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Masur’s criterion does not hold in the Thurston metric

Ivan Telpukhovskiy

Abstract. We show that there is a minimal, filling, and non-uniquely ergodic lamination A on the
seven-times punctured sphere with uniformly bounded annular projection distances. Moreover, we
show that there is a geodesic in the thick part of the corresponding Teichmiiller space equipped with
the Thurston metric which converges to A. This provides a counterexample to an analog of Masur’s
criterion for Teichmiiller space equipped with the Thurston metric.

1. Introduction

The Thurston metric is an asymmetric Finsler metric on Teichmiiller space that was first
introduced by Thurston in [44]. The distance between marked hyperbolic surfaces X
and Y is defined as the log of the infimum over the Lipschitz constants of maps from X
to Y, homotopic to the identity. Thurston showed that when S has no boundary, the dis-
tance can be computed by taking the ratios of the hyperbolic lengths of the geodesic
representatives of simple closed curves (s.c.c.):

£a(Y)
dm(X,Y) = asgucpc log X))’

A class of oriented geodesics for this metric called stretch paths was introduced in [44].
Given a maximal geodesic lamination v on a hyperbolic surface X, a stretch path starting
from X is obtained by stretching the leaves of v and extending this deformation to the
whole surface. The stretch path is controlled by the horocyclic foliation, obtained by foli-
ating the ideal triangles in the complement of v by horocyclic arcs and endowed with the
transverse measure that agrees with the hyperbolic length along the leaves of v. That is,
the projective class of the horocyclic foliation is invariant along the stretch path.

Thurston showed that there exists a geodesic between any two points in Teichmiiller
space equipped with this metric that is a finite concatenation of stretch path segments.
In general, geodesics are not unique: the length ratio in equation (1.1) extends continu-
ously to the compact space of projective measured laminations P.M£(S) and the supre-
mum is usually (in a sense of the word) realized on a single point which is a simple closed
curve, thus leaving freedom for a geodesic.

The following is our main theorem.

(1.1
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Theorem 1.1. There are Thurston stretch paths in a Teichmiiller space with minimal,
filling, but not uniquely ergodic horocyclic foliation, which stay in the thick part for the
whole time.

The theorem contributes to the study of the geometry of the Thurston metric in com-
parison to the better studied Teichmiiller metric. Namely, our result is in contrast with
a criterion for the divergence of Teichmiiller geodesics in the moduli space, given by
Masur.

Theorem 1.2 (Masur’s criterion, [30]). Let g be a unit area quadratic differential on
a Riemann surface X in the moduli space M(S). Suppose that the vertical foliation of
is minimal but not uniquely ergodic. Then the projection of the corresponding Teich-
miiller geodesic X; to the moduli space M(S) eventually leaves every compact set as
t — o0.

Remark 1.3. The horocyclic foliation is a natural analog of the vertical foliation in the
setting of the Thurston metric, see [11,35].

Remark 1.4. Compare Theorem 1.1 to a result of Brock and Modami in the case of
the Weil-Petersson metric on Teichmiiller space [10]: they show that there exist Weil—
Petersson geodesics with minimal, filling, non-uniquely ergodic ending lamination, that
are recurrent in the moduli space, but not contained in any compact subset. Hence our
counterexample disobeys Masur’s criterion even more than in their setting of the Weil—
Petersson metric.

Despite being asymmetric, and in general admitting more than one geodesic between
two points, the Thurston metric exhibits some similarities to the Teichmiiller metric.
For example, it differs from the Teichmiiller metric by at most a constant in the thick part'
and there is an analog of Minsky’s product region theorem [14]; every Thurston geodesic
between any two points in the thick part with bounded combinatorics is cobounded [25];?
the shadow of a Thurston geodesic to the curve graph is a reparameterized quasi-geo-
desic [26].

Nevertheless, the Thurston metric is quite different from the Teichmiiller metric. For
one, the identity map between them is neither bi-Lipschitz [27], nor a quasi-isometry [14].
In the Teichmiiller metric, whenever the vertical and the horizontal foliations of a geodesic
have a large projection distance in some subsurface, the boundary of that subsurface gets
short along the geodesic [39].> However, it follows from our construction that the end-
points of a cobounded Thurston geodesic do not necessarily have bounded combinatorics.
The reason behind it is that a condition equivalent to a curve getting short along a stretch

"Here the constant C(g) depends on the thick part 7 (S).

2For every x, y € T,(S) with K-bounded combinatorics [25, Definition 2.2], every & (x, y) is in the
&' (e, K, S)-thick part.

3For every & > 0, there exists K such that dy (i, u_) > K implies inf; £y (€ (1)) < e.
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path that is expressed in terms of the subsurface projections of the endpoints is more
restrictive than in the case of the Teichmiiller metric [40], and involves only the annular
subsurface of « (see Theorem 2.10 for a precise and more general statement). This allows
us to produce our counterexample by constructing a minimal, filling, non-uniquely ergodic
lamination with uniformly bounded annular subsurface projections.

The construction will be done on the seven-times punctured sphere. First, in Section 3
we construct a minimal, filling, non-uniquely ergodic lamination A using a modification
of the machinery developed in [24]. Namely, we choose a partial pseudo-Anosov map t
supported on a subsurface Y homeomorphic to the three-times punctured sphere with one
boundary component. We pick a finite-order homeomorphism p, such that the subsurface
p(Y) is disjoint from Y, and the orbit of the subsurface Y under p fills the surface. Then we
set ¢ = t” o p and provided with a sequence of natural numbers {r; }5>; and a curve Yo,
define

O =¢r 000y, vi = Pi(yo).

We show that under a mild growth condition on the coefficients r;, the sequence of
curves y; forms a quasi-geodesic in the curve graph and converges to an ending lami-
nation A in the Gromov boundary. In Section 4, we introduce a ®;-invariant bigon track
and provide matrix representations of the maps t and 7 o p. In Section 5, we let Yy be
a multicurve and produce coarse estimates for the intersection numbers between the pairs
of multicurves in the sequence y;. In Section 6, we show that A is non-uniquely ergodic
and we find all ergodic transverse measures on A. In Section 7, we prove that A has uni-
formly bounded annular subsurface projections. Finally, in Section 8 we show that there
are Thurston stretch paths whose horocyclic foliation is A, which stay in the thick part of
the Teichmiiller space for the whole time.

2. Background

2.1. Notation

We adopt the following notation. Given two quantities (or functions) A and B, we write
A=xgc Bif %B — C < A < KB + C. Further, unless explicitly stated, by the following
notation we will mean that there are universal constants K = 1, C = 0 such that

e AXBmeansA4<B+C.

e A< Bmeans A < KB.

Bmeans A —C <

B <

B means %B <A< KB.
C
A

B means A < KB +
<

O N N N

Dl +Ax )x )+ Ax

1
B means ?B -C
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2.2. Curves and markings

Let S = Sg , be the oriented surface of genus g = 0 with n = 0 punctures and with negative
Euler characteristic. A simple closed curve on S is called essential if it does not bound
a disk or a punctured disk. We will call a curve on S the free homotopy class of an essential
simple closed curve on S. Given two curves @ and  on S, we will denote the minimal
geometric intersection number between their representatives by i (o, ). A multicurve is
a collection of pairwise disjoint curves on S. A pants decomposition # on S is a maximal
multicurve on S, i.e., whose complement in S is a disjoint union of three-times punctured
spheres. A collection of curves T is called filling if for any curve B on S: i(«, 8) > O for
some o € I'. A marking t on S is a filling collection of curves. The intersection number
between two collections of curves I" and I" is defined as

M=) iy

yel, y’el”

2.3. Curve graph

The curve graph €(S) of a surface S is a graph whose vertex set €y(.S) is the set of all
curves on S. Two vertices « and 8 are connected by an edge if the underlying curves real-
ize the minimal possible geometric intersection number for two curves on S. This means
that i (o, B) = 0, i.e., the curves are disjoint, unless S is one of the exceptional surfaces:
if S is the punctured torus, then i (o, f) = 1, and if S is the four-times punctured sphere,
then i (a, B) = 2. The curve graph is the 1-skeleton of the curve complex, introduced by
Harvey in [20]. The metric ds on the curve graph is induced by letting each edge have
unit length. Masur and Minsky showed in [31] that the curve graph is Gromov hyperbolic
using Teichmiiller theory.

Theorem 2.1 ([31]). The curve graph €(S) is Gromov hyperbolic.

Later, Bowditch gave another proof of this result and showed that the hyperbolicity
constant of €(Sy,,) is bounded above by a function that is logarithmic in g + n [6].
It was then shown that the hyperbolicity constant is uniformly bounded independently
by Bowditch [7], Aougab [1], Hensel, Przytycki and Webb [22], Clay, Rafi and Schlei-
mer [15].

Although the compact annulus # is not a surface of a negative Euler characteristic, it
is crucial for us to consider it and we separately define its curve graph. Let the vertices
of € () be the arcs connecting two boundary components of «#, up to homotopies that
fix the endpoints. Two vertices are connected by an edge of length 1 if the underlying arcs
have representatives with disjoint interiors. It is easy to check that € () is quasi-isometric
to Z with the standard metric, hence also Gromov hyperbolic (see [32, Section 2.4] for
more details).
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2.4. Measured laminations and measured foliations

We denote the space of geodesic laminations on S equipped with the Hausdorff topology
by §£(S). For the background on geodesic laminations, we refer to [13, Chapter 4].
We fix some definitions. A geodesic lamination is minimal if it does not contain any proper
sublaminations. A geodesic lamination is maximal if it is not contained in any lamination
as a proper subset. A geodesic lamination is filling if the connected components of its
complement are open disks or once punctured open disks. A geodesic lamination is chain-
recurrent if it is in the closure of the set of multicurves in § £(.5).

We denote the space of measured laminations on S equipped with the weak™ topology
by ML(S). For the background on measured laminations, we refer to [29, Chapter 8]. The
stump of a geodesic lamination is its maximal sublamination that admits a transverse mea-
sure of full support. We note that a minimal, filling geodesic lamination admits a transverse
measure of full support. A geodesic lamination is uniquely ergodic if it supports a unique
transverse measure up to scaling. Otherwise, it is non-uniquely ergodic.

We denote the space of projective measured laminations on S equipped with the quo-
tient topology of ML(S) \ {0} by PML(S). For a non-zero measured lamination 7 €
ML(S), we denote its projective class by [n] € PML(S). The intersection number i (-, )
extends continuously to the space of measured laminations (for a further extension to
the space of geodesic currents see [29, Chapter 8]). We say that the intersection number
between two projective measured laminations equals zero if it holds for every pair of their
representatives in ML (S).

Consider the subspace of PML(S) consisting of projective measured laminations
with minimal and filling support. Consider the quotient of this subspace by identifying the
laminations that have the same support. The resulting space equipped with the quotient
subspace topology is the space of ending laminations &£(S). Alternatively, the topol-
ogy of EL(S) can be described as follows: a sequence {v;} of minimal, filling geodesic
laminations converges to v € &£(S) if every limit point of {v;} in §£(S) contains v as
a sublamination. We refer to [19] for more details. Klarreich proved the following asser-
tion.

Theorem 2.2 ([23]). The Gromov boundary of the curve graph € (S) is homeomorphic to
the space of ending laminations & £(S). If a sequence of curves {v;} is a quasi-geodesic
in €(S) that converges to v € EL(S), then any limit point of {v;} in PML(S) projects
to v under the forgetful map.

We denote the space of measured foliations on S equipped with the weak™® topology
by MF (S). For the background on measured foliations, we refer to [18]. The spaces
MF (S) and ML(S) are canonically identified, and sometimes we will not distinguish
between measured laminations and measured foliations; similarly for their projectiviza-
tions PML(S) and PMF (S).
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2.5. Teichmiiller space and Thurston boundary

A marked hyperbolic surface is a complete finite-area Riemannian surface of constant
curvature —1 with a fixed homeomorphism from the underlying topological surface S.
Two marked hyperbolic surfaces X and Y are called equivalent if there is an isometry
between X and Y in the correct homotopy class. The collection of equivalence classes
of marked hyperbolic surfaces is called the Teichmiiller space T (S) of the surface S.
By £4(X) we denote the hyperbolic length of the unique geodesic representative of the
curve o on the surface X . For ¢ > 0, the e-thick part T,(S) of the Teichmiiller space is the
set of all marked hyperbolic surfaces with no curves shorter than ¢. A Bers constant of S
is a number B(S) such that for every X € 7 (S), there exists a pants decomposition on X
such that the length of each curve in it is at most B(S). We recall that the Teichmiiller
space can be compactified via the Thurston boundary homeomorphic to PME(S) so
that the compactification is homeomorphic to the closed ball of dimension 6g — 6 + 2n.
For the details of the construction using the space of geodesic currents in the case of
a closed surface, we refer to [29, Chapter 8].

