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The Chern character of semifinite spectral triples
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Abstract. In previous work we generalised both the odd and even local index formula of Connes
and Moscovici to the case of spectral triples for a x-subalgebra 4 of a general semifinite von
Neumann algebra. Our proofs are novel even in the setting of the original theorem and rely on
the introduction of a function valued cocycle (called the resolvent cocycle) which is ‘almost’
a (b, B)-cocycle in the cyclic cohomology of +. In this paper we show that this resolvent
cocycle ‘almost’ represents the Chern character and assuming analytic continuation properties
for zeta functions we show that the associated residue cocycle, which appears in our statement
of the local index theorem does represent the Chern character.
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1. Introduction

The local index theorem in noncommutative geometry is due to Connes and Moscovici
[CoM]. The main consequence of the theorem is a formula for the Chern character
of an unbounded Fredholm module (or spectral triple) in terms of a ‘residue cocycle’
in the (b, B) bicomplex. This residue cocycle is a sum of residues of certain zeta
functions. There have been two new proofs of this formula discovered recently, by
Higson [H] and by the present authors [CPRS2], [CPRS3]. The main new feature
of these proofs is that the starting point for the Connes—Moscovici argument (the
JLO cocycle [JLO], [Co1]) is replaced by a different cocycle derived from the resol-
vent expansion in perturbation theory. These new proofs have some conceptual and
technical advantages over the earlier proof. In particular [CPRS2], [CPRS3] enable
the local index theorem to be extended to the case where one has a spectral triple
‘inside’ a general semifinite von Neumann algebra /. This extension enabled us to
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encompass examples of operators that are not Fredholm in the ordinary sense but are
Breuer-Fredholm (see [BeF], [CP1], [Sh], [L], [M], [BCPRSW]).

The semifinite version of the local index formula is proved using a holomorphic
function valued ‘resolvent cocycle’ in the (b, B) bicomplex. It has some similarities
to the ‘improper cocycle’ of [H] which is also function valued but has very different
holomorphy properties to our resolvent cocycle. In the last section of this paper we
clarify the relationship of our work with [H].

Currently absent from earlier work is a detailed exposition of the properties of
our resolvent cocycle which would put it on the same footing as the JLO coycle.
To that end we provide a uniform exposition of both the odd and even forms of
the cocycle that were introduced separately in each of [CPRS2] (for the odd case)
and [CPRS3] (for the even case). Then we give a proof that our resolvent cocycle
represents (in a suitable sense) the ‘semifinite Chern character in cyclic cohomology’.
From this we derive some important consequences which we will summarise later in
the introduction. We note that this paper also adds to the general understanding of
semifinite noncommutative geometry started in [CP1], [BeF].

The hypotheses for our proof of the local index formula are weaker than those of
[CoM]. We assume that we have a finitely summable spectral triple (A, #, D) with
spectral dimension ¢ (that is (1 + D?)™"/2 is trace class for all n > ¢ and g is the least
positive real number for which this is true). This suffices to verify that the individual
functionals that make up the resolvent cocycle are continuous in an appropriate sense
with values in functions defined and holomorphic in a certain half-plane. We obtain
a cocycle in the finite (b, B) complex by considering the resolvent cocycle modulo
those functions holomorphic in a half-plane containing the critical pointr = (1—¢)/2
(where a priori the terms in the resolvent cocycle may have a singularity and where
we take residues to obtain our version of the Connes—Moscovici residue cocycle).
We remark, but do not prove here, that the resolvent cocycle is not entire but at no
point do we need infinitely many terms in our expression for this cocycle. We use the
notation (¢},), m = 0,1,2,... to denote the components of the resolvent cocycle in
the (b, B) complex (m odd in the odd case, even in the even case).

In our proof of the local index formula in [CPRS2], [CPRS3] we showed that if
the spectral triple has a property we termed ‘isolated spectral dimension’, which is
weaker than the assumption of ‘discrete dimension spectrum’ used in [CoM], then
we can evaluate the resolvent cocycle term-by-term by taking residues at the critical
point r = (1 — ¢)/2. The resulting formula gives an index of a Breuer—Fredholm
operator expressed in terms of the residues of zeta functions at the critical point and
these residue functionals assemble to give a version of the Connes—Moscovici residue
cocycle. Our formula is not identical with that of [CoM] because we need to deal,
in the von Neumann context, with the problem that zero may be in the continuous
spectrum of D.

In this paper there are two main theorems. The first proves that the resolvent
cocycle ‘almost’ represents (r — (1 — ¢)/2)~! times the Chern character Ch of our
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semifinite spectral triples in the sense that they are cohomologous modulo functions
which are holomorphic at r = (1 — ¢g)/2. We use the notation

r\M 1
(¢m)m=0 ~ (I" _ (1 _ 6])/2 Ch)

to represent this fact. Our second main theorem proves that our residue cocycle
exactly represents the Chern character.

One consequence of these results is to provide an alternative proof of the semifinite
local index formula in the case of odd spectral triples. This is because in [CPRS2], in
order to show that the residue cocycle we obtain from the resolvent cocycle calculates
the appropriate Breuer—Fredholm index we had to start with the spectral flow formula
of [CP2]. This spectral flow formula is quite difficult to prove in the case of general
semifinite spectral triples and it is desirable to find a more direct argument. Our
second main theorem does this as we may now use the known fact [Col] that the
Chern character is an index cocycle to bypass the formula of [CP2]. (We note that,
although the argument in [Col] that shows that the Chern character calculates a
Fredholm index, is formulated only in the standard case of spectral triples with N
being all bounded operators on a separable Hilbert space, the results of [CPRS3]
enable one to see that the arguments of [Col] go through without essential change
for semifinite spectral triples.)

Benefits of our discussion include the exposition of technical details for the semifi-
nite version of the transgression to the Chern character which differ from the type I
case [H] (the latter relies on Lemme 8 of the Comptes Rendus note [CM1]). We
also give an account of the relationship between the resolvent cocycle and Higson’s
‘improper cocycle’. In fact we obtain from our cocycle a renormalised version of this
‘improper cocycle’ (which we call the reduced resolvent cocycle). Finally we obtain
analytic continuation results for the resolvent cocycle evaluated on Hochschild cycles
(of top degree) and on (b, B) cycles. These results do not require assumptions on
analytic continuation properties of individual zeta functions.

The exposition is organised as follows. We put preliminary material on semifinite
spectral triples, needed for the main results, in Section 2 including a brief outline of
the pseudodifferential calculus. Those parts of cyclic theory we need are introduced
in Section 3. Those expert in these matters can move straight to Section 4 where
we introduce the various cocycles which arose in our new proof of the local index
formula. Then we state our main theorem on the residue cocycle. The proof is in
Section 5 where we first prove that in both the even and odd cases, the resolvent
cocycle ‘almost’ represents the Chern character and we show that this implies that
the residue cocycle is in the class of the Chern character. Section 6 derives some
corollaries including the relationship to Higson’s point of view.
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2. Definitions and background

2.1. Semifinite spectral triples. We begin with some semifinite versions of standard
definitions and results. Let t be a fixed faithful, normal, semifinite trace on the von
Neumann algebra . Let K be the t-compact operators in N (that is the norm
closed ideal generated by the projections E € N with 7(E) < 00).

Definition 2.1. A semifinite spectral triple (A, J, D) is given by a Hilbert space #,
a x-algebra A C N where (N, 7) is a semifinite von Neumann algebra with trace t
acting on #, and a densely defined unbounded self-adjoint operator D affiliated to
N such that [D, ] is densely defined and extends to a bounded operator in N for all
acAand (A — D) ' € Ky forall A ¢ R.

The triple is said to be even if thereis y € N suchthat y* = y,y? = 1,ay = ya
foralla € A and Dy + yD = 0. Otherwise it is odd.

Henceforth we omit the term semifinite as it is implied by the use of a faithful
normal semifinite trace on N in all of the subsequent text. In this paper, for simplicity
of exposition, we will deal only with unital algebras 4 C N where the identity of A
is that of M.

Definition 2.2. A semifinite spectral triple (A, #, D) is QC* for k > 1 (Q for
quantum) if for all @ € 4 the operators a and [D, a] are in the domain of 8%, where
8(T) = [|D]|, T]is the partial derivation on N defined by |D|. We say that (4, H, D)
is QC* if itis QC¥ for all k > 1.

The notation is meant to be analogous to the classical case, but we introduce the Q
so that there is no confusion between quantum differentiability of a € + and classical
differentiability of functions. We will sometimes use the notation da := [D, a] for
the derivation [D, -].

Partial derivation means that § is defined on some subalgebra of N which need
not be (weakly) dense in N. More precisely, dom§ = {T € N | §(T) is bounded}.
We also note that if 7 € N, one can show that [|D], T] is bounded if and only if
[(1 + D?)Y/2,T] is bounded, by using the functional calculus to show that
|D| — (1 + D?)'/2 extends to a bounded operator in . In fact, writing |D|; =
(1 4+ D?)V2 and §,(T) = [|D|1, T] we have dom §” = dom §” for all n. Thus the
condition defining QC can be replaced by

a, [D,a] € () doms] foralla € A.

n>0

This is important in situations where we cannot assume || is invertible.
We also observe thatif 7 € N and [D, T] is bounded, then [D, T'] € N. Similar
comments apply to [|D], T], [(1 + D?)/2,T] and the more exotic combinations
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such as [D2, T](1 + D?)~/2 which we will encounter later. The proofs of these
statements can be found in [CPRS2].

Recall from [FK] that if S € N, the t-th generalized singular value of S for each
real ¢ > 0 is given by

we(S) = inf{||SE| | E is a projection in N with (1 — E) < t}.

The ideal £!(N) consists of those operators T € N such that || T ||, := t(|T|) <
oo where |T'| = ~/T*T. In the Type I setting this is the usual trace class ideal. We
will simply write £! for this ideal in order to simplify the notation and denote the
norm on £' by || - ||;. An alternative definition in terms of singular values is that
T € £Yif T, := fooo u:(T)dt < oo. Note that in the case where N # B(H),
&£! need not be complete in this norm but it is complete in the norm || - [|; + || - ||co-
(where || - ||co is the uniform norm).

2.2. The pseudodifferential calculus. We refer to [CPRS2], Section 6, and [CoM],
[CoS5] for a full discussion of the pseudodifferential calculus. We summarise here what
is needed for this paper. Given a densely-defined self-adjoint unbounded operator D
on a Hilbert space #, we set Hoo = [ ), dom D”. As above we have the partial

derivation given by 8, (T) = [|D|;, T] with | D|; = (1+ D?)!/? and we define linear
spaces of operators, for r € R, by

OP° = (N domé8}, OP" = (1+ D?"20P°.

n>0

We observe that §; leaves OP° invariant. If (A, J, D) is a QC* spectral triple
and we define #o, and the spaces OP" using D, then A, [D, A] C OP°. Defining
V(T) = [D?,T] and setting T™ = V*(T), we find that ¢ and [D, a]™ are in
OP" forall a € A.

We next recall Lemma 6.2 of [CPRS2].

Lemma 2.3 (Compare Lemma 1.1 of [Co5]). Let b € OP°, o1(b) = |D|1b|D|;!
and g1 (b) = 81(b)|D|'. Then we have

(1) 01 = Id +81,
(2) &%(b) = 8"(b)|D|7" € OP° for all n,
(3) o(b) = (Id+&1)"(b) = Y j—o ()8¥(B)|D|T* € OP° for all n.

In a similar manner we can also prove the following.

Lemma 2.4. Let b € OP°. With y,(b) = 28,(b)| D
() V=2581+y,
Q) yk(b) = 2555 (b)| DI € OP* for all k,

1, we have:
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3) pm = V(D) = (ZZ:O 2k(2)3f"_k(b)|D|l_"+k)|D|’11 € OP” for all n.

Proof. Part (1) is a straightforward calculation noting that V(b) = [|D|?, b]. Part (2)
follows from the definition of y; by induction. Part (3) follows from applying the
binomial theorem to (1) and then using (2). ]

Definition 2.5. We define an increasing sequence of norms | - [|x on OP® via ||b|x =
Zf:o |8 (b)| for k > 0. This is closely related to the §-topology on QC* algebras,
s, given by the family of seminorms:

a— |8, a—|85(D.a))||. k=01,2,....

Remark. For b € OP°, we let b,y = Y j_o2F (Z)S%”‘k(b)|D|1_”+k so that b™ =
by | DI} where by € OP°, and ||b(yy|| < Cul|bll2n where the constant C, depends
only on 7.
Lemma 2.6. Leta € OP° and n, p > 0. Then
—k+J —n+k—j . .

