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Cohomology of Yang—Mills algebras

Michael Movshev

Abstract. In this paper we compute cyclic and Hochschild homology of the universal envelope
U(YM) of the Yang—Mills Lie algebra YM. We also compute Hochschild cohomology with
coefficients in U(YM), considered as a bimodule over itself.

The result of the calculations depends on the number of generators n of YM. The semidirect
product so(n) x C" acts by derivations upon U(YM). One of the important consequences of
our results is that if n > 3 then the Lie algebra of outer derivations of U(YM) coincides with
so(n) x C".
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1. Introduction

This paper is an account of the preliminary material that appeared in the preprint [16].
Our main object of study is the Yang—Mills algebra YM as introduced in [6]
and [19].
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By definition the Lie algebra YM is a quotient of the free Lie algebra Free(V),
where V' is a complex n-dimensional linear space equipped with a symmetric non-
degenerate inner product ( -, - ). In a basis u; the Gram matrix g4 of the inner product
has the inverse g*'. The relations defining the YM algebra

n
Z gSS/[us»[us’yut]] =0, t=1,...,n,

s,8/=1

depend only on the choice of the bilinear form (-, ).

The purpose of this paper is to compute various kinds of homology of the universal
enveloping algebra U(YM). We study cyclic and Hochschild homology as well as
Hochschild cohomology with coefficients in the adjoint bimodule.

Some words about the history of our subject are in order.

The associative algebra U(YM) was explicitly mentioned as an algebraic object
for the first time in [19], where some interesting representations of U(YM) were
presented. A thorough algebraic treatment of U(YM) has been done in [6] and [7].

In [6] Connes and Dubois-Violette defined the Yang—Mills algebra as a cubic as-
sociative algebra. They observed the fact that it is the universal enveloping algebra
of a graded Lie algebra and stated that it is a Koszul algebra of global dimension 3.
Also they noticed that it has the Poincaré duality property: a property that, follow-
ing Artin and Schelter [1], is referred to as the Gorenstein property. Moreover it is
also in this paper that Connes and Dubois-Violette gave an explicit formula for the
Poincaré series of this Yang—Mills algebra (and computed it by using the dimensions
of the homogeneous components of the corresponding Lie algebra in terms of the
Mobius function). We should acknowledge that most of our definitions and most of
the elementary properties of the algebra U(YM) discussed in Section 2 are already
contained in [6], [7]. Also [7] describes some components of the Hochschild homol-
ogy of U(YM). Hence one can consider our work as a generalisation of the results
in [7].

Our main motivation was to understand symmetries of the Yang—Mills equation
over the flat Riemannian R” that has been reduced to a point. More specifically we
consider covariant differentiations Vy = % + As(x1,...,X,), 1 < s < n, that
act on sections of a trivial N-dimensional Hermitian vector bundle over R”. We
assume that V; preserve the Hermitian structure. The space R” is equipped with the
metric ggsdx*dx®’. The system of Yang-Mills equations g [Vy, [V, V/]] = 0,
t = 1,...,n,is compatible with the space-time shifts. Upon the restriction of this
system to translation-invariant covariant differentiations it becomes a system of matrix
equations

n
3 A [As Al =0, t=1.....n, (1.1)

s,8/=1
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where Aq,..., A, is an array of anti-hermitian matrices. The linear space of anti-
hermitian matrices 1 (/N ) is the Lie algebra of the unitary group U(N )-translation-
invariant gauge transformations. This is an obvious symmetry group of the equa-
tion (1.1).

Solutions of this equation can be identified with critical points of the function
Y 1<oerzn 8% 8" (s, Ail[Ay. Ap), defined on u(N)*".

The complexification uc (N )*” of the space u(N)*" coincides with the space of
n-tuples of complex (N x N)-matrices Maty". The latter has a system of coordinates
xisj, 1 <i,j <N,1<s <n AGLN,C) = Uc(N)-invariant vector field on
Maty/" of degree k — 1 can constructed by the formula

Sk ST .52 Sk—1 ad
Z Cs1,52msk—1 NirinNiniz Mg _aig— ax k

ik—1i1

In this formula we perform summation over the repeated indices. The coefficients
cﬁ{‘ s2,..,5x_; are arbitrary complex numbers. The above vector field can be
written in terms of the matrix multiplication and the trace functional:
chf,n,...,sk_l tr(XS1X52 ., XSk-1 axlfk); we use matrices X* and 3% with en-
of such vector fields a noncommutative vector field. We would like to classify non-
commutative vector fields that are tangent to the space of solutions of the complexified
Euler—Lagrange equation (1.1) for all N, i.e., the corresponding derivations leave the
ideal of the equations invariant. In our classification we identify two vector fields that
coincide on the space of solutions, i.e., the difference of the two is a vector field with
the coefficients in the ideal.

Inspired by the general intuition about the noncommutative structures, described
in [12], it is not hard to see that there is a one-to-one correspondence between the
classes of noncommutative vector fields and derivations of the algebra U(YM). The
standard method of the analysis of the space of derivations of an associative algebra A
is through the computation of its first Hochschild cohomology H (A, A) [14]. This
explains our interest in H"(U(YM), U(YM)). So much then for motivations.

tries xisj and respectively. We shall call a non-homogeneous linear combination

1.1. Formulation of the results. The Lie algebra YM and the universal enveloping
U(YM) are graded by the degree of monomials.
If B = ;. _ Biisagraded linear space then the generating function (Poincaré

series) B(t) = Y_dim(B;)t' is a formal Laurent series.

1
Denote by HH* (U(YM), U(YM)) and HH,(U(YM ), U(YM)) the Hochschild co-
homology and the Hochschild homology of U(YM) with coefficients in the adjoint
bimodule U(YM), respectively [14]. Let HC,(U(YM)) be the cyclic homology of
U(YM) [13]. The grading on U(YM ) induces a grading on the (co)homology groups
for which we will reserve bold indices.



356 M. Movshev

Define generating functions
HH' (U(YM). U(YM))(t) = Y dim(HH"/ (U(YM), U(YM)))t.
J
HH; (U(YM), U(YM))(t) = Z dim(HH; ; (U(YM), U(YM))t/,
J
HC; (U(YM))(1) = Y dim(HC; j (U(YM))t/.
Results of [7] can be easily adapted to ;rove of the following.

The generating functions HH' (U(YM), U(YM))(t) are well-defined formal Lau-
rent series. The homological generating functions are given by

HH, (U(YM), U(YM))(t) = HH3~/(U(YM), U(YM))(t)t*. (1.2)

The proof can be found in Section 2.2.
Introduce the formal power series

pn(®) = = In(1 —ntk 4 ne3k — 420, (1.3)
k>1

where the totient function ¢ (k) is defined as the number of positive integers < k that
are relatively prime to k.
The main result of this paper is a proof of Theorems 1.1 and 1.2.

Theorem 1.1. Ifdim(V) = n > 3, then
HHO(U(YM), U(YM))(1) = 1,

HH!(U(YM), U(YM))(t) = @ T4 ;
HH2(U(YM), U(YM))(t) = “’t’f) +nn—1)—1+ 27"
3 _ Ba@)  onn—-1) o n 1
HH? (U(YM), UOM)) (1) = == + —— I+-+
HH (U(YM),U(YM))(t) =0, i > 4,
and
HCo(U(YM))(t) = 1 + pa(t) + (n(nT_l) — 1)t4 + nt3,
HC, @) = "D e

HC,(U(YM))(t) = 1 + %,
HC3.42;(U(YM))(t) =0, i =0,
HCyp2i (U(YM))(1) =1, i =0.
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Theorem 1.2. Ifdim(V') = 2, then

HH®(U(YM), U(YM))(t) =

1—1¢2°
| N e e S
HH (U(YM),U(YM))(¢t) = 21(1 — )= t)’
2 _@-na+r) (1.4)
HH“(U(YM),U(YM))(¢t) = TENTE ,
3 _
HH3(U(YM), U(YM))(t) = e
HH (U(YM),U(YM))(t) =0, i >4,
and
1
HCo(U(YM))(t) = a0
HC, W) @) = 2200
(1-1)
. (1.5)

HC(U(M))(0) = 1 + .

HCs45; (U(YM))([) =0, >0,
HCyp2: (U(YM))(1) =1, i = 0.

1.2. An outline of the proofs of the main theorems. For the proofs of the main
results —Theorems 1.1 and 1.2 — we need Connes’ exact sequence for cyclic homology,
adapted to graded algebras (see Section 2.1). We also use Poincaré duality in the
homology of U(YM).

Besides these the proof of Theorem 1.2 uses only elementary considerations, which
can be found in Section 6.2.

The proof of Theorem 1.1 is much more involved.

The computation of HH; (A4, A)(¢), 0 < i < 3, where A is a graded associative
algebra A with Poincaré duality in dimension 3, requires only knowledge of A(¢) and
two of the three series HCo(A)(¢), HC1(A)(¢), HC2(A)(t).

In addition, the equalities

HC>(A4)(r) = HH3(4, A)(1) + 1,

HC,(A)(t) + HC1(A)(r) = HH, (A4, A)(2) + 1, (1.6)

which are corollaries of Connes’ exact sequence, imply that it suffices for our purposes
to know A(z), HH,(A, A)(¢) and HH3(A, A)(¢). We briefly review this material in
Section 2.1.
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The Poincaré€ series

1
1 —nt +nt3 —14
was computed in [6]. Our task then is to determine HH,(U(YM), U(YM))(¢) and
HH3(U(YM), U(YM))(t). In view of (1.2) if we find HH®(U(YM), U(YM))(t) and
HHY(U(YM), U(YM))(t), the formulas of Section 2.1 will enable us to prove Theo-
rems 1.1 and 1.2. Thus from now on we concentrate on the groups

UIYM)(t) =

. withn = dim(V), (1.7)

HH3(U(YM),U(YM)) =~ HH*(U(YM), U(YM)) = Z(U(YM)) (1.8)
and
HH,(U(YM),U(YM)) = HH'(U(YM), U(YM)) = Out(U(YM), (1.9)

where Z(U(YM)) and Out(U(YM)) denote the center and the Lie algebra of outer
derivations of U(YM), respectively.

The groups HH' (U(YM), U(YM)) are isomorphic to H! (YM,U(YM)), the Lie
algebra cohomology groups [5] of YM with coefficients in U(YM ), equipped with the
adjoint action p(a)b = [a, b].

A central fact about the Lie algebra YM = @), ., YM, is that it contains a free Lie
subalgebra (a Lie ideal) -

TYM = EB YM;
i>2
(see [17] and also Section 4.1).
We evaluate H' (YM, U(YM))(t),i = 0, 1, in two steps.

(1) We determine H! (YM,U(TYM)),i =0, 1.
(2) Using our knowledge of the groups in (1) we calculate Z(U(YM)), Out(U(YM))

and as corollary we find HH (U(YM), U(YM)))(t) = H'(YM,U(YM)))(t),
i=2,3.

For this we use a spectral sequence technique.
We denote by Kere C U(TYM) be the kernel of the canonical augmentation
e: U(TYM) — C.
The filtration
UTYM)=F°> F'>...o Fk> (1.10)

of U(TYM) is generated by powers of Ker &:
F* = Ker*¥ .

Let
M =TYM/[TYM,TYM].
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The filtration F!(U(TYM)) defines a filtration
FIC*(YM,U(TYM)) = C*(YM, F'(U(TYM)))
and a spectral sequence
EV = H*/ (YM,M®) = H'™/ (YM,U(TYM)). (1.11)

We show the vanishing of H%(YM,M®/), j > 1, in Section 4.3 and that of
H'(YM,M®/), j > 2, in Section 4.4.

We identify the cohomology of the higher differential of our spectral sequence in
Sections 5.2, 5.4. From this we argue in Section 5.5 that H%(YM,U(TYM)) = C
and H'(YM,U(TYM)) =V + V.

For N a module over a Lie algebra g we denote by Sym(/N) the symmetric
(polynomial) algebra of N with multiplication a * b.

In order to compute the cohomology H*(YM,U(YM)), which is isomorphic to
H*(YM, Sym(YM)), we introduce a filtration F,,C*(YM,Sym(YM)). By definition

Fly(Sym(YM)) = 1™ (1.12)
Fl,C*(YM,Sym(YM)) = C*(YM, "), (1.13)

where [ is the ideal generated by TYM (see Section 6.1). Again this leads to a spectral
sequence

EY >~ H'* (YM, Sym' (TYM)®Sym*~ (V)) = H'™/ (YM,Sym*(YM)). (1.14)
We say that

f@)=> apt* =0 iff ap >0 forallk,
k

and also
f@)>=g@) iff f(t)—g(t)=0.

An estimate of the FE,-term enables us to assert that Z(U(YM))(¢t) and
Out(U(YM))(t) are not larger than the series stated in Theorem 1.1; the opposite
inequality is obvious. From this we can completely determine the groups Z(U(YM))
and Out(U(YM)). As a corollary we prove Theorem 1.1.

Let us rapidly review the contents of sections not explicitly mentioned above.

In Section 2 we collect known facts about the cohomology of the YM algebra and
more generally about algebras with Poincaré duality in dimension 3. Most of these
facts were discovered in [7] and [21].

