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Abstract. We introduce a general recipe to construct quantum projective homogeneous spaces,
with a particular interest for the examples of the quantum Grassmannians and the quantum
generalized flag varieties. Using this construction, we extend the quantum duality principle to
quantum projective homogeneous spaces.
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1. Introduction

A projective variety can be described via its homogeneous graded coordinate ring.
This ring is not an invariant associated to the variety but depends on a chosen embed-
ding of the variety into some projective space. Different embeddings will, in general,
produce non-isomorphic graded rings.

When a projective variety is homogeneous, i.e., endowed with a transitive action
of an (affine) algebraic group on it, it can be realized as quotient of affine algebraic
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groups G/H . In this case a projective embedding can be obtained via sections of a
line bundle on G/H , uniquely given once a character of H is specified.

If one approaches a quantization of this picture in the context of quantum groups
the problem immediately arising is that standard quantum groups have a very limited
set of quantum subgroups. This explains why usually the preferred approach goes
through representation theoretic techniques.

An explanation of the lack of quantum subgroups, together with a way to circum-
vent this problem, is suggested by considering the semiclassical picture, i.e., in the
context of algebraic Poisson groups. In such setting algebraic Poisson subgroups are
quite rare too; however there is no need of an algebraic Poisson subgroup to cook
up a Poisson quotient. The existence of a surjective Poisson map G — G/H is
guaranteed simply by requiring H to be a coisotropic subgroup of G. This condition
can be expressed by saying that the defining ideal of H, in the function algebra of
G, is required to be a Poisson subalgebra rather than a Poisson ideal, as required for
Poisson subgroups.

Let O4(G) be a quantization of the affine algebraic Poisson groups G. At the
quantum level, a quantization Q4 (H) of its coisotropic subgroup H can be defined
through conditions on the projection 7 : Oy(G) — O,4(H). We will see this in full
detail in the Sections 2, 3.

Our first aim is to build a quantum deformation O, (G/H) of the projective variety
G/H,i.e., of its graded ring O (G/H ), subject to the following requirements:

(1) there exists a one-dimensional corepresentation of the quantum coisotropic sub-
group O4(H) which is a deformation of the corepresentation of O (H) corre-
sponding to the character of H which defines the line bundle giving the projective
embedding of G/H;

(2) a quantum analogue O,(G/H) to O(G/H) is defined as the subset — inside
04(G) —of “semi-invariant functions” with respect to the given corepresentation
of O4(H);

(3) the subset O,(G/H) is a graded subalgebra of O,(G);

(4) the graded subalgebra O,(G/H) is a graded left coideal of O,(G), so the co-
product in @, (G) induces a (left) O, (G )-coaction on O4(G/H ), and the latter
can be thought of as a quantum homogeneous space.

(5) the semiclassical limit of O4(G/H) is O(G/H) — embedded into O(G) — as a
graded subalgebra, left coideal and graded Poisson subalgebra.

In other words, a quantum deformation of a projective homogeneous space, em-
bedded into some projective space, consists of the deformation of the graded algebra
associated to the embedding in such a way that the action of the group on the homo-
geneous space is also naturally quantized.

We will work out the details of the construction for the case of the Grassmannian
and its Pliicker embedding, that is, when G is the special linear group and H = P



Quantization of projective homogeneous spaces and duality principle 451

is a maximal parabolic subgroup, and we will sketch it in the more general case of
quantum flag varieties of simple Lie groups.

Our main motivation to develop this point of view is to adapt to projective ho-
mogeneous spaces the correspondence introduced by Ciccoli and Gavarini [5] for
coinvariant subalgebras. This recipe allows to associate functorially to a quantum
quasi-affine homogeneous space another quantum homogeneous space through a gen-
eralization of the quantum duality principle (QDP) defined by Drinfeld for quantum
groups. A part of the arguments in [5] does not directly apply to projective homo-
geneous spaces, since it is based on the realization of the ring of the homogeneous
space as the set of coinvariant functions inside the ring of the quantum group acting
on it. But this is possible — as in the classical case — if and only if the homogeneous
space is quasi-affine, which is not the case for projective varieties. The coordinate
ring of the homogeneous space is replaced by a graded ring inside the quantum group
ring consisting of semi-coinvariants with respect to a one-dimensional representation,
which can be seen as a deformation of the line bundle that classically determines the
projective embedding. The definitions introduced in Section 3 will allow us to define
a quantum duality functor and to obtain the QDP construction in this more general
setting. In the last chapter we will discuss applications to quantum flag manifolds.

2. The classical setting

In this section we recall some Poisson geometry (see [21] for details).

2.1. The affine case. Let k be a fixed field of characteristic 0. When doing algebraic
geometry construction, we tacitly assume that k be algebraically closed. However,
this assumption is not needed for our quantum constructions.

Let G be an affine algebraic group over k. We denote by O (G) the algebra of
regular functions of G, in short its “function algebra”, which is naturally a Hopf
algebra (over k). We denote g := Lie(G) the tangent Lie algebra of G, and similarly
b := Lie(H ) for any closed algebraic subgroup H of G.

Assume that G is a Poisson group: this means that O(G) is a Poisson Hopf
algebra, i.e., we have a Poisson bracket { , }: O(G) ® O(G) — O(G) which is
compatible with the Hopf algebra structure. Moreover, g is a Lie bialgebra for some
Lie cobracket §: ¢ — g ® g, and the same holds for its dual space g*, these two Lie
bialgebras structures being dual to each other. Indeed, the notion of Lie bialgebra
is the infinitesimal counterpart of the notion of Poisson group. Since the dual g*
of g is itself a Lie bialgebra, it follows that any connected algebraic group G* with
g* = Lie(G¥) is a Poisson group on its own, called (Poisson) dual to G. We are
going to see the example of the Poisson group GL,, treated in detail in Section 5.2.
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Definition 2.1. A (closed) subgroup H of G is called coisotropic if its defining ideal
I(H) is a Poisson subalgebra of O(G). Also, H is called a Poisson subgroup if the
embedding H < G is a Poisson map; this is equivalent to require /(H) to be a
Poisson ideal. Hence a Poisson subgroup is coisotropic.

The following equivalent conditions give an infinitesimal characterization for a
connected subgroup H to be coisotropic (see [24]):

Proposition 2.2. Let G be an algebraic group and H a (closed) subgroup of the
Poisson group G. Then the following are equivalent:

(C-1) H is a coisotropic subgroup of G;
(C-ii) 6(h) € h A g, that is, Y is (a Lie subalgebra and) a Lie coideal of g;
(C-iii) the orthogonal space § is (a Lie coideal and) a Lie subalgebra of g*.

Remark 2.3. Note that, thanks to these characterizations, the infinitesimal counterpart
of the notion of coisotropic subgroup is that of a Lie subalgebra Lie coideal. The latter
notion is self-dual. In fact, let G* be any connected Poisson group dual to G. If H is
coisotropic in G, then any connected subgroup of G* with tangent Lie algebra = is
in turn a coisotropic subgroup of G *, called “complementary dual” to H and denoted
by H+.

We now want to describe the notion of Poisson quotient.

Definition 2.4. Let M be a Poisson affine variety, i.e., an affine variety whose function
algebra O (M) is a Poisson algebra. Then M is a Poisson homogeneous G-space if
there is a (regular) transitive action ¢: G x M — M which is a Poisson map with
respect to the product Poisson structure on G x M . We say that a Poisson homogeneous
G-space M 1is a Poisson quotient if there is a coisotropic closed Lie subgroup Hjs of
G such that G/Hys ~ M and the projection pys: G — G/Hps >~ M is a Poisson
map.

The following is a characterization of Poisson quotients (cf. [29]).

Proposition 2.5. Let ¢p: G x M — M be a homogeneous action of G on M. Then
the following are equivalent:

(PQ-i) there exists m € M whose stabilizer G is a coisotropic subgroup of G;

(PQ-ii) there exists m € M such that ¢p;m: G — M, g — ¢(g,m), is a Poisson
map, that is to say, M is a Poisson quotient;

(PQ-iii) there is m € M such that {m} is a symplectic leaf of M.
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For any m € M with stabilizer G one has M ~ G/Gj as affine G-varieties.
As M is affine, this is equivalent to O (M) = O(G/Gj). Finally, O(G/Gi) =
O (G)G’T‘, the subalgebra of G;-invariants in @ (G). The same holds with G; replaced
by any subgroup H whose coset space G/H is affine. We then have an additional
characterization of (affine) Poisson quotients.

Proposition 2.6. If M is as above, then M is a Poisson quotient if and only if there
exists m € M such that (9(G)G"7 is a Poisson subalgebra of O(G).

In particular, if H is a subgroup of G and G/H is affine, then the following are
equivalent:

1. H is coisotropic,
2. G/H is a Poisson quotient,
3. O(G/H) = O(G)™ is a Poisson subalgebra of O(G).

2.2. The projective case. We are now interested in the case when the homogeneous
G-variety G/H is projective, i.e., H is parabolic. To describe this in algebraic terms
(the setting we need for quantum deformations), we require a specific realization,
namely an embedding into a projective space.

Given a representation p of H on some vector space V', we can construct a vector
bundle associated to it, namely

Vi=GxgV=GxV/~, (ghv)~ (g, h'v), forallheH geG, veV.

The space of global sections of this bundle is identified with the induced module (see,
e.g., [18] for more details)

H°(G/H,V) =Ind% (V) ={f:G — V| fisregular, f(gh) =h""- f(g)}.

Definition 2.7. Let y: H — k* be a character of H, i.e., a one-dimensional repre-
sentation of H on L = k. Then L®" is again a one-dimensional representation of H
with character y". Let £" := G ® g L®". Define

O(G/H), == H°(G/H, £"),
O(G/H) = @ O(G/H), < O(G).

n>0

Then O(G/H) is a subalgebra of O(G) whose elements are called semi-invariants.
Note that now the notation O (G/H ) has not the same meaning as when G/ H is affine.

Assume now the bundle £ to be very ample. In the present context, this is the
same (cf. [18], §I1.7) as saying that £ is generated by a set of global sections fp,
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f1, ..., fn € O(G/H)1; in particular, the algebra O(G/H) is graded, generated
in degree 1 (by the f;’s). Then O(G/H) is the homogeneous coordinate ring of the
projective variety G/H with respect to the embedding given via the global sections
of &£ (see [17], p. 176).

We want to reformulate this classical construction in purely Hopf algebraic terms,
more suited to the quantum setting we shall presently deal with.

Remark 2.8. In algebraic terms, saying that y: H — k* is a character is the same
as saying that it is a group-like element in the coalgebra @ (H). The same holds
for all powers y" (n € N). In fact if y is group-like, then the same is true for all
its powers x” since O(H) is a Hopf algebra. As the y"’s are group-like, if they
are pairwise different they also are linearly independent, which ensures that the sum
> wen O(G/H), —inside O(G) — is a direct one. Moreover, once the embedding is
given, each summand O(G/H ), can be described in purely Hopf algebraic terms as

O(G/H)y :={f € OG) | f(gh) = x"(h"1) f(8)}
={/€0(G) | (([d®m)oA)(f)=[f&SK")}

with 7: O(G) — O(H) the standard projection and S the antipode of O (H).

