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Geometric cycles, index theory and twisted K-homology

Bai-Ling Wang

Abstract. We study twisted Spin©-manifolds over a paracompact Hausdorff space X with a
twisting o: X — K(Z, 3). We introduce the topological index and the analytical index on the
bordism group of a-twisted Spin©-manifolds over (X, ), taking values in topological twisted
K-homology and analytical twisted K-homology respectively. The main result of this article
is to establish the equality between the topological index and the analytical index for closed
smooth manifolds. We also define a notion of geometric twisted K-homology, whose cycles are
geometric cycles of (X, o) analogous to Baum—Douglas’s geometric cycles. As an application
of our twisted index theorem, we discuss the twisted longitudinal index theorem for a foliated
manifold (X, F') with a twisting «: X — K(Z, 3), which generalizes the Connes—Skandalis
index theorem for foliations and the Atiyah—Singer families index theorem to twisted cases.
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1. Introduction

According to work of Baum and Douglas [10], [11], the Atiyah—Singer index theorem
([6], [7]) for a closed smooth manifold X can be formulated as in the following
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commutative triangle

K°(T*X)

Index; Index,
/ \ (1.1)

Ko(X) K5 (X),

lR|=

whose arrows are all isomorphisms. Here K°(7*X) denotes the K-cohomology with
compact supports of the cotangent bundle 7*X, corresponding to symbol classes of
elliptic pseudo-differential operators on X. Kj(X) is the topological K-homology
constructed in [10], and K§(X) is the Kasparov’s analytical K-homology (see [30]
and [26]) of the C*-algebra C(X) of continuous complex-valued functions on X.

The topological index and the analytical index can defined on the level of cycles.
The basic cycles for Kj(X) (resp. K!(X)) are triples (M, ¢, E) consisting of even-
dimensional (resp. odd-dimensional) closed smooth manifolds M with a given Spin®
structure on the tangent bundle of M together with a continuous map¢: M — X and
a complex vector bundle E over M. The equivalence relation on the set of all cycles
is generated by the following three steps (see [10] for details):

(i) bordism,
(i1) direct sum and disjoint union,
(iii) vector bundle modification.

Addition in K7 Jodd (X) is given by the disjoint union operation of topological cycles.
In this paper, this K-homology will be called the geometric K-homology of X, while
the notion of topological K-homology will be reserved for homotopy theoretically
defined K-homology.

Recall that a symbol class in K°(7*X) of an elliptic pseudo-differential operator
D on X is represented by

o(D): n*Eg — n*E,

where 7w: T*X — X is the projection, E( and E; are complex vector bundles over
X. Choose a Riemannian metric on X, let S(7T*X & R) be the unit sphere bundle
in T*X & R, equipped with the natural Spin® structure. Denote by ¢ the projection
S(T*X ®R) - X. Let E be the complex vector bundle over S(7*X @ R) obtained
by the clutch construction (see Section 10 in [10]): as S(T*X @ R) consists of two
copies of the unit ball bundle of T*X glued together along the unit sphere bundle,
one can use the symbol (D) to clutch 7*Eg and 7*E; together along the unit
sphere bundle S(7*X). The topological index Index; ([o(D)]) is represented by the
following topological cycle

(S(T*X & R), E.¢).
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The Kasparov analytical K-homology K¢ Jod 4(X), denoted KK®'/°4(C(X), C)
in the literature, is generated by unitary equivalence classes of multi-graded Fred-
holm modules over C(X) modulo operator homotopy relation [30]. Addition in
KK®'/°4(C(X), C) is defined using a natural notion of direct sum of Fredholm mod-
ules; see [26] for details. The analytical index Index, ([o(D)]) is defined in terms of
Poincaré duality (cf. [31]):

K%T*X) = KK°(C, C.(T*X))
~ KK°(C(X),C) (Kasparov’s Poincaré duality)
= K§(X).

On the level of cycles, an even dimensional topological cycle (M, ¢, E) defines a
canonical element [lDf,I] in K§ (M) determined by the Dirac operator

Pr: C®(ST®E)—> C®(S” ®E)

where S*are the positive and negative spinor bundles (called reduced spinor bundles
in [26]). Then the natural isomorphism

p: Kh(X) = K§(X)
is defined by the correspondence

(M, E) = t((D ),

where 1,1 K§(M) — K§(X) is the covariant homomorphism induced by ¢.

The commutative triangle (1.1) has played an important role in the understanding
of the Atiyah—Singer index theorem and its various generalizations such as the Baum—
Connes conjecture in [9]. In this article, we will generalize the Atiyah—Singer index
theorem to the framework of twisted K-theory following ideas inspired from Baum—
Douglas [10], [11] and Baum—Connes [9].

In this article, we aim to develop the index theorem in the framework of twisted
K-theory which is a natural generalization of the Baum—Douglas commutative trian-
gle (1.1). We need a notion of a twisting in complex K-theory, given by a continuous
map

a: X - K(Z,3),

where K(Z, 3) is an Eilenberg—MacLane space. We often choose a homotopy model
of K(Z,3) as the classifying space of the projective unitary group PU(H) of an
infinite dimensional, complex and separable Hilbert space #, equipped with the
norm topology. The norm topology could be too restrictive for some examples, one
might have to use the compact-open topology instead as discussed in [5].

For any paracompact Hausdorff space X with acontinuousmape: X — K(Z, 3),
the corresponding principal K(Z,2)-bundle over X will be denoted by #y. Then
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any base-point preserving action of K(Z,2) on a spectrum defines an associated
bundle of based spectra. In this article, we mainly consider two spectra, one is the
complex K-theory spectrum K = {Q"K}, the other is the Spin® Thom spectrum
MSpin® = {MSpin®(n)}. The corresponding bundle of based spectra over X will be
denoted by

Py (K) and P, (MSpin®),

respectively.
Twisted K-cohomology groups of (X, ) are defined to be

mo(Ce (X, j)a(Q" K))),

the homotopy classes of compactly supported sections of 5, (2" K).

Let K be the C*-algebra of compact operators on the Hilbert space #, and Py (K)
be the associated bundle of compact operators corresponding to the PU(#)-action
on K by conjugation. An equivalent definition of twisted K-theory of (X, «) is the
algebraic K-cohomology groups of the continuous trace C*-algebra over X of com-
pactly supported sections of #, (K). The Bott periodicity of the K-theory spectrum
implies that we only have two twisted K-groups, denoted by

K°X,0) and K'(X, «),

or simply K ev/odd (X, ). We will review twisted K-theory and its basic properties in
Section 2.
We define topological twisted K-homology to be

Ky (X.) = lim [S"*2%, 2,(Q%K)/X].
k—o00

the stable homotopy groups of %, (K)/X. Due to Bott periodicity, we only have two
different topological twisted K-homology groups denoted by K év Jodd (X, ).

There is a notion of analytical twisted K-homology defined as Kasparov’s analyt-
ical K-homology:

K& joqa(X. @) := KK (C (X, Pu(K)). C).

Now we can state the main theorem of this article, which should be thought of as the
general index theorem in the framework of twisted K-theory.

Main Theorem (cf. Theorem 5.1 and Remark 5.3). Let X be a closed smooth manifold
and w: T*X — X be the projection. Then there is a natural isomorphism

P: Ketv/odd(X’ 0{) - gv/odd(X, O[),
and there exist notions of the topological index and of the analytical index on

KCV/Odd(T*X, o o 7_[)
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such that the following diagram

KeV/Odd(T*X,O{ o)

Kév/odd (X, ) K::lv/odd (X, )

o | IR

is commutative, and all arrows are isomorphisms.

We remark that topological and analytical twisted K-homology groups are well
defined for any paracompact Hausdorff space X with a continuous map o: X —
K(Z,3). The above main theorem only holds for smooth manifolds, we believe that
the isomorphism

o Kév/odd(X’ O[) - ng/odd(X’a)’

should be true for more general spaces such as paracompact Hausdorff spaces with
the homotopy type of finite CW complexes. We only establish this isomorphism for
smooth manifolds by applying the Poincaré duality in twisted K-theory which requires
differential structures, see the proof of Theorem 5.1 for details. It would be interesting
to have this isomorphism for paracompact Hausdorff spaces with the homotopy type
of finite CW complexes.

To prove the main theorem, we introduce a notion of a-twisted Spin® manifolds
over any paracompact Hausdorff space X with a continuous map «: X — K(Z, 3)
in Section 3, which consists of quadruples (M, v, ¢, ), where

(1) M is a smooth, oriented and compact manifold together with a fixed classifying
map of its stable normal bundle,

v: M — BSO,

with BSO = li_r)nk BSO(k) the classifying space of the stable normal bundle
of M;

(2) t: M — X is a continuous map;

(3) nisana-twisted Spin€ structure on M , thatis, a homotopy commutative diagram

(see Definition 3.1 for details)

M —Y— BSO

2
7
Li 7 iWB
73
©

X~ K(Z,3).
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A manifold M admits an a-twisted Spin® structure if and only if there exists a con-
tinuous map ¢: M — X such that

F([o]) + Wa(M) =0

in H3(M, Z). (This is known to physicists as the Freed—Witten anomaly cancellation
condition for type II D-branes (cf. [25]).)

We then define an analytical index for each a-twisted Spin® manifold over X
taking values in the analytical twisted K-homology K¢, Jod 4(X, @) and establish its
bordism invariance. i

In Section 4, we study the geometric a-twisted bordism groups Qi (X, ) and
establish a generalized Pontrjagin—-Thom isomorphism (cf. Theorem 4.4) between
our geometric a-twisted bordism groups and the homotopy theoretic definition of
a-twisted bordism groups

QP (X o) Jim (e (MSpin® (K))/ X).

We also define a topological index on geometric «-twisted bordism groups. Then the
main theorem is proved in Section 5.

In Section 6, we explain the notion of geometric cycles for any paracompact
Hausdorff space X with a continuous map «: X — K(Z,3). Geometric cycles in
this sense are called ‘D-branes’ in string theory. These consist of an «-twisted Spin®
manifold M over X together with an ordinary K-class [E]. Following the work of
Baum—-Douglas, we impose an equivalence relation generated by

(i) direct sum and disjoint union,
(i1) bordism,
(iii) Spin® vector bundle modification

on the set of all geometric cycles to obtain the geometric twisted K-homology
K egf;)o 1a(X,a). Then we establish the commutative diagram (cf. Theorem 6.4) for

a closed smooth manifold X with a twisting «: X — K(Z, 3),

Kév/odd (X’ O[)

/ \ (1.2)

ngo dd (X’ Ol) ng/odd (X’ Ol),

ev/o

(IR

whose arrows are all isomorphisms. One consequence of this commutative diagram is
that every twisted K-class in K®/°%(X, &) can be realized by appropriate geometric
cycles (cf. Corollary 6.5).
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Another application of the Main Theorem and the commutative diagram (1.2) is
that the index pairing

KX o) x K& (X @) — Z

can be expressed in terms of the usual index pairing for geometric cycles.

We remark that the commutative diagram (1.2) of isomorphisms should hold for
general paracompact Hausdorff spaces with the homotopy type of finite CW com-
plexes. The restriction to smooth manifolds is due to the fact that we only establish
the isomorphism & in Theorem 5.1 for smooth manifolds. We expect that the equiv-
alence of geometric, topological and analytical twisted K-homology exists for any
finite CW complex. We will return to this equivalence and the corresponding index
paring in a sequel paper [13].

In Section 7, we study the twisted longitudinal index theorem (cf. Theorem 7.3)
for a foliated manifold (X, F') with a twisting «: X — K(Z, 3), and show that this
twisted longitudinal index theorem generalizes both the Atiyah—Singer families index
theorem in [8] and Mathai—-Melrose—Singer index theorem for projective families of
elliptic operators associated to a torsion twisting in [34].

