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Abstract. We calculate the first Hochschild cohomology group of quantum matrices, the
quantum general linear group and the quantum special linear group in the generic case when
the deformation parameter is not a root of unity. As a corollary, we obtain information about
twisted Hochschild homology of these algebras.

Mathematics Subject Classification (2000). 16E40, 16W35, 17B37, 17B40, 20G42.

Keywords. Quantum matrices, quantum special linear group, derivation, Hochschild cohomol-
ogy, twisted Hochschild homology.

Introduction

There has been interest recently in calculating Hochschild homology and cohomol-
ogy for certain quantum groups and quantum algebras, see, for example, papers by
Hadfield and Kriahmer [6], [7], and Brown and Zhang [2]. In this paper, we begin to
study the Hochschild cohomology of the algebra of quantum matrices, O, (M,), in the
generic case where ¢ is not a root of unity. To be more specific, we calculate the first
Hochschild cohomology, HHI((Dq (Mpy)), of O4(My): in other words, we calculate
the derivations of O, (M,). Once this has been done, we are also able to calculate
HH! for the quantum general linear group, 04(GL,), and the quantum special linear
group, O4(SL,).

Alev and Chamarie [1] have calculated HH' (O, (M,)) directly by using the com-
mutation relations for O, (M>). It seems impossible to follow this route in the general
case: the commutation relations one would have to deal with are far too involved.
Thus, we have taken another approach to the problem, by using Cauchon’s theory of
deleting derivations.

Even via this approach, the calculations are necessarily very technical. However,
the ideaisrelatively easy to follow. The starting pointis aresult of Osborn and Passman
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[12] that describes the derivations of a quantum torus. In particular, they show that the
first Hochschild cohomology group of the quantum torus with n? generators is a free
module of rank n? over the centre of the quantum torus. The key to transfering this
result to @4 (M,,) is Cauchon’s theory of deleting derivations, introduced in [3], [4].
The algebra O, (M, ) is presented in a natural way as an iterated Ore extension in n?
steps. In (n —1)? of these steps a nontrivial skew derivation is involved. The quantum
torus of rank n? is a localisation of a quantum affine space of dimension n2. This
quantum affine space is an iterated Ore extension in 72 steps and no skew derivations
are involved in any of the steps. Cauchon shows that one can construct a chain
of algebras, starting from O,4(M,) and finishing with a quantum affine space of
dimension n2. At each stage in the construction of this chain of algebras, the two
adjacent algebras are equal up to the inversion of the powers of an element; and so
information can be passed along the chain. However, at (n — 1)? of the stages, the
newly constructed algebra can be presented as an iterated Ore extension using one
fewer skew derivation. This process can be reversed, and then at (n — 1)? stages a
skew derivation is re-introduced into the presentation of the algebra as an iterated
Ore extension. Informally, in reintroducing a skew derivation to the presentation, one
loses a derivation from the first Hochschild cohomology group. Thus, by the time one
has re-introduced all (n — 1)? skew derivations and recovered O, (M,), there remain
n?—(n—1)? = 2n — 1 derivations in HH' (9, (M,)); in other words, HH' (0, (M,,))
is free of rank 2n — 1 over the centre of O,(M,). The technical problems arise due
to two main problems. First, the formulae involved in the deleting and re-introducing
skew derivations process are awkward to deal with. Secondly, the centres change
along the way.

In the last section, we apply our main result to compute the first Hochschild
cohomology group of the quantum groups O,(GLj) and O, (SL,).

Regarding the Hochschild homology of O, (SL;), Feng and Tsygan have shown
[5] that HH (O4(SL,), O4(SL,)) = 0 for all k > n, whereas the global dimension
of O4(SL,) is n? — 1. In other words, there is a “dimension drop” phenomenon
in the Hochschild homology of @,(SL,). To deal with this problem, Hadfield and
Kriahmer [6], [7] have shown that one should use the twisted Hochschild homology
defined by Kustermans, Murphy and Tuset [9] rather than classical Hochschild ho-
mology. The twisted Hochschild homology of @, (SL,) depends on an automorphism
of O4(SL,). When o is the modular automorphism associated to the Haar functional
of O4(SLy) ([8], Section 11.3), Hadfield and Kriahmer have shown that the twisted
Hochschild homology group of degree n? — 1 is reduced to the base field K; that is,
HHY, ,(04(SLy)) = K, so that the “dimension drop” phenomenon disappears. This
result was recently generalised to any connected complex semisimple algebraic group
G by Brown and Zhang [2]. In the last section of this paper, thanks to a (twisted)
Poincaré duality between the twisted Hochschild homology associated to the modular
automorphism and the Hochschild cohomology of O, (SL,) [7], [14] we derive new
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information on the twisted Hochschild homology of @, (SL,): roughly speaking, we
show that, when G is a connected complex semisimple algebraic group of type 4,
the rank of the algebraic group G appears as a twisted homological invariant of the
quantised coordinate ring of G.

In an earlier paper [10] we have calculated the automorphism group of Oy (M )
in the case that m # n. Partial results were obtained for the square case O4(My),
but technicalities prevented a resolution of the problem in this case. In a subsequent
paper, we intend to use the results obtained in this paper to finish the calculation of
the automorphism group of O, (M,).

1. The deleting derivations algorithm in the algebra of quantum matrices

In this section, we present briefly the deleting-derivations algorithm and use it to
construct a tower of algebras from the algebra of quantum matrices to a quantum
torus. This tower will be used in the next section to obtain the derivations of the
algebra of quantum matrices from the derivations of the quantum torus.

1.1. The algebra of quantum matrices. Throughout this paper, we use the follow-
ing conventions.

* The cardinality of a finite set / is denoted by |7].

e a,b] :={i e N|a <i <b}.

e K denotes a field of characteristic 0 and K* := K \ {0}.

* g € K* is not a root of unity.

* 1n denotes a positive integer with n > 1.

* R = O4(M,)is the quantisation of the ring of regular functions on n x n matrices
with entries in K; it is the K-algebra generated by the n X n indeterminates Y; 4,
for 1 <i, o < n, subject to the following relations:

YigYia =q ' YiaYip (@ < B).
YiaYia =q YiaYja (i <)
YipYia = YiaYjp (i <j. a>p).

YipYie =YiaYip—(q _q_l)yi,ﬂ Yia (<], a<pB).

It is well known that R can be presented as an iterated Ore extension over K, with
the generators Y; o adjoined in lexicographic order. Thus the ring R is a Noetherian
domain; its skew-field of fractions is denoted by F.

1.2. The deleting derivations algorithm and some related algebras. First, recall,
see [4], that the theory of deleting derivations can be applied to the iterated Ore exten-
sion R = K[Y11][Y12:01,2)---[Yn.n: Onn,8n 0] (Where the indices are increasing
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for the lexicographic order <). The corresponding deleting derivations algorithm is
called the standard deleting derivations algorithm. Before recalling its construction,
we need to introduce some notation.

* The lexicographic ordering on N? is denoted by <. This order is often referred
to as the standard ordering on N2. Recall that (i, @) <y (j, ) if and only if
[( <j)or(i=janda < fB)].
e Set £ = ([[l,n]]2 U{(n,n+ 1)}) \ {1, 1)}
e Let (j,B) € E with (J, B) # (n,n + 1). The least element (relative to <;) of
the set {(i,a) € E | (j, B) <s (i, )} is denoted by (j, B)*.
As described in [4], the standard deleting derivations algorithm constructs, for
each r € E, a family {Y(r)} for (i,a) € [1,n]?, of elements of F := Frac(R),
defined as follows:

(1) Ifr = (n,n + 1), then Y(" "t~y , forall (i,a) € [1,n]>.