To simplify notation, we set A := S()), the character of H which maps h € H
toA(h) = y(h~ 1), and we set A, := (id ® 7) o A, so that

O(G/H)n ={f € 0(G) | Ax(f) = f ® A"} 2.1

Proposition 2.9. Let G/H be embedded into some projective space via some very
ample line bundle. Then there exists at € O(G) such that

Ar(t)=((d®m)oA)t) =t @ n(t), 2.2)
(™) # a(t") forallm #n € N, (2.3)
O(G/H)n ={f €0(G) | Ax(f) = f @ n (")}, (2.4)
O(G/H) = GBN(D(G/H),,, (2.5)

and O(G/H) is generated in degree 1, namely by O(G/H ).
Proof. If f € O(G/H)y, then
7(f) = 7(Xp () fo) = (€ @ 1) (A(f)) = (e ®id)(Ax(f)) = (/A"

Now by assumption there exists a non-zero global section of the line bundle on G/H,
i.e., a regular function t € O(G/H); \ {0} on G and €(¢) # 0. By the above (for
n = 1), up to dividing out by €(¢), we can assume that 77(¢) = A. The result follows
immediately. O
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Notice that while A = 7 (¢) is group-like, ¢ instead is something less, yet still has
an “almost group-like property” given by (2.2). This element ¢ and its quantization
will turn out to be crucial for the quantum setting.

Remark 2.10. We point out that @(G/H) is a unital subalgebra and also a (left)
coideal of O(G); the latter reflects the fact that G/H is a (left) G-space. Thus, the
restriction of the comultiplication of @ (G), namely

Alow/my: 9(G/H) — 0(G) ® O(G/H),

is a coaction of O(G) on O(G/H), which makes @(G/H) into an O (G)-comodule
algebra in the sense of [26], §4.1. Moreover O(G/H) is graded and the coaction
AloG/m) is also graded with respect to the trivial grading on O(G), so that each
O(G/H), is indeed a coideal of O (G) as well.

As to Poisson geometrical properties in this projective setup, the following char-
acterization, which might be used to define the notion of Poisson quotient structure
for the projective G-space G/H , holds:

Proposition 2.11. Let G be a Poisson algebraic group, H a closed parabolic sub-
group, and t € O(G) as in Remark 2.8. The following are equivalent:
(@) {{(H),I(H)} € I(H), thatis, H is coisotropic, and in addition {t, O(G/H)} C
I(H);
) {O(G/H);,O(G/H)s} € O(G/H)y4s forall r,s € N, that is, O(G/H) is a
graded Poisson subalgebra of O(G).

Proof. To simplify notation, we set Iy, := I(H) N O(G/H), forn € N.
(a) = (b): First of all, note that (2.1) can be reformulated as

OG/H), ={f€0G)|A(f)e fRt"+0O(G)R I(H)}. (2.6)
Second, by Remark 2.10(a), each O(G/H), is a coideal of O(G), that is,
A(O(G/H)n) € O(G) ® O(G/H),. This along with (2.6) gives
A(f)e fR1t"+0(G)Q® Iy, forall f e O(G/H),. 2.7
Then, for any f € O(G/H), and £ € O(G/H)s, we have
AQLE) ={AN). A0} elf @1 +O0(C) Q@ In, L ® 1+ O(G) ® Ins}
={fRt" L} +{f ®1t",0(G) ® Ins}
+{0(G) ® I, L ®1°} +{0(G) ® In,r, O(G) ® In,s}
TR + LR, 5 +{f,0G) @1 Iny
+ fOG)R " Ius) +{0(G), 4} @ Im,t* + O(G) @ {Iu,,t°}
+{0(G),0G)}® Ig s+ O(G)O(G) R, IHs}
C{LG @I +0(G) ® I rss
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due to (2.7) and to (a). Thus { f, £} € O(G/H ),+s by (2.6) again.
(b) = (a): By assumption we have t € O(G/H)1, hence {t, f} € O(G/H)14n
forall f € O(G/H), by (b). In particular, this gives

{t, f3(h) =t (h){t, fY(1g) =0 forallh € H

because any Poisson group structure is zero at the identity. Eventually, this yields that
{1, 0(G/H)} € I(H).

To prove that {I(H), I(H)} C I(H), we need some additional tools.

First, let O(G)1,, be the localization of O(G) at J := Ker(ep(g)), a maximal
ideal in @(G). This is the stalk at the point 1 of the structure sheaf of G, and the
Poisson bracket of (O (G) canonically (and uniquely) extends, for f1, f € O(G),
y1, V2 € J,n1,ny € N, via the identity

AT, foya "y = (A, T vy ™ = iy o folyy
—ny . —na—1 ni—1_ns—1
—na ol f1. 23y 'y, +nna f1 2401, 2301 s

to the local algebra O(G)1,. The counit € of @(G) uniquely extends to an algebra
morphism from @ (G);; to k, again denoted by €, whose kernelis J; ; , the localization
of J inside O(G)1,. Finally, we denote by I(H ), the localization, inside O(G)1;,
of the ideal I(H) of O(G).

Second, let X; := {t = 0} be the zero locus in G/H defined by the vanishing
of the divisor ¢, and let I" := (G/H) \ X;. This is an affine open dense subset of
G/H whose algebra of regular functions is the graded localization of O(G/H) by
the multiplicative subset {t" },ew, thatis, O(G/H )y := @,,ent "O(G/H),. Note
that O (G/H )[;) naturally embeds into O (G )1 because ¢ € JO/H .= O(G/H)\ J.
Again, the Poisson bracket of O(G/H), induced by that of @ (G), uniquely extends
to O(G/H )|z, and so the latter is a graded Poisson subalgebra of O(G);; thus X,
is an affine Poisson variety. Also, € induces an algebra morphism from O(G/H )y

to k, whose kernel we denote by J, [tG]/ "

Third, let O(G/H), be the localization of O(G/H ) at J, [tG]/ . by construction,
this is the stalk at 1g = 1g H of the structure sheaf of G/H , and the Poisson bracket
of O(G/H) uniquely extends to O(G/H) .

Now the maximal ideal J;, in the local algebra O (G),, can be generated by a
local system of parameters on G at the point 1, say {y1, ..., Yn}, withn := dim(G).
As H is a closed subgroup of G, we can choose this system of parameters in such a

way that:
(1) ifh := dim(H ), theimageinside O(H)1,, = O(G)15/I(H)1;of{y1....,yn}
is a local system of parameters on H at the point lg = 1g;

Q) yp=1t-1;
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3) {Yn+1,---,yn} is a local system of parameters on X; at 1g; in particular, it
generates in O(G/H ) the ideal JI%/H := Ker(e) NO(G/H) .

As a direct consequence of the above assumptions, the elements yj4+1, ..., Vn
generate the ideal /(H )y,; inside O(G),;. Moreover, we have y; = f;£; ! for some
fi € O(G/H), t; € O(G/H)\ JO'H (fori = h +1,...,n). Then

iyiy = UG HGY =1 376G = 0367 67
— [l IR+ S ST G20,

which — by assumption (b) yielding {O(G/H),O(G/H)} < O(G/H) — shows
that {y;.y;} € (Vnt1,....¥n) = I(H)1, for all i, j. This together with Leib-
niz’s rule implies that {k; y;,k;y;} € (Vh+1....,Yn) = 1(H)1, for any k; k; €
O(G)i; (withi, j = h+1,...,n);inturn, I(H)1; = (Vh+1,...,Yn) satisfies
U(H) g I(H)16} € I(H)ig

Eventually, since /(H) = O(G) N I(H ), the above results also give

U(H), I(H)} € O(G) N {U(H)g. I(H) 153 SOG)NI(H)1g = I(H). U

3. Quantum bundles and quantum homogeneous spaces

3.1. Quantum groups. We want to translate all the framework of Section 2 into the
quantum setup. The first step is to introduce quantum groups, in the form of quantum
(or “quantized”) function algebras, as follows.

Let G be an algebraic Poisson group and @ (G) its function algebra.

Definition 3.1. By quantization of O(G) we mean a Hopf algebra O,(G) over the
ground ring k, := k[g. g~ '], where g is an indeterminate such that:

(a) the specialization of O4(G) atq = 1, thatis, O4(G) /(g — 1)94(G), is isomor-
phic to O(G) as a Poisson Hopf algebra;

(b) O4(G) is torsion-free as a k,-module;

(c) if Ig 1= (¢—1)04(G)+Ker(€g,(G)), then mnzo 1 = ﬂnzo (g — 1" 04(G).

We call O4(G) quantum (or quantized) function algebra over G, or quantum
deformation of G, or even simply quantum group. It is standard terminology to say
that the Poisson Hopf algebra O(G) is the semiclassical limit of O4(G).

Similarly, we say that a k,-algebra O 4(X) is a quantization of the commutative
k-algebra O (X) if it is torsion-free and Oy (X)/(q —1)O4(X) = O(X). Then O(X)
is also a Poisson algebra, called semiclassical limit of O4(X).
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Remark 3.2. (1) The technical requirement in (c) corresponds, in the context of
formal deformations, to require that the algebra is separated; we also point out that it
is satisfied by all quantum function algebras usually considered in literature. In any
case, it will not be necessary until Section 5. Moreover, both (b) and (c) above are
automatically satisfied when O, (G) is free as a k,-module.

(2) The classical algebra @ (G) inherits from O4(G) a Poisson bracket given as
follows: if x, y € O4(G)/(q —1)04(G) = O(G), then

x/y/ _ y/x/

— mod (¢ — 10 (G)

b,y =
for any lifts x’, y’ € O4(G) of x and y, respectively. One checks that this bracket is
well defined and makes @ (G ) into a Poisson Hopf algebra, so that G is a Poisson group.
But G already had, by assumption, a Poisson group structure; then the requirement
in (a) above that O4(G)/(q — 1)04(G) = O(G) as Poisson Hopf algebra amounts
to say that, in particular, the two Poisson group structures of G are isomorphic.

On the other hand, if we start without asking G to have a Poisson group structure,
then the previous analysis tells thatif a quantization O, (G) exists, then it automatically
endows ((G) with a Poisson algebra structure. And similarly for a quantization
04(X) of a commutative algebra @ (X).

3.2. Quantum subgroups and quantum coisotropic subgroups. Our second step
is to introduce the notions of guantum coisotropic subgroup and of quantum subgroup,
the former being weaker than the latter.

Definition 3.3. By quantum coisotropic subgroup of O,(G) we mean a k,-coalgebra
O4(H), along with a projection 7 : O4(G) — O4(H) such that

(a) O4(H) is torsion-free, as a k,-module;
(b) = is a ky-coalgebra (epi)morphism;

(c) & is an O4(G)-module (epi)morphism, where O, (H) has the O,(G)-module
structure induced by =, that is, f - 7(g) = 7 (fg).

If, in addition, O, (H ) is a Hopf algebra and = is a Hopf algebra morphism, and
for Iy := (¢ — 1)O4(H) + Ker(ep, (1)) we have

(d) N 1g = ((g—D"04(H)

n>0 n>0

then we say that O, (H) is a quantum subgroup of G.
For later use, we introduce also the notation 1, (H) := Ker(x).