(1) of (@) = Xieo Xf=0 2 () ()87 (@)D" is in OP°, and
(2) thereis a positive constant Cp, , depending only on p and n so that ||01p (am)|l =<

Cp,n |a||2n+p-

Proof. Part (1) is just a calculation combining the previous two lemmas and noting
that o7 and §; not only commute but are both |D|;!-linear. Part (2) follows from

part (1) and the fact that ||| D |7 < 1. O
Corollary 2.7. If by, by, ...,by are in OP° and ng,ny, ..., ny are nonnegative
integers with |n| := ng + ny + -+ + Ny, then there is a C > 0 depending only

on m and |n| so that b(()"(’)bgnl) bl = B|D|‘1"| where B € OP° and ||B|| <
Clibollzinil1b1ll2in) - - - 16m ll24n)-

Proof. In the notation of the previous remark

b(()no)bgnl) . br(:m)
= (50)(ne)| P12 1) ()| PIT" - - - (b)) | DI
= (b)) 1 (D) )T T T (B2) 1)) - - - 01 (Brn) )| DI

The result now follows from the previous lemma with

B = (b0) )0} (1) ()01 (02 (m)) - - 01" (B ()

since || - |2k < | - [[2jn| for each k < [n]. O
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A slight variation on the previous corollary is the following.

Corollary 2.8. If by, b1, ..., by are in OP° and ng,ni, ..., n, are nonnegative
integers with |n| := no +ny + - -+ + npy, then there is a C > 0 depending only on m
and |n| so that

pIOp™) M Dy plam) = g+

where B € OP° and
Bl < Cliboll2jni+1llb1ll2in)+1 - - - 1bm l|2)n]+1-

Proof. Write D = Fo|D|; where Fy := D|D|7' € OP° and proceed as in the
previous proof. O

If O is n-summable, so (A — D)~! € £*(N) forall A & R, thenany T € OP” is
n/r-summable.

3. Cyclic cohomology and Chern characters

A major feature of [Co4] is the association to a suitable representative of a K-theory
class, respectively a K-homology class, a class in periodic cyclic homology, respec-
tively a class in periodic cyclic cohomology, called a Chern character in both cases.
The principal result is then

([x]. [(A, 7, D)]) = ([Chx(x)]. [Ch* (A, . D)]),

where [x] € K«(+A) is a K-theory class with representative x and [(+, #, D)] is
the K-homology class of the spectral triple (4, #, D). (The exact normalisations
for these pairings depends on what kind of cochains one uses to represent cyclic
cohomology.) On the right-hand side, Ch, (x) is the Chern character of x and [Ch (x)]
its periodic cyclic homology class. Similarly [Ch* (A, J#, D)] is the periodic cyclic
cohomology class of the Chern character of (A, #, D). We will describe below the
complexes defining cyclic cohomology (the cyclic complex and the (b, B) bicomplex)
and the Chern character.

To define the (normalised) (b, B) bicomplex, we introduce the following linear
spaces, [Lo]. Let Cy, = A ® A®™ where A is the quotient 4 /C - I with [ being the
identity element of 4 and, assuming with no loss of generality that +4 is complete in the
3-topology, [R], we employ the projective tensor product. Let C™ = Hom(Cy,, C)
be the linear space of continuous linear functionals on Cy,,. We may define the (b, B)
bicomplex using these spaces (as opposed to C,,, = A%+ et cetera) and the resulting
cohomology will be the same. This follows because the bicomplex defined using



148 A.L. Carey, J. Phillips, A. Rennie, and F. A. Sukochev

A ® A®™ is quasi-isomorphic to that defined using A ® A% [Lo]. Similar comments
apply to the cyclic complex.

We first define cyclic cohomology using the cyclic complex. A normalised cyclic
cochain on # is a functional { € C™ such that

W(a()? AR ,am) = (_l)mW(am’a()a LR vam—l)'

The set of all normalised cyclic cochains in C™ is denote C*. We say that ¥ is a
cyclic cocycle if for all ag, . .., am+1 € 4 we have (by)(aop, .. .,am+1) = 0 where

(by)(ag,ai,...,ams+1)

m
= Z(—l)]W(ao,al, .. ,ajaj.H, e ,am+1) + (—1)m+1¢(am+1ao,a1, .. ,am).
j=0

Then H;" (A), the m-th cohomology group of (C}"*, b), is defined to be the m-th cyclic
cohomology group of A.

The cup product with the generator 0 € H f (C) of the cyclic cohomology of C
defines a map S: H*(A) — H}" *2(4) for any (locally convex) algebra . This
periodicity operator allows us to define the periodic cyclic cohomology of A as the
direct limit of the cyclic cohomology groups,

Hizy(4) = lim(HJ'(4). S),

where * on the left-hand side takes only the values even or odd, and on the right-hand
side we consider only those m with the same parity as .
A normalised (b, B)-cochain ¢ is a finite collection of multilinear functionals,

¢ = {¢m}m=0,1 ..... M with Pm € cm.

An odd cochain has ¢,, = 0 for even m, while an even cochain has ¢, = 0 for
odd m. It is a (normalised) (b, B)-cocycle if, for all m, b, + Bpm2 = 0 where
b: C™ — C™*1 B: C™ — C™ ! are the coboundary operators. We defined b
above while B is given by

(Bom)(ag,ar,...,am—1)

m—1
= Z(—l)(m_l)‘l¢m(1,Clj,aj+1, ooy m—1,00, .., Aj—1)
Jj=0

We write (b+ B)¢ = 0 for brevity. Thought of as functionals on A®”*! anormalised

cocycle will satisfy ¢(ag.ai,...,a,) = 0 whenever any a; = 1 for j > 1.
Similarly, a (T, BT)-chain c is a (possibly infinite) collection ¢ = {¢n}m=o,1,...

with ¢, € Cp,. The (b, B)-chain {c,,} is a (b7, BT)-cycle if bT cppip + BT )y = 0



The Chern character of semifinite spectral triples 149

for all m. More briefly, we write (b7 + BT)c = 0. Here b7, BT are the boundary
operators of cyclic homology and are the transpose of the coboundary operators b, B
in the following sense.

The pairing between a (b, B)-cochain ¢ = {¢, }nﬂf=o and a (b7, BT)-chain ¢ =
{cm} is given by

M
(p,c) = Z Gm(Cm).
m=0

This pairing satisfies (b + B)¢,c) = (¢, (bT + BT)c). All of the cocycles we
consider in this paper are in fact defined as functionals on ,, A® A®™  Henceforth
we will drop the superscript on 57, BT and just write b, B for both boundary and
coboundary operators as the meaning will be clear from the context.

Next we introduce finitely summable Fredholm modules and their Chern charac-
ters.

Definition 3.1. A pre-Fredholm module for a unital x-algebra 4 is a pair (¥, F)
where 4 is represented in N (a semifinite von Neumann algebra acting on # with
fixed trace 7) and F is a self-adjoint Breuer—Fredholm operator in N satisfying:

1. 1—F? e Ky,and
2. [F,a] € Ky fora € .

We say that (#, F) is even if there is a grading operator y € N such that y* = y,
y2=1,[y,a]l =0foralla € A and yF + Fy = 0; otherwise, (¥, F) is odd. Our
formulas will often include a factor of y in the odd case as well as the even case: in
the odd case we interpret y to be 1. If 1 — F2 = 0 we drop the prefix “pre-”. If
[F,a] € £P(N) for all a € A, we say that (K, F) is p-summable.

Pertinent example. Semifinite spectral triples give rise to pre-Fredholm modules via
(A, K, D) (H,F = D(1 + D>?).

One views spectral triples as geometric representatives of K-homology classes in
much the same way that one views differential forms as geometric representatives of
cohomology classes.

If the semifinite spectral triple (A, #, D) is QC* and finitely summable with
(1 + D?)~5/2 trace class for all s > ¢ and has D invertible, then (¥, F = D|D|™1)

is a [¢] + 1-summable Fredholm module where [ -] denotes the integer part.

Definition 3.2. We define the ‘conditional trace’ 7’ by

'(T) = %t(F(FT + TF)),
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provided that FT + TF € £!(N) (as it will be in our case; see [Co4], p. 293). Note
that if 7 € £!(N) we have (using the trace property and F? = 1)

7(T) = «(T).

The Chern character [Chp] of an n + 1-summable Fredholm module (#, F)
(n an integer) is the class in periodic cyclic cohomology of the cyclic cocycles

Amt (yaol[F,a1]...[F,anm)),

with ag, ...,am € A, m > n, m even if (#, F) even, and odd otherwise. Here A,
are constants ensuring that this collection of cocycles yields a well-defined periodic
class, and they are given by

(_1)m(m—l)/21“(% +1) m even,
m = @(_1)m(m—1)/21"(% +1) modd.

The class of the Chern character of an n 4+ 1-summable Fredholm module is repre-
sented by the cyclic cocycle in bottom dimension n, Chp € CJ(A):

Chr(ag,...,an) = Aut'(yao[F,a1]...[F,a,]), ao....,an € A.

We will always take the cyclic cochain Chg (or its (b, B) analogue; see below) as
representative of [Ch ] and will often refer to Chr as the Chern character.

Since the Chern character is a cyclic cochain, it lies in the image of the operator B,
[Co4], Corollary 20, III.1.8, and so B Chr = 0 since B2 = 0. Since bChp = 0,
we may regard the Chern character as a one term element of the (b, B) bicomplex.
However, the correct normalisation is (taking the Chern character to be in degree 1)

(—=1)/2]
C}! > Chr — —'ChF e C".
Thus instead of A, defined above, we use [,
(_l)[n/Z])L F(%YH) n even,
n = - =

T IV TRAC ST

The difference in normalisation between periodic and (b, B) is due to the way the
index pairing is defined in the two cases, [Co4], and compatibility with the periodicity
operator.

Our next task is to show that if our spectral triple (4, #, D) is such that D is not
invertible, we can replace it by a new spectral triple in the same K-homology class
in which the unbounded operator is invertible. This is not a precise statement in the
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general semifinite case, as our spectral triples will not define K-homology classes
in the usual sense. When we say that two spectral triples are in the same K-homo-
logy class, we shall take this to mean that the associated pre-Fredholm modules are
operator homotopic up to the addition of degenerate Fredholm modules (see [K] for
these notions, which make sense in our context).

Definition 3.3. Let (A, #, D) be a spectral triple. For any u € R \ {0}, define the
‘double’ of (A, #, D) to be the spectral triple (A, H2, D,,) with H?=HDH,
and the action of # and £, given by

(D nu a 0
@M—(M _@), a|—>(0 0) forall a € A.

Remark. Whether D isinvertible ornot, D,, always isinvertible and F, = D,,|D,, |~}
has square 1. This is the chief reason for introducing this construction.

Lemma 3.4. The K-homology classes of (A, ¥, D) and (A, H?, D,,) are the same.
A representative of this class is (¥?, F,,) with F, = D, |D,,|™1.

The most basic consequence of Lemma 3.4, whose proof may be found in [CPRS1],
comes from the following (see [Col], pp. 65-68, for the proof).

Proposition 3.5. The periodic cyclic cohomology class of the Chern character of a
finitely summable Fredholm module depends only on its K-homology class.

In particular, therefore the Chern characters of (s, J, D) and (A, K2, D,,) have
the same class in periodic cyclic cohomology, and this can be computed (indeed is
defined!) using the Fredholm module (#2, F,), and this class is independent of .

4. The theorem on the residue cocycle

4.1. The odd semifinite local index formula. Our main results in this paper are
motivated by, and have consequences for, the semifinite local index formula in the
odd case [CPRS2]. To state it we need some notation, beginning with multi-indices
(ki,....km), ki =0,1,2,..., whose length m will always be clear from the context.
Next we write |k| = kq + - -+ + k;, and define « (k) by

a(k) = (kika! .. k(b1 + D(ky + ko +2) ... (Jk| + m))~ L.
The numbers o0y, ; are defined by the equality

n—1 n
[[c+i+12=> 2on;.
j=0

Jj=0
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If (A, H, D) is a QC* spectral triple and T € N, we write T to denote the
iterated commutator [D?,[D2,[....[D?,T]...]]] where we have n commutators
with D2. It follows from the remarks after Definition 2.2 that operators of the form

T LTI (1 4 D)=t 4m0/2 are in N for T; = [D,ai], a; € A.

Definition 4.1. If (A, #, D) is a QC™ spectral triple, we call
g = inf{k € R| (1 + D?)7*/?) < 00}
the spectral dimension of (A, #, D). We say that (A, K, D) has isolated spectral
dimension if for b of the form
b = ao[D.a1]*V ... [D,am]* (1 + D>)7m/2 Ik
the zeta functions
6(z = (1= )/2) = T(b(1 + DH =170/

have analytic continuations to a deleted neighbourhood of z = (1 — ¢)/2.

Remark. We allow the possibility that the analytic continuations of these zeta func-
tions may have an essential singularity at z = (1 — ¢)/2 requiring only that the
residues at this point exist. Note that discrete dimension spectrum implies isolated
spectral dimension.

Definition 4.2. Now we define, for (+A, #, D) having isolated spectral dimension
and
b = ao[D.a1]*V ... [D, am]* (1 + D)~/

the numbers 7; () by:
7 (b) = res;=(1—q)/2(2 = (1 = 9)/2) 5 (z = (1 = ) /2).

