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1. Introduction

The spectral action introduced by Chamseddine–Connes plays an important role [3] in
noncommutative geometry. More precisely, given a spectral triple .A;H;D/ where
A is an algebra acting on the Hilbert space H and D is a Dirac-like operator (see [7],
[23]), Chamseddine and Connes proposed a physical action depending only on the
spectrum of the covariant Dirac operator

DA ´ D C AC �JAJ�1; (1.1)
�Partially supported by MNII Grant 115/E-343/SPB/6.PR UE/DIE 50/2005–2008.
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where A is a 1-form represented on H, so has the decomposition

A D
X
i

ai ŒD; bi �; (1.2)

with ai , bi 2 A, J is a real structure on the triple corresponding to charge conju-
gation and � 2 f1;�1g depends on the dimension of this triple and comes from the
commutation relation

JD D �DJ: (1.3)

This action is defined by

S.DA; ˆ;ƒ/ ´ Tr.ˆ.DA=ƒ//; (1.4)

where ˆ is any even positive cut-off function which could be replaced by a step
function up to some mathematical difficulties investigated in [16]. This means that
S counts the spectral values of jDAj that are less than the mass scale ƒ (note that
the resolvent of DA is compact since, by assumption, the same is true for D; see
Lemma 3.1 below).

In [18], the spectral action on NC-tori has been computed only for operators of
the form D C A and for DA in [20]. It appears that the implementation of the real
structure via J does change the spectral action up to a coefficient when the torus
has dimension 4. Here we prove that this can be also directly obtained from the
Chamseddine–Connes analysis in [11] that we follow quite closely. Actually,

S.DA; ˆ;ƒ/ D
X

0<k2SdC

ˆkƒ
k

«
jDAj�k Cˆ.0/�DA.0/C O.ƒ�1/; (1.5)

where DA D DA C PA, PA is the projection on Ker DA, ˆk D 1
2

R 1
0
ˆ.t/tk=2�1dt

and SdC is the strictly positive part of the dimension spectrum of .A;H;D/. As we
will see, SdC D f1; 2; : : : ; ng and

ª jDAj�n D ª jDj�n. Moreover, the coefficient
�DA.0/ related to the constant term in (1.5) can be computed from the unperturbed
spectral action since it has been proved in [11] (with an invertible Dirac operator and
a 1-form A such that D C A is also invertible) that

�DCA.0/ � �D.0/ D
nX
qD1

.�1/q
q

«
.AD�1/q; (1.6)

using �X .s/ D Tr.jX j�s/. We will see how this formula can be extended to the case
of a noninvertible Dirac operator and noninvertible perturbation of the form D C QA
with QA ´ AC "JAJ�1.

All these results on spectral action are quite important in physics, especially in
quantum field theory and particle physics, where one adds to the effective action some
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counterterms explicitly given by (1.6); see for instance [2], [3], [4], [11], [17], [18],
[20], [22], [28], [34], [36], [37], [38].

Since the computation of zeta functions is crucial in the following, we investigate in
Section 2 residues of series and integrals. This section contains results of independent
interest on the holomorphy of series of holomorphic functions. In particular, the
necessity of a Diophantine constraint is naturally emphasized.

In Section 3 we revisit the notions of pseudodifferential operators and their associ-
ated zeta functions and of dimension spectrum. The reality operator J is incorporated,
and we pay a particular attention to kernels of operators that can play a role in the
constant term of (1.5). This section concerns general spectral triples with simple
dimension spectrum.

Section 4 is devoted to the example of the noncommutative torus. It is shown that
it has a vanishing tadpole.

In Section 5 all previous technical points are then widely used for the computation
of terms in (1.5) or (1.6).

Finally, the spectral action (1.6) is obtained in Section 6, and we conjecture that the
noncommutative spectral action of DA has terms proportional to the spectral action
of D C A on the commutative torus.

2. Residues of series and integral, holomorphic continuation, etc.

Notations. In the following the prime in
P0 means that we omit terms with division

by zero in the summand. Bn (resp. Sn�1) is the closed ball (resp. the sphere) of Rn

with center 0 and radius 1. The Lebesgue measure on Sn�1 will be noted by dS .

For any x D .x1; : : : ; xn/ 2 Rn we denote by jxj D
q
x21 C � � � C x2n the Eu-

clidean norm and jxj1 ´ jx1j C � � � C jxnj.
N D f1; 2; : : : g is the set of positive integers and N0 D N [ f0g the set of

non-negative integers.
By f .x; y/ �y g.x/ uniformly in x, we mean that, for some a.y/ > 0,

jf .x; y/j � a.y/jg.x/j for all x and y.

2.1. Residues of series and integral. In order to be able to compute later the residues
of certain series, we now prove the following result.

Theorem 2.1. LetP.X/ D Pd
jD0 Pj .X/ 2 CŒX1; : : : ; Xn� be a polynomial function

where Pj is the homogeneous part of P of degree j . The function

�P .s/ ´
X0

k2Zn

P.k/

jkjs ; s 2 C;

has a meromorphic continuation to the whole complex plane C.
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Also �P .s/ is not entire if and only if PP ´ fj j R
u2Sn�1 Pj .u/dS.u/ ¤ 0g ¤ ¿.

In that case �P has only simple poles at the points j C n, j 2 PP , with

Res
sDjCn �

P .s/ D
Z
u2Sn�1

Pj .u/ dS.u/:

The proof of this theorem is based on the following lemmas.

Lemma 2.2. For any polynomial P 2 CŒX1; : : : ; Xn� of total degree ı.P / ´Pn
iD1 degXi P and any ˛ 2 Nn

0 , we have

@˛.P.x/jxj�s/ �P;˛;n .1C jsj/j˛j1 jxj���j˛j1Cı.P /

uniformly in x 2 Rn, jxj � 1, where � D Re.s/.

Proof. By linearity, we may assume without loss of generality that P.X/ D X� is a
monomial. It is easy to prove (for example by induction on j˛j1) that for all ˛ 2 Nn

0

and x 2 Rn n f0g:

@˛.jxj�s/ D ˛Š
X

ˇ;�2Nn
0

ˇC2�D˛

� �s=2
jˇj1 C j�j1

�
.jˇj1 C j�j1/Š

ˇŠ �Š

xˇ

jxj�C2.jˇ j1Cj�j1/ :

It follows that for all ˛ 2 Nn
0 , we have uniformly in x 2 Rn, jxj � 1,

@˛.jxj�s/ �˛;n .1C jsj/j˛j1 jxj���j˛j1 : (2.1)

By the Leibniz formula and (2.1), we have uniformly in x 2 Rn, jxj � 1,

@˛.x� jxj�s/ D
X
ˇ�˛

�
˛

ˇ

�
@ˇ .x� / @˛�ˇ .jxj�s/

��;˛;n

X
ˇ�˛Iˇ��

x��ˇ .1C jsj/j˛j1�jˇ j1 jxj���j˛j1Cjˇ j1

��;˛;n .1C jsj/j˛j1 jxj���j˛j1Cj� j1 :

Lemma 2.3. LetP 2 CŒX1; : : : ; Xn�be a polynomial of degreed . Then the difference

�P .s/ ´
X0

k2Zn

P.k/

jkjs �
Z

RnnBn
P.x/

jxjs dx;

which is defined for Re.s/ > d C n, extends holomorphically to the whole complex
plane C.
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Proof. We fix in the sequel a function  2 C1.Rn;R/ such that for all x 2 Rn we
have

0 �  .x/ � 1;  .x/ D 1 if jxj � 1 and  .x/ D 0 if jxj � 1=2:

The function f .x; s/ ´  .x/P.x/jxj�s , x 2 Rn and s 2 C, is in C1.Rn � C/ and
depends holomorphically on s.

Lemma 2.2 above shows that f is a “gauged symbol” in the terminology of [24],
p. 4. Thus [24], Theorem 2.1, implies that �P .s/ extends holomorphically to the
whole complex plane C. However, for completeness, we will give here a short proof
of Lemma 2.3:

It follows from the classical Euler–Maclaurin formula that for any function
h W R ! C of class CNC1 satisfying limjt j!C1 h.k/.t/ D 0 and

R
R jh.k/.t/j dt <

C1 for any k D 0; : : : ; N C 1, we have

X
k2Z

h.k/ D
Z

R
h.t/C .�1/N

.N C 1/Š

Z
R
BNC1.t/ h.NC1/.t/ dt;

where BNC1 is the Bernoulli function of order N C 1 (it is a bounded periodic
function).

Fix m0 2 Zn�1 and s 2 C. Applying this to the function

h.t/ ´  .m0; t /P.m0; t /j.m0; t /j�s

(we use Lemma 2.2 to verify the hypothesis), we obtain that for any N 2 N0,

X
mn2Z

 .m0; mn/P.m0; mn/j.m0; mn/j�s

D
Z

R
 .m0; t /P.m0; t /j.m0; t /j�sdt C RN .m

0I s/
(2.2)

where RN .m
0I s/ ´ .�1/N

.NC1/Š
R

RBNC1.t/ @NC1

@xn
NC1 . .m

0; t /P.m0; t /j.m0; t /j�s/ dt .
By Lemma 2.2,

Z
R

ˇ̌
BNC1.t/

@NC1

@xn
NC1 . .m

0; t /P.m0; t /j.m0; t /j�s/ˇ̌ dt
�P;n;N .1C jsj/NC1.jm0j C 1/���NCı.P /:

Thus
P
m02Zn�1 RN .m

0I s/ converges absolutely and defines a holomorphic function
in the half plane f� D Re.s/ > ı.P /C n �N g.
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Since N is an arbitrary integer, by letting N ! 1 and using .2.2/ above, we
conclude that

s 7!
X

.m0;mn/2Zn�1�Z

 .m0; mn/P.m0; mn/j.m0; mn/j�s

�
X

m02Zn�1

Z
R
 .m0; t /P.m0; t /j.m0; t /j�sdt

has a holomorphic continuation to the whole complex plane C.
After n iterations, we obtain that

s 7!
X

m2Zn
 .m/P.m/jmj�s �

Z
Rn
 .x/P.x/jxj�sdx

has a holomorphic continuation to the whole of C.
To finish the proof of Lemma 2.3, it is enough to notice that

�  .0/ D 0 and  .m/ D 1 for all m 2 Zn n f0g;

� s 7! R
Bn
 .x/P.x/jxj�sdx D R

fx2Rnj1=2�jxj�1g  .x/P.x/jxj�sdx is a holo-
morphic function in C.

Proof of Theorem 2.1. Using the polar decomposition of the volume form dx D
�n�1d� dS in Rn, we obtain for Re.s/ > d C n that

Z
RnnBn

Pj .x/

jxjs dx D
Z 1

1

�jCn�1

�s

Z
Sn�1

Pj .u/ dS.u/

D 1

j C n � s
Z
Sn�1

Pj .u/ dS.u/:

Lemma 2.3 now gives the result.

2.2. Holomorphy of certain series. Before stating the main result of this section,
we give first in the following some preliminaries from Diophantine approximation
theory.

Definition 2.4. (i) Let ı > 0. A vector a 2 Rn is said to be ı-diophantine if there
exists c > 0 such that jq � a �mj � cjqj�ı for all q 2 Zn n f0g and for all m 2 Z.

We denote BV.ı/ the set of ı-diophantine vectors and BV ´ S
ı>0BV.ı/ the

set of diophantine vectors.
(ii) A matrix ‚ 2 Mn.R/ (real n � n matrices) is said to be diophantine if there

exists u 2 Zn such that t‚.u/ is a diophantine vector of Rn.
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Remark 2.5. A classical result from Diophantine approximation asserts that for all
ı > n, the Lebesgue measure of Rn n BV.ı/ is zero (i.e., almost any element of Rn

is ı-diophantine).
Let ‚ 2 Mn.R/. If its row of index i is a diophantine vector of Rn (i.e., if

Li 2 BV) then t‚.ei / 2 BV and thus ‚ is a diophantine matrix. It follows that
almost any matrix of Mn.R/ � Rn

2
is diophantine.

The goal of this section is to show the following result.

Theorem 2.6. Let P 2 CŒX1; : : : ; Xn� be a homogeneous polynomial of degree d
and let b be in S.Zn � � � � � Zn/ (q times, q 2 N). Then the following holds:

(i) Let a 2 Rn. We define fa.s/ ´
X0

k2Zn
P.k/
jkjs e

2�ik�a.

1. If a 2 Zn, then fa has a meromorphic continuation to the whole complex
plane C.
Moreover if S is the unit sphere and dS its Lebesgue measure, then fa is
not entire if and only if

R
u2Sn�1 P.u/dS.u/ ¤ 0. In that case, fa has only

a simple pole at the point dCnwith Res
sDdCn

fa.s/ D R
u2Sn�1 P.u/dS.u/.

2. If a 2 Rn n Zn, then fa.s/ extends holomorphically to the whole complex
plane C.

(ii) Suppose that ‚ 2 Mn.R/ is diophantine. For any ."i /i 2 f�1; 0; 1gq , the
function

g.s/ ´
X

l2.Zn/qb.l/f‚
P
i "i li

.s/

extends meromorphically to the whole complex plane C with only one possible
pole on s D d C n.

Moreover, if we set Z ´ fl 2 .Zn/q j Pq
iD1 "i li D 0g and V ´ P

l2Z b.l/,
then:

1. If V
R
Sn�1 P.u/ dS.u/ ¤ 0, then s D d C n is a simple pole of g.s/ and

Res
sDdCn

g.s/ D V

Z
u2Sn�1

P.u/ dS.u/:

2. If V
R
Sn�1 P.u/ dS.u/ D 0, then g.s/ extends holomorphically to the

whole complex plane C.

(iii) Suppose that ‚ 2 Mn.R/ is diophantine. For any ."i /i 2 f�1; 0; 1gq , the
function

g0.s/ ´
X

l2.Zn/qnZ
b.l/f‚

Pq

iD1
"i li
.s/

where Z ´ fl 2 .Zn/q j Pq
iD1 "i li D 0g extends holomorphically to the whole

complex plane C.
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Proof of Theorem 2.6. First we remark that if a 2 Zn then fa.s/ D P0
k2Zn

P.k/
jkjs , so

(i.1) follows from Theorem 2.1.
Further, g.s/ ´ P

l2.Zn/qnZ b.l/f‚
P
i "i li

.s/ C � P
l2Z b.l/

� P0
k2Zn

P.k/
jkjs ,

so (ii) follows easily from (iii) and Theorem 2.1.
Therefore, to complete the proof it remains to show (i.2) and (iii).
The direct proof of (i.2) is easy, but it is not sufficient to deduce (iii), the proof

of which is more delicate and requires a more precise (i.e., more effective) version
of (i.2). The next lemma gives such crucial version, but before let us introduce some
notations. Let

F ´
n

P.X/

.X2
1

C���CX2nC1/r=2 j P.X/ 2 CŒX1; : : : ; Xn� and r 2 N0

o
;

and put g D deg.G/ D deg.P / � r 2 Z, where G D P.X/

.X2
1

C���CX2nC1/r=2 2 F.

Moreover, we set deg.0/ D �1.

Lemma 2.7. Let a 2 Rn. We assume that d .a � u;Z/ ´ infm2Z ja � u�mj > 0 for
some u 2 Zn. For all G 2 F, we define formally

F0.GI aI s/ ´
X0

k2Zn

G.k/

jkjs e
2�ik�a and F1.GI aI s/ ´

X
k2Zn

G.k/

.jkj2 C 1/s=2
e2�ik�a:

Then for all N 2 N, all G 2 F and all i 2 f0; 1g, there exist positive constants
Ci ´ Ci .G;N; u/, Bi ´ Bi .G;N; u/ and Ai ´ Ai .G;N; u/ such that s 7!
Fi .GI˛I s/ extends holomorphically to the half plane fRe.s/ > �N g and satisfies

Fi .GI aI s/ � Ci .1C jsj/Bi .d.a � u;Z//�Ai :

Remark 2.8. The important point here is that we obtain an explicit bound of
Fi .GI˛I s/ in fRe.s/ > �N g which depends on the vector a only through d.a �u;Z/,
so depends on u and indirectly on a (in the sequel, a will vary). In particular, the
constantsCi ´ Ci .G;N; u/,Bi D Bi .G;N / andAi ´ Ai .G;N / do not depend on
the vector a but only on u. This is crucial for the proof of (ii) and (iii) in Theorem 2.6.

2.2.1. Proof of Lemma 2.7 for i D 1. Let N 2 N0 be a fixed integer and set
g0 ´ n C N C 1. We will prove Lemma 2.7 by induction on g D deg.G/ 2 Z.
More precisely, in order to prove the case i D 1, it suffices to show that Lemma 2.7
is true for all G 2 F with deg.G/ � �g0.

Let g 2 Z with g � �g0 C 1. If Lemma 2.7 is true for all G 2 F such that
deg.G/ � g � 1, then it is also true for all G 2 F satisfying deg.G/ D g.

Step 1: Checking Lemma 2.7 for deg.G/ � �g0 ´ �.nCN C 1/.
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Let G.X/ D P.X/

.X2
1

C���CX2nC1/r=2 2 F with deg.G/ � �g0. It is easy to see that we

have uniformly in s D � C i	 2 C and in k 2 Zn:

jG.k/e2�ik�aj
.jkj2 C 1/�=2

D jP.k/j
.jkj2 C 1/.rC�/=2

�G

1

.jkj2 C 1/.rC��deg.P //=2

�G

1

.jkj2 C 1/.��deg.G//=2

�G

1

.jkj2 C 1/.�Cg0/=2 :

It follows that F1.GI aI s/ D P
k2Zn

G.k/

.jkj2C1/s=2 e
2�ik�a converges absolutely and

defines a holomorphic function in the half plane f� > �N g. Therefore, for any
s 2 fRe.s/ > �N g we have

jF1.GI aI s/j �G

X
k2Zn

1

.jkj2 C 1/.�NCg0/=2 �G

X
k2Zn

1

.jkj2 C 1/.nC1/=2 �G 1:

Thus, Lemma 2.7 is true when deg.G/ � �g0.
Step 2: Induction.
Now let g 2 Z satisfy g � �g0 C 1 and suppose that Lemma 2.7 is valid for all

G 2 F with deg.G/ � g � 1. Let G 2 F with deg.G/ D g. We will prove that G
also fulfills the conclusions of Lemma 2.7:

There exist P 2 CŒX1; : : : ; Xn� of degree d � 0 and r 2 N0 such that G.X/ D
P.X/

.X2
1

C���CX2nC1/r=2 and g D deg.G/ D d � r . SinceG.k/ � .jkj2C 1/g=2 uniformly

in k 2 Zn, we deduce thatF1.GI aI s/ converges absolutely in f� D Re.s/ > nCgg.
Since k 7! kCu is a bijection from Zn into Zn, it follows that for Re.s/ > nCg

we also have

F1.GI aI s/
D

X
k2Zn

P.k/

.jkj2 C 1/.sCr/=2
e2�ik�a

D
X
k2Zn

P.k C u/

.jk C uj2 C 1/.sCr/=2
e2�i.kCu/�a

D e2�iu�a X
k2Zn

P.k C u/

.jkj2 C 2k � uC juj2 C 1/.sCr/=2
e2�ik�a

D e2�iu�a X
˛2Nn

0
j˛j1D˛1C���C˛n�d

u˛

˛Š

X
k2Zn

@˛P.k/

.jkj2 C 2k � uC juj2 C 1/.sCr/=2
e2�ik�a D
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D e2�iu�a X
j˛j1�d

u˛

˛Š

X
k2Zn

@˛P.k/

.jkj2 C 1/.sCr/=2

�
1C 2k � uC juj2

.jkj2 C 1/

��.sCr/=2
e2�ik�a:

Let M ´ sup.N C nC g; 0/ 2 N0. We have uniformly in k 2 Zn:�
1C 2k � uC juj2

.jkj2 C 1/

��.sCr/=2
D

MX
jD0

��.s C r/=2

j

�
.2k � uC juj2/j
.jkj2 C 1/j

COM;u

�
.1C jsj/MC1

.jkj2 C 1/.MC1/=2

�
:

Thus for � D Re.s/ > nC d it follows that

F1.GI aI s/

D e2�iu�a X
j˛j1�d

u˛

˛Š

X
k2Zn

@˛P.k/

.jkj2 C 1/.sCr/=2

�
1C 2k � uC juj2

.jkj2 C 1/

��.sCr/=2
e2�ik�a

D e2�iu�a X
j˛j1�d

MX
jD0

u˛

˛Š

��.s C r/=2

j

�X
k2Zn

@˛P.k/.2k � uC juj2/j
.jkj2 C 1/.sCrC2j /=2 e2�ik�a (2.3)

COG;M;u

�
.1C jsj/MC1 X

k2Zn

1

.jkj2 C 1/.�CMC1�g/=2
�
:

Set I ´ f.˛; j / 2 Nn
0 � f0; : : : ;M g j j˛j1 � dg and I � ´ I n f.0; 0/g. Set also

G.˛;j /Iu.X/ ´ @˛P.X/.2X �uCjuj2/j
.jX j2C1/.rC2j/=2 2 F for all .˛; j / 2 I �.