Remark 3.4. (1) I,(H) := Ker(m) satisfies I, (H)N(qg—1)04(G) = (g—1)14,(H).
So the specialization of I,(H) at g = 1, ie., I1(H) = I,(H)/(q — 1)1,(H),
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coincides with the image of /,(H ) under the specialization O4(G)/(q —1)04(G) =
O(G) of O4(G), whichis I,(H)/(14(H) N (g —1)04(G)).

(2) Conditions (b) and (c) imply that I, (H ) is a two-sided coideal and a left ideal
of O4(G). Then, by (1), the specialization I (H ) is a coideal and a (two-sided) ideal
in the commutative ring O (G). Moreover, I1(H ) equals the kernel of 7;: O(G) =
01(G) = O1(H), the specialization of 7 at g = 1, where O1(H) := O4(H)/(q —
1)0,4(H) is the specialization of O4(H). So O(H) admits the unique quotient
Hopf algebra structure such that ; is the canonical Hopf algebra epimorphism. In
particular, @, (H) is the function algebra @ (H) of some closed algebraic subgroup
H of G,and I, (H) = Ker(m;: O(G) — O(H)) = I(H), whence the terminology
and notation.

In the Hopf algebra language, conditions (b) and (c) are expressed by saying that
O4(H) is an O4(G)-module coalgebra, that is, a coalgebra and O, (G )-module such
that Ao, () and €@, () are O4(G)-module morphisms.

(3) Assumptions at the quantum level imply properties for specializations. So
the semiclassical specialization of a quantum coisotropic subgroup is (the function
algebra of) a coisotropic subgroup since /;(H) = Ker(sr1) is a Poisson subalgebra
of O(G). On the other hand, the specialization of a quantum subgroup instead is (the
function algebra of) a Poisson subgroup.

At the semiclassical level there are many examples of coisotropic subgroups,
among which only a few are Poisson subgroups. This is a key motivation to focus on
the more general setting of quantum coisotropic subgroups.

(4) A quantum coisotropic subgroup @, (H) is by no means a “quantum group”
in the sense of Definition 3.1, unless it is a quantum subgroup.

3.3. Quantum line bundles. We now want to carry over to the quantum setting the
notion of embedding G/H — P¥ associated to a line bundle £ that we assume to be
very ample. The idea s to transfer to this framework the description (2.4) of O (G/H ),
given in terms of an element ¢ € @ (G), as in Remark 2.8 and Proposition 2.9. Thus,
the starting point will be a quantization of such an element ¢ that we will call a
pre-quantum section.

Given G and H as in Section 2.2, we assume that quantizations of them be given,
ie., we are given Oy(G), Oy(H) and w: O4(G) — O4(H) as in Definitions 3.1,
3.3. To simplify notation, hereafter we shall also write £ := 7 (£) € O, (H) for every
L€ 04(G).

Moreover, we assume that an element ¢ € ((G) as in Remark 2.8, and the
corresponding closed embedding G/H < P be given as in Proposition 2.9 (so, in
particular, ¢ is a section of the line bundle &£ on G/H).

We define a quantization of the latter setup as follows.

Definition 3.5. We define pre-quantization of t or pre-quantum section of the line
bundle &£ on G/H (given by t) any d € O,(G) such that
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(@) Ar(d)=d ®mn(d),ie.,A(d) e (d®d+ 04(G) ® I,(H)),
(b) d mod (g —1)04(G) = 1(c O(G))
with respect to the identification O4(G)/(q — 1)04(G) = O(G).

Remark 3.6. (a) Given a pre-quantum section d , property (a) in Definition 3.5 implies
that w(d) = d is a group-like element in O4(H). Therefore, it defines a one-
dimensional corepresentation of O, (H ), namely

pa: kg = kg ®x, Og(H), 1 1®d,
which gives back, modulo (¢ — 1), the one-dimensional representation of O (H ),
pr:k—>k®kOH), 1—>1QA4A,

corresponding to the character A = m(¢) of the group H we started from.

(b) In the classical setup, having the character A is equivalent to having a Hopf
algebra morphism k[x,x~!] — O(H) given by x* +— A?(z € Z). Indeed, this
occurs because the powers A% do exist in @(H ) and are group-like because A is. In
fact, each one of them corresponds to a one-dimensional corepresentation, namely
the z-th tensor power of py,

P =przi k> k@K OH), 1+ 1A%

On the other hand, in the quantum setup there is no natural analogue, since the
powers d? are not even defined in O, (H ) — which is not an algebra! — nor can we
assume (in case we define them in some way) that they are group-like. This means
that we miss somehow the “tensor powers” of pg. In [1] one can find an example of
a countable family of group-like elements in a quantum coisotropic subgroup, which
are not obtained by projecting powers of the same element, but quantize a classical
character.

However, when O, (H ) is a quantum subgroup instead, it is a Hopf algebra; hence
the group-like d is invertible, and all powers d? exist and are group-like in Oq4(H).
So we do have all “tensor power corepresentations”

p%7: kg — kg ®x, Og(H), 1+ 1®d7,

which in turn means that having d is equivalent to having a Hopf kq-algebra mor-
phism kg[x,x71] — O4(H) given by x? +> d?(z € Z).

Moreover, notice also that d? = d? for all z > 0, so that pz®? for z > 0 can
be directly recovered from the element d? in O, (G); thus in the end we can handle
everything working with the elements d” € O,(G),n € N.
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Definition 3.7. Let d € O,(G) be a pre-quantum section on G/H .
(a) We call d -semi-invariants of degree n the elements of the set

Oq(G/H)n :=1{l € 0g(G) | Az () =L Q@ m(d")}
= {0, | AW) € (L ® d" + 04(G) ® I, (H))}.
(b) We call d-semi-invariants the elements of the set

Og(G/H) = Y. Og(G/H),.

nelN

Itis clear that each O, (G/H ), is a ky-submodule of O, (G), hence the same holds
for O,(G/H). We shall now see some further properties of these modules, which
eventually will tell us that — under suitable, additional assumptions — we can take
0,4(G/H) as a quantization of O(G/H ).

Lemma 3.8. Let d € O,(G) be a pre-quantum section on G/H. Then:
(@) d € O4(G/H)\, i.e., d is semi-invariant of degree 1.
(b) foranyn € N and any { € O4(G/H),, we have {=e()d".
(c) the map w: O4(G) — O4(H) restricts to a ky-module epimorphism

7't Oy(G/H) —> spany, ({d™ Y nen).

Proof. The only statement which needs a proof here is (b), which quickly follows
applying (¢ ® id) to both sides of A, ({) = £ ® d". O

Remark 3.9. The semi-invariants have a good arithmetic property, which ensures
that the specialization of Oy(G/H), C O4(G) (and of Oy(G/H)) at ¢ = 1 will
be consistent with that of O,4(G) itself. Namely, given n € N, since O,(G/H), is
defined by k,-linear conditions we find at once that

04(G/H)y NcOy(G) = cOy(G/H), forallc € kg,
and, in particular, Oy (G/H ), N (¢ — 1)04(G) = (9 — 1)O4(G/H),.

The next result shows that each O,(G/H), is a left coideal of O,(G), hence it
bears a structure of left O, (G )-comodule.

Proposition 3.10. Every O,(G/H ), is a left coideal of O4(G), that is,
A(Og(G/H)n) € O4(G) ® Oy(G/H), foralln € N,

so that Alo,G/H), makes O4(G/H )y into a left O4(G)-comodule. Thus, O4(G/H)
is a left coideal of O4(G), hence a left O4(G)-comodule.
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Proof. Let O := O4(G), O, := Oy4(G/H),, and set O’ := k(q) ®x, O, O, =
k(¢) ®x, On. Then O ®g,, O naturally embeds into O’ ®(,) O’ because O and O,
are torsion free as k,-modules. Using this embedding, given any £ € O,(G/H ), we
can always write A({) = ), g/ ® h; for some g}, h; € @' such that the g/’s are all
linearly independent, and similarly for the //’s. Then (taking acommon denominator)
there exists ¢ € kg such that A(¢) = ¢ )", gi ® h;, with the g;’s in O4(G) being
linearly independent and the /;’s in O4(G), which are linearly independent too.
We shall now prove that

Ye® Y (hi)a)® i)y = g ®h ®d". (3.1
i () i

Indeed, the left-hand side of (3.1) is just the image of ¢£ via the map
(d®((d®r)oA)c A=(1dR®iIdR 7)o (id® A) o A.

By coassociativity of A, the latter map coincides with

(1d®id®m)oc(Id®A)ocA = (AQm)oA = (ARid)o(id®m)ocA = (ARid)o Ay,

and now the last map applied to c£ gives

(A ®id)(Ar(cl) 2 (A®id)(cl ®d") = Ye®h®d,

where 2 follows from the assumption £ € O4(G/H),, which implies that c{ €
0,(G/H), as well. This eventually gives the right-hand side of (3.1).

Now, because of the linear independence of the /;’s, the identity (3.1) implies
that all the /;’s satisfy Z(h,—)(hi)(l) ® (hi)e)y =hi ® d", which means exactly that
hi € O4(G/H), for every index i. Thus we have

A(Ce) = Zg,' ® h;, gi € Oq(G), hi € @q(G/H)n,

the g;’s resp. h;’s being linearly independent, and also
A(cl) € cO4(G) ® O4(G).

These two conditions imply that i; € Oy(G/H), N cOy(G) = cOy(G/H), due
to Remark 3.9. Therefore A({) € O4(G) ® O4(G/H),. Finally, the claim for
0,(G/H) follows from that for the O,(G/H),’s. O

The above construction provides us with a reasonable candidate for a quantum
analogue of O(G/H ), namely the space of the d-semi-invariants O,(G/H ), which
we proved has many important properties. Nevertheless, we still would like O, (G/H )
to verify three more key properties, namely:
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(a) O4(G/H) is a subalgebra of O4(G);

(b) O4(G/H) is a graded object, its n-th (for all n € N) graded summand being
0q(G/H)n;

(c) the grading is compatible with all other structures, so O,(G/H) is a graded
04(G)-comodule algebra (when @, (G) is given the trivial grading).

Indeed, we are still missing these properties so far. In order to have them, an additional
property must be required in addition to the pre-quantum section d we started from.
This is provided by the following result.

Proposition 3.11. Set 1,(H) := Ker(x), and let d be a pre-quantum section on
G/H. Then the following properties are equivalent:

(@) O4(G/H); - 04(G/H)s € Oy(G/H)r4s forallr,s € N, hence, in particular,
04(G/H) is a kg-subalgebra of O4(G);

(b) [d, f1=0inOy(H) forall f € O,(G/H);
() [d.04(G/H)] < 14(H).

