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Some notes on the Feigin—Losev—Shoikhet integral conjecture

Ajay C. Ramadoss

Abstract. Given a holomorphic vector bundle & on a smooth connected compact complex
manifold X, Feigin, Losev and Shoikhet [FLS] use a notion of completed Hochschild homology
HH of Diff (&) such that ﬁo(ﬂiff(g)) is isomorphic to H>” (X, C). On the other hand, they
construct a linear functional on ﬁﬁo (Diff (&)). This therefore gives rise to a linear functional
Ig on H2" (X, C). They show that this functional is [y if & has non-zero Euler characteristic.
They conjecture that this functional is f 'y forall €.

In this article it is proved that /g = I for any pair (&, ¥') of holomorphic vector bundles
on X . Inparticular, if X has one vector bundle with non-zero Euler characteristic, then Ig = / 5%
for every vector bundle & on X.

In [FLS] there is also used a notion of completed cyclic homology AC of Diff (&) such
that HC_; (Diff(8)) ~ H2"~i(X,C)®H?"~I+2(X,C)@---. The construction yielding /¢
generalizes to give linear functionals on }/Ia—zi (Diff (&)) foreachi > 0. The linear functional
thus obtained on HC_»; (Diff(€)) yields a linear functional /g »; »x on H2"~2K (X, C) for
0 <k <. Itis conjectured in [FLS] that Ig » o = fX, and a further conjecture about /g 2 »
is made.

In this article we prove that Ig »; 0 = Ig for alli > 0. In particular, if X has at least
one vector bundle with non-zero Euler characteristic, then Ig 2; 0 = f - We also prove that
Ig 2i2k = Ofork > 0. The latter is stronger than what is expected in [FLS] wheni = k = 1.
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1. Introduction

Let X be a smooth connected compact complex manifold such that dim¢ X = n. Let
& be a holomorphic vector bundle on X. Let Diff (&) be the sheaf of holomorphic
differential operators on &. Let Diff (&) be the algebra of global sections of Diff (&).
One is interested in understanding the Hochschild homology of Diff(&). This is,
however, not an object that one can easily analyze.
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Let Dolb® (X, Ox) denote the Dolbeaux resolution of the sheaf Ox of holomorphic
functions on X. Let Diff"(&) = Dolb’ (X, Ox) ®p, Diff(€). Following [FLS] we
replace Diff (&) by

Diff*(8) := T'(X, Diff*(&)).

Let K denote the complex I'coo (X, Dolb®(X, Ox) ®0, &) of smooth global
sections of Dolb® (X, Ox) ®e, &. This is the Dolbeaux complex of &. If D is a
holomorphic differential operator on &, then £ gives rise to a C-endomorphism of
the complex K. It follows that O induces an endomorphism D : H (X,8) —
H/ (X, &) for each i. The supertrace of D is given by

str(fD) = Z (—l)i tryi (X,8) Dsx.

Note that Diff (&) is a subalgebra of Diff*(&). It follows that there is a natural
map from the i -th Hochschild homology of Diff (&) to that of Diff*(&) for all i. Also
recall that if 4 is any associative C-algebra concentrated in degree O then the 0-th
Hochschild homology HHg(+A) of A is the Abelianization of . It follows that any
trace on ¢4 is a linear functional on HHy (<) and a Hochschild O-cocycle of A. Note
that the supertrace described in the previous paragraph is a Hochschild 0-cocycle of
Diff (€).

In [FLS], a Hochschild 0-cocycle tr on Diff * (&) is constructed algebraically. This
Hochschild cocycle is constructed in such a way that the following diagram commutes:

HH,(Diff (§)) —= HH,(Diff*(€))

C - C.

The top row of the above diagram is the natural map from HHy(Diff(&)) to
HH, (Diff*(&)) arising out of the natural inclusion of Diff(&) as a subalgebra of
Diff*(8).

The theory that is more related to the cohomology of X is, however, the completed
Hochschild homology of the sheaf Diff (&) of holomorphic differential operators on
&. Itis defined in Section 3. Let HH; (Diff (&)) denote the i -th completed Hochschild
homology of Diff (§). By Lemma 3 we have the following generalization of a theorem
of Brylinski [Bryl]:

HH_; (Diff(€)) ~ H>"~ (X, C).

Call this isomorphism Bg. This is the key property of HH, (Diff (&)) that relates it
to the cohomology of X with coefficients in C. In [FLS] there is also a notion of
completed Hochschild homology that has the same relation with H* (X, C). However,
as pointed out in [FLS], understanding the isomorphism (g is easier with the definition
of completed Hochschild homology used here.
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In [FLS] it is shown that the Hochschild cocycle tr of Diff *(&) “extends” to yield
a linear functional tr on HHo(Diff (&)). In this article, we are forced to redo this
very step in Section 3 since we use a definition of HH, (Diff (&)) that is a priori
different from that in [FLS]. Our definition of HH, (Diff (&)) implies that there is a
natural map from HH (Diff (&)) to I/{ﬁo(@iff (&)) (see Section 3 for more details).
The outcome of our “extending” tr to a linear functional {r on HH, (Diff(&)) is the
following commutative diagram:

HH, (Diff (€)) — HHo (Diff(€))

strl l?r

C . C.

id

The linear functional we construct on I/{ﬁo(i)iff (&)) still uses the basic construc-
tion of [FLS] and, as will be clear later in this article, yields an algebraic construction
of f v When X has at least one vector bundle with non-zero Euler characteristic.

Denote the composite map {r o ,Bgl : H?"(X,C) — C by Ig. Ig is a linear
functional on H?" (X, C).

The following theorem was proven in [FLS]. The proof goes through in our setup
as well.

Theorem 1 ([FLS]). If the Euler characteristic xg of & is non-zero, then Ig = fX.

Further, in [FLS], it was conjectured that /g = f ¢ for all vector bundles &, even
those of zero Euler characteristic. Here we prove the following theorem.

Theorem 2. If & and § are two vector bundles on X, then Ig = I¢.
The following corollary is immediate from this and Theorem 1.

Corollary 1. If X has a vector bundle § whose Euler characteristic yg is non-zero,
then Ig = [y for any vector bundle & on X.

In particular, if X is a smooth separated scheme over C, then the skyscraper sheaf
supported at a point p of X has non-zero Euler characteristic. On the other hand, it
is a coherent Oy -module. It therefore has a finite resolution by (holomorphic) vector
bundles on X . It follows that at least one vector bundle in such a resolution has non-
zero Euler characteristic. Thus, if & is a vector bundle on a smooth compact complex
manifold X that is a smooth separated scheme over C, then Ig = [y .

Note that if D is a global holomorphic differential operator on a vector bundle &
on X, then P is a 0-cycle of the Hochschild chain complex of Diff (§). It follows that
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D yields an element in HH, (Diff(8)) and hence an element in H?* (X, C), which
will be denoted by [D]. It follows from Corollary 1 that if X admits at least one
vector bundle with non-zero Euler characteristic, then

str(D) = /X[i)]

The above statement is somewhat similar to a result (Corollary 5.6) in an article by
P. Schapira and J.-P. Schneiders [S-S]. More recently, an entirely different approach
has yielded a proof of a stronger version of this statement (the supertrace theorem)
without the condition that X admits a vector bundle with non-zero Euler characteristic
[EnFe]. In a sequel to this article, we shall develop our approach further to show that
I¢ = [y for any vector bundle & on any compact complex manifold X. This yields
another proof of the supertrace theorem different from the one in [EnFe].

One also defines the completed cyclic homology AC, (Diff (&)) of Diff(&). Fur-
ther, as in [FLS], the construction of the linear functional on the 0-th completed
Hochschild homology of Diff(&) is extended to the construction of multiple linear
functionals trp; : HC_; (Diff (§)) — C. On the other hand, it is shown that one has
an isomorphism

HC_,; (Diff(&)) ~ H(X,C) ® H** 2(X,C) & --- ® H* 2 (X, C).
Denote the inverse of this isomorphism by .I i‘; Let Ig 2 = try; o I' ’8 Then
Igoi: H*"(X,C) ® H*" 2(X,C) @ --- ® H* 2 (X,C) — C.

For0 < k < i let Ig ;2 : H¥"72¥(X,C) — C be the composition of /¢ »; with
the inclusion of H2"~2¥(X,C) in H?"(X,C) @ H>"2(X,C) @ - -- ® H?" 72/ (X, C)
as a direct summand. In [FLS] it is conjectured that /g > o = C - fX where C is a
constant independent of &. Furthermore, there is a prediction in [FLS] that /g » » is
the integral over a cycle related to the Chern classes of & and those of vector bundles
intrinsic to X . Here we prove the following theorem.

Theorem 3. Ig ;0 = Ig. Moreover, Ig »i ok = 0if k > 0.

The latter part is more than what is expected in [FLS], though a piece of circum-
stantial evidence for /¢ > > to be 0 is provided there. By this theorem and Corollary 1,
lIgnio = f v Whenever X has a vector bundle with non-zero Euler characteristic. In
particular, this happens when X is a smooth separated scheme over C.

1.1. Outline of the article. The proofs of Theorems 2 and 3 are simple and involve
two easy “bookkeeping lemmas” (Lemma 1 and Lemma 4). This is done in Sections 3
and 4, respectively.
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Section 2 recalls basic notions about Hochschild homology that we require. In
addition, Section 2 recalls the definition of an A,-morphism between two differential
graded algebras. It shows that an A.-morphism F between two dg algebras 4 and
B induces a map Fyoen of complexes from the complex of Hochschild chains of A
to that of B (Proposition 2). None of the material presented in this section is new.
Proposition 2 is from [FLS].

The first part of Section 3 recalls the basic set up for this note from [FLS]. In
particular, we recall the construction of the Hochschild 0-cocycle tr of Diff * (&) from
[FLS]. The completed Hochschild homology HH. (Diff (&)) is defined in Section 3.
We show that the formula for the Hochschild cocycle tr “extends” to a formula for a
linear functional @r on HH, (Diff(&)). In [FLS] something very similar is done. The
definition of HH, (Diff (&)) that is used in this article is however a priori somewhat
different from that used in [FLS]. This forces us to redo the parts where in [FLS] the
Hochschild cocycle tr of Diff * (&) is extended to a linear functional on HH, (Diff (8)).

The last part of Section 3 is devoted to the “bookkeeping lemma for {r” (Lemma 1).

Section 4 is devoted to understanding the relation between HH., (Diff (&)) and
H*(X, C). In particular, we prove that

HH_, (Diff(&)) ~ H*" (X, C)

(Corollary 6). For & = Oy, this was proven by Brylinski [Bryl]. Let 8¢ denote the
isomorphism between HH_, (Diff(&)) and H?"~ (X, C). Section 4 also proves the
“bookkeeping lemma for 8” (Lemma 4). Theorem 2 is an immediate consequence of
Lemma 1 and Lemma 4.

Section 5 has four subsections. The first subsection recalls the basic notions of
cyclic homology that we require. In the second subsection we carefully examine
the linear functionals on the completed cyclic homology of Diff(&). The third sub-
section analyses the relation between the completed cyclic homology of Diff(&)
and H*(X, C). In the final subsection we write down the final steps of the proof of
Theorem 3.

Note. All complexes that appear in this article are cochain complexes by convention.
The term Hochschild cocycle of a dg algebra shall only refer to cocycles of the
complex of Hochschild cochains of that algebra as defined in Definition 2.
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grateful to Prof. Shrawan Kumar and Dr. Victor Protsak for useful discussions and
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2. Basic results about Hochschild homology

Conventions used in this section. The term “dg algebra” in this section refers to a
differential graded C-algebra with unit.