(2) Assume that r = (j, B) <s (n,n + 1) and that the Y,.f; ) for (i, ) € [1,n]?
are already constructed. Then it follows from [3], Théoreme 3.2.1, that each

Y(r ) # 0 and that, for all (i, «) € [1,n]?, we have

+ _ ip . .
o _ Y" - )(ijj6 )) 1ij; ) ifi <janda < B,

otherwise.

As in [3], for all (j, 8) € E, the subalgebra of Frac(R) generated by the inde-
terminates Yl(éﬁ ), with (i,a) € [[1,n]?, is denoted by RU-A). Also, R denotes the
subalgebra of Frac(R) generated by the indeterminates obtained at the end of this
algorithm; that is, R is the subalgebra of Frac(R) generated by the Tio = Yl(;z) for
each (i,a) € [1,n]>.

Recall [3], Theorem 3.2.1, that, for all (j, ) € E, the algebra RV-#) can be
presented as an iterated Ore extension over K, with the generators Y (j 2 adjoined in

lexicographic order. Thus the algebra RU-#) is a Noetherian domam.

Forall (j, B) € E, the multiplicative system generated by the indeterminates 7; 4,
for (i,a) > (j, B) withi > 1 and o > 1, is denoted by S(; g). As T o = Yi(é’ﬂ), for
all (i,«) > (j,B) withi > 1 and a > 1, the set S(; gy is a multiplicative system of
regular elements of RU-#). Moreover, the T; o such that (i, ) > (j, B) withi > 1
and @ > 1 are normal in RU-A), Hence, S(; gy is an Ore set in R(j’ﬁ); so that one can
form the localisation

U(j’ﬂ) = R(j"B)S(_j,lﬁ).
Clearly, the set of monomials of the form (Yl(fl’ﬂ))yl’1 (Yl(jz’ﬂ))yl‘2 - (Yn(,jn’ﬁ))yn’",
withy; o € Nif (f,a) < (j,B)ori = lora = 1,and y; o € Z otherwise, is a PBW
basis of U(; g).
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Further, recall from [4], Theorem 2.2.1, that X, gy := {(Tj,,g)k | Kk € N}isan
Ore set in both RV-A) and R(j’ﬂ)+, and that

UGB y=1  _ pUBT -1

Ry = RO 2 p)-

Hence, we obtain the following result.

Lemma 1.1. RUD = RU2 and Uj 1y = U 2.
2 -1 _ B + -1 X _ -1
Let B> 1. Then RVP Tl = RUPT ST and Uy p) = Uy py+ S¢ g

Let N € N*andlet A = (A;,;) be amultiplicatively antisymmetric N x N matrix
over K*;thatis, A;; = land A;; = Al_} foralli, j € [[1, N]. The corresponding
quantum affine space is denoted by K [T1, ..., Ty]; thatis, Kao[T1, ..., Tn] is the
K-algebra generated by the N indeterminates 77,..., Ty subject to the relations
TiT; = Ai;T,T; forall i, j € [1, NT. In [4, Section 2.2], Cauchon has shown that

R can be viewed as the quantum affine space generated by the indeterminates 7; o for
(i, o) € [[1,n]?, subject to the following relations:

Ti,ﬂTi,oe = q_lTi,aTi,ﬂ (a < B),
TiaTiw =q '"TiaTia (<)),

Tj,,BTi,oz = Ti,aTj,ﬂ (l <j, a> ,3)7
Tj,ﬁTi,oc = Ti,och,ﬂ (l < jv a < IB)
Hence, R = KA[T1.1,T12. ..., Tn.n], where A denotes the n? xn? matrix defined
as follows. Set
0 1 1 ... 1
-1 0 1 ... 1
—1 —1 0 1
-1 -1 0
and
A 1 I ... 1
| I ... 1
B = EMnZ(Z),
-1 ... -1 A 1
-7 ... ... =1 A

where I denotes the identity matrix of M, (Z). Then A is the n? x n? matrix whose
entries are defined by Ag; = gbki forall k,1 € [1,n?].
Now observe that

+1 +1 +1 +1
U(2,2) = KA[TI,I’ T1,2’ sy Tl,n, T2,1, T2’2 LRI ] T2,n LRI ] Tn,l’ Tn,2 LI Tn,n]'
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In other words,

Upp = ES_I,
where S = S(, ) is the multiplicative system generated by the 7; , with i > 1 and
o> 1.

In order to investigate the Lie algebra of derivations of R, we also need to introduce
the following algebras.

For all (j, B) € [1,n]? with j = 1 or B = 1, the multiplicative system generated
by those T; o such that (i, «) > (j, B) and eitheri = 1 ora = 11is denoted by §(; g).
Clearly, 8(; gy is an Ore set in U5 ). Set

Vi.p) = U8 lp)-
and observe that V,, 1) = Uz ,2).

As the set of monomials 7} 7' T/52 ... Tow", with y; o € Nifi = lora = 1,
and y; 4 € Z otherwise, is a PBW basis of U(2,2), it is easy to check that the set of
monomials lell’l lelz'z LT with y; g € Nif (i, @) < (j, B) and eitheri = 1 or
o =1, and yi,; 2V otherwise, is a PBW basis of V; g)

Finally, set V(;,0) := P(A), where P(A) denotes the quantum torus associated
to the quantum affine space R; that is, the localisation of R with respect of the
multiplicative system generated by all the 7; ,. Recall that the set of monomials
(TVY TS T ), with yi 4 € Z, forms a PBW basis of P(A).

Our proof will use the tower of algebras

R =Upn+1) CUpn C-+- CUp3) CUzz2 = Vi) C V1,1

ey
C--CVa1)CTVan C--CVa = P(A).
1.3. Quantum minors and the centres of O, (M), P(A) and U(; 3). The algebra
O,4(My) has a special element, the quantum determinant, denoted by det,, and defined
by
dety := Z (—Q)I(J)Yl,a(l) Y o)
o

where the sum is taken over the permutations of {1,...,n} and /(o) is the usual
length function on such permutations. The quantum determinant is a central element
of O4(My), see, for example, [13], Theorem 4.6.1. If I and I' are ¢-element subsets
of {1,...,n}, then the quantum determinant of the subalgebra of O,(M,) generated
by Yo, withi € I and o« € I, is denoted by [/ |I']. The elements [/ |I'] are the
quantum minors of Q4 (Mp).

In order to describe the centres of P(A) and U(; »), we introduce the following
quantum minors of R.

For1 <i <2n — 1, let b; be the quantum minor defined as follows:

[1,....i|ln—i+1,...,n] ifl <i<n,

b ==
’ i—n+1,....n|l,....2n—i] ifn<i<2n-—1.
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For convenience, we set by = by, = 1. Note that these b; are a priori elements
of R. However, it turns out that they also belong to the quantum torus P(A), as the
following result shows.

Lemma 1.2. For1 <i <2n — 1, we have

b — TvpniviTopniva... Tin ifl1 <i<n,
l Tin+1,1Ti—ny22 .- Thon—i ifn<i=<2n-1
Proof. This follows from [4], Proposition 5.2.1 (see also [10], Lemma 2.2). O

The centre of an algebra A is denoted by Z(A4). Set A; := b;b;}ri foralli €
{1,...,n}. Notice that A, = det,.

It follows from Lemma 1.2 that the A; belong to the quantum torus P(A): in fact,
the A; are also central. The following result is established in [10], Theorem 2.4.

Proposition 1.3. Z(P(A)) = K[AT!, ... A1)
It is useful to record for later use the expression for the A; in terms of the 7; 4.

— —1 —1 -1 :
Lemmald. A; = Tl,n—i+lT2,n—i+2 .. 7—'1"”7}_‘_1,17—}_'_2,2 ... Tn,n—i’forl <1 =<n.

