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Abstract. Recently, Bocklandt proved a conjecture by Van den Bergh in its graded version,
stating that a graded quiver algebra A (with relations) which is Calabi—Yau of dimension 3 is
defined from a homogeneous potential W. In this paper, we prove that if we add to W any
potential of smaller degree, we get a Poincaré—Birkhoff-Witt deformation of A. Such PBW
deformations are Calabi—Yau and are characterised among all the PBW deformations of A.
Various examples are presented.
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1. Introduction

The notion of Calabi—Yau algebra has its origin in algebraic geometry: a smooth
projective variety is Calabi—Yau if its canonical bundle is trivial, i.e. if it admits a
global volume form (see e.g. [20]). By Serre duality, it is equivalent to say that the
bounded derived category of coherent sheaves is endowed with a Serre functor (see [8])
given by a power of the shift functor. This condition was used by Kontsevich to define
the notion of a Calabi—Yau triangulated category. Given a (noncommutative) algebra
A over a field k, Calabi—Yau conditions for A can be defined by considering various
triangulated categories associated with A, for example the bounded derived category
(or the stable category) of finite dimensional A-modules (that is, of A-modules that
are finite dimensional as k-vector spaces). Such categories, and the noncommutative
algebras giving rise to them, are currently playing an important role in representation
theory and in algebraic geometry (resolutions of singularities) in connection with
cluster algebras or McKay correspondence [19], [18], [16].

String theory physicists have a construction of noncommutative Calabi—Yau al-
gebras, which are quiver algebras with relations [24]. For a fixed quiver Q, this
construction only depends on a noncommutative polynomial (or series) in several
variables called potential. Van den Bergh conjectured that any 3-dimensional Calabi—
Yau algebra derives from a potential [24]. This was actually proved in the graded
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situation by Bocklandt [7]. Our paper deals with deformations of the graded algebras
A(Q, Wy 41) obtained by Bocklandt. Here Wy 41 denotes the potential (which can
be chosen homogeneous since A is graded) and N + 1 is its degree.

Our first observation is that the graded algebras A(Q, Wy 1) are N-Koszul, so
we can consider Poincaré—Birkhoff-Witt (PBW) deformations of A(Q, Wx 1) in the
sense of [5] (see also [15] for the case in which Q has only one vertex). The main
result of this paper is the following.

Theorem 1.1. Let A = A(Q, Wn41) be a graded Calabi-Yau algebra of dimen-
sion 3. Let W' be a not necessarily homogeneous potential of degree at most N.
Then:
(1) A" := A(Q, Wn41 + W) is a PBW deformation of A, and A’ is Calabi—Yau.
(ii) Assume that the characteristic of the ground field does not divide N \. If A’ is
any PBW deformation of A, then A’ derives from a potential if and only if a certain
condition (PBW?2') (involving only the degree N — 1 part of the relations of A") holds.

This theorem is the combination of Theorems 3.1, 3.2 and 3.6 in the text below.
Part (ii) can be viewed as an answer to an analogue of Van den Bergh’s conjecture in
a filtered situation.

We illustrate this theorem in Section 5 by several examples arising from various
sources: Yang—Mills algebras (from theoretical physics), cubic Artin—Schelter regular
(AS-regular) algebras (from noncommutative algebraic geometry), antisymmetriser
algebras (from representation theory), and some quiver algebras with several vertices
(introduced in [7]).

The definition of Calabi—Yau algebras used in this text is due to Ginzburg [16];
we relate it to that used by Bocklandt in Section 2 (see also [14], Section 3.2, where
a similar class of algebras is introduced). Ginzburg’s definition is a noncategorical
definition involving Hochschild cohomology, and inspired by Van den Bergh’s duality
theorem. This definition is well adapted to the determination of Calabi—Yau algebras
within the class of N -Koszul and Artin—Schelter Gorenstein (AS-Gorenstein) algebras
(Proposition 4.5 below). In order to explain this, we need some general considerations
on graded Calabi—Yau algebras presented in Subsection 4.1.

We would like to discuss here the following point that appears to us to be important
and is a consequence of our results: the class €; of graded Calabi—Yau algebras
of dimension 3 is strictly contained in the class €, of graded N-Koszul and AS-
Gorenstein algebras of global dimension 3, and Proposition 4.5 specialised to global
dimension 3 enables us to characterise €; inside €,. For instance, an AS-regular
algebra of global dimension 3 is in €, and moreover it is in €; if and only if it is
of type A (Proposition 5.4). In [12], [13], Dubois-Violette describes the algebras
inside €, using multilinear forms called 3-regular, and he conjectures that any 3-
regular multilinear form provides an algebra in €,. Therefore he offers, in a more
general situation (but for quivers with only one vertex), a notion equivalent to that



Poincaré-Birkhoff—Witt deformations of Calabi—Yau algebras 243

of a “good” potential (that is, a potential that defines a Calabi—Yau algebra) with an
explicit description. Moreover, he suggests an analogous description in dimension
greater than 3.

Acknowledgements. We are grateful to Victor Ginzburg, Bernhard Keller, Bernard
Leclerc and Michel Van den Bergh for their comments and discussions. We also thank
Mariano Suarez-Alvarez for pointing out reference [14].

2. Preliminaries

Let k be a field, and let A be an associative k-algebra with unit which has a finite
projective A-bimodule resolution by bimodules of finite type. The symbol ® with no
subscript denotes the tensor product over the base field k.

The space A ® A is endowed with two A-bimodule structures: the outer structure
definedbya-(x ® y)-b = ax ® yb, and the inner structure definedby a - (x Q y) -
b = xb ® ay. Consequently, the Hom spaces Homyg_4(M, A ® A) of A-bimodule
morphisms from M to A ® A endowed with the outer structure are again A-bimodules
using the inner structure of A ® A, and the same is true of the Hochschild cohomology
spaces HX (4, 4 ® A).

We use Ginzburg’s definition [16] of a Calabi—Yau algebra:

Definition 2.1. We say that an algebra A as above is a Calabi—Yau algebra of dimen-
A ifk =n,
sionn > 1 if there are A-bimodule isomorphisms H¥ (4, A ® A) = : n
0 otherwise.
Proposition 2.2. If A is a Calabi—Yau algebra of dimension n, then the Hochschild
dimension of A (that is, the projective dimension of A as an A-bimodule) is n.

Proof. Since A has a finite projective A-bimodule resolution by assumption, the
Hochschild dimension of A is finite. This Hochschild dimension is at least n, since
Ext’i_ (A, A® A) # 0 (see [9], VL.2.1).

By assumption, there exists a finite projective A-bimodule resolution of A by

bimodules of finite type. Let m be the shortest length of such a resolution, and

Sm Sm— .. .
let0 > P, — Py i SN Py — A — 0 be a projective A-bimodule

resolution of A by bimodules of finite type of length m. Clearly, m is greater than
the Hochschild dimension of A, so we need only prove that m = n. Assume for a
contradiction that m > n. Then H" (A4, A ® A) = 0, and therefore H" (A, P) = 0
for any projective A-bimodule of finite type P. In particular, H” (A, P,,) = 0, so the

—o8m . .
map Homy—_ 4(Ppy—1, Pn) —— Homy_ 4 (P, Pp) is onto. Therefore there exists
o € Homy—_4(Pm—1, Pp) such that o o §,, = idp,,, i.€., 8, splits, so Py, is a direct
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summand in Py,—;. Therefore we can write Py,,—; = P, & Q with Q a projective

Sm—
A-bimodule of finite type. But then the sequence 0 — Q moe Ppo— - —

Py — A — 0is a projective A-bimodule resolution of A by bimodules of finite type
of length strictly less than m, a contradiction. Therefore m = n and the Hochschild
dimension of A is . O

We shall use the results and notations of Bocklandt [7]. We recall some of them
here.

Let Q be a connected quiver, fixed throughout. Let Q; denote the set of paths
in Q of length j. We assume throughout that Q¢ and Q; are finite. The maps
s,t: Q1 — Qp send an arrow to its source and target.

A potential is an element in the vector space Pot(Q) := kQ/[kQ,kQ]. It can
be viewed as an element in kQ via the map ¢: Pot(Q) — kQ that sends a cycle
ay ...a; (read from right to left) to ), @;—1 ...a1ay ...a; (this map is denoted by
O in[7]). If p = a,...aza; is a path and b is an arrow, then pb~! denotes the
path a, ...a, if b = ay, and is O otherwise. Define similarly the path b~! p. For
each a € Q1, we shall consider the map d,: Pot(Q) — kQ that sends an element
p in Pot(Q) to ¢(p)a—! = a~'c¢(p). Finally, if W is a potential, we shall denote
by A(Q, W) the algebra kQ /J ({0, W;a € Q1}) (called a vacualgebra in [7]) where
J(S) is the two-sided ideal of kQ generated by the set S. Bocklandt proved in [7],
Theorem 3.1, that if a quiver algebra A = kQ/I is a graded Calabi—Yau algebra of
dimension 3, then there exists a (homogeneous) potential W suchthat A = A(Q, W).
Moreover, if W is a potential, the algebra A(Q, W) is Calabi—Yau of dimension 3 if
and only if a certain complex Cy is exact [7], Section 4.2.