Let Q be the spectral projection of & corresponding to the interval [0, 00). In
[CPRS2] we proved the following result:

Theorem 4.3 (Odd semifinite local index formula). Let (4, H, D) be an odd finitely
summable QC™ spectral triple with spectral dimension ¢ > 1. Let N = [¢/2] + 1
where [ -] denotes the integer part, and let u € A be unitary. Then

(1) index(QuQ) = %resr#l_q)/z (an[il}odd ¢, (Chy () where for aq,

2mi
v lm €A ={a+iv|veRL0<a<1/2 Rg(A) = A—(1+524+D?))7!
and r > 0 we define ¢, (ap,ay, ...,am) to be

—2/27i o ( 1
_— T —_—

— / —r
T(m+0/2) )y ° /,* “F T ag Ry(V)1D. ar]Rs (1)

2mi

...[;D,am]Rs()L)d)L> ds.
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In particular the sum on the right-hand side of (1) analytically continues to
a deleted neighbourhood of r = (1 — q)/2 with at worst a simple pole at
r = (1 —q)/2. Moreover, the complex function-valued cochain (¢}, ,ani_l}odd is

a (b, B) cocycle for A modulo functions holomorphic in a half-plane containing
r=01-¢g)/2
(2) The index is also the residue of a sum of zeta functions:

1 < 2N—1 2N—1-m lkl+(m—1)/2
|k|+m
—— resr=(1_q)/2 Z Z Z (—1) Ol(k)F((m + 1)/2)
V2mi m=1,0dd |k|=0 =0

Okl on—1y/2, (= (1= 9)/2) T [D. u] “V[D, 0]
... [D, u](km)(l + c@2)—rrl/2—|kI—r-i-(l—tl)/l))_
In particular the sum of zeta functions on the right-hand side analytically con-

tinues to a deleted neighbourhood of r = (1 — q)/2 and has at worst a simple
poleatr = (1 —¢q)/2.

3) If (A, H, D) also has isolated spectral dimension then

index(QuQ) = % Z¢m(Chm(u))

V2
where for ay, . ..,ay € A
Om(ao,....am) =18,—(1—¢)/2 P (@0, . ... Am)
2N—1-m [k|+(@m—1)/2
=V2ri Y DMak) DT ogrrm-1)2). T (@0l D. a1 ]*V
|k|=0 j=0

D, am]® (1 4+ D2)IkI=m/2y

and (¢m),2nl\;_1}odd is a (b, B) cocycle for A. When g < 2N — 1, the term with

m = 2N — 1 is zero, and for m = 1,3,...,2N — 3, all the top terms with
|k| = 2N — 1 — m are zero.

In [CPRS3] we established the even version of this theorem however we will have
no need to state the full result here.

4.2. The resolvent cocycle in the general case. We extract from the preceding
theorem the following definition of the resolvent cocycle. It treats the even and odd
cases in the same fashion. It should be compared with the JLO cocycle (the foundation
of the original Connes—Moscovici local index theorem). The more general version of
the local index formula that we obtained exploits the algebraic and analytic properties
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of this resolvent cocycle. We will describe these carefully. (Note that we derived
this cocycle differently in the odd and even cases, from the spectral flow formula of
[CP2] in the odd case and from a generalised McKean—Singer formula in the even
case [CPRS3].)

Definition 4.4. Let (A, J, D) be a spectral triple with spectral dimension g > 1.
Let P denote the parity of the triple, so P = 0 for even triples and P = 1 for odd
triples. Let A denote (P — 1), the anti-parity, so A = 1 for even triples and A = O for
odd triples. We adopt the convention that |D| and elements of 4 have grading degree
zero, while O has grading degree one. In the even case this is of course the actual
grading degree of the spectral triple. We denote the grading degree of T € OP* by
deg(T). Finally, let N = [(¢ + 1 + P)/2] where [-] denotes the integer part. So
M = 2N — P is the greatest integer of parity P in ¢ + 1. In particular, if ¢ is an
integer of parity P then M =2N — P =gq.

The grading degree is used to define the graded commutator:
[T, R+ := TR — (—1)deMdee® p T

In particular, we have [D, a]+ = [D,a] foralla € +. Similarly, since deg(D?) = 0,
we have [D?,T]+ = [D?,T] for all T. The following definition generalises the
expectations introduced in [CPRS2], [CPRS3] to deal with both the even and odd
cases in a uniform fashion.

Definition 4.5. Let0 < a < 1/2andlet/ bethe verticalline/ = {a+iv | v € R}. For
m > 0,s € [0, c0) and operators Ao, ..., Ay, A; € OPk",Withko—i—u-—ka—Zm <
2 Re(r) define

1

(Ao Apdmosr = r( _y/l/\‘q/2_’AoRs(A)A1...AmRs(A) dx).

2mi

Here y is the Z,-grading in the even case and the identity operator in the odd case,
and Ry(A) = (A — (1 + 52 + D?))"L.

We now state the definition of the resolvent cocycle in terms of the expectations

(«- Vmsr

Definition 4.6. (Compare Definition 7.9 [CPRS2]) Let (4, #, D) be a spectral triple
with spectral dimension ¢ > 1 and parity P. Introduce constants ,,,, m = 0, 1,2, ...
with P = m (mod 2) by

'm/2+41)

_{_ NP Am+1
= (=212
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Then for Re(r) > %(1 — m) the m-th component of the resolvent cocycle
¢ AT C is defined by:

o0
(o, ... .am) = nm/ s™(ag,day, ..., dam)msrds
0
where recall that da := [D, a] fora € A.

A basic result which is implicit in [CPRS2], [CPRS3] is that ¢,, is a continuous
map from A®”+1 with the §-topology (see Definition 2.5) to the space of functions
F,, defined and holomorphic in the half-plane Re(r) > (1 —m)/2 (with the topology
of uniform convergence on compacta). This turns out to be surprisingly subtle, so we
include the proof with a slight generalisation which we will require a little later. Let
Rst(A) := (A —(t + 5%+ D?))"! whereif D? > § > 0 (and so invertible) we allow
t € [0, 1] and if D is not invertible we allow only 7 = 1. Define ¢, , just as ¢y, but
using R ;(A) in place of Rs(A), and similarly for (... )m s.rz-

Lemma 4.7. Let OP° have the §-topology (see Definition 2.5). Then with t € [0, 1]
as above, the map

(0P0)®m+1 > (A0a~-~ m) = / AOa-u,Am)m,s,r,t ds € Fm

is a continuous multilinear functional. In particular for each r € C with Re(r) >
(1 —m)/2, ¢y, restricts to a continuous multilinear functional on A with the
§-topology. Moreover, (ag,ai, ...,am) = (r = ¢y, (@o, ..., am)) is an element of
Hom(A®™+1 F.).

Proof. Since 4, [D, A] C OP?, the penultimate statement of the lemma follows
easily from the first. To prove the first statement we begin by rewriting the expecta-
tions (... )m,s.r; using both the s-trick (see Lemma 5.6 below) and the A-trick (see
Lemma 5.7 below). The s-trick says that for all Ay, ..., Ay € OP° we have

o0
/ s (Ao, ..., Am)m,s,r,t ds
0

- m + 1 Z/ m+2 AO"' Al’l A]+1"" Am)m-l—l,s,r,t,

where both sides exist for Re(r) > (1 — m)/2. On the other hand, the A-trick says
that for all Ay, ..., A, € OP° we have

[ore]
/ sm<A0,...,Am)m,s,r,t dS
0

q/2+ r—1 Z/ AO’ : "’A/’ I’Aj-i-l’-- ~,Am)m+1,s,r—1,tv
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where both sides exist for Re(r) > (1 — m)/2 provided the first factor on the right
does not introduce a pole in this region.

Some simple observations
(1) The s-trick and the A-trick commute.

(2) Both tricks leave the region of convergence unaffected, with the proviso that we
don’t introduce a pole with the A-trick.

(3) After X combined applications of the two tricks, the term with any one particular
pattern of 1’s dispersed among the A4;’s will appear with frequency exactly X !.

Let M = 2N — P so that m also has parity P. If M = m we do nothing to the
expression for ¢y, .. Assuming m < M we will apply the s-trick exactly (M —m)/2
times (which will raise the power of s™ to s™ and no more) and then the A-trick also
exactly (M —m)/2 times, which will raise our m + 1-tuple to an M + 1-tuple without
introducing a pole in the region Re(r) > (1 —m)/2.

Thus, we obtain by summing over all k = (ko, ..., k) where each 0 < k; <
(M —m) and |k| = (M — m):

oo
/ s"™ (Ao, ...  Am)m,s,re ds
0

M—m M—m
@5 o —m! [] = ] —
= —m)!
Pl q/24+r—b * Lt m+j
=1 j=1
* k k k
.Z/ SM(A051 OvAlal 17""Am51 m)M,s,r—(M—m)/Z,tdS
z J0
where, of course, we mean 1k = 1,1,...,1 with k; one’s. We observe that both

sides converge for Re(r) > (1 —m)/2. Now the poles occur when r = b — ¢ /2 and
sinceb < (M —m)/2and M < g + 1 we have for such poles, r < (M —m)/2 —
q/2 <@+ 1—-—m)/2—¢q/2 = (1 —m)/2 so that the pole is not in the region,
Re(r) > (1 —m)/2. That is, both sides exist in this region.

Now ignoring the prefactors, we have a sum of integrals where we write R for
Rs:(A)and eachn; = k; + 1 sothatn = (ng, ..., nym) withl <n; < (M —m) +1
and [n| =M + 1:

© 1
Z/ sMr(—_y/)L_q/z_'HM_m)/ZAOR”OAlR"l ...AmR"’"a’)L) ds
— Jo 2wi " )y

By Lemma 2.2 of [CP1] we can estimate the trace of the A-integral by integrating
the trace norm of the integrand.
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For n fixed let p,; = (M + 1)/n; so that }_; p,, = 1 and using Holder’s
inequality we estimate:

Z ||A0Rn1A1Rn2 o anAmRn’"‘H ”1
n

< D AR (lp,, - N Am R ™+,

n
<> Aol IAmll - IR g, - NR™ [,
n

=3 1ol I Amll - IRM*1 .
n

Thus the iterated integral will be absolutely convergent if we show the boundedness
of

00 o0 —q/2—Re(r)+(M—m)/2
/SM/ Ja? 2 | RM ¥y dv ds
0 —00
R —q/2—Re(r)+(M—m)/2 —M—1+q/2+¢/2
S/SM/ va? 4+ v? ¢ V(2 + a)? + v? al2vel dvds,
0 —00

the last inequality coming from Lemma 5.11 below and ¢ > 0 is arbitrarily small. By
Lemma 5.12 below, this integral is finite provided

M-2M+1—-qg/2—-¢/2) < —1
and
M—-2M +1—-q/2—¢/2) +1—2(q/2+Re(r) — (M —m)/2) < 2.

These conditions reduce to
g+e<M+1, (1—m)/2 <Re(r)—c¢/2.

As ¢ > 0 is arbitrary, we see that the integral is finite for Re(r) > (1 —m)/2.

With a little more effort using the above estimate and the ideas in the proof of
Lemma 5.4 in [CPRS2] one can show that the double integral is uniformly bounded
in any closed right half-plane in the region Re(r) > (1 —m)/2 and is O(1/ Re(r))
as Re(r) — oo. That is,

¢, (@0.ar.....am)| = C(ro)llaoll - |dayll... |[danm|

uniformly in r with Re(r) > ro > (1 —m)/2. Moreover, C(rg) is O(1/rg) as
ro — 00.

The fact that the map r + ¢y, ;(ao, ..., am)) is holomorphic in the half-plane
Re(r) > (1 —m)/2 is similar to the proof of Lemma 7.4 of [CPRS2]. O
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4.3. The residue cocycle. The semifinite local index formula in the form described
above entails the introduction of the residue cocycle, which we now describe.

Definition 4.8. Let (A, #, D) be a QC™ finitely summable spectral triple with
isolated spectral dimensiong > 1. Let M = 2N — P. Form = P,P +2,.... M
and using the notation of Definition 4.2 define functionals ¢, by

M—m h
Om(ag, ... am) = V2mi Z (—D)*l (k) Z Oh,jTji—A

lk|=0 j=A
(yao[D.a1]®V .. [D, am]F (1 + D) KI=m/2)

where h = |k| 4+ (m — P)/2. Here y denotes the Z,-grading in the even case and
the identity operator in the odd case. Note that M is the greatest odd (respectively,
even) integer in (¢ + 1) when the spectral triple is odd (respectively, even).

It follows from the results of [CPRS2], [CPRS3] that ¢ = (¢m)£f: pisa (b, B)-
cocycle, called the residue cocycle. The relationship between the resolvent cocy-
cle and the residue cocycle is captured by the following result proved in [CPRS2],
[CPRS3].

