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Introduction

1. The theory of N-homogeneous algebras owes its existence primarily to the con-
cerns of noncommutative geometry. In fact, as has been expounded by Manin in
his landmark publications [36], [37], quadratic algebras (the case N = 2) provide a
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convenient framework for the investigation of quantum group actions on noncommu-
tative spaces. Moreover, certain Artin—Schelter regular algebras [1], natural noncom-
mutative analogs of ordinary polynomial algebras, can be presented as associative
algebras defined by cubic relations (N = 3). The latter algebras, as well as many
of the quadratic algebras studied by Manin, enjoy the additional “Koszul property”
which will be of central importance in the present article; it will be reviewed in detail
in 6 below.

Motivated by these examples and others, Berger [5] initiated the systematic in-
vestigation of N-homogeneous algebras for all N > 2, introducing in particular a
natural extension of the notion of Koszul algebra from the familiar quadratic setting to
general N-homogeneous algebras. Article [5] gives examples of N-Koszul algebras
for all N > 2; these are the so-called N-symmetric algebras, the special case N = 2
being the ordinary symmetric (polynomial) algebra. Following the general outline of
Manin’s lecture notes [37] on the case of quadratic algebras, Berger, Dubois-Violette
and Wambst developed the categorical aspects of N-homogeneous algebras in [7].

2. Current interest in N -homogeneous algebras is fueled in part by the fact that they
do occur naturally in mathematical physics and in combinatorics. Indeed, Connes
and Dubois-Violette [10], [11] introduced a class of 3-homogeneous algebras, called
Yang—Mills algebras, which are in fact 3-Koszul. There are two versions of Yang—
Mills algebras: in the language of linear superalgebra, the first kind has even (parity
0) algebra generators while the second kind is generated by odd (parity 1) elements.

Combinatorics enters the picture via MacMahon’s celebrated “master theorem”
[35], specifically the recent quantum generalization of the master theorem due to
Garoufalidis, Lé and Zeilberger [20]. As has been pointed out by two of the present
authors in [28], the yoga of (quadratic) Koszul algebras leads to a rather effortless
and conceptual proof of the quantum master theorem based on the fact that a certain
quadratic algebra, known as quantum affine space, is Koszul. Further quantum gen-
eralizations and super-versions of the master theorem have been obtained by several
authors using a variety of approaches; see Foata and Han [17], [18], [19], Konvalinka
and Pak [33], Etingof and Pak [16].

3. From an algebraic point of view, MacMahon’s master theorem (MT) in its various
incarnations finds its most natural explanation by the phenomenon of “Koszul duality”.
Indeed, all versions of MT can be expressed in the form that, for some algebra B,
an equation ¥; - ¥, = 1 holds for suitable power series X1, ¥, € B[¢]. Here
is a brief outline how one can arrive at such an equation starting with a given N -
Koszul algebra A. Associated with A, there is a graded complex, K(A), which is
exact in positive degrees, and a certain endomorphism bialgebra, end A, which coacts
on all components of K(A). These components therefore define elements of the
representation ring Rend 4 of end A, and exactness of K(A) in positive degrees yields
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an equation in the power series ring Renda.4[t]. Due to the specific form of K(A),
which is constructed from A together with its so-called dual algebra A', the equation
in question does indeed state that p; - po = 1 holds for suitable p;, p2 € Reng 4[]
The last step in deriving a MT for A consists in using (super-)characters to transport
the abstract duality equation p; - p2 = 1 from Renq 4 [¢] to the power series ring over
the algebra end A, where it takes a more explicit and useable form. Here then is the
flow chart of our approach:

N -Koszul algebra exact Koszul complex duality equation MT
A K(.A) in Rm_,q[[[]] for A

The actual labor involved in this process consists in the explicit evaluation of
(super-)characters at the last arrow above. This step is often facilitated by specializing
the bialgebra end A, which is highly noncommutative, to a more familiar algebra B
via a homomorphism end A — B. For example:

* MacMahon’s original MT [35] follows in the manner described above by starting
with A = (f)(l](d) = Kk[x1, ..., xq], the ordinary polynomial algebra or “affine
space”, and restricting the resulting MT over end O(k?) to the coordinate ring
of d x d-matrices, O(Mat; (k)) = [k[xj". |1 <i,j<d].

» As was explained in [28], taking “quantum affine space” O4 (k) as the point of
departure one arrives at the quantum MT of Garoufalidis, L€ and Zeilberger [20]
(and Konvalinka and Pak [33] in the multi-parameter case). The endomorphism
bialgebra of O, (k%) is exactly the algebra of right-quantum matrices as defined
in [20].

* Berger’s N-symmetric algebra [5] leads to the N-generalization of the MT
proved by Etingof and Pak [16] using the above approach, again after restricting
to O(Matg (k)).

4. The present article aims to set forth an extension of the existing theory of N-
homogeneous algebras to the category Vecty of vector superspaces over some base
field k. While this does not give rise to principal obstacles given that [37] and [7] are at
hand as guiding references, the setting of superalgebra requires careful consideration
of the order of terms and the so-called “rule of signs” will be ubiquitous in our formulz.
In view of the potential interdisciplinary interest of this material, we have opted to
keep our presentation reasonably self-contained and complete.

Therefore, in Sections 1 and 2, we deploy the requisite background material from
superalgebra in some detail before turning to N -homogeneous superalgebras in Sec-
tion 3. The latter section, while following the general outline of [37] and [7] rather
closely, also offers explicit discussions of a number of important examples. We in-
terpolate the pure even and pure odd Yang—Mills algebras defined by Connes and
Dubois-Violette [10], [11] by a family of superalgebras YM?!¢ and give a unified
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treatment of these algebras. (It turns out, however, that the mixed algebras YM? g,
with p and g both nonzero, are less well-behaved than the pure cases.) Moreover,
we discuss a superized version of the N-symmetric algebras of Berger [5]. Finally,
in Example 3.4, we introduce new N -homogeneous super-versions of the symmetric
algebra and the Grassmann algebra of a vector superspace V; these are associated
with any Hecke operator R: V®? — V®2 and will be denoted by Sg v and Az v,
respectively.

Sections 4 and 5 contain our main results: Theorem 4.5 shows that the superal-
gebras Sg y and Ag y are in fact N-Koszul, and Theorem 5.4 is superized version
of the aforementioned N -generalized MT of Etingof and Pak [16], Theorem 2. The
special case N = 2 of Theorem 5.4 is a superization of the original master theo-
rem of MacMahon [35]. The present article was motivated in part by a comment in
Konvalinka and Pak [33], 13.4, asking for a “real” super-analog of the classical MT.

5. A considerable amount of research has been done by mathematical physicists on
various quantum matrix identities. Some of these investigations have been carried
out in a super-setting; see, e.g., Gurevich, Pyatov and Saponov [23], [24] and the
references therein. However, the techniques employed in these articles appear to be
quite different from ours.

After submitting this article, we also learned of recent work of Konvalinka [31],
[32] which not only concerns MacMahon’s MT but also other matrix identities such
as the determinantal identity of Sylvester. These identities are proved in [31], [32] by
combinatorial means in various noncommutative settings including the right-quantum
matrix algebra end O (k).

6. We conclude this Introduction by reviewing the precise definitions of N-homog-
eneous and N -Koszul algebras. Our basic reference is Berger [5]; see also [2], [7],
[21].

Let A be a connected Z >-graded algebra over a field k; so A = @, o An for
k-subspaces A, with Ay = k and A,A,, € A,im. Choose a minimal generating
set for the algebra A consisting of homogeneous elements of positive degree; this
amounts to choosing a graded basis for a graded subspace V' € A4 = @, An
such that A4 = Aﬁ_ @ V. The grading of V' imparts a grading to the tensor algebra
T(V) of the space V, and we have a graded presentation

TWV)/I => A

for some graded ideal I of T(V'), the ideal of relations of A.

Recall that a graded vector space M = @, ., M, is said to live in degrees > ng
if M,, = O for all n < ny. Note that the relation ideal I lives in degrees > 2, because
TV)e®dT(V); Sk V and k & V injects into A. Fix an integer N > 2 and define
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the jump function

%N if i is even,
ZAN +1 ifiis odd.
The following proposition is identical with [8], Proposition 2.1, except for the fact

that we do not a priori assume A to be generated in degree 1. A proof is given in the
Appendix.

(%)

vy (i) =

Proposition. The ideal 1 of relations of A lives in degrees > N if and only if
Torl-A([k, k) lives in degrees > vy (i) for alli > 0.

Following Berger [5], the graded algebra A is said to be N -Koszul if Torlfq([k, k)
is concentrated in degree vy (i) for all i > 0. This implies that the space of algebra
generators V' is concentrated in degree vy (1) = 1; so the algebra A is 1-generated.
Moreover, choosing a minimal set of homogeneous ideal generators for the relation
ideal 7 amounts to choosing a graded basis for a graded subspace R C I such that

I=Re(VRI+IRYV). (%)

Then Tors' (k, k) = R and so R must be concentrated in degree vy (2) = N when A
is N-Koszul. To summarize, all N-Koszul algebras are necessarily 1-generated and
they have defining relations in degree N; so there is a graded isomorphism

A=T(V)/(R) with R C VN,

Such algebras are called N -homogeneous.

We remark that Green et al. [21] have studied N-Koszul algebras in the more
general context where the grading A = ,.,An is not necessarily connected
(Ao = k). In [21], Theorem 4.1, it is shown that an N -homogeneous algebra A
with Ay split semisimple over k is N-Koszul if and only if the Yoneda Ext-algebra
E(A) = D,-¢ Ext’) (Ao, Ao) is generated in degrees < 2.

Any N-homogeneous algebra A whose generating space V' carries a Z,-grading
and whose defining relations R are Z,-graded is naturally a k-superalgebra, that
is, A has a Z,-grading (“parity”’) besides the basic Zx¢-grading (“degree”). As
will be reviewed below, this extra structure provides us with additional functions
on Grothendieck rings, namely superdimension and supercharacters, which lead to
natural formulations of the MT in a superized context. Note, however, that the defining
property of N-Koszul algebras makes no reference to the Z,-grading of A. Thus,
an N-homogeneous superalgebra is Koszul precisely if it is Koszul as an ordinary
N -homogeneous algebra (forgetting the Z,-grading).

7. Throughout k is a commutative field and ® stands for ®. Scalar multiplication
in k-vector spaces will often, but not always, be written on the right while linear
maps will act from the left. We tacitly assume throughout that char k # 2; further
restrictions on the characteristic of k will be stated when required.
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1. Review of linear superalgebra

1.1. Vector superspaces. A vector superspace over k is a k-vector space V equipped
with a grading by the group Z, = Z/2Z = {0, 1}. Thus, we have a decomposition
V = Vg @ Vj with k-subspaces Vj and V; whose elements are called even and odd,
respectively. In general, the Z ,-degree of ahomogeneous elementa € V isalso called
its parity; it will be denoted by @ € Z,. Vector superspaces over k form a category
Vect; whose morphisms are given by the linear maps preserving the Z,-grading; such
maps are also called even linear maps.

The dimension of an object V' of Vect; is the usual k-linear dimension. We shall
use the notation

d =dimg V, p =dimg V5 and ¢ = dimy Vj.

Sod = p + q. The superdimension of a vector superspace V with d < oo is defined
by
sdmV =p—qgeZ.

When working with a fixed basis {x;} of a given V in Vect; we shall assume that

each x; is homogeneous; the parity of x; will be denoted by i. The basis x1, X, . ..
is called standard if i =0({ < p)andi =1 (G > p).

1.2. Tensors. The tensor product U ® V' of vector superspaces U and V' in Vecty
is the usual tensor product over k of the underlying vector spaces equipped with the
natural Z,-grading: if a, b are homogeneous elements then the parity of a ® b is
a+be Z,. Instead of the usual symmetry isomorphism U ® V = V ® U for
interchanging terms in a tensor product we shall use the rule of signs, that is, the
following functorial supersymmetry isomorphism in Vecty :

cov: UV VU, u®ve— (—)"vu (1.1)

for u, v homogeneous. (All formulas stated for homogeneous elements only are to be
extended to arbitrary elements by linearity.) The supersymmetry isomorphisms cy, i
satisfy cy,y o cy,y = ldygy, and they are compatible with the usual associativity
isomorphims ay,y,w: (U V)W = U ® (V ® W) in Vecty, that is, they satisfy
the “Hexagon Axiom”; see [29], Def. XIII.1.1. Therefore, Vect; is a symmetric tensor
category; the unit object is the field k, with parity 0. See [29], Chap. XIII, or [12] for
background on tensor categories.