2.6. Mapping class group

The mapping class group of a surface S is the group of the isotopy classes of orientation-
preserving self-homeomorphisms of S. The mapping class group acts continuously on
the space of projective measured laminations P ML(S). A non-periodic element of the
mapping class group that has no invariant multicurves is called pseudo-Anosov. A pseudo-
Anosov mapping class has exactly two fixed points in PML(S) that represent a pair of
transverse measured laminations that are minimal, filling and uniquely ergodic. Moreover,
given a pseudo-Anosov mapping class W, there is a number Ay > 1 such that

W) = Agv¥,  WO%) = AghS @2.1)

The (classes of the) laminations v*>* in equation (2.1) are called the unstable and stable
laminations of W, respectively. We refer to [17, 18] for more background on pseudo-
Anosov homeomorphisms.

2.7. Subsurface projections

By a subsurface Y C S we mean the isotopy class of a proper, closed, connected, embed-
ded subsurface, such that its boundary consists of curves on S and its punctures agree with
those of S. Whenever we talk about curves or laminations on Y, we think of the boundary
components of Y as punctures. We allow Y to be an annular subsurface, whose core curve
is a curve on S. We assume Y is not a three-times punctured sphere.

The subsurface projection is a map 7y : §£(S) — 250) from the space of geodesic
laminations on S to the power set of the vertex set of the curve graph of Y. Equip S with
a hyperbolic metric. Let Y be the Gromov compactification of the cover of S correspond-
ing to the subgroup 771 (Y') of 71 (S) with the hyperbolic metric pulled back from S. There
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is a natural homeomorphism from to Yto?Y, allowing to identify the curve graphs l‘f(f;)
and €(Y). For any geodesic lamination v on S, let ¥ be the closure of the complete preim-
age of v in Y. Suppose that Y C S is a non-annular subsurface. An arc § € V is essential
if no component of Y \ B has closure which is a disk. For each essential arc # € V, let Ng
be a regular neighborhood of 8 U 9Y . Define 7y (v) to be the union of all curves which
are either curve components of ¥ or curve components of d.Ng, where § is an essential
arc in V. If Y C § is an annular subsurface, define 7y (v) to be the union of all arcs 8 in ¥
that connect two boundary components of Y.

We say that a lamination v intersects the subsurface Y essentially if 7wy (v) is non-
empty. The projection distance between two laminations v, v’ € §£(S) that intersect ¥
essentially is

dy (v,v") = diame(y) (ry (v) U 7y (v')).

If Y is an annular subsurface with the core curve «, we will write dy (v, v’) instead of
dy (v, v’) for convenience (when the quantity makes sense). More generally, if I" is a col-
lection of laminations, we define 7y (I') = |, 77y (v) and denote by dy (T") the quantity
diame(y)(y (I')). We say that a collection of laminations I" intersects the subsurface ¥
essentially if wy (I') is non-empty. Similarly, if ', T/ are collections of laminations that
intersect Y essentially, we define dy (I, T') = diame(y)(7y (T') U y (I')). A collection
of subsurfaces I is called filling if for any v € §£(S) there is Y € I such that wy (v) is
non-empty.

The following lemma provides an upper bound for a subsurface projection distance in
terms of intersection numbers.

Lemma 2.3 ([21, Lemma 2.1], [32, Section 2.4]). If Y C S is a subsurface or Y = S,
and o, B are curves on S that intersect Y essentially, then

dy (o, B) < 2i(, B) + 2.
If Y is an annular subsurface, the above bound holds with multiplicative and additive
factors 1.
We state the bounded geodesic image theorem proved by Masur and Minsky in [32].

Theorem 2.4 ([32]). Given a surface S, there is a constant M = M(S) such that when-
ever Y is a subsurface and g = {y;}ier is a geodesic in €(S) such that y; intersects Y
essentially foralli € I, then dy(g) < M.

Later, Webb proved that the value of M can be chosen to be independent of the
surface [45]. We state a corollary of Theorem 2.4, which follows from the stability of
quasi-geodesics in Gromov hyperbolic spaces [8, Chapter III.H, Theorem 1.7].

Corollary 2.5. Givenk =1, ¢ = 0 and a surface S, there exists a constant A = A(k,c, S)
such that the following holds. Let {y;}ier be a (k,c)-quasi-geodesic in € (S) which is also
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1-Lipschitz, and let Y be a subsurface of S. If every y; intersects Y essentially, then for
everyi,j €1,
dy (vi.y)) < A.

We say that two subsurfaces Y, Z are overlapping if the multicurve dY intersects Z
essentially and the multicurve 0Z intersects Y essentially. The following relationship
between subsurface projection distances was found in [2], and an elementary proof with
explicit constants was later obtained in [28].

Theorem 2.6 (Behrstock inequality). If Y, Z C S are overlapping subsurfaces and o is
a lamination that intersects both of them essentially, then

dy(,0Z) =210 = dz(a,0Y) < 4.

We also state a useful lemma on the convergence of the projection distances (we note
that the definition of the projection distance in [10] is slightly different from ours, but this
only results in a bounded change of the additive error compared to their statement).

Lemma 2.7 ([10, Lemma 2.7]). Suppose that a sequence of curves {v;} converges to
a lamination v in the Hausdorff topology on §£(S). Let Y be a subsurface, so that v
intersects Y essentially. Then for any geodesic lamination v' that intersects Y essentially,
we have

dy (vi.V') g dy (v,

for all i sufficiently large.
Finally, we state the following proposition.

Proposition 2.8 ([34, pp. 121-122]). Let v be the unstable or stable lamination of a pseu-
do-Anosov map V on a surface S and let T be a collection of curves on S. Then there is
a constant Cy,r > 0 such that if Y C S is a subsurface such that I intersects Y essentially,
then

dy(v,T') < Cyr.

2.8. Relative twisting

In Section 2.7, the projection distances between laminations for the annular subsurfaces
were defined. Here we extend the definition to allow us to compute projection distances
between a lamination and a point in Teichmiiller space, and between two points in Teich-
miiller space. We refer to any of these quantities as the relative twisting around a curve «.

Suppose « is a curve, X is a point in Teichmiiller space and v is a geodesic lamina-
tion on S. Suppose that v intersects « essentially. Consider the Gromov compactification
of the annular cover X, that corresponds to the cyclic subgroup (o) in the fundamen-
tal group 771 (S), with the hyperbolic metric pulled back from X. Consider the complete
preimage ¥ of v in X,. Let o be a geodesic arc in X, that is perpendicular to the geodesic
in the homotopy class of the core curve. Define dy (X, v) to be the maximal distance
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between @ and ot in €(X,), where @ is any arc of ¥ that connects two boundary com-
ponents of X, and a is any perpendicular. We refer to [33, Section 3] for another way to
define the twisting of a lamination around a curve in a hyperbolic surface using the pro-
jection of lifts in the universal cover. We note that the quantity in their definition differs
from ours by at most 2.

Lastly, we define d, (X, Y), where X, Y are two points in Teichmiiller space. Let Sy
be the compactification of the annular cover that corresponds to «. Let X, Yy be the
compactified covers with the hyperbolic metrics defined as before. Using the first met-
ric, construct a geodesic arc ot)J(', perpendicular to the geodesic in the homotopy class
of the core curve. Similarly, construct a geodesic arc otf;. Define dy (X, Y) to be the
maximal distance between a}J(- and ozf; in €(Sy), over all possible choices of the per-
pendiculars.

2.9. Thurston metric on Teichmiiller space

We assume that S has no boundary. For a background on the Thurston metric, we refer
to [37, 44], while here we mention the necessary notions and state the results that we
will use.

In [44], Thurston showed that the best Lipschitz constant is realized by a homeo-
morphism from X to Y. Moreover, there is a unique largest chain-recurrent lamination
A(X,Y), called the maximally stretched lamination, such that any map from X to Y real-
izing the infimum in equation (1.1), multiplies the arc length along the lamination by the
factor of edm(X.Y) Generically, A(X,Y) is a curve (see [44, Section 10]).

For a maximal lamination v, Thurston constructed a homeomorphism %,: 7(S) —
MF (v), where MF (v) is the subspace of measured foliations transverse to v and stan-
dard near the cusps (the latter means that every puncture has a neighborhood in which the
leaves are homotopic to that puncture and the transverse measure of a (non-compact) arc
going out to a cusp is infinite). The image of a point X in the Teichmiiller space under ¥, is
the horocyclic foliation of the pair (X, v). The space M F (v) has a natural cone structure
given by the shearing coordinates which produce an embedding s,: 7 (S) — Rm7(S)
such that the image is an open convex cone. We refer to [5,43] for the details of the con-
struction. We assume that v is not an ideal triangulation of S. The stretch paths form open
rays from the origin in the image of s,,. Namely, given any X in Teichmiiller space 7 (S),
a maximal lamination v, and ¢ € R, we let stretch(X, v, ¢) be a unique point in 7 (S)
such that

sy (stretch(X, v, 1)) = e’s,(X).

Every stretch path converges to the projective class of the horocyclic foliation in the
Thurston boundary as ¢ — oo (see [36, Theorem 5.1]). Every stretch path such that the
stump of v is uniquely ergodic converges to the projective class of the stump of v as
t — —oo [42]. We summarize these results in one theorem.
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Theorem 2.9 ([36, 42]). Suppose that v is a maximal lamination on S that is not an
ideal triangulation. The stretch path stretch(X, v, t) converges to the projective class of
the horocyclic foliation [F,(X)] in the Thurston boundary as t — co. Every stretch path
stretch(X, v, t) such that stamp(v) is uniquely ergodic converges to the projective class of
the stump [stump(v)] in the Thurston boundary as t — —oo.

2.10. Twisting parameter along a Thurston geodesic

We introduce the notions necessary to state Theorem 2.10. We say that a curve « inferacts
with a lamination v if « is a leaf of v or if v intersects « essentially. We call [a, b] the &-
active interval for « along a Thurston geodesic §(¢) if [a, b] is the maximal interval such
that £y (a) = £, (D) = e. We use the notation Log(x) = max(1,log(x)). Denote X; = §(¢).

Theorem 2.10 ([16, Theorem 3.1]). There exists a constant 9 > 0 such that the following
statement holds. Let X,Y € T5,(S) and o be a curve that interacts with A(X,Y). Let §
be any geodesic from X to Y and €, = min; £y(t). Then
1 1
do(X,Y) X —Log —.
«(X.Y) = . gy
If £y < &9, then dy(X,Y) * do(X4, Xp), where [a, b] is the gg-active interval for .
Further, for all sufficiently small £y, the relative twisting dy (X, A(X,Y)) is uniformly
bounded for all t < a and £ (t) = e'~PLg(b) for all t = b. All errors in this statement
depend only on &.

Remark 2.11. We note that the statement of Theorem 2.10 remains true if the condi-
tion X,Y € T, (S) is replaced by the weaker condition £, (X), £y (Y) = &o. The proof is
identical. This will be crucial for us to make Corollary 8.3.

3. Construction of the lamination

In this section, we construct a quasi-geodesic {«;} in the curve graph of the seven-times
punctured sphere Sy 7 converging to the ending lamination A in the Gromov boundary.
We thank the referee for suggesting simpler proofs.

3.1. Alpha sequence

Denote by § = Sp,7 the seven-times punctured sphere, obtained by doubling of a regular
heptagon on the plane along its boundary. Consider four curves o, o1, o2, o3 on S as
shown in Figure 1.

Let p be the finite order homeomorphism of S which is realized by the counterclock-
wise rotation along the angle of 67”. In other words, the map p rotates S by 3 ‘clicks’
counterclockwise. Let Yy, Y7, Y2, Y3 be the subsurfaces of S with the boundary curves
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Figure 1. The curves ag, a1, @2, @3 and &g, §; on S.

oo, 0], 0y, 03, respectively, and with 3 punctures each. Denote by 7 the partial pseudo-
Anosov map on S supported on the subsurface Y, and obtained as the composition of two
half-twists t = H 5 Lo Hs, (the core curves are shown in Figure 1).