Proof. This follows easily from Lemma 1.2, noting the commutation relations be-
tween the 7; 4. O]

We finish this section by describing the centre of the algebra U(; »). First, observe
that Z(Upa) € Z(P(A)) = K[ATY, ..., AF1], since P(A) is a localisation of
Up,2). Next, by using the PBW-basis of U, ») together with the expressions for
the A; as products of certain 7; , coming from Lemma 1.4, we obtain the following
result.

Lemma 1.5. Z(U(z2)) = K[A,] = K[dety].

2. Derivations

Recall that R denotes the algebra of n x n generic quantum matrices. Our aim in this
section is to investigate Der(R), the Lie algebra of derivations of R.

Let D be a derivation of R.

First, as there exists a multiplicative system ¥ of R such that RE ™! = P(A) =
V1,0, see [3], Theorem 3.3.1, the derivation D extends (uniquely) to a derivation of
the quantum torus P (A). It follows from [12], Corollary 2.3, that D can be written
as

D =ad, + 9,
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where x € P(A) = V(1,0) and 0 is a derivation of P(A) such that 0(T; o) = zi o T o
with z; o € Z(P(A)) for all (i,a) € [1,n]>%.
Forz € Z”z, set
T =TT T

As the set of monomials {Tl}y <zn2 forms a PBW basis of P(A), one can write

X = Z CZTZ,

y€E

where & is a finite subset of Z"~ and ¢y € K. Moreover, as ady = ady, for all
z € Z(P(A)), one can assume that, for all y € &, the monomial 7% does not belong
to Z(P(N)).

Next recall that an element y = ZZEZHZ Yy TY € P(A) is central if and only
if TY. € Z(P(A)) foreach y € 7" such that yy # 0. Denote by ¥ the set of all

y € Z"* such that T € Z(P(A)). Then, for all (i,c) € [1,n]?, we can write z; 4
in the form
Ziw = Z Zi,a,ZTZ,
yeF

with Ziay e K.
Lemma 2.1. Let 0 < B < n. Then x € V(3 p).

Proof. The proof is by induction on 8. The case 8 = 0 follows from the above
discussion, because V(1,9) = P(A). Hence, assume that > 1.
It follows from the inductive hypothesis that

x = Z CZTZ,

yeé

where & is a finite subset of the set {y € zn* | y1,1 = 0,...,716—1 = 0and TY ¢
Z(P(A))}. We need to prove that yl,; > 0.

Observe that, by construction, V{; gy is obtained from R by a sequence of lo-
calisations. Thus, D extends to a derivation of V(; gy. Let (i,a) # (1,8). Then
D(T; o) € Viu,p), since T; o € V(1 p); that is,

xTi,(x - T}',(xx + Zi,ozTi,a € V(l,ﬂ)- )
Set
Xy = Z oy TY, x_ = Z cyTY.
ye€g o v€EE B

71,820 71.8<0
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We need to prove that x_ = 0.
It follows from (2) that

u:=x-Tig—Tiax—+ zZiaTia € Vl,ﬂ-

Now
U = Z (q—exp(i,oz,z,-l—) _ q_eXP(i’“’Z’_))cyTZ"‘Ei,a
veE o
s 3)
+ Z q—exp(is“sz,"')zi o yTZ'i'Ei,a’
yEF B
where
i—1 a—1 n n
exp(i, @, ., =) = D Vkat+ Y Viks Xpl 0y, )= D vka+ ) Vik
k=1 k=1 k=i+1 k=a+1

and ¢; 4 is the element of 7" that has 1 in the (i, @) position and zero elsewhere. As

we have assumed that the monomial 7% does not belong to Z(P(A)) forall y € &,

we have B
Y+éeaFy +6o forally € &andforally € F.

Hence (3) gives the expression of u in the PBW basis of P(A).
On the other hand, as u belongs to V(3 g), we obtain

u= Z xZTZ,

yE€E’

where & is a finite subset of {y € zv | v1,1=>0,...,y1,8 > 0}.
Comparing the two expressions of u in the PBW basis of P(A) leads to
g~ PCerH) _ gmewl@rT) = 0 forall y € € such that y;p < 0 and ¢ # 0.

Hence

x—Ti,a _ Ti,ax— — Z (q—exp(i,a,z,-l-) _ q—exp(i,a,z,—))cZTz-i-si,a =0

v€EE
v1.<0

for all (i,&) # (j,B). In other words, x_ commutes with those 7;, such that

(i) # (1. ).

Now recall from Lemma 1.4 that

An—i—l—ﬂ == Tl,ﬂ Tz’ﬂ+1 oo Tn+1_ﬂ’n n_—{}2—;3,1Tn_+13—ﬁ,2 .o Tn_,é—l
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is central in P(A). Hence, x_ also commutes with 7} g. This implies that x_ €
Z(P(A)); so that x_ can be written as

xX_ = Z dZTZ.

YEF
Hence x_ = 0, because & N F = @; so that x = x4 € V(y,p), as desired. O

The following result is proved by using similar arguments.
Lemma 2.2. Let2 < j <n. Then x € V(; 1). In particular, x € Vi, 1) = Uz 2).

The derivation D of R extends to a derivation of U3 7), since U, ) is obtained
from R by a sequence of localisations; so D(T; o) € U z) for all (i,e) € [1,n]>.
Hence

XTi,a - Ti,wx + Zi,ocTi,oz = D(Ti,oz) € U(2,2)~

As we have proved that x € U ), this implies that z; 4 T; o € Uz 2) forall (i,a) €
[1,n]>.

Ifi > 2anda > 2 then z; 4 € Up) N Z(P(A)) = Z(Uz,2) because T; 4 is
invertible in U(, »). However, Z(U(,,2)) = K[A,]byLemmal.5;s0z; 4 € K[A,] €
R in this case.

In the other cases, at this stage in the proof we can only prove a weaker result.

Assume thati = I ando > 1. Then z1 4714 € U(z,2). On the other hand, as z1 4
belongs to the centre of the quantum torus P (A), one can write z; o as follows:

Zie = P(A1,...,Ap) € K[ATY, ... AT

Now, using the expressions of the A; as products of Tjjjgl coming from Lemma 1.4,
we obtain

Zla = ) ZrayTh )
Y€Z

where Z denotes the set of those y= (Y1.1:Y1.25-+-2Ynm) € Z" such that

D vi1=V22=""=Vun,

2) V1.8 = V2,841 = **° = VYn—B+1n = —Vn—B+2,1 = *** = —VYn,p—1 for all

g € [1,n],
and z1,0,y € K forall y € Z.
Hence

_ / +e
Z1,0T10 = E :Zi,oz,J/TZ b e Uz,
YEZ
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where le’a’z = ‘I.Zl,a,z forally € Z. As the monomials le’ll’l T11/,12.2 e Tnli’,’l'” , Where
vj,8 € N wheneither j = 1or8 = 1,and y; g € Z otherwise, form a PBW basis of
U(2,2), we obtain z; , , = 0 whenever

either y1,1 <0, or y;g #O0forsomef # l,a, or yiq ¢ {—1,0}.

Hence we easily deduce from (4) and Lemma 1.4 that there exist polynomials P 4,
01,0 € K[Ap] such that

21,0 = Ql,a(An)A;-}q_a + Pl,a(An)‘

Similar computations for z; 1, for i > 1, and for z; ; lead to the following result.

Proposition 2.3. 1) x € U 7).
2) Let (i,a) € [1,n]% Then there exist polynomials P; 4, Qi € K[Ap] such
that
Qia(A)AL Ly + Pia(An) ifi =1,
Zig =\ Qia(An)Ai—1 + Pia(An) ifa=1,
Pio(An) otherwise.