1.3. Homomorphisms. The space Homg (V, U) of all k-linear maps between vector
superspaces V and U is again an object of Vect} , with grading

Homy (V, U)() = Hom[k(V(-), U()) &) HOIn[k(Vi, Ui)



N -homogeneous superalgebras 7

and
Homg (V, U); = Homy (Vj, U;) @ Homg (V3. Up);
SO
Homg (V. U)g = Homyees (V. U).

In particular, the linear dual * = Homg(V, k) belongs to Vecty. Given homoge-
neous bases {x;} of V and {y;} of U we can describe any f € Homg(V, U) by its
matrix F = (F}):

fx) =Y "yiF]. (1.2)

If f is an even map then F]? = O unless i + f =0.
For finite-dimensional vector superspaces, we have the following functorial iso-
morphisms in Vect; (see, e.g., [43], 1.8):

U ® V* =~ Homy(V,U) (1.3)
via (u ® f)(v) = u(f,v), and
We eV, =zlVn®- -1 V)* (1.4)

via (f1®® fim, vm ®---Qv1) = [[;(fi,vi). Here, we use the notation ( f, v) =
f(v) for the evaluation pairing

evp = (-,-):V*QV =k

in Vecty . Similarly, we have a pairing

et L prey SV g

which yields an isomorphism
V = VrF (1.5)
in Vect} .

The isomorphism (1.3) (which is valid as long as one of U or V is finite-dimen-
sional) has the following explicit description. Fix homogeneous bases {x;} of V' and
{yi}of U and let F = (F /'i) be the matrix of a given f € Homg(V, U) with respect
to these bases, as in (1.2). Let {x/} be the dual basis of V *, defined by (xj, X¢) = 8;
(Kronecker delta). Then the image of f in U ® V* is given by 3, ; y; ® x/ F]l
Note also that x; and x’ have the same parity.

Finally, if U, V and W are vector superspaces, with U finite-dimensional, then
the isomorphism Id ® cw,y=: VW @ U* =V @ U* ® W together with (1.3)
yields an isomorphism

Homy (U, V ® W) = Homg(U,V) @ W (1.6)
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in Vect] which is explicitly given by (f ® w)(u) = (—=1)?% f(u) ® w. Similarly,
for vector superspaces U, U’, V, V' with U, U’ finite-dimensional, there is an iso-
morphism

Homy (U @ U',V ® V') = Homy (U, V) ® Homy (U’, V') (1.7)

in Vect; givenby (f ® g)(u ® v) = (=D& f(u) ® g(v).

1.4. Supertrace. Let V' be a finite-dimensional object of Vecty. The supertrace is
the map

str: Endg (V) >V @ V* — k (1.8)
(1.3) (1.3)

in Vect; . In order to describe the supertrace in terms pf matrices, fix a basis {x; } of V
consisting of homogeneous elements and let F' = (F;) be the matrix of f € Endg(V)
asin (1.2). Then

str(f) = S (-1 F

where 7 is the parity of x; (and of the dual basis vector x' € V*) as in §1.1. Thus,
str(Idy) = sdim V - 1.

1.5. Action of the symmetric group. Given vector superspaces Vi, ..., V},, we can
consider the morphism

V1 ® - ®Vi®Vit1® @V =>1V1®--QVit1®Vi®:---®Vy

in Vecty which interchanges the factors V; and V; 1 via cy; y; 4, and is the identity
on all other factors. More generally, for any 0 € &,,, the symmetric group consisting
of all permutations of {1,2,...,n}, one can define a morphism

i VI® @ Vi = Vomi() ® -+ ® Vomi ()

in Vecty as follows. Recall that &, is generated by the transpositions o7, ..., 0,1
where o; interchanges i and i + 1 and leaves all other elements of {1,2, ..., n} fixed.
The minimal length of a product in the 0;’s which expresses a given element o € &,
is called the length of ¢ and denoted £(0); it is given by

(o) = #inv(o) with inv(o) ={@,j)|i < jbuto(i)>a(j)}.

Writing 0 € &, as a product of certain o;, the analogous product of the maps ¢; yields
a morphism ¢, as above. This morphism is independent of the way o is expressed
in terms of the transpositions o;; see [43], 1.4.13, or [29], Theorem XIII.1.3. If all
v; € V; are homogeneous then

Co(V ® +++ ® ) = (1) ZUNM@ Ty ()@ o+ @ Vg . (1.9)
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For example, if all v; are even then the 4--sign on the right is 4, and if all v; are odd
then it is sgn(o’), the signature of o.
Taking all V; = V we obtain a representation c: &, — Autyeers (V'®") where

Ve — ¥V ®...® V (n factors). Letting k[©,] denote the group algebra of the
symmetric group, this extends uniquely to an algebra map

¢: K[&,] — Endyeqs (V") (1.10)

We will write ¢, := c(a) fora € k[Gy].
For the dual superspace V*, in addition to the above representation c: k[&, ] —
Endyecty (V*®), we also have the contragredient representation

c*: k[©n] — EndVectﬁ((V*(Xm)
for the pairing (-,-): V*®" @ V®* — K in (1.4). Explicitly,

(ca(x).y) = (x,cax(y))

foralla € k[S,], x € V*® and y € V®". Here, -*: k[&,] — k[S,] is the
involution sending o € &, to o~ !. These two representations are related by

¢* = Crar (1.11)

where t = (1,n)(2,n — 1) ... € &, is the order reversal involution. One only needs
to check (1.11) for the transpositions ¢ = ¢;, which is straightforward.

1.6. Hecke algebras. We recall some standard facts concerning Hecke algebras;
these are deformations of the group algebra k[©,,] considered above. For details, see
[13], [14].

Fix 0 # g € k. The Hecke algebra #, 4 is generated as k-algebra by elements
T, ..., T,—1 subject to the relations

(T; + )(Ti —¢q) =0,
TiTiaTi = Ti41 Ti Ti41, (1.12)
LT =TT ifli—jl=2

When ¢ = 1, one has an isomorphism #,; = k[&,], T; — o;, where o; is the

transposition (i,i + 1) asin §1.5. The algebra #, 4 has a k-basis {7, | 0 € G,} so
that

() Ty =land Ty, = T;;
Too; if{(o0;) = L(0) + 1,

i) TyTy =
W Tolo qTs6; + (g — 1)T5  otherwise.
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By k-linear extension of the rule

TY =Ty (0€®y)

one obtains an involution -*: K, , — H, 4. The elements T} := —qT; ' =
q — 1 — T; also satisfy relations (1.12). Therefore,
a(T;) := —qT! (1.13)

defines an algebra automorphism o : #,, 4 — #, 4 of order 2.
The Hecke algebra #, , is always a symmetric algebra, and #, , is a split
semisimple k-algebra iff the following condition is satisfied:

n
[nlg!:=[]lily #0 where[ily :=1+q+---+¢'". (1.14)
i=1
More precisely, if (1.14) holds then
Hn.g = D Matg, xa, (k) (1.15)
Abn

where A runs over all partitions of 7 and d), denotes the number of standard A-tableaux.
The only partitions A with dy = 1 are A = (n) and A = (1"). The central primitive
idempotents of #, , for these partitions are given by

1
X, = A Z Ty (1.16)
q'UGGn
and :
Y = T > ()T, (1.17)
471'066n

These idempotents are usually called the g-symmetrizer and the g-antisymmetrizer,
respectively. One has

XoTy = To Xy =¢*@X, and Y, T, = T,Y, = (-1)*@y, (1.18)

for o € ©,,. Furthermore, a(X,) = Y,.
For later use, we note the following well-known consequence of (1.18). If M is
any #¢, 4-module, with corresponding representation p: #, ; — Endy (M), then

n—1
Im(p(Xp) = () Im(u(T;) + 1). (1.19)
i=1
Indeed, (1.18) implies that X,, = [2];1(7"1- + 1)X,,, which yields the inclusion C.
On the other hand, any m € ﬂ:’;ll Im(u(T;) + 1) satisfies (u(7;) — q)(m) = O for
all i, by (1.12). Therefore, u(Ty)(m) = ¢*®m holds for all o € &, and hence
w(Xy)(m) = ﬁq, Y 5e6, ¢“©m = m. This proves D.
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1.7. Hecke operators. Again, let 0 # ¢g € k. A Hecke operator (associated to ¢) on
a vector superspace V is a morphism R: V®2 — V®2 in Vect;, satisfying the Hecke
equation

(R+DR—-q)=0

and the Yang—Baxter equation
R1RLR1 = RaR1 R

where R := R @ Idy : V®3 — V®3 and similarly R, := Idy ® R.

The Hecke equation implies that R is invertible. Moreover, if R is a Hecke
operator associated to ¢ then so is —g R 1.

Defining p(7;) := Id%ﬁ’i_1 QR® Id%n_i_l, one obtains a representation

P = pn,R: Hng — Endyeqs (VE"). (1.20)

The representations p, g and p, _,z-1 are related by p, _,g-1 = pn R © &, Where
« is the automorphism of #, , defined in (1.13).

Example 1.1. The supersymmetry operator cy,y: V®2 — V®2in (1.1) is a Hecke
operator associated to ¢ = 1, as is its negative, —cy,y . The representation py c,, ,, of
Hn.1 = k[S,] in (1.20) is identical with (1.10).

Example 1.2 (Superized Drinfel’d-Jimbo [38], [27]). Let x, ..., x; be a standard
basis of V as in §1.1. The super-analog R = RP7 of the standard Drinfel’d—Jimbo
Hecke operator is defined as follows. Writing

R(x; @ xj) = Zxk &® X[:Rlli’;
k,l

. k,l .
the matrix components R;’; € k are given by

ki 4> —q* gl (_1)2_;6]ei'j(612 + 1)51,k
iLj = 1+q28,~_j i,j 1+q26,¢_j i,j
Here, &; ; = sgn(i — j). Thus,
R = ¢? ifi =0,
RiL =1 ifi =1

! 121
R =q>—1 ifi<j, (1-21)

Rl = (=g ifi #j,

and ﬁlkjl = 0 in all other cases. One checks that &R is a Hecke operator that is
associated to ¢2.
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2. The supercharacter

2.1. Superalgebras, supercoalgebras etc. An algebra A in Vecty is called a super-
algebra over k; this is just an ordinary k-algebra such that the unit map k — A and
the multiplication

UAQA—A

are morphisms in Vecty. In other words, A is a Z,-graded k-algebra in the usual
sense: A = Aj & Aj with k-subspaces Ag and Aj such that AzA; C Ay,
Homomorphisms of superalgebras, by definition, are algebra maps in Vect;, that is,
they preserve the Z,-grading.

If V is a vector superspace in Vect;, then the tensor algebra T(V) = @, V"
is a superalgebra via the Z,-grading of each V®" as in §1.2. In general, if A is any
superalgebra, then by selecting a Z,-graded subspace V' € A which generates the
algebra A, we obtain a canonical isomorphism of superalgebras

TV)/(R) = A 2.1)

where (R) is the two-sided ideal of T(V) that is generated by a Z,-graded linear
subspace R C T(V).

Given superalgebras A and B, the tensor product A ® B is the superalgebra with
the usual additive structure and grading and with multiplication u4gs defined by
using the supersymmetry map (1.1): pags = (L4 ® up)o(Ildg ® cp,4 ® Idg) or,
explicitly,

(@®b)d ®b) = (-1)""ad’ ® bb’

for homogeneous a’ € A and b € B. In other words, the canonical images of A and
B in A ® B supercommute, in the sense that the supercommutator

[a,b] = ab — (=)@ ha 2.2)

vanishes for any pair of homogeneous elements a € A and b € B.

Supercoalgebras, superbialgebras etc. are defined similarly as suitable objects of
Vecty such that all structure maps are maps in Vect;. The compatibility between
the comultiplication A and the multiplication of a superbialgebra B amounts to the
following rule:

Aab) = Y (=)@ Waybay @ a@be)
(@),(b)

for homogeneous elements a,b € B. Here we use the Sweedler notation A(a) =
Z(a) aay ® ag) and a(yy, a(z) are chosen homogeneous with dy + d) = a.
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Example 2.1 (Symmetric superalgebra [40, 3.2.5]). The symmetric superalgebra of
a given V in Vecty is defined by

S(V) =T/ ([v.wlg | v.w € V)

where [v, w]g is the supercommutator (2.2) in T(V'). Ignoring parity, S(V') is isomor-
phic to S(V5) ® A(V7), where S(. ) and A( . ) denote the ordinary symmetric and exte-
rior (Grassmann) algebras, respectively. The symmetric superalgebra is a Hopf super-
algebra: comultiplication A: S(V) — S(V)®S(V)isgivenby A(v) = v®1+1Qv
for v € V and extension to all of S(V') by multiplicativity. Similarly, the counit
e: S(V) — kis given by e(v) = 0 and the antipode 8: S(V) — S(V) by 8(v) = —
forveV.

