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Relativizing characterizations of Anosov subgroups, I

Michael Kapovich and Bernhard Leeb
(with an appendix by Gregory A. Soifer)

Abstract. We propose several common extensions of the classes of Anosov subgroups and geo-
metrically finite Kleinian groups among discrete subgroups of semisimple Lie groups. We relativize
various dynamical and coarse geometric characterizations of Anosov subgroups given in our earlier
work, extending the class from intrinsically hyperbolic to relatively hyperbolic subgroups. We prove
implications and equivalences between the various relativizations.
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1. Introduction

The notion of geometric finiteness was first introduced by Ahlfors [2] in the context
of Kleinian group actions on hyperbolic 3-space H3. It was originally defined via the
existence of finite-sided convex fundamental polyhedra. A few years later, Beardon and
Maskit [6] gave a dynamical characterization of geometrically finite groups in terms of
an action on the limit set, now called the Beardon–Maskit condition. Subsequently, alter-
native characterizations were given by Marden [46], Thurston [54] and many others, see,
e.g., [10, 51].
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While Ahlfors’ original definition turned out to be unsuitable for hyperbolic space
of dimension � 4, the Beardon–Maskit condition worked well in the context of discrete
subgroups of rank one Lie groups and, more generally, of discrete groups of isometries
acting on negatively pinched Hadamard manifolds [11], and was shown to be equivalent
to a variety of other properties. The Beardon–Maskit condition remains meaningful even
in the purely dynamical setting of convergence actions on topological spaces, something
which we are exploiting in our work.

A particularly nice subclass of geometrically finite Kleinian groups is formed by con-
vex cocompact subgroups which are distinguished by the absence of parabolic elements.
They are intrinsically word hyperbolic, whereas a general geometrically finite Kleinian
group inherits a natural structure as a are relatively hyperbolic group, the peripheral struc-
ture given by the collection of maximal parabolic subgroups.

The notion of convex cocompact Kleinian groups was extended to discrete subgroups
of higher rank Lie groups, starting with the notion of Anosov subgroups [44], see also [27].
These were originally defined in terms of their dynamics on flag manifolds. We sub-
sequently gave various characterizations of Anosov subgroups in terms of their coarse
geometry, dynamics and topology along with a simplification of their original definition
[36, 38, 40, 42], see also [35, 39].

As convex cocompact subgroups, Anosov subgroups are intrinsically word hyperbolic,
and as the former contain no parabolics, the latter contain no strictly parabolic elements,1

e.g., no unipotents. Our goal is to find a common extension of the classes of Anosov and
geometrically finite subgroups, that is, to complete the following diagram:

convex cocompact
allow parabolics - geometrically finite

Anosov

higher rank
?

- ?
?
higher rank

We consider subgroups which are relatively hyperbolic as abstract groups and extend to
this more general setting various characterizations of Anosov subgroups studied in our
earlier papers.

The Beardon–Maskit condition has the most straightforward generalization, namely
by requiring that the discrete subgroup acts on its limit set like a relatively hyperbolic
group. This leads to the notions of relatively asymptotically embedded and relatively RCA,
see Definitions 7.1 and 7.7, which are equivalent in view of Yaman’s dynamical charac-
terization of relatively hyperbolic groups. The intrinsic relatively hyperbolic structure of
these discrete subgroups can be read off the dynamics on the limit set and is therefore
uniquely determined.

1That is, non-elliptic elements with zero infimal displacement.
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Also our coarse geometric characterization of Anosov subgroups as Morse subgroups,
that intrinsic geodesics in the subgroup are extrinsically perturbations of Finsler geodesics
in the symmetric space, generalizes naturally. This leads to the notions of relatively Morse
and relatively Finsler-straight, see Definitions 8.1 and 8.8.

All these relative notions agree in rank one with geometric finiteness (see Corol-
lary 9.2). The main result of the paper establishes relations (implications and equivalences)
between them in higher rank. It is summarized in Theorem 9.1 and in the following dia-
gram:

relatively Morse

relatively uniformly
Finsler-straight

� -

� relatively asymptotically embedded
with uniformly regular peripheral

subgroups

-

relatively Finsler-straight
?

�- relatively RCA � - relatively asymptotically
embedded

?

relatively boundary embedded
?

6
if Zariski dense

The most difficult implications are between relatively Finsler-straight and relatively
asymptotically embedded, connecting coarse geometry and dynamics, and their analogs
in the uniformly regular case. They are proven in Section 8.2, which in turn relies on
coarse geometric results about general (non-equivariant) Finsler-straight maps established
in Section 6.3.

Examples of classes of discrete subgroups satisfying the relative conditions discussed
in the paper are:

(1) subgroups preserving a rank one symmetric subspace and acting on it in a geo-
metrically finite fashion (Theorem 8.5 and Example 8.7);

(2) discrete groups of projective transformations acting with finite covolume on strict-
ly convex solids in Rn (studied in [16]);

(3) certain families of discrete subgroups of PGL.3;R/ not preserving properly con-
vex domains in RP 2 (described in [43, 52]);

(4) positive representations (into split semisimple Lie groups) of fundamental groups
of punctured surfaces (appearing in [22]);

(5) certain free products of opposite uniformly �mod-regular elementary unipotent sub-
groups (see [34]);

(6) small relative deformations (see [34]).
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The discussion of the relative notions introduced in this paper will be continued in [34].
In particular, we will prove several forms of stability for subgroups satisfying these notions
and combination theorems. We will also prove that relative uniform Finsler-straightness is
equivalent to the condition of uniform regularity and relative non-distortion; partial results
in this direction are obtained by Feng Zhu in [60]. Some things are unclear to us at this
point, for instance:

1. Are the different relativizations of the Anosov condition (including uniform regu-
larity and relative non-distortion) genuinely different or result in the same class of discrete
subgroups?

2. If these notions are different, which are the most important ones?

In view of this, we decided to discuss all the different notions in the present paper.

2. Preliminaries and notation

2.1. Metric spaces

We will be using the notation xy for a geodesic segment in a metric space connecting
points x and y. Similarly, in a geodesic metric space Y which is Gromov hyperbolic or
CAT(0), we will use the notation y� for a geodesic ray in Y emanating from y and asymp-
totic to a point � in the visual (ideal) boundary @1Y of Y . For two distinct ideal boundary
points �˙ 2 @1Y of a Gromov hyperbolic space Y , we will use the notation ���C for
a geodesic in Y asymptotic to �˙. A similar notation will be used for Finsler geodesics in
symmetric spaces: x� , ���C will denote a Finsler geodesic ray/line; see Section 4.2.

We will use the notation B.a;R/ for the open R-ball with center a in a metric space,
and the notation NR.A/ for the open R-neighborhood of subsets A, where R > 0. The
subsets NR.A/ are called tubular neighborhoods of A.

A metric space is called taut if every point lies at distance � R from a geodesic line
for some uniform constant R.

Two subsets in a metric space are called D-separated if their infimal distance is � D.
We call a subset of a metric space s-spaced if its distinct points have pairwise distance

� s, and we call a map into a metric space s-spaced if it is injective and its image is
s-spaced.

A sequence .xn/ in a metric space is said to diverge to infinity if

lim
n!1

d.x1; xn/ D1:

We will refer to such .xn/ as a divergent sequence.
A map between metric spaces is called metrically proper if it sends divergent se-

quences to divergent sequences, equivalently, if the preimages of bounded subsets are
bounded.
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2.2. Group actions

For an action � Õ X of a group � on a set X , we let �x < � denote the stabilizer of an
element x 2 X . The associated orbit map is defined by

ox W � ! X;  7! x:

If � Õ Y is another �-action and y 2 Y is a point such that �y � �x , then there is
a well-defined �-equivariant map of orbits

ox;y W �y ! �x; y 7! x:

2.3. Convergence actions

A continuous action � Õ Z of a discrete group � on a compact metrizable topological
space Z is called a (discrete) convergence action if for each sequence .n/ of pairwise
distinct elements in � there exists a pair of points z�; zC 2Z such that, after extraction, the
sequence .n/ converges to zC uniformly on compacts in Z � ¹z�º. Note that all actions
on spaces with at most two points are convergence, except actions of infinite groups on
the empty space. Also, all actions of finite groups are convergence.

The limit set ƒD ƒ.�/ � Z consists of all points which occur as such limits zC. The
limit set is �-invariant and compact. If jƒj � 3, then it is perfect and the action � Õƒ has
finite kernel and is minimal.2 If j�j D C1, then ƒ ¤ ¿, and if j�j < C1, then ƒ D ¿.

Elements of convergence groups fall into three classes: An element is called hyperbolic
if it has infinite order and exactly two fixed points, parabolic if it has infinite order and
exactly one fixed point, and elliptic if it has finite order.

A point z 2 Z is called a parabolic fixed point of � if it is the fixed point of some
parabolic element in � . It then is a limit point of its stabilizer �z , and it turns out that in
fact ƒ.�z/ D ¹zº, see [56, Lemma 2F].

The following types of limit points will be important for this paper (given the nature
of the actions of relatively hyperbolic groups on their ideal boundaries).

Definition 2.1. A point z 2 ƒ.�/ is called

(i) a conical limit point for � if there exist a sequence .n/ of distinct elements in �
and a point w 2 ƒ� ¹zº such that the sequence of pairs .�1n z; �1n w/ does not
accumulate at the diagonal of Z �Z,

(ii) a bounded parabolic point of � if its stabilizer �z < � acts on ƒ.�/ � ¹zº
properly discontinuously and cocompactly,

(ii0) a bounded parabolic fixed point of � if it is both a bounded parabolic point and
a parabolic fixed point.

2That is, every orbit is dense.
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Note that the stabilizer of a bounded parabolic point z is necessarily infinite and
ƒ.�z/D ¹zº. Property (ii0) is strictly stronger than (ii) because the stabilizer of a bounded
parabolic point can be an infinite torsion group.

If jƒ.�/j D 1 and � is not a torsion group, then the limit point is a bounded parabolic
fixed point and not a conical limit point. If jƒ.�/j D 2, then both limit points are conical
and not bounded parabolic.

The importance of convergence actions in our work is due primarily to two reasons:

• If Y is a proper geodesic Gromov hyperbolic metric space and � is a discrete subgroup
of the isometry group of Y , then the natural action of � on the visual boundary @1Y
of Y is a convergence action, see [56].

• If � is a �mod-regular antipodal subgroup of the isometry group of a symmetric space of
noncompact type, then the natural action of � on its �mod-limit set in the flag manifold
Flag�mod

is a convergence action, see [40]. We note that �mod-RCA (regular antipodal
and conical) subgroups are precisely the �mod-Anosov subgroups.

We refer the reader to [12, 56, 57] for in-depth discussions of convergence actions.
In particular, an interested reader can find there a proof of the fact that, in the case whenZ
is the visual boundary of a hyperbolic space Y , the above definition of conical limit points
is equivalent to the one in terms of conical subconvergence of �-orbits in Y , see Sec-
tion 3.1 for the definition of the conical convergence. We also note that this proof is
essentially the same as the one given for the hyperbolic 3-space by Beardon and Maskit
in their pioneering paper [6, Theorem 1].

3. Some coarse hyperbolic geometry

3.1. Gromov hyperbolic spaces

Background material on hyperbolic spaces can be found in [9, 13, 14, 18, 58].
Let Y be a proper geodesic metric space which is ı-hyperbolic in the sense of Gromov

for some ı � 0. We denote by xY D Y t @1Y its visual compactification.
Geodesics in Y are roughly unique in the sense that any two geodesic segments

with the same endpoints have Hausdorff distance � Cı, where C is a uniform constant
(depending on the definition of ı-hyperbolicity which is used). The same holds for any
two asymptotic geodesic rays with the same initial point, and for any two (at both ends)
asymptotic geodesic lines.

A family of geodesics in Y is bounded if for some (any) point y 2 Y the distance
from y to the geodesics in this family is uniformly bounded. The pairs .xy; xy0/ of endpoints
of geodesics xy xy0 in Y lie in the set .Y t @1Y /2 ��@1Y . The boundedness of a family
of geodesics in a Gromov hyperbolic space is an asymptotic property of its set of pairs of
endpoints.
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Lemma 3.1. Let EY � .Y t @1Y /2 � �@1Y . Then the family of all geodesics in Y
with pair of endpoints in EY is bounded if and only if EY is relatively compact in
.Y t @1Y /

2 ��@1Y .

Proof. Any bounded sequence of geodesics xyn xy0n in Y subconverges to a geodesic xy xy0,
and the pairs of endpoints .xyn; xy0n/ subconverge to .xy; xy0/ 2 .Y t @1Y /2 ��@1Y . Thus
the sequence of pairs .xyn; xy0n/ does not accumulate at �@1Y .

On the other hand, if a sequence of geodesics xyn xy0n diverges, i.e., their distances from
some base point y 2 Y diverge to infinity, then ı-hyperbolicity implies that there exist
points zn 2 y xyn and z0n 2 y xy

0
n such that zn; z0n !1 and the segments yzn and yz0n are

Cı-Hausdorff close. It follows that the pairs .xyn; xy0n/ accumulate at �@1Y .

A sequence .yn/ in Y is said to converge to � 2 @1Y conically if yn ! � and .yn/ is
contained in a tubular neighborhood of a ray asymptotic to �. This is independent of the
ray since any two asymptotic rays have finite Hausdorff distance. For a subset A � Y , the
conical accumulation set @con

1 A � @1Y consists of all points � 2 @1Y for which there
exists a sequence .an/ in A converging to � conically.

Given a discrete isometric group action � Õ Y , we define its limit set ƒ D ƒY as the
accumulation set @1.�y/ in @1Y of one (equivalently, every) �-orbit in Y . We will use
the notation ƒcon D ƒcon

Y for the conical limit set of this action, i.e., the set @con
1 .�y/ of

conical limit points of the group � .

Straight triples. We denote by T .Y / WD Y 3 the space of triples of points in Y and by

T .Y; @1Y / WD .Y t @1Y / � Y � .Y t @1Y / (3.2)

the space of ideal triples in the visual compactification xY D Y t @1Y with middle point
in Y .

We first define straightness for (non-ideal) triples in Y .

Definition 3.3 (Straight triple). A triple .y�; y; yC/ 2 T .Y / is calledD-straight, D � 0,
if the points y�, y and yC are D-close to points y0�, y0 and y0C, respectively, which lie in
this order on a geodesic (segment).

This notion naturally extends to ideal triples in T .Y; @1Y /: We say that a triple
.y�; y; �C/ 2 Y

2 � @1Y is D-straight if the points y� and y are D-close to points y0�
and y0, respectively, such that y0 lies on a geodesic ray y0��C. Analogously for triples
.��; y; yC/ 2 @1Y � Y

2. Similarly, we say that a triple .��; y; �C/ 2 @1Y � Y � @1Y
isD-straight if ��¤ �C and the point y lies within distanceD from a geodesic line ���C.

A geodesic hyperbolic metric space Y is taut if every point y is the middle point of
a uniformly straight triple .��; y; �C/.

Straight holey lines. We call a map qWH ! Y from an arbitrary (“holey”) subset of
H � R a holey line. If H has a minimal element, we also call q a holey ray. A sequence
.yn/n2N in Y can be regarded as a holey ray N ! Y .
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We will consider extensions to infinity xqW xH WD H t ¹˙1º ! xY D Y t @1Y of
holey lines qWH ! Y by sending ˙1 to ideal points �˙ 2 @1Y , and refer to xq as an
extended holey line. Similarly, for holey rays qWH0 ! Y , we will consider extensions
xqW xH0 WD H0 t ¹C1º ! xY by sendingC1 to an ideal point � 2 @1Y , and refer to xq as
an extended holey ray.

We carry over the notion of straightness from triples to holey lines by requiring it for
all triples in the image.

Definition 3.4 (Straight holey line). A holey line qWH ! Y is called D-straight if the
triples .q.h�/; q.h/; q.hC// in Y are D-straight for all h� � h � hC in H .

Similarly, we say that an extended holey line xqW xH ! xY is D-straight if the triples
.q.h�/; q.h/; q.hC// in xY are D-straight for all h� � h � hC in xH with h 2 H , and
analogously in the ray case.

Straight holey lines are, up to bounded perturbation, monotonic maps into geodesics.
More precisely, for a D-straight holey line qWH ! Y there exist a geodesic c � Y and
a monotonic map xqWH ! c which isD0.D/-close to q. The holey line xqW xH ! xY extended
by xq.˙1/ D �˙ WD c.˙1/ is then D0-straight. The ideal points �˙ are unique if q is
biinfinite.

Let I � R be an interval. We say that a function f W I ! R

(i) has "-coarsely slope s if

jf .t1/ � f .t2/ � s.t1 � t2/j � "

for all t1; t2 2 I ,

(ii) is "-coarsely convex if

�1f .t1/C �2f .t2/ � f .�1t1 C �2t2/C "

for all t1; t2 2 I and all �1; �2 � 0 with �1 C �2 D 1.

Note. If there exists t0 2 I such that f jI\.�1;t0� has "-coarsely slope�1 and f jI\Œt0;C1/
has "-coarsely slopeC1, then f is 2"-coarsely convex.

Transferring these notions, we say that a function f W Y ! R has "-coarsely slope s
or is "-coarsely convex along a geodesic cW I ! Y if the composition f ı c has this prop-
erty.

Horofunctions and horoballs. Horofunctions coarsely measure relative distances from
points at infinity. They arise most naturally as limits of normalized distance functions.

Fix an ideal point � 2 @1Y . Let .yn/ be a sequence in Y such that yn ! �. After
passing to a subsequence, the sequence of distance functions d.�; yn/ converges up to
additive constants, i.e., there exist a sequence an ! 1 of real numbers and a function
hWY ! R such that

d.�; yn/ � an ! h
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locally uniformly. The function h has the following properties: It is 1-Lipschitz and for
every point y 2 Y there exists a ray �y W Œ0;1/! Y asymptotic to � with initial point y
along which h decays with slope � �1, i.e., h ı �y j

t2
t1
D t1 � t2 for all t1; t2 � 0. (Such

a ray �y arises as a sublimit of the segments yyn.) For an arbitrary ray �W Œ0;1/! Y

asymptotic to �, it follows that

j.h ı �j
t2
t1
/ � .t1 � t2/j � Cı (3.5)

for all t1; t2 � 0 with a uniform constant C . We define a horofunction at � as a function
hWY ! R which satisfies (3.5) for all rays � asymptotic to �. Any two horofunctions h, h0

at � coarsely differ by an additive constant, i.e.,

j.h.y/ � h.y0// � .h0.y/ � h0.y0//j D j.h.y/ � h0.y// � .h.y0/ � h0.y0//j � Cı (3.6)

for all y; y0 2 Y (with a possibly different uniform constant C ).3

Horofunctions are uniformly coarsely convex. This is a consequence of the following
stronger property: For any horofunction h and segment zz0, there exists a division point
y0 2 yy

0 such that h has Cı-coarsely slope 1 along the oriented segments y0y and y0y0

with a uniform constant C .
We define horoballs as coarse sublevel sets of horofunctions. We say that a subset

Hb � Y is a horoball at � 2 @1Y if there exists a horofunction h at � such that

¹h � 0º � Hb � ¹h � 10Cıº

with the constant C from formula (3.5). Horoballs are uniformly quasiconvex; in partic-
ular, for every y 2 Hb, the ray y� is contained in Nr .Hb/ for some uniform constant r .
Moreover, the visual boundary of a horoball at � equals ¹�º. It is mostly these two prop-
erties of horoballs which will be used in this paper.

We will call the space Y itself a horoball if @1Y consists of a single point and the
horofunctions are bounded above.

Quasiconvex subsets and hulls. We recall that the quasiconvex hull QCH.A/� Y of a sub-
setA� Y is the union of all geodesic segments with endpoints inA. The subsetA is called
r-quasiconvex if QCH.A/ � Nr .A/ and quasiconvex if this holds for some r > 0. Note
that pairs of points in a quasiconvex subset can be connected by uniform quasigeodesics
inside it.

As a consequence of the ı-hyperbolicity of Y , quasiconvex hulls are Cı-quasiconvex
subsets, and @1QCH.A/ D @1A. Both properties follow from the fact that any geodesic
segment with endpoints in QCH.A/ is contained in the tubular C 0ı-neighborhood of
a geodesic segment with endpoints in A. This in turn reduces to the case when A is
(at most) a quadruple and follows from the thinness of triangles.

3We will often use the same letter C for a constant with the understanding that the constant may vary
from inequality to inequality.
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The quasiconvex hull QCH.B/� Y of a subsetB � @1Y at infinity is defined accord-
ingly as the union of all geodesic lines l � Y asymptotic to (points in) B , @1l � B . It is
non-empty unless jBj � 1, and then again it is Cı-quasiconvex and @1 QCH.B/ D B ,
which follows from the fact that any geodesic segment with endpoints in QCH.B/ is con-
tained in the tubular C 0ı-neighborhood of a geodesic line asymptotic to B . An analogous
property holds for rays y� with y 2 QCH.B/ and � 2 B .

