2).

But, as the homomorphism ®|g,: K; — Out(W,—) is injective, and as K; is virtually
a nonabelian free group, there exists g € K; of infinite order such that ®(g) does not
commute with ®(f). Since ®(f) € O(K>), this contradicts the fact that K; and K,
commute with each other. Hence K N K is finite.

The groups K and K are two normal subgroups of H with finite intersection. Let K §2)
be a finite index normal subgroup of K; such that K N K §2) = {1}. Since K is finitely
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generated, by Lemma 6.8 (2), there exists a finite index subgroup H @ of H such that K fz)
is a normal subgroup of H®. Hence K'? and K N H® are normal subgroups of H®
with trivial intersection. Therefore, K N H® C Cr (Kfz)). But, property (P, ,) (1) im-
plies that K and K> are commensurable. Since K contains H N T, we see that K, N T
and H N T are commensurable. This concludes the proof. ]

7.2. Groups satisfying (Pw,_,) and stabilizers of W,_,-stars

In this section, we prove that a subgroup of Out®(W,,) which satisfies (Py;, ,) virtually
fixes the equivalence class of a W, _,-star. We first prove a series of properties for elements
of Out(W,,).

Lemma7.4. Letn > 3. Let w € Wy, be a root-closed element of infinite order. Let S be the
equivalence class of a splitting S whose associated amalgamated decomposition of Wy, is

W,=4A4 *(w) B,

where A and B are subgroups of W,, containing w. Let D be a nontrivial twist about S.
Let h € W,,. Then D preserves the conjugacy class of h if and only if there exists h' € W,
such thath' € [hland h' € AU B.

Proof. 1t is clear that D preserves the conjugacy classes of elements in A and B. Con-
versely, let i € W, be such that D([h]) = [h]. Let R be a Grushko splitting of W,,. Let R’
and S’ be metric representatives of R and S, let R and §’ be their W,,-equivariant isome-
try classes and let [R'] and [$’] be their homothety classes. As P@(W,,) is compact, up to
passing to a subsequence, there exists a sequence (A, ),eN € (Ri)N and a Wj,-equivariant
isometry class 7 of an R-tree T such that lim, e A, D" (R') = T . Since translation
length functions are continuous for the Gromov—Hausdorff topology (see [31]), for every
g € W,, we have

Jim Anllgllpnry = llgll7

where | g||s is the translation length of g in 7. Hence, for every g € W, the limit
lim, 00 An||gllpn () is finite. But as there exists g’ € W, such that ||g’||p(ry tends
to infinity as n goes to infinity, we have lim, ., A, = 0. As there exists a representative
¢ € Aut(W,) of D such that ¢4 = idy, for every g € A, we have

lim A, gllpr®r) = lim A,|glla = 0.
n—o0 n—o00

Hence every element of A fixes a pointin 7. As A is finitely generated, this implies
that A fixes a point in 7' (see for instance [8, Section 3]). Similarly, we see that the
groups B and (h) fix points in 7. As W,, = (A, B), we see that A and B cannot fix the
same point in T'. Thus, there exists a natural W, -equivariant application ¥: S’ — T'. Let us
prove that W is an isometry. It suffices to prove that W is a local isometry, that is, it suffices
to prove that the application W does not fold edges. By W,,-equivariance and symmetry,
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it suffices to prove that, If e and e’ are two distinct edges of S’ whose origin is the vertex
fixed by A, then W(e) # W(e’). Suppose towards a contradiction that W(e) = W(e’). Then
(Ge, Ge) fixes W(e). Note that G, and G, are isomorphic to Z. Moreover, since w is
root-closed, we neither have G, C G, nor G € G,. Since G, is a malnormal subgroup
of W, and since G, is a nontrivial conjugate of G., we see that G, N G, = {1}. Hence
(Ge, G/) is a nonabelian free group which fixes an arc in 7. But arc stabilizers in T are
cyclic, a contradiction. Hence W is an isometric embedding and, by minimality of T, the
application W is a W,,-equivariant isometry. Therefore, as / fixes a point in 7, it also fixes
a point in S’. Therefore, / is contained in a conjugate of A or B. ]

For the next proposition, recall the definition of the subgroup F of W, from Lem-
ma 6.2.

Proposition 7.5. Letn > 3. Let (Hy ) yen* be an increasing sequence of subgroups of .
There exists an integer no such that for every N > ng, we have

Out(Wy, HY)) = Out(Wy, H).

Proof. We show that the result is a consequence of a similar result in the context of the
automorphism group of a nonabelian free group due to Martino and Ventura [29, Corol-
lary 4.2]. Since F is a nonabelian free group, we may suppose that, for every N € N*, the
group H y is a nonabelian free group. Hence for every N € N*, we have Cyw, (Hy) = {1}.
Therefore, for every N € N* and every ¢ € Out(W,,, H ](\;)), there exists a unique represen-
tative & € Aut(W},) of ¢ such that ®(Hy) = Hy and ®|g, = idy, . This implies that,
for every N € N*, we have an injective homomorphism Out(W,,, H ](\f) ) — Aut(W,,, Hy),
where Aut(W,,, Hy) is the group of automorphisms of W,, which fix every element of Hy .
Therefore, it suffices to prove the result for Aut(W,,, Hy). Since there exists an injective
homomorphism Aut(W,) — Aut(F) and since, for every N € N*, we have Hy C F,
it suffices to prove that there exists no € N* such that, for every N > no, we have
Aut(F, Hy) = Aut(F, Hy,,). We then conclude using [29, Corollary 4.2]. ]

‘We now recall a theorem due to Guirardel and Levitt which provides a canonical split-
ting for a relative one-ended hyperbolic group (recall that a group G is one-ended relative
to a family of subgroups # if G does not have a one-edge splitting with finite edge stabi-
lizers such that every subgroup of # fixes a point).