In Section 8, we introduce a notion of twisted Spin manifolds over a manifold X
with a KO-twisting o: X — K(Z5,2). A smooth manifold M admits an «-twisted
Spin structure if and only if there exists a continuous map ¢: M — X such that

F(le]) + wa(M) =0

in H?>(M,Z,). Here w,(X) is the second Stiefel-Whitney class of TM. (This
is the anomaly cancellation condition for type I D-branes (cf. [44]).) We also dis-
cuss a notion of twisted string manifolds over a manifold X with a string twisting
a: X — K(Z,4). A smooth manifold M admits an «-twisted string structure if and
only if there is a continuous map ¢: M — X such that

p1(M) _
=

0

(o)) +

in H*(M,Z). Here p;(X) is the first Pontrjagin class of 7M. These notions could
be useful in the study of twisted elliptic cohomology.

It would be interesting to establish a local index theorem in the framework of
twisted K-theory in which differential twisted K-theory in [17], [28] will come into
play. We will return to these problems in subsequent work. Finally, we like to point
that, except in Sections 5 and 7 and Theorem 6.4 where X is smooth, X is assumed
to be a paracompact Hausdorff topological space throughout this article.



504 B.-L. Wang
2. Review of twisted K-theory

In this section, we briefly review some basic facts about twisted K-theory; the main
references are [5] and [18] (see also [15], [24], [39]).

Let # be an infinite dimensional, complex and separable Hilbert space. We shall
consider locally trivial principal PU(#¢)-bundles over a paracompact Hausdorft topo-
logical space X. The structure group PU(H) is equipped with the norm topology.
The projective unitary group PU(#) with the norm topology (cf. [32]) has the homo-
topy type of an Eilenberg—MacLane space K(Z, 2). The classifying space of PU(H),
as a classifying space of the principal PU(J)-bundle, is a K(Z,3). Thus, the set
of isomorphism classes of principal PU(J)-bundles over X is canonically identified
with (Proposition 2.1 in [5])

[X,K(Z,3)] = H*(X,Z).
A twisting of complex K-theory on X 1is given by a continuous map

a: X — K(Z,3). For such a twisting, we can associate a canonical principal
K(Z,?2)-bundle £, through the following pull-back construction:

Py — EK(Z.,2)

i (2.1)
X —> K(Z,3).
Let K be the 0-th space of the complex K-spectrum. In what follows we take K to be

Fred(#), the space of Fredholm operators on J¢. There is a base-point preserving
action of K(Z,2) on the K-theory spectrum

K(Z,2) x K— K

which is represented by the action of complex line bundles on ordinary K-groups.
As we identify K(Z,2) with PU(H) and K with Fred(#), the above base point
preserving action is given by the conjugation action

PU(#) x Fred(#) — Fred(H). 2.2)

The action (2.2) defines an associated bundle of K-theory spectra over X. Denote
by
Po(K) = Po Xg(z,2) K
the bundle of based spectra over X with fiber the K-theory spectrum, and by
195 Po(K) = Py xg(z,2) Q" K} the fiber-wise iterated loop spaces.

Definition 2.1. The twisted K-groups of (X, «) are defined to be the set of homotopy
classes of compactly supported sections of the bundle of K-spectra:

K™ (X,a) 1= mo(Ce (X, QY Po(K))).
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Due to Bott periodicity, we only have two different twisted K-groups K°(X, o)
and K!(X, ). Given a closed subspace 4 of X, (X, A) is a pair of topological spaces,
and we define relative twisted K-groups to be

KeoU(X, A ) = KO°N(X — A, ).

Remark 2.2. Let ag,1: X — K(Z,3) be a pair of twistings. If n: X x [1,0] —
K(Z,3) is a homotopy between o and o1, written as

then there is a canonical isomorphism #y, = J, induced by 7. This canonical
isomorphism determines a canonical isomorphism on twisted K-groups,

Nt KX ag) => KO/°4(X, ay). (2.3)

This isomorphism 7, depends only on the homotopy class of 7. The set of homotopy
classes between «¢ and &1 is an affine space modelled on [X, K(Z, 2)]. Note that the
first Chern class isomorphism is

Vect; (X) = [X, K(Z,2)] = H*(X,Z),

where Vect; (X) is the set of equivalence classes of complex line bundles on X. We
remark that the isomorphisms induced by two different homotopies between ¢y and
o are related through an action of complex line bundles. This observation will play
an important role in the local index theorem for twisted K-theory.

Remark 2.3. Let K be the C*-algebra of compact operators on J. The isomor-
phism PU(H#) =~ Aut(/K) via the conjugation action of the unitary group U(H)
provides an action of K(Z,?2) on the C*-algebra K. Hence, any K(Z, 2)-principal
bundle £, defines alocally trivial bundle of compact operators, denoted by £ (K) =
Po Xg(z,2) K. Let Co(X, Py (K)) be the C*-algebra of the compact supported sec-
tions of £y (K). We remark that C, (X, $y(K) is the (unique up to isomorphism) sta-
ble separable complex continuous-trace C*-algebra over X with its Dixmier—Douady
class [@] € H3(X, Z); here we identify the Cech cohomology of X with its singular
cohomology (cf. [39] and [38]). In [5] and [39], it was proved that twisted K-groups
K¥/°4d(X ) are canonically isomorphic to the Kasparov KK-groups of the stable
continuous trace C*-algebra C. (X, £, (K)):

KeV/Odd(X, a) ~ KK&V/Odd(C’ CC (X, J)Cl (JC))) (24)
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The twisted K-theory is a 2-periodic generalized cohomology theory: a con-
travariant functor on the category of pairs consisting of a pair of topological spaces
A C Xwith a twisting @: X — K(Z,3) to the category of Z,-graded abelian
groups. Note that a morphism between two pairs (X, «) and (Y, B) is a continuous
map f: X — Y suchthat 8 o f = «. The twisted K-theory satisfies the following
three axioms whose proofs are rather standard for 2-periodic generalized cohomology
theory.

(I) (The homotopy axiom) If two morphisms f, g: (¥, B) — (X, A) are homo-
topic through amap n: (Y x [0, 1], B x [0, 1]) — (X, A), written in terms of
the following homotopy commutative diagram

(v, B) —L = (x, 4)

n 27
g //// o
V4

(X, A) —— K(Z,3),
then we have the following commutative diagram:

Kev/odd(X A: O[)

/\

Kev/odd(Y B: Of) Kev/odd(Y B:a og)

Here 7, is the canonical isomorphism induced by the homotopy 7.

(IT) (The exact axiom) For any pair (X, A) with atwistinga: X — K(Z, 3), there
exists the following six-term exact sequence:

KX, A;a0) —= K°(X,a) —— KO(A,a|A)

| |

K'(A,alg) =— K'(X,a) =<— K'(X, 4; ).

Here «|4 is the composition of the inclusion and «.

(IIT) (The excision axiom) Let (X, A) be a pair of spaces and let U C A be a
subspace such that the closure U is contained in the interior of A. Then the
inclusion¢: (X —U,A—U) — (X, A) induces, foralla: X — K(Z,3), an
isomorphism

KCV/Odd(X’ A;a) — KeV/Odd(X —U,A-U;aou).

In addition, twisted K-theory satisfies the following basic properties (see [5], [18] for
detailed proofs).
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(IV) (Multiplicative property) Let o, 8: X — K(Z, 3) be a pair of twistings on X .
Denote by o 4 B the new twisting defined by the map

a+pB: X P k@ 3) x k@ 3) T K@, 3), 2.5)
where m is defined as
BPU(#) x BPU(#) = B(PU(H) x PU(HK)) — BPU(HK)
for a fixed isomorphism # ® # = J€. Then there is a canonical multiplication
KV/oM(X ) x K4(X B) — K&/ (X o + B),

which defines a K°(X)-module structure on twisted K-groups K¢/°% (X, o).

(V) (Thom isomorphism) Let 7: E — X be an oriented real vector bundle of
rank k over X with the classifying map denoted by vg : X — BSO(k). Then,
for any twisting & : X — K(Z, 3), there is a canonical isomorphism

K/ (X o + (W3 0vg)) = K&/NE, a0 1), (2.6)
with the grading shifted by k (mod 2). Here W3: BSO(k) — K(Z,3) is the
classifying map of the principal K(Z, 2)-bundle BSpin€ (k) — BSO(k).

(VD) (The push-forward map) For any differentiable map f : X — Y between two
smooth manifolds X and Y, leta: Y — K(Z, 3) be a twisting. Then there is
a canonical push-forward homomorphism

fii KX (@0 f) 4+ (Wso0vp)) — K&/°4(Y, ), 2.7)

with the grading shifted by n (mod 2) for n = dim(X) + dim(Y"). Here vy
is the classifying map
X — BSO(n)

corresponding to the bundle TX & f*TY over X.

(VII) (Mayer—Vietoris sequence) If X is covered by two open subsets Uy and U, with
atwisting : X — K(Z, 3), then there is a Mayer—Vietoris exact sequence

KX, ) K'Y (Ui N Uz, a12) = K (Uy, 1) @ K (Uz, a2)

! |

KO(Ui,a1) ® KO(Uz, a2) <= KO(Uy N U, 12) K'(X,a),

where o, ap and a5 are the restrictions of « to Uy, U, and Uy N U, respec-
tively.



508 B.-L. Wang

Remark 2.4. (1) Note that [ + (W3 0vg)] = [o] + W5(E). Our Thom isomorphism
agrees with the Thom isomorphism in [18] and [20], where the notation

KeV/Odd(X, [Ol] + W3(E)) o~ KeV/Odd(E, JT*([CY]))

is used.
(2) The push-forward map constructed in [18] is established in the following form

fir KUY, f*a] + Wa(TX & f*TY)) — K/, [a]),

which is obtained by applying the Thom isomorphism and Bott periodicity as follows.

Choose an embedding i : X — R2* . Then x +— (f(x),i(x)) defines an em-
bedding of X — Y x R?* whose normal bundle N is identified with a tubular
neighborhood of X. Let vy : X — BSO be the classifying map of the normal bundle
N,lett: N — Y x R?¥ be the inclusion map,and 7 : Y X R2k — Y bethe projection.
We use the commutative diagram

NHL.YX[RZIC

T

X ——F—Y —5—K(Z.3)

to illustrate induced twistings & o f, @ o ot and @ o r on X, N and Y x R?"k,
respectively. Notice the isomorphism, as bundles over X,

NOTX®TX =TX & f*TY & R*",

and the canonical Spin® structure on 7X @ TX determines a canonical homotopy
between W3 o vy and W3 o vy, which in turn induces a canonical isomorphism

KX (a0 f) + (Waovp)) = K&/°M(X, (o f) + (W3 0 v).
Applying the Thom isomorphism (2.6), we have
KeV/Odd(X, (Ol o f) + (W3 o VN)) ~ KeV/Odd(N,O[ o7 o l),

with the grading shifted by n (mod 2) for n = dim(X) 4 dim(Y). The inclusion
mapt: N — Y x R2* induces a natural push-forward map

0 KN, g o o1) — K®/°U(Y x R*,a o 7).
The Bott periodicity gives a canonical isomorphism
Kev/odd(Y % [R2n’a ° 7'[) o Kev/odd(Y’ Ol).

The composition of the above isomorphisms and the map ¢ gives rise to the canonical
push-forward map (2.7).
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3. Twisted Spin®-manifolds and analytical index

Definition 3.1. Let (X, «) be a paracompact Hausdorff topological space with a
twisting . An a-twisted Spin® manifold over X is a quadruple (M, v, t, ), where

(1) M is a smooth, oriented and compact manifold together with a fixed classifying
map of its stable normal bundle

v: M — BSO

with BSO = li_r)nk BSO(k) the classifying space of stable normal bundle of M ;
(2) t: M — X is a continuous map;

(3) nisana-twisted Spin€ structure on M, that is a homotopy commutative diagram

M —— BSO

2
bz
Li 7 iW3
z
©

X ? K(Z, 3),

where Wj is the classifying map of the principal K(Z,2)-bundle BSpin® —
BSO associated to the third integral Stiefel-Whitney class and 7 is a homotopy
between W5 o v and « o t.

Two a-twisted Spin¢ structures n and 7’ on M are called equivalent if there is a
homotopy between 7 and 7’.