The results in [7] are still true with the definition of a Calabi—Yau algebra given
here. Indeed, Bocklandt uses only [7], Property 2.2, applied to graded algebras,
which is still true with Ginzburg’s definition of a Calabi—Yau algebra: the fact that the
global dimension of graded Calabi—Yau algebras of dimension 7 is n follows from
Remark 2.8, and we have the result that follows.

Proposition 2.3. Let A be a Calabi-Yau algebra of dimension n over a field, and
let X and Y be two finite-dimensional left A-modules. Let (—)* denote the ordinary
k-dual. Then Ext}(X,Y)* = Ext;*(Y, X).

The proof of this proposition relies on the lemmas below.

Lemma 2.4. Let P, — A — 0 be a projective A-bimodule resolution of A. Then for
any left A-module X, the complex P, 4 X — X — 0 is a projective left A-module
resolution of X.

Proof. Each module P, ®4 X is a projective left A-module, since by adjunction
there is an isomorphism Hom4 (Pr ®4 X, -) = Homy_ 4 (P, Homg (X, -)), and the
functor on the right-hand side is exact since Py is projective as an A-bimodule.
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We must now prove that P, ®4 X — X — 0 is exact: since k is a field, the
algebra A is flat over k, and hence the enveloping algebra A° = A ® AP is flat as a
left A-module and as a right A-module. Consequently, the projective A°-modules P
are flat as left A-modules and as right A-modules. Flatness is a property preserved
by taking kernels of epimorphisms, so that all the syzygies Qfle (A) are flat as left
A-modules and right A-modules. It then follows that for all k € N, the sequence
0— Qfljl(A) Q4 X = Pr @4 X — Qﬁe(A) ®4 X — 0 is exact, and hence the
sequence P. ®4 X is exact. O

We define the following structures: if X is a left A-module, then X* is a right
A-module with a%: x +— a(ax) fora € X*,a € Aand x € X); if X is an A-
bimodule, then X * is an A-bimodule with %a?: x a(bxa) (fora € X*,a,be A
and x € X);if X is a left A-module and X’ is a right A-module, then X ® X’ is an
A-bimodule witha-(x ® x")-b = ax@x’'b (fora,b € A,x € X andx’ € X'); and if
X and Y are left A-modules, Homy (X, Y) is an A-bimodule with ¢ f?: x +— af(bx)
(fora,b € A, f € Homg(X,Y) and x € X).

Lemma 2.5. Let X and Y be finite-dimensional left A-modules. Then there is an
isomorphism Extﬁ (X.Y) = H*(A, Homg (X, Y)).

Proof. Theresultisin [9,1X.4.4], and can also be proved using Lemma 2.4 above. [
Lemma 2.6. For any A-bimodule M, we have (Hy (A, M))* = H*(A, M*).

Proof. Let P, be aprojective A-bimodule resolution. Then H.(A, M) is the homology
of P, ®4c M — 0. Dualising this gives 0 — (P. @4c M)*. We have

(P.®4eM)*= Homy (P.®4: M, k) =~ Homye (P., Homg (M, k)) = Homye(P., M*)

with adjunction. The differentials correspond via this isomorphism, therefore the
cohomology of the dual complex is H*(A, M *). O

Lemma 2.7. Let X and Y be any finite-dimensional left A-modules. Then there is
an isomorphism of A-bimodules Homy (X, Y)* = Homg (Y, X).

Proof. We combine the following well-known k-isomorphisms, which are also
A-bimodule homomorphisms:

Y ® X* - Homg(X,Y),
Yy Qo [x > a(x)y],
XY — (Y ® XY,
XQB [y Qar a(x)B(y)]. O
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We can now prove Proposition 2.3.

Proof. We first apply Van den Bergh’s duality theorem [23]: A has a finite projective

resolution by A-bimodules of finite type; H*(4, A ® A) = 0 for all k # n; and

U :=H"'(A,A® A) = A is an invertible A-bimodule (with U~! = A). Therefore

Van den Bergh’s duality theorem applies, and we have HX (4, M) = H,_x (A, M).
Applying the lemmas above, we get:

Extk (X, Y)* = H* (A, Homy (X, Y))* = H,_; (4, Homy (X, Y))*
~ H" % (4, Homy (X, Y)*) 2= H" (4, Homy (Y, X))
=~ Ext? % (Y, X). O

Remark 2.8. Let A be a Calabi—Yau algebra of dimension n such that there exists
a nonzero finite-dimensional A-module X. Then the global dimension of A is n:
we know from [9], IX.7.6, that the global dimension of A4 is at most the Hochschild
dimension of A, that is, n. Moreover, by Proposition 2.3, we have Ext} (X, X) =
Ext} (X, X)* = Homu(X, X)* # 0, so that the global dimension of A, which is
larger than the projective dimension of the A-module X, is at least n. Therefore it is
equal to n.

3. PBW deformations of graded Calabi-Yau algebras of dimension 3

3.1. Algebras associated with nonhomogeneous potentials

Theorem 3.1. Suppose that A = A(Q, Wn41) is a graded Calabi-Yau algebra of
dimension 3, where Wy 1 is a homogeneous potential of degree N + 1, and let
W =Wyt1+ W =Wyni1+ Wy +--- + Wy be a potential with deg W; = j for
each0 < j < N + 1. Then A’ := A(Q, W) is a PBW deformation of A.

Proof. Denote by R the kQo-bimodule spanned by {0, Wy 1;a € Q1} (which can
be identified as a set with the k-vector space generated by {3, Wy +1;a € Q1}) and
by P the kQo-bimodule spanned by {0,W;a € Q;} (similarly, this can be identi-
fied with the k-vector space generated by {d,W;a € Q1}). Define p: R — kQ
by setting (3, Wy +1) = —0,W’. Define also ¢;: R — (kQ)®%20/ = kQ;
by composing ¢ with the natural projection from kQ to kQ; (so that
i (0aWn 1) = —0aW;11). Set ;" = ¢; ®g, id: R ®g, k@1 — kQ; 11 and
o7V = id ®rg, ¢ kKQ1 ®kg, R — kQ; 1. Finally, set F/ = @] _ kQx.
The k-algebra A can be viewed as a k Q¢-algebra, with k Q¢ semisimple. Now
since A is Calabi—Yau, the complex Cw,,_ , in [7] is a projective A-bimodule resolu-
tion of A, from which we can see that A is N-Koszul (as a k Q¢-algebra). Therefore
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the results in [5] apply, so that A’ is a PBW deformation of A if and only if the
following conditions are satisfied:

(PBWI1) P N FN-1 ={0}.

,N N
(PBW2) (oxY, —on™ (K Q1 ®koo RN R @k, kQ1) € R.
(PBW3) Forall j,1<j <N -1,

N N ,N N
(0 (onY —on i+, =T (K01 ®koy RN R Bk, k Q1) = {0}

(PBW4) go(pn”, — o) (K01 @Koy RN R Bkg, kO1) = {0},

Let us first give an alternative description of R Qkg, kQ1 N kO Qkg, R:
consider the k-linear map 6: kQo — kQ1 ®kg, R that sends a vertex e to 6(e) =
> ace0, 49aWn 1. For any cycle p, we have

Y. adap= ) aa'e(p)

aceQ aceQ; acp

= ec(p) = c(p)e

= Y cpbtb= > dppb.

beQe; bep beQ e

Therefore 0(e) is contained in R ®xp, kQ1, and so we have a kQo-linear map
0:kQo — kQ; k0, RNR ®k0o kQ1, and B(e) = Zaete ad Wy =

> be0e WWN+1b = ec(Wn 1)

The map 6 is one-to-one: if 6(>_ Ass) = 0, then for a fixed e € Q¢ we have

SGQO

0=e0( D Ass) = D Assec(Wn1) = hee c(Wy+1) = AeOe),

s€Qo s€Qo

so we only need to check that 8(e) # 0. We use [7], Theorem 3.1: A is Calabi—Yau, so
we know that e is (for instance) the source of an arrow b, and moreover b is contained
in ¢(Wpx41), therefore e is contained in ¢(Wy 1), 50 8(e) = ec(Wn4+1) # 0.