Theorem 4.9. Let (A, H, D) be a QC™ finitely summable spectral triple with iso-
lated spectral dimension ¢ > 1. When evaluated on any ay,...,a,, € A, with
m = P (mod 2) the components ¢}, of the resolvent cocycle (¢") analytically con-
tinue to a deleted neighbourhood of r = (1 — q)/2. Moreover, if we denote this
continuation by ¢} (ao, . .., am) then

1€Sr=(1-)/2 Py @0+ - - - am) = Gm(ao, - .., Am).

It is the proof of this last result that shows that the resolvent cocycle is indeed
playing the same role as JLO does for the original proof of the local index theorem.

4.4. Statement of the theorem. Our main result on the residue cocycle establishes
the following equality in cyclic cohomology.

Theorem 4.10. Let (A, #H, D) be a QC™ spectral triple (even or odd) with spectral
dimensionq > 1andisolated spectral dimension. Then the residue cocycle represents
the Chern character of the K-homology class of (A, J, D).

5. The residue and resolvent cocycles represent the Chern character

5.1. Preamble. Our methods are inspired by Higson [H] and we follow his approach
quite closely. We present our arguments in full because numerous algebraic identities
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are, while very similar to Higson’s, different in small details and the analytic estimates
are very subtle. In fact numerous additional arguments are needed because we are
working in much greater generality. Our immediate aim is to prove the following two
statements and from these we will deduce our theorem on the residue cocycle.

Theorem 5.1. Let (A, H, D) be a QC™ finitely summable spectral triple with di-
mension q > 1 and D invertible. Let M = 2N — P where N = [(¢ + 1 + P)/2],
and note that in the odd (even) case, M is the greatest odd (even) integer in q + 1.
Then in the (b, B) bicomplex for 4 with coefficients in functions holomorphic for
Re(r) > 1/2, the resolvent cocycle (¢,’n),1:;1= p is cohomologous to

1
. —) Y
r—(1-¢)/2) F

modulo cochains with values in the functions holomorphic in a half-plane containing
r =(—¢q)/2 Here F = O|D|™! and Chjl‘;’l denotes the representative of the
Chern character in dimension M.

Theorem 5.2. If (A, K, D) is a QC™ spectral triple with isolated spectral dimension

q > 1 and D invertible, then the cyclic cohomology class of the residue cocycle
coincides with the class of the Chern character of (¥, F = D|D|™).

There are two main steps involved in proving these statements. Firstin Sections 5.3
and 5.4 we need to define a ‘transgression’ cochain which provides a cohomology
(modulo cochains with values in the functions holomorphic in a half-plane containing
(1 — g)/2) between the resolvent cocycle and a single term cyclic cochain which is
‘almost’ a cocycle. Second in Section 5.5 we deform the resulting single term cyclic
cochain to the Chern character. In this process we introduce error terms that are
holomorphic at » = (1 — ¢)/2. Theorem 5.2 follows on taking residues at (1 —¢q)/2
and the isolated spectral dimension hypothesis enters at this stage. Both of these
steps require invertibility of . However, once we have proved Theorems 5.1 and
5.2 in Section 5.6, we replace (in Section 5.7) (+, #, D) by its double to remove this
hypothesis.

The standing assumption for the rest of this section is that (A, #, D) is a QC*
finitely summable spectral triple with dimension ¢ > 1. We will at times assume
isolated spectral dimension, but shall always be explicit in those results that need this
hypothesis. Until we reach Section 5.7 we shall also assume that D is boundedly
invertible.

5.2. Preliminary identities. We begin with some basic identities for the expecta-
tions (... )mrs-
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Lemma 5.3. For m > 0 and operators Ay, ..., Am, A; € OPXi | with ko + ---
co+ km—2m —1 < 2Re(r), we have for 1 < j < m:
— (Ao, ..., [DA AL Am)mosr
=(Ado,..., Aj—14j, ..., Am)m—150 — (Ao, -, AjAj+1, - s Amdm—15.r

while for ] = m we have

- (AO, ey Am—la [1)2, Am])m,s,r
- (AO, ) Am—lAm>m—1,s,r - (_1)Adeg(Am)<AmA0, e Am—l)m—l,s,r~

For k > 1 we also have

o0 [e.¢]
/sk(@Ao,Al,...,Am)m,s,,ds=(—1)A/ sK(A0, AL, ..., Ap D).y ds.

0 0
(5.1)

Moreover these s-integrals have a cyclic property:

o0 o0
/ S (Aor . Ay ds = (—1)AdeEtAm) / (A, Aoy Amet)msr .
0 0

Furthermore if > -, deg(A4;) = A (mod 2) and we define
deg_; =0 and deg; = deg(Ao) + deg(A4;) + -+ + deg(A4x).

then

m 0o
o:Z(—l)degf—I/ sK(Ag, .. [D.Ajlss ... Ay ds. (5.2)
j=0 0

Proof. The first half of the first statement is just the first statement of Lemma 7.8 of
[CPRS2] in the odd case: the proof in the even case is the same. The second part of the
first statement has a similar proof to the first part, but requires the factor (—1)4 deg(4m)
since A, may anticommute with y in the even case. The second statement is also the
second statement of Lemma 7.8 of [CPRS2] in the odd case where A = 0. The even
case is the same argument but needs the factor (=1)4 since O and y anticommute.
Similar comments apply to the cyclic property, noting that R;(A) has grading degree 0
in either case. The cyclic property in the odd case is Lemma 7.7 of [CPRS2].

The sum in (5.2) telescopes since [D, 4]+ = DA; — (—1)%A) 4, D and
deg; = deg;_; +deg(A;). After telescoping the sum, one is left with equation (5.1)
since Y it deg(4;) = A (mod 2). O

To introduce the ‘transgression cochain’ we need a new expectation and some
basic properties.
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Definition 5.4. For m > 0 and operators Ao, ..., Am, A;i € OPki | with ko + ---
-+« +kpyp —2m — 1 < 2Re(r) define

(—D*& (Ag, ..., A}, D, Ajs1, ..., Amdm+1sr

Il

«Ao, ey Am»m,s,r

Jj=0

™

1 —q/2—r
(—1)degjf(%)//lk a/2 AORS(A)AI
0

J
A RSMDR(A) ... AmRy(A) dA).

We note that except for a factor of 2 and the possible &1 factors this is just formal
differentiation with respect to the “variable” D.

Lemma 5.5. For m > 0 and operators Ag,...,Am, A;i € OPkf, with kg + ---
-oo+ ky —2m —2 < 2Re(r) we have for 1 < j < m the identity:

— (Ao, ....[D? Ajl oo AmDmos.r
= «Ao, ey Aj_lAj, ey Am»m—l,s,r

—(Aos. s A A1 A5
+ (=D%-1(Ag, ..., [D, Aj]xs ..., Am)msirs

(5.3)

where we have a graded commutator in the last term. For j = m we have the identity:

- «Ao, B Am—l» [@2’ Am]»m,s,r
= (Aos. .. A1 AmNm—r.5r — (=D)F A (4 A5 Ay Wme1sr
+ (_1)degm_1 <A09 cees [O(Ds Am]:l:)m,s,r-

If Y ydeg(A;) = P (mod 2) and a > 1 we also have the identity:

m [e9)
Z(—l)d°gk1/ 5% Aoy -y [Dy Aklxs -+ oy AmDmos,r ds
k=0 0 5.4
m - (5.4)
= Zz/ 5% (Ao, ... Ai. D2, ... Am)mr1s.rds.
i=0 YO0

On the other hand, if Y -, deg(A;)
Sfollowing cyclic property for ((...)):

A (mod 2) and o > 1 then we have the

o0 o0
/s“«AO,...,Am»m,S,,ds:(—1)Pdeg(f‘m>/ S (Ams Aos - .o A1 N m.s.r ds.
0 0
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Proof. All statements are computations. The first two are careful applications of

Lemma 5.3 and are easily checked by the reader for say, m = 2. The third is as
follows (we suppress the integrals fooo s%...ds in order to lighten the notation):

D (=D (Ao, (D Ak g Am s

k=0
(—1)deei (Ao, .., Ai, D, ..., [D, Akl £, - Am)m+1.s.r
m m .
_ Z(—l)degk—l Z fori <k,
k=0 i—0 (- l)deg’+1( DDAl AL D A1 sy
fori >k
(—D%e—1F Ao, . A, D, (D Ak s At L
_ Z( l)degz+1 Z fori < k,
i~ (=Dde—1(Ag, ..., [D, Ak)t, -  Ais Dy Amdm+1.5.r
fori > k
m
+ ) ()% (=) (Ao, A 2D7 L At
i=0
deg- 2
_(_]) l( A 207, m)m—i—l sr)
m
Z A05'~~ s 27~~~,Am>m+l,s,r~
The last line follows by applying equation (5.2) above once for eachi = 0,...,m

and noting that the graded commutator of O with itself is 2D? and also that

> deg(4;) + deg(D) = A (mod 2) <> > " deg(4;) = P (mod 2).
j=0 Jj=0

The fourth identity is a calculation using the cyclic property for (...) in Lemma 5.3.
O

The next identity we refer to as the s-trick.

Lemma 5.6. For any integers m > 0,a > 1 and operators Ay, ..., An with
Aj € OP% 1 +a + Y k; —2m < 2Re(r), we have

o0
o / s YA, ..., Am)m.s.r ds
0

m [
= —22/ s TN Ag, o Aj L Ajbr, e A mt sy dS.
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Remark. Provided that 2Re(r) > o + ) k; — 2m, the s-trick works exactly the
same for the expectation (... )).

Proof. The derivative of s* (Ao, ..., Am)m,s,r 18
m
as® NAo. .. Ap)msr + 25T (Ao A L Aipr L Am)my s
i=0

Integrating this total derivative in s from 0 to oo gives the result. 0

Similarly, we may employ our other variable of integration to obtain a A-trick.
The proof is virtually identical to the s-trick.

Lemma 5.7. For any integer m > 0, operators Ao, ..., Am with A; € OP*i and r
such that y_ kj —2m < 2Re(r), we have

m

_(Q/z + r)(AO’ e Am)m,s,r+1 = Z(AO’ sy Aj’ I, Aj-i—l, ceey Am)m-l—l,s,r-
j=0
Proof. We compute:
d @2+
ﬁ(/\ Ao R; (A) o Am R; (A))
= —(q/2+ A" 4 R (A ... A Rs(X)

m
—AT@PIDN " AGR(A) . AjRs(MP A g1 . A Ry(D).
j=0

Integrating this equation along the line /, multiplying by 2"71 and taking the trace t
gives the result. 0

Lemma 5.8. Form,a > 0, operators A; € OP%i and r such that2Re(r) > 14+ o —
2m + Y kj we have

m [ee)
Z/ s“(Ao,...,A.,-,JOZ,A,-H,...,Am)m+1,s,,ds
j=070

o
=—(m+ 1)/ s%(Aos -  Am)m.s.rds
0

o0
+ (1 —q/2—r)[ s(Aoy ..o Am)m. s, ds
0
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(a+1)
2

m 0o
-§:u/ s Aoy ..  Aj 1L Ajis o A1 s.r dS.
j=070

+

00
/ 5% (AO’ e Am)m,s,r ds
0

Proof. This uses D?Rg(A) = —1 + (A — (1 + s2))Rs(A). So
<A07 B A]’ ‘3)2’ Aj+1a sy Am)m-i—l,s,r
= _(A07 D] Am)m,s,r + <A07 R Aj? 13 Aj-'rl’ LIS Am)m+1,s,r—l
- (1 + S2)<A09 ) Ajs 17 Aj+1’ L) Am)m—l—l,s,r‘
Summing gives us

m
(AO,---,Aj7<©2,Aj+1,---,Am>m+1,s,r
Jj=0
=—(m+ 1){4o,.... Am)myrs + (1 —q/2—=71){Ao..... Am)m,s.r

m
— Z(l +S2)(A0,. ..,Aj, 1, Aj-',—ly-- -,Am)m+1,s,r~
j=0

here we used the A-trick, Lemma 5.7. Now integrate over s and use the s-trick
(Lemma 5.6) on the 52 part of the last term to obtain the result. O

5.3. The first homotopy. We introduce a homotopy parameter into our resolvent
cocycle and prove a transgression type formula.

Definition 5.9. Assume that D is invertible. For t e [0, 1] define R;;(A) =
(A—(t + 5>+ D?))"! and let

(' .. )m,r,s,ta « .. »m,r,s,t
be the expectations of Definitions 4.5 and 5.4 using R;;(4) instead of Rs(A).