Remark 3.2. (1) The definition of twisted Spin® manifolds over X was previously
given by Douglas in [21] using Hopkins—Singer’s differential cochains developed in
[28]. Here in Definition 3.1, we define an a-twisted Spin® structure on M to be a
homotopy between W3 o v and « o ¢ since it induces a canonical isomorphism 74 (3.5)
that will play an important role in our definition of the analytical index.

(2) Let (W, v, 1, 1) be an a-twisted Spin® manifold with boundary over X. Then
there is a natural a-twisted Spin® structure on the boundary dW with outer normal
orientation, which is the restriction of the a-twisted Spin€ structure on W':

aw M>/Bso
LIaWJ/ nlza/w//// lW_z 3.1
é s
X T> K(Z, 3)
(3) Given an oriented real vector bundle E of rank k over a smooth manifold M,

the classifying map of E
vE: M — BSO(k)
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and the principal K(Z, 2)-bundle BSpin€ (k) — BSO(k) define an associated twisting
Wiovg: M — BSO(k) — K(Z,3).

Proposition 3.3. Let M be a smooth, oriented and compact n-dimensional manifold
and let X be a paracompact space with a twisting a: X — K(Z,3). Then the
following holds:

(1) M admits an a-twisted Spin® structure if and only if there exists a continuous
map t: M — X such that

F(la]) + Wa(M) =0 (3.2)
in H3(M,Z). Here W3(M) is the third integral Stiefel-Whitney class,
W3(M) = B(w2(M))

with B: H*(M,Z5) — H3(M,Z) the Bockstein homomorphism and w, (M)
the second Stiefel-Whitney class of TM. (Condition (3.2) is the Freed—Witten
anomaly cancellation condition for type Il D-branes; cf. [25].)

2) If *(Ja]) + W3(M) = 0, then the set of equivalence classes of a-twisted Spin©
structures on M is an affine space modelled on H*(M, Z).

Proof. If M admits an a-twisted Spin® structure, then W3 o v and « o ¢ are homotopic
as maps from M to K(Z, 3). This means that the third integral Stiefel-Whitney class
of the stable normal bundle is equal to t*([®]). As M is compact, we can find an
embedding

ir: M" — RTE

for a sufficiently large k. Denote by v(ix) the normal bundle of ix. Then we know
that W5 (v(ix)) = t*([«]), and

v(ix) ® TM = i (TR"TF)

is a trivial bundle, which implies W3 (M )+ W5(v(ix)) = 0. So t*([e]) +W3(M) = 0.

Conversely, if t*([a]) + Wa(M) = 0, then W3(v(ix)) agrees with (*([a]). Hence
the classifying map vg: M — BSO(k) makes the following diagram homotopy
commutative for some homotopy n:

M —%~ BSO(k)
L /7]//// \LW3

V4
X —— K(Z.3).

This defines an a-twisted Spin® structure on M by letting k — oo.
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The set of equivalence classes of a-twisted Spin€ structures on M corresponds to
the set of homotopy classes of homotopies between W3 o v and « o ¢. The latter is an
affine space over

(XM, K(Z,3)] =~ [M, K(Z,2)].

Here X denotes the suspension. Since [M, K(Z,2)] = H*(M,Z), H*(M,Z) acts
freely and transitively on the set of equivalence classes of a-twisted Spin® structures
on M. O

Remark 3.4. (1) If the twisting o: X — K(Z,3) is homotopic to the trivial map,
then an «-twisted Spin® structure on M is equivalent to a Spin€ structure on M.

(2) Let txy : X — BSO be a classifying map of the stable tangent bundle of X,
then a Wj o tx-twisted Spin® structure on M is equivalent to a K-oriented map from
M to X.

(3) Let (M, v, t, n) be an a-twisted Spin® manifold over X. Any K-oriented map
f: M’ — M defines a canonical a-twisted Spin® structure on M.

Recall that for k € {0,1,2,...} and a separable C*-algebra A, Kasparov’s
K-homology group
KK*(A,C) =~ KK (A, Cliff (CF))
is the abelian group generated by unitary equivalence classes of Cliff(C¥)-graded

Fredholm modules over A modulo certain relations (see [26] for details). Then
KK (A, C) and KK°¥(A4, C) denote the direct limits under the periodicity maps

KK®' (A4, C) =1i_r)nKK2k(A,(C) and KK°4(4,C) =1i_r>nKK2k+1(A,C).
k k

Definition 3.5. Suppose that X be a paracompact Hausdorff space with a twisting
a: X — K(Z,3). Let $,(K) be the associated bundle of compact operators on X.

Analytical twisted K-homology, denoted by K¢ Jodd (X, @), is defined to be

K& joqa(X. @) := KK/ (C(X. Po(K)). C).

the Kasparov Z,-graded K-homology of the C*-algebra C. (X, £ (K)). Given a
closed subspace A of X, the relative twisted K-homology K¢, Jod (X, 4; @) is defined
to be

KK/ (Co (X — A, Po(X)), C).

Analytical twisted K-homology is a 2-periodic generalized homology theory.

We first discuss the relationship between the stable normal bundle of M and its
stable tangent bundle, and apply it to study the corresponding twisted K-homology
groups. Note that the classifying space of SO(k) is given by the direct limit

BSO(k) = lim Gr(k, m + k),

m
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where Gr(k, m + k) is the Grassmann manifold of oriented k-planes in RK+™_ The
classifying space of the stable special orthogonal group is li_)mk BSO(k), and will be
denoted by BSO.

The map I ,: Gr(k,m + k) — Gr(m,k 4+ m) of assigning to each oriented
k-plane in R¥*™ its orthogonal m-plane induces a map

I: BSO — BSO,

with 72 the identity map.

For a compact n-dimensional manifold M", the stable normal bundle is repre-
sented by the normal bundle of an embedding iy : M™ — R"** for any sufficiently
large k. The normal bundle v(ix) of iy is the quotient of the pull-back of the tangent
bundle TR"*T* = R"*+* x R"** by the tangent bundle 7M. Then the normal map

Vi: M — Gr(k,k +n)

and the tangent map
% : M — Gr(n,k + n)

are related to each other by 1y = Iy, o vg. So the classifying map for the stable
normal bundle

v: M — BSO

and the classifying map of the stable tangent bundle
7: M — BSO
are related by © = I o v. Thus, we have a natural isomorphism
I'*: t* BSpin®(KX) — v*BSpin®(XK). (3.3)
on the associated bundles of compact operators. This determines an isomorphism
Iy: gv/odd(M, Wio071) =~ ;‘V/Odd(M, W3 o v). (3.4)
on the corresponding twisted K-homology groups.

Remark 3.6. Given an embedding iy: M — R"*+k with the normal bundle N , the
natural isomorphism

TM&N&N =R "N

and the canonical Spin® structure on N @ N define a canonical homotopy between
W3 o T and W3 o v. The isomorphism (3.4) is induced by this canonical homotopy.
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For a Riemannian manifold M, denote by Cliff (TM) the bundle of complex
Clifford algebras of TM over M. As algebras of the sections, C(M, Cliff (TM)) is
Morita equivalent to C (M, t* BSpin®(K)). Hence, we have a canonical isomorphism

K& oM. W3 07) = KK®/°%(C(M, Cliff (M)), C),

with the degree shift by dim M (mod 2). Applying Kasparov’s Poincaré duality
(ctf. [31])
KK®/*4(C, C(M)) = KK®/°%(C (M, Cliff (M)), C),

we obtain a canonical isomorphism

PD: K*(M) = K¢,/ iy(M, W3 0 1),

with the degree shift by dim M (mod 2). The Poincaré dual of the unit element
in K°(M) is the fundamental class [M] € K¢ /odd(M, W3 o 7). Note that [M] €

ev

K& (M, W3(M))if M is even dimensional, and [M] € K& ,(M, W5(M)) if M is odd
dimensional. The cap product

N K joag(M. W3 07) @ KO(M) — K&/ o0q(M, W3 0 7)

is defined by the Kasparov product. We remark that the cap product of the fundamental
class [M] and [E] € K°(M) is given by

[M] ~[E] = PD([E]).

Given an a-twisted Spin® manifold (M, v, t, n) over X, the homotopy 7 induces an
isomorphism v*BSpin¢ = (*P, as principal K(Z,2)-bundles on M, hence defines
an isomorphism

v*BSpin€ (X)) —77:—> P (K)

as bundles of C*-algebras on M. This isomorphism determines a canonical isomor-
phism
C(M,v*BSpin‘(K)) == C(M, * Py (K))

between the corresponding continuous trace C*-algebras. Therefore, we have a canon-
ical isomorphism

N : ng/odd(M, W3 o0v) =~ ng/odd(M,oc ot). (3.5)
Notice that the natural push-forward map in analytic K-homology theory is
[ Ké’v/odd(M,oz ot) —> ng/odd(X, a). (3.6)

We can introduce a notion of analytical index for any a-twisted Spin® manifold over
X, taking values in analytical twisted K-homology of (X, @).
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Definition 3.7. Given an «a-twisted Spin® closed manifold (M, v,t,n) and [E] €
K°(M), we define its analytical index

Index, (M, v,t,n),[E]) € ng/odd(X’a)

to be the image of the cap product [M] n [E] € K¢

% /oda(M. W3 o T) under the maps
(3.4), (3.5) and (3.6):

L*OW*OI*

gv/odd(M’ W3 © T) gv/odd(X’ O[).
The analytical index enjoys the following properties.

Proposition 3.8. (1) The analytical index Index,((M, v, t, 1), [E]) depends only on
the equivalence class of the a-twisted Spin® structure 1.

(2) (Disjoint union and direct sum) Let (M1, v1,t1,11) and (M3, V3,12, 12) be a
pair of a-twisted Spin® manifolds, and let [E;] € K°(M;). Then

Indexq (M2, v, t2,1m2) U (M3, v2,12,12), [E1] U [E3])
= Indexq (M1, vy, t1, 1), [E1]) + Index, (M2, v2, 2, 12), [E2]).

(3) (Bordism invariance) If (W, v, 1, 1) is an a-twisted Spin€ manifold with bound-
ary over X and [E] € K°(W), then

Index, ((OW, dv, dt, dn), [E|aw]) = 0.

Proof. In the definition of Index,((M,v,t, n),[E]) the a-twisted Spin® structure 7
shows up only through

UER ng/odd(M’ W3 °© V) = gv/odd(M’ o L)'

This isomorphism depends only on the homotopy class of 7. So claim (1) is obvious.

Claim (2) follows from the disjoint union and direct sum property of the funda-
mental classes and the cap product.

To establish claim (3), let (W, v, ¢, n) be an a-twisted Spin® manifold with bound-
ary over X and denote its boundary by M = 0W with the induced a-twisted Spin©
structure (dv, dt,dn). Leti: M — W be the boundary inclusion map. The ex-
act sequence in topological K-theory and analytical K-homology are related through
Poincaré duality (assume that W is odd dimensional) as in the following commutative
diagram of exact sequences:

K'(W. M) K°(M) - K°(W)

\LPD lPD lPD 3.7

KS(W, W3 ° TW) <~ Kg(Ma W3 © TM) 'T K?(W’Ma W3 © TW)a
Ix
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where 137 and Ty are classifying maps of the stable tangent bundles of M and W,
respectively. One could get this K-homology exact sequence by applying the Kasparov
KK-functor to the following short exact sequence of C*-algebras:

0 — Co(W, CIiff(W)) — C(W, Cliff(W)) — C(M, Cliff(M)) — 0.

Co(W, Cliff (W)) is the C*-algebra of continuous sections of Cliff (W) vanishing at the
boundary M. The relative analytical K-homologyKK®"/*¥(Co (W, Cliff(W)), C) is
isomorphic to K:v/odd(W, M ; W3 07), and hence isomorphic to K:V/Odd(W, M ; Wsov)
under (3.4).

It follows from (3.7) that the Poincaré dual of

[i*E] e K°(M)
is mapped to zero in K§ (W, W3 o ) for [E] € K°(W) under the map
ixoPDoi*([E]) =ix0d0oPD(E]) =0. (3.8)

Notice that Index, ((M, dv, dt, 9n), [E|ar]) is image of the class PD(i *[ E]) under
the sequence of maps

I on) L) %
KM, W 0 tar) 5 KE(M, W 0 9v) % KS(M, a0 81) 225 KE&(X, ),

and the inclusion map i : M — W induces the following commutative diagram:

Ka(M. W3 0 tar) = K&(M. W3 0 dv) 2% K&(M. o 0 00)

T S

K&(W, Wa o tw) ——= K&(W, W3 0 v) ——= K§(W, @ ov) —— K¢(X, ).