To prove that 6 is an isomorphism, we shall prove that RQk g,k Q 1Nk Q1 ®kg, R
and k Q¢ have same dimension. We know from [5] that

R ®ko, kO1 N kO ®kg, R = (Tors (kQo.KkQ0)) ., = Torj (kQo. k Qo).

so dimg R Qko, kQ1 N kO ®kg, R = dimg Tor3A(|kQ0, kQo). As before (cf.
Lemma 2.4), Cw,,, ®4 kQo is a projective left A-module resolution of kQo. Ap-
plying the functor kQ¢ ®4 — gives Tor‘34([k 00,kQop) = Ker(id ®463 ®4 id) using
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the notations in [7]. Therefore

#0o < dimk R Qkp, kO1 NkQO1 ®kg, R
= dimg Tor§ (kQo, kQo)
< dimg kQo ®4 A ®kg, spangiec(Wy+1)ie € Qo) ®kg, A ®4kQo
= dimg spang{ec(Wn+1);e € Qo} < #Qo
so finally dimx R ®kg, kQ1NkQ1 ®kg, R = dimy kQg and 6 is an isomorphism.

In particular, {f(e); e € Qo} is a basis for R ®kg, kQ1 NkQ1 ®xkp, R.
Let us now check that conditions (PBW1) to (PBW4) hold:

(PBW1): Clearly
PAFN ™ = {0 2adaW: Ao € kand Yyep, 2adaWat1 = 0}.

However, the 0,Wy4; for a € Q; are linearly independent: consider the reso-
lution Cw, ., in [7]. By Lemma 2.4, Cy,_, ®4 kQy is a projective resolu-
tion of kQo as a left A-module. The maps in the complex Homy(Cw, 41 ®a
kQo, kQo) vanish, so #0Q1 = dimg Ext}(kQo, kQo) = dimg Ext5(kQo, kQo) =
dimy spany {0 Wy +1; @ € Q1} using the Calabi—Yau property. Therefore, P N
FN=1 = {0},

(PBW?2): This condition is equivalent to: (gollv’ﬁ[l —(plz\;f 1+ 1)(9(6)) € Rforalle € Q.
We have

(N =V O@) = o (2 W) =y (3 avaWivan)

beQe aceQ
= Y on-1(@Wnib— Y apy-1(0aWn+1)
beQe aceQ
= Z Wy b + Z ad,Wy =0¢€R
beQe aceQ

as above.

. : 1,N 2,N+1 .
(PBW3): Using the fact that (p_, — ¢y_," )(0(e)) = 0 for all e € Qy, this
condition becomes (gojl’_Al/ — go]?’_All +1)(0(e)) = 0 for all e € Qg. This is true by a
calculation similar to that above.

(PBW4): This condition is trivially true using the fact that for all e € Q¢ we have

(en-y —eni )0 =o.
Therefore A’ is a PBW deformation of 4. O

This leads to the following question: when is a PBW deformation of a Calabi—Yau
algebra of dimension 3 obtained from a (nonhomogeneous) potential?
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Let A = A(Q, Wy41) be a Calabi-Yau algebra of dimension 3, and let A’ be
a PBW deformation of A. We recall here the notations of [5]: let P be a sub-
k Qo-bimodule of FV such that A’ = kQ/Jd(P),letw: FN — kQn be the natural
projection, and set R = 7(P), with A = kQ/J(R). The condition PN FN~1 = {0}
holds since A’ is aPBW deformation of 4,so 7 : P — R is anisomorphism. Foreach
a € Q1,thereexists aunique elementin P whose image by 7 is d, Wi +1; this element
can be written dg Wy +1 — ¢0(0g Wi +1) with (0, Wy 1) € FN=1_ This defines a
k Qo-linear map ¢: R — F¥~! and P = spang o {0z Wn+1 — 9(3aWN+1); a €
Q1}. Define maps ¢;: R — kQ; as above by composing ¢ with the projections
kQ - kQ;for0<j <N-1

If A’ can be obtained from a potential, that is, if there exists a potential
W = Wyy1 + W with degW’ < N such that A’ = A(Q, W), then we have
@(0,Wn+1) = —04,W’, and therefore

(PBW2) (enN, —oxN ) (B(e)) =0 foralle € Qo,

since ((p}\,’fl — golz\;j_val)(Q(e)) == be0,e WWND + 3 4ce0, @0aWn = 0. This
condition (PBW?2’) is in fact sufficient:

Theorem 3.2. Let A = A(Q, Wn+1) be a Calabi—Yau algebra of dimension 3, and
let A" be a PBW deformation of A. Assume that char(Kk) does not divide N!. Then A’
can be obtained from a potential if and only if condition PBW2') holds.

Proof. Let A’ be a PBW deformation of A satisfying (PBW2'). Since ¢;_1 is kQo-
linear, ¢;_1 (0, Wn+1) is a linear combination of paths all starting at #(a) and all
ending at s(a). Therefore A’ satisfies, forall1 < j < N,

(%)) Z agj—1(0aWn+1) — Z @i-1(0pWn11)b =0 foralle € Qo.
aceQq beQe

The element ¢; _1(d;Wpn41) is a linear combination of paths of length j — 1
starting at (@) and ending at s(a), therefore we can write

9j-1(0aWn 1) = Yo dagd= Y, agd

ges(@)Q;—1t(a) q€Q;_1;
aqet(@)Qjt(a)
= § Aa,qq
a€Q;_1:

qaes(a)Qjs(a)

for some scalars A4 € k. Then (*;) becomes

Z Aa,gdq = Z Apqqb foralle € Q.

aceQ1.qeQ;_q: beQe. qeQ;_q:
ageeQ e gbeeQje
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If o is a cycle of length j = 2, then we can write 0 = agb with a,b € Q;
and ¢ € Q;_». This cycle occurs once on each side of the equality above with
e =1t(a) = s(a),so Aggp = Apaq. Moreover, if j = 1, we also have g = Age
ifa € eQe. Now if we write 0 = a; ...ay, we have Aaj,a,-_l...a] = )La],aj_,_az =
Aaz,ala_,...a3 = ..., so that the coefficient only depends on c(c). We denote this
common coefficient by /A\g.

Let o be a cycle in Q. Define a new element ¢’(0) in k Q as follows: if ¢ is not a
power of a cycle, then we set ¢/(0) = ¢(0); if 0 = ™ is a power of a cycle, with m
maximal, then ¢/(o) is the sum of the m™ powers of all the terms in ¢(7). We shall
denote by o the class of a cycle o modulo cyclic permutations.

Now define W, := —% D eeQo 2cceQ;e Ao’ (0). Then, if a € Q; we want to
compute d, W;. For this, we shall need the following lemmas.

Lemma 3.3. Let 0 be a cycle of length j which can be written 6 = ap where a is
an arrow and p is a path, and such that there exists a cyclic permutation of length at
most j — 1 which when applied to o again gives ap. Then o is a power of a cycle.

Proof. The hypothesis implies that a occurs in p, so we can write p = aaf for some
paths @ and S, and these paths can be chosen such that 0 = axaf = afax (®).

Let £(q) denote the length of a path ¢g. If £(8) = £(«), then necessarily « = S
and therefore o = (aa)? is a power of a cycle.

If £(B) > £(x), then the expressions of o above show that 8 = aaf’ for some
path 8/, with £(8’) < £(B). Therefore, 0 = axaaaBf’ = axaf’aa and so aaaf’ =
af’aa. We have obtained an identity similar to (®), but with a path of smaller length.
A descending induction shows that o is a power of a cycle. O

Lemma 3.4. Let o be a cycle of length j and let a be an arrow. Then d,¢'(0) =
j ZqEQj_l;W=(_I q.

Proof. First assume that ¢ is not a power of a cycle. Then ¢’(0) = ¢(0). Thisis a
sum of j terms, and all the terms are obtained by applying cyclic permutations to o,
and therefore they all give the same derivatives. So we need only look at the derivative
with respect to a of o, and multiply the result by ;.

No cyclic permutation of length at most j — 1 of o is equal to o, and therefore
if 6 = ap = aq for two different choices of @ within o, then p # ¢ (Lemma 3.3).
Therefore d,0 = quQ_/,l; ag=5 9 and we get 3,¢'(0) = j quQ_/,l; ag=59-

Now assume that o is a power of a cycle, and write 0 = ™ with m maximal (so
that 7 is not a power of a cycle). As before, there are % terms in ¢’(o), all obtained
by applying cyclic permutations to o, so we need only consider d,0 and multiply the
result by L.