The two basic spectral sequences are formally introduced in Section 3.
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In Section 4 we prove vanishing results for the E£;-term of the first spectral se-
quence. The long exact sequence of Section 4.2 is our basic tool.

The methods of Section 5 complement the method of long exact sequences from
Section 4.2. They constitute the core of the paper.

The technical Section 5.3 and the Appendices C and D deal with homologies of
modules over the algebra of homogeneous polynomial functions on a nonsingular
quadric. This material is needed only for the proof of Proposition 5.6 and can be
skipped in a first reading.

Concerning the notations and terminology: the ground field is assumed to be the
field of complex numbers C. It is easy to check however that most of the proofs go
through for any field of characteristic zero. In particular Theorems 1.1 and 1.2 remain
valid when the ground field is Q.

By a module we understand a left module. Let K* be a cohomological complex;
then K, denotes the homological complex K = K_;, d’ = d_;. Fix an integer i.
We let (K°[/])" be equal to K'*!, with dg) = (—1)'dk. Define (K.[I]); = Ki—;
for the homological indexing (see [8]).

Acknowledgement. The author would like to thank IAS, IHES, MPI and SUNY at
Stony Brook where this work has been done. He would also like to thank M. Kontse-
vich, N. Nekrasov, A. S. Schwarz, D. Sullivan for useful discussions, and M. Rocek
for the opportunity to present this material at the “Simons Workshop in Mathematics
and Physics 2005”. The author is deeply indebted to Anthony Phillips, who read the
manuscript and suggested numerous corrections and improvements.

2. Preliminaries

The material of this section is not new and is included in this article in a form convenient
for us to have a quick reference. Some part of this material is already contained
implicitly or explicitly in [7].

2.1. Algebras with Poincaré duality. The universal enveloping U(YM) is an ex-
ample of a graded associative algebra A with Poincaré duality in (co)homology of
dimension 3 (see [7], [18]). We review general facts about the homology of such
algebras. Missing definitions and constructions from this section can be found in the
book [13].

The Connes periodicity long exact sequence

— HC,‘.H(A) —> HCi_l(A) e HH,‘ (A, A) e HCZ' (A) i

becomes particularly simple for graded algebras. It is convenient to formulate it in
terms of the reduced homology theories HC;(A4) := HC;(4)/HC;(A4p) and
HH; (4, A) := HH; (A, A)/ HH; (4o, Ao).
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Theorem 2.1 ([13], Theorem 4.1.13). If A is a positively graded unital algebra with
Q C Ay, then the Connes sequence for HC; (A) splits into exact sequences

0 — HC;_1,j(A) — HH; j (A4, A) — HC; j (A) — 0. 2.1

The equalities (1.6) are direct corollaries of this theorem.

The linear space of the algebra A can be considered as an object in two different
tensor categories: one is the category Vect? of Z- graded vector spaces with nontrivial
commutativity morphism R (A.3), and the other is a category similar to Vect? where
the morphism R has no =+ signs. If the latter is true then we shall call A even.

The Poincaré series A(¢) fully determines the generating function yHC(A)(t) of
Euler characteristics of graded components of HC,(A). This follows from the next
theorem.

Theorem 2.2. Let A be a positively graded associative even algebra. The generating
Sfunction yYHC(A)(t) giving the Euler characteristics of reduced cyclic homology can
be computed using the formula

ACAD =~ Y n(aam) P,

m>1

with the totient function ¢ defined in (1.3).

Corollary 2.3. If A is a positively graded associative algebra of homological dimen-
sion k, then

1-=> In (A(zm))d) Z( 1)/ (k — i) HH; (4, A)(?) (2.2)
) m>1
> (=1 HH; (4, A)(t) = 0 (2.3)
- HC;(A) =0, i>n. (2.4)
Proof. This follows from Theorems 2.1 and 2.2. O

In the following we will be using A°P for the algebra with the multiplication defined
by the rule a ® b — ba, where a ® b — ab is the multiplication in A.

Let us assume that the algebra A satisfies Poincaré duality in dimension 3, i.e.,
there is a resolution of the diagonal

A< AQAP — AQW I QAP — AQW, @ A «— AQ W3 ® A®P = P,
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and an A ® A°P-isomorphism (duality)
Homyg g (P., A @ A%®) — P°[3]. (2.5)

Here the subscript A ® A°P means that we are considering only A ® A°P-homo-
morphisms of the modules in question. Then W; = W' and W3 = (c), where (c)
is a one-dimensional space spanned by a generator ¢, dual to 1 € A ® A°°. The
isomorphism HH' (4, A) = HH3_, (A, A) and the vanishing

HH; (4, A) =0, i#0,1,2,3

are direct corollaries of (2.5).

The definition of duality has a refinement in the case of graded algebras, provided
that (2.5) is compatible with the grading. In particular H3_j (A, C) # 0 only for only
for one value of j. By definition the invariant j(A) is equal to this value. Also

HH" (4, A) = HHz_ j(4)+j (4, A). (2.6)

The Poincaré duality (2.6), the exact sequence (2.1) and the formulas (2.2), (2.3),
(2.4) allow us to express HH3(A, A)(t) and HH?(A, A)(¢) in terms of Z(A)(1),
Out(A)(t) and A(t). The relevant formulas are listed in the following result.

Proposition 2.4.

HH3(A4, A)(1) = f-f<A>(1 -> 1n(A(tm))¢§n—’")) + Out(r) — 2Z(A)(1).

m>1

HH2 (A4, A)(t) = t—/@) ( -y 1n(A(zm))¢fn—'")) +20ut(r) — 3Z(A)(1),

m=>1
HC,(A)(t) = Z(A) (1)t ™7/,
HC; (4)(1) = (Out(r) — Z(A)(1))t /.

This proposition explains why we pay so much attention in this paper to the low-
dimensional cohomology groups Z(U(YM)) and Out(U(YM)).

2.2. Cohomology of YM: general facts. We first briefly recall the pertinent defini-
tions from [5]. Let g be a Lie algebra over the field C. If N is a g-module, then we
use the following notation for the action (/,n) — py(I)n,l € g,n € N.

Definition 2.5. Let C*(g, N) be the standard cochain complex of g, N:

C*(q, N) = Hom(A¥(g), N).
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The differential d : C*(q, N) — C**1(g, N) is given by

k+1

o)l lep) = D (=D pnU)er. .. i D)

i=1

+ Y D e T ).

i<j

By definition H"(g, N) is the cohomology of C*(g, N).
The chain complex C.(g, N) is equal to ) A¥(g) ® N. It is equipped with the
differential

k+1
dm@h A Al =Y (D) oyUm @I A Al A A
i=1

Y DT m @ [l YA AL A AL A A

i<j
and H,(g,N) := H,(C.(g.N)).

Definition 2.6. Let N = @; N; be a graded module. Then N (k) is a module with
the shifted grading [N (k)]; = Ni+;-

If the algebra g and the module N are graded, then the complexes are also graded:
C'(g,N) =D; C*/(g,N)and C,(g,N) = @D; C..j(g, N). As it was mentioned
earlier we are using bold Roman letters for the grading indices.

Let N be a bimodule over U(g). Define a new left module structure on N by the
formula

ona()n =1In —nl.

Theorem 2.7 ( [4]). There are canonical isomorphisms

HH'(U(g), N) =~ H"(g, N%),
HH.(U(g), N) = H.(g. N*).

To simplify notations we shall work with an orthonormal basis vy, ..., v, of V.
Then the relations of YM become

Y s os.vll=r=0. t=1...n. (2.7)

s=1

If the Lie algebra g is isomorphic to YM then a complex C*(N), which is much
smaller than C*(YM, N), can be used for the computation of H*(YM, N). In the
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case of a graded module N, this C*(N) decomposes into a direct sum C*(N) =
@®; €™/ (N) with

. d° . d! d?
C*'(N)=0—->N; — Njy1®V* —> Nj;38V — Nj;4 — 0. (2.8)
The differentials in C*7/ (N) are defined by the formulas

d'w=) pn(v)w @™,

1<s<n
d'w@v* = Y (on (W)W & v — 2pN (ViV)W @ Vs + i (VsV W ® Vy),
1<s<n

d*w ® v; = py (vi)w.

The elements v™*5 and vs (1 < s < n) are elements of orthogonal bases of VV* and V,
respectively.

Proposition 2.8. There are isomorphisms
H™ (YM,N) =~ H"J (C(N)),
Hs—; j(YM,N) = H"=4(C(N)).
In particular j(U(YM)) = 4 (the invariant j was defined in (2.6)).

Proof. See [7]. O]

The formula (1.2) is a direct consequence of this proposition.

For the sake of completeness we explain briefly how to construct a resolution of
the diagonal P,(U(YM)). The reader can easily reconstruct the details.

The tensor product U(YM) ® U(YM) is equipped with the left YM-action
o(vs)(a ® b) = —avy @ b + a ® vgh. Let the YM-action on U(YM) be defined
by left multiplication.

Note that in this case the multiplication map C*(U(YM)QU(YM)) — U(YM)[-3]
isaquasi-isomorphism. We define P,(U(YM)) tobeequalto C,(U(YM)RU(YM))[3].
The Poincaré duality isomorphism (2.5) can be easily verified.

3. The spectral sequences

Our aim in this section is to provide the missing details about the spectral sequences
that were briefly defined in the introduction.

Let F'(X) be a decreasing filtration of a linear space X. We will be using the
standard notation Gr"F (X) for the adjoint quotient F’(X)/F!*1(X). To shorten the
notations, when it does not lead to confusion, we will write Gr’ (X)) or Gr' for Gri,,- (X).
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The adjoint quotients of the filtration (1.13) in C*(YM, Sym* (YM)) are equal to

Fl,, N C*(YM,Sym* (YM)/Fit 0 C*(YM, Sym* (YM)

. . (3.1
= C"(YM, Sym' (TYM) ® Sym*~ (V)).

Proposition 3.1. The filtration (1.13) enables us to define a spectral sequence (1.14)
The action of YM on the tensor factor Symk (V) in the module of coefficients (3.1)
is trivial.

Proof. Even though the spectral sequence is located in the quadrants I and IV, there
are no problems with convergence because the depth of the filtration in Symk (YM)
is finite.

The construction of the spectral sequence is standard and can be found in [8]. [

The filtration F! = F!(U(TYM)) was introduced in (1.10).

Proposition 3.2. There is a spectral sequence associated with the filtration F':
EY) = H'™ (YM, G (U(TYM))) = H'™/ (YM,U(TYM)). (3.2)
There is also a spectral sequence in homology:

E}, = Hiyj(YM,Gr ' (U(TYM))) = H;y;(YM,U(TYM)). (3.3)

r

Poincaré duality defines an isomorphism of the spectral sequences E;/ =~ ET . ;_ Iz

Proof. The cohomological spectral sequence is located in the quadrants I and IV. Its
homological counterpart is in the quadrants II and III. This might lead to convergence
problems. We shall address this issue presently.

In view of the isomorphism

Fl(@uamy) = P F wmy)

the filtration of C*(U(TYM)) is the (direct) sum of the filtrations of C*/ (U(TYM)).
The complexes C*J (U(TYM)) are formed by finite-dimensional spaces. Spectral
sequences associated with finite filtrations always converge.

Other than that the proof is straightforward. O

4. Computation of H"*(YM, Gr/ (U(TYM))

Our main task in this section is to describe the E-term of the spectral sequence (3.2).
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4.1. The structure of the Lie algebra TYM. This section contains preliminaries to
Section 4.2. To get a good grip on the cohomology H*(YM, Gr/ (U(TYM))) we need
an understanding of the YM-action on Gr/ (U(TYM)). The following theorem is the
first step in this direction.

Theorem-Definition 4.1 (See also [18]). The Lie algebra TYM is free. The space
M = TYM/[TYM,TYM] is a module over YM y, (the subscript ‘ab’stands for abelian-
ization).

The proof is given in Appendix B.

From the canonical isomorphism YM,, = V any Sym(}')-module is a U(YM )-
module. Conversely if the action of TYM on a YM-module N is trivial then N can be
considered as a Sym(V')-module.

In view of Theorem 4.1 the following corollary becomes evident.

Corollary 4.2. As a Sym(V)-module, Gr' (U(TYM)) coincides with M ®i and the
E-terms of the spectral sequences (3.2), (3.3) are equal to H'T/(YM, M®") and
Hit;j(YM, M®ED), respectively.

We let x5 (s = 1,...,n) denote the image of the generator vy € YM under the
canonical map U(YM) — Sym(V).

The next proposition is the key ingredient in the construction of the exact se-
quence (4.4).

Proposition 4.3. The following isomorphisms hold

H(C*(Sym(V))) = H'(C*(Sym(V))) = 0,
H>7*(C*(Sym(V))) = C.

Define
M; = H»I=4(C*(Sym(V))).

The linear space M = P ; Mj is a Sym(V)-module. There is also an action
of the abelian Lie algebra YM y, on M that comes from the identification of M with
TYM/[TYM,TYM). These actions coincide.

See Appendix B for the proof.

The next set of definitions will be used to identify U(TYM ) with a tensor algebra.

We start with a general construction. As before, we let g be a Lie algebra. Let
r: Hi(g,C) = ga» — g be a splitting of the canonical homomorphism g — g, of
Lie algebras. If g is positively graded then Im r defines a minimal set of algebraic
generators of g. The map r can be lifted to a surjective map Free(g.p) — g.
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In particular the surjective mapping
r: T(M) — U(TYM) 4.1

is an isomorphism. This is a corollary of Proposition 4.3.