Theorem 7.6 ([19, Theorem 9.14]). Let G be a hyperbolic group and let H be a family
of subgroups such that G is one-ended relative to H. There exists a splitting S of G such
that

(1) Every edge stabilizer is virtually infinite cyclic.
(2) Forevery H € ¥, the group H is elliptic in S.

(3) The tree S is invariant under all automorphisms of G preserving J. Moreover,
S is compatible with every splitting S’ with virtually cyclic edge stabilizers and
such that for every H € J, the group H is elliptic in S’.
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(4) Let H € # be such that H is virtually a (possibly not finitely generated) non-
abelian free group, and let v be the vertex of S fixed by H. Let Inc, be the finite
set of representatives of all conjugacy classes of groups associated with edges in S
which are incident to v. Then the group Out(Gy, { H,Inc,}®) is finite.

Assertion (4) is a bit stronger than what is stated in [19], hence we add some ex-
planations.

Proof of assertion (4) of Theorem 7.6. Let S, H and v be as in assertion (4). By, for in-
stance, [32, Proposition 2.5], the set Inc,, is finite. Note that every group in Inc,, is virtually
cyclic by assertion (1). Thus, the set Inc, is a finite set of finitely generated groups.
Up to taking finite index subgroups, we may suppose that H C [ and that for every sub-
group H’ in Incy, the group H' is contained in IF. Suppose towards a contradiction that
Out(G,, {H,Inc,}®) is infinite. Suppose first, following the terminology of [19], that the
vertex v is rigid. By Proposition 7.5, there exists a finitely generated subgroup K of H
such that

Out(Wy, H®) = Out(W,,, K©).

By [18, Theorem 7.14], there exists a one-edge splitting U of G, whose edge stabilizer
is isomorphic to Z such that K and every group in Inc, are elliptic in U. Since v is
arigid vertex, there exists 4 € H such that 4 acts loxodromically on U. Since every group
in Inc, fixes a point in U, one can blow up the splitting U at the vertex v of S. This gives
arefinement S’ of S. Let D’ be a nontrivial infinite twist of U. Then D’ induces a twist D
of S’. By Lemma 7.4, the element D fixes the conjugacy class of K but does not fix the
conjugacy class of . This contradicts Out(W,,, H®) = Out(W,, KV).

So we may suppose, following the terminology of [19], that the vertex v is flexible.
By [19, Theorem 9.14(2)], as H is virtually a nonabelian free group, the vertex v is
a QH vertex (see [19, Definition 5.13]). But the definition of a QH vertex implies, as H
is contained in #, that the group H must be virtually contained in a boundary subgroup
of the fundamental group of the orbifold associated with G,. Thus the group H must be
virtually cyclic, a contradiction. ]

We also need some results about splittings over virtually cyclic groups, whose gener-
alization to virtually free groups is due to Cashen.

Theorem 7.7 ([5, Theorem 1.2]). Let G1 and G, be finitely generated virtually non-
abelian free groups, and let C be a virtually cyclic group which is a proper subgroup
of both G1 and G,. Then G xc G2 is virtually a nonabelian free group if and only if
there exists i € {1,2} such that G; has a splitting with finite edge stabilizers such that C
is a vertex stabilizer:

Corollary 7.8. Let n > 3 and let G1, Gy be subgroups of Wy, such that W,, = G1 ¢ G,
is a nontrivial amalgamated product of Wy, where C is isomorphic to W, and G| and G,
are not virtually cyclic.
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(1) There existsi € {1,2} such that C is a free factor of G;. Moreover, if j € {1,2}\{i},
then Gj is a free factor of W;,.

(2) There exist3 <ky,ky <n—1suchthatk, 4+ ko, =n + 2 and, foreveryi €{1,2},
the group G; is isomorphic to Wy,. In particular, n > 4.

Proof. (1) By Lemma 6.2, the subgroup F of W, is a nonabelian free group of finite index.
Since both G and G, are not virtually cyclic, the intersections Gy N F and G, N T are
finite index subgroups of G; and G, which are nonabelian free groups. Hence G and G,
are virtually nonabelian free groups. Moreover, since W, and C are finitely generated, so
are G and G,. By Theorem 7.7, up to exchanging the roles of G; and G;, we may suppose
that G; has a splitting S such that every edge stabilizer is finite and C is the stabilizer of
a vertex v € VS. Note that, since the finite subgroups of W, are all isomorphic to F,
every edge stabilizer of S is either trivial or isomorphic to F'. Since every element of W,
of order 2 is a conjugate of an element in a standard generating set of W,,, every nontrivial
edge stabilizer is a free factor of both of its endpoint stabilizers. Let V; be the set of
vertices of S distinct from v and fixed by a subgroup of C isomorphic to F. Therefore,
for every w € Vi, there exists a subgroup A, of G, and an element x,, € C of order 2
such that Gy, = Ay, * (xy). Let So be a splitting of W}, obtained from S by blowing-
up, at every vertex w € V7, the free splitting Ay, * (x,,) and by attaching the edge fixed
by xy, to its corresponding fixed point. Let S’ be the splitting of W, obtained from Sy by
collapsing every edge with nontrivial stabilizer. Then the stabilizer in G; of every edge
of S’ adjacent to the vertex fixed by C has trivial stabilizer. Thus, C is a free factor of G4
and there exists H; C Gy such that G; = H; * C. This proves the first assertion of (1).
The second assertion of (1) follows from the fact that

Wn=G1*CGZZ(HI*C)*CGZZHl*Gz.