All complexes of C-vector space are cochain complexes, i.e, the differential of
any complex of C-vector spaces has degree +1.

2.1. The Hochschild chain complex and bar complex of a dg algebra

Definition 1. If 4 is a differential graded C-algebra with differential 8, the complex
of Hochschild chains C*(+) is the cochain complex obtained by equipping the graded
C-vector space ;- A[1]®[—1] with the Hochschild differential. The Hochschild
differential d is given by the formula

i=n—1
d(ao® - ®an) = (~DWT T e, @ ®aiai11 ® - ® an

i=0

+ (_1)(dn+l)(d()+"'+dn—l+n_1)ana0 ® aj ® e ® an—1
j=n )

+ Z (_1)(d0+-..+dj—l+])a0 R ® S(aj) R ® ay
j=0

for homogenous elements ay, . . ., a, of #4 of degrees dy, . .., d,, respectively.

Let 7, : A®" — A®" denote the endomorphism given by the formula
a1 Q- Q@ a, ~> (_1)(dn+1)(d1+~~~+dn4+n—1)an a1 @ ® dp_1

for homogenous elements ay,...,a, of 4 of degrees d, ..., d,, respectively. Let
91 : A®" — A®"1 denote the morphism given by the formula

di+1

a1 Q- Qay ~ (—1) a1a, @ -+ ay

for homogenous elements a1, ..., a, of A of degrees d1, ..., d,, respectively. Then
the Hochschild differential on A®¥ is also given by the formula

i=k i=k
Zt,’;ll 0070 r,f_’ﬂ + Zr}(_l o(f®d®---®id) o r,f"“.
i=1 i=1
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Contrary to the standard practice, we will refer to a degree —n cocycle of C* ()
as a Hochschild n-cycle of 4.

The Hochschild homology HH_,, (4) of #4 is the —n-th cohomology of the com-
plex C*(4). By the definition of the Hochschild complex, it is clear that if 4 is a
C-algebra (i.e., # is concentrated in degree 0), then HHo(A) = ﬁ where [, )]
is the commutator of 4. Also, if »4 is a C-algebra, then HH_, (A) = 0ifn < 0. And,
if 4 is dg algebra, then elements of ker(§) C 4 are 0-Hochschild cycles of C*(+4)
where § denotes the internal differential on . It follows that there is a canonical map
ker(6) — HHg(A).

Definition 2. The complex of Hochschild cochains of #4 is the complex whose —i-th
term is Homg (C? (4), C) with differential induced by that on C*(4). A Hochschild
cocycle of A is a cocycle of the complex of Hochschild cochains of +. Note that a
Hochschild 0-cocycle of 4 induces a C-linear functional on HHg (+4).

Definition 3. The bar complex bar®(A) of A is the cochain complex obtained by
equipping the graded C-vector space (P, A[1]®[—1] with the bar differential.
The bar differential is given by the formula

i=n—1
d(ag ® -+ ® ay) = Z (_1)(d0+--~+di+i+1)a0 ® - ®aiais @+ @ an
i=0
j=n
+ Y () @ttt @ @ §(a) ® - @ ay
j=0
for homogenous elements ay, . .., a, of # of degrees dy, . . ., dj, respectively.

The bar differential on A®¥ is also given by the formula
i=k—1 . ‘ i=k . '
Yo otTlediory T 1Y o ((®id®-- @id) o T
i=1 i=1

We recall that if s, : bar®(A) — bar'_l(A) isthemapag® -+ - @ ap, ~» —1Q®
ap ® - ® ay then the maps {s,}, n > —1, give a homotopy between id: bar’(A) —
bar®(+) and 0: bar®(4A) — bar®(+4). It follows that bar®(+) is acyclic.

If V° is ‘a finite dimensional graded C-vector space then End(V.') =
@i,j Hom(V', V7). Let 7; ; denote the projection from End(V") to Hom(V*, V7).
If M € End(V"), the supertrace of M is the alternating sum ) _; (—l)i tr(m; ; (M)).
We recall the following proposition from [FLS].

Proposition 1. Let V° be a finite dimensional graded C-vector space with zero dif-
ferential. The the following holds:
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(1) HH; (End(V*)) = 0 fori # 0.

(2) HHo(End(V*)) ~ C.

(3) The compositeEnd(V*)® — HHo(End(V")) — C takes an element of End(V*)°
to its supertrace.

(4) The isomorphism HHo(End(V")) ~ C takes the class in HHy(End(V")) of a
Hochschild 0-cycle in End(V*)®¥ 10 0 for all k > 2.

Proof. The proof is a trivial modification of the proof of the Morita invariance of
Hochschild homology for matrices in Loday [2] (see Theorem 1.2.4 of [2]). Ll

We may therefore denote the isomorphism HHo(End (V")) ~ C by str.

2.2. A-morphisms between dg algebras. Let A and B be two dg algebras. Let
Fi: A®" — B[n;] be C-linear maps withn; € Z foreachi. Ifky,...,k; are positive
integers such that ) ; k; = k and if 3 _; n; = n, then i, K --- X Fi, will denote
the C-linear map from A®* to 8%/ [n] such that
Fey W+ W Fi, (a1 ® -+ ® a)
= Fr (@1 ® - @ag,) ® - ® Fi, (k) 4otk +1 Q- ® ag).
Definition 4. An A.-morphism ¥ from a dg algebra 4 to a dg algebra B is a
collection of maps
Fi: AP > B[l — k]
for all k > 1 such that the map Fp,,: bar’(A) — bar®(B) defined by

Forl@1 @ - @ar) = Y Fp - R Fp (a1 @ ®ag)

is a morphism of complexes from bar®(+4) to bar*(8). The maps F; are called the
Taylor components of F .

The condition that %, commutes with the differentials on the bar complexes
of A and B respectively is equivalent to the condition that the maps Fj satisfy the
following relations:

T Fp-1(@1-a2®a3 @ ®ag) F Fr-1(a1 ®az-a3 ® - ® ag)
+ Fp1(a1 ®a3 ® - ®ag—1 -ax) = Fx(8(a1 ®az ® --- ® ag))
+6(Fr(a1 ® - ®ax))
I=k—1

+ Z +Fi(a1 ®---®a)) o Fry(ajy1 ®---®ag) =0, k=1
I=1

We recall the following proposition from [FLS].
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Proposition 2. An Ao-morphism ¥ from an associative dg algebra A to an asso-
ciative dg algebra B induces a map Fyoen of complexes from the C*(A) to C*(B).

We recall the proof of this proposition from [FLS].

Proof. Denote by 7: A®% — A®K the map which takes a; ® --- ® ag to
(—1)(‘1"4'1)(“’1 +"'+d’f*1+k—1)ak ®a1®--®ay_1 forhomogenous elementsay, ..., ax
of # of degrees dy, . . ., di, respectively. Consider the map Fijoen: C°(A) — C*(B)
defined by the formula

Froen(a1 ® - ®ap) = Y [Fp BB F (a1 ®- Qax)
(ky.....kp).
1>0, % kj=k
j=k;—1
+ Z 37;{[2!39‘;{1&---&f””kl_](tf(al®---®ak))].
j=1

We leave the verification that $y,., respects the Hochschild differential to the
reader. [

Let 4 be a dg algebra. Let V' be a finite dimensional graded C-vector space
with 0 differential. Suppose that % is an Ao-morphism from # to End(V*") with
Taylor components ;. Recall that for any k£ > 0, we have a map 7 : ABK > A®K
such that t(a; ® - ® ax) = (—1)(d"+1)(d1+"'+d"'—‘+k_1)ak ®d ® - ® ax_1
for homogenous elements aq, ..., a; of A of degrees di,...,dy, respectively. By
Proposition 1, str is a Hochschild 0-cocycle of End(V"). We now have the following
corollary of Proposition 2.

Corollary 2. The supertrace on End(V'") pulls back to a Hochschild 0-cocycle tr of
. On Hochschild 0-cycles of 4 that arise from elements on degree k — 1 in A%,
the Hochschild cocycle tr is given by the map from A®¥ to C defined by

j=k—1
a1 ® - ax ~» Z str(Fr(t/ (a1 ® -+ @ ag))).
j=0

Proof. The Hochschild cocycle tr is given by tr(x) = str(Fuoch(x)) for any x €
CO(s). Note that by Proposition 2, Fyocn(x) € C°(End(V"*)). The exact formula
for tr given in this corollary is now immediate from the formula for Fyc, given in
the proof of Proposition 2. O
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3. The completed Hochschild homology of Diff(€) and a linear functional on
HH (Diff (€))

3.1. The basic construction in [FLS]. Let K 8 denote the Dolbeaux complex of
&, as in the introduction to this article. Then K decomposes as the direct sum of
a complex with zero differential and an acyclic complex, ie., K = Kjo ® K|
where H'(K;;¢) = H'(Kg), K, has O differential and K| is acyclic. This is a
consequence of Hodge theory (see, for instance, Theorem 5.24 in [Vois]).

Recall that Diff*(€) = Dolb* (X, Ox) ®e, Diff(&) and that

Diff*(€) := T'(X, Diff*(€)).

The main construction in [FLS] is that of an Aso-morphism ¥ from Diff* (&) to
End(K). Note that K is a finite dimensional C-vector space with 0 differential.
As C-vector spaces, Kf)g ~ Hi(X, &). We may therefore apply Propositions 1, 2 and
Corollary 2, with 4 = Diff*(€) and 8 = End(K ). We obtain the following facts
immediately.

Fact 1. By Proposition 1, HH; (End(K¢)) = Ofori # 0and HHo(End(K.)) >~ C.
This isomorphism is induced by the map taking a degree 0 element of End(K ) to
its supertrace.

Fact 2. By Proposition 2, the supertrace on End(K¢) pulls back to a Hochschild
0-cocycle tr on Diff*(&). If D is a Hochschild 0-cycle of Diff*(&) that arises out
of a degree k — 1 element of Diff*(&)®¥, and if [D] denotes the class of D in
HH{ (Diff *(&)), then

j=k—1

u(Dh) = ) sw(Fi(/ (D))).

j=0
Notation. We shall also denote the map

j=k—1

D > str(Fi(r/ (D))

=0
by IrLs.

3.1.1. Construction of . We now recall the construction of ¥ from [FLS]. Let
Cy denote the configuration space {t; < --- < tx | t; € R}/G™ where GW is the
one-dimensional group of shifts (¢1,...,#) — (t1 +c¢, ..., +c). Thisis a smooth
(k —1)-dimensional manifold though it is not compactif k > 2. Lett; = t; 41 —1; for
1 <i<k-—1. Themap (f1,...,t) ~ (11, ..., Tx—1) is a diffeomorphism between

Cy and the product ]_[ilf_l{ti > 0}. Let {r; > 0} denote the compactification of
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{r; > 0} by apoint at infinity. The cube Cy := ;i’f_l {t; > 0}is acompactification
of C k-

LetD = D;®---® Dy € Diff*(8)®k. Recall that the D; yield endomorphisms of
K 8 asfollows: Let U C X beanopenball on which & istrivial. Letzy, ..., z, belocal
holomorphic coordinates on U. A section of K ~|v is a linear combination of sections
of the f0rms®a’zll A+ /\dz,m D; (s®dzl] A /\dzlm) = D; (s)®dz,] A /\dZ,

Let 88 be the Hodge adjoint of dg. Let Ag denote the Laplacian of dg. We also
note that dg, dg* and Ag yield endomorphisms of K

Let Qp denote the differential form on Cj, with Values in End(K ) given by the
formula

$2p = Mgy © Dy oexpl—d(tx — te—1)0e* — (tx — tg—1)Aglo---0 Dy o Ig:.

where Iy and I+ denote the projection from K é to K(; ¢ and the inclusion from
0€ 0&

K.

og to K¢ respectively.