Therefore, we conclude that

Index, ((M, dv, dt, 0n), [E|m])
= (0t)% 0 ()4 o I« o PD(i*[E]) (Definition 3.7)
=1, 0N« ol oiyoPD(I*[E]) (the above commutative diagram)
=0 (3.8). O

Remark 3.9. Given an «-twisted Spin® structure 1 on (M, v, () and a complex line
bundle L over M, denote by c; - [5] the action of the first Chern class ¢c; = c1(L) €
H?(M,Z) on the homotopy class of 7. Then the analytical index depends on the
choice of equivalence classes of a-twisted Spin¢ structures through the following
formula

Indexa (M, v, ¢, ¢y - [n]), [E]) = Indexa (M, v, ¢, [n]), ([L] ® [E])).
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4. Twisted Spin® bordism and topological index

Given a manifold X withatwistinga : X — K(Z, 3), a-twisted Spin® manifolds over
X form a bordism category, called the a-twisted Spin¢ bordism over (X, or), whose
objects are compact smooth manifolds over X with an a-twisted Spin® structure as
in Definition 3.1. A morphism between «-twisted Spin® manifolds (M1, vq,t1,11)
and (M», va, L2, 1)2) is a boundary preserving continuous map f : My — M, and the
following diagram

Ml v

W

M, —2—~ BSO @.1)

P
=
\fl e lWS
7
V74

X~ K(Z.3)

i

is a homotopy commutative diagram such that

(1) vq is homotopic to v, o f through a continuous map v: M; x [0, 1] — BSO;

(2) t2 o f is homotopic to ¢; through continuous map ¢: My x [0,1] — X;

(3) the composition of homotopies (¢ o t) * (72 o (f x1d)) * (W3 o v) is homotopic

tony.
The boundary functor d applied to an «-twisted Spin® manifold (M, v, (, ) is the
manifold dM with outer normal orientation and the restriction of the a-twisted Spin®
structure to M.
Two «-twisted Spin® manifolds (M, vy,t1,711) and (M, va, 12, 172) are called

isomorphic if there exists a diffeomorphism f: M; — M, such that the diagram
(4.1) is a homotopy commutative diagram.

Definition 4.1. We say that an «-twisted Spin® manifold (M, v, ¢, n) is null-bordant if
there exists an a-twisted Spin® manifold W whose boundary is (M, v, ¢, n) in the sense
of (3.1). We define the a-twisted Spin¢ bordism group of X, denoted by Q5" (X, o),
to be the set of all isomorphism classes of closed a-twisted Spin® manifolds over X
modulo null-bordism, with the sum given by the disjoint union.

The subgroup of isomorphism classes of n-dimensional closed a-twisted Spin®
manifolds over X will be denoted Q,S,pm (X,@). Set

Qg\l/)inc (X, O() — @ szinc (X, O[),
k

Q" (X.a) = P i (X ).
k
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Proposition 4.2. The analytical index defined in the previous section induces a ho-
momorphism A

Indexg : Qo jogq (X, @) > K& 4q(X, ). 4.2)
Proof. Let (M, 1, v, n) be a-twisted Spin® manifold over X representing an element
in the a-twisted Spin® bordism group QSE}?) 1q(X, a). Define

A%

Indexq (M, ¢, v, n) = Indexs (M, 1, v, 1), [C]) € K, /0a(X. @),

where C denotes the trivial line bundle over M representing the unit element in
K°(M). We need to show that for a pair of isomorphic objects

(My,t1,v1,m) and  (Ma,t2,v2,72)
in the a-twisted Spin® bordism category over X, we have
Index, (M1, t1,v1, n1) = Index,(M>, (2, v2, 12).

Let f be a diffeomorphism from M7 to M, such that (4.1) is a homotopy commutative
diagram. Let t; and 1, be classifying maps of the stable tangent bundles of M; and
M, respectively. The homotopy between vy and v, o f implies that t; and 15 o f are
homotopy equivalent. This defines a canonical Spin® structure on TMy @ f*TM,.
Hence, there is a canonical Morita equivalence

C(My, Cliff(My)) ~ C(M;, f* Cliff(M)).
This Morita equivalence defines a canonical isomorphism
ng/odd(Ml’ W3 o ‘[1) = K:v/odd(Ml’ W3 0Ty o0 f)

Recall that natural push-forward map in analytical K-homology is related to the K-
theoretical push-forward map f, in topological K-theory via the Poincaré duality
(PD):

Kev/odd (Ml) i S Kev/odd (Mz)

PD\L; PDl/’:v

ng/odd(Ml’ W3 ° Tl) T ng/odd(Mz’ W3 o ‘Ez),
where the Poincaré duality shifts the degree by the dimension of the underlying
manifold. Applying the natural push-forward map in analytical K-homology, we

obtain that

fut KSjoaaMi, Wa o t) = K oqq(My, Wao ta 0 f) = K joqa(Ma, Wa 0 1),
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with the degree shifted by d(f) = dim M; — dim M, (mod 2). The homotopy
between W3 o v; and W3 o v, o f defines a canonical homomorphism

Jor K oaa (M, Wa o v1) 2= KQ g (M1, W 0 vz 0 f) = K joqq(M2, W3 0 v2)

such that the following diagram commutes:

M
ev/odd(Ml’ W3 011) *> ev/odd(Ml’ W3 0v1)
f*l lf* 4.3)
eV/Odd(Mz’ W3 o TZ) H gv/odd(Mz’ W3 o VZ).

Similarly, the homotopy between (a o t) * (2 o (f x Id)) * (W3 o v) and 5; induces
a commutative diagram

ev/odd(Ml’ Wi o) —= o) ev/odd(Ml’a o)
f*l J{f* (4.4)
ev/odd(Mz’ W3 0v,) *> Kev/odd(Mz’ o oly).

The homotopy between o o 15 o f and « o ¢y induces the following commutative
triangle

ng/odd(Ml o Ll)

w

S ev/odd(X Ol) (45)

ev/odd(Mz’ ao L2)

These commutative diagrams (4.3), (4.4) and (4.5) imply that

Indexq (M2, 12, V2. 72) = (12) © (02)« o IM2([M2)])
= (t2)x 0 (M)« © I»fuz o fu([M1])
= (t1)x © (n1)x © LM ([M1))
= Indexa(Ml,Ll,vl,nl).

Now the bordism invariance in Proposition 3.8 tells us that Index, is a well-defined

homomorphism from QSP/“dd(X a) to Kev/ wX, ). O
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We recall the construction of Thom spectrum of Spin¢ bordism. Let & be the
universal bundle over BSO(k). The pull-back bundle over BSpin® (k) is given by

& = E Spin® (k) Xspine t) R¥.
Denote by M Spin® (k) the Thom space of £. The inclusion map j induces a pull-back
diagram
J 1: Ekp1 ——> §k+1
BSpin© (k) —*> BSpin®(k + 1)

with j* §k+1 o §k @ R, where R denotes the trivial real line bundle. Then the Thom
space of j*&x+1 can be identified with X M Spin®(k) (the suspension of MSpin®(k)).
Thus we have a sequence of continuous maps

Th(jr): X MSpin(k) — MSpin®(k + 1),

i.e., {MSpin®(k)} is the Thom spectrum associated to BSpin® = li_r)nk BSpin® (k).
Since BSpin€ (k) is a principal K(Z, 2)-bundle over BSO(k), we have a base point
preserving action of K(Z,2) on the Thom spectrum {MSpin®(k)}, written as
K(Z,2) x MSpin®(k)
K(Z,2) x %

K(Z,2)+ A MSpin®(k) = — MSpin®(k),

which is compatible with the base-point action of K(Z, 2) on the K-theory spectrum
K in the sense that there exists a K(Z, 2)-equivariant map, called the index map

Ind: MSpin — K.

This K(Z, 2)-equivariant map has been constructed in [21] and [43]. Here we provide
a more geometric construction. Write the principal BU(1)-bundle BSpin®(2k) as the
pull-back bundle

BSpin‘ (2k) —— EK(Z.2)

| i

BSO(2k) —2 = K(Z,3),
which induces a natural PU(J)-action
PU(J#) x BSpin€(2k) — BSpin®(2k).

This action corresponds to the action of the set of complex line bundles on the set
of Spin¢ structures. The PU(J)-action on BSpin®(2k) can be lifted to a base point
preserving action

PU(H) x MSpin®(2k) — MSpin°®(2k)
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of PU(J) on MSpin®(2k). Note that there is a fundamental Z,-graded spinor bundle
St @ S~ over BSpin®(2k) — see Theorem C.9 in [33] —, which defines a canonical
Thom class in K°(MSpin®(2k)). This canonical Thom class determines a PU(H)-
equivariant map

Ind: MSpin(2k) — Fred(#).

Hence we have associated bundles of Thom spectra over X,
Po(MSpin®(k)) = Py Xk (z,2) MSpin®(k),
and natural maps
Ind: Po(MSpin®(k)) = Po(K) = Py Xk(z,2) K

to the associated bundle of K-theory spectra.

Remark 4.3. The Spin® bordism groups over a pointed space X, denoted by Qipinc (X)
as in [41], can be identified (via the Pontrjagin—-Thom isomorphism) as the stable ho-
motopy groups of MSpin® AX

Q5PN (X) = 75 (MSpin® AX) = lim 57, + ¢ (MSpin® (k) A X). (4.6)
k

The index map Ind: MSpin — K determines a natural transformation from the even
or odd dimensional Spin® bordism group of X to K-homology of X, which is called
the topological index:

Q:f}de(X) - Ket:v/odd(X)'

The following theorem is the twisted version of the Pontrjagin—Thom isomorphism
(4.6).

Theorem 4.4. The bordism group Q,S,p in® (X, ) of n-dimensional o-twisted Spin©
manifolds over X is isomorphic to the stable homotopy group

O: Q" (X, a) = 73(Py(MSpin®)/ X).
Here we denote 15 (Py(MSpin®)/X) = limg o0 7p 41 (Po (M Spin®(k))/ X).

Proof. The proof is modeled on the proof of the classical Pontrjagin—Thom isomor-
phism (cf. [41])

Step 1. Definition of the homomorphism ©.

Let o be an element in Q,Slp in® (X, ) represented by an n-dimensional «-twisted
Spin¢ manifold (M, ¢, v, n) over X. Let ix: M — R"** be an embedding with the
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classifying map of the normal bundle denoted by vig. Then we have the following
pull-back diagram:

Vg

N €k
ni l @7)

M —%~ BSO(k).

Here the total space N of the normal bundle of i; can be thought of as a subspace of
R"+k x R"+k Under the addition map Rt x R*t% — R"*+k_for some sufficiently
small ¢ > 0, the e-neighborhood N of the zero section M x {0} of N is an embedding
e|N.: Ne = Rtk whose restriction to the zero section M x {0} is the embedding
ir: M — Rk,

Consider S”1* as R"+k U {oo} (the one point compactification), so we have an
embedding N, — S”"1k. Define

c: "t — N,/ON,

by collapsing all points of S n+k outside and on the boundary of N, to a point. Note
that N;/dN, is homeomorphic to the Thom space Th(/N) of the normal bundle of i,
induced by multiplication by £~!. Denote this homeomorphism by

¢ 1 N;JON, — Th(N).
The pull-back diagram
=(/)W30Uk E—— EK(Z,Z)

L

M~ K(Z.3)

induces a homotopy pull-back

Pirsov, (BSpin® (k)) —= EK(Z, 2)(BSpin® (k))

| |

M K(Z,3).