Hence H; and G, are free factors of W,,.

(2) Therefore, there exist hy,k; € {1,...,n — 2} with hy 4+ k, = n such that H; is
isomorphic to Wy, and G, is isomorphic to Wg,. Thus G is isomorphic to Wy, 4». Set
k1 = h; + 2. Since the amalgamated product is nontrivial and since G; and G, are not
virtually cyclic, we have 3 < kq,k, < n — 1. This proves (2). [

Lemma 7.9. Let n > 4 and let S be a splitting of W,,. Let § be its equivalence class.
Let v and v, be adjacent vertices of S and let e be the edge between v1 and v,. Suppose
that G, is isomorphic to W,. Let f € Staboyw,)(S) be such that

(1) the graph automorphism of W,\S induced by f is trivial;

(2) the natural homomorphisms ( f) — Out(Gy,, G.) and ( f) — Out(Gy,, G) are
trivial.

Then f has a representative which acts as the identity on (G, , Gy, ).

Proof. By (2), the outer automorphism f has two representatives F; and F, such that for
every i € {1,2}, we have F;(Gy,) = Gy, and Fi|Gv,- = idei . Note that Gy, N Gy, = Ge.
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Hence F; and F, act as the identity on G,. Therefore, F; and F, differ by an inner
automorphism ad, with z € Cy, (G.). However, since G, is isomorphic to W,, we have
Cw,(G.) = {e}. Hence F; = F,. This concludes the proof. L]

Proposition 7.10. Letn > 5 and let T be a finite index subgroup of Out’(W,,). Let H be
a subgroup of I which satisfies (Pw, ,). Then H virtually stabilizes the equivalence class
of a W,,_,-star. Moreover, this equivalence class is unique.

Proof. By Proposition 6.11, the group H virtually fixes the equivalence class § of a W, -
star S. Let W, = A * (x,) be the free factor decomposition of W,, induced by S. Up to
passing to a finite index subgroup, we may suppose that H fixes §. Let 7 be the group
of twists of § contained in I'. By Proposition 2.5 (2), the group Stab(§) is isomorphic to
Aut(A) and the group of twists of § is identified with the inner automorphism group of A.

Let K; x K, be a normal subgroup of H given by property (Pw;, ,) (1). According
to Lemma 7.3, up to exchanging the roles of K; and K,, we may assume that K; N T
is infinite, that H N T N K; is a finite index subgroup of H N T and that K, N T is
finite. Up to passing to a finite index subgroup of H, we may assume that K, N 7 = {1}.
In particular, the natural homomorphism ¢: K5 — Out(A) is injective. Let K C A be the
group of twistors associated with twists contained in K;. Note that to every splitting So
of A such that K fixes a unique vertex of So, one can deduce a splitting S, of W}, such
that K fixes a point of S§. Indeed, by blowing-up the splitting Sy at the vertex v of §
whose associated group is 4, and by attaching the edges of S adjacent to v to the vertex
fixed by K, we obtain a splitting S; of W, such that K fixes a point of S;. Let S be the
equivalence class of Sj. We claim that the group K; N T fixes ;. Indeed, let eg be the
edge of S adjacent to the vertex vg fixed by K and the vertex fixed by (x,). Since the
stabilizer of ey is trivial, Proposition 2.5 implies that the group of twists about e at the
vertex vo contains all the twists whose twistor is an element of K. Hence K; N T fixes §.

We now construct a one-edge free splitting So of A such that K fixes a vertex of Sy.
By the above discussion, this will give a two-edge free splitting of W, such that K fixes
a vertex of this splitting which is not a leaf and whose equivalence class is fixedby K; N T'.
We distinguish between three cases, according to whether A is one-ended relative to K
and according to the edge stabilizers of a splitting of A relative to K.

Case 1. There exists a free splitting Sp of A such that K fixes a vertex of Sp.

In particular, the corresponding splitting S|, of W, constructed above is a free splitting
of W,. We claim that the splitting S has two orbits of edges. Indeed, suppose that S
has k orbits of edges, with k > 3. Then, S is obtained from S by blowing-up at least two
orbits of edges at v. Therefore, the group of twistors K is contained in a free factor B
of W, isomorphic to W,,_3. Let B’ be a free factor of W,, isomorphic to W, such that

W, = (xn) * B*x B’

and let R be the free splitting associated with this decomposition. Then the equivalence
class R of R is a free splitting of W, fixed by K; N T. But by Proposition 2.5 (3), the
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group of twists of R is isomorphic to B x B x W,. Moreover, the group K; N T is con-
tained in one of the factors of B x B x W, isomorphic to B. Therefore, the centralizer
of K1 N T contains a free abelian group of rank 2. Since K; N 7T is a normal subgroup
of K1, this contradicts the fact that the centralizer of K1 N T is virtually a nonabelian free
group by property ( Py, _,) (1). Therefore, the splitting S is a two-edge free splitting.

Case 2. There exists a splitting Sp of A such that K fixes a vertex of S and such that one
of the edge stabilizers of Sy is finite.

Let S, be the corresponding splitting of W, constructed in the above discussion. If Sy
has an edge ¢’ with trivial stabilizer, then by collapsing every orbit of edges of S except
the one containing e’, we obtain a splitting S; of A such that K fixes a vertex of K. Then
the corresponding splitting S| of W, is a free splitting. Thus, we can apply case 1.