To see that this is well defined for ¢ € [0, 1], we must check that the trace estimates
we require are still satisfied. These estimates all rest on the scalar inequality (see the
proof of [CPRS2], Lemma 5.2)

(X +Yv) b <xay?

for positive real numbers X, Y, a, b. For invertible D there exists a § > 0 such
that D2 — § > 0. Therefore D2, (D? —§/2)~ ! and (1 + HN?)~! all have the same
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summability (say, for any K > ¢/2). So by the functional calculus if K > ¢/2 + ¢
we have for all ¢ € [0, 1]:
(D> +t+5)K=@D*=8§/2+68/2+1+s)K

< (D —58/2)7 178 (/2 + 1 + 57) K Fa/2He

< (@2 _ 8/2)—61/2—8(8/2 + Sz)—K+q/2+s.
This is enough to prove part (b) of the following lemma. Part (a) is just the functional
calculus. It is important to note that these lemmas imply that all the trace estimates
will continue to hold uniformly for ¢ € [0, 1] provided that O is invertible. For our
A-integral we choose our line / given by A = @ + iv so that 0 < a < §/4 to simply

certain estimates, although this is not always needed.
In particular, we will need the following modifications of the results in [CPRS2].

Lemma 5.10 (Cf. [CPRS2], Lemma 5.1). Let D be an unbounded self-adjoint oper-
ator with D* > § .
@Frl=a+iveC,0<a<§/4 andt,s > 0 we have the estimate

A=+ D>+ <@+ (P +1+5-a))? < S_a
—da

(b) For t,s > 0 we have the estimate

(D2 +1t+5H)K < (D?—-8/2)79/275(5)2 + s2)~KHa/2Fe,

Lemma 5.11 (Cf. [CPRS2], Lemma 5.3). Let D? > 8. Let A = a + iv € C,
0<a<38/4andt,s > 0. Forq > 1let (1 + D?) Y2 be (q + €)-summable for
every ¢ > 0. Then for each e > 0 and N > (q + ¢)/2, we have the trace norm
estimate

I = + D% +52) VIl < Cpyo((8/2 4 87 —a)® + v?)N/2Hara/s

< C‘;+8((Sz +a)2 + v2)—N/2+(!I+8)/4’
where Cy = [(D? —§/2)~@+a/2|,,

Lemma 5.12 (Cf. [CPRS2], Lemma 5.4). Let 0 < a < 6/4, t € [0,1] and let
J,K,B > 0. Then

// s? Va2 + v? B\/(t+s2+8/2—a)2+v2 Kdvds
0 J—oo

o0 oo B K
5// sTVa2 +v2  (s2+a)2+v2  dvds
0 J—oo
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converges provided that J —2K < —land J —2K + 1 —2B < —2. Moreover, if K
and J are fixed with J — 2K < —1, then the integral as a function of B goes to 0 as
B — oo. In particular, with J, K fixed and By some value for which the integral is
finite, then the integrals are uniformly bounded for all B > By.

Definition 5.13. Define, forRe(r) > (1—m)/2, the components of the ‘transgression’
cochain

Mm+1 [
@), (ao.....am) = m;/(; s™t W ao. day, ..., damYm.s.rs ds.

Similarly, we define ¢,, , using Rs,¢(A) in place of Rs(A) in the definition of ¢”.

Remarks. Lemmas 5.3 to 5.7 inclusive work equally well for the expectations
(.. )Ymsre and (... Ym.s.rs, however Lemma 5.8 has an extra factor of ¢ on the
last term as we will make explicit at the end of the proof of the following proposition.

Proposition 5.14. We have the (b, B) bicomplex formula (with coefficients in the
Sfunctions holomorphic for Re(r) > 1/2) form = P (mod 2)

(BDy, 41, +0Dy, 4 (a0, ..., am)

— + 2r
= (_q +r)¢mt(a0,...,am) 1T 3 bt (@0, .. am).
Proof. We begin the proof by computing with ®;, := @} . First, using the cyclic
property of ((...)) of Lemma 5.5 and the fact that m = P ( od 2) we have writing

da =[D,a]:
B, . (ao,....am)

m 00
= ﬂm2+2 Z/ SR (1, day, ..., daj—1 ) mt1,s,r ds
j=0""?

Mtz N~ [
= '"2“2/0 s" 2 (day. ....daj_y.1.da;.....damYmi1srds  (55)

m 1
2D [T da e ds

— _}77’” sm«dao,...,dam»m,s,r ds.
0

Here we use the s-trick (Lemma 5.6) in the last line, which is the same for (... )) as
for {...).
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The computation for b®;, _, is the same as for b¢,, _, [CPRS2], except we need
to take account of equation (5.3). This gives

m oo
= 7’7’"2(_1)]/ sm«aOadala"’7[£2’aj]7"'vdam»m,s,r ds
j=1 0
L
sy [
= Tm;(_l)j/o‘ Sm«a()’dal ---’[@zvaj]w‘-vdam»m,s,rds
o
— .Urr;m s"(ao.day.....dam)msr ds.
0

Now put these together. First, using 7,,+2(m + 1)/2 = n,, we obtain

(B, +0D,_1)(ao,....am)

oo

— _77_m s «dao, ey dam»m,S,r ds

2 Jo

n m . poo
" Tm Z(_I)J / sm«ao’ da1, e, [@2, Clj], ey dam»m,s,r ds

j=1 0
00
_ flrr;m s"(ag,day, ..., dam)ms,r ds.
0

then using the fact that [D?,a;] = [D, [D, a;]]+ we obtain

— _’77”1(—1)@%(“0)/ s"([D.aolx.day, . ...damYms.rds
0

m
+ —Nm Z (_1)deg(ao)+deg(da D +-tdeg(daj_1)
2
j=1

/ sm((ao,da1...,[Jl),daj]i,...,dam))m,s,r ds
0

Nmm 0 m
- s™{ag,day, ..., dam)msrds.
0
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Now, by identity (5.4) of Lemma 5.5, this gives

(B, +bD,,_,)(ao,....am)

-2
”’” Z/ ™. ... da;, D* daj 1. ... dam)me1.sr ds

NmMm o m
- s™{ag,day, ..., dam)msr ds,
0

then applying Lemma 5.8 we obtain
= (0 + 1) [ da da s ds

+(1—q/2—r)/ "™(ag,day,...,da)msrds
+1
. (m+1)

/ s™(ao, day, ....,dam)msrds

o0

m
Z ao,...,daj,1,daj+1,...,dam)m+1,s,rdS)
m
— an Sm(ao,dal, .. ,dam)m,s,r ds

0
q+2r—1
2

—i—an/ ™ao,....daj, 1, daj11,....dam)ms1,s,r ds

o
= nm / Sm(“O,dal,---ydam)m,s,r ds
0

q+2r q +2r

=—¢ (ag,...,am)— P ¢;;l+1(a0’---aam)'

We used the A-trick (Lemma 5.7) in the last line.
We now do the general case of t € [0, 1] and observe that for @ > 1, a slight
variation on Lemma 5.8 gives

m [ee)
E / Sa(A(),...,Aj,o@z,Aj+1,.--,Am)m—i-l,r,s,t dS
. 0

o0
=—(m+ 1)/ s“(Aos -, Amm.rsie ds
0

o
+ (1 —q/2—r)/ s(Aos .o, Am)m,rs ds
0
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(x+1)
2

m 0o

—1 E / Sa(A(), . ..,Aj, 1,Aj+1,.. -,Am)m-i-l,r,s,t ds.
. 0
Jj=0

+

o0
/ s(Aos - Am)morse ds
0

As mentioned in the remark, the use of Lemmas 5.3 to 5.7 in the proof for t = 1
work equally well for # # 1 and now Lemma 5.8 is modified as above. Putting these
results together with the computation in the case t = 1 gives us:

(Bq):n-i-l,t + bcb:n—l,t)(aOa e lm)

q+2r—1
= (T)¢;1,t(ao,...,am)
m o
+tan/ s™(ag,....da;j, 1,daji1,...,dam)ms1,rs: ds
j=0""0
q+2r—1 q+2r
_(T)q’);”(ao,...,am)—IT¢;1’;1(ao,...,am). O

Corollary 5.15. For D invertible and m = P (mod 2) (setting t = 0) we have

q—1
(B®, 10+ 5P}, 1 )@0. - .am) = (15— +7) ¢}, o(@o.....am).

Proposition 5.16. For D invertible, the cochain (¢, o), p is cohomologous to the
cochain

——B®} .

r—(—g)2) M0
This cochain is a cyclic cocycle modulo cochains with values in the functions holo-
morphicatr = (1 —q)/2.

Proof. Let M = 2N — P. By Proposition 5.15 the cochain given by the infinite tuple

1 1
(T ®r10- GrGED2 PM-1,0:0.0.-)

(B, b)-cobounds the following difference. That is, applying (B, b) to the above
cochain yields

(P B s20-- - Fht0 — riisgyi-0.0----) = (@nomi=p — Graiify):
That is, (¢, o) is cohomologous to WI_D/Z)BCD;M +1,0- Observe that because it is
in the image of B, (r — (1 —g)/2)™! B®}, ., o iscyclic. Itis also a b-cyclic cocycle
modulo cochains with values in the functions holomorphic at r = (1 — ¢)/2. This
follows from

by 10+ BPhyp10=(r+(g—1)/Dp0
by applying b and recalling that by,  is holomorphicatr = (1—¢)/2[CPRS2]. [
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Corollary 5.17. For D invertible and assuming that (A, J, D) has isolated spectral
dimension, the residue cocycle is cohomologous to B CDI(‘;:II){)Z. Moreover B CIDE}I:FqI){)Z
is a cyclic cocycle.

Proof. By Proposition 5.15 we have that

1 1
(resr—(-)/2 Grigmn/z P10+ 1€8r=(1-)/2 Trig=n2) Pht-1.0:0.0. .. )
(B, b)-cobounds the difference

B 110

€87 =(1-¢)/2 (4’;),0’ D200 Pro— Tra-p72 90 )
= (¢P,0.PP+2,0.---»PM,0 — 3@1(1,11:?’/02, 0,0,...).

This statement requires that 5®}, | (o, ..., anm) is holomorphic at r = (1 —¢)/2

and that B®}, ., , is finite (and so holomorphic) at r = (1 — ¢)/2. This is easy to

prove using [CPRS2], Lemmas 7.1, 7.2. Finally, to see that BCIDI(‘,II:II),/O2 is a cyclic
cocycle, we simply take residues of the corresponding result in Proposition 5.16. [

5.4. The homotopy to ¢ = 0. In what follows we suppose that ¢, + ¢ € [0, 1]
and write as usual Rs (1) = (A — (t + 52 + D?))"!. By the resolvent equation
Rst46(A) — Rst(A) = eRs 1 4¢(A) Rs ¢ (A) and the fact that |Rs,(A)| < [Rs,0(A)| we
see that

P
| Rst46(A) = R i (M)l pr41 =< m“Rs,O(A)”M—i—L

Similar considerations show that:

HE(RS”“(A) ~ Rs (1) = RS:’(’\)z"MH < — I RoMllrr+1.

(6 —a)?
At this point we lighten the notation temporarily by dropping the dependence on
A. More generally, if n > 1, then we can make use of the identity X" — Y" =
Z:) X*(X — Y)Y" %=1 and of Holder’s inequality to show that

I Rs.0l

e-n
IRS 4o = Rsllacr < o— M1
and

e nn+1)

M+1 = (§ —a)? 2

n

|| Rs,O

n
s,t |M+1'

1
“ —(R{ 4 — Ry — nRyT!
PR ,

Let F;, be the space of functions defined and holomorphic in the right half-plane
{z € C | Re(z) > (1 —m)/2}, and give F,, the topology of uniform convergence on
compacta.
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Proposition 5.18. For eachm = P,P + 2,... the map [0,1] > t = ¢, , €
H(A®™ F)is C! and

d ° L]
Z b = —(a/2+ o)y

Proof. We do the case m < M where we must use some initial trickery to get to a
computable situation. For m > M such tricks are not needed. We recall from the
proof of Lemma 4.7 that if we apply the s-trick (M — m)/2 times and the A-trick
(M — m)/2 times we obtain by summing over all k = (ko,...,k») where each
0<ki <M —m)and k| = (M —m):

o0
m
/ s™(ag,day, ..., dam)m.srs ds
0

M—m M

=@ "M -m! ]
1

=1

I 12['" 1
q/2+r—1 o m+j
oo
° Z/ SM<a01 1k0yda17 1kls ~--ydam» lkm)M,s,r—(M—m)/Z,t ds'
& 0

Where, we mean 1% = 1,1,...,1 with k; one’s. Ignoring the prefactors on the
right-hand side, this becomes

o0 1
Z/(; sMr<Ey /I)L_q/z_rJr(M_m)/zaoR?’?dalR;’f, ...dam Ry d)t) ds
n

where we sum over n = (ng,...,n,) witheach n; = k; + 1 sothat 1 < n; <
(M —m) 4+ 1 and |n| = M + 1. Now each integrand is not only trace class, but
by the estimates immediately preceding the statement of this proposition they are
t-differentiable in trace norm using the usual product rule argument and Holder’s
inequality. In particular we have

L
0 n no n
HE(GORS’H_‘Sdal codam R —aoRsyday .. dam R

m
n;+1
—E niagRyy ... da; Ry, ... dam Ry
: 1
i=0

< Céllao| - lldaxll.. . [damll - | Rs,0

[am+1,

where the constant C is independent of s, A and r. Since

o0
/ s f, |A2/27r A M=m2) R (A) 41 dAds = O(Re(r)™!) < o0
0
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by Lemma 5.12, we can invoke the Lebesgue Convergence Theorem to conclude that
d/dt(¢,, ,(ao, .., am)) exists and equals

M—m
e 2
272 sMk; +1
- 11 s ;]mﬂ;g/ (ki + 1)
{ag, 1¥0 da;, 1%i+1 day,, 1%m d
0, IR al’ 9 e am’ )M+1,s,r—(M—m)/2,t s.