W3ovg

Since EK(Z,?2) is contractible, EK(Z,2)(BSpin€(k)) is homotopy equivalent to
BSO(k). This implies that the diagram

Piyov; (BSpin® (k)) ——= BSO(k)

| |

M K(Z,3)

Wzovy
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is a homotopy pull-back. Notice that the diagram

M %~ BSO(k)

J

M == K(Z.3)

is commutative. Thus there exists a unique map (up to homotopy)
h: M — Pw,o, (BSpin® (k))

such that the diagram

M\\

Pwsov, (BSpin® (k)) —> BSO(k)

Id l =7 l
=7 W3
> =
- >
M5 K(Z.3)

is homotopy commutative. Together with the pull-back diagram

b—&

| |

BSpin¢ (k) —— BSO(k),

we obtain a homotopy commutative diagram

N —— Pion, (&)

| |

M —— Pw;ov, (BSpin® (k)),
which in turn determines a canonical map
hs: Th(N) = Pwyon, (MSpin®(k))/ M.
Notice that the «-twisted Spin®-structure on M defines a continuous map

Lt Pwyov, (MSpin©(k))/ M — Po(MSpin©(k))/X.
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The composition ¢4 o fis 0 g7 !

o ¢ is a continuous map of pairs
0 = Oaatvat (S"F.00) = (Pa(MSpin‘(k))/ X, %),
here * is the base point in Py (M Spin®(k))/ X, hence represents an element of

lim 4 (Pa(MSpin (k) / X).
—00

The stable homotopy class of 6 does not depend on choices of iy, v, ¢ in the
construction for sufficiently large k. Thus, we assign an element in

Jim 774 (Po (MSpin® (k) / X)

represented by 6 to every closed a-twisted Spin® manifold (M, ¢, v, n) over X.

Now we show that the stable homotopy class of 6 depends only on the bordism
class of M. Let W be an (n + 1)-dimensional a-twisted Spin® manifold and let
j: W — R"* be an embedding for some sufficiently large k with the classifying
map v for the normal bundle:

7
Now —— &

|,

IW —== BSO(k).

Choose i : W — R"™* x [0, 1] to be an embedding agreeing with j x {1} on dW,
embedding a tubular neighborhood of dW orthogonally along j(dW) x {1}, and with
the image missing R” ¥ x {0}. The previous construction applied to the embedding
i yields a null-homotopy of the map

0: (S"* 00) — (Po(MSpin®(k))/ X, *).

Assigning the stable homotopy class of the map 6 to each ¢-twisted Spin® bordism
class, we have defined a map

O: Q% (X, @) = 75 (Po(MSpin)/X).

Step 2. © is a homomorphism.

Let (My,t1,v1,n1) and (M>, 12,V2,17) be a pair of closed «-twisted Spin® man-
ifolds over X representing two classes in szmc (X,a). Then fora = 1 or 2,
O(Myg, ta, va, Na]) is represented by a map

Oq: (S"H*, 00) = (P (MSpinc(k))/ X, )

constructed as above.
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Choose anembeddingi : M; UM, — R"*+k such that the last coordinate is positive
for M and negative for M,. Taking small enough ¢, the previous construction gives
us a map

61 +0:
(S"K o0y Ly gtk n gtk DF%2 o Spint(k))/ X, ).

where d denotes the collapsing the equator of S”T*. This map represents the sum of
the homotopy classes of 6; and 6,. Hence,

O([My, 11, vi.m] + [Ma, 12, v2,12]) = O([My, t1, vi.m]) + O([M2, 12, v2, 72]).
Step 3. © is a monomorphism.
Let (M, t, v, n) be an a-twisted Spin® n-manifold such that @([M, ¢, v,n]) = 0.
Then for some large k, the above construction in step 1 defines a continuous map
Op = tx o hyx o L oc: (S"FF, 00) — Py (MSpinc(k))/ X
which is null-homotopic. Since £y (BSpin®(k)) C Po(MSpin¢(k))/ X, since M is
the zero section of N, and since the map
tx 0 hy: Th(N) — Py (MSpin®(k))/ X
sends the zero section of N to £ (BSpin®(k)), we have
M = 05" (Pe(BSpin® (k))).
The trivial map, denoted by 6, maps S”** to the base point of £, (M Spin®(k))/ X, so
we know that 0! (P, (BSpin® (k))) is an empty set. Now we can choose a homotopy
H: S"k % [0,1] > Po(MSpinc(k))/ X

between 8y and 6, for some sufficiently large k such that H is differentiable near and
transversal to
Po(BSpin© (k)) C Po(MSpin®(k))/X.
Thus
W = H™'(Po(BSpin® (k)))

is a submanifold of R”T* x [0, 1] with W = M meeting R**¥ x {0} orthogonally
along M. The map H|w sends W to $,(BSpin€(k)) because Py (BSpin®(k)) is a
fibration over X, so we have a continuous map ty: W — X.

Note that the pull-back diagram

fa —_— EK(Z,2)

|
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induces a homotopy pull-back

Py (BSpin€ (k)) —— EK(Z,2)(BSpin° k))

| |

X K(Z,3).

o

Since EK(Z,2) is contractible, the associated fiber bundle EK(Z,2)(BSpin®(k)) is
homotopy equivalent to BSO(k). This implies that the diagram

P (BSpin® (k)) —= BSO(k)

| |

is a homotopy pull-back. We see that the map H | defines a homotopy commutative
diagram

w
Hlw

P (BSpin® (k)) — BSO(k)

=7 W3
//

&/
X — K(Z, 3)

Hence W admits an «-twisted Spin® structure such that the boundary inclusion
M — W is a morphism in the a-twisted Spin“ bordism category. This implies
that (M, ¢, v, n) is null-bordant, so [M,t,v,n] = O in Qopn (X, ).

Step 4. © is an epimorphism.

Let0: (S"1* 00) — (Po(MSpint(k))/ X, ), for a large k, represent an element
in

7 (P (MSpin®) / X).

As Stk is compact, we may find a finite dimensional model for BSpin® (k), so we

may pretend that BSpin® (k) is finite dimensional. We can deform the map 6 to a map
h such that

(1) h agrees with 6 on an open set containing co;

(2) h is differentiable on the preimage of some open set containing $, (BSpin®(k))
and is transverse on £y (BSpin€ (k));

(3) if M = h™'(Py(BSpin° (k))), then & is a normal bundle map from a tubular
neighborhood of M in S™*¥ to £, (MSpin®(k))/ X .
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Then M is a smooth compact n-dimensional manifold with the following homotopy
commutative diagram:

M v

hlpm

P (BSpin (k)) — BSO(k)

—
t /4/
=7 w3
—
//

27

Therefore, M admits an «-twisted Spin€ structure (¢, v, ). The above generalized
Pontrjagin-Thom construction implies that ®([M, ¢, v, n]) is the class represented
by 6. O

The index map Ind: M Spin — K (the complex K-theory spectrum) induces a map
of bundles of spectra over X

Ind: Py (MSpin®) — Py (K).

The stable homotopy group of #,(K)/X by definition is the twisted topological
K-homology groups K’ Jod 4(X, @). Due to the periodicity of K, we have

KL(X.a) = lim 7ok (P (K) / X)
k—o0
and

K(t)dd(X,a) = h_)m ok +1(Pe(K)/ X).

k—o00

Here the direct limits are taken by the double suspension
Tnt2k (Pa(K)/ X) = Tngok42(Pa(S* AK)/X)
and then followed by the standard map
bAl
Tnt2k2(Pa(SEAK)/ X) = Tyiop2(Pa(KAK)/X) 5> Typops2(Pa(K)/X),

where b: R? — K represents the Bott generator in K°(R?) and m is the base point
preserving map inducing the ring structure on K-theory.

Definition 4.5 (Topological index). There is a homomorphism called the topological
index, -
Index; : 27" (X, &) > K., oqa(X. @), (4.8)
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defined to be Ind, o ®, the composition of ® (as in Theorem 4.4),
0: Q5P (X, ) —> 75 (Po(MSpin©)/ X),
and the induced index transformation

Lo o - . o
Indy: lim 72,424 (P (MSpin®(2K))/ X) — 1 7y 42k (Pa(K)/ X).

k—o00 k—o0

5. Topological index = analytical index

In this section we will establish the main result of this paper. It should be thought of
as the generalized Atiyah-Singer index theorem for a-twisted Spin® manifolds over
X with a twisting & : X — K(Z,3). Here we assume throughout that X is a closed
smooth manifold.

(X, 0) = K& oua

Theorem 5.1. There is a natural isomorphism ®: K’ (X, )

such that the following diagram commutes:

ev/odd

S in
e\I/)/odd (X Ol)

K oaa(X @) K& joaa (X5 @),

o | IR

that is, given a closed a-twisted Spin® manifold (M, v, 1, n) over X, we have
Index, (M, v, t,n) = Index; (M, v,t,n)
under the isomorphism .

Remark 5.2. If o: X — K(Z,3) is the trivial map, then we have following commu-
tative diagram:

Sp1n
ev/odd(X)
y \ (5.1)
Ket:v/odd (X) = ng/odd (X)’
where the isomorphism K é Jodd (X) =~ /0 4q(X) follows from the work of Atiyah

[2], Baum-Douglas [10] and Kasparov [30] If X is a point, then the diagram (5.1)
is the usual form of Atiyah—Singer index theorem for Spin® manifolds.
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Proof of Theorem 5.1. Notice that K| Jod 4(X, ) and K& Jod 4(X, @) are two gener-
alized homology theories dual to the twisted K-theory. The twisted K-cohomology
Ke/°4d(X o) is defined as the homotopy classes of sections of the associated bundle

of K-theory spectra,

K (X.@) = lim 7o(I(X, Pu(QK)).
k—o00
KX, o) = lim 77(I"(X, Pou(QFF1K)),

k—00

and Q¥ K is the iterated loop space of K. We will show that there are natural iso-
morphisms from twisted K-homology (topological and analytical) to twisted K-coho-
mology with the twisting shifted by

at>a+ (Wior),

where : X — BSOis the classifying map of the stable tangent space and o+ (W3 071)
denotes the map X — K(Z, 3) defined in (2.5), representing the class [a] + W3(X)
in H3(X, 7).

Step 1. There exists an isomorphism Kév/gdd(X, o) = KoM (X o + (W30 1))
with the degree shifted by dim X (mod 2).

Assume that X is n dimensional, choose an embedding i : X — R"+2k for some
large k, with its normal bundle 7 : Npx — X identified as an e-tubular neighborhood
of X. Any two embeddings X — R"+2K are homotopic through a regular homotopy
for a sufficiently large k. Under the inclusion R”+2%¥ x 0 c R**2k+2_ the Thom
spaces of Ny and N,y 1, are related through the reduced suspension by S?2

Th(Nak42) = S A Th(Ny). (5.2)
By the Thom isomorphism ([18]), we have an isomorphism

K4 (X o + (W30 7)) = lim K% ( Ny oo 7)), (5.3)

k—o00

where aom: Ny — K(Z, 3) is the pull-back twisting on N,x. There is a natural map
from K/°4(Npp, o 0 77) to K?,oqa(X. @) by considering §nt2k a5 R* T2k U {0}
and the following pull-back diagram:

Peor (K) —— P (K)

L,

Nojp ——X.
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Given an element of K (Ny, o o ) represented by a compactly supported section
0: Nop — Puor(K), we have

Sn+2k ; Th(Nzk) i) j)ao,,(H()/Nzk — fa(IK)/X,

. . t
representing an element in KeV Jodd

gives a map from K°(Nyy, o o ) to K! 44 (X, ). Recall that there is a homotopy
equivalence K ~ 2K induced by the map

(X,@). Replacing X by X x R, this construction

b
S2AK 2L KA K2 K,

where b represents the Bott generator in K°(R?) and m is the base point preserving
map inducing the ring structure on K-theory. Together with (5.2), we obtain

sn+2k . Th(Nak) Pa(K)/ X

is ls ;

§2 A §n+2k 2% 92 A Th(Nag) —> Po(S2 AK)/ X (5.4)

T e

Sn+2k+2 ¢ Th(N2k+2) ?a([K)/X7

where S is the reduced suspension map by S2. This implies that the stable homotopy
equivalent class of sections defines the same element in K. (X, «), with the degree
given by n (mod 2). Thus, we have a well-defined homomorphism

;. KCV/Odd(X’a + (Wz01)) > Kév/odd(X7 a). (5.5

Conversely, for a sufficiently large &, let 8: (™12 00) — (Po(K)/ X, %) rep-

resent an element in K7 Jod 4(X, o) (depending on even or odd m). We can lift this

map to a map 0 : S™t2k — P, (MSpin(2k))/ X . As in step 4 of the proof of Theo-
rem 4.4, Gy can be deformed to a differentiable map /4 on the preimage of some open
set containing £y (BSpin®(2k)), is transverse to £y (BSpin® (2k)) and agrees with 6y
on an open set containing co. Then

M = 1™} (Po(BSpin® (2K))) € R"*2 = ™+ — {oo}



530 B.-L. Wang

is a smooth compact manifold and admits a natural «-twisted Spin® structure

M v
hlp
Pe(BSpin‘ (2k)) ——= BSO (5.6)
N b
xZ K(Z,3).