As noted in [FLS], to write Q2p this way, we require that Ag have discrete non
negative spectrum (which is the case for a compact complex manifold). Further, as
noted in [FLS], Qp extends to a End(K(;g)—Valued (non-homogenous) differential
form on Cy.

We define

}‘k(D):/C Qp :/CQD.
k k

By the integral over Cj of a non-homogenous differential form we mean the integral
over Ci of its component of top de Rham degree. It helps to view the differential
forms above as differential forms on Cj, rather than on Cj as that will ensure that the
integrals defining the % ’s converge.
That the ¥ ’s defined in this manner are the Taylor coefficients of an A .,-morphism
is shown in [FLS].
Before we proceed further, we note that if k = 1, then C; is a point. The formula
for ¥ given here yields that
F1(D) = HK(; oD o Ige Ko
for D € Diff*(€). In particular, if D € Diff(&) and if D« € End(H*(X, €)) is
the endomorphism of H*(X, &) induced by D, then F1(D) = Dx. It follows from
Fact 2 on p. 414 that tr([D]) = str(D«). This proves that the following diagram
commutes:
HH, (Diff (§)) — HH, (Diff*(§))

C . C.
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3.1.2. Rewriting the formula for #;. Given an endomorphism ¢ of K, let [¢];

denote the endomorphismid ® -+ ® ¢ ® --- ® id of K é®k with ¢ acting on the i-th
factor from the right.
Let

® = [id]k o [exp[—d (tx — tk—1)9e™ — (tk — tk—1)Ag]lk—1 0 - +-
--o[exp[—d(t2 — 11)de* — (t2 — 1) Ag]i.

This is a differential form on Cy with values in End(K;,®k), though it is not a dif-
ferential operator. Similarly, if D = D; ® --- ® Dy € Diff*(8)®*, D yields an
endomorphism D := [Dq]; oo [Dy]; of End(Ké®k).

We have acompositionmapm : End(Kg Yk — End(K ¢)- Identifying End(K é®k)
with End(Kg Y2k we obtain a composition map m: End(K é®k) — End(Kg). We
recall from [FLS] that the formula for 2p can be rewritten as follows:

Qp = HK(;s om(®do D) OIK(;s'

Thus
Fr(D) = /;k HK(;S om(PoD)o IK(;S'

3.2. Extending the supertrace — I. Recall that Diff (&) denotes the sheaf of holo-
morphic differential operators on &. Let Diff (§)(U) denote I'(U, Diff(&)) for any
open U C X. Let §%F denote the k-fold exterior tensor power of & on X¥ := X x
---x X . We observe that the differential on the Hochschild complex C*(Diff (&) (U))
extends to a differential on the graded vector space Py, Diff (& RieUky)[k —1].
The resulting complex is called the completed Hochschild complex of Diff(&)(U)

and denoted by w )).

Definition 5. The completed Hochschild complex of Diff (&) is the sheaf of com-

plexes associated to the presheaf U ~> C*(Diff(€)(U)) of complexes of C-vector
spaces.

The completed Hochschild complex of Diff(&) is a sheaf of complexes of C-
vector spaces on X . It is denoted in this article by Hoch(Diff (&)).

Definition 6. The i-th completed Hochschild homology HH; (Diff (&)) of Diff (&)
is the hypercohomology H (X, Hoch(Diff(&))) of Hoch(Diff(&)).

Note that the Aso-map F whose construction we recalled in Section 3.1 enables
us to pull back the supertrace on End(K) to a Hochschild 0-cocycle of Diff*(€).
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Unfortunately, the Aso-map F does not automatically enable us to directly pull back
the supertrace to a C-linear functional on HH, (Diff (&)). This subsection is devoted
to an important intermediate step that enables us to construct a C-linear functional on
I/{ﬁo(@iff (&)) which extends the supertrace on Diff(&).

3.2.1. “Estimating” Iy;s. We now use a homotopy very similar to the homotopy in
Proposition 3.1 [Tel] to show that the FLS functional of any 0-cycle in C*(Diff*(&))
depends only on its component in Diff%(&).

Construction 1. Let¢: X x X — [0, 00) be a Riemannian distance. Let ¢ be any
positive real number. We can choose a finite cover of X by open sets U;, 1 <i < m,
such that ¢(x, y) < ¢ for all x, y € U; for any i. Choose a partition of unity { f; } by
compactly supported (nonnegative valued) smooth functions subordinate to the cover
{U;}. Let g; be a compactly supported smooth function on U; with values in [0, 1]
that is identically 1 on the support of f;. Then f := > ;—[' f; ® g; is a smooth
function on X x X whose restriction to the diagonal is identically 1. Also f vanishes
outside the subset {¢(x, y) <t} of X x X, and the maximum value of f on X x X
is 1.
Somewhat as in [Tel], let £ : Diff*(&)®% — Diff*(&)®**! be the map

i=m
Dl®...®Dk|—>—Zfi®giD1®D2®"'®Dk.

i=1
Let d be the differential of the complex C*(Diff*(&€)). Then
dEf + Efd =1-— Ny,

where
Nr(D1 ® -+ ® Dy)
i=m_ i=m _
=+ 0fi®gD1® - ®@Dr+t Y fi®(3g)D1® & D 0
i=1 i=1

i=m i=m

+) fi®giDkD1®--®Dy_1 £ ) Difi ® D1 ® - ® Djy

i=1 i=1
forall k > 2.
Basic argument. Note that if « is a cycle in C*(Diff *(&)), then « is homotopic to

Nyra. This is true for all # > 0. Also the FLS linear functional /g5 is a Hochschild
0-cocycle of Diff*(&). It follows that

Iris(a) = Ips(Nra).
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Leta = aj + -+ + o, with o; € Diff*(€)®. We then show that

> rs(Nyey)| < Ce(t),

i>2

where C is a constant that only depends on « and €(¢) - vol(X x X) is the volume of the
subset {¢(x, y) <t} of X x X. Similarly, we show that | Iers(0t1) — IrLs (Nr (1)) <
C’e(t) where C’ depends only on «. Since the construction of f as in Construction 1
is possible for all positive ¢, letting ¢ approach 0 we see that Ig s(o) = Irs(or).

Remark. Recall that K. can be identified with the kernel of the Laplacian Ag.
Denote by K 1:2 e the Hilbert space of square integrable sections of
Dolb® (X, Ox) ®o, Diff(&). Then Iy -8 oIl K is an integral operator on KL28
with smooth kernel that projects onto the image of I Ko (see [BGV], Chapter 2). We

will denote this operator by Il ¢ or IIy when there 1s no confusion regarding the
vector bundle being used. Also one can check that if M € End(K é), then TTo M T,
makes sense as a trace class operator on K £2 e and

str(ITgM I1y) = str(HK(;g oM o IKS&:)'

Proposition 3. Let D1, ..., Dy € Diff*(&). Then
[HrLs(Np (D1 ® -+ ® Di))| < Ce(t).

The constant C above depends only on D1, ..., Dg.

Proof. Part 1: The setup.
Recall that

Nf(D1 ® --- ® Dy)
i=m ~ i=m _
=+ 0/i®gD1® - ®Dr+ Y fi®(0g)D1® - ® Dy
i=1 i=1
i=m i=m
£ /i®gDDi1 @ ®Di_1£ ) Difi ®giD1® - ® Dy
i=1 i=1
forall k > 2.
We estimate the FLS functional of each of the summands on the right-hand side
separately. Let ¥ denote the k-th Taylor component of the FLS Ao,-map. Let Cy
denote the configuration space Hf:ll {t; > 0}. Then if o; € Diff*(&), it follows that

Fr(o1 @ - Qag) = | Hoad*e ™ 2ay...e %12y odry...dTg—_1.
Ck
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Let Q.(x,y) € T(X x X, & ® Q%" K (Q%")" ® &*) denote the (smooth) kernel
of the operator 0¥~ 2. Let poo(x, y) denote the (smooth) kernel of ITo. Then the
kernel of i () ® -++ @ ag) is

//Poo()’o,xl)al,xler(xl,xz)

Cy Xk
o Qg U xp Poo (X ¥o) ldxa| .. |dxi | dty ... dTge—y.
Recall that
s=k—1
Ins(on ® @) = Y str(Fi(0" (@)
s=0

Here o is a (signed) cyclic permutation. Each of the k cyclic permutations of
a1 ® -+ ® ay yields exactly one summand contributing towards /g s(o; ® - - - ® o).

Part 2: Estimating /g (% Zl_l dfi ® giD1 ® - ® Dy), L
The cyclic permutations of Zi:l dfi ® giD1 ® -+ ® Dy, are as follows:

i=m
+) 3fi®gD1® - ® Dy,
i=1
I=m _
£) Diis1® - ®Dr®0/i®gD1® @Dy, 1=i<k-1
=1
I=m ~
£ gDi® @D ®df.
=1

We shall henceforth denote the kernel of an integral operator 7 on
I['(X,&®Q% (X)) by T. Let D? denote the formal adjoint of a differential operator
D on (X, & ® Q%°(X)). This is a differential operator on I'(X, Q%*(X)* ® &%)
since the bundle of densities on X has a canonical trivialization (see [BGV], Chap-
ter 2). With this in mind, we have

Fre1( f_l If; ® giD1 ® - ® Dy)
/ / S o (40, x0)(3)(¥0) Oy (0. ¥1)g: (¥1) D1y Oy (X132 - .

Ck+1 Xk+1

. Poo(Xi, yo)ldxol| ... |dxi|dTy ... dtk
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= i/ / Z;ZT Poo (0, X0)dxo f; (X0) Q) (X0, X1)8i (x1) D1 x; Qrp (X1, X2) . ..

Ci 41 Xk+1

...poo(xk,y(/))|dx0|...|dxk|drl ...d‘L’k

i/ / Zﬁ:ln Poo (70, X0) fi (x0)dxo Oz, (X0, X1)gi (X1) D1 xy Qs (X1, X2) . ..

Cryy Xk+1

o Poo(Xi, yo)ldxol .. . |dxk|dTy ... dtk

- / / 3%, poo (0. xIEZ" i (x0)8i DI[Q, (60 xDI[D1 s Qo (1. 62)] ..

Ck+]Xk+1

coilvs Poo (kL YO0 .. . |dxk|d Ty ... dTk
+ / / [Poe 00 XN i (x0)8i D)0 Oy (50 XDID1 oy Oy (1. 32)] .

Ck+1Xk+1
...[...poo(xk,y(/))]|dx0|... ldxi|dty...dx. 2)

The last equality in (2) is valid since X is compact. Moreover, we also use
the fact that if A(x,y) € T(X x X, 6 ® Q% K Q%" ® &*), then it follows that
a(x)h(x,y)b(y) = Fa(x)b(y)h(x,y) for smooth functions a, b on X. We now
note that if p, denotes the kernel of e~*2 then

0:(x,y) = 0L pe(x,¥) = 0% P(0,00) () P (X, ¥) P(0,00) ()

where p(o,0) 18 the projection to the span of the eigenvectors of A corresponding to

positive eigenvalues as in [BGV], Proposition 2.37. This is because 9* kills the kernel
of A. It follows from [BGV], Proposition 2.37, that

10:(e. )l < C(|l - e~ 24T 3)

where || - ||; isany C! normon T'(X x X, & ® Q%° K Q%" ® €*) and A, is the first
positive eigenvalue of Ag.