We finish this section with the construction of a certain exact triangle in the derived
category of Sym(V')-modules.

Namely there is a triangle

M 5 C*(Sym(V))[2](=4) > C[-1] — M[1] 4.2)

in the (bounded) derived category of graded Sym(}')-modules.
The morphism u is represented by a “roof” (s, f') in the localized category; it has
the following components. The map

f1r=0C (Sym(V)[21(=4) — C*(Sym(V)[2](—4)
is the inclusion (the operation 7=° is the truncation functor). The map
s:30C (Sym(V)[2](—4) — M

is the projection to the zero cohomology of =°C*(Sym(V))[2](—4).
The map v is the projection to the first cohomology C*(Sym(V'))[2](—4).

4.2. A long exact sequence for H,(YM, M®J). From Corollary 4.2 we know
that the E-term of the spectral sequence (3.3) coincides with the homology group
H; 1 ;(YM, M®"). The linear spaces M ®/ are Sym(V)- and U(YM )-modules at the
same time. To understand these homology groups we introduce a long exact sequence
that involves H,(YM, M®7), H,(V, M®/) and H,(V, M®U+D),

The following terminology is standard.

Definition 4.4. Let N denote a Sym(}')-module. Let us interpret the linear space V
as an abelian Lie algebra g. The complex C,(V, N) := C,(g, N) is called the Koszul
complex of N.

Remark 4.5. The algebra Sym(V) is a Hopf algebra with the diagonal
A: Sym(V) — Sym(V) @ Sym(V); A(xs) = xs @1+ 1® x;5. 4.3)

We use it to define a tensor product (over C) of representations: N; ® N,.

The map A?: Sym(V) — Sym(V)®3 is the composition (A ® id) o A =
(id ® A) o A. There are similarly defined maps A/~!: Sym(V) — Sym(V)®/.
They do not depend on the way we present them as a composition of id®* @ A ®id®!.
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We introduce the following notation. Suppose that N is a graded Sym(}')-module.
We denote bi-degree (1, 1) generators of A(V') in the Koszul complex C,(V, N) by
Cls---5Sn, = dim(V). Also

Ci(V.N) = P Cix(V.N) = D Ni—i ® A'[V]
Jj k

is the decomposition of C,(V, N) into graded components.

Proposition 4.6. For j > 0 there is an exact sequence

Bi—] . 1 .
®G+1) . ® .
M Hie(YM M) S H (v, M) )
s '
® [BU+D .
L Hy (V. MOUTD) Db, gy Lk (Y, M®T) — ..
To av01d clutter in notations we will abbreviate B’ M & 1 1il®-/ " and S? U® k

B 1’ P k and S! ik respectively. Furthermore we might drop some of the remaining
unused indices.

Proof. Apply the functor A = C,(V, A ® M ®/) to the triangle (4.2).
Since C*(Sym(V')) consists of free Sym(V)-modules, if follows that the bicom-
plex C.(V, C*(Sym(V)) ® M®/) is quasi-isomorphic to C*(M ®/). O

Proposition 4.7 is a related statement.

Proposition 4.7. Let N be a YM-module. There is a long exact sequence in homology

Ii
.- — H;(YM,N) > H;(V, Hy(TYM, N)) (4.5)
— Hi (V. Hi(TYM,N)) > Hi1(YM,N) — -,

where the map 1 1’\, is induced by abelianization.
There is a graded version of the exact sequence (4.5).
The exact sequence (4.5) reproduces (4.4) in the case that N = M ®J,

Proof. The E2-term of the homological Hochschild-Serre spectral sequence [9] as-
sociated with a pair TYM C YM has many trivial entries. Indeed, Elzj is equal to
H;(YM/TYM,H;(TYM,N)) = H;(V,H;(TYM,N)). As we know, TYM is free,
thus H;(TYM,N) = 0 for j > 2. In fact, the Hochschild—Serre spectral sequence
reduces to the long exact sequence (4.5). This proves the first statement.

The statement about the map 1 ;V is a direct consequence of the construction.
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For the proof of the last statement we assume that the action of YM on N factors
through V' = YM,,. Let us calculate H,(YM, N) using the language of resolutions.
We start with C,(U(YM))|[3], a free U(YM )resolution of C.

Let Mod,4 denote the category of left modules over an algebra A. Consider the
spectral sequence of composition (see [8]) of two derived functors of the following
right exact functors. The first one is K = Ho(TYM, K ® N), which acts from
Mody(ya) to Modsym(y). The second one is L = Ho(V, L); it acts from Modgym ()
to the category of vector spaces Vect.

Notice that the complexes Ho(TYM,C,(U(YM)[3] ® N) = C,(N)[3] and
C.(U(YM))[3] are adjusted (see [8] for the definition) to the first functor.

The E"-term (r > 1) of the spectral sequence of the composition of our
two functors is equal to the E"-term of the spectral sequence of the bicomplex
C.(V,C,(Sym(V)) ® N).

The long exact sequence (4.5) for N =~ M ®/ is canonically isomorphic to (4.4)
because of the equivalence of the classical and the derived approaches to the Hoch-
schild—Serre sequence.

The graded version of the statement can be derived straightforwardly. O

Here are our first vanishing results.

Lemma 4.8. The map
¢ 4 Hyx(YM.C) > H3 1 (V.C)

is trivial.

If dim(V) = 2 then H3 x (YM,M®/) = C fork = 2j + 4, j > 0; otherwise
Hsx(YM, M®/) = 0.

Ifdim(V) > 3 then H3(YM,M®/) = 0 for j > 1.

Proof. Representatives of cycles generating H;(YM,C) and H,(YM,C) are
n
vy € C1(YM,C) and > vg A [vs, v¢] € C2(YM, C).

s=1

From this we find that a representative of the class [c] € H3(YM, C) is

c = Z Vs A v A s, Ug]. (4.6)

1<s<t<n

The map I = Ié,k is induced by abelianization (see Proposition 4.7). The class
1([c]) is zero because of the commutators in the formula (4.6).
The proof in the case of dim(V') = 2 is straightforward and is omitted.
Anidentification of the formulas for differentials in complexes C,(N) and C,(V,N)
shows that H3(YM,N) = H,(V, N) for any Sym(}')-module N. The result fol-
lows from the long exact sequence (4.4), the vanishing of H;(V, M®/) fori < 0,
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dim(V) < i and the vanishing of Hy(YM, M®/) for k > 3 and k < O (Proposi-
tion 2.8). O

As was already mentioned in Section 2.2, the algebra U(YM) is homologically
three-dimensional. This lets us push our analysis of (4.4) a bit further.

Proposition 4.9. For j > 0 there is an exact sequence

3
Sk

) . B! )
0— Hsx(V.M®) L5 Hy (v, MBUHDY 255 ) (vm, M®Y)
12 .82 ,
5 Ho (V. M®7) =5 Hox(V, MEU*D) @D

(0)
Bi ik

s .
I H e (OML M) LS Hy (V. M®T) > 0.
There are also isomorphisms

Hox(YM,M®) = Hox(V, M%),
Hijo g (V,M®) = Hix (V, MBUFD) > 2,

If dim(V') = 2 then

AYFS(V] ifk=2j+s,5=2,

Hy (V. M®) = . .
’ 0 ifs>2o0rs =2,k #2j+s.

IFdim(V) > 3 then

AYFS[V] ifk=2j +5, 5> 2, excepts =2, j = I,
0 lfk;ﬁ2j+s

There is a Sym(V)-linear map

Hx (V,M®) =

Vi Hi (M, M®)) — Hi (M, M®Y), = 1,

which is equal to the composition B /l ol jl . Then Vj’fll o Vj’: = 0 (we omit the index k
to make the formulas more readable).

Proof. The proposition follows directly from Proposition 4.6 and Lemma 4.8. O

In our cohomological computations we will need a presentation of the Sym(M )-
module M using generators and relations. Such presentation is given in the next two
statements.
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Lemma 4.10. The module M is a subquotient of C%(Sym(V)). It is generated by
elements
Fij=x Qv —x; Qv;

of degree —2 (42 in the homological complex). The generators satisfy

G,'jk :xi?}k+xk?}j —|—xj37kl~ =0 4.8)

and
n
szff\’:q j = 0.
s=1
The last formula is a consequence of the defining relations (2.7).

Proof. The differential d3 in C*(Sym(}')) coincides with the differential dy in the
Koszul complex C,(V,Sym(V)). The module Ker dy is generated by ¥;;; this fol-
lows from the acyclicity of C,(V, Sym(V)). The relations (4.8) follow from explicit
computations with the differential 2 in C*(Sym(V)). O

To establish the structure of M we need to show that the set of relations found in
Lemma 4.8 is complete.

Proposition 4.11. There are exact sequences and an isomorphism

0— A*V — Hy4(V,M) - C — 0, (4.9)
0—> AV - Hi3(V,M) -V =0, (4.10)
A%V = Ho2(V,M) = Ho(V, M).

In particular all the relations in the module M follow from the relations described in
Lemma 4.10.

Proof. Consider the exact sequence (4.7) for j = 0. Clearly the map Iqu is an
isomorphism. So the map Sé is surjective. The elements F;;, 1 < i < j < n,
define a minimal set of generators of the module M. This is because the equation
> 1<i<j<n CijFij = da has no solutions (the linear space C12(Sym(V)) is zero).
This implies that 12 ¢ ; = 0.

From this we conclude that the segment of (4.7) containing S 1?/1® ;B jtl@( j+1) and
corresponding to (4.10) in fact coincides with (4.10).

Using Lemma 4.8 we find that the segment of (4.4) containing Sé and B}%/[ coin-
cides with (4.9). O

The elements v, ® -+ ® v,y and vy, ® - ®v;, 1 of V& are the symmetrization
(resp. antisymmetrization) of vj; @ -++ ® Vj,..
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The cocycles in Hy 4(V, M) = A*(V) + C are spanned by F;; ® ¢k A g1 and
Y i<i<j<n Fij ® 6i A gj. The Sj; images of these cocycles in Ho 4(V, M ®?) are
Flij®Fknand 3, ; ;o Fij ® Fij, which are clearly linearly independent elements
of Ho,a(V,M®?). Thus S3; and S3, , have no kernel. The following proposition
generalises this observation.

Proposition 4.12. The map Sﬂi: Hipox(V,M) — Hi i (V, M®2) is an embed-
ding.

Proof. For the remaining case of i > 1 this statement follows from Proposition 4.9.
O

The previous proposition and its corollary, which we are about to formulate, will
turn out useful in Sections 5.1 and 5.2.

Corollary 4.13. The map BJ{4®2,k D Hyx(V, M®?) — Hj x(YM, M) is a surjection.
Proof. Combine Propositions 4.12 and 4.9. O

4.3. Properties of the module M. The module M has a description in terms of
the differential algebraic 1-forms on a quadric. This will complement its original
description (Theorem 4.1). In this section we will also give a representation-theoretic
characterisation of the graded components of M.

Let us start with a definition.

Definition 4.14. Let C be a commutative algebra and let / C C ® C be the kernel
of the multiplication map C ® C — C. The C-module of Kihler differentials
Qc is equal to 7/12. There is a universal derivation d: C — Q¢ defined by
d(a) =a ® 1 — 1 ® a. Any derivation d with values in a module N factors through
d,i.e., there is a C-homomorphism mjy: Q¢ — N such that d = myod.

Let us introduce an algebra

A =Sym(V)/(q), (4.11)
qg=> x. (4.12)
s=1

We can define a derivation eu of 4 by the formula
> g
S~ -
s=1 3XS

The description of M briefly mentioned above is formally stated in the next lemma.
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Lemma 4.15. The module M coincides with the kernel of 24 T A

Proof. The module (V) is equal to Qsym(y) as a free Sym(V')-module generated
by dxs. Let d denote the de Rham differential Sym(V) — (V). The module 24
is equal to Q1 (V)/qgQ (V) + Adg.

The homomorphism M — Q4, ¥;; — x;dx; —x;dXx;,is unambiguously defined.
For the proof the reader should use the description of M as the second cohomology
group of C*(Sym(V)). O

Corollary 4.16. Define a complex

do d! ~
0> A(-2) — AQV(-1) - A—->0=C". (4.13)
Let dxs, s = 1,...,n, denote a basis of V. For the differentials we then obtain

d%a) = Y '_, axsdxy, d'(agdxs) = agxs. Then HO(C) = 0, H'(C) = M and
H2(C) = C.

Proof. Theisomorphism Q4 = Q!(V)/qQ'(V)+ Adq is equivalent to a short exact
sequence 0 — A(—2) - A ® V(—1) — Q4 — 0. After this observation the proof
is a straightforward consequence of Lemma 4.15. 0

Let U be a multiplicatively closed subset of C. Denote by N [U ~!] a localisation
of N with respect to U, and for g € C denote by Anny (g) the kernel of the map
NES N,

Choose a basis in the space V,dim(V) > 3 such that the tensor ¢ has the form
qUxixj = %1% + X3 4o+ X2
Proposition 4.17. Suppose that dim(V) > 3. Let (X1) denote the multiplicative
system generated by X1.