Therefore, we can assume that the map 0: (S”12%, 00) — (Po(K)/X, %) comes
from the following commutative diagram:

rm+2k —2 s P, (K)

e

N

R

M

X’

L

where N, is the normal bundle of M in R™12k identified as the e-neighborhood of
M in §™%2¥_In particular, the continuous map

Boj: Ny — Sk 5 P (K)/X

determines a compactly supported section of Pyojor (K) = (¢ 0 7)* Py (K).
Choose an embedding i, : M — R0 the a-twisted Spin® structure (5.6) on
M over X induces a natural ¢ o 7r-twisted Spin€ structure (5.6) on M over X X R2ko

M ——= BSO

=z
=
(UZkO)\L _7 iW3
L

X x R%o > K(Z.,3)

such that (¢, 12¢,) is an embedding. Here 7y is the projection X x R2k0 — X . Notice
that
Kl jqa(X. @) = KL g0 (X x B2 ).

Therefore, without losing any generality, we may assume that t: M — X is an
embedding and there is an embedding ir;: X — R"+t2% Denote by Ny the normal
bundle of the embedding i>; and by Ny, the normal bundle of M in R7t2k . We
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implicitly assume that any normal bundle of an embedding is identified with a tubular
neighborhood of the embedding. Then we have the following collapsing map

Th(Nx) — Th(Nas)

since Ny is imbedded in Ny with appropriate choices of tubular neighborhood.
The map 0: (S™12K 00) — (P (K)/X, %) is stable homotopic to

(872K 50) 55 (Th(Nyp), %) — (Pu(K)/ X, %). (5.7)
Hence we obtain a map
Th(Nx) — Th(Ny) — Po(K)/ X,

which gives a compactly supported section of Py, (K) where 7 denotes the projection
Nx — X. This section defines an element in K¢ (Nyx, o o ), hence an element of
K®(X,a 4+ (W3 o 1)) under the isomorphism (5.3) and the diagram (5.4). It is
straightforward to show that this map from K év Jodd (X, ) to K&/o4(X o+ (W301))
is the inverse of W, defined before.

Hence we have established the isomorphism

\D[: KCV/Odd(Xva + (W3 © T)) - Kév/odd(X9 (X), (58)

with the degree shifted by dim X mod 2. This is the Poincaré duality in topological
twisted K-theory.

Step 2. There is an isomorphism ¥, : ng/odd(X, a) = KV/N(X o + (W3 01))
with the degree shifted by dim X (mod 2).

Recall that for a twisting &: X — K(Z, 3) there is an associated bundle of C*
algebras, denoted by £y (K) where J be the C*-algebra of compact operators on
an infinite dimensional, complex and separable Hilbert space . Here we identify
K(Z,?2) as the projective unitary group PU(J) with the norm topology (see [5]
for details). There is an equivalent definition of K ev/odd( ¥ o) in [39], using the
continuous trace C* algebra C, (X, £, (X)), which consists of compactly supported
sections of the bundle of C*-algebras, #y(K). Moreover, Atiyah—Segal established
a canonical isomorphism in [5] between K/°4 (X, o) and the analytical K-theory of
Co(X, Py (K)). The latter K-theory can be described as the Kasparov KK-theory

KK(C, Cc(X, Pu(K))).

There is an equivalent definition of K¢/°%(X, o + (W3 o 1)) in [39], using the
continuous trace C* algebras, which consists of compactly supported sections of the
bundle of C*-algebra, Py 4 (w30r) (K).

In [22] (see also [42]), a natural isomorphism, called the Poincaré duality in
analytical twisted K-theory,

KK(C,Ce(X, Pu(K)) &c.(x) Ce(X, Cliff (TX))) = KK (Cc(X, P-a (X)), C)
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is constructed using the Kasparov product with the weak dual-Dirac element associ-
ated to P, (K); see Definition 1.11 and Theorem 1.13 in [22] for details.
Note that there is a natural Morita equivalence

Ce(X, Pu(K)) &c.x) Ce(X, Clff (TX)) ~ Ce(X, Putwson)(K))
which induces a canonical isomorphism on their KK-groups. The isomorphism
KK(Ce(X. P-a(K)).C) = KK(Cc (X, Pu(K)).C)

is obvious using the operator conjugation. So in our notation, the Poincaré duality in
analytical twisted K-theory can be written in the form

Wo: KX, 0+ (Wa01)) > K&, 0q(X. ). (5.9)

with the degree shifted by dim X (mod 2) coming from the shift of grading on the
evev/odd dimensional complex Clifford algebra.

Applying the Poincaré duality isomorphisms (5.8) and (5.9) in topological twisted
K-theory and analytical twisted K-theory, we have a natural isomorphism

O K (Xow) 2 ke (X,
© ev/odd \* ev/odd

such that the following diagram commutes:

K/l (X o + (Ws 0 1))

\ Y,

d(X a) d(X a).

ev/od

o IR

ev/od

Step 3. Show that Index, = P o Index;.
Applying the suspension operation, we only need to prove the even case. Let
(M, ¢, v, n) be a 2n-dimensional closed a-twisted Spin® manifold over X,

M BSO

2
s
Ll .7 l‘W@
z
V4

X ——~K(Z.3),

representing an element in the a-twisted Spin® bordism group Q,S,p in (X, ).
The analytical index of (M, t, v, ), as defined Definition 3.7, is given by

Indexq (M, 1, v,n) = u([M]) = u o PD([C]), (5.11)
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where PD: K®(M) — K§(M, W5 o 1) is the Poincaré duality isomorphism with t
the classifying map for the stable tangent bundle. The push-forward map ¢ in (5.11)
is obtained from the following sequence of maps

I* * *
K&(M, W3 01) —> K&(M, W3 0v) > K&(M, 0 0 1) —> K4(X, ).
There is a natural push-forward map
0 5225’1“0 (M,a01) — QSP‘“ (X, @)

such that the following diagrams for the analytical index

Spm (M o o L) 4) QSpm (X, Ol)

Index, i \Llndexa

K§(M,a o) K§(X, )

and for the topological index

Spm (M oo L) *> QSpm (X,O[)

Index; i \L Index

K{(M, o 01) K{(X, )

are commutative.
Since (M, Id, v, Id) is a natural & o t-twisted Spin® manifold over M, we only need
to prove that

(I.)"' o ® o Index; (M, Id, v,1d) = [M] = PD(C) (5.12)

in K§(M, W3 o t). We will show that the identity (5.12) follows from the Thom
isomorphism
K°(M) = K°(Npg, Ws 0 vg o ),

where we choose an embedding iy : M — R2"*+k with its normal bundle Ny, 7 is

the projection N3y — M and vy : M — BSO(k) is the classifying map of the normal
bundle Nys. The image of [C] under the above Thom isomorphism is represented by
the map

Ou: (SP"TF 00) — (Th(Nu), %) — (Pwsovgon (K)/ Nag, %)
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arising from the W3 o v -twisted Spin€ structure on M as in the following diagram:

Th(Ny) — Pwsov (MSpin®(k))/ M —— Py, (K)/ M

|

M ——— Pw;ov, (BSpin© (k)) ——— BSO(k)

W3ovg

M K(Z,3).

This same diagram also defines the topological index of (M, 1d, v, Id) under the index
map
Index; : QPN (M, W3 0 v) — K5(M, Ws o v).

Hence we establish the following commutative diagram:

Spm
ev/odd (X Ol)

Kév/odd(X’ Ol) ng/odd(X’ Ol)'

o | IR

O

Remark 5.3. Let ry : TX — X be the projection. Applying the Thom isomorphism
([18]), we obtain the following isomorphism:

KeV/Odd(TX,Ol o y) = KeV/Odd(X,Ot + (W3 01)).

Hence, the above commutative diagram (5.10) becomes

KeV/Odd(TX, o o x)

(X, @) (X, ),

ev / odd

ol IR

ev / odd

which should be thought of as a generalized Atiyah—Singer index theorem for
a-twisted Spin® manifolds over X with a twisting «: X — K(Z,3). If
a: X — K(Z,3) is a trivial map, the commutative diagram (5.13) becomes

Kev/odd(TX)

ev/odd (X) ng/odd (X)’

o | IR
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which is the basic form for the Atiyah—Singer index theorem. The upper vertex repre-
sents the symbols of elliptic pseudo-differential operators on X. Each of these index
maps is essentially just the Poincaré duality isomorphism between the K-cohomology
of T*X and the two realizations of the K-homology Ko (X). See [10] for more details.

If o is the twisting associated to the classifying map W3 o t: X — K(Z,3) of
the stable tangent bundle, then we have the following twisted index theorem, given
by the following commutative diagram:

KeV/od(TX Wsotom)

Kév/odd(X’ W3 o1) ng/odd(X’ W3 0 1).

o | IR

This is a special case of twisted longitudinal index theorem for foliations. We will
return to this issue later.

6. Geometric cycles and geometric twisted K-homology

Definition 6.1. Let X be a paracompact Hausdorff space and let: X — K(Z, 3) be
a twisting over X. A geometric cycle for (X, @) is a quintuple (M, ¢, v, n, [E]) such
that

(1) M is a smooth closed manifold equipped with an a-twisted Spin€ structure,

M —”>/Bso

7
¢ .7 iWB

z

V4
X —— K(Z,3),

where t: M — X is a continuous map, v is a classifying map of the stable
normal bundle of M, and 7 is a homotopy from W3 o v and « o ¢;

(2) [E]isaK-classin K°(M) represented by a Z,-graded vector bundle E over M.

Two geometric cycles (M1, t1, vy, 01, [E1]) and (M>, t,5 v2, 12, [ E>]) are isomorphic
if there is an isomorphism f : (M1, t1,v1, 1) = (M2, 12, V2, 2), as a-twisted Spin©
manifolds over X, such that fi([E1]) = [E2].

Let I' (X, ) be the collection of all geometric cycles for (X, o). We now impose
an equivalence relation ~ on I'(X, «), generated by the following three elementary
relations:
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(1) Direct sum — disjoint union.

If (M,t,v,n,[E1]) and (M, ¢, v, 1, [E2]) are two geometric cycles with the same
a-twisted Spin€ structure, then

(M. e, v, [Ex) U (M., v,0, [E2]) ~ (M, 1, v, 0, [Er] + [E2]).

(2) Bordism.

Let (My,t1,v1,n1,[E1]) and (M2, 12, V2,712, [E2]) be two geometric cycles.
Then there exist an a-twisted Spin® manifold (W, ¢, v,n) and [E] € K°(W)
such that

oW, ,v,n) = —(My,11,v1,1m1) U (M2, 13,v2,12) and ([E]) = [E1] U [E3].

Here —(M1, (1, v1, 1) denotes the manifold M; with the opposite «-twisted
Spin€ structure.

(3) Spin® vector bundle modification.

Suppose that we are given a geometric cycle (M, t, v, n, [E]) and a Spin¢ vector
bundle V' over M with even dimensional fibers. Denote by R the trivial rank
one real vector bundle. Choose a Riemannian metric on V' & R and let

M =SV &R)

be the sphere bundle of V' @ R. Then the vertical tangent bundle TV(M) of
M admits a natural Spin® structure with an associated Z,-graded spinor bundle
S ; @ Sy, . Denote by p: M — M the projection which is K-oriented. Then

(M.1,v.0,[E]) ~ (M.,10p,vop.nop [p*E ® SF]).