Forany n € N, let ¢, = " o p. Let {r, }52, be a sequence of natural numbers. We will
impose certain conditions on {r, } later in this section and also in Section 5. Set

Qi = @r @y Ori P, (3.1

Define the curves o; = ®;(g) for every i € N. Denote by Y; the subsurface with the
boundary curve ¢; and 3 punctures.
Observe that for any a,b, ¢ € N,

a; = @c(@o), a2 = @pec(ao), a3 = QaPpPc(co);

(3.2)
Y1 =¢c(Yo), Y2 =0ppc(Yo), Y3 =qa0p0:(Yo).

In particular, for i = 1,2, 3 we have that ®; («g) = «;, ®; (Yp) = V.
We begin with the observations on the sizes of the subsurface projections between the
curves in the sequence {c; }.

Claim 3.1. There is a constant ¢ > 0, so that for everyi = 2
dy, (0tj—2,042) = cri—y — L.

Proof. First we expand the expression using equation (3.1), then simplify it by applying
equation (3.2) and using the fact that the mapping class group acts on the curve graph by
isometries, and then apply the triangle inequality:

dy; (@i—2,¢i12) = do, 0, | ¢, (¥0)(Pi—2(0), Pi2@r;_, @r, @ri 1 Priyr (@0))
= dy, (a0, ¢r,_, (@3)) = dy, (a0, T (pr3))
= dy, (a0, T (@) — dy, (7" (ap), T (pt3))
= dy, (a0, """ (@00)) — dy, (0, pat3)
= dy, (0o, 7" () — 1.

Since the mapping class 7 restricts to a pseudo-Anosov map on the surface Y5, by [31,
Proposition 3.6] we have dy, (a0, 7" (t0)) = cn for some ¢ > 0, so the result follows. m
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From now on, we will assume that the sequence {r,} satisfies r, = R foralln € N,
where R > OissuchthatcR — 9 > M + 10, where M is the constant from Theorem 2.4.

Lemma 3.2. Foreveryi < j <k with j —i =22,k — j =2, the curves o;, oy, intersect Y
essentially and

dy, (o, o) = crj—1 — 9.
Proof. The proof is by inductiononn = k —i.
Base: n = 4. It follows from Claim 3.1.

Step. Suppose that k —i = n + 1. We show that the curve «; intersects the subsurface Y;
essentially. If j —i < 4, it follows from equation (3.2) together with (g, a2) > O,
i(og,03) > 0. If j —i = 4, then applying the induction hypothesis to the triple i <
Jj —2 < j,weobtain dyj_z(oz,-,ozj) Zcrj_3—9=M +10.1f i (o; , ;) = 0, then since the
subsurface projection distance for the disjoint curves is at most 2 (see [32, Lemma 2.2]),
we have dy;_, (a;, ;) < 2, contradiction. Therefore, i (;, ;) # 0 and hence the curve o;
intersects Y; essentially.

Next, if j —i > 4, then since dyj_2 (@i a;) = M 4 10 = 10, by Theorem 2.6, we have
dy; (i, 05—2) < 4.1f j —i <4, then the curves o;, a5 are disjoint and dy; (;, o —2) < 2.
The same argument applied to the triple {j, j + 2, k} shows that the curve oy intersects Y;
essentially and that dy; (e, @ +2) < 4. Then from the triangle inequality together with
Claim 3.1, we obtain

dy, (i, k) = dy; (2j—2, 0j42) — dy; (@j—2, ;) — dy; (2, 0k )
=

crici—1—-4—4=crj_1—-09. ]
Next, we prove the main result of the section.
Proposition 3.3. The path {«;} is a quasi-geodesic in the curve graph €(S).

Proof. We prove that if k —i = 7d — 4 for d € N, then dgs(o;, o) = d. Let § be
a geodesic between «; and o in the curve graph. By Lemma 3.2 and Theorem 2.4, for
each j € {i 4+ 2,...,k — 2} there exists a curve v in ¥ such that v does not intersect
the subsurface Y; essentially. We show that if a curve v does not intersect Y; and Y}
essentially for j, j' € {i +2,...,k —2},then|j — j’| < 7. Assume on the contrary that
|j — j'| = 7. Observe that for every p € N, the subsurfaces {Yy, Yp+1, Yp+2, Yp43} fill S.
Indeed, by equation (3.2) it is sufficient to consider the case p = 0, which easily follows
from Figure 1. This observation allows us to find m € N with j +2 <m < j' — 2, such
that the curve v intersects Y, essentially. From Lemma 3.2, we know that dy,, (¢, o) =
¢Fm—1 — 9 = 10. On the other hand, since i (v, ;) =i (v, ;) = 0, by the triangle inequal-
ity we have
dy, (aj, o) < dy,(a;,v) +dy, (v,05) <2+ 2 =4,

contradiction.
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For each j € {i +2,...,k —2}, map the curve «; to some vertex in ¥ that does
not intersect Y; essentially. We have shown that this map is at most 7-to-1. Also by
Lemma 3.2, it omits the endpoints of g, therefore if k —i > 7d — 4, then |{i + 2,...,
k—2}| =7d —7 and ds (i, o) = d. It follows that path {c;} is a quasi-geodesic. =~ m

We obtain an immediate corollary from Theorem 2.2.

Corollary 3.4. There is an ending lamination A on S representing a point in the Gromov
boundary of €(S) such that

lim o; = A.
i—00

Furthermore, every limit point of {«; } in P M L(S) defines a projective class of transverse
measures on A.

In the remainder of the section, we prove more claims about the sequence {«;} that
will be used in Section 7.

Lemma 3.5. Foreveryi < j with j —i =5, the curves a;, «; fill S.

Proof. The triplesi <i +2 < j,i <i 4+ 3 < j satisfy the conditions of Lemma 3.2.
Hence

dn+2(ai,aj),dy,+3(ai,aj) > M + 10.

If o;, @ are disjoint, then dy, ,, (a;, ;) < 2, contradiction. If we have that dg (o, 015) = 2,
let {o;, o', aj} be a geodesic in the curve graph between o; and «j. By Theorem 2.4,
the curve o’ does not intersect Y; 4, and Y;43 essentially. A curve that does not inter-
sect Y4, and Y; 43 essentially is either o4, or o;4+3: indeed, by equation (3.2) it is
enough to consider the case i = 0, which follows from Figure 1. Equation (3.2) also
gives ds (o, 0ti42) = ds(a;, aj+3) = 2 > 1, contradiction. Therefore, the curves «;, «;
fill S. [ ]

Remark 3.6. There is a constant R’ > 0 such that if r, = R’ for all n € N, then the
sequence of subsurfaces {Y; } satisfies the conditions of [9, Theorem 4.1] form = 2,n =3
(in their notation). This gives another proof of Proposition 3.3.

Next, we prove the following claim.

Claim 3.7. For eachi € N, there is a unique curve B; on S such that
i(Bi,ai) =i(Bi,itq) = 0.
Further, B; is disjoint from a; 11, &2 and ;3.

Proof. First we show that there is a unique curve 8¢ on S that is disjoint from «g, o4 and
does not intersect Y, essentially. A curve that is disjoint from ¢ that does not intersect Y,
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Bo

p>(Bo) "1 (Bo)

Figure 2. The curves Bo, p~ ! (Bo), p>(Bo) on S.

essentially is either «; or any curve in Y;. The curve oy intersects «; essentially and
Y1 \ (o1 U a4) has two connected components: the twice punctured sphere and the three-
times punctured sphere. Hence B is the curve in the second component that does not
bound a punctured disk in S. The curve Sy is shown in Figure 2. Define the curves §; =
®; (Bo) fori € N.

Next, any curve § disjoint from o;, o; 4 cannot intersect Y; 4, essentially, otherwise
we have

dy; (@i, @ira) < dy, (i, B) +dy,, (B dtiya) S2+2=4,

which contradicts the lower bound of Claim 3.1: dy, , (@i, o +4) = crig1 — 1= M + 10.
Then by equation (3.2), the curve CI>i_1(,3) is disjoint from @ and ¢, («3) and does
not intersect Y, essentially. By an argument as above, we obtain CIJi_l (B) = Bo. Therefore,
B = B;. Finally, the curve B is disjoint from the curves a1, a2, a3, hence by equation (3.2)
Bi is disjoint from @; 41, ®j 42, & +3. [ ]

Claim 3.8. For eachi € N, there are exactly three curves on S that are disjoint from «;
and o 3. Further, only one of them intersects both o1 and o4 essentially, and this
curve intersects both a; +1 and a; 4 essentially.

Proof. By applying the homeomorphism <I>i_1 and using equation (3.2), the problem re-
duces to finding the curves disjoint from «¢ and «s3. It follows from Figure 1 that these
curves are p~'(Bo), Bo and p3(Bo), which are shown in Figure 2. By Claim 3.7, the
curves ®; (p71(Bo)) = Bi—1. ®i(Bo) = Bi do not intersect essentially either ; _; or o; 4 4.
By Claim 3.7, the curve ®;(p3(Bo)) intersects both o;_; and a; 4 essentially. Further,
the curve p3(Bo) intersects o; and a, essentially, hence by equation (3.2) ®;(p3(Bo))
intersects both «; +1 and o4, essentially. [

Claim 3.9. If a curve on S is disjoint from o; and o4 for some i € N, then it is also
disjoint from oj 41.
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Proof. By equation (3.2), it is sufficient to consider the case i = 0. Notice that the curve oy
is a boundary component of a unique subsurface which is filled by the curves oy and a».
Therefore, a curve on S that is disjoint from &g and «; is also disjoint from &, which
proves the claim. ]

Claim 3.10. For eachi € N, there is no curve on S that is disjoint from a; 11, ®j 4o and
intersects o, o3 essentially.

Proof. By equation (3.2), it is sufficient to consider the case i = 0. If a curve y on S is
disjoint from o/} and w5, then one of the following holds: y = a1,y = as,y C Y1,y C Ys.
If y = a; or y C Yy, then y is disjoint from o, if y = a5 or y C Y>, then y is disjoint
from a3, so the result follows. [

We have the following corollary.

Corollary 3.11. If a curve y on S is disjoint from some curves in the sequence {u;},
then one of the following holds: y is disjoint from 5 consecutive curves, y is disjoint from
two curves o;, o with j —i = 3, y is disjoint from 3 consecutive curves or y is disjoint
from 1 curve.

Proof. Let{ € N be the smallest index so that y is disjoint from oy and r = £ be the largest
index so that y is disjoint from o,. By Lemma 3.5, we have r — £ < 4. If r — £ = 4, then
by Claim 3.7, y is disjoint from 5 consecutive curves. If r — £ = 3, then by Claim 3.8,
y is disjoint only from &y and «,. If r — £ = 2, then by Claim 3.9, y is disjoint from 3
consecutive curves. The case r — £ = 1 is impossible by Claim 3.10. If r — £ = 0, then y
is disjoint from 1 curve in {¢; }. ]

4. Invariant bigon track

In this section, we introduce a maximal birecurrent bigon track on S that is invariant under
the homeomorphisms ®; defined in equation (3.1). We refer the reader to [38] for more
details on train tracks and specifically to [38, §3.4] for more details on bigon tracks. The
bigon track T is shown in Figure 3.

The complement to 7" in S consists of 7 punctured monogons, 3 trigons and one bigon.
The shaded region in Figure 4 shows a part of the bigon in the complement of T'.

Let V(T') be the convex cone consisting of all non-negative real assignments of weights
to the branches of T that satisfy the switch conditions. Pick the ordered subset of 9 branch-
es of T as in Figure 3. Notice that every non-negative assignment of weights to the chosen
branches can be uniquely promoted to a vector in V(T'). Denote by e; the vector in V(T)
that assigns the weight 1 to the i-th branch i = 1,...,9) and the weight 0 to all other
branches in the chosen set. It follows that V(T') is the non-negative orthant in the vector
space W(T) of all real assignments of weights to the branches of T (that satisfy the switch
conditions) with basis {e1,...,e9}.