3.2. Isometries

For (proper geodesic) Gromov hyperbolic spaces, there is a rough classification of isome-
tries into three types (elliptic, parabolic and hyperbolic) as in the case of CAT(0) spaces.

For an isometry � of a Gromov hyperbolic space Y , consider the orbit maps Z! Y ,
n 7! �ny of the cyclic group h�i generated by �. The isometry � is called

• elliptic if the orbits are bounded;

• hyperbolic if the orbits are quasigeodesics;

• parabolic if the orbits are unbounded and distorted.4

The asymptotic displacement number of an isometry � is defined as

�� WD lim
n!1

1

n
d.y; �ny/:

The limit exists (due to the subadditivity of n 7! d.y; �ny/) and is independent of y 2 Y .
Note that �� > 0 if � is hyperbolic and �� D 0 otherwise.

Non-elliptic isometries have unbounded orbits. In particular, they have infinite order
and no fixed points in Y . They do have fixed points at infinity.

Proposition 3.7. The following assertions hold:

(i) If � is hyperbolic, then it has exactly two fixed points on @1Y , an attractive fixed
point �C and a repulsive fixed point ��. It holds that for y 2 Y , �ny ! �˙ as
n!˙1.

(ii) If � is parabolic, then it has exactly one fixed point � on @1Y and �ny ! � as
n!˙1.

Proof. Suppose that � is not elliptic. Then the sublevel subsets ¹ı� � cº of the dis-
placement function ı�.y/ D d.y; �y/ are unbounded if non-empty, because they are
�-invariant. Their visual boundary is therefore non-empty, @1¹ı� � cº ¤¿. On the other
hand, it is fixed pointwise by � and therefore can contain at most two ideal points (because
� is non-elliptic). The two point case corresponds to � being hyperbolic. Hence, if � is
parabolic, then it has a unique fixed point � in @1Y . Furthermore, the orbits of � are
contained in sublevel sets of ı� and therefore must accumulate at �.

4That is, the orbit map n 7! �ny is not a quasiisometric embedding Z! Y .
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As a consequence, parabolic and hyperbolic isometries can be characterized in terms
of their action at infinity and in terms of the accumulation of their orbits at infinity.

We turn our attention to the stabilizers of points at infinity. The non-hyperbolic isome-
tries in the stabilizers can shift horofunctions only by a bounded amount.

Lemma 3.8. Let � be a non-hyperbolic isometry fixing � 2 @1Y and let h be a horofunc-
tion at �. Then jh � h ı �j � Cı.

Proof. Fix " > 0. Suppose there exists a point y 2 Y such that jh.y/ � h ı �.y/j �
.1C "/Cı. We may assume that h.y/� h ı �.y/ � .1C "/Cı. (Otherwise, we replace �
with ��1.) In view of (3.6), it follows that h� h ı � � "Cı on all of Y . This implies that
the orbit path n 7! �ny is a quasigeodesic and hence � must be hyperbolic, a contradic-
tion. Letting "& 0 the assertion follows.

As a consequence, if P < Isom.Y / is a subgroup fixing � 2 @1Y which contains no
hyperbolic isometry, then P quasi-preserves the horoballs at �. In fact, every horoball at �
is uniformly Hausdorff close to a P -invariant one.

A horoball cannot be preserved by a hyperbolic isometry since it contains no quasi-
geodesic.

Remark 3.9. By [56, Theorem 2G], a discrete group of isometries of Y fixing a point
in @1Y cannot contain both hyperbolic and parabolic isometries. Hence, the stabilizer
of an ideal point then consists either only of non-hyperbolic isometries or only of non-
parabolic isometries.

3.3. Relatively hyperbolic groups

3.3.1. Gromov’s definition. Since the geometrically finite subgroups and their general-
izations considered in this paper will be relatively hyperbolic as abstract groups, we need
to review the notion of relative hyperbolicity. There are various ways of defining rela-
tively hyperbolic groups (see [13,19,21,24,25,32,48,59]). We will work essentially with
Gromov’s original definition [26, §8.6] in terms of actions on hyperbolic spaces. Moti-
vating examples are non-uniform lattices acting on rank one symmetric spaces and, more
generally, geometrically finite Kleinian groups.

Definition 3.10. A relatively hyperbolic group is a pair .�;P / consisting of a group �
and a conjugation invariant collection P of subgroups …i < � , i 2 I , such that there
exists a properly discontinuous isometric action � Õ Y on a ı-hyperbolic proper geodesic
space Y satisfying the following:

(i) Y is either taut or a horoball.

(ii) Y is equipped with a �-invariant collection B D .Bi /i2I of disjoint open horo-
balls such that the stabilizer of each Bi in � is …i .

(iii) The action � Õ Y th WD Y �
S
i2I Bi is cocompact.
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(iv) The subgroups …i are infinite.

(v) The subgroups …i are finitely generated.

The subgroups …i in this definition are called the peripheral subgroups of � and
their collection P the peripheral structure on �; the pair .Y;B/ or simply the hyper-
bolic space Y , respectively, the �-action on it is called a Gromov model for .�;P /; the
horoballs Bi are called the peripheral horoballs, the truncated hyperbolic space Y th is
called the thick part of Y , and the horospheres †i WD @Bi are called the boundary or
peripheral horospheres of Y th, see Figure 1.

B3

B1

B2B4

†1

†2

Y th

@1Y

Figure 1. A Gromov model.

For instance, in the case of non-uniform lattices acting on rank one symmetric spaces,
the natural Gromov model is the symmetric space itself. For geometrically finite Kleinian
groups, it is the closed convex hull of the limit set.5

We call a Gromov model faithful if there exists a point y 2 Y th with trivial stabilizer
in � , i.e., such that the action � Õ �y is faithful. Every Gromov model can be modified to
a faithful one by a slight enlargement, e.g., by choosing a point y 2 Y th and passing to the
mapping cone Y 0 of the orbit map oy W� ! Y ,  7! y. The geodesic segments Œ; .y/�
in Y 0 are equipped with metrics as intervals of some fixed length � > 0; combined with the
original path-metric on Y , this defines a path-metric on Y 0 such that the natural inclusion
map Y ! Y 0 is a quasiisometry. The system of horoballs is kept the same.

Remark 3.11. (1) When the peripheral structure is trivial, P D¿, then � is word hyper-
bolic.

(2) A geodesic metric space Y is a horoball if and only if jP j D 1. Then the unique
peripheral subgroup is � itself.

5With two elementary exceptions: For finite groups, the Gromov model is a singleton, while for
Kleinian groups whose limit set is a single point � at infinity, the Gromov model is the intersection of
a horoball with a certain convex subset, see the proof of Theorem 8.5.
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(3) If j@1Y j D 2, then � is virtually cyclic and P D ¿. Indeed, by tautness Y is then
quasiisometric to a line and, in view of the infiniteness of peripheral subgroups, � must
be infinite, hence virtually cyclic, and no infinite subgroup preserves a horoball.

(4) By passing to subhoroballs, the peripheral horoballs can be made r-separated
for arbitrary r > 0, i.e., we may assume that any two distinct peripheral horoballs have
distance � r .

(5) In some treatments of the theory of relatively hyperbolic groups, the peripheral
subgroups …i are not required to be infinite. However, if one omits this condition, then
the peripheral horospheres @Bi with finite stabilizers …i are compact, the horoballs Bi
bounded by them are ends of Y Hausdorff close to rays, and their centers are isolated
points of @1Y which do not belong to the limit set of � , compare Lemma 3.12 below
whose proof uses only properties (i)–(iii) from our definition of relatively hyperbolic
groups. We do not want to allow this possibility.

(6) Gromov’s original definition did not require the finite generation condition (v),
only conditions (i-iv), while other definitions discussed in the literature do require the
finite generation. We added condition (v) because under this assumption all known def-
initions of relative hyperbolicity are equivalent (see [13, 15, 32] for proofs of the equiv-
alences).6 Furthermore, the finite generation of the peripheral subgroups is a natural as-
sumption in view of Theorem B.1.

Several finiteness properties can be readily derived from the relative hyperbolicity
axioms:

• The family B of peripheral horoballs is locally finite, i.e., every compact subset of Y
is intersected by only finitely many horoballs Bi . This follows from the local com-
pactness of Y and since we can assume the peripheral horoballs to be r-separated for
some r > 0.

• The cocompactness of the action � Õ Y th further implies that there are finitely many
�-orbits of peripheral horoballs Bi , respectively, conjugacy classes of peripheral sub-
groups …i .

Lemma 3.12. The actions …i Õ @Bi are cocompact.

Proof. Fix a base point y 2 Y . Since the action � Õ Y th is cocompact, there exists a subset
S � � such that the subset Sy � �y is Hausdorff close to the horosphere @Bi . Then the
horoballs �1Bi for  2 S intersect a compact subset and, by the local finiteness of B,
only finitely many of them are different. It follows that S is contained in a finite union of
right cosets of …i , and hence that …iy and @Bi have finite Hausdorff distance.

Together with the finite generation of the peripheral subgroups, this further implies the
next lemma.

6Specifically, Propositions 6.12 and 6.13 in Bowditch’s paper [13] prove that Definition 3.10 is equiv-
alent to Definition 1 (and, hence, Definition 2) in [13].



M. Kapovich and B. Leeb 1018

Lemma 3.13. The group � is finitely generated.

Proof. The previous lemma, together with the finite generation of the peripheral sub-
groups …i , implies that the peripheral horospheres @Bi are coarsely connected (see [18]).
Since Y is path-connected, it follows that the thick part Y th is coarsely connected. The
cocompactness of the action � Õ Y th now implies that � is finitely generated.

Corollary 3.14. Suppose that � satisfies parts (i)–(iii) of Definition 3.10. Then � is finite-
ly generated if and only if all peripheral subgroups …i , i 2 I , are finitely generated.

Proof. One direction is proven in Lemma 3.13. The converse direction is proven in part (d)
of the main theorem of [23, p. 144] (see also [19] for the same implication with a different
definition of relative hyperbolicity).

We describe next the dynamics at infinity. The action � Õ @1Y is a convergence
action with certain characteristic features.

Since the horoballs Bi are disjoint and form a �-invariant family, the stabilizers in �
of the centers �i 2 @1Y of the horoballs Bi are precisely the peripheral subgroups …i .
We can regard P as a subset of @1Y via the natural embedding …i 7! �i . The points �i
are limit points of � due to our condition (iv) that the …i are infinite, however they are
not conical. They are called the parabolic points of � in @1Y and their stabilizers …i the
maximal parabolic subgroups of � .

All other points in @1Y are conical limit points of � as a consequence of the cocom-
pactness of the action � Õ Y th. (Recall that an ideal point � 2 @1Y is a conical limit point
in the dynamical sense of Definition 2.1 if and only if the following geometric property
is satisfied: A(ny) geodesic ray in Y asymptotic to � has a tubular neighborhood which
contains infinitely many points of a �-orbit.) In particular, the limit set of � Õ Y is the
entire @1Y .

Note that the peripheral structure P can be read off the action � Õ @1Y as the set of
non-conical limit points and their stabilizers.

If j@1Y j � 3, then @1Y is a perfect metrizable compact topological space and the
action � Õ @1Y is a minimal convergence action.

The cocompactness of the actions …i Õ @Bi implies that also the actions …i Õ
@1Y � ¹�iº are properly discontinuous and cocompact, i.e., the �i are bounded parabolic
points, cf. Definition 2.1. Thus, the convergence action � Õ @1Y is geometrically finite
in the dynamical sense of Beardon–Maskit.

Proposition 3.15. All points in @1Y are either conical limit points or bounded parabolic
points for the action of � .

In particular, � is relatively hyperbolic in the sense of Bowditch’s first definition
in [13] which is formulated in terms of the dynamics at infinity of a properly discon-
tinuous isometric action on a Gromov hyperbolic space.
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The Gromov model Y is not canonical in the sense that its quasiisometry type is not
determined by the pair .�;P /. This is because the action � Õ Y is cocompact only on the
thick part Y th and the geometry of the peripheral horoballs is not controlled by the group.
Nevertheless, the asymptotic geometry of the Gromov models is determined. By a remark-
able result due to Bowditch [13, Theorem 9.4], for any two Gromov models � Õ Y1 and
� Õ Y2, there is a �-equivariant homeomorphism @1Y1

Š
! @1Y2. If j@1Y1j � 3, since

the �-actions on @1Y1, @1Y2 are minimal, this homeomorphism is necessarily unique.
It follows that if the Gromov model Y1 is faithful and the point y1 2 Y1 has trivial

stabilizer in � , then the �-equivariant map of orbits �y1! �y2, y1 7! y2 extends, by
a homeomorphism at infinity, to an equivariant continuous map

�y1 t @1Y1
Š
�! �y2 t @1Y2 (3.16)

of the orbit closures inside the visual compactifications of the Gromov models. Indeed, it
can be read off the convergence dynamics of the action � Õ @1Yi whether a sequence
.nyi / in the orbit �yi converges in xYi and, if yes, to which ideal point in @1Yi . If also
the point y2 has trivial stabilizer in � , then (3.16) is a homeomorphism.

This enables one to define a boundary at infinity and a compactification of a relatively
hyperbolic group.

Definition 3.17 (Ideal boundary). The ideal boundary @1� of a relatively hyperbolic
group .�;P / is defined as the visual boundary @1Y of a Gromov model Y . The com-
pactification x� D � t @1� of � is topologized at infinity by embedding it into the visual
compactification xY D Y t @1Y using an injective orbit map � ! Y , after enlarging Y
to a faithful Gromov model.

Both @1� and x� do not depend on the choice of the Gromov model and the orbit
inside it. To simplify the notation, we will suppress the peripheral structure.

Remark 3.18. Bowditch also constructed in [13] a “canonical” Gromov model, unique up
to (equivariant) quasiisometry, with uniform strict exponential distortion of the peripheral
horospheres.

The natural action � Õ @1� at infinity for a relatively hyperbolic group � is a mini-
mal convergence action with finite kernel (unless 1 � j@1�j � 2) satisfying the Beardon–
Maskit condition that every point � 2 @1� is either a conical limit point or a bounded
parabolic fixed point. The stabilizers of the latter ones are the peripheral subgroups of � .

Yaman showed that, conversely, the existence of an action with this kind of dynam-
ics characterizes relatively hyperbolic groups, thereby generalizing Bowditch’s dynamical
characterization of (absolutely) hyperbolic groups.

Theorem 3.19 ([59]). Let � ÕZ be a convergence action on a non-empty perfect metriz-
able compact topological space Z. Suppose that

(i) each point in Z is either a conical limit point or a bounded parabolic fixed point;
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(ii) there are finitely many �-orbits of bounded parabolic fixed points, and their �-
stabilizers are finitely generated.

Then the family P of these stabilizers forms a relatively hyperbolic structure on � , and Z
is equivariantly homeomorphic to @1.�;P /.

Remark 3.20. (1) As Yaman points out herself [59, pp. 41–42], the assumption that
there are finitely many �-orbits of bounded parabolic fixed points can be dropped as a con-
sequence of a result by Tukia [57, Theorem 1B].

(2) The finite generation of the �-stabilizers of bounded parabolic fixed points is
needed in Yaman’s paper [59] only indirectly, namely, because she verifies [13, Defini-
tion 2] and the latter requires the finite generation of peripheral subgroups.

The following result on peripheral subgroups is also relevant for our paper. Here,
a space is said to have coarsely bounded geometry if there exist a scaleR0 > 0 and a func-
tion  W ŒR0;1/! N such that for all R � R0 every R-ball in the space can be covered
by at most  .R/ R0-balls.

Theorem 3.21 ([17]). All peripheral subgroups of a relatively hyperbolic group have
polynomial growth provided that the group admits a Gromov model with coarsely bounded
geometry.

Hence, by Gromov’s theorem, the peripheral subgroups then are virtually nilpotent.

Remark 3.22. Dahmani and Yaman work with a stricter notion of bounded geometry:
they put R0 D 1 and also require on the small scale that every 1-ball can be covered by
at most  .R/-balls of the radius 1

R
. However, their proof only uses the assumption of

coarsely bounded geometry.

We observe that the property of coarsely bounded geometry behaves well under quasi-
isometric embeddings: a space has coarsely bounded geometry as soon as it quasiisomet-
rically embeds into a space with this property, for instance, into a symmetric space.

Corollary 3.23. If a relatively hyperbolic group admits a Gromov model which quasi-
isometrically embeds into a symmetric space, then all peripheral subgroups are virtually
nilpotent.

3.3.2. Straight triples. We carry over the notion of straightness of triples (defined in
Section 3.1) from Gromov hyperbolic spaces to relatively hyperbolic groups as follows.

For a relatively hyperbolic group .�;P /, we consider the spaces of pairs

.� t @1�/
2
��@1� � .� t @1�/

2

and triples
T .�; @1�/ WD .� t @1�/ � � � .� t @1�/

in x� , compare (3.2). If .Y;B/ is a Gromov model for .�;P / and y 2 Y is a point, then the
orbit map oy induces natural continuous maps x�2! xY 2 and x�3! xY 3 of pairs and triples
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which restrict to maps .� t @1�/2 ��@1� ! .Y t @1Y /
2 ��@1Y and T .�; @1�/!

T .Y; @1Y /. Whether a family of triples in x� projects to a uniformly straight (in the sense
of Definition 3.3) family of triples in xY , depends only on its asymptotics at infinity and is
therefore independent of the Gromov model Y and the point y.

Lemma 3.24 (Straightness is independent of Gromov model). The image in T .Y;@1Y / of
a subset T � T .�;@1�/ consists ofD-straight triples for some uniformD � 0 if and only
if the subset of pairs ¹.�12 x1; 

�1
2 x3/W .x1; 2; x3/ 2 T º is contained in .� t @1�/2 �

�@1� as a relatively compact subset.

Proof. By �-equivariance, the triples in the image of T in T .Y; @1Y / are D-straight if
and only if the triples in the image of the familyE WD ¹.�12 x1; e;

�1
2 x3/W .x1; 2; x3/2 T º

are. The latter holds for some uniform D � 0 if and only if the family of all geodesics
in Y with pair of endpoints in the image EY of E under the natural map .� t @1�/2 �
�@1� ! .Y t @1Y /

2 � �@1Y is bounded (in the sense defined in Section 3.1). This
condition (by Lemma 3.1) holds if and only if EY is relatively compact in .Y t @1Y /2 �
�@1Y , so in view of the continuity of the map x�2 ! xY 2, if and only if E is relatively
compact in .� t @1�/2 ��@1� .

It therefore makes sense to call a family of triples in T .�; @1�/ straight if its image
in T .Y; @1Y / consists of D-straight triples for some fixed data .D; Y; y/.

Note that straightness is a useful concept for triples in relatively hyperbolic groups �
only if j@1�j > 1. If @1� is a singleton, then a family of triples .1; 2; 3/ in �3 is
straight if and only if the corresponding subsets ¹�12 1; 

�1
2 3º intersect some finite

subset of � .

4. Some geometry of higher rank symmetric spaces

4.1. Basic notions and standing notation

In this section, we briefly discuss some basic definitions pertaining to symmetric spacesX
of noncompact type. (We will call them simply symmetric spaces.) We refer the reader to
the books [20, 29, 45] for the foundational material, and to our earlier papers [35, 36,
38, 40–42] for more specialized aspects of the theory, developed specifically to study the
asymptotic geometry and discrete isometry groups of symmetric spaces.

The visual boundary @1X of a symmetric spaceX admits a structure as a thick spher-
ical building (the Tits building of X ). Throughout the paper, we will use the notation �mod

for the model spherical chamber of this building, � for the model Euclidean Weyl cham-
ber of X and � W @1X ! �mod for the type projection. The full isometry group of X acts
on �mod isometrically; the map � is equivariant with respect to this action. We will denote
byG < Isom.X/ the kernel of this action, i.e., the subgroup of type preserving isometries.
It is a semisimple Lie group and has finite index in Isom.X/.
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We will freely use the notions introduced in our earlier papers, such as the oppo-
sition involution � of �mod, a type x� 2 �mod, the face types �mod � �mod [40, §2.2.2],
the associated �mod-flag manifolds Flag�mod

[40, §§2.2.2 and 2.2.3], the open Schubert
cells C.�/ � Flag�mod

[40, §2.4], the �mod-boundary @�mod� of � [40, §2.5.2], the �-
valued distance d� on X [40, §2.6], ‚-regular geodesic segments [40, §2.5.3], parallel
sets P.��; �C/, stars st.�/, open stars ost.�/, ‚-stars st‚.�/, Weyl cones V.x; st.�//
and ‚-cones V.x; st‚.�//, diamonds }�mod.x; y/ and ‚-diamonds }‚.x; y/ [40, §2.5],
�mod-regular sequences and subgroups [40, §4.2], uniformly �mod-regular sequences and
subgroups [40, §4.6], �mod-convergence subgroups, flag convergence,7 the Finsler inter-
pretation of flag convergence, see [36, §§4.5 and 5.2] and [40], �mod-limit sets ƒX;�mod D

ƒ�mod D ƒ�mod.�/ � Flag�mod
[40, §4.5], visual limit sets [40, p. 4], Morse subgroups [40,

§5.4], Morse quasigeodesics and Morse maps [42, Definitions 5.31 and 5.33], antipodal
limit sets [40, Definition 5.1] and antipodal maps to flag manifolds [42, Definition 6.11],
to name a few. We review some of this material in Sections 4.2 and 4.4. We also refer to
Appendix A for more a detailed discussion.