It follows from (3) that the sup-norm of each term within a square bracket in
each integrand that involves a Q; is bounded above by C;e™" e for some constant
C; depending only on Dy ® --- ® Dj. The remaining terms have finite sup-norm.
The sup-norm of Y :—7" fi(x0)gi(x1) is 1. Hence there exists a positive constant C
depending only on D ® --- ® Dy such that

|Frr(TiZh0fi @ D1 @+ ® Dy) |

IA

AL 0 k+1 2k k+1
C e 2 eTH 2 e(r) vol(X) T d Ty .. drye = — Ce(t) vol(X)" T,
Cr+1 A
“)
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where €(¢) vol(X x X) is the volume of the support of {¢(x, y) <t}in X x X. Now
str(Frq1 (£ 2521 0/ ® € D1 ® -+ ® Dy))

= :I:/Xstr(Tk_H( i If; ® §iD1 ® -+ ® Di)(yo. yo) |dyol.

i=1
It follows from (4) that
Istr(Fr41 (£ Y421 0 ® D1 ® - ® Dy))| < Cre(t)

for some constant C; depending on Dy ® - -+ ® Dy only.

The same method is used to estimate the other summands that contribute to
Ins(£ Y127 0f; ® gDy ® --- ® Dy)) and show that those contributions are
at most C’e(r) as well - in fact the FLS functionals of the other summands of
N¢(Dy ® --+ ® Dy) are estimated in the same way. We however, present the de-
tailed calculations in the next two parts to be extra careful.

Part 3: Estimating Ir s(% Zl_l Afi ® giD1 ®---® Dy)), 11

We show the equivalent of the calculation (2) for the other summands contributing
to IpLs(£ Zi_ 0fi ® giD1 ® --- ® Dy). At the end of each calculation, the
integrand in the integral computing the kernel of the operator whose supertrace we
need is written as a product of terms marked by square brackets. The argument in
part 2 then works almost word for word to show that the corresponding contribution
to Irs(Np (D1 ® -+ ® Dy)) is bounded by a constant depending on the D;’s times
€(¢). We have

. _
Fer1 = Di—it1® - @D ® /1 ® g1D1 ® -+ ® Di—;)
= / / ZET Poo (Y0, X0) D—i1+1,x0 @y (X0, X1) - ..

Cik+1 Xk+1

oDy Oy (Xim1, xi) (0 1) (%) Oy (xi, Xi41) 81 (Xi+1) Dy, - -
oo Poo Xk yo)ldxol ... |dxg|dzy ... dry
+ / / S U2 Poo (90, X0) Di—it1,10 Oy (X0, X1) . -
Cry XE+1
Dy O (xi1,X0) 0, 1 (xi) Qryy y (X1, Xi41)€1Xi+1) D1y - -
o Poo Xk yo)ldxol . .. |dxg|dzy ... dry
+ [ / Y02 Poo (90, X0) Di—it1,50 Qry (X0, X1) - - .
Cry XE+1
oDy Oy (X1, %0) f1(xi)0x; Oy y ) (X2 Xi4 )81 (Xi 1) Dy gy - - -
oo Poo (X yo)ldxol ... |dxg|dzy ... dry
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=i/ /[Poo(ymxo)][Dk—i+1,onn(Xo,xl)]---

Ck—H Xk+1

o [y 02, O (ximt XD ZY S1Ge) &1 (i DOy, (X Xi41)]
[Dixjpr -1l - Poo(xic, y)lldxol . .. |dxi| dty ... d i

+ / / [Poo (30 X0) [Pkt +1.50 Oy (X0 1)) ..

Ck+le+1
s [Dk,x,-_l Q‘[l' (xi—l’ X[)][ 52'{[ ﬁ(xi)gl (xi+1)][5xi Q‘[,'_H (X[, xi+1)]
[Dixigy o Poo(Xk, yo)ldxol .. |dxi|dry ... do 5)

and

37k+1(Z§ZT gD ® - QD ®df)
- / / S e (01 X001 (X0) D1.xg Oy (0. 31) - .

Ck+1 Xk+1
o Dy Qg k1, X) (8 /1) (Xk) poo (X, o) dxo| - |dxg | d Ty ... d i

=i/ / Y U2 Poo (Y0, X0)81(x0) D1,xg Oy (X0, X1) - .
Cpy1 Xk+1
. D Qe (xk—1. Xi) Oy f1 (Xk) Poo (X yo)|dxo| ... |dxld Ty ... d i
+ [ / U=V Poo(30. X0)81 (x0) D1,xo O, (X0, X1) - .
Crpr XK+
. D Qo (k-1 Xk f1(X1) 9y Poo (X, yo)|dxo| ... |dxld Ty ... d i

— [ / [Poo (0. )T fi () (xo)][Di.xg O, (i, X1 .
Ck+1Xk+1

- [Drd%, Qo (m1, X [Poo(Xiks ) ldo| .. |dxi|d Ty ... d Ty

+ / / oo (o XY= fi(x) 81 (x)][D1.xg Oy (0. x1)] .

Ciep1 X1
[Pk Oy (xk—1. Xi)][0x4 Poo (X2 yO)Idxol .. . |dxi| d Ty ... d 7. (6)

Part 4: Estimating other summands contributing to Irs(Nf (D1 ® --- ® Dy)).
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Recall that

Nf(D1 ® -+ ® Dy)
i=m i=m B
=+) 0fi®gDiI® - ®Dr+ Y fi®(0g)D® - ® Dy
i=1 =

i=m i=m

+ Y fi®gDiD1® @Dt Y Difi®giDi® - ® Diy
i=1 i=1
forall k > 2.

The cyclic permutations of ZE'I" f1® gDy D1 ®---® Dj_; that contribute to
its FLS functional are as follows:

)
3

]

fi® g1 DkD1 ® -+ ® Di—1,

~

~ 1
=

m

Dii® @Dk 1®) fi®gDiD1® - ®Dry, 1<i<k-2,

~
—

T
3

giDrD1®---® Dr_1 ® fi.
1

N
Il

As before we have

FaOIZ" i@ @Dk D1 ® - ® Di_y)
- f / [Poo G0 DI i)t ()] [ Qs (1 2 Doy D - .

Ci Xk
o [Dr—1poo (X, y)lldx1| . .. |dxg | dty ... dTge—1, @)

Fi(Dp—i ® -+ ® Dy ® Zirfl J1®8DkD1 ®:+ & Di—i—1)
— [ [ trevo x0lMDict @y ).
Cx Xk

e [ZET ﬁ(xi+1)gl (xi+2)][Q‘L’[+1 (xi—i-l,xi+2)][Dk,xi+2D1,xi+2 .. ] cee
[+ Poo (X, yo)lldxa| ... |dxk|d Ty ... d gy ()
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and
Fa(XIZ" @Dy D1 ® - ® Di—y ® f1)
- / /[poo(yo,xl)][Zirln J1Ge) &1 (DI Dkxy D1xy Qry (X1, %2)] -

Cy Xk
o [Poo(xics yo)lldxal ... |dxi|d iy ... d Ty ©

For each of the summands dealt with by equations (7), (8) and (9) respectively,
one can argue exactly as we did after (2).

The cyclic permutations of ZE'I” Dy fi®g D1 ®:--® Dj_; that contribute to
its FLS functional are

T
3

Drfi®giD1®: - ® Di_q,

I=1

)
3

Dii® - ®Dy_1®Dr fi®8gD1 Q- ®Dp_j—y, 1<i<k-2,
1

~
I

I=m

Zngl ®---® Dy fi.
=1

We have
Fx(Drfi ® g1D1 ® -+~ ® Di_y)
2/ /ZZT Poo(¥0, X1) D xy J1(x1) Q) (X1, x2) &1 (x2) D1 x5 - - .
Ci Xk
e oo D13 Poo(Xkc, yo)ldxa| ... |dxi|dty ... d ey
— [ 1Dt poso OIS fie0)g1 2100 G152 D1 1.
Cr Xk
o [Dr—1,x Poo s yo)lld x| .. |dxg|dty .. d gy, (10)

Fa 2" Dy i ®--®@Di_1 @Dy fi @ g1D1 @+ ® Dy_i_1)
1=
=/ /Zz:’ln Poo(¥0, X1) Dg—i x; Oy (X1, X2) - ...
Cy Xk
oo D10 Oy (Xi, Xi41) Dy 1y J1(Xi41) Oy (Xi415 Xi42) g1 (Xi42)
“Dixips - Poo(Xis yo)ldxi1| .. |dxg|dry ... d_y
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— [ [ tpovo 20l @ ).
Cr Xk
o [Dro1 DR, O (i X DI Y fi(Xi 1) €1 (i 42)]
(v it Xi42) D1y -1 [+ Poo(Xs ¥0)]
\dxi]...|dxk|dTy ... dTe—y (11)

and

Fr(XIZ" gDy ® - ® Di f)

— [ [ Zi2 pmt0 g0 D, O (1. 32) ..
C Xk
o D1 Oy (k=15 Xk) Dy J1(xk)
“ Poo(Xk, yo)ldxi| ... |dxk|dTy ... dTi—

— [ [ oo xOSIZ fitsdgnlID1xy Q1 (1,321
Ci XK
cee [Dk—l,xk_l Dz,xk Qrk_1 (Xk—1, Xk)]
[pooCric ¥l - dxi Ty .. ey, (12)

For each of the summands dealt with by equations (10), (11) and (12) respectively,
one can argue exactly as we did after (2).

The cyclic permutations of Z;j{' I ® (5gl)D1 ® - -+ ® Dy that contribute to its
FLS functional are as follows:

I=m
Y fi®(g)D1 ® -+ ® Dy,
=1

0
3

Dy i® - ®@Dr® fi®@g)D1 ®-®Dy_i—y, 0<i<k-2,
1

~
Il

I=m

Y (0g)D1® - ® Di ® fr.
=1

We have
Tk+1(2i'1n 1 ® (0g1)D1 ® -+~ ® Dy)
= [ SE 0050 fi(50) 0y (o x0) B 60 Do
Ck+lxk+1

cos Doo(Xk, yo)ldxol ... ldxk|d Ty ... d Ty
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== / / Ztﬁn Poo(0, X0) f1(x0) O, (X0, X1)0x, &1 (X1) D1, - - -
Crp1 XK+1

co Poo(Xk, yo)ldxo| ... |dxk|dTy ... d
+ / / ZET Poo(Y0, X0) f1(x0) O, (X0, X1)g1(x1)0x, D1, - - -

Crq Xk+1

cos Poo(Xk, yo)ldxo| ... |dxg|dTy ... d

=2 [ [ (el w0lISIZF S, O (o 1)
Cip1 XF+1

D1y -o-1eeloee Poo (X, yo)ldxol - .- |dxk|d Ty ... dTy

+ / [ [Poe o XN (o) g1 e[ Qs (o )],

Crp1 XK+1
Dy, -] [oo Poo(Xk, ylldxo) ... ldxg| dy ... dtg, (13)

= 1= 3
Fier1 Q2 Di—i ® - ® Di ® f1 ® (0g1)D1 ® -+ ® Dy—i—1)
1=
= f /Zl;ln Poo (Yo, X0) ... Qg (Xiy Xit1) f1(Xi41)
Cry1 XK+1
: Qri+2(xi+1,Xi+2)(5gl)(xi+2)D1,x,»+2 .
co Doo (X, yo)ldxol ... ldxg|d Ty ... dk
1=
==+ / /Zl='1n Poo(¥0s X0) + .. Oy (Xis Xit1) f1(Xi41)
Cpy1 XK+1
Oy (Xig1.Xi12)0x; 4281 (Xi42) D1y s - - -
co Doo (X, yo)ldxol ... ldxg|d Ty ... dk
1=
+ / /Zl=r1n Poo(¥0sX0) + .. Oy (Xis Xig1) f1(Xi41)
Ck_ka—H
: in+2(xi+1’ xi+2)gl(~xi+2)éxi+2Dl,Xj+2 s
co Doo (X, yo)ldxol ... ldxg|d Ty ... dk
=
—= [ [IpOoxol [ Qo DI i) (i42)
Ck+1Xk+]

: [5§i+2 Q‘Ci+2(-xl'+l’ xi+2)][D1,xi+2 o ] oo [ .. Poo(xk, J’(/))]
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dxol...\dxkldy ... do
i/ / [Poo(Yo, X0)] .- [+ Qg (Xis Xi41)]
Cik+1 Xk+1
1=
02T fi(xi) g1 (i)

: [Q‘E[+2(xi+lvxi+2)][éx,‘+2Dl,x,‘+2 .. ] oo [ .. pOO(xkv y(/))]
dxol. .. |dxldT ... dT (14)

and

Fer1 (V2" (0g) D1 ® -+ ® Dy ® fi)
= / / ZET Poo(¥0, X0)(081) (x0) D1,x O, (X0, X1) . ..