(Here we use the convention Ay = bob,' = A1)

Next, we have to deal with a second kind of localisation that involves inverting an
element which is not normal. This is done in several steps.

Lemma 2.4. 1) x € U 3).
Dzig+z2p=2z12+221.
3) 21,1, 21,2, 22,1 and Z22 belong to Z(R) = K[An]
4 DY 2?) = ad (Y, 2) + 210 Y2 for all (i @) € [1,n]?.

Proof. Step 1: we prove that x € Uy, 3).
In order to simplify the notation, set Z; o := Yif§’3) for all (i,a) € [1,n]>.
Moreover, forall y € & := N" x (N x Z""") x .- x (Nx Z""") C 7", set

Y . Y1,1 »Y1,2 Yn.n
Zv=Z00 ZV2 Lz

It follows from Proposition 2.3 that x belongs to Uy, »). Using the notation of the
previous section, it follows from Lemma 1.1 that

-1
Ui, = U(2,3)E(2,2)’

X = Z cZZZ,

Y€

so that x can be written as
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with ¢y € K. Set

Xy = E cyZY, x_:= E cyZY,
veE

14 veé
¥2,2>0 72,2<0

with ¢, € K. Assume that x_ # 0.
Denote by B the subalgebra of U, ») generated by the Z; o, with (i, ) # (2,2)

and the Zl_; withi > 2and o > 2 but (i, ) # (2,2). Hence Uz 2) = U(2’3)E(_212)

is a left B-module with basis {Zé,z}leZ» so that there are elements b; € B such that

-1
X_ = Z b;Zé,2

1=l

with [g < 0 and by, # 0. (Observe that this makes sense because we have assumed
that x_ # 0.)

The derivation D of R extends to a derivation of Uy 3), since U 3) is obtained
from R by a sequence of localisations; so D(Z1,1) € Up,3). Now Z11 = T1,1 +
T1’2T2_’21 T2’1 = T1,1 + Zl’zzz_éZz,l, so that

x—Zl,l_Zl,lx—+Zl,lZI,1+(Zl,2+22,1_21,1_22,2)21,222_,;Z2,1 € Up,3). (5

Now
22_,1521,1 = Zl,lzz_fé +q(g* — 1)21,222,122_,15_1

for each positive integer k. Hence

—1
x-Z1g—Ziax—+ 211211+ (212 + 2210 — 211 — 222) 2122557221

-1 -1
= Z b;Zé,z + Z q(q™ — 1)17121,222,125,_21 (6)
=1y =1y

—1
— (12 + 220 — 2110 —222) 212253721 + 211211 € Uz 3).

It follows from Proposition 2.3 that zj; dety, z12b,—1 and z3,1b,41 belong
to R C Ugp,3). On the other hand, it follows from [4], Proposition 5.2.1, that
dety = (Z1,1222 —qZ127221)233 ... Zny, While by = Z15Z53... Zp—1n
and bn+1 = 22,1 e Zn,n—l‘ Hence each of 21’1(21’1Z2’2 — qu,zzz,l), 21’221,2
and z1 Z5 1 belong to U, 3). As z5 > € R, by Proposition 2.3, we obtain

12+ 2210 — 2110 —222)Z12221(Z11 222 —qZ127Z2,1) € Ug,3).
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Multiplying (6) on the right by (Z1,1Z22 —qgZ1,22Z2,1)Z> > leads to

-1
be(zl,lzz,z - Clzl,zzz,l)zézl
1=l

1
+ Y (@ = Db Z12Z21(Z11 222 — 4Z12Z2.1) 25 5 € Ug 3).
1=l

In other words,

1
Z blﬁzé,z —q*(q ™ — l)blto’ZZilZé?z € Up,3).
I=lp+1
As U, 3 is a left B-module with basis {Zé,z}lelN, this implies that b;, = 0, a
contradiction. Hence x_ = 0 and x = x4 € Uy 3), as desired.
Step 2: we prove thatzy 1 + 222 = z12 + 22,1.
Asx_ =0and z1,1(Z1,1Z22 — 9Z127Z>,1) € Uz,3), we deduce from (5) that

yi=(i2+ 220 =211 —222)Z12Z21(Z1,1Z22 — qZ127Z2,1) € Up,3)Z22.

So y is an element of U, 3y which g-commutes with Z; ; and which belongs to
U(2,3)Z2,2. We show next that this forces y = 0, sothat zy 1 + 225 = z12 + 22,1,
as desired.

Since U 3) is a left B-module with basis {Zé,z}leN, one can write

Y =D jen N Zé’z with y; € B equal to zero except for at most a finite number
of them. As y belongs to Uz 3)Z> 3, it is easy to show that yo = 0, so that

y= Y wZ,
leN,I#0

On the other hand, as y g-commutes with Z 1, there existsa € Z suchthat Z; 1y =
q*yZ,1. In other words,

Z Zl,l)’lzé,z = Z qaylzé,zzl,l-
1eN,1#0 1eN,1#0
As Zé,zzu = Z1,1Zé’2 +q(g 2 - 1)21,222,12521 for all positive integers /, we
get

Z ZianZs, = Z R IVARVAD
leN,l#0 leN,l#0

+ Z Claﬂ(q_ﬂ—I)YIZLzZz,lZé,_zl.
leN,I#0



294 S. Launois and T. H. Lenagan

Assume that y # 0 and let /o be minimal such that y;, # 0. Observe that [p > 1. As
U(2,3) is aleft B-module with basis {Z é,z}leN, we deduce from the previous equality

that we should have 0 = ¢+ (g2 — 1)y,  Z1,2Z>,1, a contradiction since /o > 1
and g is not a root of unity. So y = 0, as desired.

Step 3: we prove that z; 1, 21 2, 22,1 and 2 » belong to Z(R).
It follows from Proposition 2.3 that
2110 = Q11A 4+ Pra(Ay), Z12 = Q12(A)AL + Pra(Ay),
Z21 = 02,1(An) A1 + P2 1(Ay), 222 = Pr3(Ay),

where Q1,7 € K and Q; 4, Pi o € K[A,] otherwise. As zy 1 + 222 = Z12 + 22,1,
we obtain

Q110" + P11(Ay) + Paa(Ay)
= Q12(An) AL+ 02.1(A) AL + Pra(Ay) + Pai(Ay).

Recalling that the monomials Aill e Af{’, with iy € Z, are linearly independent, we
obtain

01,1 = 012(An) = 02,1(A) =0,
so that Z11 = Pl,l(An), Z1p = P172(An), Z21 = P2,1(An)- Hence Z1,15 21,2 and
z5,1 belong to K[A,] = Z(R), and we have already observed thatz, » = P> 2(A,) €
K[A,] = Z(R).

Step 4: we prove that D(Z; o) = adx(Z; o) + ziq Zio forall (i,a) € [1,n]>.

If (i,) # (1,1), then Z; 4, = T; o and so the result is obvious.
Next, consider the case (i,«) = (1,1). Note that Z; 1 = T11 + T1,2T2_’21 T5,1.
Hence,

D(Z11) = D(Tiq + T12T55T21)
= adx(T1,1) + 211711
+ad(T12T5 5 T21) + (212 — 222 + 22,0 T12T5 3 T2
=adx(Z11)+ 2112110+ (212 — 222+ 221 — 21,1)T1,2T2_,21 T1.
Now it follows from the second step that zy > — z2.2 + 22,1 — 21,1 = 0. Hence,
D(Z1,1) = adx(Z1,1) + 211211,
as desired. O

The next two lemmas continue the process of descending down the tower of
algebras (1). Although the proofs superficially look the same as the proof of the
previous lemma, there are subtle differences in each proof; so we find it necessary to
include the full proofs.