Now undoing our applications of the s-trick and the A-trick we obtain
¢m t(a07 cem) = Nm Z/ (ao, ..., daj7 I, daj-i—l, cee dam)m-‘rl,s,r,t ds,

and a final application of the A-trick yields that

d
Eﬂn,t(aoa am) = —(q/2+ )¢ ao. ... am).

We note that by our estimates the convergence is uniform in r for r in a compact set.
O

In the discussion below let k = 0,1,2,...,letm = P, P +2,..., M and let
t €[0,1].

Lemma 5.19. We have

1
r+k r+k r+k r+k+1
= Bo bd 2 k)t .
m,t r4+k + (q _ l)/2[ m+1,t + m—1,t + (6]/ +r+ ) ¢m,t ]
Proof. This is just Proposition 5.14 with r + k in place of r. O

Proposition 5.20. Forall R, T € [0, 1], the cocycles (¢;, T) _p and (¢, R)m P
are equal modulo coboundaries and modulo cochains yieldmg functions holomorphlc
atr =(1—gq)/2.

Proof. Recall from Proposition 5.18 that for O invertible, ¢y, , is defined and holo-
morphic for Re(r) > (1 —m)/2 forall ¢ € [0, 1]. As [0, 1] is compact, the integral

1
/ ¢:n,t(a07'-"am)dt
0

is holomorphic for Re(r) > (1 —m)/2 and any a°, ..., a™ € #.
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Now we make some simple observations, omitting the variables ay, ..., a; to
lighten the notation. For T, R € [0, 1] we have

T d T
Orr— R = f S bmadt =—(q/2+ r)/ AN (5.6)
R at R
Now apply the formula of Lemma 5.19 iteratively. First we obtain

—(q/2+7) /
r+14+(@—1)/2

Observe that the numerical factors are holomorphic at r = (1 — ¢g)/2. Iterating this
procedure L times gives us

o g = —(@/2+7)...(q/2+ 7 +1) T oLgreLe g,
mI TR T G T4 (q—-1D/2)...r+L+(q—-1/2) Jg = ™
L

Z —(q/2+r)...(q/2+r+j-—1)
r+1+@-1/2)...r +j+@-—-1/2)

T
(B @:n*jrll,,—{—bd)fntll’l—l—(q /2+r+1)z¢,’nj2) dt.

¢:n,T_¢1:1,R =
R

Jj=1

/ (Bq):n—:-jlt +bq):n+—J1t /=1 dt.
R : .
We would like to know (for completeness) what is the smallest integer L that guar-
antees that d),’nf,L *1 is holomorphic at » = (1 — ¢)/2 for all m. We know that we
require

Re(r)+ L+1>(1—-—m)/2

for each m. Rearranging gives Re(r) > —1 — L + (1 — m)/2, and we would like
the right-hand side to be strictly less than (1 — ¢)/2 for each m. In the even case the
worst situation is when m = 0, and for this case we require L > —1 + ¢g/2. Since in
theevencase N = [(¢ + 1)/2] > (¢ — 1)/2 > —1 + g /2, we may choose L = N.
In the odd case the worst case is m = 1, and we require L > —1 4 (¢ — 1)/2. In
this case N = [(qg + 2)/2] > ¢/2 > (¢ — 1)/2, and so we may take L = N — 1.
(If N — 1 = 0, then we need do no iterations because equation (5.6) shows that
modulo cochains yielding holomorphic functions, ¢7 7 = @] p, and these are the
only functionals in the resolvent cocycle.)

With this choice of L = N — P, we have modulo cochains yielding functions
holomorphic in a half-plane containing (1 — ¢)/2,

. .
. —(q/2471)...(q/2+r+j—1)
Pm. 1~ Pm.R ;(r+1+(q—l)/2...(r+j +@—-1/2)

T ) ) )
(BO' T 4+ b I gy,
R

m+1,t m—1,t
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Thus a simple rearrangement yields the cohomology, valid for Re(r) > (1 — P)/2,

—(q/24+r)...(g/2+r+j—1)
l+@-D/2...(r+j+(@—-1)/2)

L
r r M
((pm,T - ¢m,R)m=P - B; (r +

T
r+j  j—1
/ q>M+1,tt dt
R
L

B —(q/2+r)...(q/2+r+j -1
_(B+b)<2(r+1+(q—1)/2...(r+j+(q—1)/2)

Jj=1

T . M—1
/ @Il dt) .
R ’ m=P
Hence modulo coboundaries and cochains yielding functions holomorphic at r =
(1 —g)/2, we have the equality

B — b Rm—p

L . T
=BZ —(q/2+7r)...(g/2+r+j—1) ot i1y
iU

1+(q@—1/2...r+j+(@—1/2) Jg Mt}

However, an application of [CPRS2, Lemma 7.2] now shows that the right-hand side is
holomorphicatr = (1—¢)/2,since j > 1inall cases. Hence, modulo coboundaries
and cochains yielding functions holomorphic at r = (1 — g)/2, we have the equality

Drr)m=p = @ R)m=p- H

Corollary 5.21. Modulo coboundaries and cochains yielding functions holomorphic
in a half-plane containing r = (1 — q)/2, we have the equality

G )m—p = (¢;1,1)r1:14=P = B®jy 110

5.5. Homotopy to the Chern character for invertible 9. We now drop the 0
subscript from @}, 41,0 a8 We will leave + = 0 from now on and consider a different
homotopy. We now want to deform B®), , using the homotopy u — Dy :=
D|D|™*, following the strategy of Higson. Unfortunately we discovered that this
homotopy is quite subtle if one wants to check all of the estimates needed to show it
is well defined. Hence the somewhat lengthy discussion in this section. Of course
it is clear that this homotopy only makes sense in the invertible case. We handle the
transition to the non-invertible case later.

We write CIDZ’ M1 for @, defined using Dy, instead of D = Dy. We would

also like to write D = —D,, log|D|, but this is purely formal and we will only take
the limit of the corresponding difference quotients when they are multiplied by a
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factor of ||~ to ensure that the limit exists. In fact this derivative only appears via
the derivative of B®;, ;. ,, which in turn appears in the coboundary computation of
yet another aux111ary cochain W’ M in Lemma 5.22 below. The necessary estimates
for taking the derivative of B®’ w.M 41 are proved in Lemma 5.23.

Lemma 5.22. Forr > (1 — M)/2 define a functional by

\I";,M(am coay) = _nTM sM «aoi)u» [Dy,ai],....[Du, aM]»M,s,r ds
0

Then we have

(bBW,, pr)(ao, ... am)

M
=—nu(r+(@—1/2)) (1)

i=0

o0
/ SM([QuaaO]v e [i)u’al']i ‘Di,h ceey [i)uvaM])M—H,s,r ds
0
d r
+ @(BCDM,MH)(aO, e, ap).

Remarks. (i) A judicious use of Holder’s inequality shows directly that \IJ; g 18 finite
forRe(r) > (1— M)/2. However we choose a slightly different argument and obtain
this fact as a corollary of the computations below .

(ii) The derivative of B®;, ,, ., must be shown to exist for Re(r) > (1 — M)/2.
The functional BCDu Ma1 18 ﬁnlte in this region, and so a similar argument to that
which shows ¢, is holomorphlc when finite will show that B®, M1 is holomorphic
when finite. In fact B®;, ,, ., is finite for Re(r) > —M/2 by [CPRSZ] Lemma 7.2.
The problem is the existence of the derivative in u, and for this we require a careful
argument which we give in the next lemma.

We will return to the proof of Lemma 5.22 after we handle the technical issues
which are summarised in the next result.

Lemma 5.23. Write R, for the resolvent R, = (A — (s> + D2))~! defined using
Dy. Foray,...,apy € A, the product

Ty, = [Dy, ao] Ry[Dy.ar]Ry . .. [@u7aj]Ru@uRu[i)uaaj+l] . Ry[Dy.ap]Ry

is trace class for allu € [0,1] and is C' in u. Moreover, with D, = —D,, log(|D])
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we obtain as expected:
d
E(Tu,j)
M .
= [Du.ao]Ry ... Ry Dy i) (R 2Dy Dy R)[ Dy i 1] Ry - . . [Du. ana] Ry
k=0
+ [Du. a0l Ry . . . Ru[Dy, @] Ry Doy (Ry 2Dy Dy R Dy @ 41] . . . Ry[Dy. aps] Ry
M
+ > [Du.ao]Ru[Dy.a1|Ry . .. Ry[Dy. ar] Ry . .. Ry[Dy. are] Ry

k=0
+ [Du. a0l Ru[Du. a1] Ry . .. Ru[Du. a1 Ry D Ru[ D @ 41] . .. Ru[Du. ang] R

Proof. First we employ the estimate for a* = —a, which is equation 10.58 in [GVF],
—[[D.all1DI™ < [Dy.a] < |[D.a]]| |D|™

to deduce that [D,,, a] € £97/ where we write g toindicate ¢ + ¢ for all positive €.
Using Dy € OP'™, we deduce that R, € OP~2%2% and so R, € £97 /200 The
operator T, ; has M + 2 factors of Ry, one factor of O, and M + 1 factors [Dy, a;],
andso T € £" where

u)  2M +3—(M +2)u
= = .

1 u 2(1 -
;_(M+1)q—+—|—(M+3/2) =

The worst possible case is when u = 1 and we find that 1/r > (M + 1)/g* > 1,
and so T € &! for all u € [0, 1]. The strict inequality follows since M = 2N — P
andg—1<2N —P <q+ 1.

The strict inequality also implies the following. There exists p > 0 such that for
allu € [0,1], Ty, ;|DI? € £'. We fix some such choice of p from now on. Now
[Dy,a;]|D|* is order zero for all u and uniformly < ||[D, a;]||, and R, |D|~>* is of
order —2 uniformly in u. We want to write T}, ; as a product of terms of order 0 and
—2 (and a single term of order 1). To do this, we insert in the expression for Ty, ;
a factor of |9D|~2* next to each individual R, and a factor of |D|* to the right of
each commutator [, a]: we are then forced to insert a factor of |D|* to the left of
the next commutator. In order to make the factors near the second commutator have
total order O we are forced into adding a factor of |D|™* to the right of the second
commutator which in turn forces us to insert another factor of |D|¥, etc. We make
another adjustment when we get to the term R, Dy, R, = R, D|D|™ R, which force
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further adjustments after that term. Thus we obtain:

Tu.j = [Du.ao]| D" Ry|D| 7> |D|*[Dy.a1]|DI*|D|™ Ry| DI~

DDy ax]| D[ | DV [Dy. 01| DYV Ry | D] D
*Ry| D7 [ DV Dy, @] |D]7YFDY
DMV Dy ap]| DM Ry | D | DM A

= [Dy, ao]|D|* Ry|D|™*Ry" Ry |D|*[Dy,a1] RulD|™*Ry" Ry
D [Dy. ax)| DI | DV [Dy. aj)| DYV Ry | DT Ry R D
* Ry| D7 Ry Ro | DIV H 2 [Dy, aj ] |D7UFD
DMV DY ]| DM DT Ry R Ry | DM

In the first equality we have expressed T, ; as a product of operators of order zero
(the operators |D|**[D,,, ar]|D|~* V¥ and |D|V"V¥[D,, a;]|D|~™ are of order
zero by the pseudo-differential calculus), operators of order —2, (R, |D|™2*) and a
final term |D| M+ of order (M + 2)u < M + 2.

In the second equality we observe that (assuming A = a + iv where ¢ =
8/2) there is a uniform estimate which is a consequence of the functional calculus:
[|D|72* Ry Ry'| < 287 < 287!, Hence, |D|"2* R, Ry is order zero independent
of the values of u, and so

Tu,j = AgRyA1 Ry . --AjROcDRo . -‘AmR()|$’O|(M+2)”’

where the order zero operators A; are now u-dependent.
Obviously

Tu,j — Tu,j c([)|M+1—p|°([)I—M—l‘f'p’

but by our choice of p, |D|"M~1+° ¢ £! and T, ;|D|M T1~* is uniformly bounded
in A,s,u and, uniformly in these parameters, of order —p as a pseudo-differential
operator.

We now want to consider the difference quotients,

°@|M-|—1—/O _ Tu’jlorD|M+l—P).