I. Telpukhovskiy 1450

Figure 3. The bigon track 7" with a numbering Figure 4. The bigon in the complement of 7.
of some of its branches.

—

=7

Figure 5. A curve on S that can be represented as a vector in V(T') in two different ways.

The dimension of the space of measured laminations on § is equal to 8, and the natural
map from V(T') to ML(S) is not injective because 7" has a bigon. Namely, we can show
that the following assertion is true.

Claim 4.1. The space of measured laminations carried by T is naturally identified with
the linear quotient cone V'(T) = V(T)/~, where for |11, ia € V(T) we let 11 ~ p2
when [L1 — o € span(2e; — 2eq + €6 — eg + e9) C W(T).

Proof. According to [38, Proposition 3.4.1] and since dim V(T') — dim ME(S) = 1, it is
sufficient to find two distinct vectors vy, v, € V(T') that correspond to the same measured
lamination. Indeed, it then follows that vectors w1, ua € V(T) correspond to the same
measured lamination if and only if span(u; — @2) = span(vy; — vz) C W(T). Consider
v1 = 4ep + 2e6 + 2e9 and v, = 4eq4 + 2eg. We leave it for the reader to verify that both
of them correspond to the curve in Figure 5. ]

Proposition 4.2. The bigon track T is ®;-invariant.

Proof. Tt is enough to check that 7 is invariant under the mapping classes t and t o p. We
refer to Figures 6 and 7 for the verification. ]
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Figure 7. The action of p followed by T on 7.

Denote by A the matrix of the induced action of 7 on the cone V(T) in the basis
{e1,...,en}. Similarly, denote by B the matrix of the induced action of 7 o p on the cone
V(T) in the same basis. We have the following proposition.

Proposition 4.3. The matrices A and B are as follows:

21 0010120 00 0O0T1O0O0TO0TPO
1 10001010 0001 0O0O0TO0TO
001 0O0O0O0TO0O@ O 1 000 0O0O0O0ODO
0001 0O0O0O0O0 01 00 O0O0O0OTO0TO0
000 O0T1O0O0TO0O0], 001 00O0O0OO0OTO
000 O0O0OT1TTUO0OTUO0OO 00 01 0O0O0O01
00 0 0O0O0OT1TO0OF®O 00 0O0T1O0T1TUO0OO0
000 O0O0O0OO0OT1O 00 0O0OT1TO0TO0OTO0
000 00 O0O0OO0°1 000 O0O0OO0OO0OT1FO

Further, the vector v = (¢, 1,0,0,0,0,0,0,0)7 is an eigenvector of A with the eigen-
value ¢p2, where ¢ = %ﬁ

Proof. Let w; = 2e;. The matrices A and B do not change if expressed in the basis
{wy, ..., we}. It is sufficient to find the images of the vectors w;, i = 1,...,9. We
refer to Figures 8—16 and leave the verification for the reader. Finally, the vector v =
(¢,1,0,0,0,0,0,0,0)T corresponds to the unstable lamination of T on S. [
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218 T
Zan

Figure 8. The curve corresponding to the vector w and its images under 7 and t o p, respectively.

Figure 9. The curve corresponding to the vector wo and its images under 7 and 7 o p, respectively.

Figure 10. The curve corresponding to the vector w3 and its images under t and t o p, respectively.

Figure 11. The curve corresponding to the vector w4 and its images under t and t o p, respectively.

<4
—

Figure 12. The curve corresponding to the vector ws and its images under t and t o p, respectively.
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Figure 13. The curve corresponding to the vector we and its images under t and t o p, respectively.

B3

Figure 14. The curve corresponding to the vector w7 and its images under t and t o p, respectively.

= &

Figure 15. The curve corresponding to the vector wg and its images under t and 7 o p, respectively.

Figure 16. The curve corresponding to the vector wg and its images under t and t o p, respectively.

5. Estimating the intersection numbers

Let yo be the multicurve on S that corresponds to the vector wy + w3 € V(T) as in Fig-
ure 17. Define the multicurves y; = ®;(yp). In this subsection, we will coarsely estimate
the intersection numbers between pairs of multicurves in the sequence {y; }. To state the
result, we introduce some notations.
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Figure 17. The multicurve yp on S.

Let fo =0, fi =1, fu = fu—1 + fu—2 for n = 2 be the Fibonacci sequence. Define
the numbers ¢; = 2 f5,,—» fori = 1. We assume that the sequence {r,} is such that

i #0, ¢it1=¢i, €N, — < . (5.1

We prove the following assertion.

Proposition 5.1. There is a constant iy € N such that foriy <i < j withodd j — i, the
following holds:

. * . *
[(Yi-1, i) X i(Vi, Vj) X Cig1Cig3 ).
The multiplicative constants are independent of i and j.

To prove this proposition, we will study the asymptotic behavior of the matrix products
involving matrices A and B from Proposition 4.3. We start with elementary observations
about the Fibonacci sequence.

Claim 5.2. For m = 0, the following holds:

2fm+1 + fm = fm+3v 2fm-i-l + fm + fm+2 = fm+4~

Proof. We have

2fm+1 + fm = fmt1 + St + S = fur1 + Sz = Smts,
2fm1 + fm + fmi2 = iz + fmiz = fmaa. u

Let¢ = # be the golden ratio.

Claim 5.3. For m = 1, the following holds:

¢72f2m _¢72m = f2m—27 ¢71f2m _¢72m = f2m—la
Som + 0" = fomsts O fom + 32" = fomso.
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Proof. By Binet’s formula, we have

2m _ . .2m 1—\/5
Jam = %, where ¢ = 7
Since Y2 = ¢ 2, we have
2m _ 4—2m
f2m = %

Since p? —¢p 2 =¢p—¢p~ 1 = V/5, we have

1455

¢2m—2 _ ¢—2m—2 _ ¢—2m\/§ _ ¢2m—2 _ ¢—2m(¢—2 + \/g)

¢_2f2m - ¢—2m = \/g ﬁ
¢2m—2 _ ¢—2m+2
= = f2m—27
NG
¢_1f2 B ¢—2m _ ¢2m—1 _ ¢—2m—l _¢—2mﬁ _ ¢2m—l _¢—2m(¢—1 + \/g)
¢2m—1 _ ¢—2m+1
= 7z = fam-1,
B ¢2m+1 _ ¢—2m+1 4 ¢—2m\/§ ¢2m+1 _ ¢—2m(¢ _ ﬁ)
¢fom + ¢ = =
V5 V5
¢2m+1 _ ¢—2m—1
= = f2m+1,
NG
¢2f N ¢—2m ¢2m+2 _ ¢—2m+2 4 ¢—2mﬁ ¢2m+2 _ ¢—2m(¢2 _ ﬁ)
2m = =
V5 V5
¢2m+2 _ ¢—2m—2
= = fomt2.
NG

Next, we prove the following claim.

Claim 5.4. Forn = 1, the matrix A" is

Proof. The proof is by induction.

foanvr far 0O Jon Sfon—1—1 Jon Jont2 =1
Son  fanm1 00 fopi—1 fopo+1 fop1—1 fopgr1—1
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0

0
0

_ o O O O O
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Base:n = 1. Ttholds since f, =1, f3 =2, fs = 3.

Step. Using Claim 5.2 and introducing the shorthand notation s; := fx + fr+1, we cal-
culate the matrix A" *! = A" . 4:

Son+ fane1 S2n 0 0 s2p szp—1—1 s2n Sopt+S2pgp1—1 0
Son—1+ fan San—1 0 0 s3,1—1 s252+1 s2p-1—1 S2p—1+52,—1 0
0 0 10 0 0 0 0 0
0 0 01 0 0 0 0 0
0 0 00 1 0 0 0 0
0 0 00 0 1 0 0 0
0 0 00 0 0 1 0 0
0 0 00 0 0 0 1 0
0 0 00 0 0 0 0 1
Jon+3 fant2 00 fonta  font1—1 fon+2  fonta—10
Jon+2 fant1 0 0 font1 =1 fono+1 fonr1—1 fansz—1 0
0 0 10 0 0 0 0 0
0 0 01 0 0 0 0 0
= 0 0 00 1 0 0 0 0
0 0 00 0 1 0 0 0
0 0 00 0 0 1 0 0
0 0 00 0 0 0 1 0
0 0 00 0 0 0 0 1
This completes the proof. u

Corollary 5.5. Forn = 1, the matrix A" B is

00 Jon Jant1 =1 fant2  font2—1 Jon 0 fan—1—1
00 fon-1 =1 fan+ 1 font1—=1 fony1 =1 fan-1—1 0 fan—o+1
10 0 0 0 0 0 0 0
01 0 0 0 0 0 0 0
00 1 0 0 0 0 0 0
00 0 1 0 0 0 0 1
00 0 0 1 0 1 0 0
00 0 0 0 1 0 0 0
00 0 0 0 0 0 1 0
Proof. Direct check. u

Claim 5.6. Forn = 1, the matrix A" B can be expressed as

2fmN +M + ¢~ "L, (5.2)



Masur’s criterion does not hold in the Thurston metric 1457

where matrices N, M and L are, respectively,

00 1/2 ¢/2 ¢2/2 ¢2/2 1/2 0 1/2¢
00 1/2¢ 1/2 ¢/2 ¢/2 1/2¢ 0 1/2¢>
00 0 0 O 0 0 0 0
00 0 0 O 0 0 0 0
oo o0 0o o o0 o0 0 o0 |,
00 0 0 O 0 0 0 0
00 0 0 O 0 0 0 0
00 0 0 O 0 0 0 0
00 0 0 O 0 0 0 0
000 -1 0 -1 0 0 —1 000 111 0 0—1
00-11 -1 -1-10 1 00-1011-10—1
100 0 0 0 000 0000000 0 0
01 0 0 0 0 00 0 0000000 0 0
001 0 0 0 00 0|, [oooo0000 00
000 1 0 0 00 1 000000 0 0 0
000 0 I 0 100 000000 0 0 0
000 0 0 1 00 0 0000000 0 0
000 0 0 0 0 1 0 0000000 0 0

Further, the following holds:
(1) N2=0andrk(N) = 1.
(2) (MN)?> = MN, MN is non-negative and
MN@)=v forv=1(0,0,¢,1,0,0,0,0,0)".
(3) (NM)? = NM and NM is non-negative.
4 NL=LN =0.
5) L2 =0.

Proof. Equation (5.2) holds by Corollary 5.5 together with Claim 5.3. The rest is a direct
check. ]

Let || - || denote the operator norm induced by the standard norm on V(7T') with basis
{61, N ,6’9}.

Claim 5.7. There is a constant C > 0 such that for m,n = 1, the following holds:

A"B 1 A™BA"B
e P
2f2n f2n 2f2n f2n
Proof. By Claim 5.6, we have
A"B 1
—-N= (M 4+ ¢"L).

2f2n 2f2n
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Hence

Hlﬁn V| < 2fn”AI+¢ *LI < 57—0M4H+HLm

By Claim 5.6, we have
A"BA"B = 2famN + M + ¢7>"L)2f2nN + M + ¢~>"L)

=2fsuMN +2fou NM + M? + ¢ LM + ¢"*"ML. (5.3)
Hence
A™BA" B 1 —2m —2n
—MN = fzm(NM—i— 2+ i ? ML).
2f2n f2n 2f2m 2f2m 2f2m
Therefore,
Am BA"B f2m 2 ¢—2m ¢—2
—MNH NM| + —|M LM|| + ML
| =7 2 (M1 + I + S L + S — L)
fz
z + LM + [IML]).

Letting C = max{w, INM|| + |M|? + [[ILM| + |ML|}, we complete the
proof. ]

Observe that the matrix A” B is the induced matrix of the homeomorphism ¢, 11 since
Pnp1 ="l op=1"0(r0p).
Then the matrix P; defined as

P = A" 'BA"1 IR fori > 1
corresponds to ¢y, ¢r,;,,. We prove the following claim.