The maps A — A[(%1)" '] and M — M [(%1)"'] have no kernel.

The module M [(%1)™'] is free over A[(%1)"!] = C[%1,X{'] ® C[%3, ..., %] of
rank dim(V') — 2.

Proof. 1f the groups Anng(X1), Annpy (X;) are trivial then the first statement of the
proposition is true.

The group Anng(X1) is trivial because ¢ is irreducible.

The short exact sequence

0 — Sym(V) ﬂi) Sym(V) — Sym(V)/x1 Sym(V) — 0

induces a long exact sequence of YM-cohomology. Then Annys (X1) coincides with
HY(YM,Sym(V)/x; Sym(V)) = H(Sym(V)/%; Sym(V)) (the reader should con-
sult Appendix B for the definition and properties of the functor H).
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It is obvious that Anngym(y)/%, sym(v)(¢) = 0 if dim(V) > 3. The groups
H;(V,Sym(V)/x1 Sym(V)) are nontrivial only for i = 0, 1 (we omit their compu-
tation). Thus the conditions of Lemma B.5 hold and H(Sym(V)/X; Sym(V)) = 0.

The last statement can be proved in a straightforward manner. O

Corollary 4.18. [fdim(V) > 3 then H*(YM, M®/) = 0 for j > 1.

We finish this section with the analysis of the so, representation-theoretic content
of the module M.

We need to introduce notations for the complex finite-dimensional irreducible
representations of the Lie algebra of the algebraic complex Lie group SO(n)

Definition 4.19. Let [wy, w3, ..., W[, /2] denote an irreducible complex represen-
tation of so, = Lie(SO(n)), n > 5. It has the highest weight with coordinates
(w1, w2, ..., wp/2)) in a standardly ordered basis of fundamental weights. For ex-
ample [1,0,...,0] stands for the defining representation in V. The representation
[0,...,1,...,0] where the unit is in the i-th place corresponds to AV (G < n/2)
and so on. Every such representation comes from a representation of a finite cover of
SO(n) (see [20] for details).

The Lie groups SO(2), SO(3), SO(4) are exceptional here.

An irreducible complex representation of SO(2) is classified by an integer.

The Lie algebra of SO(3) is isomorphic to sl,. We adopt the notation [w] for
Sym™ (W), where W is the two-dimensional representation of sl,.

The Lie algebra Lie(SO(4)) of SO(4) is isomorphic to sl, x sl,. The irreducible
representations, in this case Sym*! (W) ® Sym¥2(W,), are denoted by [w1][w-] for
w1, Wy € ZZO'

Lemma 4.10 implies that if dim(}') > 5 then M, = [0, 1,0, ..., 0]. Suppose that
a; and m, are highest weight vectors in A; and M,. Using the multiplication map
A;i ® M, — Mj4; we can construct the highest weight vector a; X m, € M4
(Proposition 4.17 implies that a; x m, is nonzero). Then a subrepresentation

[i,1,0,....0] C Mj1» (4.14)

is generated by the action of s, on a; X m,.
If dim(V') = 2 then using the defining relations (2.7) we can see that

Myy; =0, i>1.
If dim(V') = 3 then M, = [2] and

My D2+2i], i>0. (4.15)
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If dim(V) = 4 then M, = [2][0] + [0][2] and
Moy DR2+0][i] +[i][2+i], i>0. (4.16)

We need to make a short digression into Borel-Weyl-Bott theory adapted to the
Lie algebra so(n). This is a theory about cohomology of invertible sheaves on the
manifold of full isotropic flags F1 = {0 = Fog C F; C ... F[p/) C V}, the basic
compact Kéhler homogeneous space of SO(n). The total space of a line bundle 77,
1 <i < [n/2],is defined as {(F; C --- C F[yj2) C V, | € F;/F;_1)}. According
to [15] the duals 7;* are free very ample generators of Pic(Fl). A cover of SO(n)
that simultaneously acts on all 7; is Spin(n). Let O (wy, . .., w[,/2]) denote the tensor
product ®l[n:/12 ] ‘J‘;*®wi . By functoriality the cohomology H” (F1, O (w1, ..., Wiu/2)))
becomes a Spin(#n)-representation.

The Borel-Weyl-Bott theory (see [15]) applied to the space of isotropic flags Fl
among other things asserts that the cohomology group H/ (F1, O (wy, . .., w[y/2])) can
be nonzero for only one value of j. At this value the group is an irreducible Spin(7)-
representation. In particular, if all w; > 0 then H/(FL, O (wy, ..., Wi 2)) = 0 for
J >0and HO(FI, O(wy, ..., Wy 2)) is the irreducible representation [wy , . . . , Win/2)]-
For example the algebra A4 is equal to P, H°(F1,Ow,0,...,0)).

Proposition 4.17 implies that the embedding M, — H°(FL,O(0,1, ..., w/2)
extends to a homomorphism ¢: M(2) — @,,~, HO(F1, 0w, 1,0,...,0), where all
graded components #; of ¢ are nonzero. -

Definition of a quadratic algebra. Let C = C + (P, C; be a graded algebra. We
say that C is quadratic if
(1) C is generated by Cy;
(2) the ideal of relations of C is quadratic, i.e., if we let T denote the natural
map t: T(C;) — C, then Kert = P, ;5 C¥F®W® C1®j, where
W =KertNC 1®2.

Definition of a quadratic module over a quadratic algebra. Let C be a quadratic
algebra. A graded module N = P, ., N; over C is quadratic if

(1) N is generated by Ny;

(2) the submodule of relations of N is quadratic, i.e., if we let = denote the natural
mapw: C®No — N thenKer 7 = P, Ci®U, where U = Ker 71NC; ® N.

Let B be a Borel subgroup of a reductive algebraic group G and let £; ... £,
denote an array of ample line bundles on G/B. Kempf and Ramanathan proved in
[12] that the equations defining the embedding of G/ B in the complete linear system
of £1...L; are quadratic.
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This implies that @w1,w220 HO(F1, O(w;,w,,0,...,0)) is a quadratic algebra
and consequently @, H°(FL, O(w, 1,0,...,0)) is aquadratic A-module. In these
considerations n > 5.

It is a matter of a simple check using the classical invariant theory of H. Weyl or
alternatively the results of [10] that V ® A%2(V) = V + A3(V) + [1,1,0,...,0].
Thus V + A3(V) is a maximal subrepresentation of V ® A2(V).

We conclude that the module M(2) has the same relations as the module
D=0 HO(F1,0(w,1,...,0)) and the map ¢ is an isomorphism. For n > 5 we
have proved the following.

Proposition 4.20. Inclusions (4.14), (4.15), (4.16) are isomorphisms. The so,, rep-
resentations M; are self-dual.

Proof. The representation M; |, (non-canonically) is a subrepresentation of V®®+2),
whose elements satisfy some symmetry conditions with respect to the natural sym-
metry group action.

By definition V®®*2) is a complexification of a real representation, equipped
with a positive-definite bilinear form. Therefore all subrepresentations of V®+2)
are self-dual.

The exceptional cases 3 < n < 4 can be treated similarly to the generic case
n > 5, with a minor modification in dimension 4. O

4.4. Computation of H'(YM, M®/). 1t is convenient to introduce the following
notations. There are canonical projections of algebras /; : Sym(V)®/ — A4®J. By
abuse of notation we denote the composition /; o A/~ by A/~1. By definition
AY =1.

The element g acts on M ®/ through multiplication on A/~1(g). Though A% is
zero, the element A(g) is nonzero and is equal to 2) " x5 ® x,. Using the axioms
of Hopf algebra it is not hard to see that e ® -+ ® € ® id ® id o A/~ 1(g) = Al(q),
where €: A — C is the standard augmentation. This implies that A/~1(g) # 0.

Lemma 4.21. Ifdim(V) > 3 and j > 2 then Annye; A/"1(q) = 0.

Proof. The module M ®/ is an A®/ submodule of (M [(%1)~'])®/. The latter is free
over (A[(x1)~!])®/ (Proposition 4.17). O

Proposition 4.22. (1) H'(YM, M®/) = Hy,(YM,M®/) = 0 if dim(V) > 3 and
j=2
Q) HY(YM,M® ) =V*® M®/ for j >0if dim(V) = 2.

Proof. The proof follows from Lemmas B.3 and B.5 and Propositions 4.9, 4.21.
The case of dim(V') equal to 2 is self-evident. O
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5. Analysis of the E;-differential

Proposition 4.22 shows that E;-terms of the spectral sequences (3.2), (3.3) have
significant numbers of zeros. However there is no reason to believe that E 11’0 =
H'(YM,M) = Hy(YM,M) = E!, ;is trivial. In fact it is not (the interested reader
may consult [16], which gives adecomposition of H!(YM, M) into SO(n)-irreducible
components). It follows immediately from our previous computations that £ 11 0 is
the only nontrivial component of E; that can contribute to the limiting cohomology
HY(YM,U(TYM)).

In this section we choose the homological framework for a computation of the
groups (1.8), (1.9). We shall analyze the higher differential d of the spectral sequence
(3.3) for which we reserve a separate notation:

§: Hy(YM, M) = E!, ; > H\(YM,M®*) = E!, ;. (5.1)

There is a more down-to-earth description of the differential § in terms of a short exact
sequence of YM-modules:

0— M® — FL(UTYM))/F3*(U(TYM)) - M — 0.

The differential § is the connecting homomorphism in the corresponding sequence of
homology. The proof of this fact is a simple exercise in understanding the definition
of a spectral sequence.

5.1. Basic properties of the differential §. The differential (5.1) is in fact a com-
position:

§: Hy(YM, M) — H\(YM,A*(M)) — H(YM, M®?).

Indeed, by anti-commutativity of the Lie bracket in TYM only the A%(M) tensor
component of the direct sum A2(M) + Sym?(M) = M ®? appears in the range of §.

Let us consider the surjective maps B, g, : H1(V, M®?) — Hy(YM, M) (Corol-
lary 4.13) and 1 o, : Hi(YM, M®?) — H,(V, M ®?) (Proposition 4.6).

Definition 5.1. The space H,(YM, M) can be decomposed into a direct sum
Hy(YM, M) = Hy(YM, M)* + Hy(YM, M),

where by definition H,(YM, M) = BI{4®2 (H1(V,Sym?(M))) and Hy(YM, M)* =
By g (H1(V, A*(M))). We call elements of Hp(YM, M)* symmetric and those of
H>(YM, M)? antisymmetric.

We denote the restrictions of § to Hy(YM, M)? and to Hy(YM, M)® by §¢ and
8%, respectively.
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We now turn to the explicit construction of the maps B} g, : Hi(V, M®?) —
Hy(YM, M) and BY o5 Ho(V, A*(M)) — Hy(YM, A*(M)) in terms of chains of
C.(YM, M). The map r (4.1) enables us to lift elements of M into TYM. Pick a cycle
z =Y d"a; ® a; ® ¢ in the class [z] € Hy(V, M®?).

Proposition 5.2. There is a procedure for constructing elements cy, Cxr € TYM and
. /
coefficients fsljk such that an element

Z = Z d7%a; ® (raj Avg) + Z dis Sljk/a,' R (ck ANé) € M @ A2(YM), (5.2)
Ck,Crr € TYM, is a cycle in Co(YM, M) representing BJ{4®2 (2).

The map BY g2 Ho(V,A*(M)) — Hy(YM,A*(M)) C Hi(YM, M®?) is de-

fined on chains by the formula
aANbACc—aAb@c+crna®b+bAc®ac A (M)QYM.

Proof. The proof follows easily from the description of the maps B 1}4@,2 and Bl(l)4®3

in terms of Hochschild—Serre spectral sequence given in Proposition 4.7. O
We finish this section with a formula for the differential §.

Lemma 5.3. Under the differential § the cycle (5.2) transforms into
52=22dijS(a,-/\aj®vs_|_fs§k’(;k/\c~k/®raj (53)

— [ e na; @ G + fEK G A a; ® o) € AP M) @ AN (YM).

By abuse of notation we write ¢y and Cy/ for the image of cx and cx in M =
TYM/[TYM,TYM].

Proof. We lift Z to an element of F!/F3 ® A2(YM) and apply the homology differ-
ential d. The result belongs to C;(YM, F2/F3) = C{(YM, A*(M)). In the formula
for the boundary we identify the commutators [ra,rb] € F?/F3,a,b € M, which
are the coefficients of the chain, with the monomials 2a A b.

We leave details to the reader. O

5.2. Properties of §%. To simplify our analysis of (5.1) we decompose the differen-
tial § into the sum
§=6"+6° (5.4)

as in Definition 5.1. In this section we study the kernel of §¢.

Proposition 5.4. Consider the map V that has been defined in Proposition 4.9. The
composition V¥ 0 8% Hy(YM,M)* — Hy(YM, M) transforms Hy(YM, M)* to
itself. As an operator acting on Hy(YM, M)® the map V3 o §% is equal to 2 X id. In
particular Hy(YM, M)? N Ker§ = 0.
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Proof. We may assume that every homology class in H,(YM, M) has a representative
(5.3) for suitable Z (use Corollary 4.13 and Proposition 5.2).

The map / 1\2/1 transforms all terms of (5.3) to zero, except the ones containing a
®ug-factor. This follows from the description of the map I in Proposition 4.7 as a
map in homology induced by abelianization.