Crq Xk+1

o S1G0) Poo (X, yo)ldxol .. |dxi | dy ... d oy

1= _
i/ Zz=’1n Poo(YO,xo)axogl(XO)Dl,onn (x0,x1) ...
Ck+l Xk+1

e J1(8) Poo (X, y6)|dx0| oo ldxgldTy .. dT
:E/ ST Poo(10, %0)81(X0)xg D1,xg Oy (X0, X1) . - -
Crir1 JXK+!
o 1) Poo (Xk, yo)ldxo| . . . |dxk|dy ... d Ty
—x [ [ B0 x0T g oD Qo (o 0]
Ck+l Xk+1
oo [Poo (X yo)ldxo| ... |dxk|d Ty ... d Ty
[ [ G0 xo IS fi0@ collBsg Dy O 0. 1)
Cr+1 Xk+1

o [Poo(Xks yo)ldXo] - . . |dxk | d7y ... dg. (15)

For each of the summands dealt with by equations (13), (14) and (15) respectively,
one can argue exactly as we did after (2).
This finally proves Proposition 3. O

Proposition 4. Let B = 1 + --- + Bx be a 0-cycle in C*(Diff*(€)) with Bx €
Diff*(&)®k. Then
Iris(B) = Iris(Br)-

Proof. Pick any ¢t > 0. If f is as in Construction 1 (see p. 417), then the cycle B is
homotopic to the cycle Ny (B). Since Irs is a Hochschild 0-cocycle of Diff*(€)),
we have

Ieis(B) = IrLs(Nr(B)) = IrLs(Nr(B1)) + -+ + Irs(Ny (Bi)).
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By Proposition 4,
i=k

3 rs(Ny (B)] < Ce(r)

J=2

for some constant C depending on 8 only. Also

I=m I=m
NrB) =Bty @ @abr+ Yy fi® @2
=1 =1

The proof of Proposition 4 can also be used to verify that

(s (X7 0 /) @ g1br £ Y020 fi @ Bg)B1)| < Cle(r)

for some constant C’ depending only on ;. It follows that

[TeLs(B) — Tees(B1)| = TeLs(Nr(B) — Ies(B1)| < (C + CMe(t) .

Now ¢ may be chosen to be arbitrarily small. In this case, €(¢) becomes arbitrarily
small as well. As C 4+ C’ depends only on S, the proposition follows. O

Proposition 3 implies the following (surprising) statement.

Proposition 5. The linear functional
D + str(ITg DIp)

vanishes on 0-chains of Diff* (&) that are commutators of elements in Diff*(8).

Proof. Let D, D, € Diff°(&). This proposition is immediate from Proposition 4
and the following two facts: g s(d(D1 ® D3)) = 0since I s is a Hochschild 0-co-
cycle, and the component of d(D1 ® D,) in Diff* (&) is precisely —D1 D, + D, D;.

O

Of course, when D is the commutator of two purely holomorphic differential
operators on &, the above proposition is standard. The above proposition in general is
however very counter-intuitive, and the author does not see any other way of proving
it.

3.3. Extending the supertrace — II. Let Diff*(€)(U) denote I'(U, Diff*(8)).
Note that the differential on C*(Diff*(€)(U)) extends to a differential on the graded
vector space @, Diff *(&Bk)(UX)[k — 1]. We denote the resulting complex by

C*(Diff*(&)(V)).
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Let m)) denote the sheaf associated to the pre-sheaf
U +— C*(Diff*(&)(V))

of complexes of C-vector spaces. Note that m)) is a complex whose terms
are modules over the sheaf of smooth functions on X . It follows that

H*(T'(X, Hoch(Diff (€)))) ~ H' (X, Hoch(Dift(€))).

The following proposition follows from Proposition 4.

Proposition 6. Ip s extends to a linear functional on I'(X, m))) that
vanishes on the image of the differential d of T (X, Hoch(Diff(§))).

Proof. Part 1: Constructing str:
Let Hoch* (Diff (€)) denote the sheaf associated to the pre-sheaf

U +— Diff (¥ UX)[k — 1]

of graded C-vector spaces. Then any 0-cycle in I'(X, m))) is given by
Bi + --- + B where B; € I'(X,Hoch (Diff(€))). Note that Hoch! (Diff(§)) =
Diff*(&). It follows that B is an element of Diff®(&).

Let str be the linear functional on I' (X, Hoch(Diff (€))) that vanishes on p-chains

whenever p # 0. Fora0-chain 8 = B +---+ Bx with 8; € T'(X, Hoch’ (Diff (&))),
set

str(B) = s (B1)-

This is a well-defined linear functional on the space of O-chains of
I'(X, Hoch(Diff (&))).

Part 2: We now need to show that str vanishes on the image of d.

Claim A: The natural map from Diff*(€%2)[1] to I'(X, Hoch?(Diff (&8))) is a
surjection of graded C-vector spaces.

We postpone the proof of Claim A for the next part of the proof. Note that the
differential on C*(Diff*(&)) extends to a differential d on P, Diff (88K [k — 1].
This differential is a sum of the differentials dy : Diff*(€®¥) — Diff*(§%¥~1) and 9.

By Proposition 4 and Claim A, to show that str vanishes on the image of d, it suffices
to show that the map Diff°(&) — C,

D + str(ITg DI1y),

vanishes on the image of dy : Diff®(&¥2) — Diff°(8).
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Let Diff=**(&) denote I' (X, Dolb* (X, Ox) ® Diff=¥(&)) where Diff=¥(&) de-
notes the sheaf of differential operators on & of order < k. Equip Diff=F* (&) with
the topology generated by the family of seminorms {|| - ||x,s | K C X compact, s €
I'(K,& ® Q°)} given by

IDlx.s = sup{[| D(s)(X)] | x € Kj.

The topology on Diff *(€) is the direct limit of the topologies on the Diff <¥*(€). The
topology on Diff*(€®2) is defined analogously.

Note that Diff*(&)®? is dense in Diff*(§®2). Furthermore, it follows that
dy : Diff*(6¥2) — Diff*(8) is continuous. The restriction of dy to Diff®(&)®?
is just the map

D1 ® D2 ad D2D1 — D1D2.

The proposition now follows from Proposition 5.

Part 3: Proof of Claim A.

Given any element o of I' (X, Hoch? (Diff (€))), pick a finite cover X = | J ; Ui of
open sets such that «|y, is an element of Diff*(& X2)(U; x U;)[1]. Pick a partition of
unity { f;} by compactly supported smooth functions subordinate to he cover | J; U;.
Let g; be a compactly supported smooth function supported on a subset of U; that is
identically 1 on the support of f;. Then

> (fi Bgnely,

is an element of Diff*(§%2)[1] whose image in I" (X, Hoch? (Diff(8))) is . O
Next we note that we have a natural (degree preserving) map
y: Hoch(Diff (€)) — Hoch(Diff (€))
of complexes of sheaves of C-vector spaces on X. This induces a map
.t H'(X, Hoch(Diff (€))) — H'(X, Hoch(Diff (€))).

Recall that HO(T'(X, Hoch(Diff(€))) = H°(X, Hoch(Diff(€))). The following
corollary of Proposition 6 is immediate.

Corollary 3. The Hochschild cocycle str: HHgo(Diff*(§)) — C extends to a C-
linear functional str: H°(X, Hoch(Diff(8))) — C.

It is obvious that str o Y« yields a linear functional on H%(X, IToal(i)iff (8))).
We state this as a corollary for emphasis.
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Corollary 4. The linear functional str in the previous corollary gives us a linear
functional tr: H°(X, Hoch(Diff(&))) — C.

We denote H~ (X, Hoch(Diff (€))) by HH_; (Diff(&)).

Now consider a global holomorphic differential operator D on &. D can be
thought of as an element of ' (X, Diff*(&)) as well. Thus, D gives us a 0-cocycle of
the cochain complex I'(X, m))). Let D denote this cocycle.

One the other hand, D can be thought of as a global section of the degree 0 term
of the complex Hoch(Jlef (€)). It follows that D yields a 0-cycle in the bi-complex
computmg H*(X, Hoch(Jlef (€))). Call this O-cycle D. 1tis easy to check that
y(D) . We have thus proven the following proposition.

Proposition 7. The following diagram commutes:

HH, (Diff (€)) — HHo (Diff(€))

C . C.

id

3.4. The first bookkeeping lemma. Consider & as a sub bundle of & & ¥ where
F is another vector bundle on X. We then have a map ¢: Diff(§) — Diff(& &
F) of sheaves of C-vector spaces whose restriction to U, ¢: ['(U, Diff(§)) —
I'(U, Diff (& & F)), is an injection that preserves addition and multiplication for each
open U C X. This also induces an map 7: Diff*(§) — Diff* (& & F) of sheaves
of C-vector spaces whose restriction to U, 1: Diff*(&)(U) — Diff (€ & F)(U),
is an injection for each open U C X.

The map ¢ preserves addition and multiplication though it does not preserve the

identity. Thus ¢ induces a map from m)) to m)), which
we will denote by 7. Let 7, denote the map from H*(I'(X, Hoch(Diff(€)))) to

H*(T'(X, m)))) induced by i. The following “bookkeeping lemma”
holds.

Lemma 1. The following diagram commutes:

HO(I'(X. Floch (DI (€)))) — = H*(I'(X. Hoch(DIff (€ & 7))

s/t\ri ls/t\r

C - C.

Proof. By Proposition 5 and the proof of Proposition 6, it is enough to show that
str(HK(;gDIK(;g) = str(HK- ( ) g )

OSEBJ-
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for any D € Diff°(8).
The above equality holds since the following diagrams commute:

Kg —= Kgos Kg —— Kgoz Koe — Kogos
DJ{ lT(D) HKS&: J{ J/HK(.M?GBT IK(;S J/ lIKaseaf
Kg — Kggg Koe — Kogoz Kg —— Kgggz-

O

The map ¢ induces a map {: PT()E](i)iff(S)) — PT()E](i)iff(S @ F)). Let iy
denote the map induced by i from HH,(Diff(§)) to HH, (Diff(§ & F)). The
following corollary holds.

Corollary 5. The following diagram commutes:

HHo(Diff(€)) —— HHo(Diff (€ ® 7))

C - C.

Proof. For this we only need to recall that by the definition of ¢ at the beginning of
this section the following diagram commutes:

T(Uk, Diff (€8%)) ——= [ (U*, Diff (€ & F)BF))
yl ly
T(U*, Diff* (€B%)) ——= T (U¥, Diff* (€ & F)TK)).