Since M � N C nC g, it follows from (2.3) that

.1 � e2�iu�a/F1.GI aI s/ D e2�iu�a X
.˛;j /2I�

u˛

˛Š

��.s C r/=2

j

�
F1.G.˛;j /IuI˛I s/

CRN .GI aIuI s/;
(2.4)

where the map s 7! RN .GI aIuI s/ is a holomorphic function in the half plane
f� D Re.s/ > �N g satisfying RN .GI aIuI s/ �G;N;u 1.

Moreover it is easy to see that for any .˛; j / 2 I �,

deg.G.˛;j /Iu/ D deg.@˛P /C j � .r C 2j /

� d � j˛j1 C j � .r C 2j / D g � j˛j1 � j � g � 1:
Relation (2.4) and the induction hypothesis then imply that

.1 � e2�iu�a/F1.GI aI s/ verifies the conclusions of Lemma 2.7: (2.5)

Since j1 � e2�iu�aj D 2j sin.
u � a/j � d.u � a;Z/, (2.5) implies that F1.GI aI s/
satisfies the conclusions of Lemma 2.7. This completes the induction and the proof
for i D 1.



Spectral action on noncommutative torus 63

2.2.2. Proof of Lemma 2.7 for i D 0. Let N 2 N be a fixed integer. Let G.X/ D
P.X/

.X2
1

C���CX2nC1/r=2 2 F and g D deg.G/ D d � r where d � 0 is the degree of the

polynomial P . Put M ´ sup.N C g C n; 0/ 2 N0.
Since P.k/ � jkjd for k 2 Zn n f0g, it follows that F0.GI aI s/ and F1.GI aI s/

converge absolutely in the half plane f� D Re.s/ > nC gg. Moreover, we have for
s D � C i	 2 C with � > nC g:

F0.GI aI s/ D
X

k2Znnf0g

G.k/

.jkj2 C 1 � 1/s=2 e
2�ik�a

D
X0

k2Zn

G.k/

.jkj2 C 1/s=2

�
1 � 1

jkj2 C 1

��s=2
e2�ik�a

D
X0

k2Zn

MX
jD0

��s=2
j

�
.�1/j G.k/

.jkj2 C 1/.sC2j /=2
e2�ik�a

COM

�
.1C jsj/MC1 X0

k2Zn

jG.k/j
.jkj2 C 1/.�C2MC2/=2

�

D
MX
jD0

��s=2
j

�
.�1/jF1.GI aI s C 2j /

COM

�
.1C jsj/MC1

�
1C

X0

k2Zn

jG.k/j
.jkj2 C 1/.�C2MC2/=2

�	
:

(2.6)

In addition we have uniformly in s D � C i	 2 C with � > �N ,

X0

k2Zn

jG.k/j
.jkj2 C 1/.�C2MC2/=2 �

X0

k2Zn

jkjg
.jkj2 C 1/.�NC2MC2/=2

�
X0

k2Zn

1

jkjnC1 < C1:

So (2.6) and Lemma 2.7 for i D 1 imply that Lemma 2.7 is also true for i D 0. This
completes the proof of Lemma 2.7.

2.2.3. Proof of item (i.2) of Theorem 2.6. Since a 2 Rn n Zn, there exists
i0 2 f1; : : : ; ng such that ai0 62 Z. In particular d.a � ei0 ;Z/ D d.ai0 ;Z/ > 0.
Therefore, a satisfies the assumption of Lemma 2.7 with u D ei0 . Thus, for all
N 2 N, s 7! fa.s/ D F0.P I aI s/ has a holomorphic continuation to the half plane
fRe.s/ > �N g. It follows, by letting N ! 1, that s 7! fa.s/ has a holomorphic
continuation to the whole complex plane C.
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2.2.4. Proof of item (iii) of Theorem 2.6. Let ‚ 2 Mn.R/, ."i /i 2 f�1; 0; 1gq
and b 2 S.Zn � Zn/. We assume that ‚ is a diophantine matrix. Set Z ´
fl D .l1; : : : ; lq/ 2 .Zn/q j P

i "i li D 0g and P 2 CŒX1; : : : ; Xn� of degree
d � 0.

It is easy to see that for � > nC d :

X
l2.Zn/qnZ

jb.l/j
X0

k2Zn

jP.k/j
jkj�

ˇ̌
e2�ik�‚P

i "i li
ˇ̌ �P

X
l2.Zn/qnZ

jb.l/j
X0

k2Zn

1

jkj��d

�P;�

X
l2.Zn/qnZ

jb.l/j < C1:

So

g0.s/ ´
X

l2.Zn/qnZ

b.l/f‚
P
i "i li

.s/ D
X

l2.Zn/qnZ

b.l/
X0

k2Zn

P.k/

jkjs e
2�ik�‚P

i "i li

converges absolutely in the half plane fRe.s/ > nC dg.
Moreover with the notations of Lemma 2.7, we have for all s D � C i	 2 C with

� > nC d :

g0.s/ D
X

l2.Zn/qnZ

b.l/f‚
P
i "i li

.s/ D
X

l2.Zn/qnZ

b.l/F0.P I‚P
i "i li I s/: (2.7)

But ‚ is diophantine, so there exist u 2 Zn and ı; c > 0 such

jq � t‚u �mj � c.1C jqj/�ı for all q 2 Zn n f0g and for all m 2 Z:

We deduce that for all l 2 .Zn/q n Z,

j.‚P
i "i li / �u�mj D j.Pi "i li / � t‚u�mj � c.1C jPi "i li j/�ı � c.1C jl j/�ı :

It follows that there exist u 2 Zn, ı > 0 and c > 0 such that

d..‚
P
i "i li / � uI Z/ � c.1C jl j/�ı for all l 2 .Zn/q n Z: (2.8)

Therefore, for any l 2 .Zn/q n Z, the vector a D ‚
P
i "i li verifies the assumption

of Lemma 2.7 with the same u. Moreover ı and c in (2.8) are also independent on l .
We fix now N 2 N. Lemma 2.7 implies that there exist positive constants

C0 ´ C0.P;N; u/, B0 ´ Bi .P;N; u/ and A0 ´ A0.P;N; u/ such that for all
l 2 .Zn/q nZ, the map s 7! F0.P I‚P

i "i li I s/ extends holomorphically to the half
plane fRe.s/ > �N g satisfying

F0.P I‚P
i "i li I s/ � C0.1C jsj/B0d..‚P

i "i li / � uI Z/�A0 :
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Together with (2.8) this implies that for any compact set K included in the half
plane fRe.s/ > �N g, there exist two constants C ´ C.P;N; c; ı; u;K/ and D ´
D.P;N; c; ı; u/ (independent of l 2 .Zn/q n Z) such that

F0.P I‚P
i "i li I s/ � C.1C jl j/D for all s 2 K and for all l 2 .Zn/q nZ: (2.9)

It follows that s 7! P
l2.Zn/qnZ b.l/F0.P I‚P

i"i li I s/ has a holomorphic continu-
ation to the half plane fRe.s/ > �N g.

This and (2.7) imply that s 7! g0.s/ D P
l2.Zn/qnZ b.l/f‚

P
i "i li

.s/ has a holo-
morphic continuation to fRe.s/ > �N g. Since N is an arbitrary integer, by letting
N ! 1, it follows that s 7! g0.s/ has a holomorphic continuation to the whole
complex plane C, which completes the proof of the theorem.

Remark 2.9. From equation (2.5) we see that a Diophantine condition is sufficient
to get Lemma 2.7. Our Diophantine condition appears also (in equivalent form) in
Connes [6], Prop. 49 (see Remark 4.2). The following heuristic argument shows that
our condition seems to be necessary in order to get the result of Theorem 2.6:

For simplicity we assume n D 1 (but the argument extends easily to any n). Let
� 2 RnQ. We know (see this reflection formula in [15], p. 6) that for any l 2 Znf0g,

g�l.s/ ´
X0

k2Z

e2�i�lk

jkjs D 
s�1=2

�.1�s
2
/
�. s

2
/h�l.1 � s/

where h�l.s/ ´ P0
k2Z

1
j�lCkjs . So, for any .al/ 2 S.Z/, the existence of a mero-

morphic continuation of g0.s/ ´ P0
l2Z alg�l.s/ is equivalent to the existence of a

meromorphic continuation of

h0.s/ ´
X0

l2Z

alh�l.s/ D
X0

l2Z

al
X0

k2Z

1

j�l C kjs :

So, for at least one �0 2 R, we must have jal jj�lCkj�0 D O.1/ uniformly in k; l 2 Z�.

It follows that for any .al/ 2 S.Z/, j�l C kj 	 jal j1=�0 uniformly in k; l 2 Z�.
Therefore, our Diophantine condition seems to be necessary.

2.2.5. Commutation between sum and residue. Let p 2 N. Recall that S..Zn/p/

is the set of the Schwartz sequences on .Zn/p . In other words, b 2 S..Zn/p/ if and
only if .1 C jl1j2 C : : : jlpj2/r jb.l1; : : : ; lp/j2 is bounded on .Zn/p for all r 2 N0.
We note that if Q 2 RŒX1; : : : ; Xnp� is a polynomial, .aj / 2 S.Zn/p , b 2 S.Zn/

and 
 is a real-valued function, then l ´ .l1; : : : ; lp/ 7! Qa.l/b.�Olp/Q.l/ei�.l/ is a
Schwartz sequence on .Zn/p , where

Qa.l/ ´ a1.l1/ : : : ap.lp/; Oli ´ l1 C � � � C li :
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In the following, we will use several times the fact that for any .k; l/ 2 .Zn/2

such that k ¤ 0 and k ¤ �l , we have

1

jk C l j2 D 1

jkj2 � 2k � l C jl j2
jkj2jk C l j2 : (2.10)

Lemma 2.10. There exists a polynomial P 2 RŒX1; : : : ; Xp� of degree 4p and with
positive coefficients such that for any k 2 Zn and l ´ .l1; : : : ; lp/ 2 .Zn/p such
that k ¤ 0 and k ¤ �Oli for all 1 � i � p, the following holds:

1

jk C Ol1j2 : : : jk C Olpj2 � 1

jkj2p P.jl1j; : : : ; jlpj/:

Proof. Let us fix i such that 1 � i � p. Using two times (2.10), the Cauchy–Schwarz
inequality and the fact that jk C Oli j2 � 1, we get

1

jk C Oli j2
� 1

jkj2 C 2jkjj Oli j C jOli j2
jkj4 C .2jkjj Oli j C jOli j2/2

jkj4jk C Oli j2

� 1

jkj2 C 2

jkj3 j Oli j C
�
1

jkj4 C 4

jkj2
�

j Oli j2 C 4

jkj3 j Oli j3 C 1

jkj4 j Oli j4:

Since jkj � 1, and j Oli jj � jOli j4 if 1 � j � 4, we find

1

jk C Oli j2
� 5

jkj2
4X

jD0
j Oli jj � 5

jkj2 .1C 4j Oli j4/ � 5

jkj2
�
1C 4

� pX
jD1

jlj j
�4�

;

1

jk C Ol1j2 : : : jk C Olpj2 � 5p

jkj2p
�
1C 4

� pX
jD1

jlj j
�4�p

:

Taking P.X1; : : : ; Xp/ ´ 5p.1C 4.
Pp
jD1Xj /4/p now gives the result.

Lemma 2.11. Let b 2 S..Zn/p/, p 2 N. LetPj 2 RŒX1; : : : ; Xn� be a homogeneous
polynomial function of degree j , and let k 2 Zn, l ´ .l1; : : : ; lp/ 2 .Zn/p , r 2 N0.
Moreover, let 
 be a real-valued function on Zn � .Zn/p and put

h.s; k; l/ ´ b.l/Pj .k/e
i�.k;l/

jkjsCr jk C Ol1j2 : : : jk C Olpj2 ;

with h.s; k; l/ ´ 0 if, for k ¤ 0, one of the denominators is zero.
Then for all s 2 C such that Re.s/ > nC j � r � 2p, the series

H.s/ ´
X0

.k;l/2.Zn/pC1
h.s; k; l/
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is absolutely summable. In particular,X0

k2Zn

X
l2.Zn/p

h.s; k; l/ D
X

l2.Zn/p

X0

k2Zn

h.s; k; l/:

Proof. Let s D � C i	 2 C such that � > n C j � r � 2p. By Lemma 2.10 we
obtain, for k ¤ 0, that

jh.s; k; l/j � jb.l/Pj .k/j jkj�r���2pP.l/;

where P.l/ ´ P.jl1j; : : : ; jlpj/ and P is a polynomial of degree 4p with positive
coefficients. Thus, jh.s; k; l/j � F.l/G.k/ where F.l/ ´ jb.l/jP.l/ and G.k/ ´
jPj .k/jjkj�r���2p . That

P
l2.Zn/p F.l/ is summable follows from the fact that

b 2 S..Zn/p/. The summability of
P0
k2Zn G.k/ is a consequence of the fact that

� > nC j � r � 2p. Finally, as a product of two summable series,
P
k;lF.l/G.k/

is a summable series, which proves that
P
k;lh.s; k; l/ is also absolutely summable.

Definition 2.12. Let f be a function onD�.Zn/p whereD is an open neighborhood
of 0 in C. We say that f satisfies (H1) if and only if there exists � > 0 such that

(i) for any l , s 7! f .s; l/ extends as a holomorphic function in U�, where U� is
the open disk of center 0 and radius �;

(ii) the series
P
l2.Zn/pkH. � ; l/k1;� is summable, where kH. � ; l/k1;� ´

sups2U� jH.s; l/j.
We say that f satisfies (H2) if and only if there exists � > 0 such that
(i) for any l , s 7! f .s; l/ extends as a holomorphic function to U� � f0g;
(ii) for any ı such that 0 < ı < �, the series

P
l2.Zn/pkH. � ; l/k1;ı;� is

summable, where kH. � ; l/k1;ı;� ´ supı<jsj<� jH.s; l/j.

Remark 2.13. Note that (H1) implies (H2). Moreover, if f satisfies (H1) (resp. (H2))
for � > 0, then it is straightforward to check that f W s 7! P

l2.Zn/p f .s; l/ extends
as an holomorphic function to U� (resp. to U� n f0g).

Corollary 2.14. With the same notations as in Lemma 2.11, suppose that rC2p�j >
n. Then the function H.s; l/ ´ P0

k2Zn h.s; k; l/ satisfies (H1).

Proof. (i) Fix � > 0 such that � < r C 2p � j � n. Since r C 2p � j > n, U� is
inside the half plane of absolute convergence of the series defined by H.s; l/. Thus,
s 7! H.s; l/ is holomorphic in U�.

(ii) Since
ˇ̌jkj�s ˇ̌ � jkj� for all s 2 U� and k 2 Zn n f0g, we get as in the above

proof
jh.s; k; l/j � jb.l/Pj .k/j jkj�rC��2pP.jl1j; : : : ; jlpj/:
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Since � < r C 2p � j � n, the series
P0
k2Zn jPj .k/jjkj�rC��2p is summable.

Thus, kH. � ; l/k1;� � KF.l/ where K ´ P
k

0jPj .k/jjkj�rC��2p < 1. We
have already seen that the series

P
l F.l/ is summable, so the result follows.

We note that if f and g both satisfy (H1) (or (H2)), then so does f C g. In the
following we will use the equivalence relation

f 
 g ” f � g satisfies (H1):

Lemma 2.15. Let f and g be two functions on D � .Zn/p , where D is an open
neighborhood of 0, in C such that f 
 g and g satisfies (H2). Then

Res
sD0

X
l2.Zn/p

f .s; l/ D
X

l2.Zn/p
Res
sD0 g.s; l/:

Proof. Since f 
 g, f satisfies (H2) for a certain � > 0. Fix � such that 0 < � < �
and define C	 as the circle of center 0 and radius �. Then

Res
sD0 g.s; l/ D Res

sD0 f .s; l/ D 1

2
i

I
C�

f .s; l/ ds D
Z
I

u.t; l/ dt;

where I D Œ0; 2
� and u.t; l/ ´ 1
2�
�eitf .�eit ; l/. The fact that f satisfies (H2) en-

tails that the series
P
l2.Zn/pkf . � ; l/k1;C� is summable. Thus, since ku. � ; l/k1 D

1
2�
�kf . � ; l/k1;C� , the series

P
l2.Zn/pku. � ; l/k1 is summable, and consequentlyR

I

P
l2.Zn/p u.t; l/dt D P

l2.Zn/p
R
I
u.t; l/dt , which gives the result.

2.3. Computation of residues of zeta functions. Since we will have to compute
residues of series, let us introduce the following notation.

Definition 2.16.

�.s/ ´
1X
nD1

n�s;

Zn.s/ ´
X0

k2Zn

jkj�s;

�p1;:::;pn.s/ ´
X0

k2Zn

k
p1
1 : : : k

pn
n

jkjs for pi 2 N;

where �.s/ is the Riemann zeta function (see [25] or [14]).

By the symmetry k ! �k, it is clear that the functions �p1;:::;pn all vanish for odd
values of pi .
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Let us now compute �0;:::;0;1i ;0:::;0;1j ;0:::;0.s/ in terms of Zn.s/:
Since �0;:::;0;1i ;0:::;0;1j ;0:::;0.s/ D Ai .s/ıij , exchanging the components ki and kj

we get

�0;:::;0;1i ;0:::;0;1j ;0:::;0.s/ D ıij

n
Zn.s � 2/:

Similarly, X0

Zn

k21k
2
2

jkjsC8 D 1

n.n � 1/Zn.s C 4/ � 1

n � 1
X0

Zn

k41
jkjsC8 ;

but it is difficult to write explicitly �p1;:::;pn.s/ in terms of Zn.s � 4/ and other
Zn.s �m/ when at least four indices pi are non-zero.

When all pi are even, �p1;:::;pn.s/ is a non-zero series of fractions P.k/
jkjs where P

is a homogeneous polynomial of degree p1 C � � � C pn. Theorem 2.1 now gives us
the following result.

Proposition 2.17. The function �p1;:::;pn has a meromorphic extension to the whole
plane with a unique pole at nC p1 C � � � C pn. This pole is simple and the residue
at this pole is

Res
sDnCp1C���Cpn

�p1;:::;pn.s/ D 2
�.p1C1

2
/ : : : �.pnC1

2
/

�.nCp1C���Cpn
2

/
(2.11)

when all pi are even or this residue is zero otherwise.
In particular, for n D 2,

Res
sD0

X0

k2Z2

kikj

jkjsC4 D ıij
; (2.12)

and for n D 4,

Res
sD0

X0

k2Z4

kikj

jkjsC6 D ıij
�2

2
;

Res
sD0

X0

k2Z4

kikjklkm

jkjsC8 D .ıij ılm C ıilıjm C ıimıjl/
�2

12
:

(2.13)

Proof. Equation (2.11) follows from Theorem 2.1,

Res
sDnCp1C���Cpn

�p1;:::;pn.s/ D
Z
k2Sn�1

k
p1
1 : : : kpnn dS.k/;

and standard formulae (see for instance [32], VIII, 1; 22). Equation (2.12) is a
straightforward consequence of equation (2.11). Equation (2.13) can be checked for
the cases i D j ¤ l D m and i D j D l D m.
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Note that Zn.s/ is an Epstein zeta function associated to the quadratic form
q.x/ ´ x21 C � � � C x2n, so Zn satisfies the following functional equation

Zn.s/ D 
s�n=2�.n=2 � s=2/�.s=2/�1Zn.n � s/:
Since 
s�n=2�.n=2� s=2/�.s=2/�1 D 0 for any negative even integer n and Zn.s/
is meromorphic on C with only one pole at s D n with residue 2
n=2�.n=2/�1
according to the previous proposition, it follows that Zn.0/ D �1. We have proved
that

Res
sD0Zn.s C n/ D 2
n=2�.n=2/�1; (2.14)

Zn.0/ D �1: (2.15)

2.4. Meromorphic continuation of a class of zeta functions. Let n; q 2 N, q � 2,
and p D .p1; : : : ; pq�1/ 2 Nq�1

0 . Set I ´ fi j pi ¤ 0g and assume that I ¤ ; and

I ´ f˛ D .˛i /i2I j ˛i D .˛i;1; : : : ; ˛i;pi / 2 Npi
0 for all i 2 I g D

Y
i2I

Npi
0 :

We will use in the sequel also the following notations.
For x D .x1; : : : ; xt / 2 Rt recall that jxj1 D jx1j C � � � C jxt j and jxj Dq
x21 C � � � C x2t ;

for all ˛ D .˛i /i2I 2 I D Q
i2I Npi

0 we have

j˛j1 D
X
i2I

j˛i j1 D
X
i2I

piX
jD1

j˛i;j j and

�
1=2

˛

�
D

Y
i2I

�
1=2

˛i

�
D

Y
i2I

piY
jD1

�
1=2

˛i;j

�
:

2.4.1. A family of polynomials. In this paragraph we define a family of polynomials
which plays an important role later. Consider first the variables:

– for X1; : : : ; Xn we set X D .X1; : : : ; Xn/;

– for any i D 1; : : : ; 2q, we regard the variables Yi;1; : : : ; Yi;n and put Yi ´
.Yi;1; : : : ; Yi;n/ and Y ´ .Y1; : : : ; Y2q/;

– for Y D .Y1; : : : ; Y2q/ we set zYj ´ Y1 C � � � C Yj C YqC1 C � � � C YqCj for
any 1 � j � q.