This implies that

Iipo80Byen(Y dVai@a;@v) =2) d¥a; na; @y, (5.5)

where we identify [a;, a;] (an element in F%/F3) with 2a; Aa; € Az[M] c M®2,
Letz =) d"a; ®@aj Qugsatisfy " d"%a; ®a; Qvs = —Y_ d" a; ®a; @ vy,

i.e., [z] € Ha(YM, M)?. Tt follows from (5.5) that 2B, o, (2) = Vi 0§ 0 B} g, (2).
O

5.3. T()r;.‘1 (N1, N32) and related functors. In this section we formulate the rather
technical Proposition 5.6. It will be used once, in Section 5.4. Besides this, the main
line of exposition is independent of this material.

There is a resolution

A < Sym(V) <L Sym(V)(-2). (5.6)

A cocycle «, which will be introduced in the following lemma, is needed for the
formulation of the main proposition of this section.

The next lemma easily follows from a standard computation with the resolution
(5.6) and degree counting.

Lemma 5.5. We have Torg ; (A, A) = A;, Tor1,; (A, A) = Ai—».
A cocycle in C,(V, A® A) that represents an A-generator in Tory 2(A, A) is given
by

k=Y (681-18x)®c;. (5.7)

s=1

Next a map of Sym(V)-modules Ny ® N, — N3 defines a map of complexes
C.(V,N1) ® C.(V,N2) — C.(V, N3).

We want to apply this constructionto Ny = AQA, Ny = MM, N3 = MQQM,
where the module map is multiplication. In this contextany cocyclea € C.(V, A® A)
defines a multiplication map ax: C,(V,M ® M)—C,(V,M ® M). By abuse of
notation we write a for ax.

Proposition 5.6. There is a right exact sequence

Hoj 2(V.M @ M) Hy ;(V.M ® M) — Coker; — 0, (5.8)
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where the element k is defined in equation (5.7). The group Coker; is equal to zero
for j # 5 and Cokers = A>(V) + A3(V) + V. The group Ho3(V,M ® M) is
equal to zero.

The proof is given in Appendix D.

5.4. Properties of §°. The computation of the kernel of §* (5.4) is the most difficult
part of the present paper. It will be carried out in Proposition 5.13, which is the
main result of this section. Proposition 5.8 lets us decrease by one the homological
degree of the cycles involved in the computations. This greatly simplifies the proof of
Proposition 5.13. In the proof of the main assertion, Proposition 5.10 is technically
central.

Fix a Lie algebra g. The group

D(g) = Ho(g. Sym*(g)) (5.9)

has already been found useful in [11], where Kontsevich studied noncommutative
analogs of formal symplectic geometry.

We would like to specialize the construction (5.9) to the case of the algebra b
defined as the quotient

0 — [TYM, [TYM, TYM]| — TYM 5 § — 0.
The algebra § is the universal central extension of the abelian Lie algebra M :
0—> A2 (M)—5H—> M —0. (5.10)

The algebra YM acts on TYM by commutators. Let pryy: YM — End(TYM)
denote the corresponding representation. The action pryy preserves the Lie ideal
[TYM, [TYM, TYM]]. Denote the representation of YM in End(b) by py.

To analyze D(}) it will be convenient to choose a linear splitting of the extension
(5.10) and to identify the linear space b with A2(M) + M.

The linear space D(}) is a quotient of Sym*(M + A%(M)) = Sym?(M) +
A%(M) @ M + Sym?(A?(M)). The image of the last summand in D(}) is zero
because of the equivalence [a, b] * [c,d] ~ —b * [a, [c,d]] = 0. The linear subspace
Sym?(M ) injects into D(}). The space A3(M) C A?(M)® M maps isomorphically
to Ker y because of the relation [a, b] *c ~ —[a,c] *b.

The space D(}) is naturally a YM-module. By definition the commutators
[vi,v;] € TYM act trivially on D(}). This means that the action factors through
YM ,,. We have proved the following.

Proposition 5.7. The linear space D(Y) is a Sym(V')-module. There is a short exact
sequence of modules

0 — A3(M) — D(§) = Sym2(M) — 0.
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Proposition 5.8. There is a commutative diagram

Hy(YM, M) —*— H,(YM, M®?)

311\/1@4 TB;"/I@B (5.11)
$D(v)

Hy(V,Sym?(M)) —— Ho(V, A*(M)).

The map Spy) is the boundary differential in homology corresponding to the exten-
sion D().

Proof. This follows from Lemma 5.3 and Proposition 5.2. O

Our plan is to replace computations that involve § by the corresponding simpler
computations that use 6pp).

To study § we need information about the kernels of the maps BJ{/I®2 and Bl(l)4®3
in the commutative diagram (5.11). This we will attend to do presently.

Lemma 5.9. The following holds:

Ker By g3 = 0, (5.12)

Hy(V,Sym>(M)) NKer By,q>, = A*(V) C Hy5(V,Sym*(M)). (5.13)
Proof. The long exact sequence (4.7) implies that Ker B}?4®3 = Im Si]@z. The
group Ho(V, M®2) = Hy¢(V,M®%) =~ AS(V), dim(V) > 3, has been com-
puted in Proposition 4.7. Nontrivial cocycle representatives that span this group are
Flij ® Fr1 ® g5 A6y The map Sz%4®2 transforms them into ¥[;; ® Fi; ® F;), which
are elements of Sym>(M). Considered as zero-cycles these elements are clearly not
equivalent to any of A3(M). This proves (5.12) in the case dim(V') > 3, because
Ker BI?/[®3 = 0. The remaining case, dim(V') is equal to 2, is straightforward.

The generators of H3(V, M) are ¥[;; ® s A Gt A Gy. They are mapped by S3,
to Flij @ Fsr ® cup € C1(V, Sym?(M)). The isomorphism (5.13) holds because of
the equality Ker B 1{4®2 =1ImS;,. 0
Proposition 5.10. Suppose that dim(V) > 3 holds. Then the kernel of Sp(p) is
AS(V) + V = Hy 5(V, Sym?(M)).

Proof. Theisomorphism Hy s5(V, M®?) = A>(V)+A3(V)+V follows from Propo-
sition 5.6.

The subspaces A>(V) and V of Hj s5(V, M ®2) are spanned by the cocycles

Flij @ Fr1 @ Sm)
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and
n n
Y Fi®FQck+ Y (Fiui ® Fij+ Fyj @ Fri) ® ;.
1<i<j<n i,j=1
respectively.
The subspace A3(V) is spanned by elements

n
D (Flij ® Fies ® 51 + 2F(is ® Fjs ® Ga).

s=1

which belong to Hy 5(V, A2(M)). So A*(V) C Hy5(V, A2(M))
The boundary differential § p(y) preserves the bold grading (see Section 2.2). Thus

Spwy Hi1,5(V,Sym*(M)) C Hos5(V, A*(M)).

On the other hand the lowest degree component of A3(M) is A3(M )¢ because M is
generated by elements of degree two. Hence 8p(p) Hi,5(V, Sym?(M)) = 0.
Using Proposition 5.6 we conclude that

Kerdpm) = Kerdp) NImx + Hy5(V, Sym?(M)),

and that there are surjective maps Ho_j (V, A2(M)) 5 Hy j+2(V,Sym?*(M)),
Jj > 4. We define x as

x = Fij @ X" Fpy — x*Fry ® Fij € A2(M) C M®2. (5.14)

The linear space Im « is spanned by elements

n
K(X) =Y (X Fij ® x*Fiey — Fij ® x;x*Fief) ® G

s=1

n
+ Y (X Frr ® x.Fij — Xsx* Fiy ® Fij) ® .
s=1
In the following part of the proof we shall show that Ker §p) N Im« = 0.
We do it by proving that the composition §pp) o « has a trivial kernel.
A choice of the isomorphism r in (4.1) enables us to transfer the YM-action from
TYM to Free(M).
Ifm € M C Free(M) then

pFree(M)(vs)m = xXsm + 1/fs2(m) + ng(m) +oee

In this formula 1//5" : M — Free*(M), for k = 2,..., are linear maps, where
FreeX (M) := Free(M) N M®" is the linear subspace of Free(M) spanned by k
repeated commutators of generators.
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The algebra TYM C YM acts on Free(M ) by inner derivations. As before ¥;; are
Sym(V')-generators of M. Then by definition

[IOFree(M) (Ui)’ PFree(M) (Uj)]m = [-(Ej s m] € Free(M)'

Since Wsk € [TYM, [TYM, TYM]] for k > 3, the formula for the YM-action on f
involves only y7.
As a result we can write the differential §p(y) using only ¥ := Y2

aj by

$p(p) o k(x) = Zws(xs?’ij) ® x* Fr1 + szj’vij ® Vs (x*Fr1)
s=1 s=1

as by

n n
+ Z_ws(%j) ® x5 x Fpr + Z_?"ij ® l//s(xsxa:’f’vkl)
s=1 s=1

as b3

n n
Y U Fr) @ X5 Frj + Y X Fiy @ s (x5 )
s=1 s=1

ay by

n n
+ Y Y (XX Fkt) ® Fyj + ) —XeX " Fiet ® Y (Fij) .

s=1 s=1

The element §py) © k(x) belongs to the zero homology group Ho(V, A3(M)).
The equivalence relation ~ for zero cycles gives some freedom for algebraic manip-
ulations. In particular

ap+az ~ (Zl/fs(xs?ij) + A(xs)llfs(%,i)) ® x*Fr. (5.15)

s=1

There are similar formulas for az + a4, by + b, and b3 + b4. The diagonal map A
from (4.3) enables us to define the action of x; € Sym(V') on A%2(M).
Consider the operator L: M — Free(M ) defined by the formula

n
L(m) := Z PFree(M) (vs)pFree(M) (vs)m.

s=1

By abuse of notation we write L for the composition yolL: M — }. It can be written
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in terms of the operators ¥ and x;:

n
L(m) = D ACxs)Yis(m) + s(xsm) € b,
s=1
Observe that the left tensor factor in (5.15) has the same form.

To make our computations more tractable we need further simplifications. For
this we map Ho(V, A3(M)) to A*>(V) ® Ho(V, A?(M)) via the map p, which we
define in the next paragraph. The composition p o §p(p) o k has a simpler structure
then §p(p) © k. We will manage to prove that Ker(p o §p(g) o ) = 0. This will imply
injectivity of §p(p) © k. Let us equip A2(V') with a trivial Sym(V/)-module structure.
The module M is generated by the linear space My = A2?(V) (Lemma 4.10), and
there is a canonical map of Sym(V')-modules M — My. We denote elements of the
generating set of M as in Lemma 4.10 by %;;, and their images in A2(V) by ;.

There is a map of Sym(V)-modules p: A3(M) — A?(V) ® A?(M), defined by
the formula

p@Fi; AbFi A cFyr) = a(0)Fij AbFiy AcFy
+a¥ij A b(O)\%kl ANcFg +aFij A bFpr N C(O)ff’i\}t.

Here the map a — a(0) is the standard augmentation of Sym(V). It is easy to check
that this p is unambiguously defined. The homomorphism induces a map in homology
P Ho(V. A3(M)) — A2(V) ® Ho(V. A>(M)). X

Under the so,-isomorphism Ad(so,) = A%(V) an element %;; € A%(V) trans-
forms into a generator &; € so,. The linear space Ho(V,A%(M)) is an so,-
representation, so it makes sense to talk about the generators &;; acting on an element
x € Ho(V, A>(M)).

Lemma 5.11. Let x be as in (5.14). Then the following formula holds:

podpwm ok(x) =4 Z For ® Egix.

1<s<t<n
Proof. The simplification pointed out in (5.15) leads to
Spmyor(x) = L(Fij) ®x* Fiy—L(x* Fi)) @ Fij — Fij O L (x* Fiey) +x% Fry @ L(F35) .-

Let us write x*¥;; as x;, ... x;, ¥;;, where |o| = k. The element

a =" p5vs)py(vs)py(viy) - - py(viy ) Fij € b

s=1

satisfies

k n
a=LE*F)+Y Y AIx, - xi Wi, (X - Xi Fij) € A*(M). (5.16)

t=1s=1
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On the other hand

k n
a= ZZPB(%)'--Pf)(vi,_l)[%i,,pf)(viﬂr]) T

t=1s=1

+ Y o5(0s)ps (v1) - .. py (v) Fi (5.17)

s=1
k n
=233 Aty X ) (Faiy Xy - T ) 42 A i, Tyl
t=1s=1 K}

In the proof of (5.17) we use the identities

n n n
> s (Wo)ps () Fij =2 [Fo. Fyj] and D x,Fy; =0.
s=1

s=1 s=1

The first holds in §), the second in M.
We use the formulas (5.16), (5.17) to compute p o dp(p) © £ (x). By manipulations
similar to (5.15) we obtain

play + az) ~ 255 ® Fsj AN X*Fra —2-'/A7sj ® Fsi A x*Fry,
pas + as) ~ 255 ® Fyj AxFyp — 255 ® Fij A x*Fyg,
pby + ba) ~ 2% ® Fij AX"Fy — 2%y ® Fij AXFye
+ 2%y ® Fij A Extx)) Fas,
p(bs + bs) ~ 255 ® Fij A (Egex®) Fi + 255 ® Fyj A X" Fig
— 255 ® Fyi A X2 Fpy.