2.2. Comodules. We refer to [29], Chap. III, for background on comodules, comod-
ule algebras etc.

Given a superbialgebra B, we let Comod?; denote the category of all right B-
comodules and B-comodule maps in Vecty . Thus, for any object V' in Comod3;, we
have a “coaction” morphism

8[/ V—->V3B

in Vectﬁ‘(. If x1,...,x4 is a fixed basis of V' consisting of homogeneous elements,
with i denoting the parity of x; as before, then we will write

Sv(x)) =) x; ®b; withbl € B;_ - (2.3)
i

The tensor product of vector superspaces makes Comod?; into a tensor category:
if U and V are in Comod3; then B coacts on U ® V by
Su®dy ld®us
dugv: UQV —— UQBRVRB By URVRBRB—— URQRVRB. (2.4)
If B is supercommutative as a superalgebra then the supersymmetry cy,y is a B-

comodule morphism, i.e., Sy gu ocy,y = (cU,V ® Ide) ody gy . Therefore Comods,
is a symmetric tensor category in this case.

2.3. The supercharacter map. Let B denote a superbialgebra and let V' be a finite
dimensional object in Comod?;. The coaction §y is an even map in Homy (V, V ® B).
Consider the following morphism in Vecty :

£ Ende (V) 22 Homy (v, V @B) = Endy(V) @B O k@B =B (2.5)

where str is the supertrace as in (1.8). This map will be called the supercharacter
map of V. Forgetting parity and viewing all elements as even, the supertrace becomes



14 P.H. Hai, B. Kriegk, and M. Lorenz

the ordinary trace and the supercharacter becomes the usual character. These will be
denoted by tr and y, respectively.
In particular, we have the element
xy = x’(Idy) € B;.

To obtain explicit formulas, ﬁ); a basis x1,...,xg of V consisting of homogeneous
elements and let (F}) and (b}) be the matrices of f € Endg(V) and of §y with
respect to this basis as in (1.2), (2.3). Then

£ =Y (~DbF/. 2.6)
i,j

Let e: B — k denote the counit of B. Then x; = ) ; xl-s(b;-) holds in (2.3).
Hence e(b}) = 8;. - 1 and (2.6) gives

e(x*(f)) = str(f). 2.7

When f*is even formula (2.6) becomes y*(f) = 3_; ; (—1)?b; Fij since Fl.j =0

unless i + f = 0. In particular,
Xy =Y (=1)'bl. (2.8)
i

In the following, we let comod?; denote the full subcategory of Comod?;, consisting
of all objects that are finite-dimensional over k. The supercharacter has the following
properties analogous to standard properties of the ordinary character.

Lemma 2.2. Let B denote a superbialgebra and let U, V and W be objects of
comods,.

@Iff:V - Uandg: U — V are B-comodule maps (not necessarily even)
then

1(fog) =D o f).
(b) For f € Endk(V), g € Endg(U) view f ® g € Endyx(V Q U) as in (1.7). Then

1 (feg)=xHr.

(¢) Givenan exactsequence() — U KV 5 W = 0incomods ,let f € Endg(V)
be such that f(u(U)) € w(U), and let g € Endy(U), h € Endg(W) be the
maps induced by f. Then

XN =x@©)+ 0.
In particular, x3, = xy, + Xy Moreover, if f € Endcomods, (V) is a projection
e 2 = f)then *(f) = iy -
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Proof. (a) Let Ty denote the map Homy(V,V ® B) — B in (2.5); so y°(f) =
Ty (8y o f). Since f and g are comodule maps, we have 6y o f = (f ® Idg) o §y
and similarly for g. Putting 4 = §y o f € Homg(V, U ® B) we obtain y*(f og) =

Ty(uofog)=Ty(hog)and y*(go f) =Tv(Bvogo f)=Ty((g®Idp)oh).
Therefore, we must show that

Ty(hog) = (—)7ETy((g ® Idz) o ).

Using the identification Homg(V,U ® B) =~ Homg(V,U) ® B as in (1.6),
write h = ) ; fi ® b; with fi € Homy(V,U), b; € B,and fi +b; = h = f.
Then h o g € Homy(U,U ® B) becomes the element () ; /i @ bj)) o g =
> (=1)Pi&(fi o g) ® b; € Endi(U) ® B, and (g ® Ids) o hHomy(V,V ® B)

becomes ) ;(g o f;) ® b;. The standard identity str(f; o g) = (_1)ﬁg str(g o fi)
(cf., e.g., [40], §3 (b), p. 165), now yields

Ty(hog) =Y (~Dst(f; o g) ® by
=YD (g e fy @b

= (-1)/2Ty (g ® 1dz) o )

as desired.

(b) Fix homogeneous k-bases {x;} and { y¢} of V and U, respectively, and write
=1, Ve = { as usual. Moreover, let (F ') and (Ge) be the matrices of f and g
for these bases, as in (1.2). Then {x; ® yg} is a basis of V' ® U, with x; ® y¢ having
parity i + {. Moreover,

(f ® ) (%) ® ym) = (=D £(x;) @ g(ym)
= (¥ Y xiFl ® ) yG,
i L

=3 x @y, with ol = —)EPIFIGE
il

because Gj' = 0 unless (+m = g. Similarly, writing 8y (x;) = >, x; @ b; with

b’ € B, ;and Su(ym) =Dy e ® 051 with c € B;, ., one obtains using (2.4)

i

Sveu(Xj ® ym) = D xi ® ye ® Wrt  with Whl = (—1)H)0pick.
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Therefore, formula (2.6) becomes

G+O(F+in) il gJm
Y (—)EHOUED ol
il,jm
il,jm

=1 (NHx’(g).

(c) Choose a basis {x;} of V' consisting of homogeneous elements so that x; =
n(y;) fori < dimU and let (Fji) be the matrix of f for this basis. Then F} =0
fori > dimU, j < dim U. Moreover, the y; form a basis of U and the z; = 7 (x;)
form a basis of W, and the matrices of g and / for these bases are (Fj)i, j<dimyU and

1(f®g)

(F ]-")l-, j>dim U respectively. Similarly, if (bji.) is the matrix of §y with respect to the
basis {x;} as in (2.3) then bj. = 0fori > dimU, j < dimU, and the matrices
of 6y and Sy for the given bases are (b;)l j<dimy and (b;)i, j>dim U respectively.
Therefore,

X)) =) (-1)biF/
i,J
= Y CDUBFE A+ 3T DUbF
i,j<dimU i,j>dimU
= 1@+ 1 (h).
The remaining assertions are clear. O

2.4. The Grothendieck ring. Let B be a superbialgebra and let
Ry = Ko(comod?;)

denote the Grothendieck group of the category comods;. Thus, for each V in comod?;,
there is an element [V'] € Ry and each short exact sequence0 - U — V — W — 0
in comod?; gives rise to an equation [V] = [U] + [W] in Rg. The group R is in
fact a ring with multiplication given by the tensor product of B-comodules. If B is
supercommutative as a superalgebra then the ring Ry is commutative; see §2.2.

Both the ordinary dimension and the superdimension are additive on short exact
sequences and multiplicative on tensor products. Hence they yield ring homomor-
phisms

dim, sdim: Ry — Z.

Parts (b) and (c) of Lemma 2.2 and formula (2.7) have the following immediate
consequence:
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Corollary 2.3. The map [V] +— yy, yields a well-defined ring homomorphism
X’ Rg — Bg. Furthermore, the following diagram commutes:

Ry~ B;

sdiml l

VA k.

can.

Forgetting the Z,-grading, the corollary also gives the more familiar version with
x and dim in place of y® and sdim, respectively.

2.5. General linear supergroup and Berezinian. Let /' in Vect; be finite-dimen-
sional and fix a standard basis x1, ..., xg withi = 0 i<p andi =1 @@ > p).

2.5.1. For each supercommutative k-superalgebra R we denote by E(V)(R) the set of
all R-linear maps VV ® R — V ® Rin Vecty . Using the identification Endx (V ® R) =
Homg (V,V ® R) = Endg(V) ® R (see (1.6)), we may view E(V)(R) as the even
subspace of Endg (V) ® R:

E(V)(R) = (Endy(V) ® R); .

This defines a functor E(1') from the category of supercommutative k-superalgebras
to the category of semigroups.

2.5.2. Tensoring the supertrace str: Endg (V) — k of (1.8) with Idx, we obtain an
R-linear supertrace map str: Endg (V) ® R — R in Vecty which restricts to a map
E(V)(R) — Rj. The given standard basis x, ..., xg of V' is an R-basis of V ® R.
In terms of this basis, an element ¢ € E(V)(R) is given by

d
p(x;) =Y x; @ with @) € R;

R 2.9)
i=1
Thus ¢ is described by a supermatrix ® = ( qu. ) in standard form over R:
A B
® = ( o D) (2.10)
where A = (@} ), ._ and D = (@), . are square matrices with entries in R

while C, D are matrices over Rj. The supertrace of ¢ is given by

str(@) = Y (=1 @) = tr(A4) —tr(D) = str().
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2.5.3. The functor E(V) is represented by a supercommutative k-superbialgebra
which coacts on V; this algebra will be denoted by

B = O(E(V)).

Thus, there is a natural isomorphism of E(V') with the functor Hom(B, ?) of parity
preserving algebra homomorphisms. In particular, the identity map on B corresponds
to an element £ € E(V)(B). Let X = (xj’ )dxd be the matrix of £, as in (2.9). The

elements x; have parity [ + f and they form a set of supercommuting algebraically
independent generators of B. In fact, B is isomorphic to the symmetric superalgebra
S(V* ® V), with x; > x' ® x;, where {x'} C V* is the dual basis for the given
basis of V.

We can think of X as the generic supermatrix with respect to the given basis of
V: any supermatrix ® = (@; ) as in (2.9) comes from an algebra map B — R via
xj. [ CI>; The canonical coaction §: V' — V ® B, the comultiplication A and the
counit ¢ of B are given by

5x) =Y x ®xl,

A(xj-) = sz,lC ®le-‘, (2.11)
k
s(xj-) = 8}
These formulas can also be written as §(x1,...,xg) = (x1,...,x7) ® X, A(X) =

X ® Xande(X) = 1.

2.5.4. Similarly, GL(V)(R) is defined, for any supercommutative k-superalgebra R,
as the set of all invertible R-linear endomorphism of V' ® R in Vecty . The condition
for a supermatrix @ in standard form (as in (2.10)) to be invertible is that A and D
are invertible as ordinary matrices over Rg. In this case, the inverse of @ is given by

o1 — (A— BD™'C)"! —A"'B(D — CA™'B)™!
~\-b-'c4-BD"'C)! (D —CA™1B)"! ‘

See Berezin [3], Theorem 3.1 and Lemma 3.2. The element
ber(®) := det(A4) det(D — CA™'B)™! = det(D) 'det(4— BD!C) (2.12)

is called the superdeterminant or Berezinian of ®; it is an invertible element of Rg.

The functor GL(V) is represented by a supercommutative Hopf superalgebra
O(GL(V)) which is generated over B = O(E(V)) by det(X;;)! and det(X5;) ",
where X1; = (x} )i’jip and X5, = (xj’ )l.,j.>p are the even blocks of the generic
supermatrix X. By [3], Theorem 3.3, the Berezinian ber(X) is a group-like element
in O(GL(V)).



N -homogeneous superalgebras 19

2.6. Supersymmetric functions and exterior powers. Throughout this section,
V will denote a finite-dimensional vector superspace over k. We assume that the
characteristic of k is zero.

2.6.1. Let
Y, = % Z sgn(o)o € k[&,]
0EG,

be the antisymmetrizer idempotent of the group algebra k[©,] and define
A"V :=TImcy, C V®" (2.13)

where ¢: k[©,] — Endyeay (V®") is as in (1.10). Thus, A"V is the space of anti-
symmetric n-tensors,

NV ={y e V®" | cs(y) =sgn(o)y forallo € G,}.