Hochschild cohomology of quantum matrices 295

Lemma 2.5. Let B € [2,n].
1) x € Uz, g+1). (Here we use the convention U 1) = Uz 1).)
2) Foralla < B, we have 214 + z2 8 = Z1,8 + Z2,4.
3) 1,8 € Z(R)
4 DY) = ado (V2P 4 200 Y 2P for all (i, a) € [1.n]> (Here

. 2,n+1 1
we use the convention Yi(m’n+ )= YI(Z ).)

Proof. The proof is by induction on 8. The case § = 2 has been dealt with in the
previous lemma. Now, assume that 8 > 2 and that the lemma has been proved for

B. In order to simplify the notation, set Z; o := Yifz’ﬁﬂ) for all (i,a) € [1,n]>.
Moreover, forally € & := N"x (NB=1x ZnH1=B) s (N Z" V) x- - - x (Nx Z"71),
set
VASE N ARV AR S A4

We now proceed in five steps.
Step 1: we prove that x € Uz g4 1).

It follows from the inductive hypothesis that x belongs to U, g). Using the
notation of previous sections, we have:

—1
Ue.py = U.p+1) 25 g

so that x can be written as

yeé

with ¢y € K. Set

Assume that x_ # 0.
Denote by B the subalgebra of U, gy generated by the Z; o with (i, ) # (2, B)
and the Z; j withi > 2and & > 2 but (i, &) > (2, B). Then Uz ) = U(2,5+1)E;}3

is a left B-module with basis {Z é 8 }1ez, so that there are elements b; € B such that

—1
© =Y h7,
I1=ly

with /o < 0 and b;, # 0. (Observe that this makes sense because we have assumed
that x_ #£ 0.)
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The derivation D of R extends to a derivation of U, g41), since Uz gy1) is
obtained from R by a sequence of localisations; so D(Zy-1) € Ugp,g+1). This
implies that

X-Z1p-1—2Z1p-1xX- +218-1Z1,-1 o
+(z18 + 22,61 —Z1,8-1 — Zz,ﬁ)Zl,ﬂZZ_,}gzz,ﬂ—l €Upp+1)-

Now
Zy8Zv g1 = Z1 g2yl + 4@ — D Z1pZrp 1 250!

for each positive integer k. Hence,
x-Zig1—Zig-1X—+z18-1Z1,-1
+(z1,8 + 22,-1 — Z1,-1 — Zz,ﬂ)Zl,ﬂZZ_quz,ﬂ—l
-1 -1
=Y "bZh g+ Y qqH = DbiZ1pZrp 1254

1=l =1,

—(z1,p +22.6-1— 21,81 — Zz,ﬂ)Zl,Bzz_,}gzzﬂ—l
+z1,6-1Z1,8-1 € U g+1)-

It follows from the inductive hypothesis that z; g_; € R C Uz g+1). Thus we obtain

-1 -1
D biZag+ D alqT = DhiZipZap1Z5y
I=ly I=ly ®)

— (1,8 +22.-1 —Z1,8-1 — Zz,ﬂ)Zl,ﬂZZ_jgzz,ﬂ—l € Uq.g+1)-

It follows from the inductive hypothesis and Proposition 2.3 (and Lemma 2.4
when B = 2) that z; g1, 21 gby—g+1, Z2,8—1 and z g belong to R C U g+1)-
On the other hand, it follows from [4], Proposition 5.2.1, that b, g4; =
Z1gZrgy1-.-Zn_ps1,n- Hence, z1 gZ; g belongs to Uz g41). Thus,

(z1,8 + 22,-1 — 21,81 — 22,8)Z1,8Z2,6—1 € U2,+1)-
Multiplying (8) on the right by Z, g leads to

—1 —1
Y bz > q(q = DbiZipZap1Zh 5 € Uppr).
1=l 1=Io

In other words,

0
_ /!
Z bl"Zé’ﬂ +4q(g 2lo _ 1)blozl,ﬁzz,ﬂ_122‘3ﬂ € Uqx.g+1)-
I=lp+1
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As Uz g+1) is a left B-module with basis {Zé ﬂ}lew, this implies that b;, = 0, a
contradiction. Hence x— = 0 and x = x4 € U g11), as desired.
Step 2: we prove that zy g1 + 22 8 = 218 + 22, 8-1-

Asx_ =0andzy g_1Z1 -1 € Up,g+1) by the inductive hypothesis, we deduce
from (7) that

yi=(218t228-1—21.8-1 —22,8)Z1,8Z2.-1 € U2 g+1)Z2-
Thus, y is an element of U, g4 1) which g-commutes with Z g_; and which belongs
to Uz, g4+1)Z2,p. Asin the proof of Lemma 2.4 (Step 2), some easy calculations show
that this forces y = 0, so that
Z1,8-1 T 228 = 21,8 + 22 81,

as desired.
Step 3: we prove that, forall @ < B, we have z1 o + 22 8 = 21 8 + Z2,4.

First, when o = B — 1, the result follows from Step 2. Next, fora < g — 1, it
follows from the inductive hypothesis that

Zle + 22,61 = Z1,—1 T 22,a-

Further, it follows from Step 2 that

21,81t 22,8 = 21,8 + Z2,8-1-
Combining these two equalities leads to the desired result.
Step 4: we prove that z; g belongs to Z(R).

It follows from Proposition 2.3 that z; 3 = Qi (A,,)A;}rl_ﬂ + P1.g(An),
for some polynomials Q; g(Ay), Py g(An) € K[A,]. Further, it follows from
the inductive hypothesis and Proposition 2.3 (and Lemma 2.4 when 8 = 2) that
21,61 = Pl,ﬂ—l(An), Z2,p—1 = PZ,ﬂ—l(An) and .8 = Pz’ﬁ(An), where each

Pio € K[Ap]. Aszy, g1 + 22,8 = 21,8 + 22,81, We obtain
Pl,ﬂ—l(An) + PZ,B (An) = Ql,ﬁ (An)A;_}_l_ﬂ + Pl,ﬂ (An) + Pz,ﬂ—l(An)-

Recalling that the monomials Ail‘ .. Al" with iy € Z are linearly independent, we
get that

Ql,ﬁ (An) =0,
so that z; g = P g(A,) belongs to K[A,] = Z(R).

Step 5: we prove that D(Z; o) = adx(Z; o) + zi,aZi o forall (i,a) € 1, n]>.
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First,if i > 2ora > B, then Z; 4, = Yl(z B Yl(i'g ), so that the result easily
follows from the inductive hypothesis.

Next, assume that i = 1 and @ < B, so that Z;, = Y(2 A+D Y(2 2 +
VAN YA 2. /13 Z; o. Hence we deduce from the inductive hypothes1s that

D(Zia) =DV + 21 575572 .4)
= ad (YD) + 21,0 V2P
+ adx(Z1,8 Zz,ﬂ Zrw) +(z1,8 =228+ 22.0)Z1,8 Zz_,lg Zr
=adx(Z1,0) + 210210 + (21,8 — 22,8 + 22,0 — Zl,a)Zl,ﬂzz_,llgzz,a-

Now it follows from the Step 3 that z 4 + z5 g = 21,8 + Z2,4. Hence
D(Zl,a) = adx(Zl,(x) + Zl,zle,as

as desired. OJ

Lemma 2.6. Let (j, ) € E with (j, B) > (3,1). Then:
Hxe U(j,ﬂ).
2) Forall (k,8) < (j.B), i <kanda <, we have z; o + Zk 5 = Zi § + Zk a-
3) DY) = ado (VUP) + 200 Y0P for all (i, o) € [1.n]2.

Proof. We prove this result by induction on (j, 8). The case (j, ) = (3, 1) follows
from Lemma 2.5.