(5.18)

The formulas (5.16), (5.17) imply that [(x*F;;) represents a trivial element in
Ho(V, A*>(M)), which is used in the proof of formulas (5.18).
From this we conclude that

plai+az+ar+as+bi+by+bytb)~4 Y Fiy ®E(Fij Ax"Fpg). O

1<s<t<n

Lemma 5.11 implies that the composed map po§ok hasits kernel precisely equal to
the so,-invariant elements in Ho(V, A%2(M)). The space A2(A%(V)) = A?(M,) =
Ho.4(V, A*>(M)) C Ho(V, A>(M)) contains no invariants since A%(V') is isomorphic
to the adjoint representation, which can have only a symmetric invariant bilinear form.
For j > 5 the components Hy_j (V, A%>(M)) are quotients of M;_» ® M. The latter
contains no invariants, because by Lemma 4.20 the M; are mutually nonisomorphic
self-dual representations. From this we conclude that p o§ox has no kernel. Therefore
8 o k has no kernel, which is equivalent to saying that Ker § N Imx = 0. O
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The following lemma will be used only in Section 5.5.
Lemma 5.12. The composition V1! o 8. Hy(YM, M)* — H(YM, M) is zero.

Proof. The proof follows the lines of the proof of Proposition 5.4 and uses the formula
(5.5). O

Finally we are in a position to prove the central statement of this section.
Proposition 5.13. The kernel of the map § in (5.11) is equal to V.

Proof. Suppose that x € Ker§. Then V| o §(x) = 0. Decompose x = x% + x*
according to Definition 5.1. Proposition 5.4 and Lemma 5.12 imply that x¢ = 0.
This means that x € H>(YM, M )*. Proposition 5.8, Lemma 5.9 and Proposition 5.10
then yield that x € V C H, 5(YM, M). O

5.5. Computation of the cohomology H1(YM, U(TYM))

Proposition 5.14. Suppose that dim(V') > 3. Then the following isomorphisms hold:
(1) H°(YM,U(TYM)) = H3(YM,U(TYM)) = C.

(2) HY(YM,U(TYM)) = Hy(YM,U(TYM)) =V + V.

If dim(V) = 2 then

(3) H°(YM,U(TYM)) = H3(YM,U(TYM)) = U(TYM).

4) HY(YM,U(TYM)) = Hy(YM,U(TYM)) = V ® U(TYM).

Proof. Suppose that dim(}') > 3. Proposition 4.17 implies that H%(YM, M ®") =
HO(V,M®"). That HO(YM,U(TYM)) = H°(YM,C)+H°(YM, FY(U(TYM))) =
C 40 follows from the spectral sequence (3.2) and the definition of the filtration (1.10).
The groups H'(YM, C) can be easily computed with the complex C*(C). This
observation will be used in the following.
Let N be the submodule of U(YM ) generated by V = U(YM); and F 1 (U(TYM)).
Since py (vs)V C FY(U(TYM)) we have a short exact sequence

0— FLU@TYM)) > N -V -0

with 65 the boundary map in cohomology. The YM-action on V is trivial. The
boundary differential 6y maps V = H%Y(YM, V) into H“Y(YM, FY(U(TYM))).
On the level of chains of the cochain complex (2.8) it maps xz € C%(V) to
> [vs,vk] ® v* € CY(F'U(TYM)). This last cocycle represents a nontrivial
cohomology class because the group C %1 (YM, F1(U(TYM))) is zero. From this we
conclude that H'(YM, F'(U(TYM))) contains a nontrivial subspace.
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We can also compute H'(YM, F1(U(TYM))) using the spectral sequence of
Proposition 3.2.

Corollary 4.2, Propositions 4.22 and 5.13 together imply that E2 jot; =0
for j > 2. Furthermore, it follows that only E31,3 = V can contribute to
Hy(YM, FY(U(TYM))) = H'(YM, FY(U(TYM))). From the above considerations
we know that the space V survives all the higher differentials. Therefore we have
HY(YM, FY (U(TYM))) = V.

Combining all the previous considerations together we finally conclude that
HYYM,U(TYM)) = H'(YM, FY(U(TYM)))H'(YM,C) = V + V.

In the case of dim(V') = 2 the arguments are completely straightforward. O

6. The center and the Lie algebra of outer derivations of U(YM)

In this section we shall determine Z(U(YM)) and Out(U(YM)), the main ingredients
of the formulas of Proposition 2.4.

To get an idea how derivations of U(YM) might look like we list some examples
in the following lemma.

Lemma 6.1. The following holds:

H'(YM,U(YM)) D C +V + A*(V), 6.1)
HY(YM,YM) > C + A%(V). (6.2)

Proof. Let us make some simple observations. The algebra U(YM) is graded, hence
we have a derivation corresponding to the grading. This explains the C in (6.1).

The linear space spanned by the relations (2.7) of YM is invariant with respect
to the action of the group of symmetries of the bilinear form (-,-). This Lie group
coincides with O(n) and has the Lie algebra so,. The adjoint representation of so,
coincides with A2(V). This explains the last summand in (6.1).

The formulas Dg(v;) = 85, define derivations of U(YM ). The linear space gener-
ated by Dj is equipped with the O (n)-action. As an O(n)-representation this space is
isomorphic to the fundamental representation V. The derivation D does not preserve
the Lie algebra YM inside U(YM). This explains why V' is not present in (6.2).

A linear combination of these derivations cannot belong to Inn(U(YM)) because
it would have degree strictly less than one, the degree of the generators vy. O

From now on it will be convenient to consider the cases dim(}) > 3 and
dim(V') = 2 separately.
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6.1. A generic YM algebra. We assume throughout this section that dim(V') > 3.
This entire section is devoted to the proof of the following result.

Proposition 6.2. The center and the Lie algebra of outer derivations of U(YM) and
of YM are given in the next formulas:
Oout(U(YM)) = H Y (ym, U(YM)) + H"*(YM,U(YM)),
HYW(YM, U(YM)) = A2(V)+C, HV Y (yM, U(YM)) = V,
Out(U(YM)) = H"*(YM, YM),
HY(YM,YM) = C + A%(V),
Z(U(YM)) = H"O(YM,U(YM)), = C
Z(YM) = 0.
Recall that for calculating the cohomology of YM with coefficients in the adjoint
module U(YM) we use the isomorphic module Sym(YM). So
Z(U(YM)) = H°(YM,Sym(YM)),
Z(YM) = H°(YM,YM),
Out(U(YM)) = H'(YM, Sym(YM)),
Out(YM) = H'(YM,YM).

We use the spectral sequence (1.14) to compute these groups. Our prime interest
will be the fragment E V ,i + j = 0,1, because it is the only part contributing to
H*(YM,Sym(YM)), k =0, 1.

The results of the previous section provide us with the necessary information
about £ ij . They are reformulated in the next two statements in a more convenient
form.

Lemma 6.3. The following isomorphisms hold:
(1) HY(YM,Sym! (TYM)) = 0,i > 2, and H'(YM,Sym (TYM)) = V,i =0, 1.
(2) H°(YM,Sym'(TYM)) =0, i > 1.

Proof. Set
F,'j = [v,-,vj] e YM. (6.3)

The cocycles Y, Frs ® v*5, k = 1,...,n, of the complex C!(Sym(TYM)) span
H'(YM,Sym(TYM)) by Proposition 5.14. The latter is a direct summand of
Sym(TYM). From this we conclude that H'(YM, Sym/ (TYM)) = 0, j > 2. The
case i = 0 is obvious. The statement about H°(YM,Sym’ (TYM)) follows from
Proposition 5.14. O
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This lemma implies that E { 177 = 0 for J > 2 in the spectral sequence (1.14).

Corollary 6.4. The group HY(YM,Sym! (V) ® Sym*(TYM)) is equal to
Sym'(V)® V if k =0, 1, and is equal to zero if k > 1.
Also H°(YM, Sym(V)) is isomorphic to Sym(V') (this is obvious).

Proof. This follows from (6.3). O
We would like to compute the differential
. pisd i+1,)
d: EM s gtV
in the range i + j < 2. We introduce a special notation for the segments
E%0  g1.0 5 F20 g4nd E®! - EUI

of E i/ that takes into account the isomorphism (1.11):

HO(YM S k dIk 1 k—1
,Sym“(V)) — H (YM,Sym" (V) ® TYM)

(6.4)
di”' k-2 2
——> H“(YM),Sym*" =(V) ® Sym~(TYM))
and
1 k ) k—1
HY(YM, SymF (V) 2% g2(yM), Sym =1 (V) @ TYM). (6.5)

The analogs of groups that appeared in (6.4), (6.5) with higher symmetric powers of
TYM are not present in E;-term because they vanish (Lemma 6.3).
Information about the differentials d¥, d¥ and dF, is contained in the extensions

TYM ® Sym* (V) > Qx — SymF(V),

(6.6)
Qk = Fpyy N Sym*(YM)/ F,, N Sym* (YM),

and
Sym?(TYM) ® Sym*2(V) — Ry — TYM ® Sym*~1(V),

1 k 3 k (6.7)
Ry = Fyryyy, N Sym™ (YM)/ Fiyy, N Sym™(YM),

with F}y,,(YM) as in (1.12).
More precisely dy, dyp and dyy are the boundary maps

dF: HO(yM,Sym*(V)) — HY(YM,TYM ® Sym*~1(V)),
dk: HY(yM,Sym* (V)) — H*(YM,TYM ® Sym*=1(V)),
dk: H'(YM,TYM ® Sym* (V)) — H?(YM, Sym?*(TYM) ® Sym*~1(V))

in the long exact sequences of cohomology associated with (6.6), (6.7).
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Lemma 6.5. The space d},(H'(YM,V ® TYM)) is equal to
A%2(V) C H>2(YM,V ® TYM).

Proof. We already know thatd}: H°(YM,V) — H'(YM,TYM) is an isomorphism
(Lemma 6.3); hence d2: Sym*(V) = H(YM,Sym*(V)) — H'(YM,V ® TYM)
is an embedding. In view of Lemma 6.3, H'(YM,V ® TYM) decomposes as
Sym?(V) + A%(V).

Equation d};d? = 0 is a consequence of the equation (d)> = 0 satisfied by
the spectral sequence differential. From this the equality dﬁ1|5ym2(V) = 0, with
Sym?(V) ¢ HY(YM,V ® TYM) described above, follows immediately. Thus the
map dj}; factors through the projection on A%(V) C H'(YM,V ® TYM).

Suppose that a cocycle a € C1(TYM ® V) is defined by the formula

n
a= Z(vl e Frs—vye Frz) ®@v™.

s=1

Let a also denote the lift of @ to a cochain in C'(R5). Then

n
dip(a) = =2 (Fs1*[vi. Fea]l = Foa o [vr, Fo]) ® v

s,t=1

n
+4 Y (Fsy*[va, o] — Fsp o [v1, Fog]) @ vy

s,t=1

This is a nontrivial cocycle in H%2(Sym?(TYM)) since C “2(Sym?(TYM)) = 0.
O

We would like to generalize the statement of Lemma 6.5. As in the case k = 2
we prove that the map djf : HO(YM, Sym* (V) — H'(YM,Sym*~1(V) ® TYM) is
an embedding. We interpret dIk as the de Rham differential dpgr, mapping polyno-
mial functions to polynomial 1-forms, via the isomorphisms H°(YM, Sym* (V)) =
Sym* (V) and H(YM, Sym* (V) @ TYM) =~ Sym* ' (V) g V.

Witha € HO(YM,Sym™(V)), b € H'(YM, Sym* (V) ® TYM) the differential
dn satisfies

dy(ab) = du(a)b + ady(b)
for suitable m, k. This is one of the standard properties of the differential in the

spectral sequence defined by a multiplicative filtration.
The proof of the following lemma is left to the reader.

Lemma 6.6. Let dy: Sym(V) ® AY (V) — Sym(V) ® A%(V) be a linear map
such that dH(ab) = dprab + adpb, a € Sym(V), dndpr = 0 and dn(xl-dDij) =
dDRX,' VAN dDR)Cj. Then dH = dDR-
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Proposition 6.7. The complex (6.7) is acyclic in the middle term. The zeroth coho-
mology is equal to C.

Proof. Using Lemma 6.5 we identify A% (V') with a subspace of H22(YM,V @TYM).
The subcomplex of (6.4)

dk dk—l
HO(YM,Sym*(V)) = H (YM,Sym* ' (V)®TYM) —— A%(V) ® Sym*2(V)

can be interpreted as a truncated polynomial De Rham complex on the space V', which
is acyclic in the middle term. O

We can rephrase the statement of this proposition as that no subquotients of E 11’0

contribute to H'(YM, Sym* (YM)); also only H°(YM, C) from all subquotients con-
tributes H®(YM, U(YM)). This observation proves the following.

Corollary 6.8. H°(YM,U(YM)) = C.

An alternative spot in the Ej-term of (1.14) that can potentially contribute to
H'(YM,Sym™(YM)) is E>' = H'(YM,Sym" (V). We proceed with the analysis
of this remaining case.

Lemma 6.9. The boundary map d': H'(YM,V) — H?*(YM,TYM) has its image
equal to Sym?(V)/Cq (Cq is a linear subspace spanned by the tensor g € Sym?(V)).