To compute d,0 = d,t™, we choose a factor t, then for each a in this factor, we
apply the appropriate cyclic permutation to o so that the a occurs at the end of the
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cycle, and then we remove the a. We then do the same for each of the other factors t,
and in each case we will obtain the same result. Therefore a factor m appears when
we compute this derivative:

(in this sum, p; p, is necessarily a path of length # — 1). Now consider the map
¢ from {(p1, p2); p2ap1 = t} to {q; @aq = G} given by ¢(p1, p2) = p1t™" ' pa.
This map is one-to-one: if ¢(p1, p2) = ¢(p}. p5) with (p1, p2) # (p}. p5), assume
that £(p1) < £(p}) so that £(p5) < £(p2). Since p1t™ 1 p, = pit™~ ! p), we have
p} = p1p}]and pr = p p), for some paths p/ and pJ, sowe gett™ ! p = p{z™~1.
By [17], Lemma 2.4, there exist a cycle y and an integer 7 > 2 such that T = Y7, a
contradiction. Therefore ¢ is one-to-one. The map ¢ is also onto: if 6 = agq, the
a in this equality is chosen within o and therefore within one of the factors , so
we can write T = ppap; and 0 = ¥ prapyt? for some integers u and v such that
u +v =m — 1, and therefore ¢ = p1 7 ! pr = @(p1, p2).

Finally, we have d,0 = m ) _ 4€Q;_y; ag=5 9> and this gives the result. 0

Now we have

<=__Z Y Aedad'(0) ——Z > Jhoq

eEQo o€eQje Ufefgo qeQ; 1
J aq=
== Y Ragq=—9j-10aWnt1).
q€Q;_1:

aqet(a)Q]t((l)
Therefore A’ = A(Q, W) with W = Wy4q + Wy + -+ + W O

Remark 3.5. In the result above, the potential W = Wy 41+ Wy +-- -+ W) defining
A’ is unique. Indeed, it is easy to see that ﬂate Ker(d,) = kQy, and since the
degree of each W; is nonzero, it follows that two such potentials must be equal.

3.2. The algebras A(Q, W) are Calabi-Yau. We now prove the following result.

Theorem 3.6. Let A = A(Q,Wn+1) be a graded Calabi—Yau algebra of dimen-
sion 3. Let A" = A(Q,W) be a PBW deformation of A defined by a potential
W = Wyny1 + W withdeg W' < N. Then A’ is Calabi-Yau of dimension 3.

The proof will use the following characterisation of Calabi—Yau algebras (the
ungraded analogue of [7], Theorem 4.2).
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Lemma 3.7. Let B be an associative k-algebra with unit. If B has a self-dual (with
respect to the functor (-)¥ = Homp_p (-, B® B)) projective B-bimodule resolution
of finite length n by B-bimodules of finite type, then B is Calabi-Yau of dimension n.

Proof. By assumption, we have a diagram

dn dn—1 d2 d;

Py Py—1 Tt Py Py
lan ian—l ial J/O‘O
—dY —dy —dY —dy
v ! v 2 v, Tl \% n v
PO Pl Pn—l Pn

in which all the squares commute and where all the maps «; are isomorphisms. Then:
e B has a finite projective B-bimodule resolution by bimodules of finite type.

e For0 < k < n, we have

d];/-Fl —d
Ker(P, —— P Ker(P._ nkop
H*(B,B ® B) = (P v k1) | Ker(Pog —— Pug) _

dy —dp—k+1
m(PY, — PY)  Im(Ppjy1 —— Pui)

e Fork > n,H*(B,B ® B) = 0.

Ker(PY 0 P
« H'(B,B ® B) = — 1 "dv_) ) . g ~ B.
— —dail
Im(PY , =5 pY) Im(Pr — Po)
Therefore B is Calabi—Yau of dimension 7. O

We now prove Theorem 3.6.

Proof. We shall construct a self-dual projective resolution of A’.

Let R denote the k Q¢-bimodule spanned by {0, Wx +1; a € Q1}and P the kQp-
bimodule spanned by {0,W;a € Q1}. Let w: P — R be the projection defined by
0aW = 0, Wy 41. Consider the k Qo-bimodule map 6: kQ¢ — P ®kg, kQ that
sends a vertex e to Y daW a. Forevery e € Qg, we have 9~(e) € kQ1®xg, P

X acQe
since
0e)=0(e)— Y @@aWninDa=0()+ Y ,W'a
acQie acQe
=0()+ Y bW =0(e)— > be@Wni))= > bipW.
beeQ beeQ beeQ

Therefore @ takes values in P ®kg, kO1 N kO Qkg, P. We wish to compose
6 with m ®kg, id and with id ®xg,7. To this end we take an element x =
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Y abeo, bW =2 e, 0cW din P ®ko, kQ1 NkQ1 ®kg, P; then looking
at the terms of degree N + lin x gives Y pco, a0bWN+1 = D¢ yeg, 0cWN+1d,

thatis, (id ®kg,7)(x) = (7 Rk, id)(x). Therefore (7 QK g, id)0 = (id ®[kQ071)0~
takes values in R ®kp, kQ1 NkQ1 kg, R and is equal to 6, which is an isomor-
phism. We deduce that 6: kQ¢ — Im 6 is an isomorphism, and that (7 ko, id)| mé

is an isomorphism from Im 6 to Im 6.
The sequence € below is a complex of projective A’-bimodules of finite type:

€: 0 A ®ko, Imb Rko, A’ 3y ko, P ko, A’

B A ®koy k01 Broy A 5 A ©koy KO0 ®roy A 25 A — 0
where p is the multiplication map and &7, 82, 63 are morphisms of A’-bimodules
defined by

51(1 ®kg, a Rk, 1) = a kg, s(a) ®xg, 1 — 1 ®kg, t(a) ko, 4,
8>(1 ®kgy 0 W ®kg, 1) = A0 W),
85(1 kg, B(€) B0y 1) = Ygee, @ ®k0y daW Rk, |

—2peoie | ®k0o bW ®kg, b-

For §,, the map A is the linear map defined on the monomials by A(ay ...a;) =
Zf-;l Ak ... ai+1 Ok, di OkQ, di—1---a1, and A(lx) = 0 (the bar denotes the
class of an element in k Q modulo P).

Clearly ;181 = 0. Wehave 81082 (1®k 0,04 W ®ko, 1) = 9aW kg, t(a) Rk, 1
+ terms that simplify — 1 Qg s(a) ®kg, « W = 0. Finally,

820 83(1 ®ko, 0(e) ®kgy ) = D aA@.W)— Y  A@W)b

aceQ beQ e
=[26©) - Y 1®10,a @10, W]
aceQ
—[A(é(e))— 3 W ®ugy b ®kg, 1]:0.
beQ e

We will now prove that € is a resolution of A’: the complex € is isomorphic to
the complex €’ defined as follows:

8/
€':0— A Qo Imb Qg, A —> A o, R Qxo, A’

8 s
= A’ @, kQ1 ®rg, A —> A’ ®rg, kQo ®ig, A’ > A — 0
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with 5’2(1 Rk 0aWn 41 ®k0o 1) = A(IgW) and 5/3(1 ®k0o O(e) ®k0g 1) =
2 ace0; @ Ok0o IaWN+1 ®k0o 1 = D peg e | ®ko 6 WN+1 ®kg, b- The iso-
morphism between the two complexes is given by id4 ®ko, (7 ®k g, id) ®ko, ida,
idgs ®Kxp, T ®kg, ida for the first two and by id for the other three.

The complex €’ is filtered, and the graded complex associated to € is the complex
Cwy 4, in [7], which is exact (since A is Calabi—Yau). Therefore €’ is exact (since
the natural functor which associates a graded object to a filtered object is faithful),
hence € is exact.

Using Lemma 3.7, we need only check that € is self-dual to prove that A’ is
Calabi—Yau of dimension 3. We must first define the isomorphisms ¢;.

We use Bocklandt’s notation [7]: if T is a finite-dimensional k Qo-bimodule,
Fr is the A’-bimodule A" ko, T ®xg, A’. If T* is the k-dual of T, we
have an isomorphism of A’-bimodules Fr+ = F/ given by 1 ®xkg, & ®ko, 1 =
[1 ®koo t ®kgo 1 H X jeg, @(i1j)i ® jlfort € T anda € T™.