We will use the standing notation and the following conventions.
Throughout the paper, X will denote a symmetric space of noncompact type. We will

denote by ‚ an �-invariant, compact, Weyl-convex (see [40, Definition 2.7]) subset of the
open star ost.�mod/ � �mod. For pairs ‚;‚0 � ost.�mod/ of such subsets, we will always
assume that ‚ � int.‚0/. Similarly, for pairs of positive constants d , d 0, we will always
assume that d < d 0. Note that, when X has rank one, the data �mod,‚ are obsolete. In this
case, we also have that @�mod D ¿ and ‚ D int.�mod/ D �mod is clopen; in particular,
‚0 D int.‚/ D ‚.

4.2. Finsler geometric notions

In [36], see also [40], we considered a certain class of G-invariant “polyhedral” Finsler
metrics on X . Their geometric and asymptotic properties turned out to be well adapted
to the study of geometric and dynamical properties of regular subgroups. They provide
a Finsler geodesic combing of X which is, in many ways, more suitable for analyzing the
asymptotic geometry of X than the geodesic combing given by the standard Riemannian
metric on X . These Finsler metrics also play a basic role in the present paper. We briefly
recall their definition and some basic properties, and refer to [36, §5.1] for more details.

Let x� 2 int.�mod/ be a type spanning the face type �mod. Recall that b� denotes the
Busemann function on X associated with �. The x� -Finsler distance d x� on X is the G-
invariant pseudo-metric defined by

d
x� .x; y/ WD max

�.�/Dx�

.b�.x/ � b�.y//

7Here we note (for readers familiar with Satake compactifications) that �mod-convergence of sequences
in X to points in Flag�mod

is equivalent to the convergence in the suitable Satake compactification of X ,
where the flag manifold Flag�mod

is the smallest (closed) stratum.
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for x; y 2 X , where the maximum is taken over all ideal points � 2 @1X with type
�.�/ D x� . Equivalently, d x� .x; y/ can be defined as the inner product of d�.x; y/ and
the vector x� . The x� -Finsler distance is positive, i.e., a (non-symmetric) metric, if and only
if the radius of �mod with respect to x� is less than �

2
. This is in turn equivalent to x� not

being contained in a factor of a nontrivial spherical join decomposition of �mod, and is
always satisfied, e.g., if X is irreducible.

If d x� is positive, it is equivalent to the Riemannian metric. In general, if it is only
a pseudo-metric, it is still equivalent to the Riemannian metric d on uniformly regular
pairs of points. More precisely, if the pair of points x, y is ‚-regular, then

L�1d.x; y/ � d
x� .x; y/ � Ld.x; y/

with a constant L D L.‚/ � 1.
Regarding symmetry of the Finsler distance, one has the identity

d �
x� .y; x/ D d

x� .x; y/

and hence d x� is symmetric if and only if

�x� D x�:

We refer to d x� as a Finsler metric of type �mod.
The d x� -balls in X are convex but not strictly convex. (Note that their intersections

with flats through their centers are polyhedra.) Accordingly, d x� -geodesics connecting
two given points x, y are not unique. To simplify the notation, xy will stand for some
d
x� -geodesic connecting x and y. The union of all d x� -geodesics xy equals the �mod-

diamond }�mod.x; y/, that is, a point lies on a d x� -geodesic xy if and only if it is contained
in }�mod.x; y/, see [40]. Finsler geometry thus provides an alternative description of dia-
monds. Note that with this description, the diamond }�mod.x; y/ is also defined when the
segment xy is not �mod-regular. Such a degenerate �mod-diamond is contained in a smaller
totally geodesic subspace, namely in the intersection of all �mod-parallel sets containing
the points x, y. The description of geodesics and diamonds also implies that the unpa-
rameterized d x� -geodesics depend only on the face type �mod and not on x� . We will refer
to d x� -geodesics as �mod-Finsler geodesics. Note that Riemannian geodesics are Finsler
geodesics.

We will call a ‚-regular �mod-Finsler geodesic a ‚-Finsler geodesic. If xy is a ‚-
regular (Riemannian) segment, then the union of ‚-Finsler geodesics xy equals the ‚-
diamond }‚.x; y/.

Every �mod-Finsler ray in X is contained in a �mod-Weyl cone, and we will use the
notation x� for a �mod-Finsler ray contained in V.x; st.�//. Similarly, every �mod-Finsler
line is contained in a �mod-parallel set, and we denote by ���C an oriented �mod-Finsler
line forward/backward asymptotic to two antipodal simplices �˙ 2 Flag�mod

and contained
in P.��; �C/.
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4.3. Types of isometries

Let g 2 Isom.X/. The function ıg.x/D d.x;gx/ onX is called the displacement function
of g, and the number

mg WD inf
X
ıg

is called the infimal displacement or translation number of g.
The isometry g is called semisimple if ıg attains its infimum. The semisimple isome-

tries split into two subclasses. A semisimple isometry g is called

(i) elliptic if mg D 0, i.e., if it fixes a point in X . Equivalently, the orbits in X of the
cyclic group hgi are bounded,

(ii) axial or hyperbolic if mg > 0. In this case, the minimum set Min.g/ of ıg is the
union of the axes of g, i.e., of the g-invariant geodesic lines. On each axis, g acts
as a translation by mg . The subset Min.g/ is a symmetric subspace of X and
splits metrically as Min.g/ Š R � CS , the lines R � pt being the axes of g and
the cross section CS being a symmetric (sub)space.

A hyperbolic isometry g is a transvection if it preserves the parallel vector fields along
some (and hence any) axis. Then every line parallel to an axis of g is itself an axis, i.e.,
the minimum set is the full parallel set of a line. The transvections are the isometries of X
which can be written as the product of two distinct point reflections.

The isometries g for which ıg does not attain its infimum are called parabolic. A para-
bolic isometry g has at least one fixed point in the visual boundary. To see this, consider
a sequence .xn/ inX such that ıg.xn/&mg . Then xn!1 and the accumulation points
of .xn/ in @1X are fixed by g. Moreover, at some of the fixed points at infinity also
the horoballs are preserved by g. Namely, choose a sequence .xn/ more carefully, by
picking a base point o 2 X and a sequence "n & mg and letting xn be the nearest point
projection of o to ¹ıg � "nº. Then for any accumulation point � 2 @1X of .xn/, the
horoballs centered at � are g-invariant, see, e.g., [4, Proposition 3.4].

The parabolic isometries break up into several subclasses. We will call a parabolic
isometry g strictly parabolic ifmg D 0 and non-strictly parabolic otherwise. If rankXD1,
then all parabolic isometries are strictly parabolic, but non-strictly parabolic isometries
occur if rankX � 2.

An isometry g¤ idX is called unipotent if the closure of its conjugacy class in Isom.X/
contains idX , i.e., if there exists a sequence of isometries hn!1 such that hngh�1n ! idX .
In this case, there exists a transvection h such that

lim
n!1

hngh�n D idX :

Unipotent isometries are strictly parabolic.
Every isometry g of X has a unique Jordan decomposition

g D gsgu D gtgegu; (4.1)
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where gs D gtge and gt , ge , gu are commuting isometries which are a transvection,
elliptic and unipotent, respectively. The factor gs is semisimple. Note that

mg D mgs D mgt ;

and Min.gs/ is preserved by gu.
If g is non-strictly parabolic, equivalently, if gt and gu are nontrivial, then gu pre-

serves the cross sections ¹tº � CS of Min.gt / Š R � CS and acts on them as a strictly
parabolic isometry.

We refer the reader to [20] for further discussion.
If u 2G is a unipotent isometry, then it is of the form uD exp.n/with n 2 g nilpotent.

(Here g is the Lie algebra of G.) According to the Morozov–Jacobson theorem regarding
nilpotent elements in semisimple Lie algebras, see [33], n belongs to a 3-dimensional
simple Lie subalgebra g0 Š sl.2;R/. Correspondingly, u lies in a rank one Lie subgroup
G0 < G locally isomorphic to SL.2;R/. The subgroup G0 preserves a totally geodesic
hyperbolic plane X 0 � X and u acts on it as a parabolic element. Consequently, u fixes
a unique ideal point � 2 @1X 0 and preserves the horocycles in X 0 centered at � . It follows
that its orbits accumulate in xX at �, ƒ.hui/ D ¹�º.

More generally, if g 2 G is strictly parabolic, then gs is elliptic, gt D idX , and g
has the Jordan decomposition g D gegu with gu ¤ idX . The latter implies that the gu-
invariant fixed subspace Fix.ge/ � X is noncompact. As above, it contains a gu-invariant
hyperbolic plane X 0 on which gu acts as a parabolic isometry. The g-orbits in X have
bounded distance from the gu-orbits, and it follows that they accumulate in xX at a unique
ideal point � 2 @1X 0 � @1 Fix.ge/,

ƒ.hgi/ D ¹�º: (4.2)

The hyperbolic plane X 0 and the horocycles in it centered at � are g-invariant.
We define the type of the strictly parabolic isometry g as �.g/ WD �.�/ 2 �mod and

its face type �mod.g/ � �mod as the face of �mod spanned by its type. Note that both are
�-invariant because the points in the visual boundary of a rank one symmetric subspace
of X (such as X 0) are pairwise antipodal and therefore have the same �-invariant type.

Let g be an isometry which fixes an ideal point � 2 @1X . Then g induces an isome-
try g� on the spaceX� of strong asymptote classes at � (see Appendix A), cf., e.g., [36,45].
If g preserves also the horoballs at �, then

mg� D mg : (4.3)

For every isometry g of X , it holds that

mgn D nmg (4.4)

for n 2 N0. This is clear for semisimple isometries. If g is parabolic, it follows by induc-
tion on the rank of X using (4.3), or from the Jordan decomposition.
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As in the case of Gromov hyperbolic spaces, one can relate the rough classification of
isometries to the distortion of their orbit paths. For an isometry g of X , consider the orbit
paths Z! X , n 7! gnx of the cyclic group hgi generated by it. We have that if mg D 0,
equivalently, if g is elliptic or strictly parabolic, then n 7! ıgn.x/ grows sublinearily as
n!1, and the orbit paths are distorted (not quasiisometrically embedded). On the other
hand, ifmg > 0, equivalently, if g is hyperbolic or non-strictly parabolic, then (4.4) or the
Jordan decomposition implies that the orbit paths are undistorted. Thus the orbits of g are
undistorted if and only if mg > 0.

We obtain a more precise picture by applying the Jordan decomposition. If g is a strict-
ly parabolic isometry, then, as we noted earlier, g preserves a hyperbolic planeX 0�X and
acts on X 0 as a parabolic isometry. In particular, the orbits of hgi in X are logarithmically
distorted, ıgn.x/ D O.log jnj/.

It follows for an arbitrary isometry g that its orbit paths deviate sublinearily, in fact
logarithmically, from the orbit paths of its semisimple part gs ,

d.gnx; gns x/ D O.log jnj/: (4.5)

Thus, if mg > 0 and l is an oriented axis of gs , then

gnx ! l.˙1/ 2 @1X

in the visual compactification as n!˙1.
Thus, we obtain the following proposition.

Proposition 4.6 (Distortion of orbits of isometries). Let g be an isometry of X .

If g is elliptic, then its orbits are bounded.

If g is strictly parabolic, then its orbits are unbounded, but logarithmically distorted.
They accumulate in xX at a single ideal point in @1X . (It lies in the visual boundary of
a gu-invariant totally geodesic hyperbolic plane.)

If g is hyperbolic, then its orbits are undistorted. They are Hausdorff close to an(y)
axis l of g and accumulate in xX at the pair of antipodes @1l � @1X .

If g is non-strictly parabolic, then its orbits are undistorted. They deviate sublin-
earily, in fact, logarithmically, from an(y) axis l of the semisimple part gs but they are not
Hausdorff close to any line. They accumulate in xX at the pair of antipodes @1l � @1X .

In particular, the vanishing as well as positivity ofmg can be read off coarse properties
of the hgi-orbits: mg > 0 if and only if each hgi-orbit is undistorted in X .

4.4. Regularity

4.4.1. Notions of regularity and limit sets. As in our earlier papers, we will be imposing
certain regularity assumptions on discrete subgroups � <G. In this section, we go through
some variations of the notion of regularity.
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Remark 4.7. It is imperative to note here that notions of �mod-regularity and �mod-limit
sets, as well as the relation to convergence-type dynamics and many other indispensable
related concepts and theorems, have their origin in the foundational paper by Benoist [8],
in fact, even earlier in the works of Tits [55] and Guivarc’h [28].

A subset of X is called �mod-regular if all divergent sequences in it are �mod-regular.
A map into X is called �mod-regular if its image is �mod-regular.

The following strengthening of regularity occurs naturally in equivariant settings.

Definition 4.8 (Weakly uniformly regular). We say that an (unbounded) subset W � X
is .�mod; �/-regular if for x; x0 2 W

d.d�.x; x
0/; @�mod�/ � �.d.x; x

0//;

where �W Œ0;C1/!R is a monotonic function with limd!C1 �.d/DC1. We say that
a subset W � X is weakly uniformly �mod-regular if it is .�mod; �/-regular for some �.

Accordingly, we say that a map into X is .�mod; �/-regular or weakly uniformly �mod-
regular if its image in X is.

The orbits �x � X of �mod-regular actions � Õ X are weakly uniformly �mod-regular
subsets.

Weak uniform regularity is stable under bounded perturbation: If W 0 � X is d -Haus-
dorff close to W � X and W is .�mod; �/-regular, then W 0 is .�mod; �.� � 2d/ � 2d/-
regular, as follows from the (weak) �-triangle inequality

kd�.x; y/ � d�.y; z/k � d.x; z/;

see [37].
Note that a subset of X is uniformly �mod-regular (see [40, §4.6]) if and only if it is

.�mod; �/-regular for some (affine) linear function �.
For a �mod-regular subset W � X , we define @�mod

1 W � Flag�mod
as its �mod-accumula-

tion set. Similarly, we define the �mod-conical accumulation set @�mod;con
1 W � Flag�mod

as
the set of conical �mod-limits of sequences in W (see [40, Definition 5.33]).

For a �mod-regular subgroup � <G, besides the limit setƒ�mod DƒX;�mod D @
�mod
1 .�x/,

we will also consider the conical �mod-limit set

ƒcon
X;�mod

WD @�mod;con
1 .�x/ � ƒX;�mod :

A �mod-regular subgroup � < G is said to be �mod-antipodal if its limit set ƒ�mod is
antipodal, i.e., if any two distinct points in ƒ�mod are antipodal. A �mod-regular subgroup
� < G is called �mod-elementary if jƒ�mod j � 2.

It is a basic fact connecting the theory of regular discrete subgroups of G to the clas-
sical theory of Kleinian groups, that each �mod-regular antipodal subgroup � < G acts as
a convergence group on its �mod-limit set, see [40, §5.1] or [35, Corollary 3.16]. In partic-
ular, for a non-elementary �mod-regular antipodal subgroup � < G, its �mod-limit setƒ�mod

is perfect and every �-orbit is dense in ƒ�mod .
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Example 4.9. Let G1 < G be a connected rank one simple Lie subgroup. By the Kar-
pelevich–Mostow theorem, there exists a rank one symmetric subspace X1 � X which is
aG1-orbit. Its visual boundary @1X1 � @1X is an antipodal subset. Hence, it consists of
ideal points of the same �-invariant type x� 2 �mod, �.@1X1/D ¹x�º. We call �.@1X1/ WD x�
the type of the rank one subspaceX1, and the �-invariant face �mod.X1/ WD �mod.x�/� �mod

spanned by x� its face type. All non-degenerate segments in X1 have type x�. We thus have
a map

@1X1 ! Flag�mod.X1/
.X/

sending �1 2 @1X1 to the simplex ��1 2 Flag�mod.X1/
spanned by �1. Also, for every �-

invariant face �mod � �mod.X1/, by composing this map with the projection Flag�mod.X1/
!

Flag�mod
, one obtains a natural antipodal embedding ˇW@1X1! Flag�mod

. All divergent se-
quences in X1 are uniformly �mod-regular, and the �mod-accumulation set ofX1 in Flag�mod

equals ˇ.@1X1/. Every discrete subgroup �1 < G1 is uniformly �mod-regular as a sub-
group of G. Moreover, ƒ�mod.�1/ D ˇ.ƒ.�1//, where ƒ.�1/ � @1X1 is the visual limit
set of �1.

4.4.2. Zariski dense subgroups. In general, verifying the (uniform) regularity of a sub-
group is not an easy task. However, it is simpler for Zariski dense subgroups (see our
paper [36, Theorem 9.6]).

Theorem 4.10. Let � < G be Zariski dense. Suppose that Z is a compact metrizable
space, � Õ Z is a convergence action and ˇWZ ! Flag�mod

is a �-equivariant antipodal
continuous map. Then � is �mod-regular.

Moreover, we can say the following about the relation of the image to the limit set
of � .

Addendum 4.11. If, in addition, the action � Õ Z is minimal, then ˇ.Z/ D ƒ�mod .

Proof. Let �C 2 ƒ�mod . Then, since regular subgroups act on flag manifolds as discrete
convergence groups (see [40, Lemma 4.19]), there exist a sequence .n/ in � and a point
�� 2 Flag�mod

such that njC.��/ ! �C uniformly on compacts (C.��/ � Flag�mod
being

the open Schubert cell). The complement Flag�mod
�C.��/ is a proper subvariety of

Flag�mod
. Hence, by the Zariski density, ˇ.Z/ \ C.��/ ¤ ¿. For any point � in the inter-

section, it holds that n.�/! �C. Since ˇ.Z/ is closed and �-invariant, it follows that
�C 2 ˇ.Z/. Thusƒ�mod � ˇ.Z/. The minimality of the action � ÕZ implies equality.

4.4.3. Accumulation sets of regular sequences. We collect some facts needed later in
the paper.

Lemma 4.12. Suppose that .xn/ and .yn/ are uniformly �mod-regular sequences in X
such that d.xn;yn/

d.xn;o/
! 0, where o 2 X is a base point. Then their �mod-accumulation sets

in Flag�mod
coincide.
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Proof. It suffices to consider the case when .xn/ �mod-flag-converges, xn! � 2 Flag�mod
,

and to show that then also yn ! � .
We extend the Riemannian segments oxn and oyn to Riemannian rays o�n and o�n.

By uniform regularity, we may assume that the types �.�n/, �.�n/ of the ideal points
�n; �n 2 @1X are contained in a compact subset ‚ � ost.�mod/. Let ��n ; ��n 2 Flag�mod

denote the simplices in @1X spanned by them. Then ��n ! � in Flag�mod
and we must

show that also ��n ! � .
After extraction, we may assume that also .�n/ converges in @1X , �n! � . Then � 2 � .

By our assumption, †o.�n; �n/ D †o.xn; yn/! 0. It follows that also �n ! �. In view
of uniform regularity, �.�n/ 2 ‚, which implies that ��n ! � .

Let K < G denote a maximal compact subgroup. We denote by o 2 X its fixed point.

Lemma 4.13. Let xn !1 be a uniformly �mod-regular sequence in X which flag con-
verges, xn! � 2 Flag�mod

. Let .kn/ be a sequence inK such that d.xn; knxn/ is uniformly
bounded. Then .kn/ accumulates at StabK.�/ < K.

Proof. Let o 2X be the fixed point ofK. After passing to a subsequence, we may assume
that the Riemannian segments oxn converge to a ‚-regular ray o�, � 2 ost.�/, and that
kn ! k. Since d.xn; knxn/ is uniformly bounded, k fixes � and hence � . (Compare
Lemma 4.12.)

The visual and flag accumulation sets of regular sequences are related as follows:

Lemma 4.14. Let .xn/ be a �mod-regular sequence in X which accumulates in xX at the
(compact) subset A � @1X . Then the accumulation set of .xn/ in Flag�mod

consists only
of simplices which are faces of chambers containing a point of A.