Therefore, we may assume that every edge stabilizer of Sy is infinite or a nontrivial
finite subgroup of W,,. By collapsing every edge of Sy with infinite stabilizer and by
collapsing all but one orbit of edges with finite edge stabilizer, we may suppose that S
is a one-edge splitting such that every edge stabilizer of Sy is a nontrivial finite subgroup
of W,. Every finite subgroup of W), is isomorphic to F and is in fact a free factor of W,.
We claim that we can construct a splitting Xo of A which contains an edge with trivial
stabilizer and such that K fixes a vertex of Xy. Indeed, let xo be the vertex of Sy fixed
by K, let fo be an edge adjacent to xo and let x; be the vertex of fy distinct from vy.
Let Gy, be the stabilizer of xo, let Gy, be the stabilizer of x; and let G, be the stabilizer
of fo. Note that, since there does not exist HNN extensions in W, the groups Gy, and Gy,
are not conjugate in Wj,. The group Gy, is a free factor of both Gy, and Gy, . Thus, there
exists a free factor A’ of Gy, such that G, = Gy, * A’. Let U be the splitting of A
such that the underlying tree of W, \U is the same one as the underlying tree of W, \ S,
such that the stabilizer of every vertex which is not in the orbit of x; is the same one
as the stabilizer of the corresponding vertex in Sp and the stabilizer of x; is A’. Then
the edge fo has trivial stabilizer in U and K fixes a vertex of U. This proves the claim.
Therefore, case 2 is a consequence of case 1.

Case 3. The group A is one-ended relative to K.

We prove that this assumption leads to a contradiction. By Theorem 7.6, there exists
a canonical splitting So of A whose edge stabilizers are virtually infinite cyclic, such
that K fixes a point of Sy and such that every automorphism of A preserving K fixes the
equivalence class of So. Let S§ be the corresponding splitting of W, and let S§ be its
equivalence class. Recall that the group Ky N T is a normal subgroup of H contained in
Inn(A). Let k € K and let f € H. Let F be a representative of f which fixes x, and
which preserves A. As K1 N T is a normal subgroup of H, there exists k&’ € K such that

FoadgoF ! = adp k) = ady.

Since the center of A is trivial, we have F (k) = k’. Hence the group H viewed as a subset
of Aut(A) preserves K. Thus H preserves S).
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Let vg be the vertex of S| fixed by K and let ey be the edge of S between v and the
point fixed by (x,). By construction, the stabilizer of every edge of Sy which is not in the
orbit of e is virtually cyclic, that is, it is isomorphic either to Z or to W,. By Lemma 2.7,
a twist about an edge whose stabilizer is isomorphic to Z is central in a finite index
subgroup of Staboyw;,)(S4). Since any finite index subgroup of H has finite center by
Remark 6.1 (2), we see that the stabilizer of every edge of S; which is not in the orbit
of eg is isomorphic to W,. Therefore, Remark 2.6 implies that the group of bitwists about
every edge of S which is not in the orbit of e is trivial. Thus, the group of bitwists T
of 8 is reduced to the group of twists about e.

Let W, \ S, be the graph associated with W, \Sg. For every vertex v € V(W,\Sy), let
Inc, be the set containing the conjugacy class of the edge group of every edge adjacent
to v (seen as a subgroup of G,). Let vy be the image of vy in W,,\S(’) and let ey be the
image of eg in W,\S;. By Proposition 2.5 and Remark 2.6, up to taking a finite index
subgroup of H, we have a natural homomorphism

W: H — Out(Gy,. {K.Incg,}) x I1 Out(Gy, Inc,),
veV(Wn\S}),v#£vo

whose kernel is 7o N H. Note that every edge stabilizer is isomorphic to W5, hence the
outer automorphism group of every edge stabilizer is finite. Thus, up to taking a finite
index subgroup of H, we may suppose that the image of W is contained in

Out(Gu,. {K. Inc)}) x [T  OuG, nc?).

0
VeV (Wa\S).v#T0

Recall that K» N Ty = {1}, hence V|, is injective. Moreover, as K, commutes with K1,
the group K is contained in Out(W,,, K¥). Recall that Theorem 7.6 (4) implies that the
group Out(Gy,, {K, Incio}(t)) is finite. Since V|, is injective, this implies that

1_[ Out(G,, Inc{")
veV (W, \S(),v#0o

is infinite. Since the graph W;,\ S|, is finite, there exists v € V(W,\S() such that v # vy
and Out(G,, Incg)) is infinite.

Suppose first that there exist two distinct vertices v and w of W, \ S such that v, w # v
and both Out(Gy, Incg)) and Out(Gy,, Incf,t)) are infinite. Since G and G, are subgroups
of W, whose outer automorphism groups are infinite, they are virtually nonabelian free
groups. Thus, we can apply Theorem 6.5 to both (G, Incy) and (G, Incy,) to show that
there exist a Zgc-splitting U, of G, and Uy, of G, such that every group in Inc, fixes
a point in U, and every group in Inc,, fixes a point in U,,. One can then blow up the
splittings U, and U,, at the vertices v and w of W, \ S| and attach the edges adjacent to v
and w in W, \S; to the points fixed by their corresponding edge groups in U, and Uy,.
This gives a refinement S of S(’). Let 81 be the equivalence class of S;. Note that, since
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the group of twists about the edge eg of S} is contained in the group of twists of 81, the
group K; N T fixes §;. Note that the stabilizer of an edge in U,, or Uy, is either finite or
isomorphic to Z. If there exists an edge in U, or U,, with a finite edge stabilizer, as v
and w come from vertices in Sy, we can apply case 2 to conclude. Suppose that every
edge stabilizer of U, and U,, is isomorphic to Z. By Lemma 2.7, a twist about an edge
whose stabilizer is isomorphic to Z is central in a finite index subgroup of Staboyw,)(S1).
Hence K1 N T has a finite index subgroup which is centralized by a free abelian group of
rank 2. This contradicts property (Pw;, ,) (1).