1
E(Tu—i-e,j

Observe that these differences lie in OP™® and so are bounded. In order to take the
limit as ¢ — 0, we require some elementary estimates. If ¢ lies between x and 1, we

have
t X 1
/ sT178ds < / s ds = —(1 —x7%).
1 1 €
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Solet x € [«/3 ,00), where D? > §, then we have the estimate

X X
/ =1 dr = —/ et = 1) dt
1 1

X t
= - 1! —8/ s~ ds) dt
[ (e sma)
X X
< 8/ t_lf s dsdt = (1 —x"%)logx.
1 1

Hence

1
‘—(x_g — 1) +logx| < (1—x"%logx.
&

Since |log x| < Cx? for all x > §, for any p > 0, the functional calculus then gives
us the inequality
1
(4D -1+10g [91)1D12] < CHI-1DI 11D/ 10g 1D — 0ase — 0.
e

Thus

1
lim ~(ID]™* = DID|™” = —|D|""log|D|

where the limit is taken in the norm topology. Since we are using the norm topology
and both sides lie in OP?, we may regard this as an equality in OP°.
We will now show that the limit

1 M+1—p
;ER) E(T(u-i-s),j - Tu,j)|°(D|

also exists in OPY in the norm topology, and therefore lim,_.o %(T(uﬂ)’ i — Tu,j)
exists in the £! norm. Our earlier computations show that we can write

Tyj = Bo)RyBi(W)Ry ... Bj () Ry DRy ... Ry Bar )Ry,
where R, = Ry|D|™* € OP™2 and, foreachk =0,..., M,
Br(u) = [ DDy, ar]|DI7* D" or  Br(u) = |D|% (D, ar]| DI,

depending on whether k < j or k > j, and in each case By (u) € OP°. So now we
can write

1

~(Tuge — T)| DM 1P

&
1

= E(BO(M+8)_BO(”))|°(D|_0|°©|/)'RM+SBI(”+8)-~-BM(“+8)'ﬂu+8|°©|M+l_p
1

+ EBO(“)(fﬂu+s_=Ru)|°(O|_p|°©|pBl(u +8)Ru+e LI BM(” +8)<ﬂu+6|<®|M+l_p

1
+oee ot —Bo()RuBi(u) .. By () (Rus — R D 7P| DIP| DM HIP,
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We have written each term as a product oy, where the sum of orders of @ and y is
two or zero, while B is a difference quotient times |£|™", and so the order of § is
always either —2 — p or —p. Below we show that the two possibilities for 8 give norm
convergent limits, in OP~2 or OP?, which will imply that T}, ; is differentiable, by a
standard argument. The continuity of the resulting derivative can be determined by
similar, but simpler, arguments.

So we now examine the difference quotients. There are two kinds of terms which
arise in this computation (the factor of |D|™ arising from the extra £, is included
in our other factors). First we consider R, 4+, — R, which equals

Ru+a|°{D|_2(u+8) - Ruli)l_zu
— Ru+6|°(0|_2(u+8) _ Ru|£|—2(u+8) + Ru|£|—2(u+s) . Ru|£|—2u
= Ru1e| D[ 2“FI(|D| 72 — DDZ Ry + Ry| D72 (| D72 — 1).
Observe we have chosen to add and subtract a term which lies in OP~2. Since the

factor Ry|D|™2* = Ry|D|"*Ry' Ry is uniformly in OP~2, the same method of
proof as before shows that

.1 _ - _ _ —
lim — (Ru-+5|D| 2R, | D7) D] 7P = Ru|D| 7210 |DI(D; Ry—1)|D|~*

where the limit exists in norm and lies in OP 2.
The second kind of difference quotient is (one of the two forms of) B, (u + &) —
By, (u), and we will present the proof for the case

By (1) = | D" [Dy, an]| D7D,

the other possibility being entirely similar. By adding and subtracting terms of order
strictly less than zero, we can rewrite this difference as

D" HIDy 1, a]| DI~ — | D" [D,, a]| DIV
= D" [Dyye.a)| DTV — | D" HO D,y a]| DTV
+ D" [Dy e, a]| DI — | DI [ Dy e a]| DTV
+ | D" [Dyye.a]| D7V — |D"[Dy. a]| D]
= D" TO[Dy y.a]| DTV DITTVE = 1) + (1 - | D7) DM
[Dute. al| D7D 4+ | D" [ Dy — Dy a]| D77V,

The first term can be handled using our estimates above, the second term can be
handled similarly by using the factor of |D|?|$|~* on the left so only the last term
needs examination. We rewrite this last term as

| D" [ Dy e — Dy, a)| D7D
= D" D[|D[¥TO —1D|™, a]| D"V + | D™D, a]| DT (| D] - 1).
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The second of these terms can also be dealt with using our previous methods, and so
we are left with examining

1
—1D|"™D[(| D"+ —|D|™), a]| DD~
&

We proceed in stages. Recalling that this difference quotient is multiplied by |D| ™7,
we consider the convergence, in OP™° C OP°, of

é@l"”@[(lﬂl_(””) —1DI™), d]|D|P| DD,
Applying the Leibnitz rule we have
DI DD — D). al| DI 7| D]
= él@l(n—l)u@[ui)l—s _ 1)’a]|;’0|—,0|c©|—(n—l)u
+ éli)l”"i)[lﬂl‘”,a](mrg —1)|D|~P|D| D,

As |D|*D[|D|™,a] € OP® and conjugation by | D]~V preserves OP?, we see
using our previous methods that the second term has a limit in OP°. For the first term
we employ the Leibnitz rule again. This gives us

! —u —€ - —(n—1)u
~|D| " D[(D|™* ~ 1).a]| D[ |D| ")
1
= _|i)|(n—1)ui)[(|czo|—8 _ 1)|i)|_p,a]|i)|_(”_1)”
€
1
+ E|§D|(n—1)u(|j)|—8 —D)|D|PD[|D|, a]| D] | D~ V¥,

As before conjugation by |D|”~D* does not affect matters. For the first term we
observe that i)[%(|i)|_s —1)|D|", a] is uniformly in OP® and has a limit as ¢ — 0
by our previous methods. The proof is completed by noting that the second term is
handled similarly once we see that

DD, a]|D|™" = —D|D|[|D| ", a] € OP°. O

Proof of Lemma 5.22. Lemma 5.23, taken together with arguments of a similar na-
ture, shows that W} ,, and f—uCDL w41 are well defined and continuous. The proof
of Lemma 5.23 also shows that the formal differentiations given below are in fact
justified.

First of all, using the £,, version of equation 5.5 of Proposition 5.14 and the R,
version of Definition 5.4 to expand (B®;, 3, 1)(do, - .., am), we see that it is the sum
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of the T}, ; and so its derivative is the sum over j of the derivatives in Lemma 5.23.
Using the R,, version of Definition 5.4 again to rewrite this in terms of {(. .. )) where
possible we obtain:

d
E(B‘DZ,MH)(%,---,GM)
[ - :
= _TA sM Z(«[‘Du9a0]’ M [j)u,aj],zi)uﬂu, L] [@M’aM]»MJrl,S,r
i=0
nm

+ ([Dy. ao), . ... [Du. ail. .. - [Dus an D) ds = ==

00 M
: / sM Z(_l)l ([i)u,a()], R [i)uaal']v i)uv R [j)uaaM])M+l,s,r dS.
0 .=

For the next step we compute Bb\W ;, and then use bB = —Bb. First we apply b:

(b, M)(aOv-' LaM+1)

Z( 1y / (0Du. ... [Ducajaji)..... [Duarrsrassr ds

77M / aoali)uv [*‘Du aZ] [j)ua aM+1]»M,s,r ds

_(_1)M_HUTM SM«aM-i-laOi)u,[i)usal]’-'-»[‘DusaM]»M,s,rdS
0
M 00
= M 0o sM (e D 1Dy a;
=-5 20 | M@0 a)[Du ]
i=1

+ [Dy.ajlaji, ..., [Du,apm 1] m,s,r ds

- — M (aoDyar, [Du,azl, ... [Du,am+11)m,sr ds
77M
/ (ol Du-a1]. [Du. ). . ... (D ars 1 s r ds

— (M I / M (apg 100D [Durtt]s -+ [Dos art g ds

M+1

_ ”M/ Z( 1Y (@oDu. [Dy.ar]. ... [D2.aj]. ..

o [i)u, aM+1]»M+1,s,r ds
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M+1

M / Z (—1)/ (—1)de@o D) ++dea((Duv-aj 1)
(aogDu’ [j)u, al]’ ceey [J)ua aM+1])M+1,s,r ds

4 / (ao[Du, a1, ..., [Du,ap+1))ms,r ds.

The last equality follows from the R, version of Lemma 5.5. In the above we
note that deg(aoDy) = 1 = deg([Dy,ax]) for all k so that deg(aoDy) + -
-+ + deg([Dy,a;—1]) = j and deg(aoDy) + --- + deg([Dy.apm+1])) = M +2 =
P (mod 2). We also note the commutator identity [D2,a;] = {Dy, [Dy,a;]} =

[Dy, [Dy.a;]]+. Soin order to apply the £, version of equation (5.3) of Lemma 5.5
we first add and subtract

- / ({Du. a0 Dy} [Dy.ar]...... [Du.am 1)) 1,5.r ds
and then apply equation (5.4) to obtain:

(bYy, p)(ao, ... am+1)
M+1

= r’M/ Z aO@u,-. @u,a]] @ "'7[£u?aM+l]>M+2’s’r dS

+ nTM/ SM«aO{i)u9 i)u} + [i)uvao]i)us [°{Du, al]’ cet [i)u’ aM+1]»M+1,s,r ds
0
M Mg g
=01 1) [T (a0 (D) Dy s

4 / (oD arl.... (D arts1 ) atis. ds.

Then we apply the D,, version of Lemma 5.8 as modified in the proof of Proposi-
tion 5.14 with ¢ = 0 to the first term above to obtain

= +2r)/ M oDy [Durar]. . [Du ant o1 at 1.0 d
0
7’]M o0 M . .
+ A N ((a0{£u7£M}+ [Qu’ao]ﬂu,[@uaal],--w[fDu,aM—l—l]»M—H,s,r dS

4 M / (aolDu.ail.. .. [Duarg 1) asss ds.
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The next step is to apply B to these three terms:

(BbY,, ) (ao. - ...an)

M 00
= (C] + 2”)7’71” Z(_l)(M+1)J [ SM("(l)ua [‘Du’ aj]7 L] [°(Duaaj—l]>M+1,s,rds
Jj=0 0
M~ N e -
+ TZ(_I)(M-FI)/ / SM«{i)u’ i)u}7 [i)u’aj]’---v[@uvaj—l]»M‘l'l,S,r dS
Jj=0 0
i % My
+ DS 0O [ (D, Dy Dt s
j=0 0

M

2 . . [ .

_ (g +2r)nm 2””’” S :(—1)<M+1>J+Af/ sM([Dy.aol. ... [Duraj1]. D ...
Jj=0 0

SRR [j)m aM])M—l—l,s,r ds

M o
+UTMZ(_1)(M+1)/+(1+A)//0 sM«[:Ou,ao],...,{G‘Du,@u},[@u,aj]“”
Jj=0

SRR [i)m aM]»M—H,s,r ds
M

o0
+UTMZ(_1)(M+1)/+(1+A)//0 sM«[JOu,aO],...,[i)u,aj_l],[g)u’aj]“”
Jj=0
oo [Duam ) ms.r ds
M ul o[ )
= (CI +2}")7 Z(_l)/ /0 SM([o([)u,a()],,,,’[o([)u’aj_l]’@u““

)
ooy [Dusam)M+1,5,r ds

M
N UTMZ/ sM([Du.ao), ..., 2Du Dy, [Dusajl, ..., [Dusam ) m+1,5,r ds
j=0"0

M oo
F S [ M (Dol 1Dueya (DL [Dusase D s
2 =)o

Using bB = —Bb and our formula for %(BCDZ,MH)("O’ ...,apr) we obtain

(bBY,, p)(ao, - ... anm)

oo

M
— @+ 20230 [ (Dol D] D

Jj=0 0
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[ Du.apm)M+1,5,r ds

Z( l)l/ [@u’ao] [j)u’ai]’cbu’---

d
Dy apm)M+1,5,r ds + %(B@;,M+1)(ao, co.am).
This proves the result. O

Corollary 5.24. For D invertible we have
1

m(bB\p;,M)(ao“..,aM)

B 1 d
C(r+(g—1)/2)du
where h(r) is analytic for Re(r) > —M /2.

6.7
(Bq);,M—i-l)(aO’ cee ,(JM) + h(}’)

Proof. This follows from [CPRS2], Lemma 7.2, applied to the function

/ SM([;Du,aO], cees [i)u,ai], i)u, s [i)uyaMDM-H,s,r ds,
0

which shows that this function is holomorphic for Re(r) > —M/2, and in both the
even and odd cases, —M/2 < (1 — q)/2. O

Corollary 5.25. For O invertible we have
- d
BBV P ) o, ... am) = E(B¢;1A;i/12)(ao, Lam).