Proof. We may assume that A consists only of one ideal point �. We fix a base point
o 2 X and extend the segments oxn to rays o�n. Then �n! � in @1X . Let �n � @1X be
chambers containing the ideal points �n and let �n 2 Flag�mod

be their faces of type �mod.
By the definition of flag convergence, the accumulation set of the �mod-regular sequence
.xn/ in Flag�mod

equals the accumulation set of the sequence .�n/. Its elements are faces of
chambers in the accumulation set of the sequence .�n/ in Flag�mod

. The chambers in the
latter accumulation set contain �.

4.4.4. A continuity property for Weyl cones. From Lemma 4.13, we deduce a continu-
ity property for Weyl cones. Let again K < G denote a maximal compact subgroup and
o 2 X its fixed point.

Lemma 4.15. For given ‚, d , r , ", there exists R such that the following holds.
Let �; � 0 2 Flag�mod

and let x 2 V.o; st.�// and x0 2 V.o; st.� 0// be points such that
the pairs .o; x/ and .o; x0/ are ‚-regular with distance � R. Suppose that d.x; x0/ � d .
Then V.o; st.�// \ B.o; r/ and V.o; st.� 0// \ B.o; r/ have Hausdorff distance � ".
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Proof. We can write � 0 D k� with k 2 K such that the points kx and x0 lie in the
same Euclidean Weyl chamber with tip at o. Then d.kx; x0/ � d.x; x0/ � d and hence
d.x; kx/ � 2d .

The elements zk 2 K, for which V.o; st.�//\B.o; r/ and V.o; st.zk�//\B.o; r/ have
Hausdorff distance � ", form a neighborhood U of StabK.�/. Lemma 4.13 implies that
if R is sufficiently large, k must lie in U .

5. Elementary and unipotent subgroups

In our relativizations of the Anosov condition, a prominent role is played by the stabiliz-
ers of bounded parabolic limit points. They are the peripheral subgroups for an induced
relatively hyperbolic structure. It is the presence of such subgroups that distinguishes the
relative from the absolute case. They are regular subgroups with a unique limit point.

In this section, we collect geometric and algebraic information about and discuss some
examples of subgroups with a unique limit point. We will see that they tend to consist of
elements with zero infimal displacement. This leads us to also discussing subgroups with
zero infimal displacement, in particular unipotent subgroups.

5.1. Cyclic subgroups

We first establish some properties of cyclic subgroups and their limit sets.
Let g 2G be non-elliptic and consider the (discrete and free) cyclic subgroup hgi<G.
We first look at the casemg > 0 and let l be an oriented axis of the semisimple part gs

(see Section 4.3). The orbits of hgi deviate sublinearily from l , and their visual limit set is
ƒ.hgi/ D @1l , cf. (4.5) and Proposition 4.6. If l is �mod-regular, then l.˙1/ 2 ost.�˙/
for a pair of antipodal simplices �˙ 2 Flag�mod

and @�mod
1 l D ¹��; �Cº.

Lemma 5.1. Suppose that mg > 0 and l is an axis of gs . Then

(i) hgi is uniformly �mod-regular if and only if l is �mod-regular. In this case,

ƒ�mod.hgi/ D @
�mod
1 l

is a pair of antipodes.

(ii) If g is hyperbolic and hgi is �mod-regular, then hgi is uniformly �mod-regular.

Proof. (i) The equivalence follows from (4.5) since l contains gs-orbits. If the g- and
gs-orbits are uniformly �mod-regular, then in view of Lemma 4.12, they have the same
�mod-flag limits, g˙n ! �˙ and g˙ns ! �˙, and thus ƒ�mod.hgi/ D ƒ�mod.hgsi/ D @

�mod
1 l .

(ii) If g is hyperbolic, then l is an axis of g. Therefore, if hgi is �mod-regular, then
so is l .

If g is non-strictly parabolic, �mod-regularity of hgi does not imply uniform �mod-
regularity. If hgi is non-uniformly �mod-regular, then the axis l of gs is not �mod-regular.
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By Lemma 4.14, the limit set ƒ�mod.hgi/ then consists of simplices � in Flag�mod
which

are faces of chambers containing one of the ideal points l.˙1/; both points l.˙1/ must
be covered.

In the �mod-regular case we obtain, supplementing the previous lemma, the following.

Lemma 5.2. If g is non-strictly parabolic and hgi is �mod-regular, then jƒ�mod.hgi/j � 2.

Proof. According to Lemma 4.14, both ideal points l.˙1/ lie in a chamber contained
in ƒ�mod.hgi/.

We are left with the case when mg D 0 and g is strictly parabolic. Then, according
to the discussion in Section 4.3 leading to (4.2), the orbits of hgi are Hausdorff close to
horocycles in a totally geodesic hyperbolic plane X 0 � X and jƒ.hgi/j D 1: We also had
defined there the type �.g/ 2 �mod and the face type �mod.g/ of g; both are �-invariant.

Lemma 5.3. If g 2G is strictly parabolic, then the subgroup hgi is uniformly �mod-regular
precisely for the face types �mod � �mod.g/, and jƒ�mod.hgi/j D 1 for these �mod.

Proof. The unique visual limit point � of hgi spans a simplex �.g/ of type �mod.g/ and
therefore is �mod-regular if and only if �mod � �mod.g/. Hence hgi is uniformly �mod-regular
precisely for these �mod. From the definition of flag convergence, it follows thatƒ�mod.hgi/

consists of the type �mod face of �.g/.

5.2. Elementary subgroups

Recall that an antipodal �mod-regular subgroup � <G is �mod-elementary if jƒ�mod.�/j � 2.
Since � is discrete, it holds that ƒ�mod.�/ D ¿ if and only if � is finite.

For cyclic subgroups, as we saw in Section 5.1, we have the following example.

Example 5.4. Uniformly �mod-regular cyclic subgroups hgi < G are �mod-antipodal ele-
mentary. Moreover, jƒ�mod.hgi/j D 1 if and only if g is strictly parabolic.

Further examples are provided by rank one symmetric subspaces and products of rank
one symmetric spaces.

Example 5.5. Let G1 < G and X1 � X be as in Example 4.9. Suppose that �1 < G1 is
a discrete subgroup which consists entirely of parabolic and elliptic elements, equivalently,
which preserves a horosphereHs1 �X1, whose center we denote by �1 2 @1X1 � @1X .
Then �1 has visual limit setƒ.�1/D ¹�1º and is uniformly �mod-regular withƒ�mod.�/D

¹��1º for the face types �mod � �mod.X1/.

Example 5.6. Consider the product spaceX DX1 �X2 DH2 �H2. In this case, �mod is
an arc of length �

2
, and we denote by � imod the vertex of �mod corresponding to the hyper-

bolic plane factor Xi . Then Flag�mod
Š Flag�1mod

�Flag�2mod
with Flag� imod

D @1Xi Š S
1.

A non-strictly parabolic isometry of X has, up to switching the factors, the form
g D .g1; g2/ with g1 2 Isom.X1/ hyperbolic (with two ideal fixed points �˙ 2 @1X1)
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and g2 2 Isom.X2/ parabolic (with unique ideal fixed point � 2 @1X2). The subgroup
hgi < G is �mod-regular and �mod-elementary for all face types �mod � �mod, but its unifor-
mity and antipodality depend on �mod. It is non-uniformly �mod-regular withƒ�mod.hgi/D

¹.��; �/; .�C; �/º and therefore not �mod-antipodal. It is uniformly �1mod-regular with
ƒ�1mod

.hgi/ D ¹��; �Cº and hence �1mod-antipodal. And it is non-uniformly �2mod-regular
with ƒ�2mod

.hgi/ D ¹�º and hence also �2mod-antipodal.

In the case of two antipodal limit points and �mod D �mod, we can give a general
description.

Proposition 5.7. If � < G is �mod-regular antipodal with jƒ�mod j D 2, then � is virtually
cyclic and contains only semisimple elements.

Proof. There exists a �-invariant maximal flat F � X on which � acts by translations.
Since jƒ�mod j D 2, � must be virtually cyclic.

In the �mod-regular case, the algebraic conclusion (virtually cyclic) still holds and �
must be uniformly �mod-regular, see [40, Lemma 5.45].

We now turn to discussing subgroups with a unique limit point.

5.3. Unique limit point versus zero infimal displacement

We begin with a geometric property of subgroups with a unique limit point.

Lemma 5.8. (i) If � < G is �mod-regular and jƒ�mod.�/j D 1, then all elements of
� have zero infimal displacement number, equivalently, are elliptic or strictly
parabolic.

(ii) If � < G is uniformly �mod-regular and jƒ�mod.�/j D 1, then the same conclusion
holds.

Proof. This is a direct consequence of Lemmas 5.1 and 5.2.

We now discuss consequences of zero infimal displacement. For this discussion, we
will use some of the material from [40]. Given a spherical chamber � � @1X , recall that
the stabilizer of a chamber � 2 Flag�mod

is a minimal parabolic subgroup P� < G. We
refer the reader to [40, §§2.10 and 2.11, Remark 2.28] for the discussion of horocycles
in X , the horocyclic foliation of X by the horocycles at a spherical chamber � � @1X
and the horocyclic subgroup N� G P� , which is the common stabilizer of all horocycles
at � . Algebraically speaking,N� decomposes as the semidirect productN� D U� ÌK�;y� ,
where U� G P� is the unipotent radical of P� , y� is a chamber in @1X opposite to � ,
andK�;y� is the pointwise stabilizer in G of the maximal flat F � X containing � , y� in its
visual boundary.

With these preliminaries out of the way, now turn to arbitrary subgroups with a fixed
point on Flag�mod

.
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Proposition 5.9. If a (not necessarily discrete) subgroup � < P� consists of elements
with zero infimal displacement, then it preserves every horocycle based at � , that is,
� < N� .

Proof. The stabilizer P� preserves the (transversely Riemannian) foliation of X by horo-
cycles based at � . Every maximal flat F � X asymptotic to � is a cross section to this
foliation and hence is naturally isometric to the leaf space. The action of P� on the leaf
space is by translations. It follows that elements with zero infimal displacement number
act trivially on it, i.e., preserve every horocycle at � .

This proposition has the following algebraic consequence for discrete subgroups.

Corollary 5.10. If in addition � is discrete, then it is finitely generated and virtually
nilpotent.

Proof. This follows from Auslander’s theorem (see Theorem B.1 in the appendix).

Let us consider �mod-regular subgroups with unique limit point.

Corollary 5.11. If � < G is �mod-regular and ƒ�mod.�/ D ¹�º, then � < N� and there-
fore � is finitely generated and virtually nilpotent.

More generally, without a fixed point assumption, from the work of Prasad [49] or
already from Tits [55] one can deduce the following.

Theorem 5.12. Suppose that � < G is a subgroup consisting only of elements with zero
infimal displacement. Then there exist a unipotent Lie subgroup N < G and a compact
subgroup KN < G normalizing N , such that � is contained in N ÌKN .

Proof. To relate our condition of zero infimal displacement to the one used by Prasad, we
note that mg D 0 for g 2 G if and only if the transvection component gt in the Jordan
decomposition (4.1) is trivial, equivalently, if the adjoint action of g has all eigenval-
ues in S1.

Consider now the Zariski closure x� < G of � . Let N denote the unipotent radical of
the identity component x�0 of x� . Then the projection � 0 of � to G0 D x�=N still consists
only of elements of zero displacement and is Zariski dense in G0.

We claim that G0 is compact. If not, then a theorem by Prasad [49] implies that � 0

contains elements g whose adjoint action has eigenvalues outside the unit circle, a contra-
diction. Hence, G0 is compact and we obtain that � < N ÌKN with KN Š G0.

Let us consider uniformly �mod-regular subgroups with unique limit point.

Corollary 5.13. If � < G is �mod-uniformly regular and jƒ�mod.�/j D 1, then there exist
a unipotent Lie subgroup N < G and a compact subgroup KN < G normalizing N ,
such that � is contained in N Ì KN . In particular, � is finitely generated and virtually
nilpotent.
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5.4. Unipotent subgroups

A natural class of zero displacement subgroups is provided by unipotent subgroups. We
now look at their limit sets in some examples.

In rank one, unipotent subgroups always have a unique limit point. We also know that,
in higher rank, unipotent one-parameter subgroups are �mod-regular8 for some type �mod

depending on the subgroup and have a single �mod-limit point. In contrast, as we will see,
unipotent subgroups of dimension � 2 in higher rank are not necessarily �mod-regular for
any �mod, and even if they are uniformly �mod-regular, they may fail to be �mod-elementary.

We now discuss this in the case of G D SL.3;R/.
We begin with one-parameter unipotent subgroups. There are two conjugacy classes of

such subgroups. Each subgroup of either type is contained in a Lie subgroup locally iso-
morphic to SL.2;R/ and preserves a totally geodesic hyperbolic plane of � -type equal to
the midpoint x� of the Weyl arc �mod. The subgroups conjugate to the group U1 consisting
of the elements 0@1 t

1
1

1A
are contained in SL.2;R/ � SL.3;R/ (reducibly embedded). The subgroups conjugate to
the group V1 consisting of the elements0@1 t t2

2

1 t
1

1A
are contained in SO.2; 1/ � SL.3;R/ (irreducibly embedded).

The unique limit flags of these subgroups can be determined as follows. Consider the
unipotent subgroup exp.R � n/ for a nilpotent element n 2 sl.3;R/. If rank.n/ D 1, then
the limit flag equals im.n/ � ker.n/, and if rank.n/ D 2, it equals im.n2/ � ker.n2/.

The geometry of the U1-orbit foliation of X is particularly nice: Since the normalizer
of U1 contains a minimal parabolic subgroup and therefore acts transitively on X , this
foliation is homogeneous, i.e., any two U1-orbits are congruent. As a consequence, the
�-distance of any pair of points in any U1-orbit has type x�, i.e., lies on the bisector of �.
(Recall that x� is the midpoint of the arc �mod.) The V1-orbit foliation does not have either
of these properties.

Now we turn to two-parameter unipotent subgroups. There are three conjugacy classes
represented by the subgroups UC2 , U�2 and V2 consisting of the elements0@1 ? ?

1
1

1A ; 0@1 ?
1 ?

1

1A and

0@1 t s
1 t

1

1A ;
respectively. Note that U˙2 are conjugate inside the full isometry group of X .

8That is, their orbits are �mod-regular subsets.
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Again the foliations of X by U˙2 -orbits have nice geometry, even though they are no
longer homogeneous: Since all one-parameter subgroups of U˙2 are conjugate to U1, the
�-distance of any pair of points in any U˙2 -orbit still has type x�. In particular, U˙2 is
uniformly �mod-regular.

However, the subgroups U˙2 have large limit sets: One can verify that they consist of
the limit points of their one-parameter subgroups. In the case of UC2 , these are the flags of
the form he1i � E2, and in the case of U�2 , the flags of the form L1 � he1; e2i.

We note that the same discussion applies to unipotent subgroups of SL.n;R/ of the
form 0BBB@

1 ? : : : ?

: : :

1

1

1CCCA and

0BBB@
1 ?

: : :
:::

1 ?

1

1CCCA :
Returning to SL.3;R/, in contrast, the subgroup V2 is not �mod-regular (and hence

neither are its lattices). This is a consequence of the following fact about the non-regularity
of sequences in the full horocyclic subgroup: Any diverging sequence of elements0@1 xn

1 yn
1

1A ;
where 0 < c � jxnj

jynj
� C , is not �mod-regular, as one can see from its dynamics on RP 2.

In conclusion, SL.3;R/ does not contain non-cyclic discrete �mod-regular elementary
unipotent subgroups.

6. Finsler-straight paths and maps in symmetric spaces

In this section, we introduce a notion of Finsler-straightness which adapts the notion of
straightness in Gromov hyperbolic spaces discussed earlier in Section 3.1 to the geometry
of higher rank symmetric spaces. This notion of straightness can be regarded as a regu-
larity condition and is implicit in our earlier work on Morse quasigeodesics [38]. We will
use it later on to define relative versions of our notions of Morse (equivalently, Anosov)
subgroups, namely the notions of relatively Morse, see Section 8.1, and relatively straight
subgroups, see Section 8.2.

The main results of this sections are Propositions 6.24 and 6.26 dealing with exten-
sions of straight maps to infinity. They will be used in Section 8.2.1 to construct boundary
embeddings for straight subgroups.

6.1. Triples

We denote by T .X/ WD X3 the space of triples of points in X and by

T .X;Flag�mod
/ WD .X t Flag�mod

/ �X � .X t Flag�mod
/
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the space of ideal triples in the Finsler bordification X t Flag�mod
with middle point

in X .
We first define straightness for (non-ideal) triples in X .

Definition 6.1 (Finsler-straight triple). Fix an �-invariant, compact, Weyl-convex subset‚
of the open star ost.�mod/ � �mod. A triple .x�; x; xC/ 2 T .X/ is called

(i) .‚; d/-straight, d � 0, if the points x�, x and xC are d -close to points x0�, x0

and x0C, respectively, which lie in this order on a ‚-Finsler geodesic,

(ii) .�mod; d /-straight if the same property holds with ‚ replaced by �mod.

In particular, a triple .x�; x; xC/ is .‚; 0/-straight if and only if the points x�, x, xC
lie in this order on a ‚-Finsler geodesic.

Finsler-straightness is stable under perturbation: Any triple .yx�; yx; yxC/ which is r-
close to a .‚; d/-straight triple .x�; x; xC/, i.e., d.x�; yx�/, d.x; yx/, d.xC; yxC/ � r , is
.‚; d C r/-straight.

It is useful to note that (modulo doubling the constant d ) the nearby Finsler geodesic
in the definition can be chosen through one of the endpoints of the triple.

Lemma 6.2. If .x�; x; xC/ is .‚; d/-straight, then the points x and xC are 2d -close to
points x00 and x00C, respectively, such that x�, x00 and x00C lie in this order on a ‚-Finsler
geodesic. The same assertion holds with ‚ replaced by �mod.

Proof. The points x0 and x0C in the definition of Finsler-straightness are contained in
a �mod-Weyl cone V.x0�; st.�C//. The Weyl cone V.x�; st.�C// asymptotic to it has Haus-
dorff distance � d.x�; x0�/ � d . It can be represented as the image V.x�; st.�C// D
gV.x0�; st.�C// by an isometry g 2 G fixing � at infinity and mapping x0� 7! x�. The
isometry g has displacement � d on the entire cone V.x0�; st.�C//. We put x00 D gx0,
x00C D gx0C and choose the ‚-Finsler geodesic through x� as the g-image of the one
through x0� given by the definition.9

Note that the Finsler geodesic in the conclusion of the lemma can be chosen as a Fins-
ler segment x�x00C through x00 and is then contained in a Weyl cone V.x�; st.�C//, �C 2
Flag�mod

.
To show that the nearby Finsler geodesic can be chosen through both endpoints of the

triple and to control its distance from the middle point, takes more effort.10

The notion of Finsler-straightness naturally extends to ideal triples in T .X;Flag�mod
/.

We say that a triple .x�; x; �C/ 2 X2 � Flag�mod
is .‚; d/-straight if the points x�

and x are d -close to points x0� and x0, respectively, such that x0 lies on a ‚-Finsler

9The points x00 and x00C can also be described as follows: The point x0 lies on a Riemannian ray x0��
asymptotic to � 2 st.�C/. We choose x00 2 x�� with d.x�; x00/ D d.x0�; x

0/. The point x00C is constructed
similarly.

10Weyl cones vary 1-Lipschitz continuously with their tips, whereas we do not have such a result for
diamonds at our disposal in full generality.
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ray x0��C. This ray is then d -Hausdorff close to a‚-Finsler ray x��C (compare the proof
of Lemma 6.2), and the latter passes within distance 2d from x. We say that .x�; x; �C/
is .�mod; d /-straight if the same property holds with ‚ replaced by �mod. Analogously for
triples .��; x; xC/ 2 Flag�mod

�X2.
Similarly, we say that a triple .��; x; �C/ 2 Flag�mod

�X � Flag�mod
is .�mod; d /-straight

if the simplices �˙ are antipodal and x lies within distance d of a �mod-Finsler line ���C.
Note that .‚; d/-straightness would be an equivalent property for triples .��; x; �C/,
because ���C can be chosen ‚-regular, which is why we do not introduce it.

6.2. Paths

6.2.1. Holey rays and lines. As for Gromov hyperbolic spaces, we call a map qWH !X

from a subset of H � R a holey line. If H has a minimal element, we also call q a holey
ray. (The domains of holey rays will usually be denoted H0 below.) A sequence .xn/n2N

in X can be regarded as a holey ray N ! X .
In the next section, we will frequently use linear interpolation of holey lines and rays.