Taking hypercohomology we see that y, olx = Ix o y«. The corollary now follows
immediately from Lemma 1. O

4. The completed Hochschild homology of Diff (€) and the cohomology of X

4.1. Preliminaries. Recall the definition of IToal(JOiff (&)) from Section 3.2. Let
Hoch(Diff (X)) denote Hoch(Diff (Ox)). Let C denote the constant sheaf on X such
that I'(U, C) ~ C forevery open U C X and whose restriction maps are all identity.

Lemma 2 ([Bryl]). H/oc\h(Diff(X )) is quasi-isomorphic to C[2n] where n is the
dimension of X.
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Sketch of the proof recalled from [Bryl]. It is enough to check the above fact for any
open ball U C X at the level of pre-sheaves. In other words, it is enough to show
that the complex Diff (U ") with Hochschild differential is quasi-isomorphic to C[2n]
as complexes of C-vector spaces.

We filter Diff (U) by degree. More precisely, set F " (Diff(U)) := Diff="(U).
The associated graded gr(Diff (U)) is the space of functions O =y on the cotangent
bundle 7*U that are algebraic(polynomial) along the fibres.

This filtration of Diff(U) is exhaustive. It yields a filtration of the complex
Diff (U*) equipped with Hochschild differential. This filtration yields a spectral
sequence converging to the cohomology of the complex Diff(U"). The E}" :=
@p +g=m E f’ “I_term is m-th cohomology of the completed Hochschild complex of
Or=y. This is isomorphic to the space of —m-holomorphic forms on 7*U that are
algebraic along the fibres (see [Bryl]). Given local coordinates zy, ...z, on U and
¥1,..., Yn on the fibre of T*U, putting the weight of dz; equal to 0 and that of dy;
equal to 1 for all 7 enables us to define the notion of the weight of a holomorphic form
on T*U. In the spectral sequence of this proof-sketch, E¥*" "7 is simply the space of
—m-forms on T*U of weight —p. Therefore, E; """ is the only non-zero summand
of E{?". By Theorem 3.1.1 and Corollary 2.2.2 of [Bryl], the EZ* = E™ -term of
this spectral sequence is the 2n + m-th de Rham cohomology of T*U. This is 0 if
m # —2n and C otherwise. This proves the lemma. Moreover, E, """ is the only
nontrivial summand of E; 21 Therefore, the —2n-th cohomology of this complex
can be identified with £, ", O

Lemma 3. m(i)iff (€)) is quasi-isomorphic to C[2n] where n is the dimension
of X.

Proof. This is again something that needs to be verified locally. We imitate the proof
of the Morita invariance of Hochschild homology in [Lod], Section 1.2, here.

Part 1: Recalling the proof of Morita invariance of the Hochschild homology of a
C-algebra.

Recall from [Lod] that if A is any C-algebra, and if Mat, (A) denotes the algebra
of r x r matrices with entries in A, then we have a map tr from the Hochschild
complex of Mat, (A) to that of A. The Hochschild chain M; ® --- ® M}, is mapped
totr(Mq ®---© My) where ©: Mat,(A4) ® Mat, (B) — Mat, (A ® B) is an exterior
multiplication. There is also a map inc of complexes into the opposite direction which
is induced by the inclusion of A in Mat,(A) taking an element a of A to the matrix
with a - E11. Then tr o inc = id and there is a presimplicial homotopy % from inc o tr
to id. This homotopy is given by & = Y, (—1)'h; where h; : Mat, (4)®*+1 —
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Mat, (4)®**2 is defined by the formula
= Z Eji(@)) ® Eni(a},) ® - ® En(a,) ® Eg() @'t @ ® k.

The sum here is over all possible tuples of indices (j,r,..., p,q), see [Lod], Sec-
tion 1.2, and E;;(x) = x - E;;, where E;; is the elementary matrix whose only
non-zero entry is a 1 at the ij position.

Let U be an open ball contained in X .

Part 2: Morita invariance of the completed Hochschild homology of Diff (U).

Recall that the completed Hochschild complex (’?'(/DM) is obtained by equip-
ping the graded vector space €Dy, Diff (U k)[k — 1] with the Hochschild differ-
ential. In this complex, Diff(U¥) should be viewed as the k-th completed ten-
sor power of Diff(U). With this in mind, the k-th completed tensor power of
Mat, (Diff (U)) will be Mat,.(C)®* @ Diff (U*). One may verify that the Hochschild
differential on C*(Mat,(Diff (U))) extends to a differential on the graded vector
space Dy~ Mat, (C)®* @ Diff (U*)[k — 1]. The resulting complex is the completed

Hochschild complex C*(Mat, (Diff (U))).
One can verify without much difficulty that tr and inc extend to maps of complexes

tr: C*(Mat, (Diff(U))) — C " (Diff(U))
and

inc: 6’(/])%) — C"(Mat, (Diff (U)))

respectively such that tr o inc = id. It is also useful for us to note explicitly that if
mi....,mg € Mat,(C) and « € Diff(U*), then

tr(m; @ --- @ myp Q) =tr(myo---omy)a.

Moreover h extends to a map /: Ck(Mat, (Diff(U))) — C*+!(Mat, (Diff (U))) for
all k with dh + hd = id — inc o tr. Thus tr: C*(Mat, (Diff(U))) — C*(Diff(U))
- —

is a quasi-isomorphism. It follows from Lemma 2 that C*(Mat, (Diff (U))) is quasi-
isomorphic to C[2n].

Part 3: Proof of the lemma.

Let r be the rank of &. If U is an open ball of X, on which & is trivial,
then Diff(&|y) is isomorphic to Mat, (Diff (U)) as topological algebras. The ac-
tual isomorphism depends on the choice of (holomorphic) trivialization of &. For
a holomorphic trivialization ¢ of & over U, let ¢, denote the isomorphism be-
tween Diff(&|y) and Mat, (Diff (U)). Then ¢, induces an isomorphism of com-
plexes C*(Diff(€)(U)) — C*(Mat,(Diff(U))). This extends to an isomorphism
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of complexes ¢, : m )) — m). We know however that

C*(Mat, (Diff (U))) is quasi-isomorphic to C[2n].

The lemma will follow provided that we check that the quasi-isomorphism tr o ¢
is independent of the choice of trivialization ¢. We will show that if ¥ is another
holomorphic trivialization of & over U, then the maps tr o ¥, = tr o ¢, of complexes
from C"'(Dif%) to C/'(m) induce the same map on cohomology.

Note that ¢« o ¥, !: C*(Mat, (Diff(U))) — C*(Mat,(Diff(U))) is induced by
the map Mat, (Diff(U)) — Mat, (Diff(U)) taking an element of Mat, (Diff(U)) to
its conjugate by an (r x r)-matrix N of holomorphic functions on U. Denote this
map of completed Hochschild complexes by ¢ . We only need to show that the maps
tr o ¢y and tr of complexes of C-vector spaces induce the same map on cohomology.

Recall that Diff (U) is a filtered algebra with F_,, (Diff (U)) = Diff="(U), the
space of (holomorphic) differential operators on U of order at most m. This yields
a filtration on Mat, (Diff(U)) with F_,,(Mat, (Diff (U))) = Mat, (Diff=""(U)). We
have gr(Mat, (Diff(U))) = Mat, (gr(Diff (U))).

This filtration gives us a spectral sequence with E} = ﬁﬁ_n (gr(Mat, (Diff (U))))
and £} = I-/Iﬁ_,, (Mat, (Diff (U))). The endomorphism induced by the endomor-
phism o ~> NaN ™!, where N is a matrix of holomorphic functions, preserves the
filtration on Mat, (Diff (U')) and thus induces an endomorphism of a spectral sequence
on the spectral sequence described above.

Note that gr(Mat, (Diff (U))) = Mat,(gr(Diff(U))) and that the endomorphism
induced by conjugation by N is still conjugation by N. Denote this endomorphism by
cn as well. We now claim that the following diagram commutes up to cohomology:

C* (Mat, (gr(Diff(U))) — > C* (Mat, (zr(Diff (U)))))

C* (@ (Diff(U)) — 5 C"(er(Diff(U)).

To see this, note that if « € C¥(gr(Diff(U))) is a cocycle, then it follows that
o =tr (%id R RId® oe). In other words, « is the trace of a “scalar” matrix whose
diagonal elements are o up to a scalar factor. Now

eyid®--QdR)=(N®---@N)([d®--®idRa) (N '®---@ N1
=([[d® - ®id® a),

so(trocy)«s(d®---RIdRa) =tr,(ld® - ®id @ @) where d ® --- ® id @ «
denotes the class in cohomology of the cocycle id ® --- ® id ® «.

Therefore, the map of spectral sequences induced by tr o ¢y coincides with that
induced by tr at the E;-level, and hence at the £, = E-level. Finally, by part 2 of
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this proof and by the proof-sketch for Lemma 2, E, 7" is the only non-zero E,-term
in this spectral sequence, and £, " ~ C. It follows that the endomorphisms on
cohomology induced by tr and tr o ¢y are indeed the endomorphisms they induce
on E,™™". We have just shown that the maps induced tr and tr o ¢y on E,-terms
coincide for any > 1. This proves the lemma. O

We can now state the following immediate corollary to Lemma 3.
Corollary 6. HH_; (Diff(§)) ~ H2"~ (X, C).
We denote the isomorphism described in this corollary by Bg.

4.2. The second “bookkeeping” lemma. We once more look at the situation where
& is a direct summand of & @ ¥ . Notation is as in Section 3.4 of this article. We
have a map ¢: Diff (&) — Diff (& & F). This induces a map, denoted by i, from
Hoch(Diff(€)) to Hoch(Diff (€ & F)). The following lemma holds.

Lemma 4. The following diagram commutes:

HH_; (Diff(8)) —— HH_; (Diff(€ ® F))

le J/ﬁse;;v

H>"7/(X,C) ———=H*"7(X, C).

Proof. Step 1: Let D(She (X)) denote the derived category of sheaves of C-vector
spaces on X .

Recall that in the proof of Lemma 3 we showed that the complex @(@iff (&)
of sheaves of C-vector spaces is quasi-isomorphic to Iﬁl(@iff (Ox)). Denote this
quasi-isomorphism by ig. Now ﬁ(ﬁl(i)iff (Oyx)) is quasi-isomorphic to C[2n]. Let
i denote this quasi-isomorphism for this proof.

It suffices to verify that the following diagram commutes in D(Sh¢ (X)):

Hoch(Diff (€)) —— Hoch(Diff (€ & F))
,-o,-gi liofg@f (16)
cln——————~Cal.

Since a sheaf of C-vector spaces is injective iff it is flabby (see [Riet], Lemma 3.3),
the constant sheaf C is an injective object in the category of sheaves of C-vector spaces
on X . It follows from this that

HomD(ShC (X)) (([_:7 ([_:) ~C.
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The diagram (16) thus commutes in D(Sh¢ (X)) up to a scalar factor. Checking
that that scalar factor is 1 can be “done locally”. It therefore suffices to verify that
there exists a neighbourhood U of every point in X such that the following diagram
commutes in D(Sh¢ (U)):

Hoch(Diff (€))|y —“= Hoch(Diff(€ & F))|u
ioigui lioiseaﬁu (17)
cp2n) y cl2n)

Step 2: Verifying (17).