Assume that the result is established for (3,1) < (j,8) < (n,n + 1), and let
(j, B)T be the smallest element of E greater then (J, B).

Byt
In order to simplify the notation, we set Z; o 1= Yifé’ﬁ )" for all (i, @) € [1,n]>.
Moreover, for all y € & := NU~D" x (NB=1 5 " H1=By 5 (N x Z" 1) x ---
x (N x Z"~1)y c Z"*, set

Yy . 7V1.1 V1.2 Yn.n
Zr =71 Z15 - Znn".
We now proceed in four steps.

Step 1: we prove that x € U(; g)+.

It follows from the inductive hypothesis that x belongs to Uy g). We distinguish
between two cases.

If B =1, then Uipy+ = Ugpys so that the induction step is obvious in this case.

Now, assume that 8 > 1. In this case, using the notation of the previous section,

_ —1
Uipy = Ugp+Zj -
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so that x can be written as

X = ZCZZZ,

€&

with ¢y € K. Set

X4 1= Z cyZY, x_:= Z cyZY.

v€EE ASIS)
vj.8Z0 vj.B8<0

Assume that x_ # 0.
Denote by B the subalgebra of U gy = U(; g)+ E]_é generated by the Z; , with

(i,a) # (j,B) and the Z,‘O} such thati > 2 and o« > 2 but (i,«) > (j, 8). Then
Ui.p = Ugpy+ Zj_é is a left B-module with basis {Z,l',,g }iez, so that there are
elements b; € B such that

~1
xo =) biZj,

I=ly

with [o < 0 and by, # 0. (Observe that this makes sense because we have assumed
that x_ # 0.)

The derivation D of R extends to a derivation of U( SRt since U( iRt is obtained
from R by a sequence of localisations; so D(Z;—1 g—1) € U g)+. This implies that

X_Zj1-1—Zj-1,-1X— + Zj—1,8-1Zj-1,-1 ©
+ jo1p+zip—Zj-1p1—2i8) Zj1.8Z; 3 Zjp—1 € U py+-

Now
Zi§Zjvp-1 = Zj—p1Zig + 4@ = DZpZjp Zj5
for all positive integers k. Hence

X_Zj1p-1—Zj-1,-1X— + Zj—1,-1Zj-1,-1
+ (g +2zip = zj18-1 — 2i)Zj1.8Z; 3 Zj g1
-1 -1
=Y "b0Zg+ > qlqH = Db Zi_1 521 2L
1=l 1=l
—(zj-1.8 + Zjp—1 — Zj—1.86-1 = 218) Zj—1,8Z; s Zj.p—1
+zj_18-1Zj—18-1 € U(j,ﬂ)+.

Now observe thatz;_1 g1 € R C U g)+. Indeed, if B > 2, then it follows from
Proposition 2.3 that z;_; g1 also belongs to R C U gy+. On the other hand, if
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B = 2, then it follows from the inductive hypothesis that z; ;1 + z12 = z1,1 +
Zj—1,. Aseachof zy,1, z12 and z;_; » belong to R C U(j,ﬂ)+ by Lemma 2.4 and
Proposition 2.3, it follows that z; _1,; € R C Uipy+-

Aszj_1p-1 € R C U g+, we obtain

1 -1
S HZy+ Y - Oz 2 2l
I=ly I=lo (10)

— o1+ zip1 — 2181 —2i8)Zj1.8Z; 3 Zjp—1 € UG py+-

It follows from Proposition 2.3 that z;_; g and z; g belong to R C Uy gy+; s0
eachof z;_y g_1, zj_1,4 and z; g also belong to Uiyt
We now distinguish between two cases to prove that

(zj—1,8 +2j.p—1 — Zj—1,8-1 — Zj,p) Zj-1,8Zjp—1 € Ug; g+

(Note that it only remains to show that z; g1 Z; 1,8 Z; -1 € U(; gy+-)

First, if B = 2, then it follows from Proposition 2.3 that z; g_1b,+,-1 € R C
U¢j.py+- On the other hand, it follows from [4], Proposition 5.2.1, that bpyj—1 =
Zij1Zjt12...Zppn—j+1- Hence z; g1 Z; g_1 belongs to U(j,ﬂ)+ since Zj 11,2, ...,
Znn—j+1 are invertible in U g)+. Thus,

(Zj—1,8 + Zj.p—1 — Zj—1.8—1 — Z;,p) Zj—1,8Zjp—1 € U(j py+.
as claimed.
If B > 2,then B —1 > 2, and so it follows from Proposition 2.3 that z; g_; €
R C U(j,,B)+' Thus,
(Zj-1.8 +2j,p—1 —Zj—1,8-1 — Zj,p) Zj—1,8Zj.p—1 € U(j gy+.

as claimed.
So, in each case, (zj_1,8 + zj, -1 — Zj—1,8-1 — Zj,8)Zj—1,8Zj p—1 € Uipy+s
and thus multiplying (10) on the right by Z; g leads to

—1 -1

I+1 -2l !
Y B ZiK Y aq = DhiZim1pZi 12 € Ugpyt
1=l I=lp

In other words, we have
0
_ I
Y b Z g+ ag0 = Db Zi 1 Z11Z,% € Uy py+-
I=lp+1

As U gy+ is a left B-module with basis {Zjl. ﬂ}leN, this implies that b;, = 0, a
contradiction. Hence x_ = 0and x = x4 € U( )t as desired.
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Step 2: weprovethatz; ;g1 +2z;8 =2z;_18 +2jg-1-
Asx_ =0andz;_1p-1Z;j—1,-1 € U g)+ by the above study, we deduce from
(9) that
Y= j-1p +2ip-1 = Zj—1.p-1 = Z.p) Zj-1.8Zjp-1 € Uyt Zjp-

Thus, y isanelement of Uy ; g)+ which g-commutes with Z;_; g_; and which belongs
to U gy+Zj,p- As in the proof of Lemma 2.4 (Step 2), some easy calculations show
that this forces y = 0, so that

as desired.

Step 3: we prove that z; o + Zx s = zj s + Zk o, forall (k,8) < (J, BT, withi <k
and o < 6.

In order to do this, let (k,8) < (j, B)*, withi < k anda < 8. If (k,8) < (j, B),
it follows from the inductive hypothesis that z; o + zx 5 = z; 5§ + Zk o, as required.
Now we assume that (k,8) = (J, ).

First,if (i, ) = (j —1, B—1), then we have just proved in Step 2 that z; o +2z, g =
Zi,p + Zja, as required.

Next, assume that i < j — 1 and « = 8 — 1. Then it follows from the inductive
hypothesis that

Zip-1tZj-1,p =Zip T Zj-1,6-1-
Moreover, we have already shown that z; _; g + z; 31 = z;—1,8-1 + z; . Hence,
Zip—1tZjp = Zip +Zjp-1,
as required. Similar arguments show that
Zj-le T Zjg = Zj-1.8 T Zja:

forall @ < B.
Assumenow thati < j—1lando < f—1. Itfollows from the inductive hypothesis
that

Ziw T Zj1,8 = Zip T Zj-la-
Moreover, we have already shown that
Zj-1a T Zjp = Zj-1.8 + Zja-
Combining these two equations leads to
Ziw tZjp =Zip + Zja

as desired.
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Step 4: we prove that D(Z; o) = adx(Z; o) + ziaZio forall (i,a) € [[1,n]?.