Namely, assume that H is a closed and discrete subset of R. For each pair of consecutive
elements hi ;hiC1 2H , we extend the map q to the interval Œhi ;hiC1� by the constant speed
parameterization of the Riemannian geodesic q.hi /q.hiC1/. We will use the notation q for
the resulting map.

Suppose that there exists a simplex � in @1X of type �mod such that for each pair of
points hi < hj in H we have that q.hj / lies in the cone V.q.hi /; st.�//. Then the nested
cones property (see Appendix A) implies that the map q is a �mod-regular Finsler geodesic
in X . Furthermore, if each segment q.hi /q.hiC1/ is ‚-regular for some Weyl-convex
compact ‚ � ost.�mod/, then the entire q is ‚-regular.

We will consider extensions to infinity

xqW xH WD H t ¹˙1º ! X t Flag�mod

of holey lines qWH ! X by sending ˙1 to simplices �˙ 2 Flag�mod
, and refer to xq as

an extended holey line. In the case of holey rays qWH0 ! X , we consider extensions
xqW xH0 WD H0 t ¹C1º ! X t Flag�mod

by sending C1 to a simplex � 2 Flag�mod
, and

refer to xq as an extended holey ray.
We carry over the notion of Finsler-straightness from triples to holey lines by requiring

it for all triples in the image.

Definition 6.3 (Finsler-straight holey line). A holey line qWH ! X is called

(i) .‚;d/-straight if the triples .q.h�/; q.h/; q.hC// are .‚;d/-straight for all h� �
h � hC,

(ii) .�mod; d /-straight if the same property holds with ‚ replaced by �mod.

We say that q is ‚-straight if it is .‚; d/-straight for some d , analogously for �mod-
straight, and that q is uniformly �mod-straight if it is ‚-straight for some ‚.
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Remark 6.4. (i) Finsler-straightness is preserved under restriction to subsets of H .

(ii) Finsler-straightness is stable under perturbation: If two holey lines q; q0WH ! X

are r-close, d.q.h/;q0.h//� r for all h2H , and q is .‚;d/-straight, then q0 is .‚;dCr/-
straight.

(iii) A holey line qWH ! X is .‚; 0/-straight if and only if q maps monotonically
into a ‚-Finsler geodesic.

Similarly, we say that an extended holey line xqW xH ! X t Flag�mod
is .‚; d/-straight

if all triples .xq.h�/; q.h/; xq.hC// in X t Flag�mod
for �1 � h� � h � hC � C1 in xH

with h 2H are .‚; d/-straight, and analogously in the ray case. The properties .�mod; d /-
straight, ‚-straight, �mod-straight and uniformly �mod-straight are then defined in the
obvious way.

The (�mod)-straightness of an extended holey ray xqW xH0 ! X t Flag�mod
implies that

q.H0/ lies within distance 2d of the Weyl cone V.x�; st.�C// with x� D q.minH0/ and
�C D xq.C1/, however it does not imply flag convergence q.h/! �C as h! supH0
due to possible lack of regularity. If also q is �mod-regular, then q.h/ ! �C conically.
The straightness of an extended holey line xqW xH !X t Flag�mod

implies that the simplices
�˙ D xq.˙1/ 2 Flag�mod

are antipodal and the image q.H/ lies within distance d from
the parallel set P.��; �C/.

6.2.2. Asymptotics at infinity. We now discuss the convergence at infinity of Finsler-
straight holey rays. As before, we fix an �-invariant, compact, Weyl-convex subset ‚ of
the open star ost.�mod/ � �mod.

To obtain flag convergence, one needs to impose in addition regularity.

Lemma 6.5. Let xn; x0n !1 be �mod-regular sequences in X such that for some base
point x 2 X and d � 0, the triples .x; xn; x0n/ are .�mod; d /-straight. Then the sequences
.xn/ and .x0n/ have the same accumulation set in Flag�mod

.

Proof. By straightness, there exists a sequence .�n/ in Flag�mod
so that the points xn, x0n are

contained in the 2d -neighborhood of the Weyl cone V.x; st.�n// for all n, see Lemma 6.2.
It follows that the �mod-flag accumulation sets of both sequences .xn/ and .x0n/ in Flag�mod

coincide with the accumulation set of .�n/.

It follows that regular Finsler-straight holey rays converge at infinity, as long as they
are unbounded. (Note that we allow “infinite holes” and put no restriction on the “speed”.)
Here, we call a holey ray or line �mod-regular if its image in X is a �mod-regular subset.

Corollary 6.6. If qWH0 ! X is a �mod-regular �mod-straight holey ray with unbounded
image q.H0/, then it �mod-flag-converges at infinity, q.h/! � 2 Flag�mod

as h! supH0.

Proof. Since q.H0/ is unbounded, there exists a sequence hn% supH0 inH0 so that the
sequence .q.hn// inX diverges and hence is �mod-regular. By the compactness of Flag�mod

,
after passing to a subsequence, it flag-converges, q.hn/! � 2 Flag�mod

.
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If h0n ! supH0 is another sequence in H0, then there exists a sequence of indices
mn !C1 in N growing slowly enough so that hmn � h

0
n for large n. Hence the triples

.x; q.hmn/; q.h
0
n// are .�mod; d /-straight for some base point x 2 X and d > 0. By Lem-

ma 6.5, also q.h0n/! � .

In the uniformly regular case, we can show that the flag convergence is conical.

Lemma 6.7. If qWH0 ! X is a .‚; d/-straight holey ray with unbounded image q.H0/,
then it conically �mod-flag-converges at infinity, q.h/! � 2 Flag�mod

as h! supH0. More
precisely, the extended holey ray xqW xH0! X t Flag�mod

with xq.C1/D � is still .‚; 2d/-
straight.

Proof. Let h0 DminH0 and oD q.h0/. By straightness, for any h < h0 inH0 there exists
a �mod-Weyl cone with tip at o which intersects both balls xB.q.h/; 2d/ and xB.q.h0/; 2d/.

With Lemma 4.15, it follows that for every " > 0 and every h1 2 H0 there exists
h2 > h1 in H0 with the property: If h � h1 < h2 � h0, then every �mod-Weyl cone with
tip at o, which intersects xB.q.h0/; 2d/, also intersects B.q.h/; 2d C "/.

Now we take a sequence h0n! supH0 and let �n2 Flag�mod
so that q.h0n/2V.o;st.�n//.

Then for every h 2 H0 and " > 0, the Weyl cone V.o; st.�n// intersects B.q.h/; 2d C "/
for all sufficiently large n. It follows that .�n/ converges, �n ! � 2 Flag�mod

, and that
q.H0/ is contained in xN2d .V .o; st.�///.

From now on, we will only consider holey lines and rays qWH0!X such thatH0 �R
is closed and discrete.

For extended Finsler-straight holey rays, already a weaker uniformity assumption im-
plies conical flag convergence, more precisely, closeness to a Finsler geodesic.

Claim 6.8. For given d , �, there exists r such that if qWH0 ! X is a holey ray which
admits a .�mod; d /-straight extension xq and is .�mod; �/-regular,11 then there exist a �mod-
Finsler ray q.0/� and a monotonic map q0WH0! q.0/� whose image is r-close to q.H0/,
where � D xq.C1/.

Proof. By straightness, q.H0/ � xN2d .V .q.0/; st.�///.
Let q00WH0 ! V.q.0/; st.�// be a map 2d -close to q.H0/, e.g., the composition of q

with the nearest point projection to the Weyl cone V.q.0/; st.�//. We extend q00 to infinity
by xq00.C1/ WD � . Then xq00 is .�mod; 3d/-straight and .�mod; � � 4d/-regular.

The straightness of xq00 implies that, for h1 < h2 in H0, the point q00.h2/ lies within
distance 6d of the subcone V.q00.h1/; st.�// � V.q.0/; st.�//. We wish to show that it
is contained in the subcone, provided that its distance from the tip q00.h1/ is sufficiently
large. To do so, let s > 0 so that �.s/ > 10d . Then, if d.q.h1/; q.h2// > s, the .�mod; �/-
regularity of q and the choice �.s/ > 10d imply that

d.d�.q
00.h1/; q

00.h2//; @�mod�/ � �.s/ � 4d > 6d:

11See Definition 4.8.
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It follows that q00.h2/ has distance > 6d from the boundary of the cone V.q00.h1/; st.�//
which forces it to lie inside it,

q00.h2/ 2 V.q
00.h1/; st.�//:

Now let H s
0 � H0 be a maximal subset containing 0 such that q.H s

0 / is s-spaced.12

Then q.H0/ is s-Hausdorff close to q.H s
0 /. By the above, for h1 < h2 inH s

0 , it holds that
q00.h2/ 2 V.q

00.h1/; st.�//. It follows (see the discussion at the beginning of Section 6.2.1)
that q00jH s

0
maps monotonically into some �mod-Finsler ray q.0/� � V.q.0/; st.�//, the

image of the linear interpolation q00 of q00. Restricting q00 to H0, we obtain a monotonic
map q0WH0! q.0/� whose image is .2d C s/-close to that of q. Thus, the assertion holds
with r D 2d C s.

A corresponding result for holey lines qWH ! X is readily derived.

Addendum 6.9. For given d , �, there exists r such that if qWH !X is a holey line which
admits a .�mod; d /-straight extension xq and is .�mod; �/-regular, then there exist a �mod-
Finsler line ' D ���C and a monotonic map q0WH ! ���C whose image is r-close to
that of q, where �˙ D xq.˙1/.

Proof. Pick some h0 2 H and a point q0.h0/ 2 P.��; �C/ within distance d from q.h0/.
Applying Claim 6.8 to the two holey subrays of q starting in q.h0/ yields monotonic
maps into suitable �mod-Finsler rays q.h0/�˙. The latter are d -Hausdorff close to two
�mod-Finsler rays q0.h0/�˙ which together form a �mod-Finsler line ���C with the desired
property.

When there are no arbitrarily large holes in q.H/, regularity can be promoted to uni-
form regularity.

We say that for l � 0 a holey line qWH ! X is coarsely l-connected, if for every
pair of consecutive elements hi ; hiC1 2 H , d.q.hi /; q.hiC1// � l . The following claim
is straightforward and is left to the reader.

Claim 6.10. Suppose that q is coarsely l-connected and Hs � H is a maximal subset
such that q.Hs/ is s-spaced. Then the restriction qjHs is coarsely .2s C l/-connected.

Claim 6.11. For given d , �, l , there exist ‚, r 0 such that if q is as in Addendum 6.9 and
moreover coarsely l-connected, then the �mod-Finsler line ���C in Addendum 6.9 can be
chosen to be ‚-regular.

Proof. Let q0 be as in Addendum 6.9. Take r D r.d; �/ as in Addendum 6.9, and choose
s; a > 0 so that �.s/ � 2r C a.

Consider any pair h; zh 2 H satisfying h < zh and d.q.h/; q.zh// � s. Recall that

d.q.h/; q0.h// � r and d.q.zh/; q0.zh// � r:

12See Section 2.1 for the definition.
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Thus, by the triangle inequality for �-distances,

kd�.q
0.h/; q0.zh// � d�.q.h/; q.zh//k � 2r:

Since the map q is assumed to be .�mod; �/-regular, the distance from d�.q.h/; q.zh//

to @�mod� is � �.s/ � 2r C a. It follows that the distance from d�.q
0.h/; q0.zh// 2 �

to @�mod� is � a. Assuming, in addition, that d.q0.h/; q0.zh// � R, we obtain that the
vector d�.q0.h/; q0.zh// is‚-regular for some Weyl-convex compact subset‚D ‚.R; a/
in ost.�/.

Let Hs � H be a maximal subset such that q.Hs/ is s-spaced. As we noted above,
qjHs is coarsely .2s C l/-connected, and, consequently (since the distance between q
and q0 is � r), q0jHs is coarsely R D 2s C l C 2r-connected. It follows that for every pair
of consecutive points h, zh in Hs , the segment q0.h/q0.zh/ is ‚-regular.

According to Addendum 6.9, q0 is a monotonic map to the �mod-Finsler line ' D ���C.
We define a new Finsler geodesic '0 by linear interpolation q0WR! X of q0jHs . Then '0

is a ‚-Finsler geodesic '0 in X , just as in the proof of Claim 6.8. Since '0 contains the
biinfinite sequence q0.Hs/ which (forward/backward) converges to �˙, it follows that the
Finsler geodesic '0 is asymptotic to �˙.

By the construction of '0, for each pair of consecutive points hi ; hiC1 2Hs the image
q0.Œti ; tiC1�/ is R-Hausdorff close to ¹q0.hi /; q0.hiC1/º. It follows that '0 is R-Hausdorff
close to q.Hs/. Thus, q.H/ is r 0 WD RC l-Hausdorff close to '0.

If one allows arbitrarily large holes, one needs an extra assumption to ensure uniform
regularity. We will consider the following condition.

Definition 6.12 (Uniformly regular large holes). A holey line qWH ! X with H � R
closed and discrete is said to have .y‚; l/-regular large holes if for any two consecutive
elements h < zh in H with d.q.h/; q.zh// > l , the pair .q.h/; q.zh// is y‚-regular. We say
that q has uniformly �mod-regular large holes if it has .y‚; l/-regular large holes for some
data y‚, l .

Then a very similar argument as for Claim 6.11 yields that uniformly regular large
holes imply uniform regularity for the holey lines under consideration.

Claim 6.13. For given d , �, l , y‚, there exist ‚, r with the following property: Let q be
as in Addendum 6.9 and suppose moreover that it has .y‚; l/-regular large holes. Then the
�mod-Finsler line ���C can be chosen to be ‚-regular.

6.2.3. Morse quasigeodesics. Morse quasigeodesics are a particular class of uniformly
Finsler-straight holey lines (with “bounded holes”) which play a prominent role in our
earlier work, see [38, 40, 42].

Definition 6.14 (Morse quasigeodesic). A .‚; d; L; A/-Morse quasigeodesic in X is
a .‚; d/-straight holey line qW I ! X which is defined on an interval I � R and is an
.L;A/-quasiisometric embedding.
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We will call a .‚; d; L; A/-Morse quasigeodesic also briefly a �mod-Morse quasi-
geodesic.

One can show that �mod-Morse quasigeodesics are, up to quasiisometric reparameter-
ization, uniformly close to �mod-Finsler geodesics. For quasirays and quasilines, this is
a consequence of Claim 6.8 and Addendum 6.9. The definition therefore agrees with the
definition given in our earlier papers.

The main result of [42] is that uniformly �mod-regular quasigeodesics are �mod-Morse.
(Note that the converse holds trivially.)

6.3. Maps

6.3.1. Straight maps. We now generalize the notion of Finsler-straight holey line and
introduce and study a class of maps from subsets of Gromov hyperbolic spaces into sym-
metric spaces which preserve straightness. Here we use in the hyperbolic spaces the notion
of straightness in terms of closeness to geodesics (cf. Definition 3.3) and in the symmetric
spaces the notion of straightness in terms of closeness to Finsler geodesics (cf. Defini-
tion 6.1) which is well adapted to the higher rank geometry. Straight maps are coarse
analogs of projective maps in Riemannian geometry which are smooth maps sending
unparameterized geodesics to unparameterized geodesics.

Let Y be a ı-hyperbolic proper geodesic space and X a symmetric space. In the fol-
lowing,

f W A! X

will always denote a metrically proper map defined on a subset A � Y .

Definition 6.15 (Finsler-straight map). The map f WA! X is called

(i) ‚-straight if for everyD there exists d D d.‚;D/ such that f sendsD-straight
triples in A to .‚; d/-straight triples in X ,

(ii) �mod-straight if the same property holds with ‚ replaced by �mod,

(iii) uniformly �mod-straight if it is ‚-straight for some ‚.

Note that uniform Finsler-straightness implies (coarse) uniform regularity. Finsler-
straight maps carry straight holey lines to Finsler-straight holey lines. Uniformly regular
quasiisometric embeddings Y ! X are uniformly straight [42].

We will use the notion of straightness also for extensions of maps to infinity: If ˇWB!
Flag�mod

is a map defined on a subset B � @1A, we say that the combined map

xf D f t ˇW A t B ! X t Flag�mod

is‚-straight if for everyD there exists d D d.‚;D/ such that the induced map on triples

T .f t ˇ/W T .A;B/! T .X;Flag�mod
/
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sends D-straight triples to .‚; d/-straight triples, where we use the notation (cf. Sec-
tion 3.1)

T .A;B/ WD .A t B/ � A � .A t B/:

The properties �mod-straight and uniformly �mod-straight are defined accordingly.

6.3.2. Morse quasiisometric embeddings. Especially important are straight maps which
are quasiisometric embeddings.

Definition 6.16 (Morse quasiisometric embedding). A map Y ! X from a Gromov hy-
perbolic geodesic metric space Y is called a �mod-Morse quasiisometric embedding if it
sends geodesics to uniform �mod-Morse quasigeodesics.

This is equivalent to the definitions given in our earlier papers (see [38, Definition 7.23]
and [42, Definition 5.29]). Note that there we allowed more generally for quasigeodesic
metric spaces as domains. However, we showed in [42, Theorem 6.13] that such domains
are necessarily Gromov hyperbolic.

Reformulating the above definition, a quasiisometric embedding Y ! X is �mod-
Morse if and only if it is uniformly �mod-straight.

The main result of [42] implies that a quasiisometric embedding Y !X is �mod-Morse
if and only if it is uniformly �mod-regular.

6.3.3. Asymptotics at infinity. It is plausible that straightness is related to good asymp-
totic behavior and the existence of boundary maps.

We first address continuity at infinity. We will assume in the following that the map
f WA! X is �mod-regular and �mod-straight. Our tool is the following direct consequence
of Lemma 6.5.

Lemma 6.17. Suppose that yn; y0n !1 are divergent sequences contained in A so that
the triples .y; y0n; yn/ are D-straight for some base point y 2 Y and D � 0. Then the
sequences .f .yn// and .f .y0n// in X have the same accumulation set in Flag�mod

.

Definition 6.18 (Shadowing). A subset S �A is shadowing a subset†� @1A at infinity
(in A) if for every sequence yn ! 1 in A accumulating at † there exists a sequence
y0n !1 in S such that the triples .y; y0n; yn/ are D-straight for some base point y 2 Y
and D � 0.

Example 6.19. (i) A conical accumulation point � 2 @con
1 A is shadowed (in Y ) by a se-

quence in A conically converging to it.

(ii) Suppose that A is disjoint from a horoball B � Y centered at � 2 @1Y and
contains a subset S which has finite Hausdorff distance from the horosphere @B . Then
� 2 @1A is shadowed (in A) by S . Indeed, suppose that S is at Hausdorff distance D
from @B . Fix y 2 Y and consider a sequence yn 2 A converging to �. Then for all suffi-
ciently large n, the segment yyn will cross the horosphere @B at a point zn. For y0n 2 S
within distance D from zn, the triple .y; y0n; yn/ will be D-straight.
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Lemma 6.17 immediately yields the next assertion.

Lemma 6.20. Suppose that S � A is shadowing † � @1A in A. Then for every subset
W � A with @1W � † it holds that

@�mod
1 .f .W // � @�mod

1 .f .S//:

As a corollary of the lemma, we obtain the following.

Corollary 6.21. Suppose that S;S 0�A have the same visual accumulation set†� @1A,
and they are both shadowing † in A, then

@�mod
1 .f .S// D @�mod

1 .f .S 0//:

We will apply the last lemma as follows.

Corollary 6.22. If S � A is shadowing the ideal point � 2 @1A in A and @�mod
1 .f .S//

consists of a single simplex � , then the extension of f defined by f .�/ D � , defines a map
S [ ¹�º continuous at �.

Our second observation concerns antipodality at infinity.

Lemma 6.23. Suppose that y˙n !1 are sequences inAwhose accumulation sets in @1A
are disjoint. Then the accumulation sets of the sequences .f .y˙n // in Flag�mod

are an-
tipodal.13

Proof. We may assume that the sequences .f .yCn // �mod-converge, .f .y˙n //! �˙. Let
y 2 A be a base point. The assumption implies that the triples .y�n ; y; y

C
n / in Y are

D-straight for some D, (cf. Lemma 3.1). By the Finsler-straightness of f , the triples
.f .y�n /; f .y/; f .y

C
n // in X are then .�mod; d /-straight for some d . This means that

there exists a bounded sequence of �mod-parallel sets P.��n ; �
C
n / such that f .y˙n / has

uniformly bounded distance from V.f .y/; st.�˙n //. Then �˙n ! �˙ by the definition of
flag convergence. The antipodality of �˙ follows from the boundedness of the sequence
of parallel sets.

We next apply these observations to show the existence of a partial boundary map at
infinity.

For a map ˇWB ! Flag�mod
defined on a subset B � @1A, we say that the combined

map
f t ˇW A t B ! X t Flag�mod

is continuous at infinity if for every sequence .yn/ in A with yn ! � 2 B it holds that
f .yn/ ! ˇ.�/ in the sense of flag convergence. Note that then ˇ must necessarily be
continuous.