It suffices to verify (17) at the level of pre-sheaves. We must therefore prove that
the following diagram commutes in the category of complexes of C-vector spaces up
to cohomology:

C DIt (E)(U)) — C*(Diff (€ & F)(U))
i0i8|Ul iiois@flu
C[2n] C[2n].

id

To verify that the above diagram commutes up to cohomology, it suffices to verify
that the diagram below commutes up to cohomology in the category of complexes of
C-vector spaces:

CT(Dff(€)(U)) —— C*(DIff(€ & 7)(U))
is'”i lie@rlv (18)

C*@Dift(U) — > C"(Diff (V).

Most of the hard work necessary for this step has already been done. Let ¢g
and ¢# denote holomorphic trivializations over U of & and ¥, respectively. Then
¢ = ¢g D ¢z is a holomorphic trivialization of & & F over U.

This yields the following commutative diagram, all of whose morphisms are con-
tinuous. Here r and s denote the ranks of & and ¥, respectively:

Diff(8)(U) —— Diff(& & F)(U)

| o

Mat, (Diff (U)) ——> Mat, 1 (Diff (U)).
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This gives the following commutative diagram:

CTDIE)T) — = C (DI E & F)U))

ve.| Jo-

C*(Mat, (DIff (1)) 7, C"(Mat, +(Diff (1)),

Here ¢, ; denotes the embedding from Mat, (Diff(U)) to Mat, (Diff (U)) which
takes a matrix « € Mat,(Diff(U)) to @ € Mat,,(Diff(U)), where ¢;; = «o;; if
(@, j)edl,....r} x{l,...,r}and @;; = 0 otherwise.

Now we showed that ig |y = tr, o ¢g « in part 3 of the proof Lemma 3. Here tr, is
the map tr: C*(Mat, (Diff(U))) — CT)&ff(T)) described in the proof of Lemma 3.
Similarly, l(goF)|ly = Wrts © Px.

It therefore suffices to prove that the following diagram commutes:

" (Maty (DIF(D))) 2 C*(Maty - (DIfF(0))

try J/ itrr +s

C D)~ C DI O)).

This follows immediately from the explicit formula for tr, recalled in part 2 of the
proof of Lemma 3. This finally verifies (18), thus proving the lemma. O

4.3. Proof of Theorem 2

Proof of Theorem 2. Corollary 5 states that the following diagram commutes:

HHo (Diff(§)) —— HHo (Diff (€ @ F))

C C.

id

Lemma 4 for i = 0 now states that the following diagram commutes:

HHo (Diff(8)) —— HHo (Diff (€ @ F))

ﬂsl lﬂee;f

H>" (X, C) ———— H>'(X,C).
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It follows that tr o Bg ™' = tr o Beg# .. In the notation of Theorem 2, this says
that /g = Igg#. A symmetric argument shows that /¢ = Igg#. This completes
the proof of Theorem 2. O

5. The completed cyclic homology of Diff (&)
5.1. Recollections on cyclic homology

5.1.1. Tsygan’s double complex. Let 4 be a dg C-algebra such that A" = 0
for almost all n. Let dp, and dyoen denote the differentials of bar® () and C*(4)
respectively.

For homogenous elements ay, . .., ai of 4 of degrees dy, . . ., di, respectively, let
themapa; ®---®ay ~ (—1)(dk+1)(d‘ +etdi— +k_1)ak Qa1 ®---®ay_1 be denoted
by 7: A®K > A®K Let N: A®% - A®K bethemap N =1+ 1+ -+ F 71,

The maps t and N induce maps from A®¥ to A®* for any k. It follows that
7 and N induce maps from bar™"(+4) to C " () and from C " (A) to bar™" (A),
respectively, for any n.

Consider the following double complex the degree of whose non-zero columns is
non-positive:

dyioch —dpar dioch —dpar dHoch
N s bar®(A) T CO(A) —Y> bar®(A) —> CO(4)

dnoch —dbar dHoch —dbar dHoch
s par Tl (A) 4 O (A) —N bar (A) o Ol (A)

droch —dbar dHoch —dbar dHoch
N bar 2 () 5 C2(A) —> bar 2 () —% C2(oA)

dHoch —dar droch —dar dtioch

We denote the above double complex by CC**(s4). Then CCP4(A) = C9(A)
if p is even and non-positive, CC?*?(A) = bar? () if p is odd and negative, and
CC?4(A) = 0 otherwise.

The vertical differential d,, : CC?*4(A) — CCP4T1(A) is dyoen if p is even and
non-positive, and —dy,, if p is odd and negative.

The horizontal differential dj, : CC?+4(A) — CCPT14(A) is given by id — 7 if p
is odd and negative and N if p is even and negative.
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The double complex CC**(4) is called the Tsygan double complex of 4.

Definition 7. The cyclic complex of 4 is the total complex of CC**(+). It is denoted
by Cycl® ().

Definition 8. The cyclic homology HC_; (4) is the —i-th cohomology of Cycl®(4).

As in Section 2.1, contrary to the standard practice, we refer to a —i cocycle
of Cycl®(+) as an i-cycle in Cycl®(#). The following standard propositions are
important to us.

Proposition 8. (i) If B8 = End(V"), where V° is a finite dimensional graded C-
vector space with zero differential, then

HC_,;(8)~C

foralli > 0. All other cyclic homologies of B vanish.

(i1) The map try; yielding the above isomorphism is obtained by mapping the
class in HC_5; (B) of a 2i-cycle in Cycl®(B) given by a tuple (b2i, bi—1, ..., bg) to
str(bo), where by € CC™21+k—k(B),

(iii) The map tra; yielding the above isomorphism maps the class in HC_5; (8) of
a 2i-cycle in Cycl®(B) given by a tuple (by;, bai—1,...,bo,b_1,....b_2;) (j >0,
bx € CCT2+k=k(B)) 10 str(by).

Proof. There is a spectral sequence, namely the one that arises out of the filtration of
the double complex CC**(8B) by columns, converging to HC,(8B) such that E{*? =
H1(CCP*(B)). Since B has a unit, bar®(B) is acyclic (see p. 411). Now C*(B)
is quasi-isomorphic to C concentrated in degree 0 by Proposition 1. It follows that
E{*® ~ Cforalli > 0and EP? = 0 for all other (p, ¢). This spectral sequence
therefore collapses at Eq. It follows that HC_,; (B) ~ E 1_2”0 ~ Cforalli > 0.
This proves part (i).

Let F* be the filtration on Cycl®(8B) yielding the spectral sequence in part (i).
Consider a tuple (b3;, b2i—1,...,bo) with by € CC2ith—k (8B) that yields a cyclic
cycle. Then (byi,bai_1,....bg) € F~% Cycl*(B). It follows that the image of

) —2i (yel® . . .
(bi,b2j—1,...,bp) in If_zﬂrlc—% ~ C°(8) is the Hochschild 0-cycle by. Note

e . —2i .

that E;> %7/ = 0 for j # 0and E;* = HO(LHF—M) ~ HHo(B).
It follows that the image of the tuple (b2;,b2;i—1,...,bo) in E| 2”0, and hence in
HC_,; (8), is the image of b in HHy (8B). By Proposition 1, this is precisely str(bg).
This shows that try; ((m)) = str(bg) where m) is the class in
HC_,; (8) of the cycle obtained from (bs;, b2;_1, ..., bg). This proves part (ii).
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To prove part (iii), note that if (by;, b2i—1.....bo.b—1,....b_;) (j > 0)is
a cyclic cycle, then b_5; is a Hochschild —2j-cycle. It follows from Proposi-

tion 1 that b_3; = duochC—2j+1 for some c_zj41 € C_2/ ~1(8). Now consider
C_pj41 € CCT21727:2/71(B) as an element of Cycl 2 ~!(B). Then the cycle
(bai,b2i—1,....bo.b—1,...,b_3;) — dcyic—2j+1 arises out of the cycle

(b2i,boj—1,...,bo,b—1, ..., b_2j+1 + NC_2j+1, 0) of CC**(8B). Therefore the
class of (bzj,bai—1,...,bo,b_1,...,b_3j) in HC_;(B) is the same as the class
of (bzi, bri—1,....bo,b_1, ... ,b_2j+1 + NC_2j+1,0) in HC_; (Q(B) Since the bar
complex of B is acyclic, it follows that b_5; 11 + Nc_2j 11 = dparC—2j+2 for some
element c_5; 12 of bar?/~2(8). The previous step can be repeated to show that the
class of (b2, bai—1,...,bo,b_1,...,b_3;) in HC_5; (B) is the same as the class of
(boi,boj—1,...,bg, b1, ..., b_2j+2 + (id—T)C_2j+2, 0,0) in HC_,; (8B). This pro-
cess can be continued to show that the class of (by;, b2i—1,...,bo,b_1,...,b_5;)in
HC_,; (B) is the same as the class of (bs;, bai—1,...,bo + (id — 7)cp) in HC_5; (B)
for some element ¢y of bar®(B). By part (ii) of this proposition, this is equal to
str(bo + (id — 7)cp). But str((id — 7)co) = 0 for any element cq of bar®(B). This
proves (iii). O

If A is a (unital) dg C-algebra, let CC¥2* () denote the bi-complex consisting
of the columns CC™1* () and CC%*(s4) with differentials as in CC**(s).
We recall that we have an exact sequence of complexes

0 — Tot(CCH (A)) &> Cycl* (A) > Cycl*+2(A) — 0.

We recall that CC1+* () is acyclic (see p. 411). It follows that cCe(A)is quasi-
isomorphic to C*(+). This quasi-isomorphism is realized by the map of complexes
taking ax € C%(4) to (ax,0) € C¥(A) & bar' ¥ (A). We denote the composite
of I with this quasi-isomorphism by I. The map S is obtained by projection to the
double complex obtained from CC**(#) by truncating the columns CC"*(4) for
i = 0,—1. We now obtain the following proposition.

Proposition 9. If 8 = End(V"), where V° is a finite dimensional graded C-vector
space with zero differential, then the following diagrams commute:

HC_5;(B) —>>HC3;42(B) HH(8) —> HCo(B)

trp; l \Ltm—z strl ltro

C y C, C— —C.

Proof. Let (bs;,bai—1....,bo), b; € CC21+/=7(8), be a tuple yielding a cyclic
cycle. We already demonstrated while proving part (iii) of Proposition 8 that any
class in HC_,; (B) can be represented by a cycle coming from a tuple of this form.
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Let m) denote the class of (by;, bsi_1,...,bo) in HC_»; (B). Then
troi ((b2i, bai—1, ..., b)) = str(bgy) by Proposition 8 and S((b2i, b2i—1,...,b0)) =
(b2i—2,b2i—3,...,by) by the definition of S. Finally, by Proposition 8,

trai—2((b2i—2,b2i—3,...,bo)) = str(bg). This shows that the first diagram com-
mutes.

Let by be a Hochschild 0-cycle of 8. Then I(bg) = by € CCO_’O(B).,V Let b
denote the class of bg in HHo($B). Then, by = str(bo). However, I(bg) = bo. Now
tro(bg) = str(bg) by Proposition 8. This proves that the second diagram commutes.

O

Moreover, if ¥ : A — B is an Ao-morphism with Taylor components 5, we
have the following result.

Proposition 10. The map Fyocn mentioned in Proposition 2 extends to a map Fcyc
of complexes from Cycl®(A) to Cycl®(B).

Proof. Tt suffices to check that Fyocn extends to a map of Frgy, bi-complexes from
CC**(A) to CC™*(B).

Let Frgyg: CCPY(A) — CCPY(B) be Froen if p is even and non-positive and
Frar if p is odd and negative.

By Proposition 2, Fyocn : CCP°(A) — CCP*(B) is a map of complexes of C-
vector spaces if p is even and non-positive. By the definition of an As,-morphism,
Foar: CCP*(A) — CCP-*(B) is a map of complexes if p is odd and negative.