Claim 5.8. There are constants C' > 0 and jo € N such that for jo < j < k with odd
k — j, the following holds:

o0
H bj -PHZ---P"_I—MNHSC’-Z G

Ci+1 Cj43 Ck i=j Cit+1

ATt Py Pipa Pry — Ci
H itz Dk —NMNHsC’~Z .
Cj+1 Cj+3  Cj+s5 Ck Py Ci+1

Proof. By the definition of P; and ¢;, we have
P; AiTlBgTi+i—lp

El

Ci+1 B 2f2ri+1—2
therefore by Claim 5.7, we get
P yy|<c. S
Cit+1 Ci+1
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It follows from equation (5.1) that

>

Since the matrix M N is idempotent by Claim 5.6, we can invoke Lemma A.1 (see equa-
tion (A.3)) to conclude that there is a constant j, € N such that for jo < j <k,

———MW<w.
Ci+1

H P; .Pf+2...Pk—1_MNH<2.(C.§
Ci+1 Cj43 Ck

,
o )-||MN||2.
i=j i+1

Together with the triangle inequality and the first inequality in Claim 5.7, we obtain

Cj+1 Cj+3 Ck
- H A"i+171B Pjis P Ami+171B

Cj+1 Cj+3 Ck Ci+1

—NMNH

AriviT1B

Gj+1

MN| +| MN - NMN|

2C o~ Ci 2C
s@Nn+——)@-GL§:iL)wMNW+——-wMNW
Cj+1 imj Ci+1 Cj+1

Letting C' = (||N|| + 2C) - 2C||M N ||*> + 2C || M N || concludes the proof. |
We prove the main result of the section.

Proof of Proposition 5.1. Using equation (3.1), we can write

i(Vi-1, i) = 1(Pi—1(¥0), Pi—1¥r; .- @r; (Y0)) = i (Yo, ¢r; - - - 97, (V0))-

We can express the multicurve ¢y, ... ¢y, (o) as the vector P; Pi15 ... Pj—1(w1 + w3)
in V(T). Recall that by Proposition 4.3, the unstable lamination of the homeomorphism
can be represented (up to a positive scalar) as the vector ¢ - w; + w,. Notice that the
measured lamination that corresponds to the vector

MN(wy +w3) = %w3 + ﬁw;;

is the unstable lamination of the homeomorphism pzp~!, which has a positive intersec-
tion number with the curve that corresponds to w3, hence also with the multicurve yy.
Since the natural map V(T) — ML(S) and the intersection number i (-, -) are continu-
ous, by Claim 5.8 we can choose iy € N so that for iy < i < j, the intersection number
111 1:;:; P”‘ (w1 + w3) and Yy is bounded above and
below from zero, where the bound is mdependent of i and j. Hence forip <i < j, the
intersection number i(y;—1, y;) is equal to ¢;4+1¢i4+3 -+ ¢; up to a fixed multiplicative
constant.

of the measured lamination
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Similarly, we can write

i(yi,y;) = i(®i(y0), Pitryy - - 0r;(Y0)) = i (Yo, @riyy - - - @r; (Y0))-

We can express ¢y, ... ¢, (yo) as the vector AT TLBP 5Py Pi_j(w; + w3)
in V(T). Notice that the measured lamination that corresponds to the vector

NMN(wy + w3) = lwl + sz
2¢
is the unstable lamination of the homeomorphism 7, which has a positive intersection
number with the curve that corresponds to w;, hence also with the multicurve yy. By
Claim 5.8, for ip < i < j the intersection number of the measured lamination %
5"—;“32 . Z"—I;‘ e P’ L (w1 + w3) and yp is bounded above and below from zero, where the
bound is independent of i and j. Hence for ip < i < j, the intersection number i (y;, ;)

is equal to ¢; 4 1¢j43 -+~ ¢; up to a fixed multiplicative constant. [

6. Non-unique ergodicity

In this section, we show that the ending lamination A constructed in Section 3 is not
uniquely ergodic. Namely, we prove that the appropriately scaled subsequences of multic-
urves {y; } with even and odd indices converge to non-zero measured laminations that are
not multiples of each other. Further, we show that the limiting measured laminations are
ergodic and are the only ergodic transverse measures on A.

Claim 6.1. There are Ae, Ay € MEL(S) such that the following holds as n — oo:

2 2 1
Y2n = . Y2n+

e T S .
C2Cq:++C2p C1C3*C2n+1

Proof. Notice that the vectors ([ ]/, 512, L)(wy +w3) and 42— 'B (T, Cle Y(wi +w3)

2i+1

correspond to o c’f" o o c’;z"g;nﬂ respectively. IIII’ accordance Wlt}’)l equation (5.1),

Claim 5.7 and Lemma A.1, the infinite products [ ;o 3; Land [172, o 2’1 converge. So
P A’l 1B P

(1, 3;1 1)(wy +w3) and (T, czlﬁl)(w1+w3) converge as n — 0o, and the

result follows. |

Claim 6.2. As n — oo,
l:(VZm)Le) 0. l:(V2n+1,)Le)
i(Y2n,Ao) i(Y2n+1, A0)

Proof. Suppose that 2n = iy, where iy € N is the constant from Proposition 5.1. Then by
Proposition 5.1, for m > n, we have

. Yom i(Y2n:Y2m) % Con+2C2n+4°""Com 1
)/2}1, = —
Com

C2C4 - C€2C4 - C2m C2C4 " C2m C2C4 - C2n
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)(*

Since it holds for every m > n, by passing to the limit as m — oo, we have i (Y2, Ae)
m In particular, i (Y25, Ae) # 0.
Similarly, for m > n we have

.(y Yam+1 )_ i(Y2n, V2m+1) x C2nt1C2n+3° " Com+1 1
2n» - ~

C1C3**C2m+1 C1C3 - Com+1 C1C3**C2m+1 C1C3 - Can—1

C

Since it holds for every m > n, by passing to the limit as m — oo, we have i (yan, Ao)

cic3 cz,, 1 . In particular, l()’Zn’ Ao) ?é 0.
Putting this together, we obtain

i(Y2n,Ae) x €1C3° - Con—1
i(Yan,Ao) €24+ Con

It follows from equation (5.1) that cz”nl — 0 as n — oo. Hence €1€3¢n—1 _, () and

C2C4°*C2p
therefore X2n:2e) 5 (0 a5 5 — oo0.
l(VZna)La)

Similarly, for m > n we have

: Y2m .
[(Van+1: Gapmeor) ez omir E(Vant1s Yam)
; Y2m+1 - T
i(Y2n+1, CICS'"TH) €2¢4 " Com  i(Yan+1, Yam+1)
* €163 " Com+1  C2n42C2n44 " Com _ C1€3° " Con4l
€204+ Com  C2p43C2n+5" " Com+1 €204+ C2op
. . . . . ] *
Since it holds for every m > n, by passing to the limit as m — oo, we have % =
n Lo
ettt follows from equation (5.1) that CZ"“ — 00, hence &&3C2n+l _ 56 and
C2C4+Cop l(y ) C2C4°Con
therefore L02nt14e) o o0 a9y 5 oo, ]
i(Y2n+1,40)

Corollary 6.3. The measured laminations A, A, are non-zero and are not multiples of
each other.

Proof. Tt was shown in Claim 6.2 that i (Y25, Ae) # 0 and i (Y25, Ao) # 0 for 2n = iy, hence
Ae # 0 and A, # 0. If A,, A, are multiples of each other, then the sequence % is
constant, which contradicts Claim 6.2. [

Proposition 6.4. The ending lamination A is not uniquely ergodic.

Proof. The measured lamination A, can be expressed as /\g = A, + A, where A/, is the
measured lamination that corresponds to the vector (]_[l_1 Z’ L)(wy), A} is the measured
lamination that corresponds to the vector (]_[l_1 3; LY (w3). The simple closed curve that
corresponds to the vector ]_[l —1 P2i—1(w) is at distance 2 from the curve a5, in the curve

graph for each n = 1, hence the sequence of curves [[7_; P2i—1(w1),n = 1 converges to A
in the Gromov boundary as n — co. Then by Theorem 2.2, the measured lamination A/, is
supported either on A or at zero. Repeating the same argument for A and since A, # 0 by
Corollary 6.3, we obtain that A, is supported on A. By a similar argument, the measured
lamination A, is supported on A. By Corollary 6.3, A is not uniquely ergodic. |
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Let C(A) denote the convex cone of transverse measures supported on A. Since the
measured lamination A, is carried by T, the ending lamination A, being the support of A,
is carried by T'. Hence every measured lamination in C (1) is carried by 7. In fact, we can
show more:

Claim 6.5. For every n = 1, the image of the convex cone Py P3 ... Pyy_1(V(T)) under
the natural map to ME(S) contains C(1).

Proof. Notice that Py P3 ... P,—1(V(T)) is isomorphic to the convex cone of the non-
negative real assignments of weights to the branches of the train track ¢, ... ¢.,,(T)
that satisfy the switch conditions. It is then sufficient to show that the measured lamina-

tion A, is carried by the train track ¢, ... @, (T). Indeed, in this case every measured
lamination in C(A) is carried by ¢y, ... @, (T). Since the measured lamination corre-
Py

sponding to the vector (172, 2 )(wy + w3) is carried by T, then the measured

. . . P P3 Prpn—1 (o] Py :
lamination corresponding to the vector - -+ =22=L - (12,44 o )(wy + w3) is car-

ried by ¢y, ... ¢r,, (T). Since the latter measured lamination is A., the result follows. m

To find all ergodic transverse measures on A, we study the shapes of the convex cones
P1Ps3... Py, _1(V(T)) as n — oco. Roughly speaking, we will show that for each n > 1,
the set of the generators of the cone Py P3. .. P2,—1(V(T)) can be divided into two subsets
such that the angles between pairs of generators within each of the subsets converge to zero
as n — oo (Lemma 6.10). From this the upper bound on the number of ergodic transverse
measures will follow.

Endow V(T') with the standard inner product with respect to the basis {eq, ..., e9}.
We start with the following helpful observation.

Claim 6.6. Fori =1,

(Pilen).er) = 5. (Pilea).ea) =

Proof. By equation (5.3), we have
P; = cis1MN +¢;NM + M? + ¢ 20D LM 4 ¢~ 20ii=D pp

Notice that M N(e1) = 0 since e; € ker N. We have NM(e;) = %el + ﬁez. It is also
a direct check that

(M?(e1).e1) = (LM(eq).e1) = (ML(e1).e1) =0,

hence (Pi(e1).e1) = %.
Similarly, we have M N(e3) = %63 + ﬁ&; and

(NM(e3), e3) = (M?(e3).e3) = (LM(e3), e3) = (ML(e3), e3) = 0.

Hence (P;(e3), e3) = <L :
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Next, we prove the following assertion.
Claim 6.7. For everyn = 1, the following holds. If e; ¢ ker N, then

C2Cq -+ Cop

||P1P3...P2n—1MN(ei)||2 2n+l¢

Ife; € ker N, then

C1C3+++C2p—1

| P1Ps... Paui NM(e)|| = g

Proof. Notice that if ¢; ¢ ker N, then (M N(e;), e3) = ﬁ Since the matrices P; are non-
negative for j > 1, we have

(Pj(v),e3) = (Pj({v,e3) - e3),e3)

for all v € V(T). Since the matrix M N is non-negative by Claim 5.6, applying Claim 6.6
n times, it follows that (P P3 ... Pa—1 M N(e;), e3) = %, therefore

C2C4 -+ C2p

||P1P3...P2n—1MN(ei)” = 2n+1¢

Similarly, if e; € ker N, then (NM(e;), e1) = ﬁ Since the matrices P; are non-
negative for j = 1 and NM is non-negative by Claim 5.6, together with Claim 6.6 it fol-
lows that (P P5... Py, 1 NM(e;),eq) = SL82220=L ‘hence |P1 P53 ... Pyt NM(e;)| =

2n+1¢
C1C1°"C2n—1 ™
2n+1¢ .

Let K; be the matrix defined as K; = M2 + ¢~ 20i=D LM + ¢ 2Cii=D M, for
i = 1. Then

P, =cit1MN +¢;NM + K;. 6.1)
Notice that | K;|| < |M||?> + |LM| + | ML| foralli > 1.
Claim 6.8. There is a constant D > 0 such that for every n = 1, the following holds:

|P1Ps... Py NM|
[P1P3... Py 1 MN|
|P1Ps...Py—1Kznt1|

+C1C3 - C2p—1,

<

1
< D" cyeq- o,
<

Dn+1 *CpCq " Cop.