We obtain that the map f WA ! X extends continuously to the conical accumula-
tion set.

13That is, every accumulation point of .f .yCn // is antipodal to every accumulation point of .f .y�n //.
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Proposition 6.24. There exists an antipodal continuous map

@con
1 f W @

con
1 A! @�mod

1 .f .A// � Flag�mod

such that the extended map

f t @con
1 f W A t @

con
1 A! X t Flag�mod

is continuous at infinity.
If f is uniformly �mod-straight, then @con

1 f .@
con
1 A/ � @

�mod;con
1 .f .A//.

Proof. Given a point � 2 @con
1 A, we pick a sequence .yn/ in A converging to � conically.

After extraction, this sequence moves to infinity “monotonically” in the sense that it is
D-straight for some D.14

Hence, the image sequence .f .yn// in X is .�mod; d /-straight for some d . (It is also
�mod-regular due to our assumption that f is �mod-regular.) By Corollary 6.6, it �mod-
converges at infinity,

f .yn/! � 2 @�mod
1 .f .A// � Flag�mod

:

Since the sequence .yn/ converges to � conically, it is shadowing � (in Y ). Corol-
lary 6.22 therefore implies that f is continuously extended to � by mapping � 7! � .
This shows that there exists a well-defined map at infinity @con

1 f W @
con
1 A! @�mod

1 .f .A// �

Flag�mod
so that the extension f t @con

1 f is continuous at infinity.
The antipodality of @con

1 f is a consequence of Lemma 6.23.
The last part follows from Lemma 6.7.

In particular, we obtain the following corollary, analogous to [42, Theorem 6.14].

Corollary 6.25. For every Morse quasiisometric embedding f W Y ! X , there exists an
antipodal continuous map

@1f W @1Y ! @�mod;con
1 .f .Y // � Flag�mod

such that the extended map

f t @1f W Y t @1Y ! X t Flag�mod

is continuous at infinity.

Below we specialize the discussion to a setting motivated by relatively hyperbolic
groups. Here we can show the existence of full boundary maps.

14Indeed, in view of the conical convergence, there exist a constant D and a geodesic ray �WRC ! Y

asymptotic to � and a sequence tn 2 RC diverging to1 such that d.yn; �.tn// � D. After extraction, we
can assume that the sequence .tn/ is increasing. Hence, for y WD �.0/, each triple .y; ym; yn/ isD-straight.
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Proposition 6.26. Suppose that

(i) A� Y has finite Hausdorff distance from the complement of a family B D .Bi /i2I
of disjoint open horoballs,

(ii) for some, equivalently, every subset Si � A which has finite Hausdorff distance
from a horosphere @Bi , the �mod-accumulation set @�mod

1 .f .Si // consists of a single
simplex �i .

Then there exists an antipodal continuous map @1f W@1A! @�mod
1 .f .A//� Flag�mod

,
sending the center �i 2 @1A of each horoball Bi to �i , such that the combined map

f t @1f W A t @1A! X t Flag�mod

is continuous at infinity.
If f is uniformly �mod-straight, then @1f .@con

1 A/ � @
�mod;con
1 .f .A//.

Regarding condition (ii), note that according to Corollary 6.21, the simplex �i is inde-
pendent of the choice of Si .

Proof. We continue the argument in the proof of the last proposition. In order to further
extend the boundary map @con

1 f to the non-conical part .@1 � @con
1 /A of the accumulation

set, we note that the latter consists of the centers �i of the horoballs Bi 2 B.
Subsets Si � A as in hypothesis (ii) exist by hypothesis (i). Each subset Si is shad-

owing the ideal point �i (in A). We can therefore apply Corollary 6.22 again to obtain the
desired continuous extension @1f of @con

1 f by mapping �i 7! �i for all i 2 I .
The antipodality of @1f follows again from Lemma 6.23.

7. Asymptotic conditions for subgroups

7.1. Relative asymptotic and boundary embeddedness

We start with characterizations of Anosov subgroups in terms of their topological dynam-
ics on associated flag manifolds. The first such notion given in [40, Definition 5.12] is
asymptotic embeddedness. The relative version is as follows.15

Definition 7.1 (Relatively asymptotically embedded). A subgroup � < G is called rela-
tively �mod-asymptotically embedded if it is �mod-regular, antipodal and admits a structure
as a relatively hyperbolic group .�;P / such that there exists a �-equivariant homeomor-
phism

˛W @1�
Š
�! ƒ�mod � Flag�mod

from its ideal boundary to its �mod-limit set.

15It will be extended further beyond geometrically finite subgroups in Definition 7.11.
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Remark 7.2. This definition can be phrased purely dynamically in terms of the �-action
on Flag�mod

by replacing the �mod-regularity with the �mod-convergence condition, see [40].
Note that the peripheral structure is uniquely determined by the action of � on ƒ�mod

because it can be read off the dynamics on the limit set: the peripheral subgroups are the
maximal ones with exactly one limit point in ƒ�mod .

Since relatively hyperbolic groups act as convergence groups on their ideal boundaries,
so do asymptotically embedded subgroups on their limit sets, and notions from the theory
of abstract convergence groups apply to our setting, such as conical limit points, bounded
parabolic points and bounded parabolic fixed points, see Definition 2.1. As explained
in Section 3.3.1, every limit point is either conical or bounded parabolic. The periph-
eral subgroups …i < � are precisely the stabilizers of the bounded parabolic points �i ,
and ƒ.…i / D ¹�iº. For general relatively hyperbolic groups, the …i can be infinite tor-
sion groups, however for asymptotically embedded subgroups this cannot occur, because
they are linear, as follows from Schur’s theorem or Selberg’s lemma. Thus all bounded
parabolic points are bounded parabolic fixed points.

Remark 7.3. For antipodal �mod-regular subgroups � < G with at least two limit points,
intrinsic conicality (defined in terms of the dynamics of � Õƒ�mod ) is equivalent to extrin-
sic conicality (defined in terms of the conical convergence of sequences in �x � X ),
see [40, Proposition 5.41 and Lemma 5.38].

For relatively asymptotically embedded subgroups, the orbit maps extend continu-
ously to infinity by an asymptotic embedding (which is unique if the limit set has at least
three points).

Lemma 7.4. If � < G is relatively �mod-asymptotically embedded and x 2 X , then there
is a continuous extension

xox D ox t ˛W x� D � t @1� ! X tƒ�mod

of the orbit map ox by an asymptotic embedding ˛.

Proof. Suppose first that j@1�j � 3. Let .n/ be a sequence in � converging to �C 2 @1�
in x� . We claim that .n/ flag-converges to ˛.�C/. Suppose this is not the case. Then, in
view of the �mod-regularity of � and the convergence property of the action of � on @1� ,
there exist �� 2 @1� and points �˙ 2 ƒ�mod , �C ¤ ˛.�C/, such that, after extraction, the
sequence .n/ converges, as a sequence of maps, to �C uniformly on compacts in @1� �
¹��º, while .n/ converges to �C uniformly on compacts in the open Schubert cell C.��/.
Since ƒ�mod is antipodal, it follows that .n/ flag-converges to �C uniformly on compacts
in ƒ�mod � ¹��º. Since the limit set ƒ�mod contains a third point � besides ˛.��/ and ��,
continuity and equivariance of ˛ imply that n.�/! ˛.�C/. A contradiction.

If j@1�j � 1, there is nothing to prove. If j@1�j D 2, then P D ¿, � is virtually
cyclic (see Remark 3.11) and the claim follows from [40, Lemma 5.38].
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The following related condition is weaker than relative asymptotic embeddedness, but
easier to verify since there is no need to check regularity and to identify the limit set.

Definition 7.5 (Relatively boundary embedded). A discrete subgroup � < G is called
relatively �mod-boundary embedded if it admits a structure as a relatively hyperbolic group
.�;P / such that there exists an antipodal �-equivariant embedding

ˇW @1� ! Flag�mod

called a boundary embedding.

In the Zariski dense case, relative boundary embeddedness implies relative asymptotic
boundary embeddedness (see [40, Corollary 5.14] for the absolute case).

Theorem 7.6. If � < G is relatively �mod-boundary embedded and Zariski dense, then it
is relatively �mod-asymptotically embedded.

Proof. By Zariski density, @1� is infinite and hence the action � Õ @1� is minimal.
Applying Theorem 4.10 and Addendum 4.11 to the given boundary embedding, it follows
that � is �mod-regular and ƒ�mod D ˇ.@1�/.

7.2. A higher rank Beardon–Maskit condition

The actions of relatively hyperbolic groups on their ideal boundaries are convergence
actions characterized by the Beardon–Maskit property [59]. We use this characterization to
translate relative asymptotic embeddedness into a higher rank Beardon–Maskit condition
for the action on the limit set. We formulate this condition for antipodal regular subgroups
because their actions on the limit set are convergence.

Definition 7.7 (Relatively RCA). An antipodal �mod-regular subgroup � < G is called
relatively �mod-RCA if each �mod-limit point is either a conical limit point or a bounded
parabolic point (for the action � Õ ƒ�mod ) and, moreover, the stabilizers of the bounded
parabolic points are finitely generated.

We recall, see Section 2.3, that for the stabilizer �� < � of a bounded parabolic point
� 2 ƒ�mod.�/ it holds that ƒ�mod.�� / D ¹�º.

Remark 7.8. The terminology RCA was first introduced in [38] (and, in published form,
in [39]). This abbreviation stands for regular, conical, antipodal. Such subgroups are
required to be �mod-regular, antipodal (i.e., any two distinct points of ƒ�mod are antipo-
dal) and conical, i.e., every limit point is conical. The notion of relatively RCA groups is
a relativization of the RCA condition: The difference is that we are now allowing certain
non-conical limit points.

All finitely generated regular subgroups with one point limit set are relatively RCA.
In general, we know little about the structure of such subgroups. On the other hand, for
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uniformly regular subgroups with one point limit set, we have the following information
on their geometric and algebraic properties, which are well known in rank one.

Lemma 7.9. A uniformly �mod-regular subgroup of G with one point �mod-limit set con-
sists of elements with zero translation number, is finitely generated and virtually nilpotent.

Proof. This follows from Lemma 5.1 and Corollary 5.13.

Clearly, relative asymptotic embeddedness implies relatively RCA. The converse is
a consequence of Yaman’s theorem.

Theorem 7.10. A subgroup � < G is relatively �mod-RCA if and only if it is relatively
�mod-asymptotically embedded.

In fact, Yaman’s theorem applies only if jƒ�mod j � 3. If jƒ�mod j D 2, then P D¿ and �
is (absolutely) �mod-asymptotically embedded by [40, Lemma 5.38].

7.3. More general relative settings

Let � < G be a discrete subgroup. We equip � as an abstract discrete group with an
additional intrinsic geometric structure in the form of a properly discontinuous isomet-
ric action � Õ Y on a Gromov hyperbolic proper geodesic space Y . This action is not
required to be cocompact. (If it is cocompact or, more generally, undistorted, then � is
word hyperbolic, and the additional intrinsic structure amounts to the choice of a word
metric. This is the context in which we mostly worked in our earlier papers.) We are inter-
ested in geometric and dynamical properties of the action � Õ X relative to the action
� Õ Y .

To relate the actions � Õ X and � Õ Y , we fix base points x 2 X and y 2 Y so that
�y � �x and consider the �-equivariant map of orbits

ox;y W �y ! �x; y 7! x:

Note that for any point y 2 Y , there exists a point x 2 X fixed by �y , because �y is finite
and finite groups acting isometrically on symmetric spaces have fixed points.

We further extend the relative versions of asymptotic and boundary embeddedness
(see Definitions 7.1 and 7.5) to our present more general setting.

Definition 7.11 (Relatively boundary and asymptotically embedded II). A discrete sub-
group � < G is called

(i) �mod-boundary embedded relative � Õ Y if there exists a �-equivariant antipodal
embedding, called a boundary embedding,

ˇW ƒY ! Flag�mod
;

(ii) �mod-asymptotically embedded relative � Õ Y if it is �mod-regular, antipodal and
there exists a �-equivariant homeomorphism, called an asymptotic embedding,

˛W ƒY
Š
! ƒX;�mod � Flag�mod

:



M. Kapovich and B. Leeb 1050

As before, in the non-degenerate case when jƒY j � 3, an asymptotic embedding
continuously extends the maps of orbits to infinity. Lemma 7.4 and its proof directly gen-
eralize the following assertion.

Lemma 7.12. If � <G is �mod-asymptotically embedded relative � Õ Y and if jƒY j � 3,
then the combined map

xox;y D ox;y t ˛W �y D �y tƒY ! �x
�mod
D �x tƒX;�mod � X t Flag�mod

is continuous.

Similarly, the proof of Theorem 7.6 goes through as well and we obtain the next asser-
tion.

Theorem 7.13. If � < G is relatively �mod-boundary embedded and Zariski dense, then
it is relatively �mod-asymptotically embedded.

8. Coarse geometric conditions for subgroups

We introduce two coarse geometric conditions which are a priori stronger than the asymp-
totic conditions discussed above. The advantage of these coarse geometric properties is
that they allow for a local-to-global principle similar to the one for Morse subgroups
(cf. [38, §7]) and hence both define classes of discrete subgroups which are all struc-
turally stable (these stability results will be proven elsewhere). These conditions are also
sometimes easier to verify in concrete situations. The main results in this section compare
the coarse geometric conditions to asymptotic embeddedness (see Theorems 8.3, 8.5, 8.12
and 8.25).

8.1. Relatively Morse subgroups

In our earlier paper [38], we defined Morse subgroups as finitely generated word-hyper-
bolic subgroups whose orbit maps are Morse quasiisometric embeddings. We relativize
this as follows.

Definition 8.1 (Relatively Morse). A subgroup � < G is called relatively �mod-Morse if
there exists a relatively hyperbolic structure P on � with a Gromov model Y and a �-
equivariant �mod-Morse quasiisometric embedding f WY ! X .

The peripheral subgroups have to be virtually nilpotent as follows from Corollary 3.23.
We will see that the peripheral structure P is uniquely determined because relatively
Morse implies relatively asymptotically embedded (see Corollary 8.4).

In the equivariant situation (for general discrete subgroups which need not be relatively
Morse), one can relate the limit sets.
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Lemma 8.2. Let � <G be a discrete subgroup. Suppose that � Õ Y is a properly discon-
tinuous isometric action on a proper geodesic hyperbolic space Y and that f WY ! X is
a �-equivariant �mod-Morse quasiisometric embedding. Then � is �mod-uniformly regular
and ƒX;�mod D @1f .ƒY / is antipodal.

Proof. This follows from the uniform regularity of Morse quasiisometric embeddings (the
images of geodesic segments are uniformly �mod-regular quasigeodesics in X , which is
the content of Definition 6.16), the continuity of f t @1f at @1Y and the antipodality
of @1f (the last two properties are established in Corollary 6.25; see also [42, Theo-
rem 6.14]).

In the relatively Morse setting, we obtain the following assertion.

Theorem 8.3. Every relatively �mod-Morse subgroup � < G is relatively �mod-asymptoti-
cally embedded. If f WY ! X is an equivariant �mod-Morse quasiisometric embedding as
in the definition of relatively Morse subgroups, then @1f is an asymptotic embedding.

Proof. In this situation, ƒY D @1Y and the lemma yields the assertion.

Corollary 8.4. The relatively hyperbolic structure on a relatively Morse subgroup is
unique.

Proof. This follows from the uniqueness of the relatively hyperbolic structure on rela-
tively asymptotically embedded subgroups, see Remark 7.2.

Theorem 8.5. If X has rank one, then relatively Morse is equivalent to geometrically
finite.

Proof. According to Theorem 8.3, a relatively Morse subgroup is relatively asymptoti-
cally embedded and hence its action on its limit set satisfies the Beardon–Maskit con-
dition. In rank one, this is classically known to be equivalent to geometric finiteness
(see [11]).

Conversely, let � < G be geometrically finite.
If jƒj � 2, the closed convex hull of the limit set serves as a Gromov model, Y WD

CH.ƒ/. The subgroups …i are the stabilizers of the bounded parabolic fixed points of � .
There exists a �-invariant family of pairwise disjoint horoballs Bi in X such that � acts
cocompactly on

Y th
D Y �

[
i

Bi ;

and we use this as a Gromov model of .�;P /. The Morse quasiisometric embedding is
the inclusion Y ,! X , and we see that � < G is a relatively Morse subgroup.

Ifƒ consists of a single ideal point �, we equip it with the trivial relatively hyperbolic
structure P D ¹�º. Let B � X be a horoball centered at �. It is preserved by � , and
according to [11, §4] there exists a �-invariant closed convex subset C � X such that
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the action � Õ @B \ C is cocompact. (C can be obtained as the closed convex hull of
a �-orbit in @1X � ¹�º.) One can then take B \ C as a Gromov model.

Corollary 8.6. In rank one, relatively Morse is equivalent to relatively asymptotically
embedded.

Example 8.7. Let rank.X/ � 2 and let X1 � X be a totally geodesic subspace of rank
one. It is �mod-regular for �-invariant face types �mod � �mod.X1/, see Example 4.9. Let
� < G be a subgroup which preserves X1 and acts on it as a geometrically finite group.
Then � is �mod-Morse, the Gromov model being a convex subset of X1 as described in the
proof of Theorem 8.5.

8.2. Relatively Finsler-straight subgroups

This section is the heart of the paper. We define the notion of relatively Finsler-straight
groups of isometries of symmetric spaces. For actions of relatively hyperbolic groups, we
prove its equivalence to relative asymptotic embeddedness.

8.2.1. From straightness to boundary maps. We take up the discussion of Finsler-
straight maps in an equivariant situation. We deduce from the results in Section 6.3.3 that
Finsler-straightness of maps of orbits implies the existence of partial and, under suitable
assumptions, of full boundary maps.

We work in the general relative setting of Section 7.3. The notion of Finsler-straight-
ness for maps (see Definition 6.15) carries over to subgroups.

Definition 8.8 (Finsler-straight subgroup). A discrete subgroup � < G is said to be

(i) �mod-straight relatively � Õ Y if the map ox;y is �mod-straight,

(ii) uniformly �mod-straight relatively � Õ Y if ox;y is uniformly �mod-straight.

Note that a �mod-straight subgroup � < G is uniformly �mod-straight if and only if it is
uniformly �mod-regular.

We will consider the notion of relative straightness only in the context of regular sub-
groups.

Now we use the results from Section 6.3.3 in order to obtain boundary maps for
Finsler-straight subgroups. Proposition 6.24, applied to the maps of orbits ox;y , yields
a partial asymptotic embedding.

Corollary 8.9. If � < G is �mod-straight relative � Õ Y , then there exists an antipodal
map @con

1 ox;y Wƒ
con
Y ! ƒX;�mod � Flag�mod

such that the extended map

ox;y t @
con
1 ox;y W �y tƒ

con
Y ! �x tƒX;�mod � X t Flag�mod

is continuous (at infinity).
If � < G is uniformly �mod-straight relative � Õ Y , then @con

1 ox;y.ƒ
con
Y / � ƒcon

X;�mod
.
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Note that the boundary map @con
1 ox;y does not depend on the choice of the base

points y, x.
Note also that if jƒY j � 2, thenƒcon

Y is non-empty [56, Theorem 2R] and hence dense
in ƒY .

In the relatively hyperbolic setting, i.e., when � Õ Y is the action on a Gromov model,
we obtain a full asymptotic embedding under an additional assumption on the actions of
the peripheral subgroups. Namely, we consider the following condition.

Definition 8.10 (Tied-up horospheres). A �mod-regular subgroup � < G is said to have
tied-up horospheres with respect to a relatively hyperbolic structure P if the limit set
ƒX;�mod.…i / � Flag�mod

of each peripheral subgroup …i < � is a singleton.

We adapt Finsler-straightness as follows to relatively hyperbolic subgroups.

Definition 8.11 (Relatively Finsler-straight). A �mod-regular subgroup � < G is called

(i) relatively �mod-straight if there exists a relatively hyperbolic structure P on � with
a Gromov model Y such that � is �mod-straight relative � Õ Y and has tied-up
horospheres,

(ii) relatively uniformly �mod-straight if in addition � is uniformly �mod-regular.

In view of Lemma 3.24, relative Finsler-straightness does not depend on the choice of
the Gromov model Y .

Applying Proposition 6.26, now yields the following assertion.

Theorem 8.12. If � < G is relatively �mod-straight, then it is relatively �mod-asymptoti-
cally embedded.