For ag: Fxg, — Fl\n/lé’ consider now the composition of 6: kQ¢ — Im 6§ with

the k-linear isomorphism Im6 — (Im@)* defined on the basis {5 (e);e € Qo} by
sending the basis elements to the corresponding elements in the dual basis. This
composition is an isomorphism of k Q¢-bimodules. Now since k Qg is semisimple,
A’ is flat over kQy, so the functor idg’ ®k g, - ®ko, id4’ is an isomorphism of A’-
bimodules from Fyg,, to F| (m )*- Composing with the isomorphism F (mdy* = F1:1 g
above gives an A’-bimodule isomorphism «g : Fixg, — FI; 5 This isomorphism can
be expressed explicitly:

ao(1 ®rg, € ko, 1) (1 Rko, é(s) ®kg, 1) = es ® es.

For a;: Fxo, — Fp, we proceed similarly, using the composition of the
k-linear isomorphism kQ1 — P sending a to d,W with the k-linear isomorphism
P — P* sending the basis {d,W; a € Q1} to its dual basis (this composition is an
isomorphism of k Q¢-bimodules). We get

s(a)®t(a) ifa=h,

a1(1® a® DA ® wW ® D=
1(1 ®ko, koo D ®ko, b xQo 1) 0 otherwise.

Fora,: Fp — FH:’QI , we use the same construction starting with the k Qo-bilinear
map sending d, W to the opposite of the corresponding element in the dual basis of
{a; a € Q1} of kQ1. This gives
—t(a) ® s(a) ifa=0>,

1 D W (1 b 1) =
a2(1 ®ko, daW ®Ko, (1 ®kg, b Ko, 1) {o otherwise.

Finally, the same procedure gives a3: F 5 — Fﬂ:/Qo’ with

a3(1 ®ko, é(e) Rk, (1 ®kg, § @Ko, 1) = —es ® es.
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So we have a diagram:

(Fig,)Y — (Fixg,)¥ —— (Fp)¥ —> (Fy,.5)"

We must prove that it commutes.

Recall that M"Y is the set of A’-bimodule morphisms from M to A’ ® A’ when
A’ ® A’ is endowed with the outer bimodule structure. The result MV is then an
A’-bimodule when we endow A’ ® A’ with the inner bimodule structure.

Lett: A/ ® A" — A’ ® A’ be the map that sends x ® y to y ® x.

On the one hand,

a9 © 81(1 ®ko, a Bk, (1 Bk, O(€) Rk, 1)
= ao(a Bxg, (@) Bxg, 1 — 1 Bk, 1(@) Bk, @)(1 Brg, O(e) ®kg, 1)
= s(a)e Q@ as(a)e —t(a)ea R t(a)e
e®a ifs(a) =e,
=1—aQ®e ift(a)=e,
0 otherwise

(here it is the inner action on A’ ® A’ that is involved).
On the other hand,

85 o a1 (1 ®kg, @ ®rg, (1 Bk, 0(e) R, 1)
=a;(1 ®KkQo & ®KQy 1)
( Z b ®xo, bW ®xg, 1 — Z 1 ®kg, W ®kg, C)
beeQ ceQie

ar(1 RKkQy 4 VkQ, 1)(—1 ®k0g oW k0o a)=—-eQ®a ifs(a) =e,
= Ja1(l Qkg, a kg, 1)(@ kg, 0 W Qkg, 1) =a®e if t(a) = e,
0 otherwise

(here it is the outer action on A’ ® A’ that is involved).
Therefore ag 0 §1 = —8 o ;.

Similarly, we can prove that a; o §3 = —8} o 3.

Finally, we must prove that o; o §, = —65 o az.
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Following Van den Bergh in [24] (for the one-vertex case), we define the partial
derivative of a path p with respect to an arrow a by % p = Zp=mw u ® v. This

partial derivative extends naturally to a k Q¢-linear map % A > A A
Now if p is a cycle and if @ and b are arrows, we have the following relation:

aa(abl?) =71 3b(8ap) :
Indeed,

d a
%(31717): Z %(W)

p=ubv
= Z V1 ® vau + Z VUL @ Uy
p=ubviav; p=uiaubv
=1 Z vau @ V1 + Z uz®vu1]
~ p=ubviavy p=uiaurbv
=T Z( Z Uy ® vx + Z yu®vl>]
“p=xay y=usbv x=ubv
—o[ X 2o0] =] )]
S L VYT e e )
p=xay

This relation extends to any element in Pot(Q).

Now consider 8;/ o2 (1®x0, 0a W Rk, 1) (1 QKo W kg, 1) = a2(1 QK g,
e W Qoo (A0 W)). The element o2 (1 ®k o, da W Rk, 1) (A @Ko, ¢ Qoo 1)
isnonzeroonlyif ¢ = a,and a2 (1 ®x g, s W ®k0, 1) (A Qko,a Qkoy ) = —AQ 4,
so applying —a2(1 ®kg, 0« W ko, 1) to A(dp W) is the same as replacing (one at
a time) the copies of a inside d W by the symbol ®, that is, applying % to dp W.
Therefore 55/ oz(1 kg, 0 W ®ko, D1 ko, W ®koo 1) = —%(&,W).

On the other hand, o) © §2(1 @k, 0. W ®ko, 1)(1 ®Kg, bW ko, 1) =
a1(AW)(1 ®kg, bW @k, 1). Moreover, the element o1 (A @k, ¢ kg, 1)
(1 ®Kxg, W ®kg, 1) is nonzero only if ¢ = b and o1 (A Qkg, b Rxg, 1)
(1®K0, W QKo 1) = Lt ®A = (A ® p) (we must use the inner action here). So,
as above, a1 o §5(1 ®k0o 0 W ®k0o I91¢! ®k0o oW ®kQq 1) = T[%(aaW)] =
L(pW). O

4. Connected graded Calabi-Yau algebras

4.1. Calabi-Yau algebras, graded Calabi—Yau algebras, and AS-Gorenstein al-
t inn
gebras. Let A be anassociative k-algebra with unit. Denote by A % A(resp. A ® A)
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the vector space A ® A endowed with its outer (resp. inner) bimodule structure.
Consider the k-algebra A° = A ® A°P, so that the categories A-Mod-A, A°-Mod

t
and Mod-A° are naturally isomorphic. Clearly, via these isomorphisms, A % A

(resp. A %’ A) is identified with the left (resp. right) A°-module A°® with the left
(resp. right) multiplication as action.

The bifunctor Hom in the categories A-Mod-A, A°-Mod and Mod-A° are denoted
by Homg_4(-, - ), Homyge_(-, -), Hom_4e (-, -) respectively, and similarly for Ext.

. . out

The right A°-module Ext)._(A, A°) and the A-A-bimodule Ext, ,(4,4 ® A)
are naturally identified, as well as Ext’ 4e(A, A®) and Ext{’;l_ 44, A ES A). If A
is an associative k-algebra which has a finite projective A-bimodule resolution by

bimodules of finite type, then the left version in the following definition coincides
with Ginzburg’s definition.

Definition 4.1. We say that A4 is a left Calabi—Yau algebra of dimension n > 1 if

A ifi =n,

Exthe_(A, A®) =~
Ae—( ) 0 otherwise

in Mod-A°. Replacing A°— by —A® and Mod-A° by A°-Mod, we say that A is a right
Calabi—Yau algebra of dimension 7.

. ut . i
Since Bxtlypp_ 4op (AP, AP ® A%®) = Ext, ,(A, A ® A), A is left Calabi~Yau
if and only if A4 is right Calabi—Yau. We are now interested in a graded version of
Definition 4.1.

Definition 4.2. Let A be a connected N-graded k-algebra. We say that A4 is a left
graded Calabi—Yau algebra of dimension n = 1 if

A() ifi =n,

Extle_ (A4, A®) =~
Extye_( ) 0 otherwise

in grMod-A¢ for some £ € Z (called the parameter of A). Replacing A°— by —A°
and grMod-A4° by A°-grMod, we say that A4 is a right graded Calabi—Yau algebra of
dimension n.

The following proposition is the Calabi—Yau analogue of a result by D. Stephenson
and J. Zhang concerning graded (i.e. Artin—Schelter) Gorenstein algebras (Proposi-
tion 3.1 in [21]).

Proposition 4.3. Assume that A is a left graded Calabi—Yau algebra of dimension n
and parameter £. Assume that A has a finite global dimension D. Then:



258 R. Berger and R. Taillefer

(i) We have n = D.
(i1) The bimodule A has a graded free resolution of finite type in A-grMod- A.

(iii) For any minimal projective resolution P of A in A®-grtMod, Hom 4. (#, A°) is
a minimal projective resolution of A(£) in grMod-A°.

(iv) A is AS-Gorenstein of dimension n and parameter £, and { is nonnegative.
(v) A is right graded Calabi—Yau of dimension n and parameter £.
(vi) A is left and right Calabi-Yau of dimension n.