For later use, we describe an explicit basis of A"V. To this end, fix a standard
basis x1,...,xg of V, withi = 0 for i <p andi = 1 fori > p. Then the products
Xi = Xi; @ Xi, @ -+ ® x;, for sequences i = (iy,12,...,ip) € {1,2,...,d}" form
a graded basis of V' ®” that is permuted up to a £-sign by the action of &, on V®";
see formula (1.9):

Co(xi) = sgn; (0)Xo (i) (2.14)
with

sgn; (0) = (_I)Z(p.q)einv(a) ipla  and o(i)= (ia_l(l), ia_l(Z)’ e ia_l(n))'

Therefore, by elementary properties of monomial group representations, a k-basis
of A"V is given by the nonzero elements cy, (x;) where i ranges over a transversal
for the &, -action on {1,2,...,d}". Such a transversal is provided by the weakly
increasing sequences i € {1,2,...,d}". Moreover, for a weakly increasing i, it is
easily seen from (2.14) that cy, (x; ) = 0 holds precisely ifiy = ig4+; < p for some £.
Therefore, a basis of A"V is given by the elements cy, (x;) withi = (i} < i <

s <y <1 <o <ip)e{l,2,...,d} and i, < p <im+1.
In particular,
dimg A"V = Y (D) (Y (2.15)
m+m’=n

where p = dimg Vg and ¢ = dimg V3. Equivalently, the generating power series in
Zt] for the sequence dimyg A" V' is given by
(I +p?

s n n
Zdlmu(/\ V' = m

n>0

(2.16)

When ¢ > 0 then all A"V are nonzero. For additional details on exterior powers, see,
e.g., [43], Sections 1.5 and 1.7.
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2.6.2. Consider the superbialgebra B = O(E(V)) as defined in §2.5.3 and recall that
V' is in comod?;. The representation c¢: k[S,] — End\,ect.fk (V'®") of (1.10) actually

has image in Endggmogs. (V' ®"), since B is supercommutative. Therefore, A"V also
B
belongs to comods; and we can define the n' elementary supersymmetric function by

en = Yy = X' (cy,) € Bg.

Here, the equality y3,,, = x*(cy,) holds by Lemma 2.2 (c).
Similarly, one defines the n™ super power sum by

Pn = x(c2,..n) € By

where (1,2,...,n) € &, the cyclic permutation mapping 1 — 2 > 3 > ...
n +— 1. In terms of the generic supermatrix X from §2.5.3, one has

Pn = str(X").

Modulo the space spanned by the Lie commutators fg — g f with f, g € k[S,],
the following relation is easily seen to hold in k[&,]:

n
nYy =Y (D712, ) Y

i=1

(with Yy = 1). Applying the function x* o c¢: k[&,] — B to this relation and using
Lemma 2.2 (a), (b), one obtains the Newton relations:

n
nep, = Z(_l)i_lpien—i-

i=1

Let ¢ be a formal parameter (of parity 0) and consider the generating functions P(t) =
Y ps1 Put" " tand E(t) = ), et in B [t]. The Newton relations can be written
in the form P(—t) = % log E(t); see, e.g., [34], p. 23. Combining this with the
identity

ber(exp(tX)) = exp(str(tX))

due to Berezin ([3], Chapter 3, or [40], p. 167) one obtains the following expansion
for the characteristic function ber(1 + ¢ X)) of the generic supermatrix X:

Proposition 2.4. ber(1 +1X) =} ent".

This proposition is known; see, e.g., Khudaverdian and Voronov [30], Prop. 1.
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3. Homogeneous superalgebras

3.1. N-homogeneous superalgebras. Let N be an integer with N > 2. A homo-
geneous superalgebra of degree N or N -homogeneous superalgebra is an algebra A
of the form (2.1) with V' finite-dimensional and R € V®V:

A=AV, R) =T(V)/(R).

The assumption R € V®¥ implies that, besides the usual Z,-grading (“parity”), A
also has a connected Z 1 -grading (“degree”),

A:@An.

n>0

The algebra A is generated by A; = V and all homogeneous components A, are
finite-dimensional objects of Vect; . In fact,

A, =V® /R, withR, :=(R)NV® = Z Ve @ R®V®. (3.1)
i+j+N=n

Note that R, = O0forn < N;so A, = V® ifn < N.

Morphisms of N-homogeneous superalgebras f: A = A(V,R) —» A =
A(V’, R") are morphism of superalgebras which also respect the Z  -grading. Equiv-
alently, by restricting to degree 1, we have a morphism fi: A; =V — A =V’
in Vect}, whose N'™ tensor power satisfies f1®N (R) C R’. Thus, one has a category
HyAlgy of N-homogeneous k-superalgebras. Finally, N-homogeneous superalge-
bras with N = 2 are called quadratic superalgebras; for N = 3, they are called
cubic, etc.

3.2. Some examples. In order to explicitly describe a certain N-homogeneous su-
peralgebra A = A(V, R), we will usually fix a Z,-graded k-basis xy,...,xq of
V = A; and denote the parity of x; by i ,asin §1.1. The x; form a set of algebra
generators for A. Following Manin [38],[39], the d-tuple f = (i, cee, dA) € thi is
called the format of the basis {x;}.

Example 3.1 (Quantum superspace [39]). For a fixed family ¢ of scalars 0 # g;; € k
(1 <i < j <d)anda given format f = (i,...,c?) € Z‘zj of the basis x1, ..., xq,
the quadratic superalgebra A = S,{ is defined as the factor of T(V') modulo the ideal
generated by the elements

r=x®x € (V) (i =1), (3.2)

rij =X ®x —qij ()" xi @ x; € V), 2 (< ). (3.3)
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Thus, the algebra S{ is generated by x1, ..., x4 subject to the defining relations
XiXj = 0 (; = I)

and .
xjxi = qij (=D xix; (@ < j).
In the special case where all g;; = 1, the algebra S,{ is the symmetric superalgebra

S(V) of V as in Example 2.1.
The ordered monomials of the form x]"' x5 .. .x;"d, with >, m; = n,m; >0

foralli and m; < 1if i = 1, form a k-basis of the n'™ homogeneous component of
S‘{ . Therefore,

dimg(8)). = Y (527 (3.4)
r+s=n
where dim V3 = p and dim Vj; = ¢ as usual.Thus, the generating series of the

dimensions is

. . (1+1)e
> dimg (8] )ut" = A=

n>0

Example 3.2 (Yang—Mills algebras [11], [10]) Fix acollection of elements x1, ..., Xy
(d > 2), numbered so as to have parltyz =0fori <p andi = 1fori > p. Let
G = (gij) € GL4(k) be an invertible symmetric d x d-matrix satisfying g;; = 0 if

i # f and consider the cubic superalgebra A that is generated by elements x4, ..., xg
subject to the relations
> giplxi [ xldl =0 (k=1.....d). (3.5)

i,

Here |-, -] is the supercommutator (2.2). The algebra A will be denoted by YM?!4
(¢ = d — p). In particular, the pure even algebra YM?!° is the ordinary Yang—Mills
algebra introduced in [10] while YM°!¥ is the super Yang—Mills algebra as in [11].

As usual, put V' = ), kx; and let [, -]g denote the supercommutator in T(V).
Furthermore, put rp = Y, . gij[xi, [x, xlele and R = Y ki € V&5 s0
YMPl4 = T(V)/(R). Using the symmetry of G, we may replace the r; by simpler
relations as follows. Choose an invertible d x d-matrix C = (c¢;;) with ¢;; = 0 if
i # j and such that C*GC is diagonal, say >.i.jCir&ij¢js = &s65. Replace the
bases {x;} of V and {ry} of R by the new bases y; = ) _; c/x;andsg = Y, ckr,
where C~! = (cV/). Note that y; has parity i and s; has parity k, the parity of rg.
A simple calculation shows that sg = Y, 4 8i[Vi, [yi, Yk]ele- Thus we obtain the
following defining relations for the generators y, ...,y of YMP!4:

> gilyi iyl =0 (k=1.....d). (3.6)
i#k
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The resulting algebras for d = 2 are as follows. Putting x = y; and y = y, we
have two defining relations: [x, [x, y]] = 0 and [y, [y, x]] = 0. In the pure even case
(X = y = 0), the supercommutators are the ordinary Lie commutators. So YM2/° is
the enveloping algebra of the Heisenberg Lie algebra; see [1], (0.4). In the pure odd
case (£ = y = 1), the two relations can be written as x>y = yx? and yx? = x2y.
The resulting algebra YMPO2 is a cubic Artin—Schelter algebra of type S [1], (8.6).
Thus, both unmixed algebras are Artin—Schelter regular of global dimension 3. In
the mixed case, however (x = 0, y = i), the relations say that x commutes with the
Lie commutator [x, y] while y anticommutes: y[x, y] = —[x, y]y. Thus, [x, y]is a
normal element of YM ! and YM'* /([x, y]) is a polynomial algebra in two variables
over k. Moreover, the calculation

[x. y]* = [x. [x. y]y] = =[x, y[x, y]l = =[x, y]?

shows that [x, y]? = 0. Thus, the algebra YM'!! is noetherian with Gelfand—Kirillov
dimension 2 and infinite global dimension.

Returning to the case of general d > 2, we now concentrate on the unmixed
algebras introduced by Connes and Dubois-Violette. We will denote these algebras
by YM T = YM41% and YM~ = YM°¥ In all formulas below, + applies to YM+ and
— to YM™. The generators sg = D, 4 iV, [Vi, Ykl of the space of relations R
can be written as sx = D, yg @ myx = £ ,mpg ® y¢ with

_ ge(ye®@yr— (1 £ D)yr ® yg) forl #k,

Mgk
:i:zl-#kg,-yi ® yi forf = k.

Thus, putting ¥ = (y1,..., y4) and letting M denote the d x d-matrix over YM*
whose (£, k)-entry is the image of m g, the defining relations (3.6) can be written as

YM =0 or MY"=0. 3.7

The defining relations (3.6) for A = YM™ amount to the even element Zl- gi in e A,
being central in A.

Example 3.3 (N -symmetric superalgebra; cf. [5]). Let N > 2 be given and let V' be
a vector superspace V over a field k with char k = 0 or char k > N. Define

Sv(V)=A(V,R) with R=A"V =cy, (V&) c V&N

where Yy is the antisymmetrizer idempotent of the group algebra k[Sx]; see (2.13).
This defines a functor Sy (-): Vecty — HyAlg;. Since 2cy, is the supercommu-
tator in T(V), the algebra S,(V) is just the symmetric superalgebra S(V') of V; see
Example 3.1. The algebra Sy (V'), for a pure even space V' = V; and general N > 2,
has been introduced in [5].
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If 2 < M < N then, viewing k[©js] as a subalgebra of k[Sy] as usual, the
antisymmetrizers of k[Sy] and k[©,y] satisfy Yy = Ypra for some a € k[Sy].
Therefore,

R = Yy (V®N) - CYM(V®N) =cy,, (V®M) Q V®(N_M),

This shows that the identity map on V' extends to an epimorphism of superalgebras
Sn(V) = Su (V).

Now assume that dimg V' = d and fix a standard basis xq,...,x; of V, with
i =0fori < pandi = 1fori > p. From the basis for AV V exhibited in §2.6.1
we obtain that the algebra Sy (V') is generated by x1, ..., xz subject to the relations
E€inv(o 1+f\ iy . . . —
Z (_I)Z(p.q) ) lpqula_l(l)xla_l(Z) XD iy = 0
UG@N

withl <ij <ip <+ - <ip <p=dimg Vg <ipt1 < <iy <d =dimyV;
see formula (2.14).

Example 3.4. The following construction generalizes Example 3.3. Fix N > 2
and 0 # ¢ € k and assume that condition (1.14) is satisfied. Given a Hecke op-
erator R: V®2 — V®2 on a vector superspace V' we define the N-homogeneous
superalgebra

Ag.n = A(V,R) with R =Impg(Xy) < VEV (3.8)

where Xy € Hy 4 is the g-symmetrizer (1.16) and pg is the representation (1.20)
of Hn 4. We also put

San =NA_gz—1y = AV, R) with R =Impg(Yy) c VO (3.9)

where Yy € H#y 4 is the antisymmetrizer (1.17). The algebra Sy (') in Example 3.3
is identical with S;, |, n (¢ = 1).