Proof. (b) = (a): Forany r,s € N pick f € O4(G/H),, g € O4(G/H);,. Then,

by Proposition 3.10, for A(f) = > ) f1) ® fiz) and A(g) = 4y 1) ® g(2) We
have fo) € O4(G/H),, g@2) € O4(G/H);. This, along with assumption (b) to get

the equality g, yields the chain of identities
Az (f8)= X fngm® foge = X fngm® fo 8
(N):(g) ()

= Y (fo® fv) () ® &)
().(2)

= (X fo® f) (X ew ®&w)
T ®
= (X /0 ® fo) (E®d°) =Y f1)g® fo)-d°
T T
=Y f0g® fod® £ Y. fug®d fo
1 %
=Y f1g® @ f) 1=((1®d%)- Y fi1)® f2)) (g ® 1)
T 0
=((1®d)A(f) g =((10d)(fod +9®n) (g®1)
=(1®d)-(fg®d +9g®0) = fg@d*" = fg@n(d**")

for some suitable ¢ € O,(G), n € I,(H), with notation (x ® y) - (@ ® b) =
(xa) ® (y - b) referring to the action of O4(G) ® Oy(G) onto Oy(G) @ Ou(H)
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induced by the action of O,4(G) onto O,(H ), via r, and onto itself, via left regular
representation. So fg is also d-semi-invariant of degree r + s.

(a) = (b): Assume that (a) holds. Then for /' € O4(G/H), we have df,
fd € O4;(G/H)yp41,and so [d, f] € O4(G/H)p41. Then the identity

[d, /1= e(d, fDa’*!

holds by Proposition 3.8. But clearly e([d, f]) = 0, hence [d, f] = 0, that is,
ld. f] € 1,(H). The outcome is [d, O,(G/H)] € 1,(H).
(b) = (c): This is just a matter of rephrasing. ]

Definition 3.12. We call quantization of t, or quantum section (of the line bundle £)
on G/H, any pre-quantum section d of G/H (cf. Definition 3.5) which satisfies any
of the equivalent conditions in Proposition 3.11.

The following result gives a criterion to detect quantum sections, and shows that
for quantum subgroups they are just pre-quantum sections.

Proposition 3.13. (a) Let d be a pre-quantum section on G/H. If [d,1,(H)] €
1,(H), then d is a quantum section.

(b) Let O4(H) be a quantum subgroup. Then any pre-quantum section on G/H
is a quantum section.

Proof. (a)Pickany f € Oy(G/H),, g € O4(G/H ). Definition 3.7 gives

A(f)=f®d"+ /i ®¢1. fi1 €04(G). ¢1 € Iy(H),

Alg)=¢g®d*+g1®y1, g1 €04G), y1 €l,(H).
Therefore, for the product fg we have
A(fe) =ANAQ =(f®d + /1i®)(g®d°+g1 ®y1)

= fe@d"™+ fe1®d y1+ fig ® p1d° + fig1 @ piy1.

Now d"y1,¢1y1 € 14(H) because I,(H) is a (left) O, (G )-submodule, and

¢1d* = d°¢1 + [$1.d%] € (I4(H) + I4(H)) = I4(H)
because, in addition, [d, I,(H)] € I,(H) by assumption (d). Thus

A(fg) € (fg®d™ + 04(G) ® Iy(H)),

which means exactly that fg € O4(G/H )45, again by Definition 3.7. Thus condi-
tion (a) of Proposition 3.11 holds, hence we conclude by Definition 3.12.

(b) If O4(H ) is a quantum subgroup, then /,(H ) is a two-sided ideal. Therefore,
d.1,(H)] € 1,(H), hence by (a) we get the claim. O
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The following result records yet another feature of quantum sections.

Lemma 3.14. Let d be a quantum section on G/H. Then d" € O4(G/H),, and
d" is group-like in Oq4(H) for alln € N. Moreover, spany, ({d"}nen) is a kg-sub-
coalgebra of O4(H ) and

span[kq({cﬁ}nenq) = @ k,d".

neN

Proof. By Definition 3.12 and condition (a) of Proposition 3.11 we have that d” €
04(G/H), for alln € N. This means that A(d") € (d" ® d" + O4(G) ® 1,(H)),
whence, as w: O4(G) = O4(H) is a coalgebra morphism, we obtain that

AWd") = A(r(d™) = (x ® 7)(A@d")) = n(d") @ n(d") =d" @ d".

Thus the d”’s are group-like and different from other since so are the t* = d” lg=1-
Finally, this implies that spany ({d" }sen) is a kg-subcoalgebra of Oy (H) and that

the d"’s are linearly independent, which gives spany, ({d™}nen) = D,en [chﬁ .

Collecting all the previous results, we can now show that semi-invariants built out
of a quantum section satisfy all properties we look for.

Theorem 3.15. Let d be a quantum section on G/H. Then:

(@) O4(G/H) is a graded kg-module, its n-th graded summand (n € N) being
0q(G/H)p.

(b) O4(G/H) is a subalgebra of O4(G).

(c) The grading in (a) is compatible with all other structures of O4(G/H), so that
04(G/H) is a graded O4(G)-comodule algebra, where we take on O4(G) the
trivial grading.

(d) Forevery ¢ € kg, we have O4(G/H) N cOy4(G) = cOy(G/H). In particular,
0q(G/H) N (g —1)04(G) = (¢ — 1)04(G/H).

Proof. (a) We must simply prove that the sum ), O4(G/H), is direct so that
O4(G/H) =) ,cn09q(G/H)y = D, Oq(G/H),. But this is an easy conse-
quence of Lemma 3.14.

Indeed, let ), o ¢n fn = O alinear dependence relation, with f,, € Oy (G/H ),
and ¢, € ky (almost all zero) for every n € N. Applying A to this relation we get
D onenCnfn ® d" = 0. But by Lemma 3.14 the d"’s are linearly independent; thus
¢p = 0 for all n.

(b) This follows directly from Definition 3.12 and Proposition 3.11.
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(c) This follows (again) from Definition 3.12 and Proposition 3.11 as well as from
Proposition 3.10 and the Hopf algebra axioms.

(d) This easily follows from the identity O,(G/H) = D, cpy 9¢(G/H), given
by claim (a), and from Remark 3.9. ]

Corollary 3.16. Let d be a quantum section on G/ H (in the sense of Definition 3.12).
Then the restriction of w: O4(G) — O4(H) yields an epimorphism of graded
04(G)-module coalgebras:

n': Og(G/H) — spany ({d" }nen) = @@ kod".

nelN

Proof. By Lemma 3.8 we know that 7’ is a well-defined epimorphism of graded
ky-modules. The rest follows from O,(G/H) being a subalgebra of O,4(G), and 7
being a morphism of @, (G )-module coalgebras. 0

The last aspect to take into account is the behavior of O,(G/H) under special-
ization at ¢ = 1. The last part of claim (d) of Theorem 3.15 ensures that such
specialization is consistent with that of @,(G): in other words, the embedding
04(G/H) — O4(G) gets down under specialization to an embedding O1(G/H) :=
0,(G/H)/(q —1)04(G/H) — O(G). The next result tells us something about the
specialized space O1(G/H) itself.

Proposition 3.17. O(G/H) := O4(G/H)/(q — 1)04(G/H) is a graded Poisson
subalgebra of O(G/H) = @,,c\y O(G/H), and a graded left coideal of O(G), with
O01(G/H)y := O04(G/H),/(q —1)04(G/H), as n-th graded summand (n € N).
In particular, it is a left O(G)-comodule algebra.

Proof. For all n € N, the restriction to O4(G/H ), of the specialization map
P12 0q(G) = 04(G)/(q — 1)04(G) = O(G)

has kernel O,(G/H), N (g — 1)04(G) = (¢ — 1)04(G/H), by Remark 3.9. This
in turn ensures also that the restriction of py to Oy(G/H) = D, cpy 94(G/H), has
kernel @, (¢ — 1)94(G/H)y, so its image is Oy (G/H)/(q — 1)O04(G/H), i.e.,
just the specialization of O,(G/H). So

01(G/H) 1= 04(G/H)/(q — 1)O4(G/H) = p1(04(G/H))

where the right-hand side is a subalgebra of p;(0,(G)) = O(G). Moreover, we
have also that the specialization maps preserves the grading, namely

P1(04(G/H)) = Pl( G?N(gq(G/H)n) = G?Npl(@q(G/H)n)
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so that O1(G/H) is graded, with n-th graded summand
P1(04(G/H)n) = O4(G/H)n/(q = 1)04(G/H)n =: O1(G/H)p.

Now Theorem 3.15 implies at once that @;(G/H) is a graded subalgebra left
coideal inside p;(Q4(G)) = O(G), hence a graded (left) @ (G)-comodule algebra.
In addition, the identity

04(G/H) N (g = 104(G) = (¢ = 1)O4(G/H)

implies also that the Poisson bracket defined in O (G/H ) starting from its quantization
0,(G/H ) —see Remark 3.2 — coincides with the restriction to @ (G/H ) of the Poisson
bracket similarly induced on O(G) from O,(G). Therefore, O;(G/H) is also a
Poisson subalgebra of O (G).

We are only left to prove that the embedding of O1(G/H) into O(G) maps
01(G/H) into O(G/H) respecting the grading on either side, that is

0.(G/H), < O(G/H), foralln. (3.2)
Now the left-hand side of (3.2) is O4(G/H),/(q — 1)04(G/H),, with
O04(G/H)p :={l € 04(G) | Az (£) =L ® m(d")}
(cf. Definition 3.7), while the right-hand side, by (2.4), is

O(G/H)n ={f € 0(G) | Ax(f) = f @ 7(1")}.

But all specialization maps commute with the coproducts A and with the (quantum
and classical) maps 7, and the specialization of each d” is nothing but ¢”. Therefore,
we conclude that (3.2) holds. ]

Finally, we can define our “quantum projective homogeneous spaces”.

Definition 3.18. Let G be an algebraic Poisson group, H a coisotropic subgroup as in
§2.2,andlet O,(G), O,(H) and 7 : O4(G) = O4(H) be given (cf. Definitions 3.1,
3.3). Let d be a quantum section on G/H (see Definition 3.12, Proposition 2.9), in
particular

(@) An(d)=d ®@n(d);
(b) d =t mod (g — 1), where ¢ is a non-zero section of the very ample line bundle

on G/H giving the embedding into some projective space.

We say that
04(G/H) := @ 04(G/H)p,

nelN
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with

Oq(G/H)p =t € 04(G) | Az () = L@ 7(d")}
={L€0y(G) | A(l) € ((®d" 4+ O4(G) ® I,(H))}

is a quantization of O(G/H) if
0q4(G/H)/(q —1)04(G/H) = O(G/H)

as graded O (G)-module algebras and as Poisson algebras over k. We will then refer
to O4(G/H) as quantum projective homogeneous space.

In particular, we have seen that any such O,(G/H ) has the following properties
(Theorem 3.15):

(I) it is a graded subalgebra of O4(G);
(II) it is a left coideal of O4(G), hence a left O, (G)-comodule via

Alo,6/H): 04(G/H) — 04(G) @ Oy (G/H).

Remark 3.19. As a matter of fact, the only additional property required in Def-
inition 3.18 is that the embedding of O,(G/H)/(q — 1)04(G/H) into O(G/H)
provided by Proposition 3.17 be onto. But actually, as both these are graded alge-
bras, and O (G/H) is generated in degree one, this is equivalent to requiring (only)
the embedding

04(G/H)1/(q —1)04(G/H)1 — O(G/H),

be onto.