We define for all ˛ D .˛i /i2I 2 I D Q
i2I Npi

0 the polynomial

P˛.X; Y / ´
Y
i2I

piY
jD1

.2hX; zYi i C j zYi j2/˛i;j : (2.16)

It is clear that P˛.X; Y / 2 ZŒX; Y �, degX P˛ � j˛j1 and degY P˛ � 2j˛j1.
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Let us fix a polynomialQ 2 RŒX1; : : : ; Xn� and write d ´ degQ. For ˛ 2 I we
want to expand P˛.X; Y /Q.X/ in homogeneous polynomials in X and Y . Define

L.˛/ ´ fˇ 2 N.2qC1/n
0 j jˇj1 � dˇ � 2j˛j1 and dˇ � j˛j1 C dg

where dˇ ´ Pn
1 ˇi , and set�

1=2

˛

�
P˛.X; Y /Q.X/ μ

X
ˇ2L.˛/

c˛;ˇX
ˇY ˇ

where c˛;ˇ 2 R,Xˇ ´ X
ˇ1
1 : : : X

ˇn
n and Y ˇ ´ Y

ˇnC1

1;1 : : : Y
ˇ.2qC1/n

2q;n . By definition,

Xˇ is a homogeneous polynomial of degree in X equals to dˇ . Write

M˛;ˇ .Y / ´ c˛;ˇY
ˇ :

2.4.2. Residues of a class of zeta functions. In this section we prove the follow-
ing result that will be used in Proposition 5.4 for the computation of the spectrum
dimension of the noncommutative torus.

Theorem 2.18. (i) Let 1
2�
‚ be a diophantine matrix, and Qa 2 S..Zn/2q/. Then

s 7! f .s/ ´
X

l2Œ.Zn/q 
2
Qal

X0

k2Zn

q�1Y
iD1

jk C Qli jpi jkj�sQ.k/eik�‚Pq
1
lj

has a meromorphic continuation to the whole complex plane C with at most simple
possible poles at the points s D nC d C jpj1 �m where m 2 N0.

(ii) Let m 2 N0 and set I.m/ ´ f.˛; ˇ/ 2 I � N.2qC1/n
0 j ˇ 2 L.˛/ and m D

2j˛j1 � dˇ C dg. Then I.m/ is a finite set and s D nC d C jpj1 �m is a pole of f
if and only if

C.f;m/ ´
X
l2Z

Qal
X

.˛;ˇ/2I.m/
M˛;ˇ .l/

Z
u2Sn�1

uˇ dS.u/ ¤ 0;

with Z ´ fl j Pq
1 lj D 0g and the convention

P
; D 0. In that case s D

nC d C jpj1 �m is a simple pole of residue Res
sDnCdCjpj1�m

f .s/ D C.f;m/.

In order to prove the theorem above we need the following result.

Lemma 2.19. For all N 2 N we have
q�1Y
iD1

jkC Qli jpi D
X

˛D.˛i /i2I2Q
i2I f0;:::;N gpi

�
1=2

˛

�
P˛.k; l/

jkj2j˛j1�jpj1 CON .jkjjpj1�.NC1/=2/

uniformly in k 2 Zn and l 2 .Zn/2q such that jkj > U.l/ ´ 36
� P2q�1

iD1;i¤q jli j
�4

.
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Proof. For i D 1; : : : ; q � 1, we have uniformly in k 2 Zn and l 2 .Zn/2q with
jkj > U.l/, ˇ̌

2hk; Qli i C jQli j2
ˇ̌

jkj2 �
p
U.l/

2jkj <
1

2
pjkj : (2.17)

In that case,

jk C Qli j D �jkj2 C 2hk; Qli i C jQli j2
�1=2 D jkj

�
1C 2hk; Qli i C jQli j2

jkj2
�1=2

D
1X
uD0

�
1=2

u

�
1

jkj2u�1P
i
u.k; l/;

where
P iu.k; l/ ´ �

2hk; Qli i C jQli j2
�u

for all i D 1; : : : ; q � 1 and for all u 2 N0, and P i0.k; l/ ´ 1.
In particular P iu.k; l/ 2 ZŒk; l�, degk P

i
u � u and degl P

i
u � 2u. Inequality

(2.17) implies that for all i D 1; : : : ; q � 1 and for all u 2 N,

1

jkj2u jP iu.k; l/j � .2
p

jkj/�u

uniformly in k 2 Zn and l 2 .Zn/2q such that jkj > U.l/.
Let N 2 N. We deduce from the previous that for any k 2 Zn and l 2 .Zn/2q

with jkj > U.l/ and for all i D 1; : : : ; q � 1, we have

jk C Qli j D
NX
uD0

�
1=2

u

�
1

jkj2u�1P
i
u.k; l/C O

� X
u>N

jkj j
�
1=2

u

�
j .2

p
jkj/�u

�

D
NX
uD0

�
1=2

u

�
1

jkj2u�1P
i
u.k; l/C ON

� 1

jkj.N�1/=2
�
:

It follows that for any N 2 N, we have uniformly in k 2 Zn and l 2 .Zn/2q with
jkj > U.l/ and for all i 2 I ,

jk C Qli jpi D
X

˛i2f0;:::;N gpi

�
1=2

˛i

�
1

jkj2j˛i j1�pi P
i
˛i
.k; l/C ON

� 1

jkj.NC1/=2�pi
�
;

where P i˛i .k; l/ D Qpi
jD1 P i˛i;j .k; l/ for all ˛i D .˛i;1; : : : ; ˛i;pi / 2 f0; : : : ; N gpi

and Y
i2I

jk C Qli jpi D
X

˛D.˛i /2
Q
i2I f0;:::;N gpi

�
1=2

˛

�
1

jkj2j˛j1�jpj1 P˛.k; l/

C ON

� 1

jkj.NC1/=2�jpj1
�
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with P˛.k; l/ D Q
i2I P i˛i .k; l/ D Q

i2I
Qpi
jD1 P i˛i;j .k; l/.

Proof of Theorem 2.18. (i) All n, q, p D .p1; : : : ; pq�1/ and Qa 2 S
�
.Zn/2q

�
are

fixed as above and we define formally for any l 2 .Zn/2q

F.l; s/ ´
X0

k2Zn

q�1Y
iD1

jk C Qli jpiQ.k/eik�‚Pq
1
lj jkj�s: (2.18)

Thus, still formally,
f .s/ ´

X
l2.Zn/2q

QalF.l; s/: (2.19)

It is clear that F.l; s/ converges absolutely in the half plane f� D Re.s/ > nC d C
jpj1g where d D degQ.

LetN 2 N. Lemma 2.19 implies that for any l 2 .Zn/2q and for s 2 C such that
� > nC jpj1 C d ,

F.l; s/ D
X0

jkj�U.l/

q�1Y
iD1

jk C Qli jpiQ.k/eik�‚Pq
1
lj jkj�s

C
X

˛D.˛i /i2I2Q
i2I f0;:::;Ng

pi

�
1=2

˛

� X
jkj>U.l/

1

jkjsC2j˛j1�jpj1 P˛.k; l/Q.k/e
ik�‚Pq

1
lj

CGN .l; s/;

where the map s 7! GN .l; s/ is a holomorphic function in the half plane
DN ´ f� > n C d C jpj1 � NC1

2
g and verifies in it the bound GN .l; s/ �N;� 1

uniformly in l .
It follows that

F.l; s/ D
X

˛D.˛i /i2I2Q
i2I f0;:::;N gpi

H˛.l; s/CRN .l; s/; (2.20)

where

H˛.l; s/ ´
X0

k2Zn

�
1=2

˛

�
1

jkjsC2j˛j1�jpj1 P˛.k; l/Q.k/e
ik�‚Pq

1
lj ;

RN .l; s/ ´
X0

jkj�U.l/

q�1Y
iD1

jk C Qli jpiQ.k/eik�‚Pq
1
lj jkj�s

�
X0

jkj�U.l/

X
˛D.˛i /i2I2Q
i2I f0;:::;Ng

pi

�
1=2

˛

�
P˛.k; l/

jkjsC2j˛j1�jpj1Q.k/e
ik�‚Pq

1
lj CGN .l; s/:
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In particular there exists A.N/ > 0 such that s 7! RN .l; s/ extends holomorphically
to the half plane DN and satisfies RN .l; s/ �N;� 1C jl jA.N/ uniformly in l .

Write formally
h˛.s/ ´

X
l

QalH˛.l; s/:

Equation (2.20) and RN .l; s/ �N;� 1C jl jA.N/ imply that

f .s/ 
N

X
˛D.˛i /i2I2Q

i2I f0;:::;N gpi
h˛.s/; (2.21)

where 
N means modulo a holomorphic function in DN .
Recall the decomposition

�
1=2
˛

�
P˛.k; l/Q.k/ D P

ˇ2L.˛/M˛;ˇ .l/k
ˇ . Similarly

we decompose h˛.s/ D P
ˇ2L.˛/ h˛;ˇ .s/. Theorem 2.6 now implies that for all

˛ D .˛i /i2I 2 Q
i2I f0; : : : ; N gpi and ˇ 2 L.˛/

– the map s 7! h˛;ˇ .s/ has a meromorphic continuation to the whole complex
plane C with only one simple possible pole at s D nC jpj1 � 2j˛j1 C dˇ ,

– the residue at this point is equal to

Res
sDnCjpj1�2j˛j1Cdˇ

h˛;ˇ .s/ D
X
l2Z

QalM˛;ˇ .l/

Z
u2Sn�1

uˇdS.u/ (2.22)

where Z ´ fl 2 .Z/n/2q j Pq
1 lj D 0g. If the right hand side is zero, h˛;ˇ .s/ is

holomorphic in C.
By (2.21), we deduce therefore that f .s/ has a meromorphic continuation to the

half planeDN , with only simple possible poles in the set fnCjpj1Ck j �2N jpj1 �
k � dg: Taking now N ! 1 yields the result.

(ii) Let m 2 N0 and set I.m/ ´ f.˛; ˇ/ 2 I � N.2qC1/n
0 j ˇ 2 L.˛/ and m D

2j˛j1 � dˇ C dg. If .˛; ˇ/ 2 I.m/, then j˛j1 � m and jˇj1 � 3mC d , so I.m/ is
finite. With N chosen such that 2N jpj1 C d > m, we get by (2.21) and (2.22)

Res
sDnCdCjpj1�m

f .s/ D
X
l2Z

Qal
X

.˛;ˇ/2I.m/
M˛;ˇ .l/

Z
u2Sn�1

uˇdS.u/ D C.f;m/

with the convention
P

; D 0. Thus, nC d C jpj1 �m is a pole of f if and only if
C.f;m/ ¤ 0.

3. Noncommutative integration on a simple spectral triple

In this section we revisit the notion of noncommutative integral pioneered by Alain
Connes, paying particular attention to the reality (Tomita–Takesaki) operator J and
to kernels of perturbed Dirac operators by symmetrized 1-forms.
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3.1. Kernel dimension. We will have to compare here the kernels of D and DA
which are both finite dimensional:

Lemma 3.1. Let .A;H;D/ be a spectral triple with a reality operator J and chirality
�. If A 2 �1D is a 1-form, then the fluctuated Dirac operator

DA ´ D C AC �JAJ�1

(where DJ D �JD, � D ˙1) is an operator with compact resolvent, and in particular
its kernel Ker DA is a finite dimensional space. This space is invariant by J and �.

Proof. Let T be a bounded operator and let z, z0 be in the resolvent of D CT and D,
respectively. Then

.D C T � z/�1 D .D � z0/�1Œ1 � .T C z0 � z/.D C T � z/�1�:
Since .D � z0/�1 is compact by hypothesis and since the term in bracket is bounded,
D C T has a compact resolvent. Applying this to T D AC �JAJ�1, DA has a finite
dimensional kernel (see for instance [27], Theorem 6.29).

Since according to the dimension, J 2 D ˙1, J commutes or anticommutes with
�, � commutes with the elements in the algebra A and D� D ��D (see [9] or [23],
p. 405), we obtain that DA� D ��DA and DAJ D ˙JDA, which gives the result.

3.2. Pseudodifferential operators. Let .A;D;H/ be a given real regular spectral
triple of dimension n. Let P0 be the projection on Ker D and let PA be the projection
on Ker DA. Write D ´ D C P0, DA ´ DA C PA. The maps P0 and PA are thus
finite-rank selfadjoint bounded operators. We remark that D and DA are selfadjoint
invertible operators with compact inverses.

Remark 3.2. Since we only need to compute the residues and the value at 0 of the
�D , �DA functions, it is not necessary to define the operators D�1 or D�1

A and the
associated zeta functions. However, we note that all the work presented here could be
done using the process of Higson in [26] which proves that we can add any smoothing
operator to D or DA such that the result is invertible without changing anything in
the computation of residues.

Define for any ˛ 2 R,

OP0 ´ fT j t 7! Ft .T / 2 C1.R;B.H//g;
OP˛ ´ fT j T jDj�˛ 2 OP0g;
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where Ft .T / ´ eit jDjTe�it jDj D eit jDjTe�it jDj since jDj D jDj C P0. Define

ı.T / ´ ŒjDj; T �;
r.T / ´ ŒD2; T �;

�s.T / ´ jDjsT jDj�s; s 2 C:

It has been shown in [13] that OP0 D T
p�0 Dom.ıp/. In particular, OP0 is a

subalgebra of B.H/ (while elements of OP˛ are not necessarily bounded for ˛ > 0)
and A � OP0, JAJ�1 � OP0, ŒD;A� � OP0. Note that P0 2 OP�1 and
ı.OP0/ � OP0.

For any t > 0, Dt and jDjt are in OPt , and for any ˛ 2 R;D˛ and jDj˛ are in
OP˛ . By hypothesis, jDj�n 2 L.1;1/.H/, so OP�˛ � L1.H/ for any ˛ > n.

Lemma 3.3 ([13]). (i) For any T 2 OP0 and s 2 C, �s.T / 2 OP0.
(ii) For any ˛; ˇ 2 R, OP˛OPˇ � OP˛Cˇ .
(iii) If ˛ � ˇ, OP˛ � OPˇ .
(iv) For any ˛, ı.OP˛/ � OP˛ .
(v) For any ˛ and T 2 OP˛ , r.T / 2 OP˛C1.

Proof. See the appendix.

Remark 3.4. Any operator in OP˛ , ˛ 2 R, extends as a continuous linear operator
from Dom jDj˛C1 to Dom jDj, where the Dom jDj˛ spaces have their natural norms;
see [13], [26].

We now introduce a definition of pseudodifferential operators in a slightly different
way than in [13], [8], [26], which in particular pays attention to the reality operator
J and the kernel of D and allows D and jDj�1 to be pseudodifferential operators. It
is more in the spirit of [11].

Definition 3.5. Let us define D.A/ as the polynomial algebra generated by A,
JAJ�1, D and jDj. A pseudodifferential operator is an operator T so that there
is an element d 2 Z such that for any N 2 N, there exist p 2 N0, P 2 D.A/ and
R 2 OP�N (p, P and R may depend on N ) with PD�2p 2 OPd and

T D PD�2p CR:

Define ‰.A/ as the set of pseudodifferential operators and ‰.A/k ´ ‰.A/\ OPk .

Note that if A is a 1-form, then A and JAJ�1 are in D.A/ and, moreover, it
follows that D.A/ � S

p2N0
OPp . Since jDj 2 D.A/ by construction and P0 is a

pseudodifferential operator, jDjp is a pseudodifferential operator (in OPp) for any
p 2 Z. We also remark that D.A/ � ‰.A/ � S

k2Z OPk .
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Lemma 3.6 ([13], [8]). The set of all pseudodifferential operators‰.A/ is an algebra.
Moreover, if T 2 ‰.A/d and T 2 ‰.A/d 0

, then T T 0 2 ‰.A/dCd 0
.

Proof. See the appendix.

Due to the little difference of behavior between scalar and nonscalar pseudodif-
ferential operators (i.e., when coefficients like ŒD; a�, a 2 A, appear in P of Defini-
tion 3.5), it is convenient to introduce the following notation.

Definition 3.7. Let D1.A/ be the algebra generated by A, JAJ�1 and D, and let
‰1.A/ be the set of pseudodifferential operators constructed as before, with D1.A/

instead of D.A/. Note that ‰1.A/ is subalgebra of ‰.A/.

Observe that ‰1.A/ does not necessarily contain operators such as jDjk where
k 2 Z is odd. This algebra is similar to the one defined in [11].

3.3. Zeta functions and dimension spectrum. For any operator B and if X is
either D or DA, we define

�BX .s/ ´ Tr.BjX j�s/;
�X .s/ ´ Tr.jX j�s/:

The dimension spectrum Sd.A;H;D/ of a spectral triple has been defined in [8],
[13]. It is extended here to pay attention to the operator J and to our definition of
pseudodifferential operator.

Definition 3.8. The spectrum dimension of the spectral triple is the subset Sd.A;H;D/
of all poles of the functions �PD ´ s 7! Tr.P jDj�s/ where P is any pseudodiffer-
ential operator in OP0. The spectral triple .A;H;D/ is simple when these poles are
all simple.

Remark 3.9. If Sp.A;H;D/ denotes the set of all poles of the functions s 7!
Tr.P jDj�s/, where P is any pseudodifferential operator, then Sd.A;H;D/ �
Sp.A;H;D/.

If Sp.A;H;D/ D Z, then Sd.A;H;D/ D fn � k j k 2 N0g: indeed, if P is a
pseudodifferential operator in OP0, and q 2 N is such that q > n, then P jDj�s is in
OP� Re.s/, so is trace-class for s in a neighborhood of q; hence q cannot be a pole of
s 7! Tr.P jDj�s/.

Remark 3.10. The set Sp.A;H;D/ is also the set of all poles of functions s 7!
Tr.BjDj�s�2p/ where p 2 N0 and B 2 D.A/.
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3.4. The noncommutative integral
ª

. We already defined the one parameter group
�z.T / ´ jDjzT jDj�z , z 2 C.

Introducing the notation (recall that r.T / D ŒD2; T �) for an operator T ,

".T / ´ r.T /D�2;

we get from [11], (2.44), the following expansion for T 2 OPq:

�z.T / 

NX
rD0

g.z; r/"r.T / mod OP�N�1Cq; (3.1)

where g.z; r/ ´ 1
rŠ

�
z
2

�
: : :

�
z
2

� .r � 1/� D �
z=2
r

�
with the convention g.z; 0/ ´ 1.

We define the noncommutative integral by«
T ´ Res

sD0 �
T
D.s/ D Res

sD0 Tr.T jDj�s/:

Proposition 3.11 ([13]). If the spectral triple is simple, then
ª

is a trace on ‰.A/.

Proof. See the appendix.

4. Residues of �DA
for a spectral triple with simple dimension spectrum

We fix a regular spectral triple .A;H;D/ of dimension n and a selfadjoint 1-form A.
Recall that

DA ´ D C QA;
DA ´ DA C PA;

where QA ´ A C "JAJ�1 and PA is the projection on Ker DA. Observe that QA 2
D.A/ \ OP0 and DA 2 D.A/ \ OP1.

Write
VA ´ PA � P0:

As the following lemma shows, VA is a smoothing operator:

Lemma 4.1. (i)
T
k�1 Dom.DA/k � T

k�1 Dom jDjk .

(ii) Ker DA � T
k�1 Dom jDjk .