. + .
First, ifi > j ora > B, then Z; 4 = Yl(éﬂ - Yl(éﬂ ). 5o that the result easily
follows from the inductive hypothesis.
. + .
Now assume that i < j and @ < f, so that Z;, = Yl(éﬁ) = Yl.(é’ﬂ) +
Zip Z]_é Z; . Hence, we deduce from the inductive hypothesis (and the previous
case) that

D(Ziw) = DS + Zip 254 7;0)
= ad (V0P + 21,00V
+adx(Z;p Zj_,lzj,ol) +@ip—zjp+zia)Zip Zj_,é Zja
= adx(Zio) + ZiaZia + (Zip — 2jp + Zja — 2i) ZipZj 3 Zja-
Now it follows from Step 3 that z; g — z; g + zj,4 — Zi,o = 0. Hence
D(Zio) = adx(Zia) + ziaZia.
as desired. O

Corollary 2.7. The element z; o belongs to Z(R) = K[A,] for all (i,) € [1,n]?

Proof. We already know from Proposition 2.3 that z; , € Z(R) when i > 2 and
a > 2. Further, it follows from Lemma 2.5 that z; , € Z(R) when i = 1. Finally, let
i > 2. It follows from Lemma 2.6 that z; ; = z1,; + z; 2 — z1,2. Thus, z;,; € Z(R),
since the three elements on the right side of this equation belong to Z(R). O

Corollary 2.8. Any derivation D of R = O4(M,) = K[Y; 4] can be written as
D = ady + 0, where x € R and 0 is a derivation of R such that 0(Y; o) = zi o Vi«
forsome z; o € K[A] satisfying zj o + zZk 5 = Zi s + Zk,o Wheneveri < k and o < 8.

Proof. This is the case (n,n + 1) of Lemma 2.6. O

We now seek to describe the possibilities for the derivation 6 occurring in the
previous result.

It is easy to verify that there are 2n derivations of R given by D; x, Dy o, for
1 <i,a <n, where

Di,*(Yj,ﬂ) = 5ini,ﬂ and D*,a(Yj,ﬁ) = SaﬂYj,a-

In other words, D; .« fixes row i and kills all the other rows, while D o fixes column
o and kills all other columns.

We show that 8 above can be described in terms of these row and column deriva-
tions. However, note that these derivations are not independent, since Y D;, =
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> D 4; so we begin by defining 2n — 1 derivations which span the same space, but
which are independent.
Set
D, — D*,n—i—l—j forl <j<n-—1,
I Dj_pi1x forn+1=<j<2n-1,

while

n n
Dy=Dix+Dui—Y Dix (=Dix+Dui— Y Dug)

i=1 a=1

It is easy to see that the K-span of {D; | 1 < j < 2n — 1} is the same as the
K-spanof {D; «, Dx o | 1 <i,a <n}.

Note that:

e Ifje[l.n—1],then D;(Yo) = Yiqgifa =n+1—j,and D;(Y;o) =0
otherwise.

* Du(Y1,1) = Y11, Du(Yia) = —Yigifi > 2and @ > 2, and D, (Yio) = 0
otherwise.

e Ifje[n+1,2n—1],then D; (Y, o) = Yiqifi = j—n+1,and D;(Y;4) =0
otherwise.

It follows from Corollary 2.8 that any derivation D of R can be written as follows:
D =ady+z1uD1+ -4+ z12Dp—1+z11Dn +221Dpv1 -+ + zn1 Don—1,

withx € Rand z11,...,Z1,n, 22,1, - - -» Zn,1 € Z(R).
Recall that the Hochschild cohomology group in degree 1 of R, denoted by
HH!(R), is defined by

HH!(R) := Der(R)/InnDer(R),

where InnDer(R) := {ad, | x € R} is the Lie algebra of inner derivations of R. Note
that HH! (R) is sometimes denoted by HH! (R, R) in the literature. It is well known
that HH! (R) is a module over HH®(R) := Z(R). The following result makes this
latter structure precise.

Theorem 2.9. 1) Every derivation D of R can be uniquely written as
D =ady + u1Dy+ -+ pon—1Dan—1.

with ady € InnDer(R) and i1, ..., p2n—1 € Z(R) = K[A,].
2) HH!(R) is a free Z(R)-module of rank 2n — 1 with basis (D1, ..., Dan_1).
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Proof. 1t just remains to prove that if x € R and u1,...,Uan—1 € Z(R) with
ady + pu1D1 + -+ pon—1D2p—1 = 0,then u; = +++ = psp—1 = 0 and ad, = 0.
Set 0 := w1 Dy + -+ + pan—1D3p—1, so that ady + 6 = 0. The derivation 6 of R
extends uniquely to a derivation 6 of the quantum torus P(A). Naturally, we still
have ad, + 6 = 0. Further, straightforward computations show that

T 1
~ —aT ifa > 2,
O(Ti,a) _ Mn+1—all,x 1 ?l_
Mn+i—1Ti1 ifi> 2,

(Mn+1-a + Mn+i—-1 — Un)Tia otherwise.

Hence 6 is a central derivation of P(A), in the terminology of [12]. Thus we
deduce from [12], Corollary 2.3, that ad, = 0 = 6. Evaluating 8 on Y; o with
a € [1,n]], and on Y; ; withi € [1,n] leadsto u; = --- = p2,—1 = 0, as desired.

O

As a corollary of Theorem 2.9, we obtain some new information on the twisted
homology of quantum matrices. We refer to [7] and references therein for definition
and properties of the twisted homology. In [7], the authors have shown using results
of [14] that the “dimension drop” in Hochschild homology is overcome by passing
to twisted Hochschild homology. More precisely, they have shown that

HH,2 (04 (Mp), 04 (M,)s) >~ K[A,],
where o denotes the automorphism of O, (M,,) defined by
0(Yia) = "M VY g,
for all (i,a) € [[1,n]. In fact, it is a consequence of Theorem 2.9 and [7],
Proposition 2.1, that not only HH,>(04(My). Oy(M,)s) is nonzero, but also
HH,>_{(04(My), O4(My)s) is nonzero. More precisely, recall from [7], Proposi-
tion 2.1, that O4(M,) has the (twisted) Poincaré duality property, so that

HH,2_; (04 (M), O4(My)s) is isomorphic as a vector space to HH' (O, (Mp)).
Hence we deduce from Theorem 2.9 the following result.

Corollary 2.10. HH,>_,(04(M,), O4(M,)s) # 0.

3. On Hochschild cohomology and twisted Hochschild homology of O, (GL,)
and O,4(SL,)

In this section, we describe the derivations of O4(GL,) and O,4(SL,). As a conse-
quence, we show that the Hochschild cohomology group in degree 1 and the twisted
Hochschild homology group in degree n* — 2 of 0,(SLy) are both finite-dimensional
vector spaces of dimension 2n — 2.
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3.1. Derivations of @,(GL,). The quantisation of the ring of regular functions on
GL,(K) is denoted by O,(GL,); recall that it is the localisation of O,(M,,) at the
powers of the central element A,. It is well-known that O,(GL,,) is a Noetherian
domain that is endowed with a Hopf algebra structure.

As O4(GL,) is a localisation of O4(M,), the derivations Dy, ..., Dy,—1 of
O,(M,) defined in the discussion before Theorem 2.9 extend uniquely to deriva-
tions of O, (GL,) that are still denoted by Dy, ..., D3,_1.

Theorem 3.1. 1) Every derivation D of O4(GL,) can be uniquely written as
D =ady + ui1Dy + -+ pan—1Dan—1,

with ady € InnDer(O4(GLy)) and w1, . .., lan—1 € Z(04(GL,)) = K[AZF!].
_2) HHI((Dq(GLn)) is a free Z(O4(GLy))-module of rank 2n — 1 with basis
(Dlv"'7D2n—1)'

Proof. Let D be a derivation of O4(GL,). Then there exists k € N such that, for all
(i,a) € [1,n]?,
ARD(Yiq) = D(Yia)Af € Og(My).
It is easy to check that Aﬁ .D restricts to a derivation of O,(M,). Hence it follows
from Theorem 2.9 that there exist i1, ..., t2n—1 € K[Ap] and x € O4(My) such
that
AK.D =ady + 1Dy + - + pran—1Dan-1.