Proof. We have already observed that B®;, ,,, , is holomorphic at r = (1 —¢q)/2,
and so by Corollary 5.24 we can take the remdues of both sides of equation (5.7) to
obtain the result. Observe that taking these residues did not require isolated spectral
dimension. O

5.6. Proofs of Theorems 5.1 and 5.2

Proof of Theorem 5.1. The image of the cyclic cochain
; / B, M(ao, ...,ap)du
(r—~1-9)/2)

under the operator b is given by

d
m/o %BCDL’M_FI(CI(),...,CZM)OIM +h010. (58)
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Here holo is the integral over u of the holomorphic remainder from Corollary 5.24.
Integrating this remainder in u does not affect the estimates proving holomorphy at
r = (1—q)/2, since the integral is absolutely convergent. By the fundamental theorem
of calculus, equation (5.8) is (modulo functions holomorphic at r = (1—¢)/2) the dif-
ference of mBCD;MH defined using F = D|D|~! and mBCD]’Wrl
defined using . Hence the two are cohomologous in cyclic cohomology. Recall-
ing that F2 = 1 and using our previous formula for B®;, ,, (the Dy version of
Proposition 5.14 with u = 1) we have

(Bq)1ru+1)(ao,~-,aM)|u=1
i ; *
Z_TZ(_I)JH/ sM([F,aol,...,[F,a;], F,[F,aj+1],...
j=0 0

L) [Fv aM]>M+1,s,r ds

M
= —n—MZ/OOSMLI(y/A_q/Z_rF[F,aO]...
2 = 2mi I

L F ap]O = (82 + 1))‘M_2d/\) ds

o COMTWM +1+q/2+71) [®
= T@/2tn | s“t(yF[F,ao]...

L [F.ap](s? + 1)"M-1=4/27m) g

In the second equality we anticommuted F past the commutators and pulled all the
resolvents to the right (they commute with everything since they involve only scalars).
In the last equality we used the Cauchy integral formula to do the contour integral
and performed the sum.

Now we pull out (s2 + 1)~ ~1=P/2=" from the trace, leaving the identity behind.
The s integral is as follows.

o0
/ sM(s? + 1)_M_1_p/2_rds
0

1 R 2
— / / SMuM+q/2+re—u(s +1) duds

_ 1 /OO/OOSMMM+q/2+re—u(s2+1) ds du
T'M+14q/24+r)Jo Jo

— F((M + 1)/2) oouq/2+r+M/2—l/2€—u d
2M +1+q/2+7r) Jo

(M +1)/)T(q/2+r + M/2+1/2)

N 2'(M +1+1/2)

u
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Putting the pieces together gives

(B®y 1) a0, ... am)lu=1
B ”—M(—l)M T((M+1)/2)T(((g—1)/2+7r)+M/2+1)
2 L(g/2+7) 2M!

-t(yF[F,aq]...[F,apm]).

Now ny = Vit (—=)M2M+1P(M/241)/T(M + 1), and the duplication formula
for the Gamma function tells us that

(M +1)/2)T(M/2 + 1)2M = /7T (M + 1).
Hence
(Bq)jrl/1+1)(ao’ covay)|u=1

C VAVEIT (g = D)/2+ 1) + M2+ 1)
- T(q/2+r)2- M! ’

(VF[F’CZO][F’aI]"'[F’aM])'

Now we use the functional equation for the Gamma function
F'(@g—1D/24+r)+M/2+1)
=IL(g—-D/2+7r)-((g—-D/2+1r+M/2)
(g-D/24+r+M/2-1)...((@q—1/24+7r)

to write this as

(B(D;M-H)(aO» cees aM)|u=1
P M/2
C 24 \/21 .
= ‘”2# > (4 (g = 1)/2) o2, jT(yF[F.ao)[F.ai] ... [F.au)),
b3
where the 0/, ; are elementary symmetric functions of the integers 1,2, ..., M/2

(even case) or of the half integers 1/2,3/2,..., M/2 (odd case). Recalling that the
‘constant’ Cy/»4, has a simple pole at » = (1 — ¢)/2 with residue equal to 1, and
omy2,1 = I'(M/2 + 1) in both even and odd cases, and recalling Definition 3.2 of 7’
we see that

(B®jy41) (@0, - am)lu=1

1
(r—(1-9)/2)

-P
= (r\/_2_l(1 E(g//;);— Z!T(VF[F,CIQ] ...[F.,apm]) + holo

V2itT(mM2 + 1)
= MG = —qy2)" veolfial.. [F.au]) + holo
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1
=-—————Chp(ag,a1,...,ay) + holo,
(r—>1-9)/2)
where holo is a function holomorphic at r = (1 —¢)/2 and on the right-hand side the
Chern character appears with its (b, B) normalisation. O

Proof of Theorem 5.2. If we assume isolated spectral dimension we can take residues
of the resolvent cocycle to obtain the residue cocycle. By Corollary 5.17, the residue
cocycle is cohomologous to B CID](VlI +q1)/ 2. Observe that it is only in Corollary 5.17 that
we need to assume isolated spectral dimension. This is because by Corollary 5.25 we

always have

d _
BBV ) ao. ... am) = %(mf{{]\ﬁ/f)(ao, am).

Then by the computations above in the proof of Theorem 5.1, we have

(BdD(1 q)/ M+1)(@o, ..., apy) is cohomologous to (BQD(1 q)/ 1)@ am),

which again by the proof of Theorem 5.1 completes the proof of the theorem. O

5.7. Removing the invertibility hypothesis. Theorem 4.10 will have been proved
once we show how to remove the invertibility hypothesis. We shall employ the
‘double’ of the spectral triple (4, #, D) from Section 3.

In the double up procedure we will start with 0 < ;1 < 1. We are interested in the
relationship between 1 + D? (implicitly tensored by Id, here and below) and 1 + D2,

given by
1+ p? + D2 0
2 _
1+‘DM_( 0 1+u?+0%)°
If we scale O,, by (1 — ©w?)~1/2 then we obtain
2\~ 2 2\—
(14 D)™ — (1- 2 (1 + D).

Let wpr = aglD,a1]®V ... [D,a,]%* ). Then if we scale D by e, Omk —
g2kIFm ey, . If we write @, & fOr wp, i defined using D, then

Opumik = Omik + O(),

where the O () term is an operator of order |k|. In terms of the matrix representation
we have

Ok + U "
a)umk:( " OM m.k Mé"’k .
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Now take @, m k(1 + @ﬁ)—’/2—|k|—m/2+1/2—p/2 and scale D, by (1 — u?)~1/2.
We obtain

(1— MZ)(q—l)/Z—I—rwm w(1+ @2)—r—|k|—rn/2—(q—1)/2
+ O(M)(] + 1)2)—r—\k|—m/2—(q—1)/2’

where again the O () term is an order |k| operator.

Let us write ¢y, , for the sum of zeta functions we obtain by performing the
pseudodifferential calculus on the resolvent cocycle and discarding the holomorphic
remainder. Then, modulo coboundaries and functions holomorphic at r = (1 —¢q)/2,

hr, = @ ,)0_p

= Chm=p

= (1—p?) D2 ML+ 0w
= (1= )"0 )0l p + O
= (Gpm=p + O(1),

where each O(u) is a cocycle with the same regularity properties as the resolvent
cocycle and which is zero at © = 0.

Evaluating both sides of this equation on a b, B-cycle yields functions defined and
holomorphic in some half-plane, and the two sides differ by functions holomorphic in a
half-plane containing » = (1—g¢)/2. The left-hand side yields a function independent
of u by Proposition 3.5, and so either the O () contributions are coboundaries (and so
vanish when evaluated on a cycle) or they are holomorphic at r = (1 —¢)/2. In either
case we find that modulo cochains yielding functions holomorphic at r = (1 —gq)/2,

(-9 °

1
M
- homol t Chp, .
(@) m=p 1S cohomologous to —(=9/2 Fu

Taking residues, in the case that (A, €, D) has isolated spectral dimension, leads to
the analogous result for the residue cocycle:

(¢m),A,:I= p is cohomologous to Chp,, .

Since Ch(sA, #, D) is Chfg, which is Ch(A, J02, D,,) for any positive u, we are
done.

Theorem 5.26. If (A, #, D) is a QC finitely summable spectral triple with spectral
dimension q > 1, then the resolvent cocycle is cohomologous to

—Ch
r—(—q)2) ™
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modulo cochains with values in the functions holomorphic atr = (1 —q)/2. If
(A, H, D) also has isolated spectral dimension, then the cyclic cohomology class

of the residue cocycle coincides with the class of the Chern character of
(H,F =D(1 +D>7/?),

6. Some corollaries and the connection with Higson’s cocycle

The transgression cocycle of the previous section allows us to prove two interesting
corollaries.

Corollary 6.1. For any (b, B) cycle (Cm)rI§=P of the same parity as (A, H , D), the
function

M
> bn(cm)
m=P

has an analytic continuation to a deleted neighbourhood of r = (1 — q)/2 with at
worst a simple pole atr = (1 — q)/2.

Proof. The cocycle (¢;,) differs from (1/(r — (1 —g)/2)) Chr by coboundaries and
functions holomorphic at r = (1 —g)/2. O

Corollary 6.2. For any Hochschild M -cycle cpg the function

b (em)

has an analytic continuation to a deleted neighbourhood of r = (1 — q)/2 with at
worst a simple pole at r = (1 — q)/2. If M is even (resp. odd) and [q] is odd
(resp. even) the residue at r = (1 — q)/2 vanishes.

Proof. We have the formula

b®y_ + By 1y = (r = (1=9)/2)piy-

Ifepy =), aa ® a’i Q- ® aﬁ,, is a Hochschild cycle, we have b®},_, (car) = 0,

N
1

quDIr\I—H(CM) = ¢pr(em).

Since there exists § > 0 with B®),  , (car) holomorphic for Re(r) > (1 —¢q)/2 -4,
we see that ¢y, (cpr) meromorphically continues to this region with only a simple
pole at r = (1 — q)/2. The region Re(r) > (1 — M)/2 where ¢}, (ao. ...,apn) is
holomorphic is Re(r) > —[q/2]. For [¢] =2n,qg =2n+k,0 <k < 1 and

1—¢

1—«
7 nt——> lq/2] n
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Similar comments apply when M is even and [¢] is odd. O

Higson has a cocycle which is evidently similar to our resolvent cocycle. An
essential difference is that from Higson’s cocycle, one derives the unrenormalised
local index theorem. We show here that our resolvent cocycle naturally gives rise to
a ‘renormalised’ version of Higson’s cocycle.

We take our resolvent cocycle, perform the pseudodifferential expansion, the
Cauchy integral and the s-integral. This gives (modulo functions holomorphic at

r=0-49)/2)

o (ao, ... .am)
2N—m—P
_ ovmtlkl = P P LUk 4+ (m—=1)/2+q/2+7)
B |k|z=o ClEDm DT V2 T(1+ [k| +m)T(q/2+7)

. 7:(yao[g)’al](kl) ... [D. am](k’")(l + @2)—q/2—r—|k|—(m—1)/2)‘
We then put back the Cauchy integral using

t(yao[D,a]*V .. [D, ap)®m (1 + D2)1/27r—lkI=(m=1)/2)
it D01+ k| +m)['(q/2 4+ r — (m +1)/2)
L'(q/2+7r+ k| +(m—1)/2)
1

T(E/Il_q/z_rﬂmﬂ)/zao[@,al](kl)---

= (~1

...[j),am](km)(/\ —(1+ @2))_|k|_m—1d,\)

and undo the pseudodifferential expansion. By our previous estimates, these opera-
tions affect our function-valued cocycle only by functions holomorphic at the critical
pointr = (1—¢q)/2. We obtain the following equality modulo functions holomorphic

atr =(1—q)/2:

¢,,r1(a0,..,,am)
P A ENTD@/2 4+ —(m+1)/2)
=DV T2+ )
: z(% /Ix—q/z—’ﬂm“)/zaoRO(A)[:D,al]RO(A) o [:D,am]RO(A)dA).

We call this new cocycle the reduced resolvent cocycle and denote its components by
¥, so that the above equality becomes

o (ao, ....am) = Y, (ao,....am)
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modulo functions holomorphic at r = (1 —¢q)/2. The integral defining v/, exists for
Re(r) > (1 —m)/2 by our previous estimates. The argument of the coefficient

I'g/24+r—m+1)/2)

has positive real part when Re(r) > m/2 + (1 — ¢)/2 and can be meromorphically
continued.

To compare the reduced resolvent cocycle with Higson’s improper cocycle, we
write z = r — (1 —g)/2. Then, writing n?, for the components of Higson’s improper
cocycle we have

JT

T(z+1/2)

This gives a ‘renormalised’ version of Higson’s cocycle in the sense that starting with
the reduced resolvent cocycle, one arrives at the renormalised local index theorem,
whereas Higson’s original cocycle leads to the unrenormalised theorem.

Yo (ao,....am) = Mo
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