Definition 6.2. Denote by K;°(X,a) = I'(X,a)/~ the geometric twisted K-
homology. Addition is given by disjoint union/direct sumrelation. Note that the equiv-
alence relation ~ preserves the parity of the dimension of the underlying «-twisted
Spin® manifold. Let K3 (X, ) (resp. Ki™"(X, ) ) the subgroup of K§°(X, ) de-
termined by all geometric cycles with even (resp. odd) dimensional a-twisted Spin©
manifolds.

Remark 6.3. (1) According to Proposition 3.3, M admits an a-twisted Spin® structure
if and only if
F(le]) + Wa(M) = 0.

(If ¢ is an embedding, this is the anomaly cancellation condition obtained by Freed
and Witten in [25]. The cycle (M, ¢, v, , [ E]) is referred to by physicists as a D-brane
and appears in type IIB string theory; see [25], [44], [29], [14].)
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(2) Different definitions of topological twisted K-homology were proposed in
[36] using Spin®-manifolds and twisted bundles. It is not clear to the author if their
definition is equivalent to Definition 6.2.

3)If f: X — Y is acontinuous map and «: X — K(Z, 3) is a twisting, then
there is a natural homomorphism of abelian groups

Je: Keg\f;)odd(x’ a) = Kegve;)odd(y’a ° f)

sending [M,t,v,n, E]to [M, f o, v,n, E].

Given a geometric cycle (M, ¢, v, n, [E]), the analytical index (as in Definition 3.7)
determines an element

w(M,t,v,n,[E]) = Indexq (M, ¢, v, n, [E])
= txonx o I* o PD([E])

in ng/odd(X,a).

Theorem 6.4. The assignment (M,t,v,n,[E]) = w(M,t,v,n,[E]), called the as-
sembly map, defines a natural homomorphism

e KE) (X a) — K¢, oaa (X, @),

ev/o

which is an isomorphism for any closed smooth manifold X with a twisting a: X —
K(Z,3).

Proof. Step 1. We need to show that the correspondence is compatible with the three
elementary equivalence relations, so the assembly map p is well defined. We only
need to discuss the even case.

Proposition 3.8 ensures that Index, (M, ¢, v, n,[E]) is compatible with the bor-
dism relation and disjoint union/direct sum relation. We only need to check that the
assembly map is compatible with the relation of Spin® vector bundle modification.

Suppose that (M, ¢, v, n, [E]) is a geometric cycle of even dimension and Spin€ is
a vector bundle V' over M with even dimensional fibers. Then

(M, 10,0, [E]) ~ (M,10p,vop,nop[p*E ® Sf]),

where M = S(V ®R) is the sphere bundle of V@R and p: M — M isthe projection.
The vertical tangent bundle T”(M ) of M admits a natural Spin¢ structure with an
associated Z;-graded spinor bundle S; ® Sy, . The K-oriented map p induces a
natural homomorphism (see [4])

pr: KO(M) — K°(M)



538 B.-L. Wang

sending [p*E ® S Q,L ] to [E]. This follows from the Atiyah—Singer index theorem
for families of longitudinally elliptic differential operator associated to the Dirac
operator on the round 2n-dimensional sphere. Applying the Poincaré duality, we
have the commutative diagram

KO(M) ———— K°(M)
PDi lPD
KS(M, W3 oT Op)?Kg(My W3 OT)’
which implies that PD([E]) = px o PD([p*E ® S;,r]) Hence we have
WM.t v. 0. [E])) = u(M.iop.vopnop[p*E ® Si)).
Step 2. We establish the following commutative diagram
Kév/odd (X’ Ol)

= :

“w
Kegve;)odd(X’ ) K& oaa(X: @)

IR

and show that W is surjective. This implies that y is an isomorphism.
First, we construct a natural map ¥: K)(X,a) — K§(X,a). Let, for suffi-
ciently large k, an element of K (X, «) be represented by a map

0: (S™2K 00) > (Po(K)/ X, ).

We can lift this map to amap 0y : S”+2k — P, (MSpin®(2k))/X. Asin step 4 of the
proof of Theorem 4.4, 6y can be deformed to a differentiable map / on the preimage
of some open set containing &, (BSpin€(2k)), is transverse to £, (BSpin®(2k)) and
agrees with 6y on an open set containing co. Then

M = h™ (Po(BSpin® (2k))) C Rk = §m+2k _ (50}
admits a natural a-twisted Spin€ structure

M v

hlm
Py (BSpin® (2k)) — BSO
t l =7 - W3

K(Z,3).

o
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A homotopy equivalence map gives rise to a bordant a-twisted Spin® manifold. Hence
we have a geometric cycle (M, ¢, v, n, [C]), whose equivalence class does not depend
on various choices in the construction. This defines a map

U Kh(X, ) > K52 (X, a).

It is straightforward to show that W is a homomorphism. Note that ® = p oW follows
from the definition of ® and Theorem 5.1.

To show that W is surjective, let (M, t, v, n, [E]) be a geometric cycle. Then the
a-twisted Spin¢ manifold (M, 1, v, ) defines a bordism class in Q5™ (X, «). The
topological index

Index;(M,t,v,n) € K(’)(X,oz)

is represented by the canonical map
0: (8™ 00) — (Th(Npr), ¥) — (Pu(MSpin®(2k)/ X, ¥) — (Pu(K)/X, *)

associated to the normal bundle 77 : Npy — M of an embedding iy : M — R™+2k
as in step 1 of the proof of Theorem 5.1. This map defines a compactly supported
section of Pyo0r (K) (a bundle of K-theory spectra over Nps). We also denote this
section by 6. Then the homotopy class of the section 6 defines a twisted K-class in
K°(Nps,a ot o), which is mapped to [C] under the Thom isomorphism

K°(Npr,a0tom) = KONy, Waovom) = KO(M).

Let 0: M — K be a map representing the K-class [E]. Then o o 7 is a section
of the trivial bundle K over Njs. Define a new section of #y,0 (K) by applying the
fiberwise multiplication m : KAK — Kto (6,0 0m). Then m(6, o o) is acompactly
supported section of Pyo,0r (K) which determines a map, denoted by 6 - o,

0-0: (S 00) — (Th(Nam), %) — (Pacion (K)/Nar, %).

The homotopy class of § -0 as an element in K°( Ny, a oto) is uniquely determined
by the stable homotopy class of 6 and the homotopy class of . Under the Thom
isomorphism K®(Nys, a0 tom) = K°(M), [# - o] is mapped to [E]. Hence,

\IJ([Q : O]) = [M’ [7 Ua r]v [E]]
Therefore, W is surjective. O

Corollary 6.5. Given a twisting o.: X — K(Z,3) on a smooth manifold X, every
twisted K-class in K/ (X «) is represented by a geometric cycle supported on
an (a + (W3 o 1))-twisted closed Spin®-manifold M and an ordinary K-class [E] €
K%(M).
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Proof. We only need to prove the even case, the odd case can be obtained by the
suspension operation. Assume that X is even dimensional and 7: TX — X is the
projection. Then we have the following isomorphisms

K°(X,a) = K%(TX,(eom)+ (Wsotom)) (Thom isomorphism)
~ K§(X, o0 + (W3 071)) (Remark 5.3)
~ K5 (X, a + (W3 01)) (Theorem 6.4).

From the definition of K5 (X,a + (W3 o 1)) we know that each element in
K5 (X,a + (W3 o 1)) is represented by a geometric cycle (M,1,v,n,[E]) for
(X, a + (W3 o 1)), which is a generalized D-brane supported on an (o + (W3 o 1))-
twisted closed Spin®-manifold M and an ordinary K-class [E] € K°(M). O

Remark 6.6. Let Y be a closed subspace of X. A relative geometric cycle for
(X, Y ;) is aquintuple (M, ¢, v, n, [E]) such that

(1) M is a smooth manifold (possibly with boundary) equipped with an a-twisted
Spin¢ structure (M, ¢, v, n);
(2) if M has a non-empty boundary, then t(dM) C Y;

(3) [E]isaK-classin K°(M) represented by a Z,-graded vector bundle E over M,
or a continuous map M — K.

The relation ~ generated by disjoint union/direct sum, bordism and Spin¢ vector
bundle modification is an equivalence relation. The collection of relative geometric
cycles modulo the equivalence relation is denoted by

Keg\?;)odd(X’ Yia).

Then we have the following commutative diagram whose arrows are all isomorphisms:
KevjosaX. Y i)
/ \

KE (XY a) K¢ /(X Yi0).

ev/o

7. The twisted longitudinal index theorem for foliation

Given a C* foliated manifold (X, F), that is, F' is an integrable sub-bundle of TX,
let D be an elliptic differentiable operator along the leaves of the foliation. Denote by
op the longitudinal symbol of D, whose class in K°(F*) is denoted by [op]. In[19],
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Connes and Skandalis defined the topological index and the analytical index of D
taking values in the K-theory of the foliation C*-algebra C;*(X, F') and established
the equality between the topological index and the analytical index of D. See [19] for
more details. In this section, we will generalize the Connes—Skandalis longitudinal
index theorem to a foliated manifold (X, F) with a twisting «: X — K(Z, 3).

Let Nr = TX/F be the normal bundle to the leaves whose classifying map
is denoted by vrF: X — BSO(k). Here assume that F is of rank k and X is n-
dimensional. We can equip X with a Riemannian metric such that we have a splitting

TX =F & Nr.

Then the sphere bundle M = S(F* & R) is a W3 o vp-twisted Spin® manifold over
X. To see this, let & be the projection M — X. We need to calculate the third
Stiefel-Whitney class of M = S(F* & R) from the following exact sequence of
bundles over M,

0—->na*(F®R) - TM ®R - n*TX — 0, (7.1
from which we have

W3(TM) = n*W5(F) + n*W5(TX)
= 7 W3(F) + 2% (W3(F) + W3(NF))
= T[*W3(NF).

Note that 7*W3(Nfp) = [Waovgon] € H3(M,Z). So S(F* @ R) admits a natural
W3 o vp-twisted Spin structure

v

M BSO

3
~
T .7 J/W%

z

©
X m K(Za3)’

where v is the classifying map of the stable normal of M and 7 is a homotopy
associated to a splitting of (7.1) as follows. Given a splitting of (7.1), the natural
isomorphisms

T™ ®R=a*TX & n*(F ® R)

n*(F & Nr) @ n*(F & R)
T*(F®F)®n*Nr ®R

I

I

and the canonical Spin¢ structure on 7 *(F @ F') define the homotopy between W3 ot
and W3 o vg. Different choices of splittings of (7.1) gives rise to the same homotopy
equivalence class, hence do not change the twisted Spin® bordism class of M.
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Let an elliptic differentiable operator along the leaves of the foliation with longi-
tudinal symbol class [op] € K°(F*) be represented by a map

op:n*E; > n*E,

of a pair of vector bundles £; and E; over X such that op is an isomorphism away
from the zero section of F*. Applying the clutching construction as described in
[10], M = S(F* & R) consists of two copies of the unit ball bundle of F* glued
together by the identity map of S(F*). We form a vector bundle over M by gluing
n*Ey and 7* E;, over each copy of the unit ball bundle along S(F*) by the symbol
map op. Denote the resulting vector bundle by E. The quintuple (M, 7, v, n, [E D is
a geometric cycle of (X, W3 o vp).
We define the topological index of [o(D)] to be

Index;([op]) = [M, 7, v.n, E] € Ki (X, Wa o vp),

where [n + k] denotes the mod 2 sum (even or odd if n + k is even or odd).
The analytical index of [op] is defined through the following sequence of isomor-
phisms:

KO(F*) = KM(X, w5(F)) (Thom isomorphism)
= KffHk (X, W3(F @ TX)) (Poincaré duality)
[n+k (X, W3(NF)) (FOTX ~F & F & Np)

The resulting element is denoted by
Index, ([op]) € K[n+k (X, W30vF).