As A, is central, we obtain

D =ady-«, + AKEDy - 4 pon—18,K Doy,

as desired.
It just remains to prove that if x € O4(GL,) and 1, ..., p2n—1 € Z(O4(GL,))
with ady + w1 D1 + -+ + pap—1D2p—1 = O, then py = .-+ = pUz,—1 = 0 and

ady = 0. Set D := adyx + u1D1 + -+ 4+ pan—1D2n—1. Let k € N such that
xAk e 0,(M,) and u; Ak € ©9,(M,) for all i € [1,2n — 1]. Then AXD in-
duces a derivation of O;(M,) such that 0 = AKD = ad, zx + (1 AkDy + -
+ ton— IA Dyp—1. As all the u; Ak belong to K[A,] = Z(O4(My,)), we deduce
from Theorem 2.9 that A¥ .ad, = ad aky = 0and p; A% = 0 forall i € 1,27 —1].
Naturally, this forces ad, = Oand u; = O foralli € [[1 2n — 1], as required. O

Following the same reasoning as in the discussion before Corollary 2.10, we obtain
the following result regarding the twisted Hochschild homology of @, (GL,).

Corollary 3.2. HH,>_,(0,(GL,),04(GL,)s) # 0.
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3.2. Derivations of @, (SL,). Inthissection, we first consider the case wheren > 3.
(The case n = 2 needs a slightly different treatment for technical reasons.)

The quantisation of the ring of regular functions on SL, (K) is denoted by O, (SL,,);
recall that

04(SLy) := Qq(Mn)/(An —1).

Weset X; o := Yiq+ (A, — 1) forall (i,a) € [1,n]?. Itis well-known that O4(SLy)
is a Noetherian domain whose centre is reduced to scalars.

Observe that, foralli € [1,n — 1] U [n + 1,2n — 1], the derivation D; + ﬁDn
of O4(M,) satisfies (Di + ﬁDn) (A,) = 0. Hence it induces a derivation of
O4(SL,) that we denote by D;.

Theorem 3.3. 1) Every derivation D" of O4(SL,) can be uniquely written as follows:
D' =ady + uiDy+ -+ py  Dyy 4 M1 Dy + 0+ Hop 1 Doy

ady, € InnDer(Oy(SLy)) and (', . ...ty _1s Bygqs -+ s Mry_y € Z(Og(SLy)) = K.
2) HH' (04 (SLy)) is a finite-dimensional vector space of dimension 2n — 2 with
basis (D1.....D;,_. Dy y..... D}, ).

n—1°

Proof. Let D’ be aderivation of O, (SL,). Naturally, one canextend D’ to a derivation
of O, (SL,,)[t '] by setting D’(t) = 0. Now, recall from [11, Proposition] that there
exists aunique isomorphism ¢ : 9, (SL,)[t*'] — 0,(GL,) suchthatp(X; o) = Yi o
ifi > 1,0(X1.q) = Y144, andp(t) = A,. As D’isaderivation of O, (SL,)[t*!],
one can transfer it via ¢ in order to obtain a derivation of O,(GL,). More precisely,
it is easy to check that D := ¢ o D’ o ¢~ ! is a derivation of O,(GL,) such that
D(A,) = 0. Hence, it follows from the proof of Theorem 3.1 that there exist
k € N, u1,...,ban—1 € K[A,] and x € O4(M,) such that D = A;kadx +
A;kulDl + - 4+ A;kuzn_lDz,,_l. Moreover, since D(A,) = 0, we must have
p1 o+ et + g1 o+ Ran—1 — (1 —2)pp = 0. Hence D = Aj%ad, +
AR DY+ o+ AR DY 4 A* i Dy 4+ AR o1 DYy,
where D! = D; + %Dn foralli € [1,n—1]U[n + 1,2n — 1].

)
Hence
D(Y1,1) = Ay %ad, (Y1) + A;kﬁ(ﬂl 4o et
+ Unt1 + -+ Han—1) Y10,
D(Y1a) = A;kadx(Yl,a) + A;k,un-H—aY],a fora > 2,
D(Yiy) = A;kadx(Yi,l) + A;k,un-H_]Yi,l fori > 2,
and

D(Yio) = A ade (Yig) + A% (Rnt1-a + fntio1
— (1 + o+ et F Pt 4+ p2n-1))Yig



Hochschild cohomology of quantum matrices 307

wheni > 2 and o > 2.

Sety := ¢ !(x),andwrite y = Y ;5 yit! with y; € O4(SL,) equal to 0 except
for a finite number of values of /. Also, foralli € [1,n—1]JU[[n+1,2n — 1], we set
o M) =Y ez wit! with Wi € Oq(SLy) equal to O except for a finite number of
values of /. Now ¢! (j;) is central in 9, (SL,)[t*!], since p; is central in O, (M,);
and so ¢~ '(u;) € K[t*']. Hence u;; € K, for all i,/. Then, straightforward
computations show that

D' =ady, + 1k D+ 4 pn—1kDp_y + nt1k Dy + M2n—1k Doy
We show this when (i, ) = (1, 1), the other cases are proved in a similar manner.
In this case, D'(X1,1) = ¢~ o D(Y1,1A,Y), that s,
D'(X1,1) = ¢~ (A F tadx (Y1,1) + A;k_lﬁ(,ul + e
st Up—1 F Ppt1 oo+ U2n—1)Y1,1)

= [ady, (X1,1) + 5725 (1g + -+

leZ

oo fp—1g F g1 o Ron—1,0) X1,1] 11k,

Now, as Oq(SLn)[til] = Galez@q(SLn)tl and D'(X1,1) € O4(SL,), we deduce
from the previous equality that
D'(X1,1) = ady, (X1,1) + -5 (g + ...
ot Ptk Bk o pon—160) X1
= ady, (X1,1) + p1xDY(X1,1) + -+ + pn—1.x Dy (X1,1)
+ tnt 1k Dy (X10) + -+ + pan—1,4 D5, (X11),

as desired.
To finish, let us mention that the decomposition of D’ is unique because of the
uniqueness of the decomposition of D in O,4(GL,,). 0

Note that the automorphism o of O, (M,,) defined in the discussion before Corol-
lary 2.10 induces an automorphism of @, (SLy), still denoted by o, since o(A,) =
A,. Following the same reasoning as in the discussion before Corollary 2.10, we
obtain the following result regarding the twisted Hochschild homology of O, (SL,).

Corollary 3.4. HH,>_,(O4(SL,), O4(SLy)s) is a finite dimensional vector space of
dimension 2n — 2.

Whenn =2, thederivations D1—D3 and D, of O4(M,,) satisty (D1 — D3) (Ap) =
0 = D3(Ay). Hence, they induce two derivations of @, (SL,) that are denoted by
D} and D/,. Then, by using arguments similar to those in the proof of Theorem 3.3,
one can prove the following result.
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Proposition 3.5. 1) Every derivation D’ of O4(SL2) can be uniquely written as
follows
D" = ady, + py D} + u5D;,
with ad, € InnDer(9,(SL»)) and '}, i, € Z(O4(SL>)) = K. L
2) HH' (09, (SLy)) is a two-dimensional vector space with basis (D', D).
3) HH2(0O4(SL2), O4(SL2)) is a two-dimensional vector space.

Notice that Hadfield and Krihmer have computed the twisted Hochschild homol-
ogy of O4(SL,) in [6]. However, there is a misprint in [6, Theorem 1.1] in the
dimension of HH»(O4(SL2), ,—104(SL2)) >~ HH»(O4(SL3), O4(SL2)s), as the
authors have confirmed.
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