Proof. We apply Proposition 6.26 with A D �y and f D ox;y . Hypothesis (i) of the
proposition is satisfied because � acts cocompactly on the thick part Y th � Y of the
Gromov model, which equals the complement of the family of peripheral horoballs Bi .
In hypothesis (ii), we can take Si D …iy because …i acts cocompactly on horospheres
at �i (cf. Lemma 3.12), and the condition is satisfied because � has tied-up horospheres.
Since @1A D @1.�y/ D @1Y and @�mod

1 .f .A// D @�mod
1 .�x/ D ƒX;�mod , the proposition

yields an antipodal continuous map @1ox;y W @1Y ! ƒX;�mod sending �i 7! �i so that the
extension xox;y D ox;y t @1ox;y is continuous at infinity. The latter implies that the image
of @1ox;y equals ƒX;�mod .

Note that, as a consequence of the theorem, the relatively hyperbolic structure in the
definition of relative Finsler-straightness is unique.

8.2.2. From boundary maps to straightness. We now, conversely, explore what the
existence of boundary maps implies for the orbit geometry of actions � Õ X . We show
that asymptotic embeddedness implies Finsler-straightness. Our discussion follows [40,
§5.3], generalizing it.

Suppose first that ˇWƒY ! Flag�mod
is a boundary embedding relative � Õ Y .
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Our preliminary step concerns the position of the �-orbits in X relative to the parallel
sets spanned by pairs of simplices in the image ofˇ (cf. [40, Lemma 5.3]).

Lemma 8.13. For everyD, there exists d (also depending on the �-actions and �-orbits)
such that if a triple .��; y; �C/ with �˙ 2 ƒY is D-straight, then the triple .ˇ.��/; x;
ˇ.�C// is .�mod; d /-straight.

Proof. By equivariance, we may assume that  D e.
The set of pairs .��; �C/ 2 .@1Y � @1Y / ��@1Y , for which the triple .��; y; �C/

is D-straight, is compact. It follows that the set C of their images .ˇ.��/; ˇ.�C// in the
space

.Flag�mod
�Flag�mod

/opp
� Flag�mod

�Flag�mod

is also compact. Since .Flag�mod
�Flag�mod

/opp is a homogeneousG-space, it is of the form
C D C 0 � .��0 ; �

C
0 / with a compact subset C 0 � G and some antipodal pair .��0 ; �

C
0 /.

The set of triples .ˇ.��/; x; ˇ.�C// D .g��0 ; x; g�
C
0 / D g.�

�
0 ; g

�1x; �C0 / for g 2 C 0 is
.�mod; d /-straight for some d D d.D/ because the set C 0�1x �X is compact and depends
on D.

The conclusion can be rephrased as follows: If y lies within distance D of a line
���C � Y , �˙ 2 ƒY , then x lies within distance d.D/ of the parallel set

P.ˇ.��/; ˇ.�C// � X:

In order to get more control, we strengthen our assumptions for the rest of this section.

Assumption 8.14. The subgroup � <G is �mod-asymptotically embedded relative � Õ Y

with asymptotic embedding ˛WƒY
Š
! ƒX;�mod and jƒY j � 3.

Then � < G is �mod-regular and ˛ continuously extends the map of orbits ox;y (Lem-
ma 7.12).

Now we can relate the position of the �-orbits in X to Weyl cones.

Lemma 8.15. For every D, there exists d such that if a triple .�y; y; �C/, �C 2 ƒY ,
is D-straight, then .�x; x; ˛.�C// is .�mod; d /-straight.

Proof. Let
R WD d.y;QCH.ƒY //:

We may assume that � D e and denote �C DW �.
Suppose that the triple .y; y;�/with � 2ƒY isD-straight. Due to the quasiconvexity

of QCH.ƒY /, the ray y� lies within distance R C Cı of a geodesic line y�� � Y with
y� 2 ƒY , and it follows that the triple .y�; y; �/ is .D CRC Cı/-straight.

By Lemma 8.13, the triple .˛.y�/;x;˛.�// is d -straight for some d D d.DCRCCı/.
This means that x lies within distance d of the parallel set P.˛.y�/; ˛.�//. It applies
in particular to x D ex. It follows (compare [40, dichotomy Lemma 5.5 and Proposi-
tion 5.16]) that x lies within distance d of a Weyl cone V.xx; st.� 0// for a point xx 2
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P.˛.y�/; ˛.�// with d.x; xx/ � d and a type �mod simplex � 0 � @1P.˛.y�/; ˛.�//, that is,
the triple .x; x; � 0/ is .�mod; d /-straight. It is important to note that ˛.�/ is the only sim-
plex contained in @1P.˛.y�/; ˛.�// which is antipodal to ˛.y�/. Hence either � 0 D ˛.�/
or � 0 is not antipodal to ˛.y�/.

Consider a sequence of D-straight triples .y; ny; �n/ with �n 2 ƒY and n ! 1
in � , and corresponding sequences of ideal points y�n 2 ƒY , points xxn 2 P.˛.y�n/; ˛.�n//
and simplices � 0n � @1P.˛.y�n/; ˛.�n// as above. Then nx lies within distance d of the
Weyl cone V.xxn; st.� 0n//.

Suppose that the simplices � 0n are not antipodal to the simplices ˛.y�n/ for all n.
After extraction, we may assume that �n ! �, y�n ! y�, xxn ! xx and � 0n ! � 0. Then
˛.�n/! ˛.�/, ˛.y�n/ ! ˛.y�/, nx ! � 0 and � 0 � @1P.˛.y�/; ˛.�//. Moreover, since
the relation of being non-antipodal is closed with respect to the visual topology, � 0 is
not antipodal to ˛.y�/, and hence � 0 ¤ ˛.�/. On the other hand, ny ! � and hence
nx ! ˛.�/ due to the continuity of xox;y , a contradiction.

It follows that, for all  2 � outside a finite subset of � depending on D, a triple
.x;x;˛.�// is .�mod; d /-straight whenever the triple .y;y;�/with � 2ƒY isD-straight.
After suitably enlarging d , the implication holds for all  2 � .

We rephrase the conclusion: If y lies within controlled distance of a ray .�y/�C�Y,
�C 2 ƒY , then x lies within controlled distance of the Weyl cone V.�x; ˛.�C// � X .

In the next step, we control the straightness of triples in �-orbits.

Lemma 8.16. For every D, there exists d such that if a triple .�y; y; Cy/ is D-
straight, then .�x; x; Cx/ is .�mod; d /-straight.

Proof. Suppose that the triple .�y; y; Cy/ is D-straight. By the quasiconvexity of
QCH.ƒY /, it is C � .D C R C ı/-Hausdorff close to a triple of points lying in the same
order on a geodesic line ���C � Y with �˙ 2 ƒY . Hence its middle point y lies within
distance C 0 � .D CRC ı/ of geodesic rays .�y/�˙.

By Lemmas 8.13 and 8.15, the points ˙x, x lie within distance d from the parallel
set P D P.˛.��/; ˛.�C//, and x lies within distance d from the two Weyl cones V˙ D
V.�x; st.˛.�˙/// for some d D d.D/. (We suppress the dependence on the actions and
orbits.)

Let xx˙; xx 2 P denote the nearest-point projections of ˙x, x. Then the Weyl cones
V˙ and xV˙ D V.xx�; st.˛.�˙///� P have Hausdorff distance� d.�x; xx�/ � d . Hence
x lies within distance 2d from both Weyl cones xV˙, and xx lies within distance 3d from
them.

Now we invoke again the �mod-regularity of � . It implies the existence of a finite subset
F � � depending on D such that: If �1� 62 F , then xx 2 xV˙. If both conditions are
satisfied, then xx lies on a �mod-Finsler geodesic xx�xxC, and hence the triple .�x;x;Cx/
is .�mod; d /-straight.

If one of the elements �1� lies in F , then the corresponding distance d.�x; x/
is bounded and the conclusion holds trivially after increasing d sufficiently.
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Lemmas 8.13, 8.15 and 8.16 together yield the following proposition.

Proposition 8.17. The extension xox;y D ox;y t˛ of the map of orbits ox;y is �mod-straight.

Specializing to the relatively hyperbolic setting, we obtain the converse to Theo-
rem 8.12.

Theorem 8.18. If � < G is relatively �mod-asymptotically embedded, then it is relatively
�mod-straight.

Proof. In the case when j@1Y j � 3, i.e., when Assumption 8.14 is satisfied, the straight-
ness of � relative to the action on the Gromov model is the content of the proposition.
That � has tied-up horospheres is immediate from asymptotic embeddedness.

If j@1Y j D 2, then P D ¿ and we are in the absolute case. There, asymptotic embed-
dedness implies Morse, and this in turn straightness [40].

If j@1Y j D 1, then P D ¹�º and relative straightness amounts to the �mod-regularity
of � and jƒX;�mod j D 1. Both properties follow from asymptotic embeddedness.

8.2.3. Further to uniform straightness. We return to the more general setting of a sub-
group � <G which is asymptotically embedded relative to an action � ÕY as in Assump-
tion 8.14. We show that under suitable assumptions the subgroup � is uniformly regular.

We continue the discussion of the previous section and further promote the control
on the position of triples in orbits of � Õ X to control on the position of holey lines.
By Proposition 8.17, we know that straight holey lines qWH ! �y go to Finsler-straight
holey lines ox;y ı qWH ! �x. We establish next that the latter lie near Finsler geodesics
inX . To achieve this, we use that the holey lines ox;y ı q are asymptotically embedded and
satisfy, as parts of orbits of the regular action � Õ X , a weak form of uniform regularity.
This allows us to apply Addendum 6.9, and we obtain the following proposition.

Proposition 8.19. For every D, there exists d such that if qWH ! �y is a D-straight
holey line, then there exist a �mod-Finsler line ���C, �˙ 2 ƒX;�mod , and a monotonic map
q0WH ! ���C which is d -close to the holey line ox;y ı qWH ! �x.

Proof. By straightness, q.H/ lies within distance D0 D D0.D/ of a line in Y , and within
distanceD00 DD00.D;R/ of a line ���C � Y asymptotic toƒY , �˙ 2ƒY . The extended
holey line

xqW xH D H t ¹˙1º ! xY D �y tƒY

with xq.˙1/ D �˙ is D00-straight.
Since xox;y D ox;y t ˛ is �mod-straight by Proposition 8.17, it follows that the extended

holey line ox;y ı q D xox;y ı xqW xH ! �x t ƒX;�mod mapping ˙1 7! ˛.�˙/ DW �˙ is
.�mod; d /-straight for some d D d.D/. Furthermore, the holey lines ox;y ı q are weakly
uniformly �mod-regular as a consequence of the �mod-regularity of the action � Õ X .
Applying Addendum 6.9 yields the assertion.
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Since the image holey lines ox;y ı q inX follow Finsler geodesics, their weak uniform
regularity turns into (strong) uniform regularity when there are no arbitrarily large holes,
i.e., when the holey lines ox;y ı q, equivalently, the straight holey lines q are coarsely
connected.

Claim 8.20. For givenD,L, there exist‚, d such that if qWH !�y is aD-straight holey
line which is coarsely L-connected, then the �mod-Finsler line ���C in Proposition 8.19
can be chosen to be ‚-regular.

Proof. The holey line ox;y ı qWH ! �x is then coarsely l-connected with l D l.L/, and
the assertion is a consequence of Claim 6.11.

Straight holey lines in �y with holes of bounded size are, up to reparameterization,
quasigeodesics. We conclude that ox;y sends uniform quasigeodesics in �y to uniformly
�mod-regular uniform quasigeodesics in �x.

Theorem 8.21. Suppose that � < G is �mod-asymptotically embedded relatively � Õ Y .
Then forL,A there exist l , a,‚, d such that if qWI !�y � Y is an .L;A/-quasigeodesic,
then ox;y ı qW I ! �x � X is an .l; a/-quasigeodesic which is contained in the d -
neighborhood of a ‚-Finsler geodesic.

Remark 8.22. In the “absolute” case, that is, when � Õ Y is cocompact (or undistorted)
and hence � is Gromov hyperbolic, this recovers our earlier result that �mod-asymptotically
embedded subgroups � < G are �mod-Morse [40].

The theorem yields some partial uniform regularity for the map of orbits ox;y . In order
to obtain full uniform regularity, we impose an additional assumption, cf. Definition 6.12.
We then can extend Claim 8.20 as follows.

Claim 8.23. For given D, y‚, l , there exist ‚, d such that if qWH ! �y is a D-straight
holey line and ox;y ı qWH ! �x has .y‚; l/-regular large holes, then the �mod-Finsler line
���C in Proposition 8.19 can be chosen to be ‚-regular.

Proof. The assertion follows from Claim 6.13.

If any two orbit points can be connected by such a holey line, we obtain uniform
regularity.

Corollary 8.24. Let � < G be �mod-asymptotically embedded relatively � Õ Y . Suppose
that there exist data D, y‚, l and y 2 Y such that for each  2 � the points y and y can
be connected by aD-straight holey line qWH ! �y so that ox;y ı qWH ! �x has .y‚; l/-
regular large holes. Then � is uniformly �mod-regular and hence uniformly �mod-straight
relatively � Õ Y .

Proof. The uniform straightness follows from the uniform regularity together with the
straightness proven earlier in Proposition 8.17.
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In the next section, we will apply this result in the relatively hyperbolic setting.

8.2.4. Relatively hyperbolic subgroups. We now restrict to relatively hyperbolic sub-
groups � < G and the case when � Õ Y is the action on a Gromov model. In this setting,
we obtain the following criterion for uniform regularity.

Theorem 8.25. Suppose that � < G is relatively �mod-asymptotically embedded and that
each peripheral subgroup …i < � is uniformly �mod-regular. Then � < G is uniformly
�mod-regular and hence relatively uniformly �mod-straight.

Proof. First consider the case when j@1Y j � 3, i.e., when Assumption 8.14 is satisfied.
In order to apply Corollary 8.24, we need to check the connectability condition there for
the orbits of the action � Õ Y on a Gromov model .Y;B/ of .�;P /.

We may assume that y 2 Y th. Given  2 � , we connect y and y by a geodesic in Y .
Along this geodesic, we choose a monotonic sequence of points y0 D y, y1; : : : ; yn D y
in Y th so that any two successive points yk�1 and yk have distance � d0 for some fixed
constant d0 > 0 or lie on the same peripheral horosphere @B , B 2 B.

Since the action � Õ Y th is cocompact, we may choose orbit points ky at uniformly
bounded distance from the points yk . The sequence .ky/, viewed as a holey line

qW H D ¹0; : : : ; nº ! �y;

is D-straight with a constant D independent of  .
Since also the actions …i Õ @Bi of the peripheral subgroups on the corresponding

horospheres are cocompact, and since there are finitely many conjugacy classes of periph-
eral subgroups, there exists a finite subset ˆ � � independent of  such that

�1k�1k 2 ˆ
�[

i

…i

�
ˆ

for all k.
Due to our assumption that the subgroups …i < G are uniformly �mod-regular, there

exist y‚ and another finite subset ˆ0 � � , both independent of  , such that the pair of
points . 0x;  00x/ in �x is y‚-regular whenever

 0
�1
 00 2 ˆ

�[
i

…i

�
ˆ �ˆ0:

This means that the holey line ox;y ı q, which corresponds to the sequence .kx/ in �x,
has .y‚; l/-large holes for a sufficiently large constant l independent of  . Hence Corol-
lary 8.24 implies the assertion.

If j@1Y j D 2, then P D ¿ and we are in the absolute case. There, asymptotic embed-
dedness implies Morse, and this in turn uniform regularity [40].

If j@1Y j D 1, then P D ¹�º and the hypothesis of the theorem implies that � is
uniformly �mod-regular.
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9. Comparing conditions for subgroups

The following is the main theorem. It summarizes the relation between different conditions
on relatively hyperbolic subgroups established in the paper.

Theorem 9.1. For subgroups � < G, the following implications hold:

(i) relatively Morse) relatively uniformly Finsler-straight,

(ii) relatively Finsler-straight , relatively asymptotically embedded , relative-
ly RCA,

(iii) relatively asymptotically embedded with uniformly regular peripheral subgroups
) relatively uniformly Finsler-straight,

(iv) relatively boundary embedded and Zariski dense) relatively asymptotically
embedded.

Proof. (i) The maps of orbits are uniformly straight because Morse quasiisometric embed-
dings are. Furthermore, since relatively Morse implies relatively asymptotically embed-
ded, see Theorem 8.3, � has tied-up horospheres.

(ii) The first equivalence is the combination of Theorems 8.12 and 8.18. The second
equivalence is Yaman’s theorem, see Theorem 7.10.

(iii) is Theorem 8.25.
(iv) is Theorem 7.6.

In rank one, all conditions become equivalent:

Corollary 9.2. If the symmetric space X has rank one, then the following properties are
equivalent for discrete subgroups � < G:

(i) relatively Morse,

(ii) relatively straight,

(iii) relatively asymptotically embedded,

(iv) relatively RCA,

(v) relatively boundary embedded,

(vi) geometrically finite.

Proof. The implications (i)) (ii), (iii), (iv)) (v) hold in arbitrary rank. In rank
one, relative RCA amounts to the usual Beardon–Maskit condition which is equivalent to
geometric finiteness (see [11]), thus (iv), (vi). Furthermore, (vi), (i), see Theorem 8.5.

To get from (v) to the other conditions, we observe that for non-elementary subgroups
(v)) (iii) holds because the limit set is the unique minimal non-empty �-invariant closed
subset of @1X and hence must equal the image of the boundary embedding. In the ele-
mentary case, we have (v)) (vi) since in rank one all elementary discrete subgroups are
geometrically finite.
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A. Geometry of nonpositively curved symmetric spaces and their
ideal boundaries

In this appendix, we collect various definitions and facts about symmetric spaces of non-
compact type, their ideal boundaries and their isometries.

Let X be a symmetric space of noncompact type. Throughout the paper, we will be
using two compactifications of X :

1. The visual compactification (see [5]), xX D X [ @1X , where @1X is defined as
the set of asymptotic equivalence classes of geodesic rays in X : Two rays are equivalent
if they are at finite Hausdorff distance from each other. We will also occasionally use the
notion of strongly asymptotic geodesic rays: These are rays �i WRC ! X , i D 1; 2 such
that

lim
t!1

d.�1.t/; �2.t// D 0:

The space of classes of strongly asymptotic rays is a topological space, obtained by taking
the quotient space of the space of all geodesic rays in X . The latter is topologized by the
topology of uniform convergence on compacts. Given a point � 2 @1X , one defines X� ,
the space of strong asymptote classes at � as follows: Consider the set Ray.�/ consisting
of all geodesic rays in X asymptotic to � (and, as before, equipped with the topology of
uniform convergence on compacts). Then take the quotient of Ray.�/ by the equivalence
relation, where two rays are equivalent if they are strongly asymptotic. One can identify
the resulting spaceX� as follows. Pick a point y� 2 @1X opposite to � and consider the par-
allel set P.�; y�/ which is the union of all geodesic rays in X which are forward/backward
asymptotic to � , y�. Each point x 2 P.�; y�/ defines the ray x� asymptotic to � . The projec-
tion of the subset of such rays to X� is a homeomorphism. Thus, we can identify X� with
the parallel set P.�; y�/. One metrizes X� by

d.�1; �2/ D lim
t!1

d.�1.t/; �2.t//:

Then the projection P.�; y�/! X� is an isometry. We refer to [40, §2.8] for details.
Given a subset A � X , let @1A denote the accumulation set of A in @1X .
2. The Finsler bordification xXFins of X , also known as the maximal Satake compacti-

fication of X , obtained by equipping X with a regular polyhedral Finsler metric d x� , then
compactifying .X; d x� / by Finsler horofunctions on X .

Building notions. The visual boundary @1X of a symmetric space X admits a structure
as a thick spherical building (the Tits building ofX ), which is a certain spherical simplicial
complex, see [5,20]. This complex is either connected (ifX has rank� 2) or discrete (ifX
has rank one, equivalently, X is negatively curved). In the connected case, this building is
equipped with the path-metric induced by the spherical metrics on simplices. This metric
space has diameter 1. In the case when the building is discrete, the distance between
distinct points is � .
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The connected component Isom0.X/ of the isometry group of X acts isometrically on
this spherical building and transitively on facets (top-dimensional simplices). The quotient
@1X= Isom0.X/ is then a single spherical simplex, denoted by �mod, the model spherical
chamber of the building @1X . We will use the notation � W @1X ! �mod for the type
projection, the quotient map @1X ! @1X= Isom0.X/. The full isometry group Isom.X/
acts on both @1X and �mod, and the map � is equivariant with respect to these actions.
Let G denote the kernel of the action of Isom.X/ on �mod; i.e., G is the subgroup of type
preserving isometries. It is a semisimple Lie group and has finite index in Isom.X/.