(iii) For any ˛; ˇ 2 R, jDjˇPAjDj˛ is bounded.
(iv) PA 2 OP�1.
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Proof. (i) For any p 2 N let us define Rp ´ .DA/
p � Dp , so Rp 2 OPp�1 and

Rp.Dom jDjp/ � Dom jDj (see Remark 3.4).
Fix k 2 N, k � 2. Since Dom DA D Dom D D Dom jDj, we have

Dom.DA/
k D f
 2 Dom jDj j .Dj CRj /
 2 Dom jDj for all 1 � j � k � 1g:

Let 
 2 Dom.DA/k . We prove by recurrence that 
 2 Dom jDjjC1 for any j 2
f1; : : : ; k � 1g. We have 
 2 Dom jDj and .D C R1/
 2 Dom jDj. Thus, since
R1
 2 Dom jDj, it follows that D
 2 Dom jDj, which proves that 
 2 Dom jDj2.
Hence the case j D 1 is done.

Suppose now that 
 2 Dom jDjjC1 for a j 2 f1; : : : ; k � 2g. Since .DjC1 C
RjC1/
 2 Dom jDj, and RjC1
 2 Dom jDj, we get DjC1
 2 Dom jDj, which
proves that 
 2 Dom jDjjC2.

Finally, if we set j D k � 1, we get 
 2 Dom jDjk , so Dom.DA/k � Dom jDjk .
(ii) follows from Ker DA � T

k�1 Dom.DA/k and (i).
(iii) Let us first check that jDj˛PA is bounded. We defineD0 as the operator with

domain DomD0 D ImPA\Dom jDj˛ and such thatD0
 D jDj˛
. Since DomD0
is finite dimensional, D0 extends to a bounded operator on H with finite rank. We
have

sup
�2Dom jDj˛PA

k�k�1

kjDj˛PA
k � sup
�2DomD0

k�k�1

kjDj˛
k D kD0k < 1;

so jDj˛PA is bounded. Note that by (ii), DomD0 D ImPA and Dom jDj˛PA D H.
We now show that PAjDj˛ is bounded: Let 
 2 DomPAjDj˛ D Dom jDj˛ . By (ii),
we have ImPA � Dom jDj˛ , so we get

kPAjDj˛
k � sup
 2ImPA
k k�1

jh ; jDj˛
ij � sup
 2ImPA
k k�1

jhjDj˛ ; 
ij

� sup
 2ImPA
k k�1

kjDj˛ kk
k D kD0kk
k:

(iv) For any k 2 N0 and t 2 R, ık.PA/jDjt is a linear combination of terms of
the form jDjˇPAjDj˛ , so the result follows from (iii).

Remark 4.2. We will see later in the noncommutative torus example how important
the difference between DA and D C A is. In particular, the inclusion Ker D �
Ker D C A is not satisfied since A, in contrast to QA, does not preserve Ker D.

The coefficient of the nonconstant term ƒk (k > 0) in the expansion (1.5) of the
spectral action S.DA; ˆ;ƒ/ is equal to the residue of �DA.s/ at k. We will see in this
section how we can compute these residues in terms of the noncommutative integral
of certain operators.
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Define for any operator T , p 2 N, s 2 C,

Kp.T; s/ ´ .�s=2/p
Z
0�t1�����tp�1

��st1.T / : : : ��stp .T / dt

with dt ´ dt1 : : : dtp .
Note that if T 2 OP˛ , then �z.T / 2 OP˛ for z 2 C and Kp.T; s/ 2 OP˛p .
Let us define

X ´ D2
A � D2 D QAD C D QAC QA2;

XV ´ X C VAI

then X 2 D1.A/ \ OP1 and by Lemma 4.1,

XV 
 X mod OP�1: (4.1)

We will use
Y ´ log.D2

A/ � log.D2/;

which makes sense since D2
A D D2

A C PA is invertible for any A.
By definition of XV , we see that

Y D log.D2 CXV / � log.D2/:

Lemma 4.3 ([11]). (i) The map Y is a pseudodifferential operator in OP�1 with the
following expansion for any N 2 N:

Y 

NX
pD1

N�pX
k1;:::;kpD0

.�1/jkj1CpC1

jkj1 C p
rkp .Xrkp�1.: : : Xrk1.X/ : : : //D�2.jkj1Cp/

mod OP�N�1.
(ii) For any N 2 N and s 2 C we have

jDAj�s 
 jDj�s C
NX
pD1

Kp.Y; s/jDj�s mod OP�N�1�Re.s/: (4.2)

Proof. (i) We follow [11], Lemma 2.2. By functional calculus, Y D R 1
0
I.�/ d�

where

I.�/ 

NX
pD1

.�1/pC1�.D2 C �/�1XV
�p
.D2 C �/�1 mod OP�N�3:
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By (4.1), ..D2 C �/�1XV /p 
 ..D2 C �/�1X/p mod OP�1 and we get

I.�/ 

NX
pD1

.�1/pC1�.D2 C �/�1X
�p
.D2 C �/�1 mod OP�N�3:

We set Ap.X/ ´ ..D2 C �/�1X/p.D2 C �/�1 and L ´ .D2 C �/�1 2 OP�2 for
a fixed �. Since ŒD2 C �;X� 
 r.X/ mod OP�1, a recurrence proves that if T is
an operator in OPr , then for q 2 N0,

A1.T / D LTL 

qX
kD0

.�1/krk.T /LkC2 mod OPr�q�5:

With Ap.X/ D LXAp�1.X/ another recurrence gives for any q 2 N0,

Ap.X/ 

qX

k1;:::;kpD0
.�1/jkj1rkp .Xrkp�1.: : : Xrk1.X/ : : : //Ljkj1CpC1

mod OP�q�p�3, which implies that

I.�/ 

NX
pD1

.�1/pC1
N�pX

k1;:::;kpD0
.�1/jkj1rkp .Xrkp�1.: : : Xrk1.X/ : : : //Ljkj1CpC1

mod OP�N�3. With
R 1
0
.D2 C �/�.jkj1CpC1/d� D 1

jkj1CpD
�2.jkj1Cp/ we get the

result provided we control the remainders. Such a control is given in [11], (2.27).
(ii) We have jDAj�s D eB�.s=2/Y e�B jDj�s where B ´ .�s=2/ log.D2/. Fol-

lowing [11], Theorem 2.4, we obtain that

jDAj�s D jDj�s C
1X
pD1

Kp.Y; s/jDj�s (4.3)

and each Kp.Y; s/ is in OP�p .

Corollary 4.4. For any p 2 N and r1; : : : ; rp 2 N0 we have "r1.Y / : : : "rp .Y / 2
‰1.A/.

Proof. If for any q 2 N and k D .k1; : : : ; kq/ 2 Nq
0,

�kq .X/ ´ .�1/jkj1CqC1

jkj1Cq rkq .Xrkq�1.: : : Xrk1.X/ : : : //;

then �kq .X/ 2 OPjkj1Cq . For any N 2 N,

Y 

NX
qD1

N�qX
k1;:::;kqD0

�kq .X/D
�2.jkj1Cq/ mod OP�N�1: (4.4)
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Note that the �kq .X/ are in D1.A/, which in view of (4.4) shows that Y and thus
"r.Y / D rr.Y /D�2r are also in ‰1.A/.

We remark, as in [10], that the fluctuations leave invariant the first term of the
spectral action (1.5). This is a generalization of the fact that in the commutative
case, the noncommutative integral depends only on the principal symbol of the Dirac
operator D and this symbol is stable by adding a gauge potential like in D CA. Note
however that the symmetrized gauge potential A C �JAJ�1 is always zero in this
case for any selfadjoint 1-form A.

Lemma 4.5. If the spectral triple is simple, then formula (1.6) can be extended as

�DA.0/ � �D.0/ D
nX
qD1

.�1/q
q

«
. QAD�1/q: (4.5)

Proof. Since the spectral triple is simple, equation (4.3) entails that

�DA.0/ � �D.0/ D Tr.K1.Y; s/jDj�s/jsD0:
Thus, with (3.1), we get �DA.0/ � �D.0/ D �1

2

ª
Y . Replacing A by QA, the same

proof as in [11] gives

�1
2

«
Y D

nX
qD1

.�1/q
q

«
. QAD�1/q:

Lemma 4.6. For any k 2 N0 we have

Res
sDn�k

�DA.s/

D Res
sDn�k

�D.s/C
kX

pD1

k�pX
r1;:::;rpD0

Res
sDn�k

h.s; r; p/Tr."r1.Y / : : : "rp .Y /jDj�s/;

where

h.s; r; p/ ´ .�s=2/p
Z
0�t1�����tp�1

g.�st1; r1/ : : : g.�stp; rp/ dt:

Proof. From Lemma 4.3 (ii) it follows that jDAj�s 
 jDj�s C Pk
pD1Kp.Y; s/jDj�s

mod OP�.kC1/�Re.s/, where the convention
P

; D 0 is used. Thus, we get for s in a
neighborhood of n � k,

jDAj�s � jDj�s �
kX

pD1
Kp.Y; s/jDj�s 2 OP�.kC1/�Re.s/ � L1.H/;
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which gives

Res
sDn�k

�DA.s/ D Res
sDn�k

�D.s/C
kX

pD1
Res
sDn�k

Tr.Kp.Y; s/jDj�s/: (4.6)

Let us fix 1 � p � k and N 2 N. By (3.1) we get

Kp.Y; s/ 
 .�s=2/p
Z
0�t1�:::tp�1

NX
r1;:::;rpD0

g.�st1; r1/ : : : g.�stp; rp/

"r1.Y / : : : "rp .Y / dt mod OP�N�p�1:

(4.7)

If we now take N D k � p, we obtain that

Kp.Y; s/jDj�s �
k�pX

r1;:::;rpD0
h.s; r; p/"r1.Y / : : : "rp .Y /jDj�s 2 OP�k�1�Re.s/ � L1.H/

for s in a neighborhood of n � k, so (4.6) gives the result.

Our operators jDAjk are pseudodifferential operators:

Lemma 4.7. For any k 2 Z we have jDAjk 2 ‰k.A/.

Proof. Using (4.7), we see thatKp.Y; s/ is a pseudodifferential operator in OP�p , so
(4.2) shows that jDAjk is a pseudodifferential operator in OPk .

The following result is quite important since it shows that one can use
ª

for D
or DA:

Proposition 4.8. If the spectral triple is simple, then Res
sD0 Tr.P jDAj�s/ D ª

P for

any pseudodifferential operator P . In particular, for any k 2 N0,«
jDAj�.n�k/ D Res

sDn�k
�DA.s/:

Proof. Suppose that P 2 OPk with k 2 Z and fix p � 1. With (4.7) we see that

PKp.Y; s/jDj�s



NX

r1;:::;rpD0
h.s; r; p/P"r1.Y / : : : "rp .Y /jDj�s mod OP�N�p�1Ck�Re.s/
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for any N 2 N. Thus if we take N D n � p C k, we get

Res
sD0 Tr.PKp.Y; s/jDj�s/ D

n�pCkX
r1;:::;rpD0

Res
sD0 h.s; r; p/Tr.P"r1.Y / : : : "rp .Y /jDj�s/:

Now s D 0 is a zero of the analytic function s 7! h.s; r; p/. Moreover, the map
s 7! TrP"r1.Y / : : : "rp .Y /jDj�s has only simple poles. So, by hypothesis, we see
that Res

sD0 h.s; r; p/Tr.P"r1.Y / : : : "rp .Y /jDj�s/ D 0 and

Res
sD0 Tr.PKp.Y; s/jDj�s/ D 0: (4.8)

Using (4.2),P jDAj�s 
 P jDj�sCPkCn
pD1 PKp.Y; s/jDj�s mod OP�n�1�Re.s/ and

thus

Res
sD0 Tr.P jDAj�s/ D

«
P C

kCnX
pD1

Res
sD0 Tr.PKp.Y; s/jDj�s/: (4.9)

The result now follows from (4.8) and (4.9). To obtain the last equality, one uses the
pseudodifferential operator jDAj�.n�k/.

Proposition 4.9. If the spectral triple is simple, then«
jDAj�n D

«
jDj�n: (4.10)

Proof. This follows from Lemma 4.6 and the previous proposition for k D 0.

Lemma 4.10. If the spectral triple is simple, then

(i)
ª jDAj�.n�1/ D

«
jDj�.n�1/ �

�
n � 1
2

� «
X jDj�n�1,

(ii)
ª jDAj�.n�2/ D

«
jDj�.n�2/ C n � 2

2

�
�

«
X jDj�n C n

4

«
X2jDj�2�n

�
.

Proof. (i) By (4.2),

Res
sDn�1 �DA.s/ � �D.s/ D Res

sDn�1.�s=2/Tr.Y jDj�s/
D �n�1

2
Res
sD0 Tr.Y jDj�.n�1/jDj�s/

where for the last equality we use the simple dimension spectrum hypothesis. Lem-
ma 4.3 (i) yields Y 
 XD�2 mod OP�2 and Y jDj�.n�1/ 
 X jDj�n�1 mod
OP�n�1 � L1.H/. Thus,

Res
sD0 Tr.Y jDj�.n�1/jDj�s/ D Res

sD0 Tr.X jDj�n�1jDj�s/ D
«
X jDj�n�1:
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(ii) Lemma 4.6 (ii) gives

Res
sDn�2 �DA.s/ D Res

sDn�2 �D.s/C Res
sDn�2

1X
rD0

h.s; r; 1/Tr."r.Y /jDj�s/

C h.s; 0; 2/Tr.Y 2jDj�s/:

We have h.s; 0; 1/ D � s
2

, h.s; 1; 1/ D 1
2

�
s
2

�2
and h.s; 0; 2/ D 1

2

�
s
2

�2
. Using again

Lemma 4.3 (i), we obtain that

Y 
 XD�2 � 1
2
r.X/D�4 � 1

2
X2D�4 mod OP�3:

Thus,

Res
sDn�2Tr

�
Y jDj�s� D

«
X jDj�n � 1

2

«
.r.X/CX2/jDj�2�n:

Moreover, using
ª r.X/jDj�k D 0 for any k � 0 since

ª
is a trace,

Res
sDn�2Tr

�
".Y /jDj�s� D Res

sDn�2Tr
�r.X/D�4jDj�s� D

«
r.X/jDj�2�n D 0:

Similarly, since Y 
 XD�2 mod OP�2 and Y 2 
 X2D�4 mod OP�3, we get

Res
sDn�2Tr.Y 2jDj�s/ D Res

sDn�2Tr.X2D�4jDj�s/ D
«
X2jDj�2�n:

Thus,

Res
sDn�2 �DA.s/ D Res

sDn�2 �D.s/

C
�

�n � 2
2

�� «
X jDj�n � 1

2

«
.r.X/CX2/jDj�2�n

�

C 1

2

�
n � 2
2

�2 «
r.X/jDj�2�n C 1

2

�
n � 2
2

�2 «
X2jDj�2�n:

Finally,

Res
sDn�2 �DA.s/ D Res

sDn�2 �D.s/C
�

�n � 2
2

�� «
X jDj�n � 1

2

«
X2jDj�2�n

�

C 1

2

�
n � 2
2

�2 «
X2jDj�2�n;

and the result follows from Proposition 4.8.
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Corollary 4.11. If the spectral triple is simple and satisfies the identity
ª jDj�.n�2/ Dª QADjDj�n D ª

D QAjDj�n D 0, then«
jDAj�.n�2/ D n.n � 2/

4

� «
QAD QADjDj�n�2 C n � 2

n

«
QA2jDj�n

�
:

Proof. By the previous lemma, we have

Res
sDn�2 �DA.s/ D n � 2

2

�
�

«
QA2jDj�n

C n

4

«
. QAD QAD C D QAD QAC QAD2 QAC D QA2D/jDj�n�2

�
:

Since r. QA/ 2 OP1, the trace property of
ª

yields the result.

5. The noncommutative torus

5.1. Notations. Let C1.T n
‚/ be the smooth noncommutative n-torus associated to

a non-zero skew-symmetric deformation matrix ‚ 2 Mn.R/ (see [5], [30]). This
means that C1.T n

‚/ is the algebra generated by n unitaries ui , i D 1; : : : ; n, subject
to the relations

uiuj D ei‚ij ujui ; (5.1)

and with Schwartz coefficients: an element a 2 C1.T n
‚/ can be written as a DP

k2Zn akUk , where fakg 2 S.Zn/ with the Weyl elements defined by Uk ´
e� i

2k��kuk11 : : : u
kn
n , k 2 Zn. Relation (5.1) reads

UkUq D e� i
2k�‚qUkCq and UkUq D e�ik�‚qUqUk (5.2)

where � is the matrix restriction of ‚ to its upper triangular part. Thus unitary
operators Uk satisfy U �

k
D U�k and ŒUk; Ul � D �2i sin

�
1
2
k �‚l�UkCl .

Let 	 be the trace on C1.T n
‚/ defined by 	

� P
k2Zn akUk

� ´ a0 and H� be
the GNS Hilbert space obtained by completion of C1.T n

‚/ with respect to the norm
induced by the scalar product ha; bi ´ 	.a�b/. On H� D fPk2Zn akUk j fakgk 2
l2.Zn/g we consider the left and right regular representations ofC1.T n

‚/ by bounded
operators, which we denote by L. � / and R. � /, respectively.

Let also ı�, � 2 f1; : : : ; ng, be the n (pairwise commuting) canonical derivations
defined by

ı�.Uk/ ´ ik�Uk : (5.3)

We need to fix notations: let A‚ ´ C1.T n
‚/ acting on H ´ H� ˝ C2m with

n D 2m or n D 2mC 1 (i.e.,m D bn
2
c is the integer part of n

2
), the square integrable

sections of the trivial spin bundle over T n.
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Each element of A‚ is represented on H as L.a/ ˝ 12m where L (resp. R) is
the left (resp. right) multiplication. The Tomita conjugation J0.a/ ´ a� satisfies
ŒJ0; ı�� D 0 and we define J ´ J0 ˝ C0 where C0 is an operator on C2m . The
Dirac operator is given by

D ´ �iı� ˝ ��; (5.4)

where we use hermitian Dirac matrices � . It is defined and symmetric on the dense
subset of H given by C1.T n

‚/˝ C2m . We still denote D its selfadjoint extension.
This implies that

C0�
˛ D �"�˛C0; (5.5)

and
D Uk ˝ ei D k�Uk ˝ ��ei ;

where .ei / is the canonical basis of C2m . Moreover, C 20 D ˙12m , depending on
the parity of m. Finally, one introduces the chirality (which in the even case is
� ´ id ˝.�i/m�1 : : : �n) and this yields that .A‚;H;D; J; �/ satisfies all axioms
of a spectral triple; see [7], [23].

The Dirac operator VuDV �
u perturbed by the unitary

Vu ´ .L.u/˝ 12m/J.L.u/˝ 12m/J
�1;

defined by uu� D u�u D U0 for every unitary u 2 A, must satisfy condition (1.3)
(which is equivalent to H being endowed with a structure of A‚-bimodule). This
implies the existence of a symmetrized covariant Dirac operator,

DA ´ D C AC �JAJ�1;

since VuDV �
u D DL.u/˝12m ŒD;L.u�/˝12m 
: in fact, for a 2 A‚, using J0L.a/J�1

0 D
R.a�/, we obtain that

�J.L.a/˝ �˛/J�1 D �R.a�/˝ �˛;

and the representation L and the anti-representation R are C-linear, commute and
satisfy

Œı˛; L.a/� D L.ı˛a/; Œı˛; R.a/� D R.ı˛a/:

This induces some covariance property for the Dirac operator; one checks that

L.Uk/˝ 12m ŒD; L.U
�
k /˝ 12m � D 1˝ .�k���/; (5.6)

for all k 2 Zn. Thus, with (5.5), we get UkŒD; U �
k
�C �JUkŒD; U

�
k
�J�1 D 0 and

VUkDV
�
Uk

D D D DL.Uk/˝12m ŒD;L.U�
k
/˝12m 
: (5.7)
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Moreover, we obtain the gauge transformation

VuDAV
�
u D D�u.A/; (5.8)

where the gauged transform 1-form of A is

�u.A/ ´ uŒD; u��C uAu�; (5.9)

with the shorthand L.u/˝ 12m ! u.
As a consequence, the spectral action is gauge invariant:

S.DA; ˆ;ƒ/ D S.D�u.A/; ˆ;ƒ/:

An arbitrary selfadjoint 1-form A can be written as

A D L.�iA˛/˝ �˛ with A˛ D �A�̨ 2 A‚; (5.10)

thus
DA D �i.ı˛ C L.A˛/ �R.A˛//˝ �˛: (5.11)

Defining
QA˛ ´ L.A˛/ �R.A˛/

we get D2
A D �g˛1˛2.ı˛1 C QA˛1/.ı˛2 C QA˛2/˝ 12m � 1

2
�˛1˛2 ˝ �˛1˛2 , where

�˛1˛2 ´ 1
2
.�˛1�˛2 � �˛2�˛1/;

�˛1˛2 ´ Œı˛1 C QA˛1 ; ı˛2 C QA˛2 � D L.F˛1˛2/ �R.F˛1˛2/

with
F˛1˛2 ´ ı˛1.A˛2/ � ı˛2.A˛1/C ŒA˛1 ; A˛2 �: (5.12)

In summary,

D2
A D �ı˛1˛2.ı˛1 C L.A˛1/ �R.A˛1//.ı˛2 C L.A˛2/ �R.A˛2//

˝ 12m � 1
2
.L.F˛1˛2/ �R.F˛1˛2//˝ �˛1˛2 :

(5.13)

5.2. Kernels and dimension spectrum. We now compute the kernel of the perturbed
Dirac operator.

Proposition 5.1. (i) Ker D D U0 ˝ C2m , so dim Ker D D 2m.
(ii) For any selfadjoint 1-form A we have Ker D � Ker DA.
(ii) For any unitary u 2 A we have Ker D�u.A/ D Vu Ker DA.
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Proof. (i) Let D P
k;j ck;jUk˝ej 2 Ker D. Then0 D D2 D P

k;i ck;j jkj2Uk˝
ej , which implies that ck;j jkj2 D 0 for any k 2 Zn and 1 � j � 2m. The result
follows.