Proof. The proof follows from direct inspection of the complex C*(Q1) and is con-
ceptually similar to the proof of Lemma 6.5. O

Using the Leibniz rule and Lemma 6.9 we factor the differential dpy (6.5) into a
composition

d
HY(YM, Sym* (V) = Sym" (V) @ V 2224 symk=1(v) @ v©2 o

282 sym™ (V) @ Sym3(V)/Cq C H2(YM, Sym*— (V') @ TYM).

The map p is the obvious projection p: V®2 — Sym?(V)/Cq. The differen-
tial dpy has the following geometric interpretation. The linear space Sym(V) ® V
can be identified with the space of polynomial vector fields on C”, and the space
Sym(V) ® Sym?(V)/Cq with the space of polynomial traceless (with respect to the
metric g defined by the bilinear form (-,-)) symmetric two-tensors. In this setup
dm(£),§ € Sym(V) ® V, is the traceless part of the Lie derivative Lgg,.

Lemma 6.10. The kernel of the map dyy in (6.8) is the Lie algebra of the conformal
Lie group.
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Proof. The statement about Ker dj; can be considered as a definition of the mentioned
Lie algebra. If dim(V') > 3 then the following vector fields form a basis of Ker dyy:
%-shifts, Xi % — X %—rotations, Yo (i a;ii — 1/2)6[2%) =30 aks%—

conformal vector fields, Z?=1 X; aix,-dilation. O

This lemma fits into the framework of our spectral sequence as follows. The term
Eg L of the spectral sequence is equal to the Lie algebra of the conformal group. All
other entries of £, withi + j = 1 are equal to zero. From this we conclude that
H'(YM,Sym(YM)) is a subspace of the conformal algebra.

We already know that translations, rotations and dilations are symmetries of YM;
they represent nontrivial cocycles in H!(YM, Sym(YM)) and survive all the spectral
sequence differentials. A possibility to construct similar cocycles for conformal vector
fields is explored in the remaining part of the proof.

First we associate with a conformal vector field Z?:l ks % the 1-cocycle

a=>Y"_ ags ® v* € C'(Sym?(V)); for example

0¥, (6.9)

X @V —x; @ v, (6.10)
n

> xsv*s (6.11)
s=1

are the cocycles corresponding to shifts, rotations and dilations. Let d, denote the
differential in E,. The fact that d»(a) = 0 means that the cocycle can be lifted to a
cocycle with values in E = F°/F2. We would like to know if it is possible to lift it
to a cocycle with values in Sym?(YM). To do that it is sufficient to evaluate on a the
boundary operator &g,,.2 yy associated with the extension
Sym?(TYM) — Sym?(YM) — Q.

Lemma 6.11. The conformal vector field a cannot be lifted to a 1-cocycle in
C*(Sym?(YM)).

Proof. Otherwise the cohomology class of SSym2(YM) (a) would be trivial.

On the other hand explicit computation shows that 8gy,.2 ) (a) is equal to

n
> dlg. o]+ [vs. 0] ® o7 — [vs. vil * [v5. 1] ® v € C>1(Sym?(TYM)).
s,t=1
This is a nonzero cocycle. It cannot be a coboundary because C 1 (Sym?(TYM)) is

zero. We conclude that SSymz(YM) (a) is a nontrivial cohomology class. O
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The cocycles (6.9), (6.10), (6.11) can be lifted to cocycles in C'(Sym(YM)). To
do this it suffices to make a substitution x; — v, in the formulas (6.9), (6.10), (6.11).
This completes the proof of Proposition 6.2

6.2. The YM, algebra. Throughout this section the dimension of the vector space V'
is two. Let YM, denote the YM algebra in this context.

Set F = F,,, with Fy; as in (6.3). The Lie algebra YM> is isomorphic to the
classical Heisenberg algebra, a nontrivial central extension of the two-dimensional
abelian Lie algebra. This follows easily from the relations [vq, F] = [va, F] = 0.

The close relation of U(YM») to the algebra Diff (R) of differential operators with
polynomial coefficients on the real line is not very surprising. This is the content of
the following lemma.

Proposition 6.12. There is an embedding ¥ : U(YM,) — Diff (R) ® C[h] defined by
Y1) = x, Y (v2) = hgp.

Proof. The degree in v, defines an increasing filtration of the space U(YM;). The
algebra Diff (R) ® C[#] is equipped with a similar filtration by degree in % The map
¥ is compatible with the filtrations. The sums of adjoint quotients of these filtrations
are the polynomial algebras C[xi, x», F] and Cl[x, y, h]. The map between them
defined by x; — x, x — yh, F — h is obviously an embedding. O

The following is a corollary of the proposition we have just proved.

Proposition 6.13. Any element of the center of U(YM») is a polynomial in the vari-
able F. Moreover, Y (F) = h.

Let us describe some derivations of U(YM>).

The algebra U(YM>) is equipped with derivation eu corresponding to the grading.
Fix a central element P(F). A new derivation can be constructed by multiplying eu
with P(F'). We shall call it a derivation of the first kind.

Let a be an element of U(YM>). It is easy to check using the embedding i that
[a, vi]and [a, v;] are divisible on F . Define a derivation d, of U(YM ) by the formula
04(x) = [a, x]/F . We shall call it a derivation of the second kind.

Outer derivations of U(YM,) are characterised as follows.

Proposition 6.14.
HH(U(YM,), U(YM3)) = H'(YM,, U(YM,)) = C[x;, x,]/C + C[A].

Proof. Let d be a derivation of U(YM5). Subtracting from 9 a suitable derivation of
the first kind we will make d F a constant.
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The space of derivations splits according to eigenvalue decomposition with respect
to the operator eu: Der(U(YM)) — Der(U(YM)), defined by eu(d) = [eu, d]. We
call eigenvectors of eu homogeneous derivations and the corresponding eigenvalues
their degree.

It is easy to see that the minimal possible degree of a derivation is equal to mi-
nus one, whereas a homogeneous derivation d, with 0 F being equal to a nontrivial
constant, has degree minus two. Hence the constant is zero.

We conclude that every derivation can be decomposed into a sum of an F -linear
derivation and a derivation P (F )eu of the first kind.

It is easy to see that an F -linear derivation dyyy,) can be extended to an /-linear
derivation 9 of Diff (R) ® C[h, h~!] via the embedding .

The equality [x, d(h %)] = [h a% , 3(x)], which follows from the commutation rela-
tions in Diff (R) ® C[h, h~ '], implies that there is an element a € Diff(R) @ C[h, h™!]
such that d(y) = [a, y], y € Diff(R) ® C[h, h~!]. The inclusion [a,Im ] C Im v
implies that a can be chosen to be an element of 2~ Im . So du(vm») is a derivation
of the second kind.

Consider a short exact sequence of YM,-modules

U(YM») 25 U(YM) — U(YM»)/(F) = Clxy. xa). (6.12)

The action of YM, on C[x1, x,] is trivial. The sequence (6.12) gives rise to a long
exact cohomology sequence

0 — Z(U(YMy)) 5> Z(U(YMs)) — Cx1, x5]

— OU(U(YM,)) = Out(U(YM3)) — V & Clxy, x5] — -+ .

From this we conclude that the space of nonequivalent derivations of the second kind
is isomorphic to C[xy, x»]/C. O

7. Proofs of the main theorems

Proof of Theorem 1.1. Recall that U(YM)(¢) is given by the formula (1.7); also
j(U(YM)) = 4 (Proposition 2.8).
The equalities

JHCUEM))(1) = = 3 In(1 = ni* 4+ ne* — 4y 20,
k>1
ZUIM))(1) =1,

Out(U(YM)) (1) = @ F14 ;
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follow from Theorem 2.2 and Proposition 6.2. Then Proposition 2.4 yields Theo-
rem 1.1.

Proof of Theorem 1.2. The generating functions

1
ZUAM))(1) = T3

1 1
Out(U(YM»))(¢) = e 1+ — 2
can be easily found from Propositions 6.13 and 6.14.

To compute yHC(U(YM>))(t) explicitly one can use the following considerations.
The series yHC(U(YM>))(¢) depends only upon the formal function U(YM,)(t).
Then for a computation of yHC(U(YM>))(t) we are free to choose any A, as long as
A(t) = U(YM>)(t). One of the options is to take A = C[x1, x2, F], with deg(x;) =
deg(x,) = 1,deg(F) = 2. A simple application of Corollary 2.3 and the Hochschild-
Kostant—Rosenberg theorem [13] yields

(3t + 2)t

xHC(U(YM»))(t) = yHC(A)(t) = =2

From this using Proposition 2.4 we arrive at the formulas (1.4) and (1.5). This
finishes the proof of Theorem 1.2.

A. Cyclic homology of a multi graded free algebra

The formulas presented in this section are not new and should be well known to
specialists. They are hard to locate in print or online and are presented here for the
readers’ convenience.

A positively multi-graded vector space W = € W, has Poincaré series W(z) =
Wi(zi,....zk) = Y o dim(Wy)z*. For a multi-index o = (iy,...,ix) we define
ol = Xy iy

Let T (W) be a free algebra on W and let Cyc(W') denote the linear space spanned
by cyclic words over the alphabet make up of elements of some basis of W. While
performing cyclic identification of words the sign rule must be applied. There is
an obvious isomorphism Cyc(W) = T(W)/[T(W), T(W)], where [T (W), T(W)]
the linear space spanned by the graded commutators. The linear space Cyc(W) by
definition is equal to Cyc(W)/C, this is the reduced version of Cyc(W).
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Theorem A.1. The reduced cyclic homology groups HC; (T (W)) are equal to zero
fori > 0and

HCo(T(W))(z1..., zi) = Cye(W)(z1, .. k)
==Y 2O m1 - W=Dtz (=D z))

t>0

(A1)
where ¢(t) is as in (1.3).

Proof. See [16]. ]

In the following part of this section we discuss some applications of formula (A.1).

Let A be a positively graded associative algebra with 4 = @D;~, Ai. The iso-
morphism HC,(A4) = HC.(A) is proved in [13]. The Connes complex C}A[13]is
isomorphic to Cyc(A[—1]). In this context the linear space A is bi-graded: it carries
both the original and the cohomological gradation ¢ deg ( by definition ¢ deg(A4) = 1).
The whole space Cyc(A[—1]) inherits the bi-grading. This enables us to define
Cyc(A[—1])(z1, z2). The generating function for Euler characteristics y HC,(4)(z)
is equal to Cyc(A[—1])(z, —1).

Now we are in a position to apply formula (A.1). Since A(z1,22) = (A(z1)—1)z2,
after simple manipulations we conclude that

Cyc(A[-1D(z.—1) = =Y I A((-1)"+1z")e®,

n>1

We have just proved the following.
Proposition A.2. Let A be a positively graded algebra. Then

FHC(A)(2) = = ) In A((-1)"H'z") 28, (A.2)

n>1

Proof of Theorem 2.2. The grading of an associative algebra is an additional structure
on which cyclic homology depends.

In the statement of Proposition A.2 it is assumed that the algebra A belongs to
the tensor category Vect? of Z-graded linear spaces with commutativity morphism
R: W1 @ W, — W, ® Wj satisfying

R(w1 ® wp) = (—1)*E®@ ey, @ wy,. (A3)

If we wish for no + sign to appear in (A.3) (the algebra 4 in Theorem 2.2 is an even
object), this can be achieved by scaling the grading of A by the factor of two. In



Cohomology of Yang-Mills algebras 397

abstract terms this is the same as to say that the category of graded vector spaces
with trivial commutativity morphism is the subcategory of Vect? formed by even
objects. This results in the substitution A(¢) — A(¢?) in the generating function and
eliminates all 4 signs occurring in formula (A.2). After this the inverse substitu-
tion yHC(T'(V),d)(t) — yHC(T(V), d)(+/t) yields the generating function we are
looking for.

B. Proof of Theorem 4.1

First we compute the Lie algebra homology of TYM. We choose to follow an indirect
approach.

One of the examples of representations of YM is in Sym(V'), which we will now
describe.

We will follow convention of Section 4.1 where the symbols x5, s = 1,...,n,
denote the generators of the abelianization YM,, = V.

Notice that Sym(V') = U(YM ) ®y(rym)C. Thisisomorphism means that Sym (1)
is induced from the trivial 7YM-module.

Consider the homology H,(YM, Sym(V)).

Lemma B.1. H, j(YM,Sym(V))[3] = H.,,j(TYM,C).

Proof. The module Sym(V) is induced from the trivial representation of TYM. The
result follows from the Shapiro lemma. O

Let g denote the quadric (4.12). The tensor g is the inverse to the bilinear form
used in the definition of the algebra YM. We introduce the following notation.

Definition B.2. Let N be a Sym(}')-module.

Ann(N) = {m € N |am = 0fora € @, Sym*(V)},
ZINy={m; e N, i =1,...,n| Y 5_| XkXxsmg = qmy},
B(N) ={m; = x;m | m € N}, itis easy to see that B(N) C Z(N),
H(N) = Z(N)/B(N).