Proof. Let = (P;)i=o be a minimal projective resolution of 4 in A°-grMod. We
know that the length of J equals D [3], Théoréme 3.3. In particular, P; = 0 if and
onlyifi > D. ForO0 <i < D, set P, = A° ® E;, where E; is in k-grMod such that
fori > 0, E; is a graded vector subspace of P;_; and the differential d; : P; — Pj_;
is the natural A®-linear extension of the inclusion E; < P;_1.

Set Homy._(P;, A°) = P, and Homy._(d;, A°) = d;”. We identify PY with
Homy (E;, A°), so that the following direct sum holds in k-grMod:

P, = Hom,; (E;, k) @ Homy (E;, A%,), 4.1)

where A% ) = P, ;-0 Au ® Ay. The projection p; of P, onto the first component
assigns to each f € P,¥ the linear form € o f, where €: A° — k is the natural
projection. Since d;_ is injective on E;_;, E; is contained in A%, ® E;_;. By
AS-linearity of g € P;Y,, dY(g)(v) = g(d;(v)) belongs to A% for any v € E;.
Therefore, p;(d;’(g)) = 0 forany g € P,”,. Thus we have obtained

Im(d,”) € Homy (E;, AS,). (4.2)

We have Extd, (4, A4¢) =~ Py /Im(dy), and (4.1), (4.2) show that this quotient maps
onto Homy (Ep, k). The latter is nonzero, thus D = n.

Note that Homy (E;, A% ) is a sub-A°-module of P,Y, and the structure of A°-
module inherited by Hom (E;, k) is trivial, i.e. the actionof x € A°on f: E; — k
is given by f.x = fe(x). But now the surjective arrow A — Homy (E,, k) of
grMod- A° implies that Hom; (£, k) is generated as a vector space by the image of
14, therefore it is 1-dimensional, thus E,, is 1-dimensional as well.

Let us prove that E; is finite dimensional by using a finite decreasing induction.
Fix 0 <i < D — 1 such that E; 4 is finite dimensional and E; infinite dimensional.
There exist graded vector subspaces F' and G in E; such that E; = F & G, with
F finite dimensional and E;+; € A° ® F, so that Im(d;+1) € A° ® F. Thus
(A° ® F)* < Ker(d,,). ButKer(d),) = Im(d) since Ext)c(4,A4°) = 0
by assumption. As G # 0, there exists f € Homy (E;, k) vanishing on F and
nonvanishing on G. Therefore f € (4° @ F)+ C Im(d,"”), which contradicts (4.1)
and (4.2). Consequently, (i) and (ii) are proved.
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A consequence of (ii) is that P, = E® A®in grMod-A°, where E}* stands for the
graded k-dual. Thus Hom 4._ (&, A°) is a projective resolution of A({) in grMod-A°®
(using the fact that A is left graded Calabi—Yau). Another consequence of (ii) is that
any module P,Y is bounded below. In order to prove that the resolution is minimal,
it is sufficient to prove that the differential of the complex Hom._ (&, A®) ®4¢ k
vanishes [3]. But this is straightforward from the inclusion (4.2) which can be written
now as Im(d,Y) € EF ® A¢,. Hence (iii).

Following [3], @ = » ®4k is aminimal projective resolution of k(£) in A-grMod.
For the same reason, k ® 4 Hom 4._ (&, A®) is a minimal projective resolution of k({)
in grMod-A. But

k ®4 Hom,. (P, A°) 2 Hom,_ (@, A)
in gr'Mod-A. In particular, Hom,_ (@, A) is a resolution of k({) so that

k() ifi =n,

Ext’ k,A) =
Exty—( ) 0 otherwise

in grtMod-A. Thus A is AS-Gorenstein of dimension 7, and the Gorenstein parameter
is £. It is known that £ > 0 [21]. Hence (iv).

To prove (v), we apply the functor Hom_ 4. (-, A®) to the projective resolution
Hom._ (£, A°) of A({). Since the E;’s are finite dimensional, we recover the reso-
lution J of A. Thus

A ifi =n,

Ext’ 4o (A(L), A®) =~
Ext_se(4®) ) 0 otherwise.

Shifting by £, we get (v).
A consequence of (ii) is that

Extle_(A, A°) = Extl._(4, A)
in Mod-A°, and the same is true for right A°-modules. Hence (vi). ]

Remark 4.4. Let A be a connected N-graded k-algebra. Assume that (ii) holds. If A
is left Calabi—Yau of dimension 7, then A is left graded Calabi—Yau of dimension 7.

4.2. A criterion for certain graded algebras to be Calabi-Yau. This criterion
(Proposition 4.5 below) will be useful to us for Examples 5.1, 5.3 and 5.5. Let A4
be a connected N-graded k-algebra. Let us assume that A is N-Koszul for a certain
N = 2, and that A is AS-Gorenstein of global dimension #. It is known [6], Section 6,
that Extye_ (A4, A°) = 0ifi # n and

EXtZe_(A, Ae) gsn+l¢ A(é'N (l’l))
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in the category A-grMod-A of graded bimodules, where {y stands for the jump
function of the N-Koszul algebra A. Here ¢ and ¢ are certain automorphisms of the
graded algebra A. We refer to [6] for more details.

Proposition 4.5. With the notations and assumptions above, the algebra A is Calabi—
Yau if and only if " T1¢ = idy.

Proof. Itis clear from Ginzburg’s definition that if " !¢ = idy4, A is Calabi—Yau of
dimension n. Conversely, assume that A is Calabi—Yau (necessarily of dimension 7).
Remark 4.4 and Proposition 4.3 show that A is graded Calabi—Yau of dimension 7,
and that the Calabi—Yau parameter coincides with the Gorenstein parameter ¢y (7).
Thus there is an isomorphism f: A —m+14 A in A-grMod-A, so that f(1) is a
nonvanishing element in k. For any a, b in A, we have f(ab) = "¢ (a) f(1)b,
implying that f(a) = "¢ (a) f(1) = f(1)a, and "¢ (a) = a follows. O

5. Examples

Throughout Examples 5.1, 5.3 and 5.5 the characteristic of k is assumed to be zero.

Example 5.1 (Yang—Mills algebra). The Yang—Mills algebra A with s 4 1 generators
is graded, 3-Koszul, AS-Gorenstein of global dimension 3 [10]. Following [11], the
identity £”1¢ = id4 holds, thus A is Calabi—Yau by Proposition 4.5 (equivalently, it
would be possible to extract from [11] a self-dual resolution of A by bimodules, and
then A is Calabi—Yau by Theorem 4.2 in [7]).

Let us show directly that A derives from a potential (see also [16]). We use the
material contained in [4]. The generators of the Yang—Mills algebra A are denoted
by Vo, Vi,..., Vs, where s = 1. Let (gaﬂ)osa,ﬁss be a nondegenerate symmetric
matrix with entries in k. The relations of A are denoted by WO Wl ... WS where
WP =3, ., WPV, V,V,, and

Wpll;w — gp/lg;w + gpvg/lu . 2gpug/lv‘

Using the concepts introduced in [12], [13], A is defined from the following “volume
form”
Wa= > WPV, V,V,V,.
0,4, 1L,V
Actually, this volume form W, is a potential because of the relation WPA#Y = W Anve,

Moreover we have d,Ws = 4W?* for any p. In other words, A = A(Q, Wa4), where
Q is the quiver having one vertex and s 4 1 loops.
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Following [4], a PBW deformation U of A satisfying (PBW2’) has the following
relations

Wp-i—ZC”“”pVMVV +ZsApVA +s=0, 0<p<s,
JTRY) A

where the coefficients are elements of k such that ¢c#"? = ¢PFV s = ¢PA Then
it is easy to verify that U derives from a potential, as stated in Theorem 3.2. In fact,
setting

1 A
Wy = -MZv:chVMVUV,,, W= ;s PV, Wy = Xp:spvp,
Vs 0

we have U = A(Q, Wy + W3 + W, + W).

All the PBW deformations of A are determined in [4]. From these computations,
it is immediate to see that there exist PBW deformations of A for which (PBW2/)
does not hold.

Remark 5.2. Let us show how we can deduce the formula " *1¢ = id4 from the
definitions of & and ¢ contained in [6]. Since n = 3, e"t! = idy is clear. The
automorphism ¢ is uniquely determined by its component ¢, and ¢, is defined as the
transposed linear map of vy where v is the Nakayama automorphism of the Yoneda
algebra E(A) of A. Our aim is now to prove that v; = idg(4),. We have to compute
the Frobenius pairing (-, -) of E(A). Actually, it suffices to compute (x, y) and
(y,x) when x € E(A); = V*and y € E(A), = R*. As usual, V denotes the
generator space of A and R denotes the relation space. We have (formula (6.3) in [6])

(x, ) ={(x® g Wa), (y,x)=(g®x,Wa),

where g is any linear form on V' ®3 extending y: R — k, and consequently x ® g
and g ® x are linear forms on V ®*. Then vy is defined by (x, y) = (y, v1(x)).