This requirement might be seen as the quantum analogue of the requirement — at
the semiclassical level, see Section 2.2 — of having enough global sections of the line
bundle £ on G/H in order to have an embedding of G/H into P

In Section 5 we show that quantum Grassmannians and quantum generalized flag
varieties are examples of quantum projective homogeneous space.

4. The quantum duality principle (QDP)

4.1. The QDP philosophy. The quantum duality principle (QDP) is a two-fold
recipe which allows to obtain a quantum group dual, in an appropriate sense, to a
given one.

In [5] Ciccoli and Gavarini extended this principle to quantum formal homoge-
neous spaces. Their result goes as follows.
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Given a Poisson group G, we consider pairs (H, G/H ) where H is a coisotropic
subgroup of G and G/H is the corresponding homogeneous space. At a local level,
i.e., in the setup of formal geometry, any such pair can be described in algebraic terms
by any one of the following four objects,

Uu®). Ugh. I(H), O(G/H) 4.1

where hereafter ) := Lie(H ) and g := Lie(G), and the notation is standard except for
O (G/H) which here denotes the algebra of regular functions on the formal algebraic
variety G/H. The main result in [5] is a four-fold functorial recipe which, from a
quantization of each object in (4.1), constructs a quantization of one of the four objects
of the similar quadruple which describes the “dual” pair (H+, G*/H '), where “dual”
refers to Poisson duality.

If we try to do the same at a global level (cf. [6]), i.e., not restricting ourselves
to the framework of formal geometry, then something changes when handling the
algebra @ (G/H). Namely, the latter is meaningful — that is, it permits to get back the
pair (H, G/H) —only if G/H is a quasi-affine variety. This is the case, in particular,
if G/H is affine, but it is not so if G/H is projective. Therefore, in the latter case
one describes G/H taking instead of the algebra of regular functions the algebra of
(algebraic) sections of a line bundle on G/H realizing an embedding in a projective
space, i.e., what is denoted O(G/H) in Section 2. Once this is settled, one can
consider a quantization @4 (G/H ) and try to cook up a suitable analogue of the recipe
of [5], [6].

With this program in mind, we want to associate to any quantum homogeneous
G-space O,4(G/H) — in the sense of Definition 3.18 — a (local) quantization U, (h1)
of the dual G *-space (actually, of the dual coisotropic subgroup), right in the spirit
of the QDP.

Warning. In order to make our statements simpler, from now on we take as ground
ring the local ring

[k; = (kg)(g—1) = localization of kg at the ideal generated by (q — 1).

Therefore, hereafter we shall tacitly extend scalars from kg to [k; for all ky-modules
and kg-algebras we have considered so far, with no further mention.

Let G be an affine algebraic group and H a closed coisotropic parabolic subgroup,
i.e., G/H is a projective homogeneous space. Let O4(G), O,(H) and O4(G/H) be
quantum deformations of @(G), O(H) and O(G/H) as defined in Section 3. In
particular, O,(G/H) is built out of a specific quantum section d on G/H. Also,
n(d) =d € O4(H) is (non-zero) group-like, hence €(d) = e(d) = 1, and d
specializes tod |4=1 =1t € O(G/H) € O(G).

In addition, we make the following assumption: d is an Ore element in the algebra

0,(G).
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This property will allow us to enlarge the algebras O,(G) and O,(G/H) by the
formal inverse d ~!. Geometrically, it corresponds to asking — besides a quantization
of O(G/H) - for a quantization of a Zariski neighbourhood of the identity element;
more precisely, it means that we have a quantization of the function algebra @ (X;) of
the affine variety X, the complement in G/H of the divisor defined by the function
t = d|4=1. This property is satisfied in the examples of the Grassmannian and the
flag varieties (cf. Section 5), with a suitable choice of d.

Let us define

Oy (G/H) 1= 0g(G/H)[d ™ Jproj € Og(G)[d ]

where the localization is a projective localization, i.e., we take the elements of degree
zero in the ring O, (G/H)[d '], where d ™! is given degree —1.

4.2. The QDP functor. We now recall the definition of the functor O4(G) +—
O4(G)", which sends quantized function algebras (of Poisson groups) to quantized
universal algebras (of Lie bialgebras). More precisely, O,(G)" is a quantization of
U(g*), where g* is the Lie bialgebra dual to g. For more details and proofs, we refer
the reader to [14], Theorem 2.2 and Theorem 4.7.

Remark. The overall assumption in [14] for G is to be connected; nevertheless, this
condition is not needed in the proof of Theorem 4.7 therein.

Definition 4.1. Let Jg := Ker(e: O,(G) — k;) be the augmentation ideal of
04(G). Also, let I := Jg + (¢ — 1)O4(G). We define

04(G) =3 (q-D"Ig =3 (g-D7"e)" = U (g — D)

n>0 n>0 n>0

This is a well-defined ki -subalgebra of k(q) ®k;, Oq(G). Notice also that

04(G)" = Y (q—D7"Jg =Y ((g—D7"Je)"

n>0 n>0

The results of [14] — in particular, Theorem 4.7 therein — tell us that O, (G)" is a
quantization of U(g*), thatis, O4(G)" /(¢ —1)O4(G)" = U(g*) as co-Poisson Hopf
algebras. Our idea is to somehow “restrict to 9,(G/H)” the definition of O,(G)",
so as to define Oy (G/H)" . To begin with, let

Je g = Ker(€lo, G/H))-

Notice that € extends uniquely to O,(G)[d '], so we can also define

Jé;o;:H = Ker(6|0110c(G/H))
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Definition 4.2. We define

0g(G/H)Y = X (g = D7"Ug5y)" _ngo((q—l) )"

n>0

the unital ki -subalgebra of k(q) Rk, (91°°(G/H) generated by (¢ — 1)~ Jg’/CH,
what amounts to the same —by (¢ — 1)~ 'y g’/CH, where by definition we set / g’/CH :
JI/H + (q — 1)(9(11°°(G/H).

Indeed, one can check that the construction O, (G/H) — O4(G/H)" is functorial
in a natural sense (see Remark 4.12 later on).

In order to study O,(G/H)", we need a rather explicit description of it. In turn,
this requires a description of O,(G)", which we take from [14].

Let J; be the augmentation ideal of O (G), namely

Ji1:=Ker(e: O(G) — k) = Jg mod (¢ — 1)04(G)

so that J;/J2 = g*, the cotangent Lie bialgebra of G. Let {y;, ..., y,} be a subset
of J; whose image in the local ring of G at e (the unit element of the group G) is
a local system of parameters; in particular, » = dim(G). Define {ji,..., j,} as a
pull-back of {y1,...,yn} to Jg.

Theorem 4 3 (see [14], Lemma 4.1). (a) The set of ordered monomials
521 Js* | e = (e1,....en) € N'}isa kj,-pseudobasis (or topological basis)
0f(9 (G), the IG-adic completion of O4(G). In other words, each element 0f(9 (G)
has a umque expansion as a formal mﬁmte [k -linear combination of the j¢’s. In
particular, o, ¢(G) is generated — as a topologlcal kj-algebra —by {j1, ..., jn}.

(b) The (g — 1)-adic completion (94 (G)Y of O4(G)" admits the set of ordered
monomials {(q — 1)~ F=Fe) TT_ i | (e1,...,ey) € N"}asa Kk -pseudobasis.
In particular, it follows that (/9; (G)Y is generated — as a topological Ik;-algebra - by
(Y =(@-1)"tjs|s=1,...,n}.

The description of O,(G/H )" goes much along the same lines.

Recall thatt € O(G/H) is the specialization of d € O,(G/H ). We then consider
X, the open subvariety of G/H where t # 0. On this variety, choose functions
l1,...,l,—p, where h = dim(H), such that the set

{xs:=1; mod (g —1)0y(G/H) | s =1,....,n—h}

yields, in the localization of O(X;) at eH € X; (S G/H), a local system of para-
meters at eH .
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Theorem 4.4. (a) The set of ordered monomials
n—h .
{TT e | (et . en—n) € N" 7"}

s=1

is a kj-pseudobasis of (BT‘;:’(G/ H), the latter being the 1 g’/CH—adic completion of
(91°°(G/H) where I}g;H = Jg5y + (g — DOF(G/H).

In particular, (9}1°°(G/H) is (topologically) generated by {ly, ..., l,—_p}.

(b) The (¢ —1)-adic completion (/9\(1(G/H)v of O4(G/H)" admits as a ki -pseudo-
basis the set of ordered monomials

{(q 1)~ (e1+~+en—p) H 18| (1, ... enp) € IN"_h}.
s=1
In particular, (/9;(G/ H)Y is (topologically) generated by the set
(Y :=(@-D""|s=1,....n—h}.

Proof. The argument follows the proof of Theorem 4.9 in [15]. This theorem deals
with the general setting of a quantization O, (V') of any Poisson affine variety V' with
a distinguished point on it, given by a character y of O4(V'), the kernel of y playing
the role of Jg above. Here we apply all this to V' = X;(C G/H) with €|o(x,) as
character on O (X;) = (9};’“ (G/H). O

The next lemma plays a crucial role in the construction of the QDP.
Lemma 4.5. The quantum section d € O4(G/H) enjoys the following properties:
(a) d is invertible in (fQZJC(G/H), with d ! Z o (1— d)*;

(b) d is invertible in @;(G/H)V, withd ' = Z o(g—1) (((;:(fg)k

Proof. Observe that €(d) = 1 implies that
d=1-(-d)e(+J5y S0+ 15
this gives the invertibility in (BTq&(G /H).
Similarly since Jg’fH C (¢ —1)04(G/H)Y, the identity
d=14+d-1)e+Jgy S+ (@—104(G/H)Y)

also ensures that d is invertible in (/9:1(G/ H)V.
In both cases, the explicit formula for d~! follows by taking the limit of the
geometric series, namely (1 — x)_ = Zk —0 xk ,appliedtox =1 —4d. O
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Proposition 4.6. There are natural embeddings
0q4(G/H) = 04(G), 04(G/H) — O4(G),

which both are extensions of the embedding O4(G/H) — O4(G). Moreover, via
these embeddings the pseudobases for the (topological) algebras on G/H identify
with subsets of the corresponding ones for the (topological) algebras on G.

Proof. By construction, we have [y = j;/d° for some j; € Jg/g, cs € N
(s = 1,...,n — h). Since d is invertible (in both cases), the previous analysis
tells us that we can replace the [;’s with the ji’s (k = 1,...,n — h) in the descrip-

tions of @;(G/H)V and @;(G/H)V given above (i.e., in the k; -pseudobases and as
topological generators). But then, since

(sls =1.....n—h} C Jgu € 0y(G/H) < 0,(G),

we can always complete {js | s = 1,...,n —h}toaset{j. | r = 1,...,n} such
that {y, := j, mod (g —1)94(G) | r = 1,...,n} yield, in the localization of O(G)
at e € G, alocal system of parameters at e. Thus using the latter we can describe
@(G) and @;(G) as explained above. O

From now on we shall use these embeddings to identify @(G /H) and (/9; (G/H)
with a subalgebra of O,(G) and O,4(G), respectively.

Lemma 4.7. O,(G/H)" N (g —1)04(G)" = (¢ — 1)O04(G/H)".