Define a map v: H(N) — Ann(N/g¢N) by the formula
n
v:ml,...,mn—>2sxsms. (B.1)
s=1

The next lemma is self-evident.
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Lemma B.3. There are isomorphisms H°(C(N)) = Ann(N), H'(C(N)) = H(N),
H3(C(N)) = N ®sym() C. Inthe last formula C = Sym® (V) is a Sym(V )-module
via the standard augmentation ¢.

Lemma B.4. [fthe map “multiplication on q” in N has no kernel then the map (B.1)
is an isomorphism.

Proof. We check first that the map (B.1) is correctly defined. Since xy Z;’zl XgMg =
gmy € gN the element Y ¢_, xsm belongs to Ann(N/gN). The array (m;) such
that my = x;n maps via v into gn € gN is identically zero in Ann(N/gN).

Suppose that m € Ann(N/gN). Then by definition of Ann(N/gN) we can find
elements mg € N such that x;m = gmg. This implies that Z;;l xsqms = gm and
qv(my,...,my) = gm. Assume that multiplication by ¢ has a trivial kernel. Then
v(my,...,my) = m. This proves that map v is surjective.

Suppose that v(my,...,m,) = 0 € Ann(N/gN). This means that there is an
element m € N such that gm = Y i_, xgmg. By assumption xg Y o_, Xsmy =
gmy. Hence we have xpqgm = gmy. After dividing by ¢ we see that (my,...,my;)
is the trivial element in H(N). O

It is easy to interpret the group Ann(/N) in terms of the Koszul complex C,(V, N).
A direct inspection shows that the map m — m¢y A - -+ A ¢ defines an isomorphism
of groups Ann(N) = H,(V,N).

Lemma B.S. Suppose the map “multiplication by q” in the module N has no kernel
and that H,(V,N) = H,_1(V,N) = 0. Then the group H(N) is trivial.

q
Proof. The short exact sequence 0 > N — N — N/gN — 0 defines a long exact
sequence in homology, whose terminal segment is of interest to us:

0—-H,(V,N)—-> H,(V,N) > H,(V,N/gN) > Hy_1(V,N) — ---.

The group H,(V, N/gqN) is trivial because both H,_1(V, N) and H,—(V, N) are.
Together with Lemma B.4, this implies that H(N) = 0. O

The algebra Sym(}') has no zero divisors, so Ann(Sym(V'))) = 0. The module
Sym(V') is cyclic, hence Sym(V) ®gym(yv) C = C.

The homology H,.(V,Sym(V)) is trivial because the module of coefficients is
free. If dim(V') > 2 then the conditions of Lemma B.5 are met, so H(Sym(V)) = 0.
By Lemma B.3 the complex C*(Sym(}')) has cohomology in degree 2 and 3. In
degree 3 it is one-dimensional. Denote the two-dimensional cohomology by M.
From Proposition 2.8 it follows that Ho o(7YM,C) = C and H, j (TYM,C) = M;.

The combination of these observations gives a proof of Proposition 4.3. The
natural action of YM on the homology H,(YM,Sym(V)) is trivial. This enables us
to identify x;m @ [y A+ Al with ), m @ [y A+ A g, ] Ao Al
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It is easy to compute M (¢) using the generating function for Euler characteristics
of graded components of C*(Sym(V')). Indeed,

1—nt t4n3—¢*

CHM() ~ 1) = e = C Sm ) @),
We use the equality Sym(V)(z) = ﬁ The free algebra T(M) has Poincaré
series T(M)(¢t) = 1_;4(:) = 1_n(t1;ntz3_t4.

The isomorphism of graded spaces U(YM) =~ Sym(V) ® U(TYM) and for-
mula (1.7) imply that U(TYM)(t) = l—n(tl—:%'

The surjective graded map (4.1) is an isomorphism since T (M )(t) = U(TYM)(2).

C. The graded Heisenberg Lie algebra

The algebra (4.11) is Koszul (see for example [3]). A resolution of the trivial mod-
ule C can be constructed by means of a quite general and powerful theory of such
algebras [2]. We have tried to avoid the general theory as much as possible so as to
keep this paper self-contained. Thus we give an ad hoc construction of the resolution
in the setup of the algebra A (4.11).

Definition C.1. The graded Heisenberg algebra Heis has two components
Heis_; + Heis_,. The odd Heis_; has a basis (¢!,..., .En)’. the even Heis_, is
spanned by a generator /. The commutation relations are [, &/] = 1.

The algebra Heis admits two commuting actions L, R by derivations on the graded
commutative algebra A(V) ® C[h] = A(S1,.--,<n) ® Clh]:

0 d 0
LE) =L 4oL Liy=22
¢%) 8gs+§s8h’ () o

d 0 0
R(¢) = e + G5 7 R(l) = —2%

Consider the tensor product A ® A(V) ® C[h], and introduce operators d; =
Yoio1xsL(E%), do = Y _,xsR(§%). Define a multiplicative bi-grading on
AR AV)® Clh] = @i’j A ® A(V) ® Clh];,j as follows: assign to genera-
tors x5 the bi-degree (0, 1), to ¢, the bi-degree (1, 1), and to % the bi-degree (2, 2). It
is easy to see that A ® A(V) ® C[h] decomposes into a direct sum of subcomplexes

A® A(V)® Clhl; = @; A® A(V) ® Clhl; ;.

Proposition C.2. The operators d; satisfy d?> = 0, i = 1,2. The complexes
(A® A(V) ® Clh],d;), i = 1,2, have only one nontrivial one-dimensional ho-
mology group in degree zero.
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Proof. We leave to the reader a verification of the equation a’l.2 =0.

The universal enveloping algebra U(Heis) = €D, _, U(Heis); has the structure of
a graded co-commutative Hopf algebra. The values of the diagonal on algebraic
generators are equal to A(§%) = £ ® 1 + 1 ® £°. By our definition the dual
U(Heis)* := ;. U(Heis)} with U(Heis)*;, = (U(Heis);)* has the structure of a
graded commutative algebra, induced by A. As an associative algebra U(Heis)* is
isomorphic to A(V) ® Clh].

The algebra U(Heis) is a free right module over itself. Its graded dual U(Heis)* is a
left U(Heis)-module. Consider the chain complex C*(Heis, U(Heis)*). The module
U(Heis)* is co-induced. It has cohomology equal to C because of the Shapiro lemma.

It will be convenient during the proof to use a modified cohomological grading
in A ® A(V) ® C[h]. The degrees of h, ¢; remain unchanged, but the degree of x*
becomes equal to two.

There is a map of differential graded algebras

Y (C*(Heis, U(Heis)*),d) — (A ® A(V) ® C[h].dy).

The map y establishes the obvious isomorphism of U(Heis)* C C*(Heis, U(Heis)*)
with A(V) ® C[h]. Also v surjects Sym(Heis*[—1]) C C*(Heis, U(Heis)*) onto A.

The reader should check the compatibility of this map with the differentials.

Let us introduce a filtration F/ (U(Heis)*) = &P ;> U(Heis); and a similar fil-
tration on A(V') ® C[h]. The map  is compatible with the filtrations and induces a
map of spectral sequences. It is straightforward to check that v defines an isomor-
phism of E-terms. It is easy to construct a decomposition of C*(Heis, U(Heis)*) =
P, C*(Heis, U(Heis)*)x into a sum of finite-dimensional complexes in complete
analogy with the decomposition of A ® A(V) ® C[h]. The filtrations agree with the
direct sum decomposition. The pair of spectral sequences converges in both cases
because they can be reduced to spectral sequences defined by finite filtrations. This
proves the proposition for (4 ® A(V) ® C[h], d1).

One can construct a right U(Heis)-module using the left multiplication in U (Heis)
composed with the antipodal map. From this we get a map of differential graded
algebras y': (C*(Heis, U(Heis)*),d’) — (A ® A(V) ® C[h],d»). To establish
the desired homological properties of (4 ® A(V) ® C[h], d>), we can use the same
technique. O

Suppose that N is a finitely generated graded A-module. Define a differential on
A® N ® A(V) ® C[h] as the sum of two differentials d; = Y »_, (xs ® 1)L(£°),
dr =Y 5 1(1® x5)R(E%). The complex A ® N ® A(V) ® C[h] is assembled from
free A-modules.

Proposition C.3. Suppose that a graded A-module N satisfies N = D, Ni and
dim(N;) < oco. Then the complex A Q@ N @ A(V) ® Clh] is a free resolution of N.
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Proof. Define a filtration on N by F/(N) = EBIE ; Ni. Consider the filtration of the
complex defined by F/(A® N @ A(V) ® C[h]) = A® F/(N) ® A(V) ® C[h].
From Proposition C.2 we deduce that the E-term of the associated spectral sequence
is isomorphic to N (placed in zero degree).

The complex A @ N @ A(V) @ Clh] = @ A ® N ® A(V) ® Clh]x (con-
structed in the same way as for A ® A(V) ® C[h] ) decomposes into a sum of
finite-dimensional subcomplexes compatible with the filtration; hence we do not have
to deal with convergence. O

Corollary C.4. The cohomology of the complex
C.(V,(h), N1 ® N2) := N1 ® N> ® A(V) ® C[h] (C.1)

is equal to Torf1 (N1, Np) if the modules N1, N, satisfy the finiteness properties that
have been formulated in Proposition C.3.

Proof. This follows from definition of Tor and Proposition C.3. 0

D. Proof of Proposition 5.6

In this section we assume that all A-modules satisfy the conditions of Proposition C.3.

We use the complex C,(V,(h), Ny ® N,) from (C.1) for the computation of
Torl‘-:lj (N1, N2). C,(V, N1 ® N3) is a subcomplex of C,(V, (h), Ny ® N,). Together
they define a short exact sequence of complexes:

h—1
0 — C.(V. N1 ® Np) = Co(V. (h), Ny ® N2) —> C.(V. (h), N1 ® N2)[~2] — 0.
D.1)
In the last formula we denote the embedding map by ¢.

Lemma D.1. For any A-modules N1, N, there is a long exact sequence

)
+oo = Torfy | ; (N1, Np) — Torfty ;_,(Ny1. N2) = Tor; j (N1, N2)

L
— Torf'; (N1, Na) — Tor', ; (N1, Np) — -

with the terminal segment
R Tor’24’j (N1, Np) — Tor(‘ij_z(Nl,Nz)
2> Tory j (N1, Na) = Tord (N1, Nz) — 0, (D.2)
Torg,j (N1. N2) = Torg ; (N1, N2).

As usual Tor; j (N1, N2) stands for the i-th Tor functor over Sym(V).
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Proof. This is the long exact sequence of cohomology associated with the short exact
sequence (D.1). ]

Lemma D.1 has also a proof that uses the language of derived categories, which
the interested reader may try to reconstruct.

Lemma D.2. With the notations of Lemma 5.5, we have k(a) = § ot(a) for any cycle
a e Ci(V, N ® N2)

Proof. The complex C,(V, (h), A ® A) contains an element / such that dh = k €
C1(V, A ® A). The proof readily follows from this observation. O

Lemma D.3. Coker; = Tor{ ; (M, M).

Proof. The module M satisfies conditions of Proposition C.3. The proof follows
from (D.2) and Lemma D.2. O

Lemma D.4. Let N be an A-module. Then there is an isomorphism
Tor'; (M. N) = Torf,, ;(C.N) fori > 2.
If H*(V, N) = 0 then the above isomorphism holds fori > 1.

Proof. The complex (4.13) can be used to define an exact triangle
C[-2] > M — C*[1] = C[-1]

in the (bounded) derived category of graded A-modules. If we apply the functor of
tensor multiplication by N and pass to hypercohomology then the triangle will give
us a long exact sequence of Tor groups.

The complex C* consists of free A-modules, adapted in the derived sense to the
functor K* = K* ®§ N (L stands for left derived functor). Thus the hypercohomol-
ogy of the complex (C* ®ﬁ N coincides with H*(C ®4 N).

The claim of the lemma for i > 2 follows from the long exact sequence for the
functor Tor because H/ (C* ® N) = 0 for j < —1.

If H*(V,N) = 0 then the map N — N ® V, which is defined by the formula
n— Y"_ xsn ® vs, has no kernel. Thus H(C* ® N) is zero. This is sufficient
for the extension of the previous result to the case i > 1. O

Corollary D.S. There is an isomorphism Tor1 M M) = Tor5 ;(C.0).

Proof. The isomorphisms Tor1 G M M) = Tor3 J(C M) = Tor5 y, - (C, C) follow
from Lemma D.4. O
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Lemma D.6. There is an isomorphism Torfl- (C,0) = Diso A2k, Also
Torfj(([:,([:) =0fori # j.

Proof. Use C,(V, (h),C® C) = A(V) ® C[h] with zero differential for the compu-
tation of Torfi (C,0O). O

Corollary D.7. Tor; 5(M, M) = @kZO(AS_Zk(V)hk)*.

Proof. The proof follows from Lemma D.6, the long exact sequence (D.2) and the
isomorphism Tor(‘i 3(M, M) = 0. O

The sequence (5.8) is a part of the long exact sequence (D.2), with
Ny = N, = M, under the identifications Ho,j 2(V. M ® M) = Tory ; _,(M. M)
and H,j(V.M @ M) = Torf’j (M, M). There is an isomorphism Cokers =
Tor; 5(M, M) (because Ho3(V.M @ M) = 0).

The proof of Proposition 5.6 follows from the results of the previous lemmas.
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