3.3. The dual of a homogeneous superalgebra. Let A = A(V, R) be an N -homo-
geneous superalgebra. The dual A' of A is defined by

A= A(V*, RY),

where R+ € V*®N s the (homogeneous) subspace consisting of all elements that
vanish on R € V@ using (1.4) in order to evaluate elements of V*®V on V@V
Thus, (3.1) takes the form

Al =V*®" /R with Ry = Y V*® @RI V*®/, (3.10)
i+j+N=n
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Identifying 1V *®" with the linear dual of V®” via (1.4), wehave V*® @ RL QV*®/ =
(V® @ R® V®i)J'. Hence,

. L
R,f:( N ve’ ®R®V®’) . 3.11)
i+j+N=n
The canonical isomorphism ¥V —=> V** in (1.5) leads to an isomorphism
Y ON ~, y**®N which maps R onto R+, Hence,

At >~ A, (3.12)

Moreover, if f: A = A(V,R) - A" = A(V’, R") is any morphism in HyAlg; then
the transpose of f;: V — V'’ induces a morphism f': (A’)! — A'in HyAlg;. Thus,
we have a contravariant quasi-involutive dualization functor A — A', f — f' on
Hy Alg} .

Example 3.5. The dual of A(V,0) = T(V)is A(V*, V*®N); 50
TV =T(V*)/(V*eV)

In particular, letting V' = k be the unit object of Vect}, we have A(k,0) = k|¢]
(polynomial algebra) and A(k, 0)! = Kk[d]/(d™N), with ¢ and d both having degree 1
and parity 0.

Example 3.6 (Dual of quantum superspace). We will describe the dual A' of quantum
superspace A = S,{ ; see Example 3.1. Fix a homogeneous k-basis x1, ..., xg with
format f for V, and let x!, ..., x? denote the dual basis of V*; this basis also has
format f. Evaluating an arbitrary element f = Y, fimx' ® x™ € V*®2 on
one of the generating relations r;, r;; € R in (3.2), (3.3) we obtain (f,r;) = fi; and
(firij) = fij—qij (=1)" f;;. Therefore, the space R+ C V*®2 has a basis consisting
of the elements s¢ := x¢ @ x* ((2 = 0) and s°* := x* @ x* 4 gre(—1)*x* ® x*
(k < £). In summary, A' is generated by x!, ..., x? subject to the defining relations

xxt=0 (éz 0)

and o

xixk = —qre(=D)* Xkt (k< 0).
Thus, A' is_isomo_rphic to quantum superspace S({// with qlfj = (—1)’””T q;; and
f = f+(@,...,1)theformat obtained from f by parity reversal in all components.

Example 3.7 (Duals of the Yang—Mills algebras). Continuing with the notation of
Example 3.2, we now describe the algebra A for A = YMPl4. We assume that
char k = 0 and work with generators yy, ..., yg of A satisfying (3.6).
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Let yl,...',ydbdenote the basis of V* given by (y,y;) = 8} and put y =
ﬁ D gl-_ly' ®y' € V*®2 Then, for the generators s; = Z#k gilvi. i, vilole
of R as in Example 3.2, one computes

(v ® ¥ ® ¥ sk) = ge88t + (1 gp808 — (1 (1 + (—1)P)gad? ],

(V' ®y.s) = 8.

(3.13)
Therefore, the map ¢ — ¢ — 3", (¢, k) y* ® y is an epimorphism V*®3 — R+ C
V*®3_ We obtain that the algebra A’ is generated by y', . . ., y¥ subject to the relations

Yy ye = (ge85y* + (=128l y¢ — (—1)¥(1 + (=1)%)ga8%y0)g  (3.14)

where g = 215 >, g7y’ y! is the image of y in A.

Since A' is 3-homogeneous, we clearly have AE) =k, A!l =@ ky = V*
and A!z = @i’j ky'y/ = V*®2 By (3.13), the elements y®g form a k-basis of
A!3 = V*®3/RL ~ R*. Using the defining relations (3.14) it is not hard to see that
AL = kg? and .Ail = 0forn > 5. If A = YMP!4 is of mixed type (i.e., p # 0 and
g # 0) then g2 = 0.

Example 3.8 (Dual of the N -symmetric superalgebra). Recall from Example 3.3 that

Sn(V) = A(V, R) with R = cy,, (V®N). Since Yy is central in k[ y] and stable
under the inversion involution * of k[© y], it follows from (1.11) that

(x,cyy (1) = {evy (0), y)
holds for all x € V*® and y € V®_ Therefore,

RJ_ = KerV*®N (CYN) = (1 - CYN)(V*®N)

and so
SN(V)' = A(V*, (1 — ey )(V*EN)).
Note that
(| V@RV =cy, (V") (3.15)
i+j+N=n

holds for all » > N. This follows from (1.19). Alternatively, as has been noted in
Example 3.3, we have cy, (V®") € R ® V®®~N)_ In the same way, one sees that
cy, V®) C V® @ R® V®/ wheneveri + j + N = n. For the reverse inclusion,
note that each x € V® ® R ® V®/ satisfies Cg,(x) = —x for all transpositions
og = (£, L+ 1) € &, withi <€ < i+ N. Hence, the left-hand side of (3.15)
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is contained in the space of antisymmetric n-tensors, A"V = cy, (V®"), thereby
proving (3.15). We deduce from (3.10), (3.11) and (2.15) that

d" ifn <N,
Zr+s=n (f)(q+j_l) ifn z N’

where d = dimy V, p = dimg V; and ¢ = dimg Vj.

dimy Sy (V)}, = (3.16)

3.4. The operations o and e on HyAlg;. Let A = A(V,R) and A’ = A(V', R')
be N-homogeneous superalgebras. Following [37] and [7] we define the white and
black products A o A" and A e A’ by

Ao A =AWV @V cay (R V'®N 1 VEN @ R')),
AeA =AWV V' cry(R® R)

where 7y € G,y is the inverse of the permutation
1,2,...2N)» O, N+ 1,2, N+2,....k,N +k,...,N,2N).

Explicitly, ¢z : VY @ VN — (V ® V/)®¥ is the morphism in Vect] that is
given by

Cay (V1 ® ... oy ®V] @ ® V) = ()T X2 ViV (1 ®v]) ® -+ ® (v ® vly)

3.17)
Hence, ¢, (R® R') and ¢, (R® V'®N + V®N & R') are homogeneous subspaces
of (V® V')®N and so A o A’ and A e A’ belong to HyAlgs..

Under the isomorphism (V'* @ V*)®¥ =~ (V' ® V/)*®N which comes
from (1.4), the relations cny (Rt ® RL) of A" e A' map onto the relations
(cay (RQV'EN + VEN @ R')L of (Ao A')'. Infact, by (1.11) we have ¢} = cay
because my T = Ty, and consequently (x,y) = (cx, (X),Cxy ()) holds for all
x € V*ON @ V*ON and y € VON ® V'OV Therefore, canonically,

(AoA) 2A"eA" and (AeA) =A"oA, (3.18)

the two identities being equivalent by (3.12).

By definition of o, the canonical isomorphisms k ® V' = V = V ® k in Vecty
give isomorphisms A(k,0) o A = A = A o A(k,0) in HyAlgy, and (3.18) yields
similar isomorphisms for e, with A(k,0)! = k[d]/(d") replacing A(k,0) = k[¢];
see Example 3.5.

The supersymmetry isomorphism cy,y: V @ V' = V' ® V in Vecty (see (1.1))
yields isomorphisms

AoA ' =A" oA and AeA A oA (3.19)
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in HyAlgy. To see this, note that the following diagram of isomorphisms in Vecty
commutes:

YON g [/oN TN v & VHeN
CV®N'V/®Ni l {?ZI\;/

veN g yeN — v g v)®"

with v1 ® ... 0§ @ V) ® ...V > (=1)Zi 2izi i) (v ®v)®. 1\/" ® vN) in
both composues Therefore putting Raoa’ = ¢y (R® V'OV + y® R’) and
similarly for R 4704 etc., we have

CI?[I\;’(RAOA') = (CnN © CV®N,V’®N)(R X V’®N + V®N ® R/)
= cay (R @VEY + V'OV @ R)

Ruarop.

Similarly, one sees that cg’?,’/ (Raea’) = Raren. This proves (3.19).
In the same way, the associativity isomorphism ay,yy»: (V ® V') @ V" =~
V ® (V' ® V") in Vecty leads to isomorphisms

(AoA)oA =Ao(A 0oA”) and (AeA)e A’ =Ae(A eA") (3.20)

in Hy Algg . This is a consequence of the following commutative diagram of isomor-
phisms in Vecty :
(V®N ® V/®N)® V//®N *®E(V® 1% )®N ® V//®N *) ((V ® V/) ® V//)®N

aV®N‘V’®N,V”®N l %1\;/ v

V®N ® (V/®N ® V//®N)Id®c > V®N ® (V/ V//)®N an} (V ® (V/ ® V//))®N_
Finally, the compatibility between the isomorphisms cy,y» and ay,y v~ (see §1.2)
is inherited by the isomorphisms (3.19) and (3.20) in Hy Alg; . To summarize:

Proposition 3.9. The operations o and e both make the category HyAlgy of N-
homogeneous k-superalgebras into a symmetric tensor category, with unit objects

A(Kk, 0) = K[t] for o and A(Kk,0)" = K[d]/(d"N) for .

3.5. The superalgebramapi: Ao A’ > AQ A’. Let A= AV,R) and A’ =
A(V’, R’) be objects of HyAlgy . The superalgebra A ® A’ is generated by V & V'
subject to the relations

R+R c(VaeVH)®N and [V,V1e S (V& V)®?
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where [-,-]g is the supercommutator (2.2) in the tensor algebra, as usual. Thus,
A®A’ isnot N-homogeneous when N > 3. Nonetheless, there always is an injective
superalgebra homomorphism i : Ao A" — A ® A’ which is defined as follows. The
linear embedding V ® V' — T(V) ® T(V’) extends uniquely to a superalgebra map

LTV V) > TWV)QT(V) (3.21)

which doubles degrees: the restriction of i to degree n is the embedding

—1
tn

TV & V) = (V& V)" 2% y81 g y/®n < (T(V) @ T(V'))an

in Vecty, where ¢y, is as in (3.17). Thus, 7 identifies the superalgebra T(V ® V')
with the (super) Segre product P, Ven @ V'® of T(V) and T(V').

The map I sends Raoar = czy (RO VN + VN @ R') € (V ®@ V)®V 10
RQV'®N 1 V®N & R’ the kernel of the canonical epimorphism V&V @ V/®N
An ® Aly. Thus:

Proposition 3.10. The algebra map 7 in (3.21) passes down to yield an injective
homomorphism k-superalgebras i : A o A" > A ® A’ which doubles degree. The
image of i is the super Segre product P,,5.g An ® A;, of A and A'.

3.6. Internal Hom. The isomorphisms (1.3) and (1.4) together with associativity
lead to a functorial isomorphism

Homy (U ® V, W*) =~ Homy (U, (V ® W)*)

in Vecty. Explicitly, if g € Homyg(U ® V,W*) and g’ € Homy (U, (V @ W)*)
correspond to each other under the above isomorphism then

(gu®v),w) =(g'u).v@w) (3.22)

holds forallu e U,ve Vandw € W.
In particular, by restricting to 0-components, we have a k-linear isomorphism

Homyees (U ® V, W*) ~ Homyees (U, (V ® W)*). (3.23)
This isomorphism leads to

Proposition 3.11. There is a functorial isomorphism

Homy, gs (A o B, €) = Homyyy ags (A, €0 BY).
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Proof. We follow Manin [37], 42. Let A = A(U,R), B = A(V,S) and C =
A(W,T) be N-homogeneous superalgebras. We will prove the proposition in the
following equivalent form; see (3.12) and (3.18):

Homyy, g3 (A o B, €') 2 Homyy ags (A, (B ¢ ©)').

Recall that €' = A(W*,T+) and (B e C)' = A((V ® W)*, (cxp (S ® T))b).
Let g: U ® V — W™ be a morphism in Vect} and let g': U — (V ® W)* be
the morphism in Vect; that corresponds to g under (3.23). We must show that, for
homogeneous subspaces R C USN S CVON and T C WV,

g (cay(R®8) S T = N (R)(cny (S @ T))*.
Identifying T+ with T as in §3.3, the first inclusion is equivalent to
(g®V (cry (R® S)).T) =0, (3.24)
while the second inclusion states that
(§®N(R), cxp (S ® T)) = 0. (3.25)

But (3.22) shows that (3.24) and (3.25) are equivalent, which proves the proposition.
O

Proposition 3.11 says that the tensor category (HyAlgy, ) has an internal Hom
which is given by
Hom(A, B) = Bo A

Explicitly, Hom(A,B) is an object of HyAlgy which represents the functor
(HyAlgy ) — Sets, X Homy aigy (X o A, B); so there is an isomorphism of
functors

Homy,, ags (7 @ A, B) = Homyy  ag (7, Hom(A, B)).