Suppose now that there exists a unique vertex v € V(W,\Sg) such that v # v and
Out(Gy, Inc,(f)) is infinite. Recall that the image of the homomorphism W|g, is con-
tained in

Out(Gy,. {K.Incy, } ) x I1 Out(G,, Inc).
weV(W,\S(),w#vo

In particular, as Out(G,, { K, Incg, 1) is finite, up to taking a finite index subgroup of K>,
we may suppose that the image of |k, is contained in Out(Gy, Incff)).

Claim 7.11. Let f € K, and let X be a connected subgraph of W, \ S, such that every
vertex of X is distinct from v and such that the group associated with every edge of X is
isomorphic to W. Then f has a representative which acts as the identity on (Gy)ypevx.

Proof. We prove the result by induction on the number m of edges of X . If X is reduced to
a vertex, then the conclusion is immediate. Suppose that |[EX | = m > 1. Let w; and w, by
two adjacent vertices in VX such that w is aleaf of X . Let ¢’ be the edge in X between w
and w,. Let X’ be the graph obtained from X be removing w; and e’. The graph X' is
a connected subgraph of W}, \ S, which satisfies the hypothesis of the lemma and such that
|EX’| = m — 1. By the induction hypothesis, the element f has a representative which
acts as the identity on (Gy)wevx’. Let W,\S) be the graph of groups obtained from
W, \S; by collapsing X’ and let p: W,\S§ — W, \S} be the natural projection. Since f
has a representative which acts as the identity on (G )yeyx’, the element f fixes the
equivalence class of W\ S}. Note that the group associated with p(w;) is (G )wevx’ and
that the group associated with p(wy) is Gy, . Moreover, the group associated with p(e’)
is G, in particular, it is isomorphic to W,. Thus for every i € {1, 2}, the outer automor-
phism f has a representative F; such that F; (Gp;)) = Gp(w,) and F; |Gp(w,') = ide(w,~>-
Thus, by Lemma 7.9 applied to W,\ S, the outer automorphism f has a representative
which acts as the identity on

(Gp(un)v Gp(wz)) = (Gy)werx.
The claim follows. [

Let ¢’ be the edge adjacent to v in W;,\ S which is contained in the path between v and
vp and let &’ be a lift of ¢’ in S}. Note that v is contained in the same connected component
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of Wn\S(’)\ego as vg. Thus the edges ¢’ and e( are not in the same orbit. Moreover, the
stabilizer of e’ is isomorphic to W5. Let S] be the splitting of W;, obtained from S; by
collapsing every edge of S§ which is not in the orbit of &" and eg. Let $| be the equivalence
class of S7. Then S| has two orbits of edges. Let v, be the vertex of S fixed by K and
let v; be the vertex of S| adjacent to v, which is fixed by a conjugate of G,. Let e be the
edge adjacent to v; and v,. Note that, up to taking a finite index subgroup of K, the group
K, fixes §|. Thus, by Proposition 2.5 and Remark 2.6, we have a natural homomorphism
®: K5 — Out(Gy,, Ge) x Out(G,, G.) whose kernel is contained in K> N Ty = {1}.
Moreover, the claim applied to the connected component of W,\S§\ (€ U 30) containing
vp shows that every element f € K, has a representative which acts as the identity on G,.
Hence ®(K>) is isomorphic to K5 and is contained in Out(G,,, G.). We also see that, as
K is virtually a nonabelian free group, its centralizer in W, is trivial. Hence every element
f € K5 has a unique representative which acts as the identity on K. Let f € K;. Recall
that W,, = A * (x,). Then the representative of f which preserves A and fixes x, must fix
K by Lemma 4.12 (since f € K, centralizes K7). As f has a representative which acts
as the identity on G,, and as K € G,,, we see that f has a representative which acts as
the identity on Gy, * (x,).

Note that the group Gy, *g, G, is a splitting of A such that G, is isomorphic to W5.
Moreover, as K fixes vy, the group G, is not virtually cyclic. Since the group Out(Gy) is
infinite, the group G, is not virtually cyclic. Hence the group G, is not virtually cyclic.
Therefore, we may apply Corollary 7.8 to Gy, *g, Gy,: there exist k1, k2 > 3 such that
for every i € {1, 2}, the group G, is isomorphic to W,. Moreover, there exist i € {I,2}
and j € {1,2}\{i} such that W, is a free factor of Wy, and G, is a free factor of Wy;,.

Suppose first that Wy, is a free factor of A and that G, is a free factor of Wy,. Let B
be such that Wy, = G, * B. Then B is a free factor of A4 since

A = Gy, xg, Gy, = Gy, *g, (Ge * B) = Gy, x B.

Since k, > 3, the group B is nontrivial. Let z be an infinite order element of G,. Let F;
be the automorphism of W, which acts as a global conjugation by z on B and which
fixes x, and G, (recall that as W,, = B * Gy, * (x,), the automorphism F; is uniquely
determined). Let F> be the automorphism of W,, which acts as a global conjugation by z
on A and which fixes x,. Then ([F1], [F3]) is a subgroup of Out(W,,) isomorphic to a free
abelian group of rank 2. Recall that every element of K, has a representative which acts
as the identity on G, * {x,). Since [F1] and [F»] have representatives whose support is
contained in Gy, * (x,), the group ([F1], [F2]) is contained in Coyw,)(K2). This contra-
dicts property (P, ,) (1) which says that the centralizer of K> is virtually a nonabelian
free group.