Proof. Consider the first inequality. Expressing each matrix P; in Py P3... P,,—1NM as
in equation (6.1) and expanding the brackets, we obtain a sum of 3" terms, where each
term is an (n + 1)-factor product of matrices MN, NM and K; fori = 1,3,...,2n—1
multiplied by a coefficient which is certain product of numbers c¢j for j =1,2,...,2n. It
follows from the identity N2 = 0 (Claim 5.6) that some of the matrices in the sum are zero.
Eliminating all terms in the sum whose matrices have an N2 in their expression, we get
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from equation (5.1) that ¢yc3 - -+ cap—1 1S the largest of the remaining coefficients. Since
the operator norm is sub-multiplicative, the norm of each matrix in the sum is at most
(max{||[MN|, |NM|, ||M]|]?> + |[LM| + |ML|})"*, hence by the triangle inequality
we have

|P1P3... Py 1 NM|
<3"-crezecopmr - (Max{[MN |, [INM |, M| + |ILM]| + [ ML|}H"*.

Letting D = 3 -max{||[MN|, ||[NM|, |M|? + |LM| + |ML]|} concludes the first in-
equality.

For the second and the third inequalities, notice that by equations (6.1) and (5.1) for
i = 1 we have

[Pill < civ1|MN|| +c;INM| + || K;l
<3 cipr max{|MN|, INM |, |M|* + |[LM]|| + |ML|} = D - ci41,

from which the upper bound follows. ]

Remark 6.9. It is possible to obtain better upper bounds for || Py P3 ... P,,—1 M N || and
|P1Ps ... Pay—1K2n+1]| using Claim 5.8, but weaker bounds will suffice for our pur-
poses.

Lemma 6.10. There is a constant D’ > 0 such that for every n € N the following holds.
Ifei,ej ¢ ker N, then

1 —COSZ(P1P3 e P2n+1(€i)v P1P3 P2n+1(€j)) < (D/)n+1 . M
C2C4 -+ Con+42

Ifei,ej € ker N, then

C c .--C
1 —cos Z(P1P3 ... Pans1(er). PLPs ... Paygr(e)) < (D/y"Ht. 247220
C1C3 - Cop+1

Further, in either case Z(P1P3 ... Poyy1(e;), P1P3... Pypyi(ej)) = Oasn — oo.
Proof. By equation (6.1), we can write

PiP3...Pyy1 = P1Ps... Pryy_1(cont2MN + cont 1 NM + Kppy1).
Consider the first inequality. Let

V1 = Copg2P1P3... Pay_1MN(e;),
Vy = Cont+2P1P3... Pryu—1 MN(ej),
wy = P1P3... Py 1(c2nt 1 NM + Kpp1)(e),
wy = P1P3... Pry—1(C2n+1NM + Kopy1)(ej).
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Notice that vy + w1 = P1P3... Prpt1(e;) and va + wp = P P3... Payyi1(ej). We also
have Z(vi, v2) = 0 since the vectors M N(e;) and M N(e;) are collinear. By Claims 6.7

and 6.8, we have
C2C4+++Cop42
222 < ol loall < D™ - caca - canva,

2n+1¢
||U)1||, ||U)2|| < Dn+1 . (C1C3 Con+1 + cac4 "'Czn) < 2- Dn+1 +C1C3° " C2p+1-
Then by Lemma A.2, we have

1 —cos Z(P1P3... Papt1(ei), P1P3... Papti(ej))
- 2(4- D %2 . chycq -+ Copqa €13+ Cong1 + 4 D22 (crez - cant1)?)

= €2C4+Coant2 | €C2C4Cont2
2n+1¢ 2n+1¢
< 92n+2,2 242 2€2C4 " Contn - C1C3 " Contl
<22t242.8.D . .
(c2¢4 - Can42)

€1C3 " C2n+41
< 22n+6¢2 . D2n+2 . .
C2C4 - C2p+42

For the second inequality, notice that
Cont2P1P3... Py {MN(e;) = con2P1P3... P2y 1MN(e;) =0

since N(e;) = N(e;) = 0. We let
Cong1P1P3... Py 1 NM(e;),

i

vy =

vy = Cont1P1P3... Pau_1 NM(ej),
wy = P1P3... Pap_1Konti(e),

wy = P1P3... Pap_1Konti(ej).
Notice that v{ + w] = P1P3... Pruti(e;) and vy + wh = P1P3 ... Pryy1(ej). We
also have Z (v}, v5) = 0 since the vectors NM(e;) and NM(e;) are collinear. Then by
Lemma A.2 and Claims 6.7 and 6.8, we have

1 —cos Z(P1P3... Papyr(ei), P1Ps... Panyi(ej))
2@ D22 i3 Cong1 - C2Ca - Con + D2 (cocq -+ c2n)?)

=~ €163 Can41 | C1€3°°Con+1
2n+1¢ 2n+1¢
3c1€3 + Cont1°C2Ca - Cop
§ 22n+2¢2 '2'D2n+2 . 5
(c1c3°+-Can+1)

< 221+392 3. p2nt2 . C2€4 - Con
~ .
C1€3 - " Con+1

Letting D’ = 2%¢ - 3 - D? concludes the desired inequalities. By equation (5.1), we have
—2_ — (0 as n — oo. Hence for sufficiently large n, the upper bounds for 1 — cos Z(P; P3

Cn+1
... Pruqq(e;), P1P3... Pyyy1(ej)) decrease at least exponentially with n, therefore
L]

Z(P1P3 . P2n+1(ei), P1P3 N P2n+1(8j)) —0 asn — oo.
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Proposition 6.11. The measured laminations M., A, are ergodic. Further, any transverse
measure on A is a linear combination of A, and A,.

Proof. Let A = {x1e1 + -+ + x9e9 | Z?=1 x; = 1} C V(T) be the standard unit sim-
plex. Notice that the set P1P5 ... Po,—1(V(T)) N A is the convex hull of the points
span(Py P3 ... Pap—1(e;)) N A fori =1,...,9. Since [];2, % converges (see the
proof of Claim 6.1), the sequence of compact sets P; P3 ... P,—1(V(T)) N A converges
in the Hausdorff metric on V(T') as n — oo. It follows from Lemma 6.10 that the limiting
set is either an interval or a point. If A admits at least three ergodic transverse measures up
to scalar, then the set of points in A that correspond to measured laminations in C(4) con-
tains a convex triangle. Let R > 0 be the radius of the circumscribed circle of such triangle.
For sufficiently large n such that the Hausdorff distance from Py P5 ... P2,—1 (V(T)) N A
to the limiting set is less than %, the set Py P5... P»,—1(V(T)) N A cannot contain a 2-
dimensional disk of radius r: it is immediate if the limiting set is a point and if the limiting
set is an interval it follows from Lemma A.3 since R > 2,/2(8 — 1 %. Since the projec-
tive class of every non-zero measure in C (1) is represented in P P3 ... P, (V(T)) N A
by Claim 6.5, we arrive at a contradiction. Hence A admits at most two ergodic transverse
measures up to a scalar. Together with Proposition 6.4, we obtain that A admits exactly
two ergodic transverse measured up to scalar.

Together with Claim 6.2, it now follows that A, and A, are ergodic by a well-known
argument, see, for example, [9, Lemma 6.3]. [

7. Relative twisting bounds

In this section, we prove that the lamination A constructed in Section 3 has uniformly
bounded annular projection distances. To show this, we return to the sequence of curves
{@;}, defined in Section 3.1. First we prove the following lemma.

Lemma 7.1. Foreveryi = 2,
do; (0t 2, 0i42) < 7.
Proof. By equation (3.2), the triangle inequality and Lemma 2.3, we have
do; (di—2, Qi42) = dg, (o, @r;_,@3) = da, (20, T (p2i3))
< day (a0, p3) + doy (P, T (pt3))

< (i(0, po3) + 1) + da, (pa3, T (pat3))
=3 4 do, (pas, 77 (pa3)).
We will prove that d, (pas, i1 (pas)) < 4. We remark that this is not trivial since by

equation (5.1) the sequence {r, } converges to infinity, and a partial pseudo-Anosov home-
omorphism can act as a root of the Dehn twist on a boundary curve.
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Choose a marked complete hyperbolic metric X on S of finite volume. In what fol-
lows, we refer to Figure 18. Let &3 and pas be geodesic lifts of o, and pa3 in the universal
cover X =~ H?2 intersecting at the point O € H? (geodesics intersecting perpendicularly
is not meant literally, but for the convenience of the picture). Let &y, §; be the curves on S
shown in Figure 1. Let 80 and 8’ be the geodesic lifts of 8¢ in H? that intersect parz at the
points A, A’ € H?, respectively, such that the geodesic segment [AA’] C H? contains the
point O and does not contain any other intersection points of lifts of 8o with paz (such
lifts exist since i (paz, do) > 0). Letq, r € 0H? be the endpoints of 8o and let q'.r' € 0H?
be the endpoints of §;. Let (gr) C dH? be an open interval such that ¢/, 7" ¢ (qr) and let
(¢'r") C 0H? be an open interval such that ¢, r ¢ (¢'r’). We will show that there is a lift
7:H? — H? of 7 such that the endpoints of T%(pa3) are in (gr) U (¢'r’) for all n € N.
Assuming this, we can conclude as follows. Consider the orbit of paz under the hyper-
bolic isometry (a») corresponding to the curve «, that fixes &>. Notice that the endpoints
of the elements in the orbit are contained in the corresponding elements in the orbits of
the intervals (qr), (¢'r’). Since the curve 8¢ is simple, the lift paz is the only element
in the orbit with endpoints in (¢r) U (¢'r’). It follows that for every n € N, the geodesic
representative of T (pa3) intersects at most one such element. Projecting to the annulus
H?/{a,), we obtain lifts of pas and 7 (por3) connecting two boundary components that
intersect at most once. Then from the definition of the distance in the curve graph of an
annulus, it follows that

do, (pas, " (paz)) <24+ 1+ 1=4 foreveryn € N.

Now we show that there is a lift 7: H?> — H? of 7 such that an endpoint of 7" (pa3) is
in (gr) foralln € N, the  argument for (¢'r’) is similar. Let IFJE H? — H? be a lift of the
half-twist H,go such that H,go(O) O. Similarly, let H H-1-H2 — H2 be a lift of the half-
twist Hy ! such that H; ' (0) = O. Then the map 7 H2 H? defined as T = H_] o Hj,
is a lift of r.Letp € (qr) be an endpoint of pas. Let 81 be the geodesic lift of §; in H?
that intersects 50 at the point B € H? such that B € [4, g) and such that the geodesic seg-
ment [AB] C H? does not contain any other intersection points of lifts of §; with z% (such

Figure 18. Left: lifts of the curves oz, pa3, 8o in the universal cover. Right: lifts of the curves a3,
pas, 8, 81 in the universal cover.



I. Telpukhovskiy 1468

a lift exists since i (8o, §;) > 0). Let s,z € dH? be the endpoints of 81 and let (st) C OH?
be an open interval such that ¢ € (st). Since 6; does not intersect pas essentially, we
have p ¢ (st). It follows from [41, Proposition 2.1] that the boundary extension of T‘I\g-;
fixes ¢, r € JH? and moves all points in (¢r) counterclockwise (Proposition 2.1 is about
Dehn twists, but the argument applies to half-twists as well). Similarly, the boundary
extension of H e fixes 5, ¢ € H? and moves all pomts in (st) clockwise. Then since
Hs,(po3) 1ntersects 81 essentially, it follows that Hgo (p) € (qt). Then T(p) € (gt) and
hence T"(p) € (¢r) forall n = 1 since T"((q,1)) C (¢,t) C (g, r). m

Let © = {ag, o5} be a collection of curves on S. By Lemma 3.5, 1 is a marking on S.
We prove the following assertion.