By general properties of Hom (see [12], Def. 1.6), the morphism Idgem(4,8) corre-
sponds to a morphism
w: Hom(A,B)e A — B (3.26)

in HyAlg; satisfying the following universal property: for any morphism
f:XeA — B in HyAlgy there exists a unique morphism g: X — Hom(A, B)
such that the following diagram commutes:

XeA
gﬂdAl 4

Hom(A,B) e A —0 B.
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In degree 1, the map p is simply Idy Q@ evy: VQU* QU -V k="V.

1d
From Hom(B, C) e Hom(A, B) e A haied Hom(B,C)eB % @ one obtains in this
way a composition morphism

m: Hom(B, €) e Hom(A, B) — Hom(A, €) (3.27)

in Hy Algy . The morphisms p and m satisfy the obvious associativity properties.

3.7. The superbialgebra end A. Following Manin [37], 4.2, we define
hom(A, B) = Hom(A', B')' = A' ¢ B

for A, B in HyAlgy . Applying the dualization functor to (3.26), (3.27) and recalling
(3.18), we obtain morphisms

8o: A — B ohom(B,.A),
Ao: hom(A, €) — hom(A, B) o hom(B, C)

in HyAlgy. The associativity properties of j and m translate into corresponding
coassociativity properties for §, and A.. Following &, and A, by the algebra map i
of Proposition 3.10, we obtain superalgebra maps

5: A — B ®hom(B,A), (3.28)
A: hom(A, €) — hom(A, B) ® hom(B, C). (3.29)

Now take A = B = € = A(V, R) and put end A = hom(A, A); so
endA =A'eA =AV*QV,cny(RE® R)). (3.30)
Then (3.29) yields a coassociative superalgebra map

A: end A — end A ®end A.

Moreover, by Proposition 3.11, the morphism .A' - A' > K[t] o A' corresponds to a
morphism end A = A' ¢ A — Kk|[t] in H ~NAlgy . Following this morphism by the map
t — 1 we obtain a superalgebra map

g: end A — k

which in degree 1 is the usual evaluation pairingevy : V*® V' — kin Vecty . Finally,
(3.28) provides us with a superalgebra map

Sa: A— AR®endA. (3.31)



32 P. H. Hai, B. Kriegk, and M. Lorenz

Note that § 4 maps the degree n-component of A according to

80 j
An S (Aoend A)y — A, ® (end A), < A, ® end A. (3.32)
Fixing a graded k-basis xi,...,x4 of V and denoting the dual basis of V* by
x!, ..., x? as before, end A has algebra generators
Z=x'®x; (3.33)

of degree 1 and parity i + f . In terms of these generators, the maps ¢, § 4 and A are
given by
e(z;j) = 8{ or ¢(Z)=1,

Sa(x;) = xi @z or Sa(x1,....,xg)=(x1,...,x3)® Z,
’ Xl: g (3.34)

A(zj-):Zz,’;(X)z;c or A(Z)=27ZQZ,
k

where Z = (Zjl'.)dxd.

Proposition 3.12. Let A = A(V, R) be an N -homogeneous k-superalgebra.

(a) With A as comultiplication and € as counit, the superalgebra end A becomes
a superbialgebra. Moreover, § 4 makes A into a graded right end A-comodule
superalgebra.

(b) Let B be any k-superalgebra and let §: A — A ® B be a morphism of su-
peralgebras satisfying (V) C V ® B. Then there is a unique morphism of
superalgebras ¢: end A — B such that the following diagram commutes:

A—LneB
Tldﬂ®<ﬂ
Sa
A®endA.

The proposition is proved as in [37], §5, or [7], Theorem 3.

Example 3.13. When A = A(V,0) = T(V), we have end A = A(V* ® V,0) =
TV*®V);so
end T(V) =T(V*Q V),

the free superalgebra generated by the elements Z; in (3.33).
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Example 3.14. By Examples 3.3 and 3.8, we have
end Sy (V) = AV ® V.eny (1= eyy ) (V) @ cyy (VEY)))

For example, the algebra end S, (1) is generated by the elements Zji- with parity 7 + /
subject to the relations

[, 2] + (_1)Gl’z+(ﬁ +2) 1 (22,711 =0
J177J2 J1° 702
where [-, -] is the supercommutator (2.2). This algebra is highly noncommutative,
even for a pure even space V.

Let O(E(V)) = S(V* ® V) be the supercommutative superbialgebra as in §2.5.3,
with generators xJ’.. There is a map of superbialgebras

¢: endSy (V) — O(E(V)). zi > x}. (3.35)

Indeed, write B = O(E(V)) for brevity and recall the coaction §: V. — V ® B,
Xj> ) X ® x}, from (2.11). Since ¢y, € Endgomons, (VON) (see §2.6.2), the map
8 extends to a map of superalgebras

§:Sn(V) = Sn(V) ® B.

Therefore, Proposition 3.12(b) yields the desired ¢. Note that the coaction of
end Sy (V) on V, when restricted along ¢, becomes the canonical coaction of O(E(1))
on V;see (2.11) and (3.34).

4. N -Koszul superalgebras
Throughout this section, we fix an N-homogeneous superalgebra A = A(V, R).

4.1. The graded dual A**. The graded dual
n

of A' has a natural structure of a graded right end A-comodule. Indeed, the linear
dual A'* of the degree n-component of A' embeds into 1 ®” as follows. Recall from
(3.11) that
yen if N,
Alx = . s (4.1)
Nitjin=nVE ®RRVE ifn>N.
This identification makes the graded dual A'* into a graded right end .A-comodule.
For, by (3.32) the coaction § 4 restricts in degree 1 to amap V — V' ® end A which
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makes T(V') into a graded right end A-comodule superalgebra. The structure map
T(V) > T(V) ® end A sends R — R ® end A. Therefore, each V® @ R ®@ V®/
is a end A-subcomodule of V®(+/+N) and hence A is a end A-subcomodule of
V®"_ Finally, for all n > 0,

AFLCV @AY and AF y CVONQAFNRVE =R®A). (42)

4.2. The Koszul complex. The map

AQ VeIt . 4 gy
a®@ VI ® - ®Vit1) = avy @ (V2@ - @ Viy1),
is a morphism in the category Comod; ; , of right end A-comodules, because the
end A-coaction § 4 in (3.31) is a superalgebra map. Furthermore, this map is a left
A-module map which preserves total degree, and it restricts to a map of end A-sub-

comodules
d:AQAY | — AV @A — A A

which is the A-linear extension of the embedding (4.2). The map d” sends Al Ly to
AR ® A;* = 0;s0d"™ = 0. In other words, we have an N -complex

d d d d
KA)): 5> AQAY  SARA* S ... S A0 (4.3)

in Comodsnd 4 consisting of graded-free left A-modules and A-module maps which
preserve total degree. Therefore, K(A) splits into a direct sum of N-complexes
KA)" = @4 j=p Ai ® AJ incomods,, 4.

Following [7], the Koszul complex K(A) defined by Berger in [5] can be described
as the following contraction of K(A):

an
KA): - ————>A®AN+1—>A®A ————>A®A —>.A—>O 4.4)

This is an ordinary complex in Comod? end.4 Which splits into a direct sum of complexes
K(A)" in comod;, 4 4. The i components of K(A) and of K(A)" are given by

KA =A®Ay, and K(A)] = A v ® A
with v(i) = vy (i) as in equation (x) in the Introduction. The differential on K(A) is
dN=1 fori even,

8t K(A)i = K(A)i—1 where §; = d for i odd.

Writing Ay = @, An = AV as usual, we have
Ker§; € ALK(A);
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for all i. Indeed, this is clear for odd i, since §; = d is injective on A!* Foreven1i,
the restriction of §; = d¥~! to A' *() is given by V71 Av(l) = AL*(Z D+N-1
yeWw-1 ®AL*1'—1) AN 1 @A > AQA™ )Where the first embedding
comes from (4.2).

Since A,y = A{" =V and A, = A = R by (4.1), the start of the Koszul
complex, augmented by the canonical map

<

v(i—1) v(i—1

A—>k=A/As

is as follows:
§1=mult

.A®R—>.A®V———>.A—>[k—>0 4.5)

This piece is easily seen to be exact: writing A = T(V)/I withl = (R)=1QV +
T(V) ® R as in equation (xx) in the Introduction, the map T(V)+ = T(V) ® V —»

8
A®V = Ay has kernel I. Thus, Ker§; = I/I ® V = Im$§,. Hence (4.5) is the
start of the minimal graded-free resolution of the left A-module k.

4.3. N-homogeneous Koszul superalgebras. Recall from the Introduction that an
N -homogeneous superalgebra A is called N-Koszul if Tor;q (k, k) is concentrated
in degree vy (i) for all i > 0. By [5], Proposition 2.12, or [8], Theorem 2.4, this
happens exactly if the Koszul complex K(A) is exact in degrees i > 0 and in view of
(4.5), this amounts to exactness of K(A) in degrees i > 2. In this case,

K(A) = k — 0

is the minimal graded-free resolution of the trivial left A-module k.
The Yoneda Ext-algebra E(A) = ;. Ext)y (k, k) of an N-Koszul superalgebra

A has the following description in terms of the dual algebra A':
Extyy (k. k) = ALy (i = 0).

Moreover, identifying Ext’ Lk, k) and A V) the Yoneda product f - g and the Al-
product fg for f € ExtA([k, k) = v(l.) and g € Extﬁ([k, k) = AL(].) are related by

f-g=(=1)" fg when N = 2, and

fg ifiorj iseven,

fre= 0  ifi and j are both odd
for N > 2; see [21], Theorem 9.1, [8], Proposition 3.1.

Example 4.1. Quadratic algebras having a PBW-basis are 2-Koszul; see, e.g., [41],
Chap. 4, Theorem 3.1. This applies in particular to quantum superspace A = A‘{ ;
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see Example 3.1. A PBW-basis in this case is given by the collection of ordered
monomials xi"lxgnz...x:?" with m; > Oforalli and m; < 1ifi = 1, as in

Example 3.1. For a more general result, see [41], Chap. 4, Theorem 8.1.

Example 4.2. The unmixed Yang-Mills algebras A = YM™* (see Example 3.2) were
shown to be 3-Koszul in [10], [11]. Indeed, letting A[{] denotes the shift of A that is
defined by A[£], = A¢+yn, the defining relations for A in the form (3.7) imply that
the following complex of graded-free left A-modules is exact:

0— A[—4] -5 a-3¢ X a1 LA sk —o. (4.6)

The piece A[—3]¢ MoA-1 TL A = K — 0is identical with (4.5). There-
fore, (4.6) is the minimal graded-free resolution of k. The resolution shows that each
Tor* (K, k) is concentrated in degree v3(i), and hence A is 3-Koszul. It also follows
that (4.6) is isomorphic to K(A) — k — 0. In particular, (4.6) confirms the dimen-
sions of the corresponding components A; in Example 3.7. As has been pointed out
in [10], [11], it follows from (4.6) that the Hilbert series H4 () = )_,- dimg A, t"
of A = YM=* has the form
1 1

Tl S Py P T (1—12)(1 —dt + 12)

If d > 2 then the series has a pole in the interval (0, 1), and hence dimg A, grows
exponentially with n. Therefore, A is not noetherian in this case; see Stephenson and
Zhang [42].

The mixed Yang-Mills algebras A = YM?!? with p # 0 and ¢ # 0, on the
other hand, are never 3-Koszul. For YM!!! this follows from the description given in
Example 3.2: this algebra has infinite global dimension. In general, one can check
that the so-called extra condition (see (4.10) below) fails for A, and so A cannot be
Koszul by [5], Prop. 2.7.

Example 4.3. It has been shown in [5], Theorem 3.13, that the N -symmetric algebra
Sy (V) of a pure even space V over a field of characteristic 0 is N-Koszul. An
extension of this result will be offered in Theorem 4.5 below.

4.4. Confluence and Koszulity. For the convenience of the reader, we recall the
notions of reduction operators and confluence and their relation to the Koszul property.
Complete details can be found in Berger [4], [5].