Proof. Letuschooseasubset{ji,..., j,}inJ, g’/CH as explained above for the descrip-
tion of O4(G/H)". Then, mapping O, (G)" and O4(G/H)" into their (¢ — 1)-adic
completions, and exploiting the descriptions of the latter via pseudobases given above,
we easily get the claim. O

The next result is that O,(G/H)" is a quantization of U(h1):

Theorem 4.8. O,(G/H) is a quantization of U(Y') as a k-algebra, a subalgebra
of U(g™), where §) = Lie(H ) and g = Lie(G).

Proof. By assumption, H is coisotropic in G. Therefore, ) = Lie(H ) is a Lie coideal
(and subalgebra) of ¢ = Lie(G), and h* is a Lie subalgebra (and coideal) of g* (see
Proposition 2.2). Thus the claim does make sense.

In order to prove the statement, we proceed much like in the proof of the fact that
04(G)Y/(q — 1)04(G)Y = U(g™*), cf. [14], Theorem 4.7. The arguments being the
same, we briefly recall them.
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Fix again a special subset {/i,..., j,} of Jg as we did in the proof of Proposi-
tion 4.6, in particular with jy,..., j,—p € Jg/u. Also, set notation:

01(G)” 1= 04(G) /(g — 1)04(G)",
Jg = (-1 S 04(6)",
Vi=(@-1D"Y forallj e Jg,

t:=Jg mod (¢ — 1)94(G)".

Taking into account that the specializations at ¢ = 1 of any kj-module and of its
(g — 1)-adic completion are the same, the above discussion gives that

n
{ [T mod (g —1)O4(G)Y | (eq,....en) € N”}
s=1
is a k-basis of O1(G)". Similarly, {j,’, ..., j,’} is a k-basis of t.

Now, jujv — jvju € (g —1)Jg (for p,v € {1,...,n}) implies that
.. .. n . 2
Judv=Jvin=1(q—=1 X ¢sjs+(@—=1Dy1+(qg—Dr2

s=1
for some ¢ € [k;, y1 € Jg and y, € Jé. Therefore
U 3= 0 0 = 0

n n
csjy i+ (@ —1Dy) = ) csjy mod (g —1)04(G)Y,
=1 s=1

N

where y) 1= (¢—1)"2y2 € (g—1)72(J¥)? € O4(G)Y; thus t is a Lie subalgebra of
01(G)". Butthen we have 01 (G)" = U(t) as Hopf algebras by the above description
of O1(G)Y and PBW theorem.

Next, the specialization map pV: Oy(G)Y — 01(G)Y = U(t) restricts to
n: J§ — t:=J§ mod (g — 1)O4(G)Y. Moreover, multiplication by (g — 1)~}
yields a [k’q—module isomorphism u: Jg S J¢. Consider the natural projection
map p: J; — J1/J12 = g%, and let v: g* < J; be a section of p. The special-
ization map p: O4(G) — O(G) restricts to p’: Jg — Ji, and we fix a section
y: J1 <> Jg of p’. Then the composition map ¢ := nopoyov:g* —> tisa
well-defined Lie bialgebra isomorphism, independent of the choice of v and y.

So far we did not exploit our special choice of the subset {1, ..., j,}: we do it
now to prove that t = h. In fact, the analysis above to prove that o : g* = t shows
also that the unital subalgebra

01(G/H)" 1= 0y(G/H)" mod (¢ — 1)0,4(G)"
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of U(g*) is generated by n({j,", ..., j,_,}), and

€ dun) = o W ey jni})
=Mopoy){yis- s Yn-n})
=mopoyov)({Vi,..osVn-n}) =0QV1,-- s In—n})

where y; := y; mod (J?) (s = 1,...,n — h). Therefore O1(G/H)" is the subal-
gebra of U(g™*) generated by the k-span of {1, ..., V,—n}.

Finally, the k-span of {71, ..., ¥,—s} coincides with the subspace h of q*. In-
deed, as O(G/H) is the algebra of semi-invariant functions on G, every y; is a
(H -)semi-invariant function on G: but it also vanishes at e € H, hence by H -semi-
invariance it vanishes on all of H. When mapping y; to ys € Ji, then, it is mapped
into h=. Thus the whole k-span of {7, . .., y,—z} is contained in h=, hence coincides
with it by dimension equality.

The outcome is that @;(G/H)V is the subalgebra of U(q*) generated by =,
which is a Lie subalgebra of g*, so O,(G/H)Y = U(h1). O

We now wish to explore the nature of (/9;(G/ H)Y as a “quantum homogeneous
space”. We start with an important observation on the extensions of the comultipli-
cation A in O4(G) to the new algebras we have defined.

Remark 4.9. Let A: 04(G) = O4(G) ® O4(G) be the comultiplication in O, (G).
Then A can be uniquely (and canonically) extended to a coassociative morphism of
topological algebras

K: 04(G) > 04(G) & 0,4(G),
where again @;(G) is the /g-adic completion of O,(G) and ® is the /g g-adic
completion of O4(G) ® Oy(G), with Igg = Ig ® Oy(G) + O4(G) ® Ig. Even
more, such a A actually restricts to a coassociative algebra morphism (we use the
same symbol to denote it):
K: 0,(6)[d™"] = 0,(G)d 7] & 0,(G)[d 7).

In fact, as d is a quantum section we have (see Definition 3.12)

A(d)=d®@d+ ) h; ®k; forsomeh; € O4(G), k; € 1,(H). 4.2)

Since d is Ore, we can re-write A(d) = A(d)(d~! ® d~')(d ® d), which reads

Ad) =11+ Y hid™' ®@kid')(d ® d).
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This in turn implies that
AdHY=Ad)"'=dd) ' 11+ Y hid ' @ kid™1)~!
i

oo (4.3)
=@ ®d™) Y (D" hid @ kid™h)",
n=0 i

where the bottom term does belong to O,(G)[d '] ® O4(G)[d ], as expected, be-
cause k; € I,(H) C I (forevery i), hence the last formal series above is convergent
in the /g g-adic topology.

Let us now turn our attention to the algebra O, (G) " andits (¢ — 1)-adic completion
(/9;(G)v. By construction (cf. [14]), the coproduct of O,(G)", hence of (/9;(G)v too,
is induced by the coproduct A of @, (G). Note that the coproduct A of (/9; (G)" takes
values in the fopological tensor product @;(G)V ® (/9;(G)V, which by definition is

the (¢ — 1)-adic completion of the algebraic tensor product (/9; G)® (/9; (G)Y —and
coincides, moreover, with the (¢ — 1)-adic completion of O4(G)" ® O4(G)".
We are ready to move another key step.

Proposition 4.10. O,(G/H)" is a left coideal of O,(G)".

Proof. We want to show that the coproduct A maps (/D\q (G/H)Y into the topological
tensor product O,4(G)" ® O,(G/H).
We first observe that

A(d™") € 04(6)[d™"1® Oy (G/H)d ],

This is because O4(G/H) is a left coideal of O,4(G), cf. Proposition 3.10, Theo-
rem 3.15. Hence the elements k; occurring in formula (4.2) can be taken to belong
to O4(G/H).

Even more precisely, as the O,4(G)-coaction on Oy(G/H) via A is graded (by
Theorem 3.15 (c)), all the k;’s have degree 1, like d itself. Thus, the series occurring
in (4.3) in fact belongs to O,(G)[d ™! & (9}1°°(G/H). To sum up, we obtain that

Ad™) ="' ®d™") 8g withdg € 04(G)[d™'1 ® OF(G/H). (4.4

Since the coaction A: O4(G/H) — O4(G) ® O4(G/H) is grading-preserving
and product-preserving, the definitions of (D;OC(G/ H) and (911°C(G) and (4.4) together
yield that

A(Og(G/H)) € O4(G)ld™"] & OF*(G/H). (4.5)

We described above, for A € {O,(G/H), O4(G)}, the completions of the algebras
A and AV with respect to the /g-adic or the (¢ — 1)-adic topology. Using that, or an
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entirely similar analysis, we see also that
04(G)d™Y & O(G/H) € 04(G)¥ & 0,(G/H)".

In short, this is because Ig € (¢ — 1)04(G)" and Ig/g € (g — 1)O04(G/H)Y. Also
it is easily seen that

A1) S 04(O)d IR IS5y + 16 ® OF(G/H).
This along with (4.5) immediately implies that
Ag= D185 S 0g(G)d & (g — D) 1SSy + (g — 1) 6 ® 01(G/H),
which in turn yields, by the very definition of O,4(G)" and O4(G/H)", that
A(04(G/H)Y) € 04(G)” & Og(G/H)".

Finally, taking (¢ — 1)-adic completions on both sides, and also noting that
0,(G) ® O,(G/H)Y = 9,(G)Y & Oy(G/H)Y, we get

A(O4(G/H)Y) € 0g(G)Y & Oy (G/H)". O
In the end, we obtain the main result of this section:

Theorem 4.11. @;(G/ H)V is a quantization of U(§Y) as a subalgebra and left

coideal of U(g™). In other words, (/Q\q (G/H)V is an infinitesimal quantization of the
coisotropic subgroup H+ of G*.

Proof. Just collect the previous results. First we have
04(G/H)Y N (g = 1)04(G)" = (¢ — )0y(G/H)”

as an easy consequence of Lemma 4.7. Then, by Theorem 4.8 and by the fact that
O4(G/H)Y|g=1 = O4(G/H)" |4=1, we have that the specialization of O,(G/H)" is
U(ht). Moreover, Proposition 4.10 shows that the subalgebra O, (G/H)" of O,(G)

is also a left coideal. Therefore, (/9;(G/ H)V is an infinitesimal quantization of H+
in the standard sense. O

Remark 4.12. The construction of @(G/ H)V is functorial in the following sense.
For a fixed O4(G) every O,(G/H) is uniquely characterized by the pair (g . dg)
given by the projection g : O4(G) — O4(H) and the quantum section dy €
04(G). The natural notion of morphism among such pairs, say (wg’,du’) —
(g, dur), canbe cast into the form a Hopf algebra endomorphism ¢ of 9, (G) such
that ¢ (Ker(rg)) € Ker(nwgr) —or ¢(I,(H')) € I,(H") —and ¢(dp') = dur.
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Then, one defines ( )V on morphisms by scalar extension followed by restriction;
proving the functoriality is a matter of bookkeeping. More in general, one might
decide not to fix O4(G), nor even G. Then morphisms ¢: O,(G’) — O,(G”) take
the place of the endomorphisms of (the single) O, (G) in the recipe above, yet ( )V
is defined again on morphisms via scalar extension and restriction, and one has to
exploit the functoriality of () over quantum groups O,4(G).

5. Examples: Quantum Grassmannians and quantum flag varieties

In this section we want to examine in detail some examples of quantum homogeneous
spaces and apply the quantum duality principle recipe to them. We start with the
quantum Grassmannian.

5.1. The quantum Grassmannian as quantum projective homogenous space.
Let us recall the classical setting.
Let G = GL, (k) and let H = P a (standard) maximal parabolic subgroup, say

P={(48)|AeGL.(K), BeMaty,_,(k), D €GL,_(K)}.

First we want to give a very ample line bundle on the homogeneous space G/ P —
the Grassmann variety — that realizes the classical Pliicker embedding into a projective
space, following the recipe in Section 2.2.