For an algebraically inclined reader, the spherical building is defined as a simplicial
complex whose vertices are conjugacy classes of maximal parabolic subgroups ofG. IfW
is the Weyl group of X (equivalently, the relative Weyl group of G) and r is the rank of X
(equivalently, the split real rank of G), then W is a reflection group acting isometrically
on the unit sphere amod of dimension r � 1 and �mod is a fundamental chamber of this
action. From the building viewpoint, amod is the model spherical apartment of the Tits
building @1X .

We return to the geometric discussion of @1X . Let �W �mod ! �mod denote the oppo-
sition involution: It is the projection to �mod of Cartan involutions of X . We will use the
notation x� D �.�/ for elements of �mod. Similarly (cf. [40, §2.2.2]), we let �mod � �mod

denote faces of �mod; these are the model simplices in the Tits building; we will use the
notation � for simplices in @1X of type �mod, �.�/ D �mod. Given a face �mod of �mod,
we let @�mod�mod denote the union of faces of �mod disjoint from �mod; we use the notation
ost.�mod/ for the complement �mod n @�mod�mod, the open star of �mod in �mod.

Let W�mod denote the stabilizer of the face �mod in W . A (convex) subset ‚ � �mod is
said to be Weyl-convex if its W�mod -orbit is a convex subset in the sphere amod (see [40,
Definition 2.7]). We will always use the notation ‚ for compact �-invariant Weyl-convex
subsets of the open star ost.�mod/.

Note that, whenX has rank one, the data �mod,‚ are obsolete since �mod is a singleton.
In this case, we also have that @�mod D ¿ and ‚ D int.�mod/ D �mod is clopen.

Two points in @1X are called antipodal if their distance in the Tits building @1X
equals � . Equivalently, these points are connected by a geodesic in X . Equivalently,
antipodal points are swapped by a Cartan involution ofX. Similarly, two simplices in @1X
are said to be antipodal if they are swapped by a Cartan involution. We will use the nota-
tion � , y� for pairs of antipodal simplices. Their types in �mod are swapped by the opposition
involution �. Two simplices � , � 0 in @1X are antipodal if and only if �.�.� 0// D �.�/

and � , � 0 contain antipodal points.
We identify �mod with a simplex in @1X . Then G-stabilizers of faces �mod of �mod

are standard parabolic subgroups of G, they are denoted by P�mod ; these are closed sub-
groups of G. The set of simplices of type �mod in @1X is identified with the quotient
G=P�mod , which is a smooth compact manifold, called the flag manifold Flag�mod

of type
�mod, see [40, §§2.2.2 and 2.2.3]. Given � 2 Flag�mod

, one defines the open Schubert cell
C.�/ � Flag�mod

, which is an open subset of Flag�mod
consisting of elements opposite to � ,

see [40, §2.4]. We will use the notation int � for the open simplex obtained by removing
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from � all its proper faces. The notation st.�/ is used to denote the star of � in @1X ,
the union of all faces of @1X containing � . Similarly, ost.�/, the open star of � in @1X
is obtained from st.�/ by removing all faces disjoint from � . Accordingly, @�mod�mod is
defined as �mod n ost.�mod/.

Given a Weyl-convex compact subset ‚ � ost �mod � �mod, we will define the ‚-star
of a simplex � in @1X of type �mod as the preimage of ‚ under the restriction � W st.�/ �
@1X ! �mod.

Symmetric space notions. An isometry of X is called a transvection if it preserves
a geodesic in X and acts trivially on its normal bundle. Transvections in X are precisely
the compositions of pairs of Cartan involutions.

A flat in X is an isometrically embedded totally geodesic Euclidean subspace of X .
The dimension of a maximal flat in X is the rank of X . We will use the notation F for
maximal flats in X . The parallel set P.l/ of a geodesic l in X is the union of all maximal
flats in X containing l . We let �˙ denote the smallest simplices in @1X containing the
elements �˙ 2 @1l ; these simplices are antipodal. We will use the notation P.��; �C/
for the parallel set P.l/ since P.l/ can be described as the union of geodesics in X for-
ward/backward asymptotic to points in the open simplices int �˙.

Given a maximal flat F � X , the stabilizer GF of F in G acts transitively on F . For
each x 2 F , the intersectionGx \GF acts on F as a finite reflection group, isomorphic to
the Weyl groupW of X . One frequently fixes a base point x D o 2 X and the model max-
imal flat Fmod � X containing o; the stabilizer Gx is then denoted by K, it is a maximal
compact subgroup of G. A fundamental domain for the W -action on Fmod is the model
Euclidean Weyl chamber, it is denoted by �. The ideal boundary @1� is then identified
with �mod, the model chamber in @1X .

The Euclidean Weyl chamber� is the Euclidean cone over the simplex �mod. Thus, we
can also “cone off” various objects from �mod. In particular, we define the �mod-boundary
@�mod� of � as the union of rays o�, � 2 @�mod�mod (see [40, §2.5.2]), and the ‚-cone �‚,
as the union of rays o�, � 2 ‚, where ‚ � ost �mod � �mod.

The group of transvections along geodesics in F is usually denoted by A, then G D
KAK is the Cartan decomposition of X . The more refined form of this decomposition is
G D KACK, where AC � A is the subsemigroup consisting of transvections mapping
� into itself. Geometrically speaking, the Cartan decomposition states that each K-orbit
Ky � X intersects � in exactly one point. The projection cWy 7! Ky \� is 1-Lipschitz
since each orbit Ky meets Fmod orthogonally and transversally. This projection leads to
the notion of �-distance on X (see [40, §2.6] and [37]): Given a pair of points x; y 2 X ,
find g 2 G such that g.x/ D o and z D g.y/ 2 �. Then

�!oz WD d�.x; y/:

The vector d�.x; y/ is the complete G-congruence invariant of pairs .x; y/ 2 X2 and

d.x; y/ D kd�.x; y/k;
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where k � k is the Euclidean norm on Fmod (regarded as a Euclidean vector space with o
serving as zero). Since c is 1-Lipschitz, the �-distance satisfies the triangle inequality

kd�.x; y/ � d�.x; z/k � kd�.y; z/k D d.y; z/:

We refer the reader to [37] for in-depth discussion of generalized triangle inequalities
satisfied by the �-valued distance function on X .

We say that a non-degenerate segment xy � X is �mod-regular if

d�.x; y/ … @�mod�

and is ‚-regular if
d�.x; y/ … �‚:

See [40, §2.5.3]. Suppose that �mod is �-invariant and‚� ost.�mod/ is an �-invariant Weyl-
convex compact subset of ost.�mod/ � �mod.

A Finsler geodesic ' in X is said to be �mod-regular (resp. ‚-regular) or, simply,
a ‚-Finsler geodesic if it is �mod-regular (resp. ‚-regular) as a subset of X .

Weyl cones and diamonds in X . Fix a simplex � in @1X and a point x 2 X . We define
the Weyl cone V.x; st.�//with the tip x over the star st.�/� @1X as the union of geodesic
rays emanating from x and asymptotic to points of st.�/. Similarly, assuming that � has
the type �mod and ‚ � ost.�mod/ � �mod is a Weyl-convex compact subset, we define the
‚-cone V.x; st‚.�//with the tip x over the‚-star st‚.�/� @1X as the union of geodesic
rays emanating from x and asymptotic to points of st‚.�/. It was proven in [40, §2.5] that
Weyl cones V.x; st.�// and ‚-cones V.x; st‚.�// are convex in X .

In particular, they satisfy the nested cones property:

(1) If y 2 V.x; st.�//, then V.y; st.�// � V.x; st.�//.

(2) If y 2 V.x; st‚.�//, then V.y; st‚.�// � V.x; st‚.�//.

Intersecting cones, we define diamonds in X (see [40, §2.5]). Take two antipodal sim-
plices �C, �� of the type �mod D ��mod and points x˙ 2 X such that

xC 2 V.x�; st.�C//; x� 2 V.xC; st.��//:

Then the intersection

}�mod.x�; xC/ D V.x�; st.�C// \ V.xC; st‚.��//

is the �mod-diamond with the tips x˙. Similarly, suppose that ‚ � ost.�mod/ � �mod is
a Weyl-convex �-invariant compact subset and

xC 2 V.x�; st‚.�C//; x� 2 V.xC; st‚.��//:

Then the ‚-diamond is defined as the intersection

}‚.x�; xC/ D V.x�; st‚.�C// \ V.xC; st‚.��//:

Thus, diamonds are also convex in X .
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Diamonds have a nice interpretation in terms of Finsler geometry of X : It is proven
in [36] that }�mod.x�; xC/ is the union of all Finsler geodesics in X connecting the
points x˙. Similarly, }‚.x�; xC/ is the union of all ‚-regular Finsler geodesics in X
connecting the points x˙.

Regular sequences and groups. The reader should think of regularity conditions for
subgroups � <G as a way of strengthening the discreteness assumption: The discreteness
condition means that the sequence of distances d.x; n.x// diverges to infinite for every
sequence of distinct elements gn 2 � . Regularity conditions on � require certain forms of
divergence to infinity of vector-valued distances d�.x; gnx/.

We first consider sequences in the Euclidean model Weyl chamber �. Recall that
@�mod� D V.0; @�mod�mod/ � � is the union of faces of � which do not contain the sector
V.0; �mod/. Note that @�mod� \ V.0; �mod/ D @V.0; �mod/ D V.0; @�mod/. The following
definitions are taken from [40, §4.2].

Definition A.1. (i) A sequence .ın/ in � is called �mod-regular if it drifts away from
@�mod�, i.e.,

d.ın; @�mod�/!C1:

(ii) A sequence .xn/ in X is �mod-regular if for some (any) base point o 2 X the
sequence of �-distances d�.o; xn/ in � has this property.

(iii) A sequence .gn/ in G is �mod-regular, if for some (any) point x 2 X the orbit
sequence .gnx/ in X has this property.

(iv) A subgroup � < G is �mod-regular if all sequences of distinct elements in � have
this property.

Next, we describe a stronger form of regularity following [40, §4.6].

Definition A.2. (i) A sequence ın!1 in� is uniformly �mod-regular if it drifts away
from @�mod� at a linear rate with respect to its norm,

lim inf
n!C1

d.ın; @�mod�/

kınk
> 0:

(ii) A sequence .xn/ inX is uniformly �mod-regular if for some (any) base point o 2X
the sequence of �-distances d�.o; xn/ in � has this property.

(iii) A sequence .gn/ in G is uniformly �mod-regular if for some (any) point x 2 X
the orbit sequence .gnx/ in X has this property.

(iv) A subgroup � < G is uniformly �mod-regular if all sequences of distinct elements
in � have this property.

Note that (uniform) regularity of a sequence in X is independent of the base point and
stable under bounded perturbation of the sequence (due to the triangle inequality for �-
distances). A sequence .xn/ is uniformly �mod-regular if and only if there exists a compact
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‚ � ost.�mod/ such that for each x 2 X all but finitely many vectors d�.x; xn/ belong
to �‚.

Remark A.3. The definition of regularity of sequences in G has the following dynami-
cal interpretation, in terms of dynamics on the flag manifold Flag�mod

, which generalizes
the familiar convergence property for sequences of isometries of a Gromov hyperbolic
space Y acting on the visual boundary of Y .

A sequence .gn/ in G is said to be �mod-contracting if there exists a pair of ele-
ments �˙ 2 Flag�mod

such that the sequence .gn/ converges to �C uniformly on compacts
in C.��/ � Flag�mod

. Here, as elsewhere, C.��/ is the open Schubert cell in Flag�mod
con-

sisting of simplices antipodal to ��. In this situation, the simplex �C is the �mod-limit
of .gn/. A sequence .gn/ is �mod-regular if and only if there exists a pair of bounded
sequences an; bn 2 G such that the sequence of compositions cngnbn is �mod-contracting.
Equivalently, a sequence .gn/ is �mod-regular if and only if every subsequence in .gn/
contains a further subsequence which is �mod-contracting. We refer the reader to [40] for
details.

For a subgroup � <G, uniform �mod-regularity is equivalent to the visual limit setƒ�
@1X being contained in the union of the open �mod-stars, whereƒ is the accumulation set
in @1X of some (any) �-orbit in X .

A subgroup � < G is (uniformly) �mod-regular if and only if it is (uniformly) ��mod-
regular.

B. Auslander’s theorem (by Gregory A. Soifer)

Theorem B.1. Let G be a Lie group which splits as a semidirect product G D N Ì K,
where N is connected nilpotent and K is compact. Then each discrete subgroup � < G
is finitely generated and virtually nilpotent.

Proof. This theorem first appeared in Auslander’s paper [3], but its proof was flawed.
The theorem can be derived from a more general result [7] (in the torsion-free case).
Notice that in the paper we are only interested in subgroups of finitely generated subgroups
linear groups, which are virtually torsion-free by the Selberg lemma. Hence, in this setting,
Auslander’s theorem can be viewed as a corollary of [7]. If � is assumed to be finitely
generated, then Auslander’s theorem can be viewed as a corollary of Gromov’s polynomial
growth theorem (which is much easier in this setting since � is already assumed to be
a subgroup of a connected Lie group).

Nevertheless, for the sake of completeness, we present a direct and self-contained
proof, which is well known to experts, but which we could not find in the literature.

Step 1. Let us show that, after passing to a finite index subgroup in � , we can assume
that � is a discrete subgroup of a closed connected solvable subgroup of G. Indeed,
since K is compact, the quotient K=K0 is compact, where K0 is the identity component
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ofK; hence � \NK0 is a finite index subgroup in � . Therefore, we can assume thatK is
a connected compact Lie group. Let R be the solvable radical of G. Obviously, R D NL,
where L is an abelian normal compact subgroup of K. Let � WG ! G=R be the quotient
homomorphism. By another Auslander theorem, [50, Theorem 8.24], the connected com-
ponent of the closure �.�/ in G=R is an abelian group. Since G=N is compact, G=R is
compact as well. Since �.�/

0
is a finite index abelian subgroup of �.�/, we conclude

that x� D ��1.�.�/
0
/ \ � is a finite index solvable subgroup of � .

Step 2. From now on, we will assume that G is a solvable connected group, G D N ÌK,
where N is a connected nilpotent group and K is a compact abelian group.

Let us show that we can assume that N is simply connected.

Lemma B.2. For every connected nilpotent group Lie N , there exists a maximal compact
subgroup T < N which is characteristic in N such that the quotient N=T is a simply
connected nilpotent Lie group.

Proof. Consider a compact subgroup C < N and the adjoint representation AdN WN !
GL.n/, where n is the Lie algebra of N . Since C is a compact group, for every c 2 C
we have that AdN .c/ is a semisimple linear transformation. On the other hand, AdN .c/ is
nilpotent since the groupN is nilpotent. Therefore, AdN .c/D 1, hence,C �Z.N/. Thus,
each compact subgroup of N is contained in the center Z.N/ of N and, by commutativ-
ity, the union of all compact subgroups of Z.N/ forms a compact subgroup T < Z.N/.
Since the center is a characteristic subgroup and each automorphism of N sends compact
subgroups to compact subgroups, T is a characteristic subgroup of N .

In our setting, the maximal compact subgroup T < N will be a normal subgroup ofG.
By the compactness of T and discreteness of � , the intersection � \ T is a finite subgroup
of � . Consider the quotient homomorphism � WG ! G1 D G=T . The kernel of �j� is
a finite normal subgroup of � . The quotient �2 D �.�/ is a discrete subgroup of the group
G1 D N1K1, where K1 D �.K/ and N1 D �.N/ is a simply connected nilpotent group.
We will work with the subgroup �1 WD �.�/ of G1. Once we know that �1 is virtually
a uniform lattice in a connected nilpotent Lie group, it is finitely generated and, hence,
polycyclic. It then will follow that the group � itself is residually finite according to [30];
cf. [18, Lemma 11.77]. Thus, � contains a finite index subgroup z�1 such that � W z�1! �1
is injective. This reduces the problem to the case when N is simply connected and K is
compact abelian.

Since G is a connected solvable group with simply connected nilpotent radical N ,
there exists a faithful linear representation �WG! GL.d;R/ such that �.n/ is a unipotent
matrix for every n 2 N ; see, e.g., [31] and also [53]. We will identity G with �.G/.
Then N is an algebraic subgroup of GL.d;R/ (since N is unipotent, both the exponential
and logarithmic maps of N are polynomial).

Step 3. This is the key step in the proof. Let N2 < N be the Zariski closure of � \ N .
Since K is abelian, we have Œ�; �� < N ; since N is normal in G, � normalizes N2.
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Recall that a discrete subgroup of a simply connected (algebraic) nilpotent group H
is Zariski dense in H if and only if it is a cocompact lattice in H , see [50, Theorem 2.3,
p. 30]. Therefore, in our case, � \N D � \N2 is a cocompact lattice inN2. In particular,
this intersection is finitely generated. As we noted above, the subgroup � normalizes N2.
Our next goal is to prove that N2� D N2 Ì � is a closed subgroup of G. This will be
a corollary of a more general lemma about Lie groups.

Lemma B.3. Let H , N be closed subgroups of a Lie group G such that the intersection
N \H is a cocompact subgroup of N and H normalizes N . Then the subgroup NH is
closed in G.

Proof. LetK �H be a compact such thatHK DN . Consider a convergent sequence .gi /
inNH . Then every gi can be written as gi D kihi , ki 2K �N , hi 2H . After extraction,
ki ! k 2 K � N , hence, hi ! h and, since H is closed, h is in H . Therefore,

gi ! kh 2 NH:

Specializing to our situation, where the role of the closed subgroup H is played by � ,
and taking into account that N2 is normalized by � , we obtain the following assertion.

Corollary B.4. The subgroup �N2 < G is a closed Lie subgroup in G (in the classical
topology).

Corollary B.5. The identity component of �N2 coincides with that of N2.

Proof. This follows from countability of � .

Let n2 be the Lie algebra of N2. By the above observation about the identity compo-
nent, the Lie algebra of �N2 coincides with n2. Let AdW�N2 ! GL.n2/ be the adjoint
representation. We will use the following idea due to Margulis: There exists a full-rank
lattice � in the vector space n2 such that exp.�/ is a finite index subgroup of � \ N2;
see, e.g., [47, §3.1].

The number of subgroups of the given index in a finitely generated group, such as
� \ N , is finite. Therefore, taking into account the fact that � \ N is normal in � ,
there exists a subgroup of finite index x� of � such that exp� is x�-invariant. Since
j� W x�j <1, we can and will assume that exp� is �-invariant, i.e., is invariant under
the action of � by conjugation on N . Thus � is Ad.�/-invariant, and, by identifying �
with Zm, m D dim n2, we have Ad  2 GL.m;Z/ for each  2 � . After passing to a fur-
ther finite index subgroup of � , we can assume that Ad.�/ < SL.m;Z/.

Consider the Jordan decomposition Ad  D su of Ad  ,  2 � , where s is the
semisimple and u is the unipotent part of the decomposition. Since the maps Ad  7! u
and Ad  7! s are restrictions of Q-rational maps GL.m;R/ ! GL.m;R/, we have
u 2 SL.n;Q/ and s 2 SL.m;Q/. (See [1, p. 158].)

Lemma B.6. For each unipotent element u 2 GL.m;Q/, there exists q D qu 2 N such
that uq 2 GL.m;Z/.
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Proof. There exists q1 D q1.m/ such that for each unipotent element u 2 GL.m;R/,

.1 � u/q1C1 D 0:

Assume now that u 2 GL.m;Q/; let M denote the product of denominators of all
matrix entries of u1; : : : ; u

n1
1 and set q2 WDM � q1Š, u1 WD 1 � u. Then

uq2 D

q2X
kD0

�
q2

k

�
uk1 D

q1X
kD0

�
q2

k

�
uk1 :

Clearly, �
q2

k

�
uk1 2 Mat.m;Z/

for all k � n1. Hence, for q D q2, uq 2 GL.m;Z/.

In our case, given that u 2 SL.m;Q/, we conclude that there exists a positive inte-
ger q such that qu 2 SL.m;Z/. Since su D us and Ad  2 SL.m;Z/, we have

q
s 2 SL.m;Z/. On the other hand, every  2 � is the product  D nk, where n 2 N ,
k 2 K. As we noted above, Ad.n/ is unipotent; by compactness of K, for every eigen-
value � of s , we have j�j D 1. Hence qs is a finite order element of the discrete group
SL.m;Z/. Thus there exists p such that ps D 1. From this it follows that p 2 N .

Lemma B.7. The subgroup � is finitely generated.

Proof. The subgroup � \N2 is finitely generated because it is a cocompact lattice. For the
same reason, the projection of � to the connected abelian group G=N2 is discrete. There-
fore, this projection is finitely generated as well. It follows that � itself is finitely gener-
ated.

Therefore, since the projection of � to G=N2 is a finitely generated torsion group, this
projection has to be finite. In particular, � \ N2 has finite index in � . Since � \ N2 is
a cocompact lattice, Theorem B.1 follows.
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