Suppose now that Wy, is a free factor of A and that G, is a free factor of Wy, . Let B
be such that Wy, = G, x B. As before, the group B is a free factor of A and A = B * G,,.
But K is contained in Gy, . This contradicts the fact that A is one-ended relative to K. The
conclusion in case 3 follows.
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Therefore, we have constructed a free splitting S, of W, which is a two-edge free
splitting fixed by K; N T. Moreover, the construction of the splitting is such that the
vertex of the underlying graph of W, \S; whose associated group contains K is not a leaf.
We now prove that S is a Wy, _»-star. Let C be the vertex stabilizer of S|, containing K,
and let C’ be a vertex stabilizer of S, which is not a conjugate of C nor (x,). Then C' is
the vertex group of a leaf of the underlying graph of W,\S;. By Proposition 2.5 (3), the
group of twists of 8/, is isomorphic to C x C x C'/Z(C’). Since the centralizer of K N Ty
is virtually a nonabelian free group by property (P, ,) (1), we conclude that C'/Z(C")
is finite. Hence C’ is isomorphic to F and S(’) is a W, _,-star.

We now prove that H virtually fixes S§. By Proposition 2.5 (3), the group of twists
of S() is isomorphic to W;,_, x W, _,. By Lemma 4.11, the group K; N T is contained in
one of the factors isomorphic to Wj,_, of the group of twists of S(. Therefore, K; N T
is centralized by the other factor of the group of twists of §;. Since the centralizer of
K1 N T contains K, as a finite index subgroup, the group K, contains a twist f of infinite
order about the edge e of S which does not collapse onto S. This twist is a twist about
a Wy,_1-star obtained from S by collapsing the orbit of edges which does not contain e.
By Lemma 7.1, the group H virtually fixes S;. Moreover, K; is commensurable with
T N Stab(S;), that is K is commensurable with the group of twists about one edge of S).
Lemma 6.6 then implies that K virtually fixes a unique equivalence class of W,,_,-stars.
Therefore, since K; is a normal subgroup of H, we see that H virtually fixes a unique
equivalence class of W, _;-stars. This concludes the proof. ]

Proposition 7.12. Let n > 5 and let T be a finite index subgroup of Out’(W,). Let
WU € Comm(I"). Then for every equivalence class S of Wy, _p-stars, there exists a unique
equivalence class 8" of Wy —,-stars such that V([Stabr(S)]) = [Stabr(S”)].

Proof. The uniqueness statement follows from Lemma 6.6 which shows that the stabiliz-
ers in finite index subgroups of Out(W,,) of two distinct equivalence classes of W, _,-stars
are not commensurable.

We now prove the existence statement. Let f:T'; — ', be an isomorphism between
finite index subgroups of I' that represents W. By Proposition 6.7, the group Stabr, (S)
satisfies (Pw,_,). As f is an isomorphism, we deduce that f(Stabr, (S)) also satisfies
(Pw,_,). Proposition 7.10 implies that there exists a unique equivalence class of W;_»-
stars 8’ such that f(Stabr, ($)) C Stabr,(S8’), where the inclusion holds up to a finite
index subgroup. Applying the same argument with !, we see that there exists an equiv-
alence class $” of a W,,_,-star such that

Stabr, (S) € f~!(Stabr,(8'))  Stabr, (S”),

where the inclusion holds up to a finite index subgroup. Lemma 6.6 then implies that §
is the unique equivalence class of W,,_,-stars virtually fixed by Stabr, (§). Therefore, we
see that § = 8" and we have equality everywhere. This completes the proof. ]
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8. Algebraic characterization of compatibility of W,_,-stars and
conclusion

8.1. Algebraic characterization of compatibility of W,_,-stars

In this section, we give an algebraic characterization of the fact that two equivalence
classes of W, _,-stars have both a common collapse and a common refinement. This will
imply that Comm(Out(W,,)) preserves the set of pairs of commensurability classes of sta-
bilizers of adjacent pairs in the graph X,, introduced in Definition 3.2 (2).

Let n > 5 and let I be a finite index subgroup of Out®(W,,). We consider the following
properties of a pair (Hy, H3) of subgroups of I':

(Peomp) The pair (Hy, H») satisfies the following properties:
(1) Foreveryi € {1,2}, the group H; satisfies (P, ,).
(2) For every normal subgroups K fl) X Kél) of Hy and K fz) X Kéz) of H, given
by (Pw,_,) (1), there exist i, j € {1,2} such that K{" N K{? s infinite.
(3) The group H; N H, contains a subgroup isomorphic to Z" 2.

Proposition 8.1. Let n > 5 and let T be a finite index subgroup of Out®(W,,). Let §;
and S, be two distinct equivalence classes of W,,—»-stars S1 and S, and, for every i €
{1,2}, let H; = Stabr(S;). Then Sy and Sy have a refinement S which is a Wy, _3-star if
and only if (Hy, H») satisfies property (Peomp).

Proof. We first assume that S; and S, have a common refinement S which is a W,,_3-star.
Let § be the equivalence class of S. Let us prove that (H1, H>) satisfies (Peomp). By Pro-
position 6.7, for every i € {1,2}, the group H; satisfies ( Py, ,). This proves that the pair
(H1, H>) satisfies (Peomp) (1).