Since Wy =), Vo W%, we have (V}, W**) = §,, (Kronecker symbol). Simi-
larly, Wy = >, WV, implies (W**, V) = §34. Thus vy = idg(y), -

Example 5.3 (Artin—Schelter regular algebras of global dimension 3). Inthis example,
k is the field of complex numbers. Applying Proposition 4.5 in the quadratic case [22],
Corollary 9.3, and in the cubic case [6], Proposition 6.5, we get the following.

Proposition 5.4. Let A be an AS-regular algebra (with polynomial growth) of global
dimension 3. Then A is Calabi-Yau if and only if A is of type A in the classification
of Artin and Schelter [1].

It is easy to show directly that A of type A derives from a potential. Let us limit
ourselves to the cubic case and let us examine the PBW deformations in this case. If
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A is cubic of type A, then A = A(Q, W4) where the quiver Q has one vertex and two
loops x and y, and the potential is

Wy = y* +a(x?y? + xy>x + y2x% + yx?y) + b(xyxy + yxyx) + x*.
We have 0, W, = 4f and 9, W, = 4g, where
f =ay*x +byxy +axy* +x3 g=y>+ayx®+bxyx +ax?y

are the relations of A. Here a and b are the usual generic complex parameters.

In [15], Flgystad and Vatne have determined all the PBW deformations of A
(actually for any type, not necessarily type A). From their computations, it results that
any PBW deformation U of A (of type A) satisfies condition (PBW2’). Moreover U
has the following relations

f+anx?+bixy +bi1yx +aiy* +anx +axny +az; =0,
g+ b11x% + a1axy + a1ayx + b1ay® + azx + bay + by = 0,

where the coefficients are arbitrary complex numbers. Then it is easy to verify that
U derives from a potential, as stated in Theorem 3.2. In fact, setting

1
Ws = 3 (@x” + b &%y + xyx + yx%) + ara(x + yxy +x0°) +b1ay”)

1
W, = 5 (6121362 +axn(xy + yx) + bzzyz) )

W1 = das3X + b3y,

we have U = A(Q, W4 + W3 + W2 + Wl)

Example 5.5 (Antisymmetriser algebras). Let us introduce some general notations.
If p is a cycle of a quiver Q, denote by p the class of p up to cyclic permutation of
the arrows. Denote by € the set of cycles of Q and by € the set of classes of cycles
in € modulo cyclic permutations. The natural map from € into the set Pot(Q) of
potentials of Q induces a linear isomorphism from k€ to Pot(Q). We shall often
identify k'€ and Pot(Q) via this isomorphism, and € will be considered as a basis of
the vector space Pot(Q).

Now assume that k has characteristic zero, Q has one vertex and n = 2 loops
X1,...,Xn. Any path is a cycle. Introduce W,, = Ant(x1,...,x,) where Ant stands
for the antisymmetriser of the variables on which this operator is acting, i.e.

W, = Z sgn(o) Xg(1) - - - Xo(n)-

o€ESy,

Here S, denotes the group of permutations of 1,. .., n.
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Lemma 5.6. Ifn is even, W,, = 0. If n is odd, then for anyi = 1,...,n we have the
Sformulas

V[_/n =n Z sgn(a) Xo(1) -+ - Xo(n)>
o(1)=i

_ - R
0y, Wy = n(=D)" Ant(xy, ... 5. X)),
in which X; means that the variable x; is removed.

Proof. Fix i and write

Wa= Y sgn(0)(xXoq) - Xom + (=1 X6@) .. Xam)Xor)
o(1)=i
+ (=12 Dy 6y - XomyXo)Xo@) + -
+ (=D)OVEED x X1y - - Xo(a—1))-

Hence

Wo =Y sgn(@)(1+(=1)" '+ (=12 oo (1) DO w0 e
o(1)=i

Clearly, V[_/n = 0 if n is even, and we have the first formula if z is odd. From this first
formula, we deduce

axl. Wn =n Z sgn(a) Xa(2) -+ - Xa(n)>
o(1)=i

and the second formula follows, since the sign of the permutation 1 — i,2 1, ...,
ii—1lis(=1)"T1, O

For the remainder of this example, we assume n = 3. Denote by A the
(N = n — 1)-homogeneous algebra whose generators are xi,...,x, and whose
relations are Ant(x1,...,%;,...,x,) fori = 1,...,n, and call it the antisymmetriser
algebra (it was introduced in [2] for any 2 < N < n). Lemma 5.6 shows that
A = A(Q,W,) if n is odd. When n is even, we can improve the statement W, = 0.

Lemma 5.7. Ifn is even, there exists no potential W such that A = A(Q, W).

Proof. Assume that W exists. Write W = ) peB, A5 p, where €, denotes the set of
cycles of length n. Let W’ be the part of W for which the summation is performed only
over the cycles p containing (at least) twice the same loop. The fact that d,; W belongs
to k - Ant(xy,...,X;,...,x,) implies 0y, W’ = 0, and this holds fori = 1,...,n.
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Now it is easy to see in general that

N Ker(3,) = kQo.

acQ
Here W' € (i, Kerdy, and W’ is homogeneous of length n = 3, so W' = 0.
Therefore we can write
W = Z )k(} Xo(1) -+ - Xo(n)>
gesS,
with obvious notations for & and S,,. Fixing i, we have a unique decomposition
W = Z )tg) Xo(1) -+ - Xo(n)>
o(1)=i

since in each class o there is a unique permutation mapping 1 to i. The superscript
() in /\((,l ) is there to remind us that o depends on i (since o (1) = i). Therefore, we
obtain

3xi W = Z )tg) Xo@2) -+ - Xo(n)-
o(1)=i

The fact that d,, W belongs to k - Ant(xy,...,X;,...,x,) implies that
Ox, W = /\g) ANnt(X;41, ..., Xy X150 ey Xie1),
where 7; is the permutation
l—=i,2—>i+1,....n—i+1—>nn—i+2—=1,...,n—~1i—1.

Decompose ¢ = o'1;, 0’ leaving i fixed. The comparison of the two previous
decompositions of dx; W provides )t((,' ) = )tg) sgn(o’), and we get

W = )kg) Z sgn(a/) Xo’(@) -+ Xo'(n)Xo’(1) - - - X/ (i—1)- (5.1)

o' (i)=i

For 6/ = id in (5.1), we see that )tg) coincides with the coefficient A of X1 ... x, in
the linear decomposition of W in the basis €,. The case i = 1in (5.1) gives

W = AlX1 .- Xy — X1X3X2X4 .. - Xp + -],
while the case i = 2 gives

W = A[Xax3 . xXpx1 + (—1)" 2 Xoxa . XpX1x3 + -]

=A[X1...Xn + X1X3X2X4...Xp +]

The comparison of the two so obtained linear decompositions in the basis €, implies
that A = 0, hence W = 0, and we have a contradiction. O



Poincaré-Birkhoff-Witt deformations of Calabi—Yau algebras 265

Forany n = 3, itis known that the antisymmetriser algebra A is (n — 1)-Koszul of
global dimension 3 [2], Theorem 3.13, AS-Gorenstein [6], Corollary 5.10. Moreover,
the automorphism " !¢ isid4 or — id4 according to whether 7 is odd or even; see [6],
end of the paper. Thus Proposition 4.5 shows that A is Calabi—Yau if and only if n is
odd.

Flgystad and Vatne have determined the PBW deformations of any antisymmetriser
algebra A such that N < n — 2 (Theorem 4.1 and Theorem 4.2 in [15]). The case
N = n — 1 of interest for us is not treated in [15]. However Theorems 3.1 and 3.2
provide the following partial answer to the determination of PBW deformations of 4
whenn = 3isoddand N =n —1:

(a) For any W; € Pot(Q);, 1 < j < n — 1, the algebra A(Q,) ¢
PBW deformation of A = A(Q, Wy,).

(b) Any PBW deformation in (a) satisfies (PBW2').
(¢) Any PBW deformation of A satisfying (PBW2) is as in (a).
This leads to the following questions:
Question 1. Determine dim(Pot(Q);) for1 < j <n —1.
Question 2. Does (PBW2') hold for any PBW deformation of A?