Proposition 7.2. There is a constant E > 0 such that the following holds. For every
curvey on S, thereis j, € N such that for all j = j,, the curve aj intersects y essentially
and

dy(u,j) < E

Proof. 1f the curve y intersects every curve o essentially for j € N, then by Corollary 2.5
we have

dy (1, aj) = max{dy (a0, ), dy(as,aj)} < A

for every j € N. Otherwise, the curve y is disjoint from some curves in the sequence {c; }.
If y is disjoint from o, then by Lemma 3.5, y intersects every «; essentially for j = 5.
Then by Corollary 2.5,

dy(u,a;) =dy(as,a;) < A

for every j = 5.1f y intersects o essentially, let £ € N be the smallest index so that y is
disjoint from g and r = £ be the largest index so that y is disjoint from «,. By Lemma 3.5,
we have r —{ < 4.Let j, = r + 1. Then for j > j, = r + 1, by the triangle inequality
we have

dy(p, ) < dy(p,op—q) + dy(og—1,0r41) + dy(0r 41, 25). (7.1

By Corollary 2.5, dy (41, ;) < A. From now on, we assume that 4 > 4. Next, we
show that d,, (i, 0p—1) < A + dy(0tg—1, @r41), thus it will remain to find an upper bound
for dy, (ctg—1, r41). If y intersects ap essentially and is disjoint from «s, then by Corol-
lary 2.5,

dy(,ag—1) = dy(o, 0p—1) < A.

Suppose that y intersects both ¢ and o5 essentially. If £ — 1 = 5, then by Corollary 2.5,

dy (e, 0—1) = max{dy (o, g—1), dy(as,00—1)} < A
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If{ —1 < 5andr + 1 < 5, then by the triangle inequality and Corollary 2.5,
dy(as,ap—1) < dy(as,arq1) + dy(orpr,00-1) < A4 dy(@e—1,041).
Therefore, we have

dy (@, op—1) = max{d, (co, g—1). dy (a5, 0p—1)} < max{A, A + dy(g—1.r+1)}
= A+ dy(a-1,0r+1).

If{—1<5andr+ 1> 5, then since y intersects o5 essentially, we have £ < 5 and
r > 5. Then the curves in {«; } that are disjoint from y are not consecutive. It follows from
Corollary 3.11 that either r — 1 = 5 or r — 2 = 5 and that y intersects «,—; essentially.
In the first case, by Lemma 2.3 and equation (3.2) we have

dy(as,ar+1) = dy(0p—1,0r41) S i(Qr—1,ar41) + 1 =i(ag,a2) +1 = 3.
In the second case, by the triangle inequality

d}/((XS,ar+l) = d}/(ar—2,ar+1) < dy(ar—Z,ar—l) + dy(ar—lyar+l)-

Notice that d,, (oty—2, ay—1) = 1 since a,—, and o, —; are disjoint. As dy (etr—1,0r41) < 3,
we have dy, (a5, oty 41) < 4. We obtain thatif { — 1 < 5and r + 1 > 5, then

dy(, ag—1) = max{dy (xo, @¢—1), dy (s, 0¢—1)}
< max{A, dy(as, ar41) + dy(@r41,00-1)}
<max{4,4 4+ dy(otry1.00-1)}
< A+dy(og—1,0r41). (7.2)

Now we find an upper bound for d, (ct¢—;, @r41). Depending on the value of r — £, we
consider the following cases.

Case r —{ = 4. By Claim 3.7, we have y = ;. By equation (3.2), we have

d)/(al—lvar+l) = dﬁg (ae—l»al+5) = dﬂo ((pr_ll (Clo), (erl(Per (a3))'

Recall that ¢, = t” p, where 7 is partial pseudo-Anosov supported on Y5. Let v* and v¥ be
the stable and unstable laminations of T contained in Y. Let 8o, §; C Y> be the curves as in
Figure 1. Curves in Y, converge to v¥ under positive powers of T and to v¥ under negative
powers of t in the Hausdorff topology, possibly together with finitely many extra leaves
(for the convergence argument, see, for example, [12, pp. 24-26]). Thus, by Lemma 2.7
we can find N € N sufficiently large so that for all n > N, ds,(v*, t"(81)) < 9 and
ds, (V. T (80)) < 9.
Since Y and p(Y>) = Y3 are disjoint, for m,n = 1 we have

Pmen(p'81) = pt" (81).
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Note that 8y is disjoint from ao and that Bo = p~'(81). Likewise, p~!(81) is disjoint
from a3 and By = p(8o). Also note that Bg C Y1 = p~1(¥2), so p~1(v¥) intersects B
essentially. Likewise, 8o C Y3 = p(Y2), so p(v*) also intersects S essentially. Combining
these facts, and using the triangle inequality, we get that for all k,m,n = N,

dp, (9 " (@0), Pm@n(@3))
<4+ dpy (0 (80). omon (07" 81)) = 4 + dg, (p 77 (B0). pr" (81))
< 4+ ds, (t75(80), V) + d, (071 (V%) p(V)) + ds, (V¥ T"(81))
<22+ dp, (p~ ' (v*). p(V™)).

Recall that by equation (5.1), the sequence {r,} goes to infinity. Then there exists / € N
such that r; = N foralli > I. Let

K = lréliasxl{dﬁo ((tor_,1 (Ol()), (pri+1 (/’r,-ﬁ (053))}
Then we have
dy (@1, @r 1) < 22+ dgy (07 (V). (V) + K. (73)
Case r —{ = 3. By Claim 3.8 and the triangle inequality, we can write

dy(a£—1,06r+1) = dy(ae—1,066+4)
Sdy(ag-1.0041) + dy (g1, 0042) + dy (g2, 0 44).
Notice that dy, (@41, 0¢+2) = 1 since ag41 and a4, are disjoint. By Lemma 2.3, we also

have
dy(ag—y,0041) Si(ag—1,2e41) +1=i(ap,2) +1=3.

Similarly, dy, (042, g +4) < 3. Hence dy (0g—1, 0tp41) < 7.

Case r — ¢ = 2. If y is disjoint from &y and a5, then one of the following holds:
y = Be—1, ¥ = ag41, ¥ C Yyyqq. Indeed, by applying the homeomorphism CIDZ_ll and
by equation (3.2) it is enough to consider the case £ = 1, which follows from Figure 1.
If y = B¢—1, then by Claim 3.7 y is disjoint from a3, which is impossible. If y = g1,
then by Lemma 7.1, we have

dy(aé—l»olr+1) = d(l@Jr](a@—lvaZ-‘r?,) <7
Ify C Yyyq, we have
dy (@10 41) = dy (@1 013) = dgt (@, 7" (pa3)).

where @, y is a curve in 5. Denote the curve &, ',y by y'.
Notice that y, (o) = do and that ¢y is disjoint from Jy. Likewise, 7y, (pa3) = 81
and paj is disjoint from 8;. Note that if a curve on S intersects Y, essentially, then it
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intersects y’ essentially if and only if its projection to Y, intersects y’ essentially. This is
because every essential arc of intersection with Y, projects to a disjoint curve, and any
two distinct curves in Y, intersect each other. It follows that 8¢ intersects y’ essentially.
Further, if 7%(8;) intersects y’ essentially for some k € N, then 7% (pa3) does as well.
Then if n € N is sufficiently large so that d,/(v¥, t"(§1)) < 9, we have

4+ dy/(80, i (51))

<
<4 +dy(8o,v") +dy (¥, " (81))
< 13 4 dyr (8o, v¥).

dy (a0, " (p23))

By Proposition 2.8, we have d,(§o, V") < Cqs,. Then using the triangle inequality, we
can write

dy (o, T (pa3)) < dy (o, T"(pat3)) + dyr (7" (pai3), "¢ (pat3))
S (13 + Crsy) + dire ) (2" (pa3), pa3).

Denote the curve 77" (y") by y”. Notice that
dyr (T"7(81), V) = dy (7 (81), TTEOVY)) = dy (27 (81),0Y) < 9.
Then we similarly have

dyr ("7 (pat3), pat3) < 4+ dyr (2" 7E(81), 81)
S 4+ dyr (T8, V) + dyr (0, 81)
<13+ Cr,81 .

Therefore,
dy(a[—l,olr+l) S Ct,&) + Cr,Sl + 26. (7.4)

Case r —{ = 1. This case is impossible by Claim 3.10.
Case r —{ = 0. By Lemma 2.3, we have
dy(ag—1,0r+1) = dy(og—1,0041) < i(p—1,0041) + 1 =i(ap,a2) +1=3.

Finally, according to equations (7.1) and (7.2), if we set E = 2A + 2F, where F' > 0
is the maximum of the expressions obtained in equations (7.3) and (7.4), then

dy(p.aj) S E
for every j = j, = r + 1, which concludes the proof. ]

In the following corollary, A is the non-uniquely ergodic ending lamination on S con-
structed in Section 3.

Corollary 7.3. There is a constant E' > 0 such that d,, (i, A) < E' for all curves y on S.



1. Telpukhovskiy 1472

Proof. By Corollary 3.4, there is a subsequence of {«;} that converges in the Hausdorff
topology on § £(.S) to a geodesic lamination A’ that contains A. Taking an index i € N in
the subsequence sufficiently large so that Lemma 2.7 applies to the annular subsurface of
acurve y on S and so that ¢; intersects y essentially, we obtain

dy (. o) =g dy (1. ).

Since A C A’, we have d,(u, A) < d,(u, A’). Taking i € N sufficiently large so that
Proposition 7.2 applies as well, we have

dy(n,A) <dy(u.A) <dy(n,04) +8< E + 8.
Letting E’ = E + 8 concludes the proof. ]

We remark that not all projection distances for A are uniformly bounded. We prove the
following assertion.

Claim 7.4. Let v be a minimal, filling geodesic lamination on S such that dy (u,v) < G
for some constant G > 0 and all subsurfaces Y C S. Then

dy,(v,A) = cri-; —G —18
foralli = 2.
Proof. By Lemma 3.2, we have

dy, (i, 0;) = cricg — 9

foralli > 2 and j =i 4 2. By an argument, similar to the one in Corollary 7.3, we have

dy, (. A) = (erie —9) =9
for all i = 2. Then by the triangle inequality, we have

dy;(v,A) = dy,(u,A) —dy,(u,v) = cri-1 — 18 =G

foralli = 2. u

We obtain the following corollary which in contrast with Theorem 1.1.

Corollary 7.5. Suppose X; is a Teichmiiller geodesic such that the support of the lami-
nation that corresponds to its vertical foliation contains the support of A constructed in
Section 3, and such that the support of the lamination that corresponds to its horizontal
foliation contains the support of v as in Claim 7.4. Then for all sufficiently large i € N,
the minimal length £, of the curve o; along X, satisfies

N
Ly < —.
Fi—1
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Proof. Since by equation (5.1), the sequence {r,} converges to infinity, we can choose
i =2suchthatcri_1 —G—18 = %ri_l for all i = ig. Then the statement follows from
Claim 7.4 and [39, Theorem 6.1]. In particular, X; does not stay in the thick part of the
Teichmiiller space. Moreover, it follows from Theorem 1.2 that X, diverges in the moduli
space as t — oQ. u

8. Geodesics in the thick part

In this section, we prove Theorem 1.1. First, we prove some technical lemmas.

Lemma 8.1. Let X,, € T(S) be a sequence in Teichmiiller space converging to |§] in the
Thurston boundary, and let 0, be a curve on S such that £,,(X,) < C for some C > 0.
If [n] is a limit point of the sequence [n,] in the Thurston boundary, then i (€, n) = 0.

Proof. By definition, there is a sequence {a,} of positive numbers, such that a, X,, — £
as geodesic currents. We have (see [4, Proposition 15])

i(anXn,anXy) = a;% i(Xn, Xp) = a%”2|X(S)|-

By the continuity of the intersection number, i(a, X, a, X,) — i(€,§) = 0, since £ €
MZ(S). Hence a2 — 0, and in particular, a, — 0. By definition, there is a sequence
{b,} of non-negative numbers, such that b,,17,, — 1 as geodesic currents. Let y be a filling
collection of curves on S, then i (y, b, n,) = bui(y, ny) = b,. We also have i (y, byn,) —
i(y,n) < oo. Hence the sequence {b,} is bounded from above, so suppose b, < B for
some B > 0. Then

i(aan»bnnn) = anbnenn (Xn) <a,BC.
Since i (ap Xy, byny) — i(€,n), we obtain i (&, 1) = 0. |

Let B(S) be a Bers constant of S. We prove the following lemma.

Lemma 8.2. Let X,,Y, € T(S) be sequences in Teichmiiller space converging to [£]
and [] in the Thurston boundary, respectively. Suppose that the supports of & and ¢ are
minimal and filling. If o is a curve on S such that £y (Xy), € (Yy) > B(S) foralln € N,
then

do(Xn, Yn) = do(£,0)

for infinitely many n € N.