(ii) Let  2 Ker D. Then  D U0 ˝ v with v 2 C2m , and from (5.11) we get

DA D D C .AC �JAJ�1/ D .AC �JAJ�1/ D �i ŒA˛; U0�˝ �˛v D 0

since U0 is the unit of the algebra, which proves that  2 Ker DA.
(iii) This is a direct consequence of (5.8).

Corollary 5.2. LetA be a selfadjoint 1-form. Then Ker DA D Ker D in the following
cases:

(i) Au ´ L.u/˝ 12m ŒD; L.u
�/˝ 12m � when u is a unitary in A.

(ii) kAk < 1
2

.

(iii) The matrix 1
2�
‚ has only integral coefficients.

Proof. (i) This follows from previous result because Vu.U0 ˝ v/ D U0 ˝ v for any
v 2 C2m .

(ii) Let  D P
k;j ck;jUk ˝ ej be in Ker DA (so

P
k;j jck;j j2 < 1) and 
 ´P

j c0;jU0 ˝ ej . Thus  0 ´  � 
 2 Ker DA since 
 2 Ker D � Ker DA and




 X
0¤k2Zn;j

ck;jk˛Uk ˝ �˛ej




2 D kD 0k2

D k�.AC �JAJ�1/ 0k2 � 4kAk2k 0k2 < k 0k2:
Let Xk ´ P

˛ k˛�˛ . Then X2
k

D P
˛ jk˛j212m is invertible and the vectors

fUk ˝Xkej g0¤k2Zn;j are orthogonal in H, soX
0¤k2Zn;j

� X
˛

jk˛j2
�
jck;j j2 <

X
0¤k2Zn;j

jck;j j2;

which is possible only if ck;j D 0 for all k, j , that is,  0 D 0 and  D 
 2 Ker D.
(iii) This is a consequence of the fact that the algebra is commutative, and hence

AC �JAJ�1 D 0.

Note that if QAu ´ Au C �JAuJ
�1, then, by (5.6), QAUk D 0 for all k 2 Zn and

kAUkk D jkj, but for an arbitrary unitary u 2 A, QAu ¤ 0 and hence DAu ¤ D.
Naturally the above result is also a direct consequence of the fact that the eigen-

space of an isolated eigenvalue of an operator is not modified by small perturbations.
However, it is interesting to compute the last result directly to emphasize the difficulty
of the general case.
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So let D P
l2Zn;1�j�2m cl;jUl˝ej 2 Ker DA. Then

P
l2Zn;1�j�2m jcl;j j2 <

1. We have to show that  2 Ker D that is cl;j D 0 when l ¤ 0.
Taking the scalar product of hUk ˝ ei j with

0 D DA D
X
l;˛;j

cl;j .l
˛Ul � i ŒA˛; Ul �/˝ �˛ej ;

we obtain that

0 D
X
l;˛;j

cl;j .l
˛ık;l � ihUk; ŒA˛; Ul �i/hei ; �˛ej i:

If A˛ D P
˛;l a˛;lUl ˝ �˛ , fa˛;lgl 2 S.Zn/, then it follows that ŒUl ; Um� D

�2i sin
�
1
2
l �‚m�

UlCm and

hUk; ŒA˛; Ul �i D
X
l 02Zn

a˛;l 0
� � 2i sin

�
1
2
l 0 �‚l��hUk; Ul 0Cli

D �2ia˛;k�l sin
�
1
2
k �‚l�:

Thus

0 D
X
l2Zn

nX
˛D1

2mX
jD1

cl;j
�
l˛ık;l � 2a˛;k�l sin

�
1
2
k �‚l��hei ; �˛ej i (5.14)

for all k 2 Zn and for all i with 1 � i � 2m.

We conjecture that Ker D D Ker DA at least for generic ‚’s: the constraints
(5.14) should imply cl;j D 0 for all j and all l ¤ 0, which means that  2 Ker D.
If 1
2�
‚ has only integer coefficients, then the sin part of these constraints disappears,

which gives the result.

Lemma 5.3. If 1
2�
‚ is diophantine, then Sp.C1.T n

‚/;H;D/ D Z, and all these
poles are simple.

Proof. Let B 2 D.A/ and p 2 N0. Suppose that B is of the form

B D arbrD
qr�1 jDjpr�1ar�1br�1 : : :Dq1 jDjp1a1b1

where r 2 N, ai 2 A, bi 2 JAJ�1, qi ; pi 2 N0. We denote ai μ P
l ai;lUl

and bi μ P
i bi;lUl . With the shorthand k�1;�qi ´ k�1 : : : k�qi and ��1;�qi D

��1 : : : ��qi , we get

Dq1 jDjp1a1b1Uk ˝ ej

D
X
l1;l

0
1

a1;l1b1;l 01
Ul1UkUl 01

jk C l1 C l 01jp1.k C l1 C l 01/�1;�q1 ˝ ��1;�q1 ej ;
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which gives after r iterations

BUk ˝ ej D
X
l;l 0

Qal QblUlr : : : Ul1UkUl 01 : : : Ul 0r
r�1Y
iD1

jk C Oli C Ol 0i jpi .k C Oli C Ol 0i /�i
1
;�iqi

˝ �
�r�1
1

;�r�1
qr�1 : : : �

�1
1
;�1q1 ej ;

where Qal WD a1;l1 : : : ar;lr and Qbl 0 WD b1;l 0
1
: : : br;l 0r .

Let us write F�.k; l; l 0/ ´ Qr�1
iD1 jk C Oli C Ol 0i jpi .k C Oli C Ol 0i /�i

1
;�iqi

and �� ´
�
�r�1
1

;�r�1
qr�1 : : : �

�1
1
;�1q1 . Thus, with the shortcut 
c meaning modulo a constant

function in the variable s, we have

Tr.BjDj�2p�s/


c

X
k

0 X
l;l 0

Qal Qbl 0	.U�kUlr : : : Ul1UkUl 01 : : : Ul 0r /
F�.k; l; l

0/
jkjsC2p Tr.��/:

Since Ulr : : : Ul1Uk D UkUlr : : : Ul1e
�iPr

1 li :‚k we get

	.U�kUlr : : : Ul1UkUl 01 : : : Ul 0r / D ıPr
1 liCl 0i ;0e

i�.l;l 0/e�iPr
1 li �‚k;

where 
 is a real valued function. Thus,

Tr.BjDj�2p�s/ 
c

X0

k

X
l;l 0

ei�.l;l
0/ıPr

1 liCl 0i ;0 Qal Qbl 0 F�.k; l; l
0/e�iPr

1 li �‚k

jkjsC2p Tr.��/


c f�.s/Tr.��/:

The function f�.s/ can be decomposed into a linear combination of zeta functions of
the type described in Theorem 2.18 (resp. Theorem 2.6 if r D 1 or all the pi are zero).
Thus, s 7! Tr.BjDj�2p�s/ has only poles in Z and each pole is simple. Finally, by
linearity, the result follows.

The dimension spectrum of the noncommutative torus is simple:

Proposition 5.4. (i) If 1
2�
‚ is diophantine, then the dimension spectrum of the triple

.C1.T n
‚/;H;D/ is equal to the set fn�k j k 2 N0g, and all these poles are simple.

(ii) �D.0/ D 0.

Proof. (i) This follows from Lemma 5.3 and Remark 3.9.
(ii) We have �D.s/ D P

k2Zn
P
1�j�2mhUk ˝ ej ; jDj�sUk ˝ ej i D

2m
� P0

k2Zn
1

jkjs C 1
� D 2m.Zn.s/C 1/. The result follows from (2.15).

We have computed �D.0/ relatively easy, but the main difficulty of the present
work is essentially to calculate �DA.0/.
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5.3. Noncommutative integral computations. We fix a selfadjoint 1-form A on
the noncommutative torus of dimension n.

Proposition 5.5. If 1
2�
‚ is diophantine, then the first elements of the expansion (1.5)

are given by «
jDAj�n D

«
jDj�n D 2mC1
n=2�.n

2
/�1;«

jDAjn�k D 0 for k odd;«
jDAjn�2 D 0:

(5.15)

We need few technical lemmas.

Lemma 5.6. On the noncommutative torus, for any t 2 R,«
QADjDj�t D

«
D QAjDj�t D 0:

Proof. Using the notation of (5.10), we have

Tr. QADjDj�s/ 
c

X
j

X0

k

hUk ˝ ej ;�ik�jkj�sŒA˛; Uk�˝ �˛��ej i


c �i Tr.�˛��/
X0

k

k�jkj�shUk; ŒA˛; Uk�i D 0

since hUk; ŒA˛; Uk�i D 0. Similarly

Tr.D QAjDj�s/

c

X
j

X0

k

hUk ˝ ej ; jkj�s P
l a˛;l2 sin k�‚l

2
.l C k/�UlCk ˝ ���˛ej i


c 2Tr.���˛/
X0

k

X
l
a˛;l sin k�‚l

2
.l C k/�jkj�shUk; UlCki D 0:

Any element h in the algebra generated by A and ŒD;A� can be written as a
linear combination of terms of the form a1

p1 : : : an
pr , where ai are elements of A or

ŒD;A�. Such a term can be written as a series b ´ P
a1;˛1;l1 : : : aq;˛q ;lqUl1 : : : Ulq˝

�˛1 : : : �˛q , where ai;˛i are Schwartz sequences and when ai μ P
l alUl 2 A we

set ai;˛;l D ai;l with �˛ D 1. We define

L.b/ ´ 	
� P

l a1;˛1;l1 : : : aq;˛q ;lqUl1 : : : Ulq
�

Tr.�˛1 : : : �˛q /:

By linearity, L is defined as a linear form on the whole algebra generated by A and
ŒD;A�.
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Lemma 5.7. If h is an element of the algebra generated by A and ŒD;A�, then

Tr.hjDj�s/ 
c L.h/Zn.s/:

In particular, Tr.hjDj�s/ has at most one pole at s D n.

Proof. With b of the form
P
a1;˛1;l1 : : : aq;˛q ;lqUl1 : : : Ulq ˝ �˛1 : : : �˛q , we get

Tr.bjDj�s/

c

X0

k2Zn

hUk;
P
l a1;˛1;l1 : : : aq;˛q ;lqUl1 : : : UlqUki Tr.�˛1 : : : �˛q /jkj�s


c 	
� P

l a1;˛1;l1 : : : aq;˛q ;lqUl1 : : : Ulq
�

Tr.�˛1 : : : �˛q /Zn.s/ D L.b/Zn.s/:

The result now follows from linearity of the trace.

Lemma 5.8. If 1
2�
‚ is diophantine, the function s 7! Tr."JAJ�1AjDj�s/ extends

meromorphically on the whole plane with only one possible pole at s D n. Moreover,
this pole is simple and

Res
sDn Tr."JAJ�1AjDj�s/ D a˛;0a

˛
02
mC1
n=2�.n=2/�1:

Proof. With A D L.�iA˛/ ˝ �˛ , we get �JAJ�1 D R.iA˛/ ˝ �˛ , and by multi-
plication "JAJ�1A D R.Aˇ /L.A˛/˝ �ˇ�˛ . Thus,

Tr."JAJ�1AjDj�s/ 
c

X
k2Zn

0hUk; A˛UkAˇ ijkj�s Tr.�ˇ�˛/


c

X
k2Zn

0 X
l

a˛;laˇ;�leik�‚l jkj�s Tr.�ˇ�˛/


c 2
m

X
k2Zn

0 X
l

a˛;la
˛
�le

ik�‚l jkj�s:

Theorem 2.6 (ii) entails that
P0
k2Zn

P
l a˛;la

˛
�le

ik�‚l jkj�s extends meromorphically
to the whole plane C with only one possible pole at s D n. Moreover, this pole is
simple and we have

Res
sDn

X0

k2Zn

X
l

a˛;la
˛
�le

ik�‚l jkj�s D a˛;0a
˛
0 Res
sDnZn.s/:

Equation (2.14) now gives the result.

Lemma 5.9. If 1
2�
‚ is diophantine, then for any t 2 R,«

X jDj�t D ıt;n2
mC1.� P

l a˛;la
˛
�l C a˛;0a

˛
0 / 2


n=2�.n=2/�1:

where X D QAD C D QAC QA2 and A μ �i P
l a˛;lUl ˝ �˛ .



94 D. Essouabri, B. Iochum, C. Levy, and A. Sitarz

Proof. By Lemma 5.6, we get
ª
X jDj�t D RessD0 Tr. QA2jDj�s�t /. Since A and

"JAJ�1 commute, we have QA2 D A2 C JA2J�1 C 2"JAJ�1A. Thus,

Tr. QA2jDj�s�t / D Tr.A2jDj�s�t /CTr.JA2J�1jDj�s�t /C2Tr."JAJ�1AjDj�s�t /:
Since jDj and J commute, we have with Lemma 5.7,

Tr. QA2jDj�s�t / 
c 2L.A
2/Zn.s C t /C 2Tr."JAJ�1AjDj�s�t /:

Thus Lemma 5.8 entails that Tr. QA2jDj�s�t / is holomorphic at 0 if t ¤ n. When
t D n,

Res
sD0 Tr. QA2jDj�s�t / D 2mC1.� P

l a˛;la
˛
�l C a˛;0a

˛
0 /2


n=2�.n=2/�1; (5.16)

which gives the result.

Lemma 5.10. If 1
2�
‚ is diophantine, then«

QAD QADjDj�2�n D �n � 2
n

«
QA2jDj�n:

Proof. With DJ D "JD, we get«
QAD QADjDj�2�n D 2

«
ADADjDj�2�n C 2

«
"JAJ�1DADjDj�2�n:

Let us first compute
ª
ADADjDj�2�n. We have, with A μ �iL.A˛/ ˝ �˛ μ

�i P
l a˛;lUl ˝ �˛ ,

Tr.ADADjDj�s�2�n/


c �
X0

k

X
l1;l2

a˛2;l2a˛1;l1	.U�kUl2Ul1Uk/
k�1.k C l1/�2

jkjsC2Cn Tr.�˛;�/

where �˛;� ´ �˛2��2�˛1��1 . Thus,«
ADADjDj�2�n D �

X
l

a˛2;�la˛1;l Res
sD0

� P0
k

k�1k�2
jkjsC2Cn

�
Tr.�˛;�/:

We have also, with "JAJ�1 D iR.A˛/˝ �a,

Tr."JAJ�1DADjDj�s�2�n/


c

X0

k

X
l1;l2

a˛2;l2a˛1;l1	.U�kUl1UkUl2/
k�1.k C l1/�2

jkjsC2Cn Tr.�˛;�/:
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which gives«
"JAJ�1DADjDj�2�n D a˛2;0a˛1;0 Res

sD0
� P0

k

k�1k�2
jkjsC2Cn

�
Tr.�˛;�/:

Thus,

1

2

«
QAD QADjDj�2�n

D �
a˛2;0a˛1;0 � P

l a˛2;�la˛1;l
�

Res
sD0

� P0
k

k�1k�2
jkjsC2Cn

�
Tr.�˛;�/:

With
P0
k

k�1k�2
jkjsC2Cn D ı�1�2

n
Zn.sCn/ andCn ´ RessD0Zn.sCn/D 2
n=2�.n=2/�1

we obtain that

1

2

«
QAD QADjDj�2�n D .a˛2;0a˛1;0 � P

l a˛2;�la˛1;l/
Cn
n

Tr.�˛2���˛1��/:

Since Tr.�˛2���˛1��/ D 2m.2 � n/ı˛2;˛1 , we get

1

2

«
QAD QADjDj�2�n D 2m.�a˛;0a˛0 C P

l a˛;�la˛l /
Cn.n�2/

n
:

Equation (5.16) now proves the lemma.

Lemma 5.11. If 1
2�
‚ is diophantine, then for any P 2 ‰1.A/ and q 2 N, q odd,«

P jDj�.n�q/ D 0:

Proof. There exist B 2 D1.A/ and p 2 N0 such that P D BD�2p C R where
R is in OP�q�1. Consequently,

ª
P jDj�.n�q/ D ª

BjDj�n�2pCq . Assume that
B D arbrD

qr�1ar�1br�1 : : :Dq1a1b1, where r 2 N, ai 2 A, bi 2 JAJ�1, qi 2 N.
If we prove that

ª
BjDj�n�2pCq D 0, then the general case will follow by linearity.

Write ai μ P
l ai;lUl and bi μ P

l bi;lUl . With k�1;�qi ´ k�1 : : : k�qi and
��1;�qi D ��1 : : : ��qi , we get

Dq1a1b1Uk ˝ ej D
X
l1;l

0
1

a1;l1b1;l 01
Ul1UkUl 01

.k C l1 C l 01/�1;�q1 ˝ ��1;�q1 ej ;

which gives after iteration

BUk ˝ ej D
X
l;l 0

Qal QblUlr : : : Ul1UkUl 01 : : : Ul 0r

�
r�1Y
iD1
.k C Oli C Ol 0i /�i

1
;�iqi

˝ �
�r�1
1

;�r�1
qr�1 : : : �

�1
1
;�1q1 ej ;
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where Qal WD a1;l1 : : : ar;lr and Qbl 0 WD b1;l 0
1
: : : br;l 0r . We denote Q�.k; l; l 0/ ´Qr�1

iD1.k C Oli C Ol 0i /�i
1
;�iqi

and �� ´ �
�r�1
1

;�r�1
qr�1 : : : �

�1
1
;�1q1 . Then

«
BjDj�n�2pCq D Res

sD0
X
k

0 X
l;l 0

Qal Qbl 0	.U�kUlr : : : Ul1UkUl 01 : : : Ul 0r /

� Q�.k; l; l
0/

jkjsC2pCn�q Tr.��/:

Since Ulr : : : Ul1Uk D UkUlr : : : Ul1e
�iPr

1 li :‚k , we get

	.U�kUlr : : : Ul1UkUl 01 : : : Ul 0r / D ıPr
1 liCl 0i ;0e

i�.l;l 0/e�iPr
1 li �‚k

where 
 is a real valued function. Thus,«
BjDj�n�2pCq

D Res
sD0

X0

k

X
l;l 0

ei�.l;l
0/ıPr

1 liCl 0i ;0 Qal Qbl 0Q�.k; l; l
0/e�iPr

1 li :‚k

jkjsC2pCn�q Tr.��/

μ Res
sD0 f�.s/Tr.��/:

We decompose Q�.k; l; l 0/ as a sum
Pr
hD0Mh;�.l; l

0/Qh;�.k/ where Qh;� is a
homogeneous polynomial in .k1; : : : ; kn/ and Mh;�.l; l

0/ is a polynomial in�
.l1/1; : : : ; .lr/n; .l

0
1/1; : : : ; .l

0
r/n

�
.

Similarly, we decompose f�.s/ as
Pr
hD0 fh;�.s/. Theorem 2.6 (ii) implies that

fh;�.s/ extends meromorphically to the whole complex plane C with only one pos-
sible pole for s C 2p C n � q D n C d , where d ´ degQh;�. In other words,
if d C q � 2p ¤ 0, then fh;�.s/ is holomorphic at s D 0. Suppose now that
d C q � 2p D 0 (note that this implies that d is odd since q is odd by hypothesis).
Then it follows from Theorem 2.6 (ii) that

Res
sD0 fh;�.s/ D V

Z
u2Sn�1

Qh;�.u/ dS.u/;

withV ´ P
l;l 02ZMh;�.l; l

0/ei�.l;l 0/ıPr
1 liCl 0i ;0 Qal Qbl 0 andZ´ fl; l 0 j Pr

iD1 li D 0g.