We examine now Questions 1 and 2 in the simplest case n = 3. In this case,
A = k[x, y,z]. The answer to Question 1 is easy since €; = {x, y,z} and &, =
{x2,y2,22,xy, yz,zx}. Let us examine the linear PBW deformations of 4, i.e. such
that @9 = 0. It is well known that the linear PBW deformations of the polynomial
algebra A are exactly the Lie algebras having V' = kx @ ky @& kz as underlying vector
space (see e.g. Example 3.7 in [5]). More precisely, let ¢;: R — V be linear, and
denote by [+, -]: V x V — V the antisymmetric bilinear map extending naturally ¢,
(R is spanned by yz — zy, zx — xz, xy — yx). Then ¢; is a PBW deformation of A
if and only if the relation

W;)is a

j<n

¢1(p1 @ idy —idy ®¢1)(W3) =0
holds, which in turn is equivalent to the Jacobi identity of the bracket |-, -].
Let us give the matrix o = (;;)1<i,j<3 of coefficients of ¢, that is,
p1(yz —zy) = a11x + a2y + @13z,
p1(zx —xz) = a21X + a2y + a232,
P1(xy — yx) = @31X + @32y + @332.
Then we obtain
(o1 ® idy —idy ®p1)(W3) = (032 — 223) (yz — zy)
+ (a13 —a31) (zx — x2) (5.2)
+ (021 —a12) (xy — yx),
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and the Jacobi identity is equivalent to the algebraic system formed by the equation
a12031 — 13021 + 11023 —@32) = 0,

and the two other equations deduced by cyclic permutations of indices. The following
is immediate from (5.2).

Lemma 5.8. Condition (PBW2) is equivalent to saying that the matrix o is symmet-
ric. In this case, the potential is given by W, = Lo x2 — %(xzzyz — Loqqz2 —

2 2
012Xy —023YZ — (K312 X.

Thus the answer to Question 2 is no, since it is easy to find « non-symmetric and
satisfying the Jacobi identity. Actually, it is possible to be more precise. Let us fix
an arbitrary element r = a(yz — zy) + b(zx — xz) + ¢(xy — yx) in R. Then there
exists a unique antisymmetric @ (denoted by o) satisfying the Jacobi identity and
(p1 ® idy —idy ®¢1)(W3) = r. Furthermore, the set of these «’s (not necessarily
antisymmetric) is equal to

{,3 + ap; B symmetric and ﬂ(‘é) = 0},

which is a linear affine space of dimension 6 if @ = b = ¢ = 0, and of dimension 3
otherwise.
It would be interesting to have an analogue of the above discussion for higher n.

We now consider quiver algebras with several vertices, described in [7].

Example 5.9. Set N = {k — 1 with{ = 2and k > 3,and let A = A(Q, Wy 1) be
the Calabi—Yau algebra of dimension 3 defined by the quiver Q,
ol ol
7T, ~

.

¢y

containing k vertices 1,...,k and n; arrows o; 7, . .. ,ozl.("i) from the vertex i to the
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vertex i + 1 with n; = 2 for all i with 1 <i < k, and by the potential

o @1 (2 a®
WN‘H_Za RIS LI BRI Y

i€Qo

(1 (2) (2) ) (2) (2) -1

+ Z CAe)-1%()—2  * Ft(c)—k+1 (C“z(c) 1% (c)—2 " %) k1)
ce0q

cé{ozfl).a;z)}

We assume that the characteristic of k does not divide N!.
Now let A’ be a PBW deformation of A. Then A’ satisfies the following condition:

Y on1@Whb— Y apn-1(3aWn+1) (%)
beQe aceQq

€ spang{d.Wny1; c € Q1} foralle € Qy.

However, on_1(0¢ Wn +1) has length N — 1 = £k — 2, starts at ¢ («) and ends at
s() so that £k — 2 must be of the form Ak — 1, which is impossible since k > 3.
Therefore oy —1(0a Wn+1) = O for all @. In particular, in the relation (x), the left-
hand side is equal to 0, and therefore A’ is defined by a potential (since (PBW2')
holds).

Note that, in the same way as above, we can check that ¢;_1 (0o Wn41) = 0
whenever j #% 0 (mod k).

Let us now present a more specific example. Assume that n; = 2 for every
i € Qo (there are exactly two arrows between consecutive vertices) so that Wy 1 =

Zier a(l)al(l)lal(z)z (2) . Moreover, let A’ be defined by @ 1(8 (1)WN+1) =

1 H _a 2) (2
z(—i-))tk 1° O‘z(+)2°‘z(+)1 and ‘/’lk—l(aa,@ Wh+1) = O‘i(+)kk—1 O‘z(+)2%(+)1 Then the

potential defining A" is W = ZIIJV_“LII W, with W, = 0if p # 0 (mod k), and
— 1) @ @ 2 @ @
Wik = 2ieoo (@ papmr - %if1% + ey - 010,

Example 5.10. Let N be an integer with N = 3, and let A = A(Q, Wn4+1) be the
Calabi—Yau algebra defined by the quiver Q,

alCl 23‘12,

and by the potential Wy 4+; = a3a4a{V_1 + a4a3aév_1.
Assume that the characteristic of k does not divide (N + 1)!, and let A’ be a PBW

deformation of A. Then A’ satisfies the following conditions:

ON-1(0a, Wn1)a1 + on—1(0a, WN+1)aa

(*1)
—a1oN-1(0a, Wn 1) — a3on-1(0as WN+1) = 10q, W 41 !
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ON-10as Wns1)az2 + on-1(0a, Wr +1)as

(*2)
—a20N-1(00, WN 1) — ason—1(0a, WN+1) = V04, WN 41 2

with p, v € k (recall that ¢;_1 (9, Wy 4+1) is a linear combination of paths from #(a)
to s(a)).

The only terms occurring in the ¢ —1 (34, W +1) which give termsin d,, Wy 11 =
Y utv=nN—2atazasal andin 0., Wy 1 = Y, ,—N_p a4asazal are given as fol-
lows:

oN-100a, Wh 1) = Y Auafasasal + Xy,
ut+v=N-3

ov1@a W) = ) dawasasazal + Xa,
u+v=N-3

ON—1(0as Wy 1) = 03a) a4 + Azasa) > + Xs,

oN—1(0a, Wy +1) = 04ay 2as + Asaza 7> + X,

with A1y, A2y, A3, A4, 03 and o4 in k, and where X;, X, X3, X4 are linear
combinations of paths of length N — 1 starting and ending at appropriate vertices.
The relation () gives

A—tpo=rio—ti==lip—Aipt1=-=AN3—03=L
and A3 = 04. The relation (*;) gives

A3 —Az,o = )tz,o —12,1 == )tz,p _AZ,[H-I == Az,N—3 — 04 =V
and A4 = 03. They imply

N—2
(N+1D)(A1,0=A1,1) = ( Z M,p—ll,pﬂ)+)£4—M,0+11,N—3—03 =A4—03=0

p=0

sothat A1 0 = A1,; and . = 0. Similarly, v = 0. Therefore the relations (*;) and
(*2) now show that (PBW?2') is satisfied so that A’ is an algebra defined by a potential.

Thus if the characteristic of k does not divide (N + 1)!, any PBW deformation
of A is defined by a potential. This is not true however in arbitrary characteristic,
as the following example shows. Let us fix N = 3 and char(k) = 2. Choose
a PBW deformation A’ of A defined by g9 = 0, 91 = 0, and ¢2(d4, Wa) = 0,
©2(00, Wa) = asas, 92(0q,Wa) = asay, 92(0q,Wa) = aias. Itis easy to check that
this is indeed a PBW deformation of A (PBW1), (PBW3) and (PBW4) are obvious,
and (PBW2) is equivalent to (x7) and (x;), which are simply the expressions of
g, W4 and 04, Ws). However, (PBW2') does not hold, so that A’ is not defined by
a potential (condition (PBW2') is a necessary condition for A’ to be defined by a
potential, regardless of the characteristic of k).
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Note that if in this last example we change ¢, to ¢2(0,,Wa) = aszaa,
0200, Wa) = 0, ¢2(05,Wa) = asai, ¢2(04,Wa) = ajas, then we have a PBW
deformation such that (PBW?2) is satisfied and that is defined by a potential (W3 + W,
where W, = agaias). Note that Theorem 3.2 does not apply here.

Finally, if in the previous example we assume that char(k) = 3 and we again
change ¢ t0 ¢2(9q, Wa) = a%’ ©2(0a, Wa) = 0, 92(3a3Wa) = 0, 92(9a,Wa) = 0,
then we have a PBW deformation such that (PBW2) is satisfied, but it is not defined
from a potential (the only candidate being given by W = —a3, but d,, (W2) =
—3a? = 0 # —¢2(da, Wa)), thus showing that Theorem 3.2 is not applicable when
the characteristic of k divides N!.
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