The following verifications, which we leave to the reader, complete the proof that
Frsyg is amap of bi-complexes, and thus yields a map Fcyci: Cycl®(4) — Cycl®(8B)
of complexes:

(id_f)of{‘bar:}vHocho(l_T)y
N o Froch = Far o N.

Here N and t are as in the definitions of CC**(A) and CC™*(B). O

We also state the following consequence of Propositions 10 and 8 as a proposition.

Proposition 11. Let A be a dg C algebra. Let B be as in Proposition 9. Suppose

that ¥ is an Aoo-morphism from A to B. Let 3%;1 denote the map from HC,(A) to
HC,(8) induced by Fcya. Then the following holds:

=
(1) tra; o Feya((azi, ... a0,a-1,...,a_1)) = str(Froch(@o)).
(2) If ag is a Hochschild 0- cycle arising out of a degree k — 1 element of ABK
then

s=k—1
tro; o Feya((@zis ... a0,a-1,...,a_1)) = Z str(Fx (t° (ao))).

s=0
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where t is as in Corollary 2.
Proof. By the proof of Proposition 10, we have

fTsyg(Clzt, e, 00,A—1,...,04_])
= (FHoch(a@2i), Foar(@2i—1), . - -, Foar(@1), Frocn(@o), - - - » Foarmhoch (@—1)).

where bear/Hoch(a—l) = FHoch (a—l) if / is even and ‘?’vbar/Hoch(a—l) = }vbar(a—l) if /
is odd. Part (1) now follows immediately from Proposition 8, part (iii), and part (2)
is a consequence of part (1) and Corollary 2. O

5.2. The complex C/W.‘Diﬂ'(&)). Let C* denote the sheaf of smooth functions
on X. Foreach open U C X, we can consider the completed Hochschild complex of

Diff*(€)(U) as in Section 3.3. Denote this complex by C*(Diff*(&€))(U). Consider
the sheafification of the pre-sheaf U ~» m ). Recall that this sheaf of
complexes of C*°-modules is denoted by I-T(M(/S)) in Section 3.3. Unlike in
Section 3.3, let m)) denote the degree n COIW )).

One can also consider the completed bar complex bar®(Diff*(8)(U)). This is
defined as in Section 3.3: the underlying graded C-vector space of the complex

bar®(Diff*(€)(V)) is the same as that of C*(Diff*(&))(U), but the differential on
bar® (Diff*(€)(V)) is the bar differential. We will denote the sheafification of the
pre-sheaf U ~> bar®(Diff"(&)(U)) by bar®(Diff (&)). We have the following result.

Proposition 12. The differentials in Tsygan’s double complex for Diff* (€)(U) extend
to yield differentials for the following double complex of C*° -modules on X :

dHoch —dpar dHoch —dbar dHoch
. N —_— id—t —_— N —_— id—t
T bar®(Diff(8)) T Hoch®(Diff(€)) — " bar® (Diff(§)) — > Hoch® (Diff (€))
dHoch —dypar dHoch —dpar dHoch

N —_— id—t —_— N — id—t1 —_—
T bar N (Diff(8)) — = Hoch™N(Diff(€)) T bar N(Diff(€)) — > Hoch~ ! (Diff(&))

dHoch —dpar dHoch —dpar dHoch

N —_— id—t —_— N — id—t1 —
T bar 2(Diff(€)) T > HochT2(Diff(€)) — > bar 2(Diff(§)) ~ > Hoch~2(Diff (&))

Hoch —dbar dHoch —dpar dHoch
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Proof. This only needs to be checked at the level of pre-sheaves. The double complex
mentioned is the sheafification of the pre-sheaf U ~» CC™*(Diff"(€)(U)). Here,
CC**(Diff*(&)(U)) is the double complex obtained by replacing the Hochschild and
bar complexes that make up the columns of Tsygan’s double complex of Diff*(€)(U)

with their completed versions. It is also clear that id — 7 and N extend to horizontal
differentials on the double complex in this proposition. O

We denote the total complex of this double complex by 6}7(/:1'(0‘Diff (&)). Since
it is a complex of C* modules, its hypercohomology is computed by the complex
['(X, Cycl*(Diff(8))).

The following cyclic analog of Proposition 6 follows from Proposition 11 and the
fact that ) v°(id — r) = 0. We denote by HC_,; (Diff (&)) the —2i-th cohomology
of T'(X, Cycl* (Diff (8))).

Proposition 13. The formula described in Proposition 11 extends to yield us a C-
linear functional try; : HC_,; (Diff(8)) — C.

Proof. The fact that the formula makes sense follows directly from Proposition 11 and
Proposition 6. To show that it vanishes on coboundaries, we recall that Proposition 6
also tells us that it vanishes on the image of the dyo, differential. We only need to
verify that it vanishes on the image of the id — 7 differential. This is a consequence
of the fact that )  7(id — 7) = 0. O

Recall that we had a map S : Cycl® (Diff*(€)) — Cycl*t?(Diff*(§)). Itis easy to
verify that this yields a map S : Cycl*(Diff*(6)) — Cycl*t2(Diff*(§)). Similarly, I
can be seen to extend to a map of complexes I : m)) — (E;c/l'(Diff °(8)).
A direct consequence of the formula in Proposition 11 is the following proposition.

Proposition 14. The following diagrams commute:

C_,; (Diff (€)) —>> AC_y; 12 (Dif(E))

g i ltrzi—z

G: . G:,

id

H* (T (X, Hoch(DIfF(€)))) — > HCo(Diff (€))

C . C.
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5.3. The completed cyclic homology of Diff (€) and the cohomology of X

5.3.1. The completed cyclic homology of Diff(€). We define the completed bar
complex of Diff (&) to be the sheafification of the pre-sheaf U — IMH(S\)(U)).
The terms of this complex are the same as in Ifoal(él)iff (&)), but the differential is
the bar differential. We denote this by b/a\r(i)iff (8)).

We can obtain the completed Tsygan double complex of Diff (&). This is a double
complex of sheaves of C-vector spaces on X, whose non-positive even columns are
ﬁ(ﬁl'(:@iff (&)) and whose negative odd columns are b/a\r(JDiff (&)). The horizontal
differentials in Tsygan’s double complex extend to this situation to give us well-defined
horizontal differentials. We will denote the total complex of this double complex by
Cycl* (Diff(€)).

Before we proceed, we note that as before we have a (degree preserving) natu-
ral map of complexes y : C/)El'(i)iff(éf)) — @El‘(ﬁ)iff(@)). This induces a map
v« H*(X, éﬁl'(ﬂ)iff(éa’))) — H*(X, 63761’(@iff(8))). Note that the map S ex-
tends to a map of complexes Cycl®(Diff(§)) — Cycl*t2(Diff(€)). Similarly, the
map I extends to a map of complexes I: H/oal(i)iff &) — 6}21‘ (Diff (€)). Fur-
thermore, we have the following commutative diagrams:

Hoch(Diff (€)) —— Cycl*(Diff (€))

/| |

Hoch(Diff (€)) —= Cycl*(Diff (€)),

Cycl* (Diff (€)) —— Cycl"+2(Diff (€))
yl ly
Cycl* (Diff(€)) —= Cycl*+2(Diff (€)).

We denote by HC_ ; (Diff(&)) the hypercohomology H™/ (X, C/ﬁl’(i)iff (€))).

Again we note that the complex éyc/l'(i)iff (€)) is a complex of C* modules.
Thus, its hypercohomology is precisely fc. (Diff (&)). It follows that we have the
following corollaries of Propositions 13 and 14, respectively.

Corollary 7 (Corollary to Proposition 13). There exist traces
{t; : HC_»; (Diff(€)) — C.

Proof. This follows from {ry; = try; o V. ]
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Corollary 8 (Corollary to Proposition 14). The following diagrams commute:

HHo(Diff (€)) —> HCo(Diff (€))  HC_ (Diff(€)) — = AC_; 42(DIff(E))

El ltro tro; J/ ltrm’—z

C C, C . C.

id id

Proof. This is an immediate consequence of Proposition 14 and the two commutative
diagrams shown at the top. O

We have the following cyclic homology analog of Lemma 3.
Lemma 5. (Sl?l'(i)iff(é’)) is quasi-isomorphic to C[2n] ® C[2n + 2] & ---.

Proof. 1Tt suffices to verify this assertion locally at the level of pre-sheaves. In other
words, we need to look at the completed Tsygans double complex for Diff (&) (U)
where U is an open set so that & is trivial on U. Of course, all tensor products here
are completed tensor products.

The completed bar complex of Diff (&) (U) is acyclic since the homotopy of rec-
ollection 1, Section 2.1 between the identity endomorphism and the 0 endomorphism
of the bar complex of Diff(&)(U) can be shown to “extend to” a homotopy between
the identity and O endomorphisms of the completed bar complex of Diff(&)(U).

The complex ﬁm) is quasi-isomorphic to C[2n] by Lemma 3. It
follows that the spectral sequence converging to the completed cyclic homology of
Diff (&) (U) that arises out of the filtration of the completed Tsygan double complex
for Diff (&)(U) by columns satisfies:

El_zi’_zn ~ Cforalli >0 and EJ*? = 0 otherwise.
The lemma now follows from this. ]
Corollary 9. HC_,; (Diff(€)) = H2*(X,C)®H2"2(X,C) ®---®H2"2 (X, C).

Denote the isomorphism in the above corollary by J»;. Then, following the proof
of Lemma 5, we obtain the following result.

Proposition 15. The following diagrams commute:

ac . : L_ 2n 2n—2 2n—2i
HC_; (Diff (€)) H>"(X,C) ® H*"2(X,C) & ---®H (X,0)

| |

HC_yi 42 (Diff(€)) Ty H?"(X,C) @ H>"2(X,C) @ --- @ H?"2T2(X, C),
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AH, (Diff (€)) —— ACo (Diff(&))

| o

H2" (X, C) H2"(X, C).

id
The vertical arrow in the right column of the first diagram is the obvious projection.

5.4. Proof of Theorem 3

Proof of Theorem 3. We apply the second diagram in Corollary 8 i times to obtain
the following diagram:

HC_; (Diff(€)) — HCo (DfF(E))

fra; l i{}o

C . C.

id

We apply the first diagram Proposition 15 i times to obtain the following diagram:

Si

HC_,; (Diff (€)) HCo (Diff(€))

| |

H2"(X,C) @ H2"2(X,C) @ --- ® H2"~2/(X, C) H2"(X, C).

In the notation used to state Theorem 3, this tells us that Ig 5,0 = Ig,0,0 and
Ig 2ipk = 0for k > 0. Lastly, the second diagram of Proposition 15 and the first
diagram of Corollary 8 together imply that fr o ,Bgl = trg o Jy 1. This shows that
Ig 0,0 = Ig, which completes the proof. Ll

Remark 1. Our notion of completed Hochschild and cyclic homologies seems to
differ in detail from that used in [FLS]. This forced us to rework some steps of [FLS]
— in particular, Proposition 6 and related matters — in our situation.

Remark 2. The key step in the proof of Theorem 1 in [FLS] consists in showing, on
the one hand, that the linear functional defined in [FLS] applied to the operator id in
Diff (&) is indeed its supertrace, i.e., the Euler characteristic of &, and showing that the
image of id in H/ﬁo(i)iff(éf) gives the class Ch(&) - Td(Tx )2n (this is done by citing
[NT1] and [NT2]) after passing to H?>" (X, C) and then applying the Hirzebruch R-R
theorem. In spite of the differences in detail between our construction of completed
Hochschild homology and that of [FLS] it may be checked that these two key steps
go through, thus maintaining Theorem 1 in this situation.
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