Let V be in Vect, with a graded basis X = {xi,...x4} that is ordered by
X1 > X > -+ > xg4. The tensors (“monomials”) x; = x;; ® X, @ -+- ® Xy
for i = (i1,i2,...,in) € {1,2,...,d}N form a basis of V®N which will be
given the lexicographical ordering. An X -reduction operator on V®¥ is a projection
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S € Endyects (V®N) such that either S(x;) = x; or S(x;) < x; holds for each i,
where the latter inequality means that S(x;) is a linear combination (possibly 0)
of monomials < x;. The monomials x; satisfying S(x;) = x; are called S-re-
duced, all other monomials are S-nonreduced. We denote by Red(S) and NRed(S))
the (super) subspaces of V®¥ that are generated by the S-reduced monomials and
the S-nonreduced monomials, respectively; so V®V = Red(S) @& NRed(S) and
Im(S) = Red(S).

Let Lx (V®N) denote the collection of all X -reduction operators on V®V. The
proof of [4], Theorem 2.3, shows that the application S + Ker(S) is a bijection
between Ly (V®V) and the set of all supersubspaces of V®Y . Hence Ly (V&)
inherits a lattice structure: for S, S’ € Lx(V®) one has X-reduction operators
S AS and S v S on V®N which are defined by

Ker(S A S’) = Ker(S) + Ker(S’),
Ker(S v §’) = Ker(S) N Ker(S").

A pair (S, S’) of X-reduction operators is said to be confluent if
Red(S v S’) = Red(S) + Red(S").

Since the inclusion 2 is always true, confluence of (S, S’) is equivalent to the in-
equality
dimg Im(S v §’) < dimg(Im(S) + Im(S")). 4.7)

Let n > N. Any X-reduction operator S on V®¥ gives rise to X -reduction
operators Sy ; on V®" which are defined by

Spi i =1dyei ® S®Idye; (i +j+ N =n).

A monomial x; = x;; ® x;, ® --- ® x;, of length n > N is said to be S-reduced if
x; is Sy ;-reduced for all 7, that is, if every connected submonomial of x; of length
N is S-reduced.

Now let A = A(V, R) be an N-homogeneous superalgebra, and let S be the
X -reduction operator on V®V such that Ker(S) = R. The algebra A is said to be
X -confluent if the pairs (Sy i, SN+i.0) of X-reduction operators on V&N +i are
confluent fori = 1,..., N — 1. By (4.7) this amounts to the inequalities

dimg Im(Sy+4i,i V SN+i,0) < dimg(Im(Sy+i,i) + Im(Sn+i,0)) (4.8)

being satisfied fori =1,..., N — 1.
Following Berger [5], we denote by 7, the lattice of supersubspaces of V" that
is generated by the subspaces

Ry =V® @ R®V® =Ker(S,;) (+j+N=n). (4.9)
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The superalgebra A is said to be distributive if the lattices 7, are distributive for all n,
thatis, CN(D + E) =(C N D)+ (C N E)holds forall C, D, E € Ty,.

The following proposition states the operative facts concerning Koszulity for our
purposes. Part (a) is identical with [5], Thm. 3.11, while (b) is [5], Prop. 3.4.

Proposition 4.4. Let A = A(V, R) be an N -homogeneous superalgebra.

(a) If A is X-confluent for some totally ordered graded basis X of V then A is
distributive. Moreover, let S be the X -reduction operator on VN such that
Ker(S) = R. Then, foralln > N, the classes in A of the S -reduced monomials
Xip ® Xiy ® +++ ® X, with xi; € X form a Kk-basis of A, .

(b) Assume that A is distributive and the following “extra condition” is satisfied:
Ru+No N RytNn S RutNn—1 2<n=<N-1). (4.10)

Then A is N -Koszul.

After these preparations, we are now ready to prove the following result. The
quadratic case N = 2 is due to Gurevich [22]; see also Wambst [44].

Theorem 4.5. Let N > 2 and 0 # q € k and assume that [n]; # O for all
n > 1. Then, for every Hecke operator R associated with ¢, the N-homogeneous
superalgebra Ag y defined in (3.8) is N-Koszul.

Proof. Put A = Ag n and recall that A = A(V, R) with
R =Impyr(Xy) S VEN.

The extra condition (4.10) is a consequence of equation (1.19). Indeed, (1.19) implies
that the spaces R ; in (4.9) have the form

i+N—-1
Roi= () Im(onn(To)+1) S V. (4.11)
s=i+1

Applying (4.11) with p = p, 4y, We see that the left-hand side of (4.10) is identical
to

N-1 n+N-1 n+N-1
(Y Im(e(T) + D0 () In(eT)+ D= () Im(e(T)+1)
i=1 i=n+1 i=1

where the equality holds because n +1 < N. The last expression is clearly contained
in "2 =2 Im(p(T;) + 1), which is identical to the right-hand side of (4.10). This
establishes the extra condition (4.10).

In order to prove the distributivity of A, we follow the approach taken in [25].

We first prove the claim for the standard solution RP”, i.e., the operator given in
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Example 1.2 with d = p and ¢ = 0. As above, fix a basis X = {x1,...,xg}of V,
ordered by x; > xo > --- > x4, and consider the basis of V®" consisting of the
monomials x; = x;;, ® X, @ - ® x;, fori = (i1,i2,....iy) € {1,2,...,d}" with
the lexicographical ordering. By equation (1.21), the action of the generators 7; of
the Hecke algebra J¢ = J(, ;2 on this basis is given by

q*xi ifi; =ijy1,
Ti(xi) = 4 (¢> = Dxi + qxg,G) ifij <ijya, (4.12)
4%Xo; (i) ifij > ij.|_1.

Here,0; = (j.j +1) € G, ando(i) = (i0_1(1),i(,_1(2),...,i(,_l(n)) foro € ©&,,
as in Example 3.3.
We claim that the J¢-submodule of V' ®” that is generated by x; is given by

Hxi)= P kxir (4.13)
i'eG,@G)

where ©,,(i) is the &,-orbit of i. Indeed, (4.12) implies that each T, (x;) with
o € G, is a linear combination of basis vectors x;» with i’ € &, (i). Hence, C
certainly holds in (4.13). For the reverse inclusion, let i * denote the unique non-
decreasing sequence in &, (i ); so x;* = max{x;s | i’ € &,(i)}. The last formula in

(4.12) implies that
T(xi) =q"xix (4.14)

where T is a suitable finite product of length (i) > 0 in the generators 7. Since T
is a unit in J, the inclusion 2 holds in (4.13), thereby proving the asserted equality.
Furthermore, (4.14) and (1.18) (with ¢ replaced by ¢?) give

"D Xy (xi) = Xn(xiv). (4.15)

These elements are nonzero. For, (4.15) implies that the elements X, (x;+) span the
image of X,, on V®”", and their number is (d+:_1) which is equal to the rank of
X, (cf. [25], Eq. (5)). It follows that X, (V®") = Im Pn, RDT (X,) has a k-basis
consisting of the elements

{Xp(xi) | i* = (1 Sip <+ <ip) €{1,2,....d}"}.

Next, writing

Xo(xi) = > Airxis (4.16)

i’'eG, @)
with A; € k, we claim that
Air ifi’ =0;(’),

)& i =
0 @) qﬂ:lki/ otherwise.
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To prove this, we may assume that i’ 7 o; (i"). We compute the coefficient of x,, (i)
in T; X, (x;) in two ways: by (1.18) this coefficient is equal to qz)taj @) while (4.12)
yields the expression gA;/ + (¢ —qlil)k(,j @i7)- The claim follows from this. Writing
an arbitrary o0 € &,, as a product of the inversions o;, we see that the coefficients
Ais in (4.16) only differ by a nonzero scalar, and hence they are all nonzero since
Xn(xi) # 0.

By Proposition 4.4, it suffices to check the X-confluence conditions (4.8) for
i =1,...,N —1. Solet S be the X-reduction operator on V®V with Ker(S) =
R. It is easy to see from the discussion above (with n = N) that S is given by
S(xi*) = (1 — Xy /Ai+)(x;+) and S(x;) = x; fori # i*. According to (4.11)

and the discussion above, the dimension of (R ® V®) N (V® ® R) is (d+11vvil?_l).

Thus, the dimension of the left-hand side of (4.8) is d ¥/ — (** =) On the other
hand the monomials in V®¥+/ that belong to NRed(Sn+i,i) N NRed(Sn+i,0) are
exactly those of the form x; + withi * € {1, ..., d}N*! non-decreasing. Their number

is precisely (d+gil."_1). Therefore, the dimension of Im(Sy +;;) + Im(Sy+i0) =

Red(Sy+i.i)+Red(Sy+i0)isatleastd N+ — (d+11\>’ilf_l). This proves the inequality
in (4.8), thereby finishing the proof of the theorem for the case R = RP”.

In order to deal with an arbitrary Hecke operator R, recall that #, , is split
semisimple, having a representative set of simple modules M) indexed by the parti-
tions A = n; see (1.15). We denote the representation of #, , on M} by p;,; it does
not depend on the operator R but only on the partition A.

Let us fix a decomposition
V®n == @ Mt
teT

into simple #, 4-submodules M;. Since all M; are invariant under the operators
Pn,2(T), formula (4.11) yields the decomposition

i+N-1
Rn,i = @ ﬂ (Pn,eﬂ(Ts) + 1)(Mt) = @Rn,i N Mt
teT s=i+1 teT

for all i. Thus, by [25], Lemma 1.2, distributivity of the lattice 7}, that is generated
by the subspaces R, ; of V®" is equivalent to distributivity of the lattices T, N M,
(t € T) that are generated by the subspaces

i+N—-1
RoiNM;= () (pn.&(T) + (M)
s=i+1

of M;. Now, each M; is isomorphic to M) for some A I n. Therefore, the lattice
T, N M, is isomorphic to the lattice of subspaces of M) that is generated by the



N -homogeneous superalgebras 41

subspaces
i+N-1

() (pa(To) + D(My)
s=i+1
with i + N < n. Finally, when d = dimV > n, then all simple #, ,-modules
M, appear in V' ®"; see [15], Proposition 5.1. Thus, the distributivity of the lattice
associated to RP7, which we have already verified, implies the distributivity of the
corresponding lattice for any Hecke operator R. This completes the proof. 0

5. Koszul duality and master theorem

In this section, A = A(V, R) denotes an N-homogeneous superalgebra that is as-
sumed to be N-Koszul (N > 2).

5.1. By Koszulity, the complexes
KA - = Aucuy ) @ Ay iy = Anoy 1) ® A gy = - A = 0

vy ()
are exact for n > 0. This yields equations in the Grothendieck ring Reng 4 Of the
category comod ; 4:

D D Anmuy ALY, ;] =0 (1 >0). (5.1)
i>0

In the power series ring Reng.4[t] over the Grothendieck ring Rend 4, define the
Poincaré series

Pu(t) =Y [Aat" and  Pyu(t) = Y [AF]".
n>0 n>0
For any power series P(t) = )_, a,t", we use the notation
Py(r):= Y (=)*®q,"
n=0,1 mod N

where ay (1) = n — (n mod N) denotes the largest multiple of N less than or equal
to n. Thus, P,(¢) = P(¢) and in general

Py(-n)= Y (=)' Nay" =) (=) a,, o' ?. (5.2)
n=0,1 mod N i>0

In particular,
P y(=1) = Y (=D [AV ;) le"V D,

i>0

Equations (5.1) are equivalent to the following Koszul duality formula:
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Proposition 5.1. For any N -homogeneous Koszul superalgebra A, the identity
holds in Reng 4[]

Applying the ring homomorphism y*[¢]: Rena 4 [t] — (end A)g[t], where x* is
the supercharacter map as in Corollary 2.3, the formula in Proposition 5.1 takes the
following form in (end A);[¢]:

Corollary 5.2.

Yrt) (X o) = 1
(2 ;

m=0,1 mod N

Analogous formulas hold with the supercharacter y® replaced by the ordinary
character y or by one of the dimensions dim and sdim.

By (3.32) the coaction of end A on A sends A, to A, ® (endA),. A similar
remark holds for the end A-coaction on A™: see §4.1. Therefore, both factors in
Corollary 5.2 actually belong to the Rees subring [ [, o Bnt" of B[t], where we have
put B = (end A)g. )

Example 5.3. As an application of the Hilbert series version of Corollary 5.2, we see
that the duals A' of the Yang—Mills algebras A = YM? 4 are never 3-Koszul. In fact,
by Example 3.7, we have H 41(f) = 1 +dt +d?t> +dt*>+t*if p = Oorg = O and
H,i(t) = 1 +dt + d?*t? + dt> otherwise. In either case, H 4:(¢)~! has a nonzero
coefficient at >, which rules out Koszulity.

5.2. A master theorem modeled on the N -symmetric superalgebra Sy (V). We
put A = Sy (V) and use the notation of Examples 3.3 and 3.8. In particular, we
assume that char k = 0 and work with a fixed basis x1,...,x; of V = A; so that
i=0fori < pandf =1fori > p.