Now we apply Theorems 5.1 and 6.4, and Remark 5.3 to obtain the following
version of the longitudinal index theorem for the foliated manifold (X, F). This
longitudinal index theorem is equivalent to the Connes—Skandalis longitudinal index
theorem through the natural homomorphism

Kf_1q(X. W3 ovp) = Ko(CF (X, F)).

Theorem 7.1. Given a C* n-dimensional foliated manifold (X, F) of rank k, the
longitudinal index theorem for (X, F) is given by the following commutative diagram

KO(F*)

KE° (X, Ws 0 vp) K¢ _q(X.Ws o vp),

R|=

whose arrows are all isomorphisms.
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Remark 7.2. If (X, F) comesfromafibrationp: X — B suchthattheleaves are the
fibers of g, then F is given by the vertical tangentbundle 7 (X /B) and Nr = nzTB.
This isomorphism defines a canonical homotopy 7o realizing Wz ovg ~ Wiotpomp,
where tp is the classifying map of the stable tangent bundle of B. The homotopy
diagram

S(F*® R) §BSO
nl /n¢¢4/ \LW3
Y < i W3°E/F K(Z.3)

implies that (S(F* @ R), g om, v, n* 1y, [E]), where 1 * g is the obvious homotopy
joining 1 and 7y, is a geometric cycle of (B, W3 o tp) and

(p)(S(F* @ R).w,v. 0. [E]) = (S(F* & R). g o 7. v % o, [E]).
The commutative diagram

KO(F¥)

K geo

[n— k](X Wsovr) K[‘;_k](X’WTOVF)

(JTB)!\L l(ﬂB)!

K[g:Ok](B W3 0 1p) ](B W3 o 1p)

\/

K°(B)

becomes the Atiyah—Singer families index theorem in [8].

In the presence of a twisting &: X — K(Z,3) on a foliated manifold (X, F),
Theorems 5.1 and 6.4, and Remark 5.3 give rise to the following twisted longitudinal
index theorem.

Theorem 7.3. Given a C*° n-dimensional foliated manifold (X, F) of rank k and
atwisting a: X — K(Z,3), let m: F* — X be the projection. Then the twisted
longitudinal index theorem for the foliated manifold (X, F) with a twisting « is given
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by the commutative diagram

KO(F*, aom)

K[g;ik](X,Ol + (W3 0vF)) K[‘;_k](X,Ot + (W3 0vp)),

R|=

whose arrows are all isomorphisms. In particular, if (X, F) comes from a fibration
wg: X — B and a twisting a o mg on X comes from a twisting « on B, then we
have the following twisted version of the Atiyah—Singer families index theorem with
notations from Remark 7.2:

K%T*(X/B),aomp o)

(7 g)1oIndex ) 1olndex,

Kpy? (B, o + (W3 0 7p)) - K{, (B, o+ (W3 01p))
x /
K°(B, ).

In [34], Mathai—-Melrose—Singer established the index theorem for projective fam-
ilies of longitudinally elliptic operators associated to a fibration ¢: Z — X and an
Azumaya bundle 4, for « representing a torsion class in H3(X, Z).

Given a local trivialization of #, for an open covering of X = | J; U;, according
to [34], a projective family of longitudinally elliptic operators is a collection of lon-
gitudinally elliptic pseudo-differential operators acting on finite dimensional vector
bundles of fixed rank over each of the open sets {¢ ! (U;)} such that the compatibility
condition over triple overlaps may fail by a scalar factor. The symbol class of such a
projective family of elliptic operators determines a class in

K% T*(Z/X),000¢ o),

where T*(Z/X) is dual to the vertical tangent bundle of Z and n: T*(Z/X) - Z
is the projection. Let n be the dimension of Z and k be the dimension of the fiber of ¢.
The Thom isomorphism, Theorems 5.1 and 6.4 give rise to the following commutative
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diagram
KYT*(Z/X),ao0¢om)
/W \W\
Kl (X, a + (W30 1)) - Ké _o(X.a+ (Wso1))
K°(X,a).

Here o + (W3 o T) represents the class [o] + Wa(X) € H3(X, Z). Readers familiar
with [34] will recognise that the above theorem is another way of writing the Mathai—
Melrose—Singer index theorem (cf. Theorem 4 in [34]) for projective families of
longitudinally elliptic operators associated a fibration ¢: Z — X and an Azumaya
bundle 4, for « representing a torsion class [o] € H3(X, Z).

8. Final remarks

Let M be an oriented manifold withamap v: M — BSO classifying its stable normal
bundle. Given any fibration 7 : B — BSO, we can define a B-structure on M to be
a homotopy class of lifts ¥ of v:

7’ 8.1

When B is BSpin, then alift U in (8.1) is a Spin® structure on its stable normal bundle.
When B is BSpin, then a lift ¥ in (8.1) is a Spin structure on its stable normal bundle.

Define

String = h_r)n String(k),
k—00

where String(k) is an infinite dimensional topological group constructed in [40].
There is a map String(k) — Spin(k) which induces an isomorphism 7, (String(k)) =~
7, (Spin(k)) for all n except n = 3 when 73 (String(k)) = 0 and 73(Spin(k)) = Z.

Let M be a Spin manifold with a classifying map v: M — BSpin for the Spin
structure on its stable normal bundle. A string structure on M is a lift v of v:

BString

~ 7

v 7

Ve T
- l

M /*v> BSpin.
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We point out that an oriented manifold M admits a spin structure on its stable normal

bundle if and only if its second Stiefel-Whitney class w, (M) vanishes, and a spin

manifold M admits a string structure on its stable normal bundle if % vanishes,

where p; (M) denotes the first Pontrjagin class of M (cf. [37], [40]). If M is a string

manifold, then M has a canonical orientation with respect to elliptic cohomology.
The tower of Eilenberg—MacLane fibrations

BString
lK(Z,S)
Pl
BSpin = K(Z,4)
lK(Zzal)
BSO ——2—> K(Z>,2)

gives rise to Thom spectra
MString — M Spin — M SO,
with corresponding bordism groups
QM) - 20 > QP°(X),

Remark 8.1. Given a paracompact space X, a continuous map «: X — K(Z5,2)
is called a KO-twisting, and a continuous map «: X — K(Z,4) is called a string
twisting. For a principal G-bundle & over X for a compact Lie group G equipped
with a map BG — K(Z, 4) representing a degree 4 class in H*(BG, Z), there is a
natural string twisting

X - BG — K(Z,4).

Given a string twisting «: X — K(Z,4), a universal Chern—Simons 2-gerbe was
constructed in [16].

For any KO-twisting «, there is a corresponding notion of an «-twisted Spin
manifold over (X, ).

Definition 8.2. Let (X,®) be a paracompact topological space with a twisting
a: X — K(Z,,2). An a-twisted Spin manifold over X is a quadruple (M, v,t, )
where

(1) M is a smooth, oriented and compact manifold together with a fixed classifying
map of its stable normal bundle

v: M — BSO;
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(2) t: M — X is a continuous map;

(3) nisan a-twisted Spin structure on M, that is, a homotopy commutative diagram

M —— BSO

<
n -
L z w2
<

©
X ? K(Zz, 2),

where wy is the classifying map of the principal K(Z,, 1)-bundle BSpin — BSO
associated to the second Stiefel-Whitney class and 7 is a homotopy between
wpovand aot.

Two a-twisted Spin structures 1 and " on M are called equivalent if there is a
homotopy between 7 and 7’.

Remark 8.3. Let M be a smooth, oriented and compact n-dimensional manifold and
let X be a paracompact space with a KO-twisting o: X — K(Z>,2).

(1) M admits an a-twisted Spin structure if and only if there exists a continuous
map t: M — X such that

C([o]) + wa (M) =0 (8.2)

in H*(M,Z,). Here wo(M) is the second Stiefel-Whitney class of TM. (The
condition (8.2) is the anomaly cancellation condition for type I D-branes, cf. [44].)

2) If t*([e]) + wo (M) = 0, then the set of equivalence classes of a-twisted Spin
structures on M is an affine space modelled on H'(M, Z5).

Let #g be an infinite dimensional, real and separable Hilbert space. The projective
orthogonal group PO(HR) with the norm topology (cf. [32]) has the homotopy type
of an Eilenberg—MacLane space K(Z5, 1). The classifying space of PO(#R), as a
classifying space of the principal PO(HR)-bundle, is a K(Z,,2). Thus, the set of
isomorphism classes of locally trivial principal PO(#R)-bundles over X is canonically
identified with

(X, K(Z».,2)] = H*(X,Z>).

Given a KO-twisting «: X — K(Z»,2), there is a canonical principal K(Z;, 1)-
bundle over X, or equivalently, a locally trivial principal PO(#R)-bundle 5, over X .
Let KR be the C*-algebra of real compact operators on Kg. Let C. (X, £y (KR)) be
the C*-algebra of compactly supported sections of the associated bundle

Pu(KR) := Puo Xpo(sg) KR-
In [39] (see also [35]), twisted KO-theory is defined for X with a KO-twisting
a: X »> K(Z,,2)
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to be .

KO' (X, &) := KO; (Ce (X, Pu(KR))).
Let K be the O-th space of the KO-theory spectrum. Then there is a base-point
preserving action of K(Z,, 1) on the real K-theory spectrum

K(Z,,1) x KO — KO,

which is represented by the action of real line bundles on ordinary KO-groups. This
action defines an associated bundle of KO-theory spectrum over X. Denote

Po(Kr) = Po Xk (z,5,1) Kr

the bundle of based spectra over X with fiber the KO-theory spectra, and let
{Q5 Pu(KRr) = Po Xk(z,,1) Q"Kg} be the fiber-wise iterated loop spaces. Then
we have an equivalent definition of twisted KO-groups of (X, &) (cf. [39]) as the set
of homotopy classes of compactly supported sections of the bundle of K-spectra:

KO™(X, &) = mo(Ce (X, 2y Pu(Kr))).

Due to Bott periodicity, we only have eight different twisted K-groups KO’ (X, «)
(i =0,...,7). Twisted KO-theory is an 8-periodic generalized cohomology theory.

One would expect that results in this paper can be extended to twisted KO-theory.
Much of the constructions and arguments in this paper go through in the case of twisted
KO-theory. The subtlety is to study the twisted KR-theory for the (co)-tangent bundle
with the canonical involution. This may requires additional arguments.

Another interesting generalization is the notion of twisted string structure for a
paracompact topological space X with a string twisting given by

a: X —> K(Z,4).

Definition 8.4. Let (X, o) be a paracompact topological space with a string twisting
a: X - K(Z,4). An a-twisted string manifold over X is a quadruple (M, v, t, )
where

(1) M is asmooth compact manifold with a stable spin structure on its normal bundle
given by
v: M — BSpin,

with BSpin = li_r)nk BSpin(k) the classifying space of the stable spin structure;
(2) t: M — X is a continuous map;

(3) nisana-twisted string structure on M, thatis, a homotopy commutative diagram

M —— BSpin

z
n - r1
t z =
z
©

X ? K(Za4)’
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where £L: BSpin — K(Z,4) is the classifying map of the principal K(Z, 3)-
bundle BString — BSpin, representing the generator of H*(BSpin, Z), and 7 is

L
a homotopy between 5 o v and @ o ¢.

Two a-twisted String structures n and n’ on M are called equivalent if there is a
homotopy between 1 and 7’.

Remark 8.5. Let M be a smooth compact spin manifold and let X be a paracompact
space with a string twisting o: X — K(Z,4).
(1) M admits an «-twisted string structure if and only if there is a continuous map
t: M — X such that
M)

2
in H*(M,Z). Here p(X) is the first Pontrjagin class of TM .

Q) If *([a]) + % = 0, then the set of equivalence classes of a-twisted string
structures on M is an affine space modelled on H3(M, Z).

K ([a]) + 0 (8.3)

Given a manifold X with a twisting «: X — K(Z,4), one can form a bordism
category, called the a-twisted string bordism over (X, ), whose objects are compact
smooth spin manifolds over X with an «-twisted string structure. The corresponding
bordism group Q5"¢(X, «) is called the a-twisted string bordism group of X. We
will study these a-twisted string bordism groups and their applications elsewhere.
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