Let us check property (Pcomp) (2). For every i € {1, 2}, let Tl(i) x T 2(i) be the group of
twists of §; and let K(l) T(’) N T and K(’) Tz(i) N T'. By Proposition 6.7, for every
i €{1,2}, the group K, @ x K, @) satisfies (Pw, ,) (1) and Lemma 7.1 implies that every
normal subgroup of H; given by (Py,_,) (1) is commensurable with K; @ K5 ) Thus it
suffices to check (Peomp) (2) for K; M x Kj M and K; @ x K; 2 The group of twists of §
is isomorphic to a direct product A1 X Ay x Az of three copies of W,,_3. Since n > 5, we
have n — 3 > 2 and W,,_3 is infinite. Since S is a common refinement of S; and S, and
since S has 3 orbits of edges, there exists a W,_;-star Sy which is a common collapse
of S; and S,. Moreover, there exists k € {1,2, 3} such that Ay is contained in the group of
twists of So. Therefore, for every i € {1,2}, there exists j € {1,2} such that the group A is
contained in T() Thus, there exist i, j € {1,2} suchthat Ay N T C K(l) N K(z) In par-
ticular, K; @ ﬂ K @) is infinite. This shows (Peomp) (2).

Fmally, smce n > 5, the W,_,-stars S7 and S, have a common refinement which
is a W,-star (take any W,-star which refines S). Since the group of twists of a W,-star
contains a subgroup isomorphic to Z"~2 by Proposition 2.5 (3), this shows (Peomp) (3).
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Conversely, suppose that (H, H>) satisfies (Peomp). Fori € {1,2}, let Kfi) X Kg) be
the direct product of the groups of twists in I about the two edges of §;. Then for every
i €{1,2}, the group (H; N Kfi)) x (H; N Kg)) satisfies (P, _,) (1) by Proposition 6.7.
Hence property (Peomp) (2) implies that there exist i, j € {1, 2} such that

(Hi N Ky N (Ha N KP)

is infinite. For i € {1, 2}, let Sl(i) and Sz(i) be the two distinct W,,_;-stars on which S; col-
lapses. By Proposition 6.13, since H; N H, fixes pointwise the set {Sl(l), Sél), 31(2), 82(2)},
and since H; N H, contains a subgroup isomorphic to 772 by (Peomp) (3), the W1~
stars Sl(l), Sél), S 1(2) and Sz(z) are pairwise compatible. Hence S and S, have a common
refinement S which is either a W, _3-star or a Wj,_4-star. Since the groups of twists of §;
and §, have infinite intersection, the refinement S cannot be a W,,_4-star since otherwise
the W, _q-stars § 1(1), 52(1) , S 1(2) and 52(2) would be pairwise nonequivalent and hence their

groups of twists would have trivial intersection. Thus S is a W), _3-star. ]

8.2. Conclusion
In this last section, we complete the proof of our main theorem.

Theorem 8.2. Let n > 5 and let T be a finite index subgroup of Out’(W,). Then any
isomorphism f: Hy — Hy between two finite index subgroups of T is given by conjugation
by an element of Out(W,,) and the natural map

Out(W,) — Comm(Out(W,))

is an isomorphism.

Proof. Suppose that § and §’ are two distinct equivalence classes of W, _,-stars. Then
Stabr($) and Stabr(8’) are not commensurable by Lemma 6.6. Proposition 7.12 shows
that the collection I of all commensurability classes of I'-stabilizers of equivalence class-
es of Wj,_,-stars is Comm(I")-invariant. Proposition 8.1 shows that the collection § of
all pairs ([Stabr(S)], [Stabr(8')]) is also Comm(T")-invariant. Since the natural homo-
morphism Out(W,) — Aut(X,) is an isomorphism by Theorem 3.3, the conclusion fol-
lows from Proposition 2.1 and the fact that Comm(I") is isomorphic to Comm(Out(W¥},))
since I has finite index in Out(W},). ]

A. Rigidity of the graph of W,_;-stars

The graph of W, —1-stars, denoted by Y,, is the graph whose vertices are the W, -equivari-
ant homeomorphism classes of W, _;-stars, where two equivalence classes § and §’ are
joined by an edge if there exist S € § and S’ € §' such that S and S’ are compatible. This
graph arises naturally in the study of Out(W,,) as it is isomorphic to the full subgraph of the
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free splitting graph K, of W, whose vertices are equivalence classes of Wj-stars, with k
varying in {0, ...,n — 1}. As Aut(W,) acts on K, by precomposition of the marking,
we have an induced action of Aut(W,) on Y;,. As Inn(W},) acts trivially on Y, the action
of Aut(W,,) induces an action of Out(W,). We denote by Aut(Y,) the group of graph
automorphisms of Y;,. In this section we prove the following theorem.

Theorem A.1. Let n > 4. The natural homomorphism
Out(W,) — Aut(Y,)

is an isomorphism.

In order to prove this theorem, we take advantage of the action of Out(W},) on the
graph of {0}-stars and F-stars L,. The strategy in order to prove Theorem A.1 is to con-
struct an injective homomorphism ®: Aut(Y;) — Aut(L,) such that every automorphism
in the image preserves the set of {0}-stars and the set of F-stars.