Let I = (i1,...,iy),1 <i; <--- <i, <n. Define
dl:g=(xj)—>d"(g) =Y (~D"Dx; o1y Xiy o) (5.1)
gEe8,

as the function corresponding to the determinant of the minor of a matrix g =
(xij) € GL,(k) obtained by taking rows iy,...,i, and columns 1,...,r. Then
d! € O(GL,(k)) for all I, i.e., these are regular functions on GL, (k).

If Ip := (1,...,r), then d 0 restricts to a map (with same name)

d: P > K, M:=(45) do(M)=det(4),

which is a character of P. One checks that the line bundle £ associated to d 70 is
very ample, and it provides an embedding of G/ P into a projective space, following
the recipe in Section 2.2. Algebraically, this means that the graded algebra O (G/ P)
is realized as embedded into O (G) as

O(G/P) = @ O(G/P), = @ H°(G/P. £®%").

n>0 n>0
In particular, one can easily verify, for any set I of r rows, that

d!(gp) = d'°(p)d’(g) forall g € GL,(Kk), p € P,
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i.e., d! is d0-semi-invariant of degree 1. In addition, one proves that the d!’s form
a k-basis of the space O(G/ P); of semi-invariants of degree 1 (cf. [23]).

On the other hand, the spaces O(G/P), = H°(G/P,¥£®") are in one-to-one
correspondence — up to twisting by any integral power of det (i.e., by any character
of GL,, (k)) — with the irreducible representations of GL,, (k).

We will now see that this picture extends to the quantum setup.

Let O, (M,,) be the unital associative algebra over k, = k[g, ¢~!] with generators
x;j (for 1 <1, j < n) and relations

XijXik = qXikXij, XjiXki = qXg;x;; forall j <k andalli,
Xij Xkl = Xk1Xij foralli <k, j>lori >k,j<lI,

Xij Xkl — Xp1Xij = (q —q_l)xijil foralli <k,j <

(the so-called “Manin relations”). This algebra bears also a structure of k,-bialgebra,
whose coproduct and counit are given by

n
A(xij) = Y Xik @ xkj, €(x;j) =6;; foralli, .
k=1

Define the “quantum determinant” (of order n) det, as

detq = Z (—q)e(o)xl,g(l) < Xnom) € (9q(Mn).

ge8,

One proves that det, belongs to the center of O(M,), and it is group-like, i.e.,
A(dety) = det; ® det, and e(dety) = 1.

More generally, for any 1 < r < n and for any choice of r-tuples of increasing
indices I = (i1,...,i;) and J = (j1,..., jr), we define the “quantum determinant
of the minor (1, J)”, i.e., of the minor (of the matrix with entries the x;;’s) whose
sets of rows and columns are / and J, namely

D)= Y ()" Oxi, oy - Xipsige- (5.2)

o€,

These satisfy (cf. [19], §9.2.2) the following quantum analogue of well-known
classical identities (e.g., the first one is analogous to Binet’s theorem):

A(D]) = ; DL ® DX, «(D1)=46;1,. (5.3)

Since det, is central in O4(M,), it is a Ore element as well, and we can con-
sider the enlarged algebra O, (GL,) := O (Mn)[dett;l] obtained from O4(M,) by
formally inverting det,. Then — see [19] again — the bialgebra structure of O,(M,)
uniquely extends to O4(GL,); even more, the latter then is a Hopf algebra. In fact,
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by construction O,(GL,) is a quantum group, namely a quantization of GL, (k) in
the sense of Definition 3.1.

We shall again denote by x;; the images in O,(GL,) of the generators x;; of
04(M,). Similarly, we shall denote by D5 the images in O,4(GL;) of the “quan-
tum minors” of O4(M,): then they again enjoy (5.2) and (5.3). Letting Jo :=
(1,...,r) =: Iy, hereafter we shall set DI = D}O.

The specialization (at ¢ = 1) of any quantum minor D§ is the corresponding
classical minor d JI (on the same sets of rows and columns); in particular, every D!
specializes to dT —see (5.1) — and, among them, DTo to d1o,

We define the quantum parabolic subgroup O4(P) as the quotient algebra

O4(P) := 0g(GL,) /({xij | r+1<i <nm1<j<=r}).

One can easily check that this O, (P) is in fact a Hopf algebra quotient. Thus the
natural projection map 7 : O4(G) — O4(P) is a Hopf algebra epimorphism. There-
fore, O4(P) is a quantum Poisson subgroup of O4(G) = O4(GL,(k)) in the sense
of Definition 3.3, whose specialization is O (P).

We are now in a position to appreciate the first important fact, in the present setting,
about quantum minors:

Lemma 5.1. The quantum minor D10 is a quantum section of the line bundle on G/ P
given by d 10 in the sense of Definition 3.12.

Proof. Using the first identity in (5.3) one gets
Ax(D'0) = ((id ® 7) 0 A)(D™) = (id ® 7)(3. D ® DK) =Y D ® DX
K K
and then from this

Ax(D") = DI° @ pIo — plo g DT

because Dﬁ) = JT(Df)) = 8K,10D§g by definition of 7, and DIIg = Df,g = DPo,
Therefore (see Definition 3.5) D0 is a pre-quantum section; but O4(P) is a quantum
subgroup, so (see Proposition 3.13) D70 is a quantum section. 0

Using D0, we can perform the construction of the algebra O, (G/ P) of D0-semi-
invariants (or simply semi-invariants) as in Section 3. First we have the following
result.

Lemma 5.2. The quantum minors D! are all semi-invariants of degree 1, that is to
say, D' € 9,(G/P), for every set of rows I = (i1, ..., ir).
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Proof. Arguing as in the proof of Lemma 5.1, we prove the claim by

Ar(D") = (([d® 7)o A)(DT)
=({d®n)(}Y DL ® Djf)
K

=Y bk e DK =Dl @Dl =D’ @ DN. O
K

Roughly speaking, the outcome of this last result is that the line bundle on G/ P
given by d 10 has enough “quantum sections” to provide a “quantum projective em-
bedding”. To be precise, the following holds:

Corollary 5.3. The space O4(G/ P) of all D0-semi-invariants is a quantization of
O(G/ P), in the sense of Definition 3.18.

Proof. By construction every quantum minor D! specializes to the corresponding
classical minor d. By Section 5.1, the latter form a basis of O(G/P);.
This along with Lemma 5.2 proves that the natural embedding

O4(G/P)1/(g —1)04(G/P)1 — O(G/ P )
is onto. But then, as noticed in Remark 3.19, the claim follows. O

Actually, we can prove the following, much more precise result:
Proposition 5.4. The algebra O,(G/ P) is generated by the Dls.

Proof. By Lemma 5.2, the D’s belong to ©,(G/P). Therefore, we are only left
to prove that, conversely, every semi-invariant is contained in the k-subalgebra of
O4(G) generated by the D!’s.

To this end, Theorems 1.2 and 1.3 in [16] give us immediately the result if we take
k(g) as ground ring instead of k, := k[g, g ~']. Then Lemmas 3.9, 3.10,3.11in [12]
give us our result. We now present this in detail.

We start by rewriting the Proposition 1.1 in [16] in our notation:

Let A f) B i C be a complex of kg-modules such that C is torsion free. Suppose
there are kq-module decompositions A = P; A;, B = P, B;, C = @, C; such
that Bj is finitely generated, and the maps ¢ and  respect the decomposition, that is,
¢(Aj) € Bj and Y (B;) € C,. If the sequence A — B — C obtained by reduction
modulo (q — 1) is exact, then so is

¢ v
k(g) ®k, A = k(g) ®k, B — k(g) ®k, C

Let us apply this result to our special situation.
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The subalgebra A := k,[D’] generated in O,4(SLy,) by quantum determinants
is a k,-graded module (by the degree). This fact is non-trivial and depends on the
explicit form of this algebra in terms of generators and relations; see [9]. We have
that an element a € O,4(SL,) is in A4; iff

>Yan ®ap =a®d’,
@

where A(a) = Z(a) acy ® ag) and x denotes reduction of x modulo /,(P) (see
notation in Section 3.3).
So we can set up maps

¢ 4
A — O4(SL,) = O4(SL,) ® O4(P),
where ¢ is the inclusion and v is defined by

Y(a) =Y aq)y ®dpy —a®d’/ foralla € A;.
(@)

One can check that all the hypotheses of the previous result, for B := @,4(SLj)
and C := O4(SL,) ® O4(P), are satisfied. Thus we get k(g) ®x 4 = Ker(id ® ¥).
In other words, the semi-invariants coincide with the subalgebra generated by the
quantum determinants over the ring k(g).

We now obtain the result over k, by Lemma 3.11 in [10], namely:

IfwX € ky[DT], w € kg, w # 0, then X € ky[D1]. O

Remark 5.5. Thus, using our own recipe, we have constructed the quantum homoge-
neous space O, (G/ P). Itisimmediate to see that this is the same as the deformation of
the algebra of the classical Grassmannian, along with its classical Pliicker embedding,
as it is described in [9] or in [28].

Finally, for the O, (G )-comodule structure of the space of semi-invariants of de-
gree 1, we have also the following analogue of a classical result:

Proposition 5.6. O,(G/P); = N\ 4 (kg) as left Oq(G)-comodules.
Proof. This is a direct calculation, which we sketch. By all the previous analysis,
we already know that O,4(G/P); the set of all the D’s forms a basis, and the left

04(G)-coaction on O4(G/P) is given by

D'+ Y DL ® DX,
K



Quantization of projective homogeneous spaces and duality principle 483

Now consider the coaction of O4(G) on /\ ,(kp) given by
Eil "‘Eir = Z Zivky - &irky ®§kl ---Ekr
k
=Y (9" gik, .. ik, ® Ero ke = Y. D ® Ero .. Ege,
o K

where o is the permutation reordering k1, ..., k, and K = (k{, ..., k?) are the same
indices, but reordered. Now the result follows. OJ

Remark 5.7. Similar arguments can be used to prove that any quantum flag variety
is a “quantum projective homogeneous space” in the sense of Definition 3.18 (for
details about quantum flag varieties, we refer to [11]).

For the flag of type (m1,...,my), the quantum section d to start with is

d:= D) plmm

where the D "/)’s are the principal quantum minors of size m;.
The proofs of all results go over exactly as in the Grassmannian case.

We now turn to the construction of the quantum big cell ring that will be crucial
for the explicit construction of the QDP functor.

Definition 5.8. Let /o = (1...r), Dy := Do, Put
04(G)[Dg '] := 0g(G)[T1/(TDo — 1, DT — 1)

We define the big cell ring O;>(G/ P) to be the k,-subalgebra of O, (G)[Dy'] gen-
erated by the elements

tij = (—q) /Ay Dyt foralli,j withl <j <r<i<n,
where A;; = DT for all i, j as above (see [10] for more details).
As in the commutative setting, we have the following result:

Proposition 5.9. O)°(G/P) = O4(G/P)[Dy 1proj, where the right-hand side is the
degree-zero component of O4(G/P)[T]/(TDo—1,DoT —1).