Since d is odd, Qh;�.�u/ D �Qh;�.u/ and
R
u2Sn�1Qh;�.u/ dS.u/ D 0. Thus,

Res
sD0 fh;�.s/ D 0 in any case, which gives the result.

As we have seen, the crucial point of the preceding lemma is the decomposition
of the numerator of the series f�.s/ as polynomials in k. This is possible because we
restrict our pseudodifferential operators to ‰1.A/.
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Proof of Proposition 5.5. The first equality follows from Proposition 4.9 and accord-
ing to (2.14) we have«

jDj�n D Res
sD0 Tr

�jDj�s�n� D 2m Res
sD0Zn.s C n/ D 2mC1
n=2

�.n=2/
:

For the second equality, we get from Lemmas 5.7 and 4.6

Res
sDn�k

�DA.s/ D
kX

pD1

k�pX
r1;:::;rpD0

h.n � k; r; p/
«
"r1.Y / : : : "rp .Y /jDj�.n�k/:

Corollary 4.4 and Lemma 5.11 imply that
ª
"r1.Y / : : : "rp .Y /jDj�.n�k/ D 0, which

gives the result.
The last equality follows from Lemma 5.10 and Corollary 4.11.

6. The spectral action

Here is the main result of this section.

Theorem 6.1. Consider the n-NC-torus .C1.T n
‚/;H;D/, where n 2 N and 1

2�
‚

is a real n � n skew-symmetric diophantine matrix, and a selfadjoint 1-form A D
L.�iA˛/˝ �˛ . Then the full spectral action of DA D D C AC �JAJ�1 is

(i) S.DA; ˆ;ƒ/ D 4
ˆ2ƒ
2 C O.ƒ�2/ for n D 2,

(ii) S.DA; ˆ;ƒ/ D 8
2ˆ4ƒ
4 � 4�2

3
ˆ.0/	.F�
F

�
/C O.ƒ�2/ for n D 4.

(iii) More generally, in S.DA; ˆ;ƒ/ D Pn
kD0ˆn�kcn�k.A/ƒn�k C O.ƒ�1/ we

have cn�2.A/ D 0 and cn�k.A/ D 0 for k odd. In particular, c0.A/ D 0 when
n is odd.

This result (for n D 4) has also been obtained in [20] using the heat kernel method.
It is however of interest to obtain it via direct computations of (1.5) since it shows how
efficient this formula is. As we will see, the computation of all the noncommutative
integrals requires a lot of technical steps. One of the main points, namely to isolate
where the Diophantine condition on ‚ comes into play, is outlined here.

Remark 6.2. Note that all terms must be gauge invariants, that is, according to (5.9),
they are invariant under A˛ ! �u.A˛/ D uA˛u

� C uı˛.u
�/. A special case is

u D Uk where Ukı˛.U �
k
/ D �ik˛U0.

In the same way, note that there is no contradiction to the commutative case where,
for any selfadjoint 1-form A, DA D D (so A is equivalent to 0!), since we assume in
Theorem 6.1 that ‚ is diophantine, so A cannot be commutative.
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Conjecture 6.3. The constant term of the spectral action of DA on the noncommu-
tative n-torus is proportional to the constant term of the spectral action of D C A on
the commutative n-torus.

Remark 6.4. The appearance of a Diophantine condition for‚ has been characterized
in dimension 2 by Connes [6], Prop. 49, where in this case,‚ D �

�
0 1�1 0

�
with � 2 R.

In fact, the Hochschild cohomology H.A‚;A‚
�/ satisfies dim H j .A‚;A‚

�/ D 2

(or 1) for j D 1 (or j D 2) if and only if the irrational number � satisfies a Diophantine
condition like j1 � ei2�n� j�1 D O.nk/ for some k.

Recall that when the matrix ‚ is quite irrational (see [23], Cor. 2.12), then the
C�-algebra generated by A‚ is simple.

Remark 6.5. One can generalize the above theorem to the case D D �ig�
ı� ˝ �


instead of (5.4) when g is a positive definite constant matrix. The formulae in Theo-
rem 6.1 are still valid, up to obvious modifications due to volume variation.

6.1. Computations of
ª

. In order to get this theorem, let us prove a few technical
lemmas.

We suppose from now on that‚ is a skew-symmetric matrix in Mn.R/. No other
hypothesis is assumed for ‚, except when it is explicitly stated.

When A is a selfadjoint 1-form, we define for n 2 N , q 2 N, 2 � q � n and
� 2 f�;Cgq:

AC ´ ADD�2;
A� ´ �JAJ�1DD�2;
A� ´ A�q : : :A�1 :

Lemma 6.6. For any q 2 N we have«
. QAD�1/q D

«
. QADD�2/q D

X
�2fC;�gq

«
A� :

Proof. Since P0 belongs to OP�1, it follows that D�1 D DD�2 mod OP�1 andª
. QAD�1/q D ª

. QADD�2/q .

Lemma 6.7. Let A be a selfadjoint 1-form, n 2 N, q 2 N with 2 � q � n, and
� 2 f�;Cgq . Then «

A� D
«

A�� :

Proof. Let us first check that JP0 D P0J . Since DJ D "JD, we get DJP0 D 0 and
so JP0 D P0JP0. Since J is an antiunitary operator, it follows that P0J D P0JP0
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and P0J D JP0. Consequently, JD2 D D2J , JDD�2 D "DD�2J , JACJ�1 D
A� and JA�J�1 D AC. In summary, JA�iJ�1 D A��i .

The trace property of
ª

now gives«
A� D

«
A�q : : :A�1 D

«
JA�qJ�1 : : : JA�1J�1

«
A��q : : :A��1 D

«
A�� :

Definition 6.8. In [11] the vanishing tadpole hypothesis was introduced:«
AD�1 D 0 for all A 2 �1D.A/: (6.1)

By the following lemma, this condition is satisfied for the noncommutative torus,
a fact more or less already known within the noncommutative community [35].

Lemma 6.9. Let n 2 N and let A D L.�iA˛/˝ �˛ D �i P
l2Zn a˛;lUl ˝ �˛ be a

hermitian 1-form with A˛ 2 A‚, fa˛;lgl 2 S.Zn/. Then

(i)
«
ApD�q D

«
.�JAJ�1/pD�q D 0 for p � 0 and 1 � q < n (the case

p D q D 1 is the tadpole hypothesis);

(ii) if 1
2�
‚ is diophantine, then

«
BD�q D 0 for 1 � q < n and any B in the

algebra generated by A, ŒD;A�, JAJ�1 and J ŒD;A�J�1.

Proof. (i) Let us compute «
Ap.�JAJ�1/p0

D�q:

With A D L.�iA˛/˝ �˛ and �JAJ�1 D R.iA˛/˝ �˛ , we get

Ap D L.�iA˛1/ : : : L.�iA˛p /˝ �˛1 : : : �˛p

and
.�JAJ�1/p0 D R.iA˛0

1
/ : : : R.iA˛0

p0
/˝ �˛

0
1 : : : �

˛0
p0 :

Write Qa˛;l ´ a˛1;l1 : : : a˛p ;lp . Since

L.�iA˛1/ : : : L.�iA˛p /R.iA˛0
1
/ : : : R.iA˛0

p0
/Uk

D .�i/pip0
X
l;l 0

Qa˛;l Qa˛0;l 0Ul1 : : : UlpUkUl 0p0
: : : Ul 0

1
;
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and
Ul1 : : : UlpUk D UkUl1 : : : Ulpe

�i.Pi li /�‚k;
we get

Ap.�JAJ�1/p0

D�qjDj�sUk ˝ ei


c .�i/pip0
X
l;l 0

g�;˛;˛0.s; k; l; l 0/UkUl;l 0 ˝ �˛;˛
0;�ei ;

where we use the abbreviations Ul;l 0 ´ Ul1 : : : UlpUl 0p0
: : : Ul 0

1
g�;˛;˛0.s; k; l; l 0/ ´

eik�‚P
j lj

k�1 :::k�q
jkjsC2q Qa˛;l Qa˛0;l 0 and �˛;˛

0;� ´ �˛1 : : : �˛p�˛
0
1 : : : �

˛0
p0��1 : : : ��q .

Thus,
ª
Ap.�JAJ�1/p0

D�q D Res
sD0 f .s/ where

f .s/ W D Tr.Ap.�JAJ�1/p0

D�qjDj�s/

c .�i/pip0

X0

k2Zn

hUk ˝ ei ;
P
l;l 0 g�;˛;˛0.s; k; l; l 0/UkUl;l 0 ˝ �˛;˛

0;�ei i


c .�i/pip0
X0

k2Zn

	
� X
l;l 0

g�;˛;˛0.s; k; l; l 0/Ul;l 0
�

Tr.��;˛;˛
0

/


c .�i/pip0
X0

k2Zn

X
l;l 0

g�;˛;˛0.s; k; l; l 0/	.Ul;l 0/Tr.��;˛;˛
0

/:

It is straightforward to check that the series
P0
k;l;l 0 g�;˛;˛0.s; k; l; l 0/	.Ul;l 0/ is abso-

lutely summable if Re.s/ > R for a R > 0. Thus, we can exchange the summation
over k and l; l 0, which gives

f .s/ 
c .�i/pip0
X
l;l 0

X
k2Zn

0
g�;˛;˛0.s; k; l; l 0/	

�
Ul;l 0

�
Tr.��;˛;˛

0

/:

If we suppose now that p0 D 0, we see that

f .s/ 
c .�i/p
X
l

X
k2Zn

0 k�1 : : : k�q
jkjsC2q Qa˛;lıPp

iD1
li ;0

Tr.��;˛;˛
0

/;

which is, by Proposition 2.17, analytic at 0. In particular, for p D q D 1, we see
that

ª
AD�1 D 0, i.e., the vanishing tadpole hypothesis is satisfied. Similarly, if we

suppose that p D 0, we get

f .s/ 
c .�i/p0
X
l 0

X
k2Zn

0 k�1 : : : k�q
jkjsC2q Qa˛;l 0ıPp0

iD1
l 0i ;0

Tr.��;˛;˛
0

/

which is holomorphic at 0.
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(ii) Adapting the proof of Lemma 5.11 to our setting (taking qi D 0 and adding
gamma matrices components), we see that«

BD�q

D Res
sD0

X
k

0 X
l;l 0

ei�.l;l
0/ıPr

1 liCl 0i ;0 Qa˛;l Qbˇ;l 0
k�1 : : : k�qe

�iPr
1 li �‚k

jkjsC2q Tr.� .�;˛;ˇ//;

where � .�;˛;ˇ/ is a complicated product of gamma matrices. By Theorem 2.6 (ii),
since we suppose here that 1

2�
‚ is diophantine, this residue is 0.

6.1.1. Even dimensional case

Corollary 6.10. Let the same hypotheses be satisfied as in Lemma 6.9. Then:

(i) case n D 2:
«
AqD�q D �ıq;24
	.A˛A˛/;

(ii) case n D 4:«
AqD�q D ıq;4


2

12
	
�
A˛1 : : : A˛4

�
Tr.�˛1 : : : �˛4��1 : : : ��4/ı�1;:::;�4 ;

where ı�1;:::;�4 ´ ı�1�2ı�3�4 C ı�1�3ı�2�4 C ı�1�4ı�2�3 .

Proof. (i), (ii) The same computation as in Lemma 6.9 (i) (with p0 D 0, p D q D n)
gives «

AnD�n D Res
sD0.�i/

n
� X0

k2Zn

k�1 : : : k�n
jkjsC2n

�

� 	
� X
l2.Zn/n

Qa˛;lUl1 : : : Uln
�

Tr.�˛1 : : : �˛n��1 : : : ��n/;

and the result follows from Proposition 2.17.

We will need some notations:
Let n 2 N, q � 2. Let l ´ .l1; : : : ; lq�1/ 2 .Zn/q�1, ˛ ´ .˛1; : : : ; ˛q/ 2

f1; : : : ; ngq , k 2 Zn n f0g, � 2 f�;Cgq , .ai /1�i�n 2 .S.Zn//n, and let

lq ´ �
X

1�j�q�1
lj ; �� ´ .�i/q

Y
jD1:::q

�j ; Qa˛;l ´ a˛1;l1 : : : a˛q ;lq ;


� .k; l/ ´
X

1�j�q�1
.�j � �q/k �‚lj C

X
2�j�q�1

�j .l1 C � � � C lj�1/ �‚lj ;

g�.s; k; l/ ´ k�1.k C l1/�2 : : : .k C l1 C � � � C lq�1/�q
jkjsC2jk C l1j2 : : : jk C l1 C � � � C lq�1j2 :
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Here we use the convention
P
2�j�q�1 D 0 when q D 2, and g�.s; k; l/ D 0

whenever Oli D �k for a 1 � i � q � 1.

Lemma 6.11. Let A D L.�iA˛/ ˝ �˛ D �i P
l2Zn a˛;lUl ˝ �˛ be a hermitian

1-form, whereA˛ D �A�̨ 2 A‚ and fa˛;lgl 2 S.Zn/with n 2 N, and let 2 � q � n,
� 2 f�;Cgq .

Then
«

A� D Res
sD0 f .s/ where

f .s/ ´
X

l2.Zn/q�1

X
k2Zn

0
��e

i
2�� .k;l/g�.s; k; l/ Qa˛;l Tr.�˛q��q : : : �˛1��1/:

Proof. By definition,
ª

A� D Res
sD0 f .s/ where

Tr.A�q : : :A�1 jDj�s/ 
c

X
k2Zn

0hUk ˝ ei ; jkj�sA�q : : :A�1Uk ˝ ei i μ f .s/:

Let r 2 Zn and v 2 C2m . Since A D L.�iA˛/˝ �˛ and �JAJ�1 D R.iA˛/˝ �˛ ,
we get

ACUr ˝ v D ADD�2Ur ˝ v

D A
r�

jr j2 C ır;0
Ur ˝ ��v

D �i r�

jr j2 C ır;0
A˛Ur ˝ �˛��v;

A�Ur ˝ v D �JAJ�1DD�2Ur ˝ v

D �JAJ�1 r�

jr j2 C ır;0
Ur ˝ ��v

D i
r�

jr j2 C ır;0
UrA˛ ˝ �˛��v:

With UlUr D e
i
2 r �‚lUrCl and UrUl D e� i

2 r �‚lUrCl we obtain that

A�jUr ˝ v D
X
l2Zn

.��j /ie�j i2 r �‚l r�

jr j2 C ır;0
a˛;lUrCl ˝ �˛��v:

for any 1 � j � q. We now apply q times this formula to get

jkj�sA�q : : :A�1Uk ˝ ei

D ��
X

l2.Zn/q
e
i
2�� .k;l/g�.s; k; l/ Qa˛;lUkCP

j lj
˝ �˛q��q : : : �˛1��1ei
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with


� .k; l/ ´ �1k �‚l1 C �2.k C l1/ �‚l2 C � � � C �q.k C l1 C � � � C lq�1/ �‚lq:
Thus

f .s/ D
X0

k2Zn

	
�
��

X
l2.Zn/q

e
i
2�� .k;l/g�.s; k; l/ Qa˛;lUP

j lj
e
i
2k�‚P

j lj
�

Tr.�˛q��q : : : �˛1��1/

D
X0

k2Zn

��
X

l2.Zn/q
e
i
2�� .k;l/g�.s; k; l/ Qa˛;lı

� X
j

lj
�

Tr.�˛q��q : : : �˛1��1/

D
X0

k2Zn

��
X

l2.Zn/q�1

e
i
2�� .k;l/g�.s; k; l/ Qa˛;l Tr.�˛q��q : : : �˛1��1/;

where in the last sum lq is fixed to � P
1�j�q�1 lj . Hence


� .k; l/ D
X

1�j�q�1
.�j � �q/k �‚lj C

X
2�j�q�1

�j .l1 C � � � C lj�1/ �‚lj :

By Lemma 2.11 there exists R > 0 such that for any s 2 C with Re.s/ > R the
family

.e
i
2�� .k;l/g�.s; k; l/ Qa˛;l/.k;l/2.Znnf0g/�.Zn/q�1

is absolutely summable as a linear combination of families of the type considered in
that lemma. As a consequence, we can exchange the summations over k and l , which
gives the result.

In the following we will use the abbreviation

c ´ 4
2

3
:

Lemma 6.12. Suppose that n D 4 and let the same hypotheses be satisfied as in
Lemma 6.11. Then:

(i)
1

2

«
.AC/2 D 1

2

«
.A�/2 D c

X
l2Z4

a˛1;la˛2;�l.l
˛1 l˛2 � ı˛1˛2 jl j2/.

(ii) �1
3

«
.AC/3 D �1

3

«
.A�/3 D 4c

X
li2Z4

a˛3;�l1�l2a
˛1
l2
a˛1;l1 sin l1�‚l2

2
l
˛3
1 .

(iii)
1

4

«
.AC/4 D 1

4

«
.A�/4

D 2c
X
li2Z4

a˛1;�l1�l2�l3a˛2;l3a
˛1
l2
a
˛2
l1

sin l1�‚.l2Cl3/
2

sin l2�‚l3
2

.
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(iv) Suppose that 1
2�
‚ is diophantine. Then the crossed terms in

ª
.AC C A�/q

vanish: if C is the set of all � 2 f�;Cgq with 2 � q � 4 such that there exist
i; j satisfying �i ¤ �j , then we have

P
�2C

ª
A� D 0.

Proof. (i) Lemma 6.11 implies that
ª

ACC D Res
sD0

P
l2Zn �f .s; l/ where

f .s; l/ ´
X0

k2Zn

k�1.k C l/�2
jkjsC2jk C l j2 Qa˛;l Tr.�˛2��2�˛1��1/ and Qa˛;l ´ a˛1;la˛2;�l :

We will now reduce the computation of the residue of an expression involving terms
like jk C l j2 in the denominator to the computation of residues of zeta functions. To
proceed, we use (2.10) in an expression like the one appearing in f .s; l/. We see that
the last term on the right-hand side yields aZn.s/, while the first one is less divergent
by one power of k. If this is not enough, we repeat this operation for the new factor
of jkC l j2 in the denominator. For f .s; l/, which is quadratically divergent at s D 0,
we have to repeat this operation three times before ending with a convergent result.
All the remaining terms are expressible in terms ofZn functions. We get, using three
times (2.10),

1

jk C l j2 D 1

jkj2 � 2k � l C jl j2
jkj4 C .2k � l C jl j2/2

jkj6 � .2k � l C jl j2/3
jkj6jk C l j2 : (6.2)

Put

f˛;�.s; l/ ´
X0

k2Zn

k�1.k C l/�2
jkjsC2jk C l j2 Qa˛;l

so that f .s; l/ D f˛;�.s; l/Tr.�˛2��2�˛1��1/. Equation (6.2) gives

f˛;�.s; l/ D f1.s; l/ � f2.s; l/C f3.s; l/ � r.s; l/;
with the obvious identifications. Note that the function

r.s; l/ D
X0

k2Zn

k�1.k C l/�2.2kl C jl j2/3
jkjsC8jk C l j2 Qa˛;l

is a linear combination of functions of the type H.s; l/ satisfying the hypothesis of
Corollary 2.14. Thus r.s; l/ satisfies (H1), and with the previously seen equivalence
relation modulo functions satisfying this hypothesis we get f˛;�.s; l/ 
 f1.s; l/ �
f2.s; l/C f3.s; l/.