The homomorphism ®: Aut(Y,) — Aut(L,) is defined as follows. Let f € Aut(Y},).
Let § be the equivalence class of a {0}-star and let S be a representative of §. By The-

orem 3.7, there exist exactly n W,_;-stars Si, ..., S, refined by S. Moreover, these
W, —1-stars are pairwise compatible. For i € {1,...,n}, let §; be the equivalence class
of S;. Since f is an automorphism of Yy, f(S1),..., f(S,) are pairwise adjacent in Y.
Let Si,..., S, be representatives of respectively f(S1),..., f(S,) that are pairwise com-

patible. Then Theorem 3.7 implies that there exists a unique common refinement S’ of
Si, ..., S, with exactly n edges. Since, forevery i € {1,...,n}, the splitting Si’ isa W,_1-
star, the splitting S’ is necessarily a {0}-star. Let §” be the equivalence class of S’. We then
define ©(f)(S) = §’. If T is an F-star, we define ®( ) (") similarly.

Lemma A.2. Letn > 4. Let f € Aut(Yy). Let ®(f) be as above.
(1) The map ®©(f): VL, — VL, induces a graph automorphism &D(f) L, — L.
(2) If®(f) = idr,, then f = idy,.

Proof. We prove the first statement. As ®(f) o ®(f~!) = &(f o 1) = id, we see
that ®(f) is a bijection. Let § be the equivalence class of a {0}-star and let 7 be the
equivalence class of an F-star. Suppose that § and 7 are adjacent in L,. We prove that
®(f)(S) and ®(f)(T) are adjacent in L,. Applying the same result to f !, this will
prove that § and 7 are adjacent in L, if and only if ®( f)(S) and ®( f)(J") are adjacent
in Ly, and this will conclude the proof. Let S and T be representatives of § and 7T,
respectively. Let Sy, ..., S, be the n W,_;-stars refined by S, and let 7}, ..., T,_; be
the n — 1 W, _;-stars refined by 7. As S refines 7', and as S refines exactly n W,_;-

stars by Theorem 3.7, up to reordering, we can suppose that, for everyi € {1,...,n — 1},
we have S; = T;. For i € {1,...,n}, let §; be the equivalence class of S;, and let Sl./
be a representative of ®(f)(S;) such that for distinct i, j € {1,...,n}, S; and S; are

compatible. Then, by Theorem 3.7, a representative T’ of ®( f)(7) is the unique (up
to Wj,-equivariant homomorphism) F-star such that, for every j € {1,...,n — 1}, T’ is
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compatible with S /’ . Moreover, a representative S’ of ®( f)(S) is the unique {0}-star such
that, for every i € {1,...,n}, S’ is compatible with S/. For i € {1,...,n}, let x; be
the preimage by the marking of W,\S; (well-defined up to global conjugation) of the
generator of the vertex group isomorphic to F (which exists since S} is a Wj,_-star).
Then the preimages by the marking of W, \T’ of the generators of the groups associated
with the n — 1 leaves of the underlying graph of W,,\T’ are x1,. .., x,—1 and the preimage
by the marking of W,,\T’ of the generator of the group associated with the center of the
underlying graph of W,,\T" is x,. Moreover, the preimages by the marking of W, \S’ of
the generators of the groups associated with the n leaves of the underlying graph of W, \ S’
are xp,. .., X,. Let v, be the leaf of the underlying graph of W,,\ S’ such that the preimage
by the marking of W, \S’ of the generator of the group associated with v, is x,. Then T’
is obtained from S’ by contracting the edge adjacent to v,. Thus ®(f)(S) and ®(f)(T)
are adjacent in L,,.

The proof of the second statement is identical to the proof of [13, Lemma 5.4]. We add
the proof for completeness as the statement of [13, Lemma 5.4] is about automorphisms
of K,,.Let § € VY, and let S be a representative of S. We prove that f(S) = §. Let

Wi = (x1,..., Xp—1) * (Xn)

be the free factor decomposition of W, induced by S. Let S’ be a representative of f(S).
Let X be the equivalence class of the F-star X represented in Figure 4 on the left.

{x2) {x1)

(xn) (xXn—1)

Figure 4. The F-stars X and X’ from the proof of Lemma A.2.

Since ®( f)(X) = X, the free splitting S” is a Wj,_; -star obtained from X by collaps-
ing n — 1 edges. Butif T is a W,,_;-star obtained from X by collapsing n — 1 edges, then

there exists i € {1,...,n} such that the free factor decomposition of W,, induced by T is
Wy = (x1,..., X1, Xn) * {(X5).

Fori € {l,...,n}, we will denote by T; the W,,_;-star with associated free factor decom-

position (xy,...,X;,...,Xn) * {x;), and by J; its equivalence class. For i # n, the free

splitting T; is a collapse of the F-star X’ depicted in Figure 4 on the right, whereas S is
not a collapse of X'.

Let X’ be the equivalence class of X’. Since ®(f)(X’) = X’, there does not exist
arepresentative of f(§) that is obtained from a representative of X' by collapsing a forest.
Thus, for all i # n, we have f(S) # 7;. Hence, as § = 7, we conclude that f(§) =S. =
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Proof of Theorem A.1. Let n > 4. We first prove injectivity. By Theorem 3.5, the homo-
morphism Out(W,) — Aut(L,) is injective. Moreover, the homomorphism Out(W,) —
Aut(L,) factors through Out(W,) — Aut(Y,) — Aut(L,). Therefore, we deduce the
injectivity of Out(W;) — Aut(Y,). We now prove surjectivity. Let f € Aut(Y,). By Lem-
ma A.2 (1), we have a homomorphism ®: Aut(Y,) — Aut(L,) whose image consists in
automorphisms preserving the set of {O}-stars and the set of F'-stars. By Theorem 3.5, the
automorphism ®( f) is induced by an element y € Out(W,,). Since the homomorphism
Aut(Y,) — Aut(L,) is injective by Lemma A.2 (2), f is induced by y. This concludes
the proof. ]
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