From Example 3.3 (see also Proposition 4.4 (a)), we know that a basis of Ay is given
by the monomials x; = Xx;, x;, ...x;, for sequences i = (iy,...,ig) € {1,.. .,a’}‘Z
such that i has no connected subsequence j = (Ji,..., jy) of length N satisfying

1§j1<"‘<jm§p<jm+1f"'ijfdzp"'q

for some m. Adapting notation of Etingof and Pak [16] to our setting, we denote this
set of sequences i by

A(plg, N)e. (5.3)
For example, A(p|q, 2)¢ consists of all weakly decreasing sequencesi = (i1,...,1iz)
with entries from {1,...,d} and such that no repetition occurs in the range

{p+1,....d}.
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In order to evaluate the character Xiu in Corollary 5.2, recall from (3.34) that the
coaction 64 : A — A ® end A is given on the generators x; of A by

Sa(xi)=) x;®z} e A®end A
J

where Zij = x/ ® x; are the canonical generators of the algebra end A. Fori =

(i1,...,ig) € A(plg, N)¢, we have
$a(xi) = 8a(xi;)8a(xiy) ... 6a(xi,) € A¢ @ end A.
Since Ay ® end A = D; e p(piq.n), Xi ® end A, we can define Z(i) € (end A)g by
8a(xi) = x; ® Z(i) + (terms supported on A(plg, N)¢ \ {i}).

Then (2.8) becomes R
Yo=Y, D'Z3) (5.4)

icA(plg,N)e

withi =] + -+ ip. .
Now consider the superbialgebra B = O(E(V)) = k[x} [ 1 <i.j < d] defined
in §2.5.3 and recall that the x]"- are supercommuting variables of parity i+ f over k.

Restricting the comodule Ay to B along the map ¢: end Sy (V) — B, z} — x} in

(3.35) we must replace Z(i) in (5.4) by X(i) := ¢(Z(i)) € B;. Thus, writing

yi:ZXj(@xijEA@'B
J

and yi = yi, ... i, € At ® B = Djeaplg.n), Xi ® Blori = (i1,....ip), we
have
vi = xi ® X(i) + (terms supported on A(p|q, N)¢ \ {i }). (5.5)

As for the supercharacter of A;;f, recall from (4.1) and (3.15) that, for alln > N,

Ar= ) V¥ ®ReV® =A"V.
i+j+N=n

Viewing A}* = A"V as a comodule over B = O(E(V)), the supercharacter of A'* is
the n'" elementary supersymmetric function e, which we know, by Proposition 2.4,
to be identical to the coefficient at " of the characteristic function ber(1 + 7X)

of the generic supermatrix X = (x’i of type p|q; so the diagonal blocks

(x 1)15i,jsd
X11 = (x}

— (i
j Ji<ij<p @4 X2 = (X)) 11 i i< pig
other entries are odd.
To summarize, we obtain the following super-version of [16], Theorem 2.

consist of even entries while all
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Theorem 5.4. Let X = (x]’ ) be the generic supermatrix of type plq. Then

dxd

(X 3 eoixd)- (X GnmmVe,m) =1

€ ieA(plg,N)¢ m=0,1 mod N

holds in the power series ring [k[x; |alli, jlglt]. Here A(p|q.N)¢ and X(i) are
defined by (5.3) and (5.5), respectively, and the e,, are the coefficients of the charac-
teristic function ber(1 +tX) = 3, g ent" of X.

5.3. As an application of Theorem 5.4, we determine the superdimension Hilbert
series
H (1) = sdimy A1
>0
for the N-symmetric superalgebra A = Sy (V). For the pure even case, this was
already done by Etingof and Pak [16]. The notations of §5.2 remain in effect.

In view of Corollary 2.3, the superdimension Poincaré series follows by applying
the counit ¢: B — k to the equation in Theorem 5.4. Indeed, by (2.11), the counit &
sends X — 14«4, and hence the elements X (7) in (5.5) all map to 1. Therefore, the
first factor in Theorem 5.4 becomes

Hyo=Y( X )
€20 i€A(plg,N)¢

For the second factor, note that
ber(l1 +t lgxg) = (1 + )P4

by (2.12). Thus,

Ho=Y( > )

>0 ieA(plg,N)¢

(o S 00 ) ifp=g,  (56)
m ,1 mo
(m 01Z dgv_l)aN(m)(m;g;fl_l) tm)_l if p<gq,

=0,1 mo

where oy (m) = m — (m mod N) denotes the largest multiple of N less than or equal
tom asin §5.1.

5.4. The ordinary Hilbert series H4 () = Z@ZO dimy Ay t¢ of the N-symmetric
superalgebra A = Sy (V) is as follows. Recall from §5.2 that

dimg Ay = |A(plg, N)¢|



N -homogeneous superalgebras 45
and from (3.16) that

ifn <N,

dn
dimg A} = .
o { iomn (Y ifnz N,

Therefore, the Hilbert series is

Ha(t) =) |A(plg. N)et*
>0

—( X o (Y @en)e)

m=0,1 mod N r+s=m

5.7

5.5. Less is known about the Hilbert series of the N-homogeneous superalgebras
A = Ag y associated to an arbitrary Hecke operator R: V®? — V®2 on a vector
superspace V' ; see Example 3.4. Recall that A = A(V, R) with R = Im pgr(Xy) C
V®N  For any N-homogeneous algebra A = A(V, R), we have

dimg A, = dimg () V¥ @R V¥
i+j+N=n
by (3.10) and (3.11). For R = Im pg (X ) in particular, (1.19) further implies that
N V™ ® RV = pr(X) (V")

i+j+N=n
holds for n > N. Now [26], Theorem 3.5, implies that
ey (4 +aet)
[T (1 = bmt)’

where (r, 5) is the birank of R and a; and b,, are positive real numbers. For example,
in the situation of 5.4, (r,s) = (p,q) and ay = b,, = 1.

For any complex power series P(t), the power series Py (—t) in (5.2) can be
written as

HAﬁ,Z!(Z) S

N-1
1 » )
Py (=) =+ > (1= L) P(Ey1)
i=1
where {y = ¢2™/N _In particular,

R T O adyn)
Hyx y(—1) = N ;(1 —GON )an=1(1 _bmé‘jvt)

_ ON,ap(1)
[T—1 (1 + bt + -+ + BN -1tN-1)
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for some real polynomial Q 4 5(f) with coefficients being polynomial in @ = (ay)
and b = (b;,). Therefore, the Hilbert series of A has the form

[T5,=1 (1 + byt + -+ + BN N1

Hut) = (5.8)
ON,ab(t)
Notice that the fraction on the right-hand side is reduced.
In particular, (5.7) has the form
(1—tNys
Ha(t) = (5.9)

(1—0)*0On11(1)

Appendix

For lack of a suitable reference, we include here a proof of the proposition that was
stated in the Introduction. Our proof is based on the proof of [8], Proposition 2.1, and
on additional details that were communicated to us by Roland Berger. For the basics
concerning graded algebras, we refer the reader to [9], Chap. II §11, or [6].

Asin the Introduction, A = @,,. , A» denotes an arbitrary connected Z > o-graded
k-algebra and V' is a graded subspace of A} = @, ., Ap satisfying Ay =V @ Ai_.
Thus, T(V)/I = A for some graded ideal I of T(V'). For convenience, we state the
proposition again:

Proposition. The relation ideal I of A lives in degrees > N if and only if Tor* (k, k)
i e

LN ,

lives in degrees > vy (i) = { 2| lfl l‘s even

S5 N+1 ifiisodd.

Proof. Let

d; di—; dy do
PP —P_1—...—Pp—k—>0

be a minimal graded-free resolution of the trivial left A-module k. Thus, all P; have
the form P; = A ® E; for some graded subspace E; C Ker d;—; which is chosen so
that

Kerd;_1 = E; ® Ay Kerd,_;. (A.1)

In particular, we may take Eg = k and E£; = V. The differential d;: P; — P;_y is
the graded A-module map that is defined by the inclusion E; < P;_;. By the graded
Nakayama Lemma (e.g., [9], Prop. 6, p. AIl.171) our choice of E; implies that

Imd; = AE; =Kerd;—; and Kerd, CA+QE; = A+ P; (A.2)
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for all i. Consequently, the complex k ® 4 P has zero differential, and hence
Tor (k, k) = k ®4 P; = E;.
In particular,
Torg' (k,k) = k and Torf'(k,k) = V = Ay /A%

live in degrees 0 = vy (0) and > 1 = vy (1), respectively. Moreover, the kernel of
di: Pr=0WV)/I)®V — Py =Aisexactly I/I ® V, and so

Tory (k, k) = Kerd, /AL Kerd, = I/(VRI+1QV).

Thus, 7 lives in degrees > N if and only if Torfl([k, k) lives in degrees > N = vy (2).

For the remainder of the proof, assume that / lives in degrees > N. We will
show by induction on i that Torl“-4 (k, k) = E; lives in degrees > vy (i) for all i. The
cases I < 2 have been checked above. Assume that E; lives in degrees > vy (i)
and similarly for £;_;. By (A.2), we know that E;1; C Kerd; C A+ ® E; and
so E;41 certainly lives in degrees > vy (i) + 1. Since vy (i) + 1 = vy(@ + 1)
when i is even (or when i is arbitrary and N = 2), we are done in these cases.
From now on, we assume that i is odd. We must show that E; 4 lives in degrees
>vy(@@+1)= ”TlN. Since E;+1 C Ker d;, it suffices to show that d; is injective
in degrees < i%lN, and since E; lives in degrees > vy (i) = i%lN + 1, our goal
is to show that d; is injective on all homogeneous components P; , of P; in degrees
n= i%lN +jwithj =1,...,N—1. Putm = i%lN for simplicity and note that

J

Pimtj =D Aj—t ® Eimye (A3)
=1
and
J
Pioimij =P Ak ® Ei1mix (A4)
k=0

since E;_1 lives in degrees > vy (i — 1) = m. The proposition will be a consequence
of the following claims:

(a) d; is injective on all summands A;_y ® E; ;¢ in (A.3), and

(b) the subspaces d;(A; ¢ R Ej mie) = Aj ¢ Eimyeforl =1,..., jformadirect
sum inside P;_1 m+ ;.

In order to prove (a), recall that the restriction of d; to E; ;4 is the inclusion

¢
Eimrt = Pictmit = €D Arkc ® Ei_ymsx-
k=0
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Hence, the effect of d; on the £ summand in (A.3) is the embedding

¢
Ajt ® Eimit > P A« ® Ak ® Eiymsk

k=0
followed by the map
¢ ¢
PA - ®Ak ®Eitmik > DAk ®Eictmik S Picim+)
k=0 k=0

which is given by the multiplication map A;_¢ ® A¢_x — A;_k. Since j —k < N,
our hypothesis on I implies that A;_x = T(V);_x, and similarly A;_, = T(V);_¢
and Ag_ = T(V)g—. Therefore, the above multiplication map is identical with the
injection T(V);—¢ @ T(V)g—k <> T(V)j—k in T(V). This proves (a).

For (b), we proceed by induction on j. The case j = 1 being obvious, let 1 <
J < N —2and assume that (ii) holds for 1, . .., j. We wish to show that the subspaces
Ajt1—Eimye € =1,...,j +1)of Pi_i ;4 +1 form adirect sum. First, by (A.1)
we have E; 4 j+1 N A4 Kerd,—; = 0 while Zé:] Ajt1—Eimye S Ay Kerd,_;.
Therefore, it suffices to show that the sum Zézl Aj1-¢Ei mye 1s direct. To this
end, note that A; 1y = > ;.; VaAjt1—q—¢ holds for all £ < j. Hence,

J J
Y Ajs1-tEimre=Y VaY Ajs1-a—tEimrc.
=1

{=1 d>1

By induction, Zézl Ajt1—d—¢Ei myeis adirect suminside P;_q 4 j+1—q- Thus, it
suffices to show that the sum ;.1 Vi Pi—1m+j+1-d S Pi—1,m+ +1 is direct. But
(A.4) gives

j+1 1
Pictmijr1 = A1k ® Eictmik = P TV)j114 ® Eicvmsks
k=0 k=0

where the last equality holds since all j + 1 — k < N. Therefore,

j+1-d
Y VaPisimiji1-a =PVa® P TV)jt1-d—k ® Eicimsk
d>1 d>1 k=0
as desired. This proves (b), thereby completing the proof of the proposition. O
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