Proof. 1t follows from the definition of a Bers constant that for every n € N, there are
curves 7, and v, on S that intersect « essentially such that £,, (X),£,,(X,) < B(S). By
the triangle inequality, we have

|da(Xn, Yn) - da(nn, l)n)| < da(Xn, nn) + da(an Vn)-
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Hence it is sufficient to show that dy(Xy, 1n), de(Yn, va) £ 0 and that do(Mn, Vi) <
dy (&, ¢) for infinitely many n € N.

We show that the relative twisting coefficients dy (X, 1,) are uniformly bounded,
the case of dy(Yy, vy,) is identical. Let £, = £4(X},). By the collar lemma [17, Sec-
tion 13.5], the w,-neighborhood (collar) of the geodesic representative of « in X, for
wp = arcsinh(m) is embedded in X,,. Consider an arc 7),, of the geodesic represen-
tative of 1, inside the collar of « in X, with one endpoint on ¢« and the other endpoint
on the boundary of the neighborhood. Since the collar is embedded, the length of 7, is
at most B(S). From the trigonometry of right triangles, we find a lower bound on the
angle 8, that 77,, makes with o in X,

sinh wy,

iné, > ————.
St On sinh B(S)

Denote by L, the length of the orthogonal projection of a lift of 7, on a lift of « in the
universal cover of X, that intersect at the angle §,. Then from the angle of parallelism

formula, we have cosh Lz—” siné, = 1. Since sinh x < % and arccoshx < In2x for x > 0,
we find
sinh B(S £
L, < 2arccosh l—() = 2 arccosh (sinh B(S) sinh —n)
sinh w;, 2

< 2In(sinh B(S)e*/?) < £, + 2B(S) —2In2 < 3(,,.

We estimate the relative twisting coefficients (see [33, Section 3])

doCn ) 22 52550
n
We show that dy (1, vy) < dy (&, ¢) for infinitely many n € N. Let [n] € PME(S) be
the limit of a subsequence of [n,]. By Lemma 8.1, i(§¢, n) = 0. Since £ is minimal and
filling, we have supp(§) = supp(n), in particular, 7 intersects « essentially and dy (€, () =
dy(n,¢). Let 0 be the limit of a further subsequence of {7, } in §£(S). Then supp(n) C
supp(1), hence do (1, ¢) X1 do (1, ¢). By Lemma 2.7, do (', §) X do (11, £) for infinitely
many n € N. By a similar argument for {v,}, we have dy (1, {) L d, (M, vn), hence
de(§,0) L d, (n, vy) for infinitely many n € N, which proves the lemma. |

Together with Theorem 2.10, we obtain the following corollary.

Corollary 8.3 (Bounded annular combinatorics implies cobounded). Let §(t), t € R be
a stretch path in T (S) with the horocyclic foliation [§] such that §(t) — [{] € PME(S)
as t — —oo. Suppose that the supports of & and ¢ are minimal and filling. If there exists
a number K € N such that dy (§,¢) < K for all curves o on S, then there exists e(K) > 0
such that §(t) lies in the thick part T,(S) for all t € R.

Proof. Suppose that there is a curve o on S that gets shorter than gy along the geodesic
5(t), where g9 > 0 is the constant in the statement of Theorem 2.10, otherwise there
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is nothing to prove. Since §(¢) is a stretch path, Theorem 2.10 is applicable. Let [a, b]
be the gp-active interval for «. Indeed, this interval is bounded: for example, if there is
a sequence t; — oo such that £, (§(t;)) < &9, then by Lemma 8.1 we have i(, §) = 0,
which is impossible since £ is minimal and filling. By a similar argument, it can be shown
that there are infinitely many numbers m € N such that £, (§ (—m)) > B(S). By choosing
large enough n, so that the interval [—n, n] contains the interval [a, b] and Lemma 8.2
applies for X,, = §(—n), Y, = §(n), we conclude by combining Theorems 2.9 and 2.10
with the condition d, (&, {) < K that there is a lower bound on the minimal length of o
along §(¢) that depends only on K. |

Finally, we prove our main result.

Proof of Theorem 1.1. Let [A] be the projective class of some non-zero transverse measure
on the non-uniquely ergodic ending lamination A constructed in Section 3. Let v be an
unstable or stable lamination of a pseudo-Anosov map W on S, and let ¥ be a maximal
lamination on S obtained from v by adding finitely many leaves. Consider the projective
measured foliation on S that corresponds to [A] and that is standard near the cusps; we
also denote it by [A]. Since v is minimal, filling and uniquely ergodic, the set of projective
measured foliations transverse to U contains [A]. Thus there is a point X € 7 (S) such that
[#5(X)] = [A] (see Section 2.9). Since stump(V) = v, by Theorem 2.9 the stretch path
stretch(X, V, 1) converges to [A] as ¢ — oo and to [v] as t — —o0.

By Corollary 8.3, to prove that stretch(X, V, ) stays in the thick part, it is sufficient to
show that the relative twisting coefficients d, (v, A) are uniformly bounded for all curves «
on S. Let  be the marking on S from Proposition 7.2. By the triangle inequality, we have

do(v,A) < do(v. 1) + da(t. A). 8.1

By Proposition 2.8 and Corollary 7.3, we have dy (v, A) < Cy,,, + E’, which completes
the proof. ]

A. Appendix

A.1. Convergence lemma

Let || - || denote the operator norm. Then ||Y || = 1 for any non-trivial idempotent matrix Y .
The following lemma is a slight improvement over Lemma 11.1 in [3].

Lemma A.l. Let Y be an idempotent matrix and let {A;}72 | be a sequence of matrices
such that Y i | | Ai|| < oo. Let gj = Z;’i] |A; || for j € N. Then there is jo € N such
that for every j = jo, the infinite product

[]@+a)

i=j
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converges to a matrix X; with | X; — Y || < 2¢;||Y |>. Moreover, the kernel of Y is con-
tained in the kernel of X;.

Proof. Let jo € N be such that ¢;, < m Now fix some j = jo. Fork > j, write

k
Y+ S =[]+ 4.
i=j
Then (Y + Zx)(Y + Agy1) =Y + Xi 4 and since Y2 = Y, it follows that
Zip1 = kY + YAy + ZpAgqa. (A.1)
Multiplying on the right by ¥ and using Y2 = Y, we get
Yp+1Y =Y + YA Y + Zp A Y
and applying the norm to the both sides of the equation, we get
ISkt Y I < U Y I+ 1Akl 1Y 12+ 18kl - Akl - 1Y 1
For m > j, by applying these inequalities fork = j,...,m — 1, we get
IZmY I IS Y 1+ A4l + -+ (AWl - 1Y
+ U 1Al 4 -+ 1l AR D - Y]]
Since [|Y || < [|Y||* and using £; = A;, we can write
IZm Y | < 1A+ + [ AmD - 1Y 12
+ U 1Al 4 -+ 1l AR D - Y]]
Putting this together with equation (A.1) and using ||[Y |2 = | Y|, |Y || = 1, we get
IZkr1ll S IZeY I+ Akl - NY I+ IZkll - 1Al
< (1A I+ + Ak D) - 1Y 1P
+ 51 1Al 4+ 12kl Ak D - 1Yl

<& Y12+ U5 1A+l -+ 1Skl - [ Akra ) - [V (A2)
Now we show by induction that | X || < % forallk > j.
Base:k = j. Since X; = Aj, wehave | Z;[| = |Aj|| = &; — &j+1. Next, using |V [|> = 1

we trivially have

(e —gi+D)(I—gj1lY]) <& — g1 <& < &Y
By the choice of jj, we have that 1 —¢&;4||Y| > 0, hence by dividing both sides by
(I —¢&j41[IY]), we obtain

_ylyP
1251 <

L—eipllY]l
as desired.
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Step. By equation (A.2), we have

& ||Y||?
IZkt1ll < &IV 17+ —L——(1Aj 41l + - + [ Ak D) - Y]
I—¢gjllY]
g Y |? g Y |?
S Y2+ —LF—— Y| = ———.
! L—gi|Y] 1—¢jn|Y]
e Y |12

By the choice of jg, we also have 7 < 2¢;||Y||?. This shows that

—&j+1 Yl
ISkl < 2672 (A3)

It also follows that | X; — Y || < 2¢;]|Y ||? if we assume the convergence.
To prove the convergence, we show that the partial products form a Cauchy sequence.
For j <k <m,

m k k—1 m
[Tor + a0 =10 + a0 = [T+ an( [T + 80 -0+ a0)
i=j i=j i=j i=k

and applying the norm to the both sides of the equation, we get
k—1 m
< 1‘[(Y+A,->—Y"+||Ak||)

[T + 4 ‘(‘
i=j i=k

< (Y 1+ 26 1Y 1) QerllY 12 + Ak,

m k
[To+an-T] +4)
i=j i=j

which proves the sequence is Cauchy.
For the last statement, let v be a unit vector with Yv = 0. Then for k > j,

IXxvll = [(Xx = Yol < [|Xx = Y| - vl < 2e ]|V [
Since X; = (Y + Xg—_1) Xk, we have
IXvll < 1Y 4+ Se—DIIXxvll < (Y| + 26 1Y 1) QexllY 7).

Since this is true for all k > j, letting k& — oo yields Xjv = 0. |

A.2. Angle estimate lemma
Let V be an inner product space.

Lemma A.2. Let vy, vy, wy, wy € V be such that Z(vy,v3) = 0 and vy + wy # 0,
Uy + Wr 75 0. Then

2(Jloell - w2 ll + Nzl - flwe || + lw - lw2 )
vl - [[vz]l

1 —cos Z(vy 4+ wy,v2 + wy) <



I. Telpukhovskiy 1478

Proof. Writing the definition of the cosine of the angle, using the triangle inequality, the
fact that (v, v2) = ||v1] - ||v2|| and that (v, w) = —||v]| - |w|| for v,w € V, we get
cos Z(vy 4+ wy, v2 + wy)
_ _(utwivatws) (V1 + wi,v2 + wy)
lor +will - vz +wall ~ (loall + fwi Dzl + lwa])
_ (w1, v2) 4 (vi, wa) + (v2, wi) + (Wi, wy)
(loall + Thwr Dozl + flw21)
o Ml - ool = ol - ffwall = o2l - sl = fwall - fwa | (Ad)
(ol + llwr Dtor | + llw )
Then by equation (A.4) and since ||wy ||, |wz] = 0,
2([or ]l - flwal + flv2ll - lwill + llwi |l - lw2])
(torll + rwr D2l + flw21)

_ 2@l - wall + fvall - lwall + [[ws ]l - [lw2]])
- vl - [[v2]l

This completes the proof. ]

1 —cos Z(v1 4+ wy, vz + wy) <

A.3. Interval neighborhood lemma

Lemma A.3. Let I CR" n = 2 be a closed line segment. Let I, C R" be the r-neigh-
borhood of I for r > 0. Then for every 2-dimensional closed disk Dgr C R" of radius
R>2./2(n—1)r, D ¢ I,.

Proof. Without loss of generality, assume that I = {(x,0,...,0) | —t < x; <t} for some
t>0.Let B ={(x1,%x2,...,xp) | —t —r <x1<t+r,—r<x; <r,2<i <nj}. Notice
that I, C B,. We prove that Dg ¢ B,,hence Dg ¢ I,.

Assume on the contrary that Dg C B,.Letc € Dg be the centerof Dg anda,b € dDg
be such that the vector a — ¢ is perpendicular to the vector b — c¢. Thus there are points
a,b,c € By suchthat|la—c|| =R, ||b—c|| = Rand {(a —c,b —c) = 0. Let v; denote
the i-th coordinate of a vector v € R”. Since |[(a — ¢);|, |(b — ¢);| < 2r for2 <i < n,
we have

R* = lla—c|?

§(a—c)%+(n—l)-4r2,
R*=|b—c|* < (

b—c)%+(n—1)-4r2.

Hence (a —¢)? = R?> —4(n — 1)r?, (b — ¢)7 = R?> — 4(n — 1)r%. Then by the triangle
inequality, we have

fa—c.b—c)| = l@=cnl-|b—c)l =) l@=c)l-|(b—c)l

i=2
>R?>—4(n—Dr?>—4(mn—1Dr? = R*>—8(n — 1)r2.

Since R > 24/2(n — 1)r, we have |{a — ¢, b — ¢)| > 0, contradiction. |
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