We now compute f1.s; l/:

f1.s; l/ D
X0

k2Zn

k�1.k C l/�2
jkjsC4 Qa˛;l D Qa˛;l

X0

k2Zn

k�1k�2
jkjsC4 C 0:
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Proposition 2.1 gives that s 7! P
k2Zn

0 k�1k�2
jkjsC4 is holomorphic at 0. Thus f1.s; l/

satisfies (H1) and f˛;�.s; l/ 
 �f2.s; l/C f3.s; l/.
Let us now compute f2.s; l/modulo (H1). Invoking several times Proposition 2.1

we obtain that

f2.s; l/ D
X0

k2Zn

k�1.k C l/�2.2kl C jl j2/
jkjsC6 Qa˛;l

D
X0

k2Zn

.2kl/k�1k�2 C .2kl/k�1 l�2 C jl j2k�1k�2 C l�2 jl j2k�1
jkjsC6 Qa˛;l


 0C
X0

k2Zn

.2kl/k�1 l�2
jkjsC6 Qa˛;l C

X0

k2Zn

jl j2k�1k�2
jkjsC6 Qa˛;l C 0:

Recall that
X0

k2Zn
kikj

jkjsC6 D ıij
n
Zn.s C 4/. Thus,

f2.s; l/ 
 2l i l�2 Qa˛;l ıi�1n Zn.s C 4/C jl j2 Qa˛;l ı�1�2n
Zn.s C 4/:

We compute f3.s; l/ modulo (H1) following the same principles:

f3.s; l/ D
X0

k2Zn

k�1.k C l/�2.2kl C jl j2/2
jkjsC8 Qa˛;l

D
X0

k2Zn

.2kl/2k�1k�2 C .2kl/2k�1 l�2 C jl j4k�1k�2 C jl j4k�1 l�2
jkjsC8

C .4kl/jl j2k�1k�2 C .4kl/jl j2k�1 l�2
jkjsC8 Qa˛;l


 4l i lj
X0

k2Zn

kikjk�1k�2
jkjsC8 Qa˛;l C 0:

Finally we have

f˛;�.s; l/


 �1
4
.2l�1 l�2 C jl j2ı�1�2/ Qa˛;lZn.s C 4/C 4l i lj Qa˛;l

X0

k2Zn

kikjk�1k�2
jkjsC8

μ g˛;�.s; l/:

Proposition 2.1 implies thatZn.sC4/ and s 7! P0
k2Zn

kikj k�1k�2
jkjsC8 extend holomor-

phically in a punctured open disk centered at 0. Thus, g˛;�.s; l/ satisfies (H2) and
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we can apply Lemma 2.15 to get

�
«
.AC/2 D Res

sD0
X
l2Zn

f .s; l/

D
X
l2Zn

Res
sD0 g˛;�.s; l/Tr.�˛2��2�˛1��1/ μ

X
l2Zn

Res
sD0 g.s; l/:

In this way the problem is now reduced to the computation of Res
sD0 g.s; l/. Recall that

Res
sD0Z4.s C 4/ D 2
2 by (2.14) or (2.11) and

Res
sD0

X0

k2Zn

kikjklkm

jkjsC8 D .ıij ılm C ıilıjm C ıimıjl/
�2

12
:

Thus,

Res
sD0 g˛;�.s; l/ D �


2

3
Qa˛;l.l�1 l�2 C 1

2
jl j2ı�1�2/:

We will use

Tr.��1 : : : ��2j / D Tr.1/
X

all pairings of f1:::2j g
s.P /ı�P1�P2 ı�P3�P4 : : : ı�P2j�1

�P2j
(6.3)

where s.P / is the signature of the permutationP whenP2m�1 < P2m for 1 � m � n.
This gives

Tr.�˛2��2�˛1��1/ D 2m.ı˛2�2ı˛1�1 � ı˛1˛2ı�2�1 C ı˛2�1ı�2˛1/: (6.4)

Hence

Res
sD0 g.s; l/

D �c Qa˛;l.l�1 l�2 C 1
2
jl j2ı�1�2/.ı˛2�2ı˛1�1 � ı˛1˛2ı�2�1 C ı˛2�1ı�2˛1/

D �2c Qa˛;l.l˛1 l˛2 � ı˛1˛2 jl j2/:
Finally,

1

2

«
.AC/2 D 1

2

«
.A�/2 D c

X
l2Zn

a˛1;la˛2;�l.l
˛1 l˛2 � ı˛1˛2 jl j2/:

(ii) By Lemma 6.11 we have
ª

ACCC D Res
sD0

P
.l1;l2/2.Zn/2 f .s; l/ where

f .s; l/ ´
X0

k2Zn

ie
i
2 l1‚l2

k�1.k C l1/�2.k C Ol2/�3
jkjsC2jk C l1j2jk C Ol2j2

Qa˛;l Tr.�˛3��3�˛2��2�˛1��1/

μ f˛;�.s; l/Tr.�˛3��3�˛2��2�˛1��1/
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and Qa˛;l ´ a˛1;l1a˛2;l2a˛3;�Ol2 with Ol2 ´ l1 C l2.
We use the same technique as in (i):

1

jk C l1j2 D 1

jkj2 � 2k � l1 C jl1j2
jkj4 C .2k � l1 C jl1j2/2

jkj4jk C l1j2 ;

1

jk C Ol2j2
D 1

jkj2 � 2k � Ol2 C jOl2j2
jkj4 C .2k � Ol2 C jOl2j2/2

jkj4jk C Ol2j2
and thus

1

jk C l1j2jk C Ol2j2
D 1

jkj4 � 2k � l1
jkj6 � 2k � Ol2

jkj6 CR.k; l/; (6.5)

where the remain R.k; l/ is a term of order at most �6 in k. Equation (6.5) gives

f˛;�.s; l/ D f1.s; l/C r.s; l/

where r.s; l/ corresponds to R.k; l/. Note that the function

r.s; l/ D
X0

k2Zn

ie
i
2 l1‚l2

k�1.k C l/�2.k C Ol2/�3R.k; l/
jkjsC2 Qa˛;l

is a linear combination of functions of the type H.s; l/ satisfying the hypothesis of
Corollary 2.14. Thus, r.s; l/ satisfies (H1) and f˛;�.s; l/ 
 f1.s; l/.

Let us compute f1.s; l/ modulo (H1):

f1.s; l/ D
X0

k2Zn

ie
i
2
l1‚l2

k�1.k C l1/�2.k C Ol2/�3
jkjsC6 Qa˛;l

�
X0

k2Zn

ie
i
2
l1‚l2

k�1.k C l1/�2.k C Ol2/�3.2k � l1 C 2k � Ol2/
jkjsC8 Qa˛;l



X0

k2Zn

ie
i
2
l1‚l2

k�1k�2
bl2�3 C k�1k�3 l1�2

jkjsC6 Qa˛;l

�
X0

k2Zn

ie
i
2 l1‚l2

k�1k�2k�3.2k � l1 C 2k � Ol2/
jkjsC8 Qa˛;l

D ie
i
2 l1‚l2 Qa˛;l

�
.l1�2ı�1�3 C bl2�3ı�1�2/14Z4.s C 4/

� 2.l i1 C Ol i2/
X0

k2Zn

k�1k�2k�3ki

jkjsC8
�

μ g˛;�.s; l/:
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Since g˛;�.s; l/ satisfies (H2), we can apply Lemma 2.15 to get«
.AC/3 D Res

sD0
X

.l1;l2/2.Zn/2
f .s; l/

D
X

.l1;l2/2.Zn/2
Res
sD0 g˛;�.s; l/Tr.�˛3��3�˛2��2�˛1��1/ μ

X
l

Xl :

Recall that l3 ´ �l1 � l2 D �Ol2. By (2.11) and (2.13),

Res
sD0 g˛;�.s; l/ie

i
2
l1‚l2 Qa˛;l

�
2.�l i1 C l i3/

�2

12
.ı�1�2ı�3i C ı�1�3ı�2i C ı�1iı�2�3/

C .l1�2ı�1�3 � l3�3ı�1�2/�
2

2

�
:

We decomposeXl in five terms: Xl D 2m �2

2
ie

i
2 l1‚l2 Qa˛;l.T1CT2CT3CT4CT5/

where

T0 ´ 1
3
.�l i1 C l i3/.ı�
ı�i C ı��ı
i C ı�iı
�/C l1
ı�� � l3�ı�
 ;

T1 ´ .ı˛3�ı˛2
ı˛1� � ı˛3�ı˛2˛1ı�
 C ı˛3�ı˛2�ı˛1
/T0;

T2 ´ .�ı˛2˛3ı�
ı˛1� C ı˛2˛3ı˛1�ı�
 � ı˛2˛3ı��ı˛1
/T0;
T3 ´ .ı˛3
ı˛2�ı˛1� � ı˛3
ı˛1�ı˛2� C ı˛3
ı��ı˛1˛2/T0;

T4 ´ .�ı˛1˛3ı˛2�ı�
 C ı˛1˛3ı�
ı˛2� � ı˛1˛3ı��ı˛2
/T0;
T5 ´ .ı˛3�ı˛2�ı˛1
 � ı˛3�ı�
ı˛1˛2 C ı˛3�ı˛1�ı˛2
/T0:

Let p ´ �l1 � 2l3, q ´ 2l1 C l3, r ´ �p � q D �l1 C l3. We compute each Ti
and find that

3T1 D ı˛1˛2.2 � 2m/p˛3 C ı˛3˛1q˛2 � ı˛2˛1q˛3 C ı˛3˛2q˛1 C ı˛3˛2r˛1

� ı˛2˛1r˛3 C ı˛3˛1r˛2 ;

3T2 D .2m � 2/ı˛2˛3p˛1 � 2mı˛2˛3q˛1 � 2mı˛2˛3r˛1 ;
3T3 D ı˛1˛3p˛2 � ı˛2˛3p˛1 C ı˛1˛2p˛3 C 2mı˛2˛1q˛3 C ı˛3˛2r˛1

� ı˛3˛1r˛2 C ı˛1˛2r˛3 ;

3T4 D �ı˛1˛32mp˛2 � ı˛1˛32mq˛2 C ı˛1˛3.2m � 2/r˛2 ;
3T5 D ı˛1˛3p˛2 � ı˛1˛2p˛3 C ı˛3˛2p˛1 C ı˛3˛2q˛1 � ı˛1˛2q˛3 C ı˛3˛1q˛2

C .2 � 2m/ı˛1˛2r˛3 :
Thus,

Xl D 2m 2�
2

3
ie
i
2
l1�‚l2 Qa˛;l.q˛3ı˛1˛2 C r˛2ı˛1˛3 C p˛1ı˛2˛3/ (6.6)
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and «
.AC/3 D i2c.S1 C S2 C S3/;

where S1, S2 and S3 correspond to q˛3ı˛1˛2 , r˛2ı˛1˛3 and p˛1ı˛2˛3 , respectively.
In S1 we permute the li variables the following way: l1 7! l3, l2 7! l1, l3 7! l2.
Therefore, l3 � ‚l1 7! l3 � ‚l1 and q 7! r . With a similar permutation of the ˛i ,
we see that S1 D S2. We apply the same principles to prove that S1 D S3 (using
permutation l1 7! l2, l2 7! l3, l3 7! l1). Thus,

1

3

«
.AC/3 D i2c

X
li

Qa˛;le i2 l1�‚l2.l1 � l2/˛3ı˛1˛2 D S4 � S5;

where S4 correspond to l1 and S5 to l2. We permute the li variables in S5 as follows:
l1 7! l2, l2 7! l1, l3 7! l3, with a similar permutation on the ˛i . Since l1 � ‚l2 7!
�l1 �‚l2, we finally get

1

3

«
.AC/3 D �4c

X
li

a˛1;l1a˛2;l2a˛3;�l1�l2 sin l1�‚l2
2

l
˛3
1 ı

˛1˛2 :

(iii) Lemma 6.11 gives that
ª

ACCCC D Res
sD0

P
.l1;l2;l3/2.Zn/3 f�;˛.s; l/Tr ��;˛

where

� ´ l1:‚l2 C l1 �‚l3 C l2 �‚l3;
Tr ��;˛ ´ Tr.�˛4��4�˛3��3�˛2��2�˛1��1/;

f�;˛.s; l/ ´
X0

k2Zn

e
i
2 �
k�1.k C l1/�2.k C Ol2/�3.k C Ol3/�4
jkjsC2jk C l1j2jk C Ol2j2jk C Ol3j2

Qa˛;l ;

Qa˛;l ´ a˛1;l1a˛2;l2a˛3;l3a˛4;�l1�l2�l3 :

Using (2.10) and Corollary 2.14 successively, we find

f�;˛.s; l/ 

X0

k2Zn

e
i
2
� k�1k�2k�3k�4

jkjsC2jk C l1j2jk C l1 C l2j2jk C l1 C l2 C l3j2 Qa˛;l



X0

k2Zn

e
i
2
� k�1k�2k�3k�4

jkjsC8 Qa˛;l :

Since the function
P0
k2Zn e

i
2 �
k�1k�2k�3k�4

jkjsC8 Qa˛;l satisfies (H2), Lemma 2.15 im-
plies that«

.AC/4 D
X

.l1;l2;l3/2.Zn/3
e
i
2 � Qa˛;l Res

sD0
X0

k2Zn

k�1k�2k�3k�4
jkjsC8 Tr ��;˛ μ

X
l

Xl :
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Therefore, with (2.13), we get Xl D �2

12
Qa˛;le i2 � .AC B C C/, where

A ´ Tr.�˛4��4�˛3��4�
˛2��2�˛1��2/;

B ´ Tr.�˛4��4�˛3��2�˛2��4�
˛1��2/;

C ´ Tr.�˛4��4�˛3��2�
˛2��2�˛1��4/:

Using successively f��; �
g D 2ı�
 and ���� D 2m 12m , we find that

A D C D 4Tr.�˛4�˛3�˛2�˛1/;

B D �4.Tr.�˛4�˛3�˛1�˛2/C Tr.�˛4�˛2�˛3�˛1//:

Thus, AC B C C D 8 � 2m.ı˛4˛3ı˛2˛1 C ı˛4˛1ı˛3˛2 � 2ı˛4˛2ı˛3˛1/ and

Xl D 2
2

3
2m e

i
2 � Qa˛;l.ı˛4˛3ı˛2˛1 C ı˛4˛1ı˛3˛2 � 2ı˛4˛2ı˛3˛1/: (6.7)

By (6.7) we get «
.AC/4 D 2c.�2T1 C T2 C T3/;

where

T1 ´
X
l1;:::;l4

a˛4;l4a˛3;l3a˛2;l2a˛1;l1e
i
2 �ı0;

P
i li
ı˛4˛2ı˛3˛1 ;

T2 ´
X
l1;:::;l4

a˛4;l4a˛3;l3a˛2;l2a˛1;l1e
i
2 �ı0;

P
i li
ı˛4˛3ı˛2˛1 ;

T3 ´
X
l1;:::;l4

a˛4;l4a˛3;l3a˛2;l2a˛1;l1e
i
2 �ı0;

P
i li
ı˛4˛1ı˛3˛2 :

We now proceed to the following permutations of the li variables in the T1 term:
l1 7! l2, l2 7! l1, l3 7! l4, l4 7! l3. While

P
i li is invariant, � is modified:

� 7! l2 �‚l1C l2 �‚l4C l1 �‚l4. With ı0;Pi li
in factor, we can let l4 be �l1� l2� l3

so that � 7! �� . We also permute the ˛i in the same way. Thus,

T1 D
X
l1;:::;l4

a˛3;l3a˛4;l4a˛1;l1a˛2;l2e
� i
2 �ı0;

P
i li
ı˛3˛1ı˛4˛2 :

Therefore,

2T1 D 2
X
l1;:::;l4

a˛4;l4a˛3;l3a˛2;l2a˛1;l1 cos �
2
ı0;

P
i li
ı˛4˛2ı˛3˛1 : (6.8)

The same principles are applied to T2 and T3. Namely, the permutation l1 7! l1,
l2 7! l3, l3 7! l2, l4 7! l4 in T2 and the permutation l1 7! l2, l2 7! l3, l3 7! l1,
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l4 7! l4 in T3 (the ˛i variables are permuted the same way) give

T2 D
X
l1;:::;l4

a˛4;l4a˛3;l3a˛2;l2a˛1;l1e
i
2�ı0;

P
i li
ı˛4˛2ı˛3˛1 ;

T3 D
X
l1;:::;l4

a˛4;l4a˛3;l3a˛2;l2a˛1;l1e
� i
2�ı0;

P
i li
ı˛4˛2ı˛3˛1 ;

where 
 ´ l1 �‚ l2 C l1 �‚l3 � l2 �‚ l3. Finally we get«
.AC/4 D 4c

X
l1;:::;l4

a˛1;l4a˛2;l3a
˛1
l2
a
˛2
l1
ı0;

P
i li

�
cos �

2
� cos �

2

�
D 8c

X
l1;:::;l3

a˛1;�l1�l2�l3a˛2;l3a
˛1
l2
a
˛2
l1

sin l1�‚.l2Cl3/
2

sin l2�‚l3
2
:

(6.9)

(iv) Suppose that q D 2. By Lemma 6.11 we get«
A� D Res

sD0
X
l2Zn

��f˛;�.s; l/Tr.�˛2��2�˛1��1/

where

f˛;�.s; l/ ´
X0

k2Zn

k�1.k C l/�2
jkjsC2jk C l j2 e

i	k�‚l Qa˛;l

and � ´ 1
2
.�1��2/ 2 f�1; 1g. As in the proof of (i), since the presence of the phase

does not change the fact that r.s; l/ satisfies (H1), we get

f˛;�.s; l/ 
 f1.s; l/ � f2.s; l/C f3.s; l/

where

f1.s; l/ D
X0

k2Zn

k�1.k C l/�2
jkjsC4 ei	k�‚l Qa˛;l ;

f2.s; l/ D
X0

k2Zn

k�1.k C l/�2.2k � l C jl j2/
jkjsC6 ei	k�‚l Qa˛;l ;

f3.s; l/ D
X0

k2Zn

k�1.k C l/�2.2k � l C jl j2/2
jkjsC8 ei	k�‚l Qa˛;l :

Suppose that l D 0. Then f2.s; 0/ D f3.s; 0/ D 0 and Proposition 2.1 implies that

f1.s; 0/ D
X0

k2Zn

k�1k�2
jkjsC4 Qa˛;0
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is holomorphic at 0 and so is f˛;�.s; 0/.
Since 1

2�
‚ is diophantine, Theorem 2.6 3 gives us the result.

Suppose that q D 3. Then Lemma 6.11 implies that«
A� D Res

sD0
X

l2.Zn/2
f�;˛.s; l/Tr.��3�˛3 : : : ��1�˛1/;

where

f�;˛.s; l/ ´
X0

k2Zn

��e
ik�‚."1l1C"2l2/e

i
2�2l1�‚l2 k�1.k C l1/�2.k C l1 C l2/�3

jkjsC2jk C l1j2jk C l1 C l2j2 Qa˛;l

and "i ´ 1
2
.�i � �3/ 2 f�1; 0; 1g. By hypothesis ."1; "2/ ¤ .0; 0/. There are six

possibilities for the values of ."1; "2/ corresponding to the six possibilities for the
values of � : .�;�;C/, .�;C;C/, .C;�;C/, .C;C;�/, .�;C;�/, and .C;�;�/.
As in (ii), we see that

f�;˛.s; l/



� X0

k2Zn

eik�‚."1l1C"2l2/k�1.kC l1/�2.kC Ol2/�3
jkjsC6

�
X0

k2Zn

eik�‚."1l1C"2l2/k�1.kC l1/�2.kC Ol2/�3.2k � l1C2k � Ol2/
jkjsC8 �� Qa˛;le i2�2l1�‚l2

�
:

With Z ´ f.l1; l2/ j "1l1 C "2l2 D 0g, it follows from Theorem 2.6 (iii) thatP
l2.Zn/2nZ f�;˛.s; l/ is holomorphic at 0. To conclude we need to prove thatX

�

g.�/ ´
X
�

X
l2Z

f�;˛.s; l/Tr.��3�˛3 : : : ��1�˛1/

is holomorphic at 0. By definition, �� D i�1�2�3 and as a consequence, we check
that

g.�;�;C/ D �g.C;C;�/;
g.C;�;C/ D �g.C;�;�/;
g.�;C;C/ D �g.�;C;�/;

which implies that
P
� g.�/ D 0. The result follows.

Suppose finally that q D 4. Again Lemma 6.11 implies that«
A� D Res

sD0
X

l2.Zn/3
f�;˛.s; l/Tr.��4�˛4 : : : ��1�˛1/;
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where

f�;˛.s; l/ ´
X0

k2Zn

��e
ik�‚P3

iD1 "i li e
i
2 .�2l1�‚l2C�3.l1Cl2/�‚l3/

k�1.k C l1/�2.k C l1 C l2/�3.k C l1 C l2 C l3/�4
jkjsC2jk C l1j2jk C l1 C l2j2jk C l1 C l2 C l3j2 Qa˛;l

and "i ´ 1
2
.�i � �4/ 2 f�1; 0; 1g. By hypothesis, ."1; "2; "3/ ¤ .0; 0; 0/. There are

fourteen possibilities for the values of ."1; "2; "3/ corresponding to the fourteen pos-
sibilities for the values of � : .�;�;�;C/, .�;�;C;C/, .�;C;�;C/, .C;�;�;C/,
.�;C;C;C/, .C;�;C;C/, .C;C;�;C/, .C;C;C;�/, .�;�;C;�/, .�;C;�;�/,
.C;�;�;�/, .�;C;C;�/, .C;�;C;�/ and .C;C;�;�/. As in (ii), we see that,
with �� ´ �2l1 �‚l2 C �3.l1 C l2/ �‚l3,

f�;˛.s; l/ 

X0

k2Zn

��e
ik�‚P3

iD1 "i li e
i
2 ��

k�1k�2k�3k�4
jkjsC8 Qa˛;l μ g�;˛.s; l/:

With Z� ´ f.l1; l2; l3/ j P3
iD1 "i li D 0g, it follows from Theorem 2.6 (iii) that the

series
P
l2.Zn/3nZ� f�;˛.s; l/ is holomorphic at 0. To conclude, we need to prove

that X
�

g.�/ ´
X
�

Res
sD0

X
l2Z�

g�;˛.s; l/Tr.��4�˛4 : : : ��1�˛1/ D 0:

Let C be the set of the fourteen values of � and C7 be the set of the seven first values
of � given above. Lemma 6.7 impliesX

�2C
g.�/ D 2

X
�2C7

g.�/:

Thus, in the following, we restrict to these seven values. Denote
P0
k2Zn

k�1k�2k�3k�4
jkjsC8

by F�.s/ so that

g.�/ D Res
sD0 F�.s/��

X
l2Z�

e
i
2 �� Qa˛;l Tr.��4�˛4 : : : ��1�˛1/:

Recall from (6.7) that

Res
sD0 F�.s/Tr.��4�˛4 : : : ��1�˛1/ D 2c.ı˛4˛3ı˛2˛1 C ı˛4˛1ı˛3˛2 � 2ı˛4˛2ı˛3˛1/:

As a consequence, we get, with Qa˛;l ´ a˛1;l1 : : : a˛4;l4 ,

g.�/ D 2c��
X

l2.Zn/4
e
i
2 �� Qa˛;lıP4

iD1 li ;0
ıP3

iD1 "i li ;0

� .ı˛4˛3ı˛2˛1 C ı˛4˛1ı˛3˛2 � 2ı˛4˛2ı˛3˛1/
μ 2c�� .T1 C T2 � 2T3/:
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We proceed to the following change of variables in T1: l1 7! l1, l2 7! l3, l3 7! l2,
l4 7! l4. Thus, we get �� 7!  � ´ �2l1 �‚l3 C �3.l1 C l3/ �‚l2 and

P3
iD1 "i li 7!

"1l1 C "3l2 C "2l3 μ u� .l/. With a similar permutation of the ˛i , we obtain that

T1 D
X

l2.Zn/4
e
i
2 � Qa˛;lıP4

iD1 li ;0
ı"1l1C"3l2C"2l3;0ı

˛4˛2ı˛3˛1 :

Next we proceed to the following change of variables in T2: l1 7! l2, l2 7! l3,
l3 7! l1, l4 7! l4. Thus, we get �� 7! 
� ´ �2l2 � ‚l3 C �3.l2 C l3/ � ‚l1 andP3
iD1 "i li 7! "3l1 C "1l2 C "2l3 μ v� .l/. After a similar permutation of the ˛i , we

have

T2 D
X

l2.Zn/4
e
i
2�� Qa˛;lıP4

iD1 li ;0
ı"3l1C"1l2C"2l3;0ı

˛4˛2ı˛3˛1 :

Finally, we proceed to the following change of variables in T3: l1 7! l2, l2 7! l1,
l3 7! l4, l4 7! l3. Therefore we obtain �� 7! ��� and

P3
iD1 "i li 7! ."2 � "3/l1 C

."1 � "3/l2 � "3l3 μ w� .l/. With a similar permutation of the ˛i , we have

T3 D
X

l2.Zn/4e
� i
2 �� Qa˛;lıP4

iD1 li ;0
ı."2�"3/l1C."1�"3/l2�"3l3;0ı

˛4˛2ı˛3˛1 :

As a consequence, we get

g.�/ D 2c
X

l2.Zn/4K� .l1; l2; l3/ Qa˛;lıP4
iD1 li ;0

ı˛4˛2ı˛3˛1 ;

where

K� .l1; l2; l3/

D �� .e
i
2 � ıu� .l/;0 C e

i
2�� ıv� .l/;0 � e i2 �� ıP3

iD1 "i li ;0
� e� i

2 �� ıw� .l/;0/:

The computation of K� .l1; l2; l3/ for the seven values of � yields

K��CC.l1; l2; l3/ D ıl1Cl3;0 C ıl2Cl3;0 � ıl1Cl2;0 � ıl1Cl2;0;
K�C�C.l1; l2; l3/ D ıl1Cl2;0 C ıl1Cl2;0 � ıl1Cl3;0 � ıl1Cl3;0;
K��CC.l1; l2; l3/ D ıl2Cl3;0 C ıl1Cl3;0 � ıl2Cl3;0 � ıl2Cl3;0;

K���C.l1; l2; l3/ D �.e i2 l1�‚l2ıP3
iD1 li ;0

C e
i
2 l2�‚l1ıP3

iD1 li ;0

� e i2 l2�‚l1ıP3
iD1 li ;0

� e i2 l1�‚l2ıl3;0/;

K�CCC.l1; l2; l3/ D �.e i2 l3�‚l2ıl1;0 C e
i
2 l3�‚l1ıl2;0

� e i2 l2�‚l3ıl1;0 � e i2 l3�‚l1ıl2;0/;
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KC�CC.l1; l2; l3/ D �.e i2 l1�‚l2ıl3;0 C e
i
2 l2�‚l1ıl3;0

� e i2 l1�‚l3ıl2;0 � e i2 l3�‚l2ıl1;0/;

KCC�C.l1; l2; l3/ D �.e i2 l1�‚l3ıl2;0 C e
i
2 l2�‚l3ıl1;0

� e i2 l1�‚l2ıl3;0 � e i2 l2�‚l1ıP3
iD1 li ;0

/:

Thus, X
�2C7

K� .l1; l2; l3/ D 2i.ıl3;0 � ıP3
iD1 li ;0

/ sin l1�‚l2
2

andX
�2C7

g.�/ D i4c
X

l2.Zn/4
.ıl3;0 � ıP3

iD1 li ;0
/ sin l1�‚l2

2
Qa˛;lıP4

iD1 li ;0
ı˛4˛2ı˛3˛1 :

The following change of variables l1 7! l2, l1 7! l2, l3 7! l4, l4 7! l3 givesX
l2.Zn/4

ıP3
1 li ;0

sin l1�‚l2
2

Qa˛;lıP4
1 li ;0

ı˛4˛2ı˛3˛1

D �
X

l2.Zn/4
ıl3;0 sin l1�‚l2

2
Qa˛;lıP4

1 li ;0
ı˛4˛2ı˛3˛1 ;

and hence X
�2C7

g.�/ D i8c
X

l2.Zn/4
ıl3;0 sin l1�‚l2

2
Qa˛;lıP4

1 li ;0
ı˛4˛2ı˛3˛1 :

Finally, the change of variables l2 7! l4; l4 7! l2 givesX
l2.Zn/4

ıl3;0 sin l1�‚l2
2

Qa˛;lıP4
1 li ;0

ı˛4˛2ı˛3˛1

D �
X

l2.Zn/4
ıl3;0 sin l1�‚l2

2
Qa˛;lıP4

1 li ;0
ı˛4˛2ı˛3˛1 ;

which implies that
P
�2C7 g.�/ D 0.

Lemma 6.13. Suppose that n D 4 and 1
2�
‚ is diophantine. For any selfadjoint

1-form A we have

�DA.0/ � �D.0/ D �c	.F˛1;˛2F ˛1˛2/:
Proof. By (4.5) and Lemma 6.6 we get

�DA.0/ � �D.0/ D
nX
qD1

.�1/q
q

X
�2fC;�gq

«
A� :
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By Lemma 6.12 (iv), we see that the crossed terms all vanish. Thus, with Lemma 6.7,
we get

�DA.0/ � �D.0/ D 2

nX
qD1

.�1/q
q

«
.AC/q: (6.10)

By definition,

F˛1˛2 D i
X
k

.a˛2;kk˛1 � a˛1;kk˛2/Uk C
X
k;l

a˛1;ka˛2;l ŒUk; Ul �

D i
X
k

h
.a˛2;kk˛1 � a˛1;kk˛2/ � 2

X
l

a˛1;k�la˛2;l sin
�
k�‚l
2

�i
Uk :

Thus

	.F˛1˛2F
˛1˛2/

D
2mX

˛1;˛2D1

X
k2Z4

h
.a˛2;kk˛1 � a˛1;kk˛2/ � 2

X
l 02Z4

a˛1;k�l 0a˛2;l 0 sin
�
k�‚l 0
2

�i
h
.a˛2;�kk˛1 � a˛1;�kk˛2/ � 2

X
l"2Z4

a˛1;�k�l"a˛2;l" sin
�
k�‚l"
2

�i
:

One checks that the term in aq of 	.F˛1˛2F
˛1˛2/ corresponds to the term

ª
.AC/q

given by Lemma 6.12. For q D 2, this is

�2
X

l2Z4;˛1;˛2

a˛1;la˛2;�l.l˛1 l˛2 � ı˛1˛2 jl j2/:

For q D 3, we compute the crossed terms

i
X
k;k0;l

.a˛2;kk˛1 � a˛1;kk˛2/a˛1k0 a
˛2
l
.UkŒUk0 ; l �C ŒUk0 ; Ul �Uk/;

which gives the following a3-term in 	.F˛1˛2F
˛1˛2/:

�8
X
li

a˛3;�l1�l2a
˛1
l2
a˛1;l1 sin l1�‚l2

2
l
˛3
1 :

For q D 4, this is

�4
X
li

a˛1;�l1�l2�l3a˛2;l3a
˛1
l2
a
˛2
l1

sin l1�‚.l2Cl3/
2

sin l2�‚l3
2
;

which corresponds to the term
ª
.AC/4. We finally obtain that

nX
qD1

.�1/q
q

«
.AC/q D �c

2
	.F˛1;˛2F

˛1˛2/: (6.11)
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Equations (6.10) and (6.11) yield the result.

Lemma 6.14. Suppose that n D 2. Then, with the same hypothesis as in Lemma 6.11,
the following holds:

(i)
«
.AC/2 D

«
.A�/2 D 0.

(ii) Suppose that 1
2�
‚ is diophantine. Then«

ACA� D
«

A�AC D 0:

Proof. (i) Lemma 6.11 implies that
ª

ACC D Res
sD0

P
l2Z2 �f .s; l/, where

f .s; l/ ´
X0

k2Z2

k�1.k C l/�2
jkjsC2jk C l j2 Qa˛;l Tr.�˛2��2�˛1��1/

μ f�;˛.s; l/Tr.�˛2��2�˛1��1/

and Qa˛;l ´ a˛1;la˛2;�l . This time, since n D 2, it is enough to apply just once (2.10)
to obtain an absolutely convergent series. Indeed, with (2.10) we get

f�;˛.s; l/ D
X0

k2Z2

k�1.k C l/�2
jkjsC4 Qa˛;l �

X0

k2Z2

k�1.k C l/�2.2k � l C jl j2/
jkjsC4jk C l j2 Qa˛;l :

The function r.s; l/ ´ P0
k2Z2

k�1 .kCl/�2 .2k�lCjlj2/
jkjsC4jkClj2 Qa˛;l is a linear combination of

functions of the typeH.s; l/ satisfying the hypothesis of Corollary 2.14. As a conse-
quence, r.s; l/ satisfies (H1) and

f�;˛.s; l/ 

X0

k2Z2

k�1.k C l/�2
jkjsC4 Qa˛;l 


X0

k2Z2

k�1k�2
jkjsC4 Qa˛;l :

Note that the function .s; l/ 7! h�;˛.s; l/ ´ P0
k2Z2

k�1k�2
jkjsC4 Qa˛;l satisfies (H2).

Thus, Lemma 2.15 yields that

Res
sD0 f .s; l/ D

X
l2Z2

Res
sD0 h�;˛.s; l/Tr.�˛2��2�˛1��1/:

By Proposition 2.17, we get Res
sD0 h�;˛.s; l/ D ı�1�2
 Qa˛;l . Therefore,

«
ACC D �


X
l2Z2

Qa˛;l Tr.�˛2���˛1��/ D 0
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according to (6.4).
(ii) By Lemma 6.11, we obtain that«

A�C D Res
sD0

X
l2Z2

��f˛;�.s; l/Tr.�˛2��2�˛1��1/;

where �� D �.�i/2 D 1,

f˛;�.s; l/ ´
X0

k2Z2

k�1.k C l/�2
jkjsC2jk C l j2 e

i	k�‚l Qa˛;l

and � ´ 1
2
.�1 � �2/ D �1. As in the proof of (i), since the presence of the phase

does not change the fact that r.s; l/ satisfies (H1), we get

f˛;�.s; l/ 

X0

k2Z2

k�1.k C l/�2
jkjsC4 ei	k�‚l Qa˛;l ´ g˛;�.s; l/:

Since 1
2�
‚ is diophantine, the functions s 7! P

l2Z2nf0g g˛;�.s; l/ are holomorphic
at s D 0 by Theorem 2.6 3. As a consequence,«

A�C D Res
sD0 g˛;�.s; 0/Tr.�˛2��2�˛1��1/

D Res
sD0

X0

k2Z2

k�1k�2
jkjsC4 Qa˛;0 Tr.�˛2��2�˛1��1/:

Recall from Proposition 2.1 that RessD0
P0
k2Z2

kikj
jkjsC4 D ıij
 . Thus, again with

(6.4), «
A�C D Qa˛;0
 Tr.�˛2���˛1��/ D 0:

Lemma 6.15. Suppose that n D 2 and 1
2�
‚ is diophantine. Then for any selfadjoint

1-form A,

�DA.0/ � �D.0/ D 0:

Proof. As in Lemma 6.13, we use (4.5) and Lemma 6.6 so the result follows from
Lemma 6.14.

6.1.2. Odd dimensional case

Lemma 6.16. Suppose that n is odd and 1
2�
‚ is diophantine. Then for any selfadjoint

1-form A and � 2 f�;Cgq with 2 � q � n,«
A� D 0:
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Proof. Since A� 2 ‰1.A/, Lemma 5.11 with k D n gives the result.

Corollary 6.17. Let the same hypothesis be satisfied as in Lemma 6.16. Then for any
selfadjoint 1-form A we have �DA.0/ � �D.0/ D 0.

Proof. As in Lemma 6.13, we use (4.5) and Lemma 6.6, so the result follows from
Lemma 6.16.

6.2. Proof of the main result

Proof of Theorem 6.1. (i) From (1.5) and Proposition 5.5 we get

S.DA; ˆ;ƒ/ D 4
ˆ2ƒ
2 Cˆ.0/�DA.0/C O.ƒ�2/;

where ˆ2 D 1
2

R 1
0
ˆ.t/ dt . By Lemma 6.15, �DA.0/ � �D.0/ D 0 and from Propo-

sition 5.4, �D.0/ D 0, so the result follows.
(ii) Similarly, S.DA; ˆ;ƒ/ D 8
2ˆ4ƒ

4 C ˆ.0/�DA.0/ C O.ƒ�2/ with ˆ4 D
1
2

R 1
0
ˆ.t/tdt . Lemma 6.13 implies that �DA.0/ � �D.0/ D �c	.F�
F �
/, and by

Proposition 5.4 we obtain that �DA.0/ D �c	.F�
F �
/ and hence the result.
(iii) This is a direct consequence of (1.5), Propositions 5.4 and 5.5, and Corol-

lary 6.17.

A. Appendix

A.1. Proof of Lemma 3.3. (i) We have jDjT jDj�1 D T C ı.T /jDj�1 and
jDj�1T jDj D T�jDj�1ı.T /. By recurrence, jDjkT jDj�kDPk

qD0
�
q
k

�
ıq.T /jDj�q

for any k 2 N and so jDj�kT jDjkDPk
qD0.�1/q

�
q
k

�jDj�qıq.T /.
As a consequence, sinceT , jDj�q and ıq.T / are in OP0 for any q 2 N, for any k 2

Z, jDjkT jDj�k 2 OP0. Let us fix p 2 N0 and define Fp.s/ ´ ıp.jDjsT jDj�s/
for s 2 C. Since for k 2 Z, Fp.k/ is bounded, a complex interpolation proves that
Fp.s/ is bounded, which gives jDjsT jDj�s 2 OP0.

(ii) Let T 2 OP˛ and T 0 2 OPˇ . Thus, T jDj�˛ , T 0jDj�ˇ are in OP0. By
(i) we get jDjˇT jDj�˛jDj�ˇ 2 OP0, so T 0jDj�ˇ jDjˇT jDj�ˇ�˛ 2 OP0. Thus,
T 0T jDj�.˛Cˇ/ 2 OP0.

(iii) For T 2 OP˛ , jDj˛�ˇ and contained in T jDj�˛ are in OP0 and therefore
T jDj�ˇ D T jDj�˛jDj˛�ˇ 2 OP0.

(iv) follows from ı.OP0/ � OP0.
(v) Since r.T / D ı.T /jDj C jDjı.T /� ŒP0; T �, the result follows from (ii), (iv)

and the fact that P0 is in OP�1.
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A.2. Proof of Lemma 3.6. The non-trivial part of the proof is the stability under
the product of operators. Let T; T 0 2 ‰.A/. There are d; d 0 2 Z such that for any
N 2 N, N > jd j C jd 0j, there exist P;P 0 in D.A/, p; p0 2 N0, R 2 OP�N�d 0

,
R0 2 OP�N�d such that T D PD�2p C R, T 0 D P 0D�2p0 C R0, PD�2p 2 OPd

and P 0D�2p0 2 OPd
0

.
Thus, T T 0 D PD�2pP 0D�2p0 CRP 0D�2p0 C PD�2pR0 CRR0.
We also have RP 0D�2p0 2 OP�N�d 0Cd 0 D OP�N and, similarly, PD�2pR0 2

OP�N . Since RR0 2 OP�2N , it follows that

T T 0 
 PD�2pP 0D�2p0

mod OP�N :

If p D 0, then T T 0 
 QD�2p0
mod OP�N , where Q D PP 0 2 D.A/ and

QD�2p0 2 OPdCd 0

. Suppose that p ¤ 0. By recurrence one shows that

D�2P 0 

qX
kD0

.�1/krk.P 0/D�2k�2C.�1/qC1D�2rqC1.P 0/D�2q�2 mod OP�1:

for any q 2 N0. By Lemma 3.3 (v), the remainder is in OPd
0C2p0�q�3 since P 0 2

OPd
0C2p0

. Another recurrence gives

D�2pP 0 

qX

k1;:::;kpD0
.�1/jkj1r jkj1.P 0/D�2jkj1�2p mod OPd

0C2p0�q�1�2p:

for any q 2 N0. Thus, with qN D N C d C d 0 � 1,

T T 0 

qNX

k1;:::;kpD0
.�1/jkj1Pr jkj1.P 0/D�2jkj1�2.pCp0/ mod OP�N :

The last sum can be written QND�2rN where rN ´ pqN C .p C p0/. Since
QN 2 D.A/ and QND�2rN 2 OPdCd 0

, the result follows.

A.3. Proof of Proposition 3.11. Let P 2 OPk1 and Q 2 OPk2 2 ‰.A/. With
ŒQ; jDj�s� D .Q���s.Q//jDj�s andQ���s.Q/ 
 � PN

rD1 g.�s; r/"r.Q/mod
OP�N�1Ck2 , we get

P ŒQ; jDj�s� 
 �
NX
rD1

g.�s; r/P"r.Q/jDj�s mod OP�N�1Ck1Ck2�Re.s/;

which gives, if we choose N D nC k1 C k2,

Res
sD0 Tr.P ŒQ; jDj�s�/ D �

nCk1Ck2X
rD1

Res
sD0 g.�s; r/Tr.P"r.Q/jDj�s/:
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By hypothesis s 7! Tr.P"r.Q/jDj�s/ has only simple poles. Thus, because
s D 0 is a zero of the analytic function s 7! g.�s; r/ for any r � 1, it follows that
Res
sD0 g.�s; r/Tr.P"r.Q/jDj�s/ D 0, which implies that Res

sD0 Tr.P ŒQ; jDj�s�� D 0

and hence «
PQ D Res

sD0 Tr.P jDj�sQ/:

When s 2 C with Re.s/ > 2max.k1 C nC 1; k2/, the operator P jDj�s=2 is trace-
class, while jDj�s=2Q is bounded, so Tr.P jDj�sQ/ D Tr.jDj�s=2QP jDj�s=2/ D
Tr.��s=2.QP /jDj�s/. Thus, using (3.1) again, we obtain that

Res
sD0 Tr.P jDj�sQ/ D

«
QP C

nCk1Ck2X
rD1

Res
sD0 g.�s=2; r/Tr."r.QP /jDj�s/:

As before, for any r � 1, Res
sD0 g.�s=2; r/Tr

�
"r.QP /jDj�s� D 0 since g.0; r/ D 0

and the spectral triple is simple. Finally,

Res
sD0 Tr.P jDj�sQ/ D

«
QP:
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