Proof. In the classical setting, the analogous result is proved by the following argu-
ment: one uses the so-called “straightening relations” to get rid of the extra minors
(see, forexample, [8], §2). Here the argument works essentially in the same way, using
the quantum straightening (or Pliicker) relations (see [9], §4, [28], formula (3.2) (¢)
and Note I, Note II). ]
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Remark 5.10. As before, we have that
1 1 _ 1
OL(G/P) N (¢ ~ DOK(G) = (g ~ DO(G/P).

This can be easily deduced from Remark 3.9, taking into account Proposition 5.9. As
a consequence, the map

04°(G/P)/(q —1)05(G/P) — 0,(G) /(g — )O;*(G)
is injective, so that the specialization map
wGip: O (G/P) = 05°(G/P)[(q —1)0°(G/ P)
coincides with the restriction of the specialization map

JTIGOCI (D;OC(G) —> (91q°°(G)/(q - 1)(9}1°°(G).
The following proposition gives a description of the algebra (9{11°°(G /P):

Proposition 5.11. The big cell ring is isomorphic to a matrix algebra
@;OC(G/P) — Oq(M(n—r)xr), lij & Xij,
foralll < j <r <i <mn,lie, the generators t;; satisfy the Manin relations.

Proof. See [10], Proposition 1.9. O

Remark 5.12. The Grassmannian GL,, /P can also be realized as a similar quotient
of SL, by a suitable parabolic P’ (corresponding to P, say). Then one can also
perform all related quantum constructions — the previous and the later ones — using
SL, instead of GL,,, and modifying each step as needed. To begin with, one considers

04(SLy) := O4(GL,)/(dety — 1) 2= Oy (My)/(dety — 1),

where (det; —1) is the (two-sided) ideal generated by det, —1, which is again a
Hopf algebra, for the quotient structure from either O,(GL,) or O4(M,). This is
a quantization of SL, (k) in the sense of Definition 3.1, for which we can consider
again quantum minors and a corresponding @O, (P) as before. Then all this can be
used to give an alternative definition of O,(G/P) = O4(SL, /P’) and of all what
was considered above. Similarly, all constructions and results of Section 5.2 hereafter
can be carried on using O, (SL,) — and its related gadgets — instead of O, (GL,,).

Finally, similar considerations hold as well for the quantum flag varieties men-
tioned in Remark 5.7.
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5.2. QDP for quantum Grassmannians. We now turn to the quantum duality prin-
ciple applied explicitly to the quantum homogeneous spaces constructed above. We
start with Grassmannians.

Let us first explicitly describe the Poisson structure of the algebraic group GL,,.
Starting from @4(GL,), as usual the classical algebra O(GL,) inherits from the
former a Poisson bracket, which makes it into a Poisson Hopf algebra, so that GL,
becomes a Poisson group (see Remark 3.2 (2)). We want to describe now this Poisson
bracket. Recall that

O(GLy) = k[{Xij}i,j=1,..nl[det "] = K[{X;; }i,j=1,...al[r]/(t det —1)

where det := det(X; ;)i j=1,..» is the usual determinant. Setting X = p(x) for
p: O4(GL,) — O(GL,), the Poisson structure is given (as usual) by

{a,by:=(q—1)""(ab —ba)|;=1 foralla,b € O(GL,).
In terms of generators, we have

{Xij,x,-k} = )_C,'j)zik for allj <k, {)Eij,)zgk} =0 foralli < £, k < ]
{)zij,)zgj} = )_Cij)zgj foralli < K, {)E,'j,)?gk} = 2)Eij)_Cgk foralli < K, ] <k,

{det_l,)_cij} =0, {det,x;;} =0 foralli,j=1,...,n.

As GL, is a Poisson Lie group, its Lie algebra g, has a Lie bialgebra structure
(see [3], p. 24). To describe it, let us denote with m;; the elementary matrices, which
form a basis of gl,,. Define (foralli =1,....,n—1,j =1,...,n)

eji=m;;y1, & :=mj;, fi:=mip1;, hi:=gi—gis1.

Then{e;, fi.gj |i =1,...,n—1, j =1,...,n}isasetof Lie algebra generators
of gl,,, and a Lie cobracket is defined on g[, by

de)=hi Qe —e; @h;, 8(gj))=0, (fi)=h® fi— fi ®h; foralli,j.

This cobracket makes gl,, itself into a Lie bialgebra: this is the so-called standard Lie
bialgebra structure on gl,,. It follows immediately that U(gl,,) is a co-Poisson Hopf
algebra, whose co-Poisson bracket is the (unique) extension of the Lie cobracket of
gl,, while the Hopf structure is the standard one.

Similar constructions hold for the group SL,. One simply drops the generator
d~', imposes the relation d = 1 in the description of @ (SL,), and replaces the g;’s
with the h;’s (i = 1,...,n) when describing s[,,.

Since gl,, is a Lie bialgebra, its dual space gl admits a Lie bialgebra structure,
which is dual to that of gl,,. Let {e;; := m}; | i,j = 1....,n} be the basis of aly
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dual to the basis of elementary matrices for gl,,. As a Lie algebra, gl; can be realized
as the subset of gl,, & gl,, of all pairs

—mii 0 0 miy miz2 ... mi,n—1 mi,n
my1 —myy ... 0 0 mpy ... M2 pn—1 ma n
. . . ’ . . ’
Mmpy—11 Mp—-12 ... 0 0 0 oo Mp_1pn—1 Mp—1.n
my 1 Mpo2 ... —Mpy 0 0o ... 0 My

>

with its natural structure of Lie subalgebra of gl,, @ gl,,. In fact, the elements e;;
correspond to elements in gl,, @ gl,, in the following way:

12

eij = (mj;,0) foralli > j,
e;; = (—my;, +m;;) foralli = j,

€jj = (0, m,-j) foralli < j.
Then the Lie bracket of gl; is given by
lei,j.eni] = 8jneik —ken,; foralli < j, h<kandi>j h>k,

lei,j,enk] = Sk,ien,j —Sjneik foralli = j, h>kandi > j, h =k,
lei,j.enk)] =0 foralli < j,h>kandi > j, h <k.

Note that the elements (1 <i <n—1,1 <j <n)
ei=e =eit1, fi=f"=¢e.i, g =g =¢€j

are Lie algebra generators of gl In terms of them, the Lie bracket reads
[ei.fj] =0, [gi.e;] =6iEi. [gi.f;] =6;f; foralli, ).

On the other hand, the Lie cobracket structure of g[; is given by

n
§(eij) = > eixneg; foralli,j=1,...,n,
k=1

where x Ay (=xQ )y —y ® x.

Finally, all these formula also provide a presentation of U(gl}) as a co-Poisson
Hopf algebra.

A similar description holds for sl = gl /Z(gl), where Z(gl}) is the centre of
gl generated by [,, := gy + - + g,. The construction is immediate by looking at
the embedding sl, < ql,,.

We now turn to the construction of the QDP functor.
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Observation 5.13. O,(G)" (see Definition 4.1 and Section 5.1) is generated, as a
unital subalgebra of O,(G) ®x, k(g), by the elements

A= (g -7 D' =1), yij:=(q—1D""(xij —8;) foralli,j=1,....n

where the x;;’s are the generators of O,(G). As x;; = &;; + (¢ — Dyxij € O4(G)Y,
we have an obvious embedding of O, (G) into O4(G)".

Following Definition 4.2, we define
oo
04(G/P)Y = ((g —D7"Ig5p) = Zo(q — DI g5p)"
n=
We can provide a concrete description of O, (G/P)Y:

Proposition 5.14. We have
04(G/P)Y = Kg({pij Ho 57 o)/ na

where [1;j = (¢ — 1)_llij (foralli and j), Ipy is the ideal of the Manin relations
among the [1; ;’s, and t;j := (—q)" ' Ai; Dyt (forall i and j).
Proof. Trivial from definitions and Proposition 5.11. O

We want to see explicitly what is @, (G/P)"|;=1 inside U(gl,,*). In other words,
we want to understand what is the space that O4(G/P)" is quantizing. We check
now by direct inspection that this is U(p™), as already prescribed by Theorem 4.8.

Proposition 5.15.
04(G/P)"|g=1 = U(p")

as a subalgebra of O4(G)Y|g=1 = U(al,,*), where pt is the orthogonal subspace to
p := Lie(P) inside gl,,*

Proof. Due to the previous discussion, it is enough to show that
75(04(G/P)Y) = U(p™) S U(aL,") = 0g(G)"|g=1.

To do this, we describe the isomorphism O4(G)" |4=1 = U(gl,,*) (cf. [14]). Accord-
ing to Remark 5.13, the algebra 0, (G)Y is generated by the elements

=@-D7'D;' =1, iy =(@q—-1)""(x;—8;) foralli,j=1,....n
inside O4(G) ®k, k(g). In terms of these generators, the isomorphism reads
0q(G)"|g=1 — U(gl,,"),
A_ > —(e1,1 + -+ enn) Xi,j — e foralli, j.
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where we used notation X := X mod (¢ — 1)0,(G)". Indeed, from ¥;; > e ;
and (g — 1)"'(D,; — 1) € Oy (G)Y, one gets Dy > 1 and (g — 1) 1 (Dy — 1)
1,1+ -+ +exu,n. Moreover, the relation D, Dq_1 = 1in O4(G) implies that D;A_ =
—(q — 1)_1(Dq — 1) in O4(G)", whence clearly A_ + —(e1,; + -+ + enn), as
claimed.

In other words, the specialization p,: Oy (G)Y — U(gl,*) is given by

pe(AZ) = —(erq + - +enn). p&(xij) =ei foralli, j.

—_—

If we look at O,4(G)", things are even simpler. Since
Dg € (14 (9 —1)04(G)Y) C (14 (g —1D0O4(G)"),

it follows that Dq_1 e (1 j—\(q — 1)(9/,:(—\G)V ), and the generator A_ can be dropped.

The specialization map PE/; /P of course is still described by formule as above.
Let us compute pg, (04 (G/P)Y) = ;/JZ((% (G/P)"). Recall that O,(G/P)"
is generated by the p; ;’s, with
pij=(q—0""t;=(@-1""(=q)" A; Dy’

fori =r+1,...,nand j = 1,...,r; thus we must compute [/Jg(,u,-j).
By definition, for every i # j the element x; ; = (¢ — 1) x;; is mapped to 0 by

[;Z. Instead, for each £ the element x;y = 1 + (¢ — 1) x¢¢ is mapped to 1 (by 1/78
again). But then, expanding the g-determinants one easily finds that

Pe@—D"A) = (@ =D Y 0 x150) - Xrotr)

oes,

= I/’Z((CI DY )" Gi0ay + (@ — Dixio)) - -

o€es,
o Groey + (@ = Dxisir))-

The only term in (¢ — 1) in the expansion of A;; comes from the product
(A+@=Dx1) - 1+ (Gg=Dxrr)g=1Dxij = (=1 yi; mod (g—1)>0(G/P).
Therefore, from the previous analysis we get

p&((q = D7 Ay) = pé(xig) = eijs
pg(Do) = pg(1) =1,
p&(DgY) = pg(1) = 1.
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Hence we conclude that I;Z(Mij) = (—1)’_jei,j foralll < j <r<i<n.
The outcome is that pé/}, (O4(G/P)Y) = U(Y), where

hi=span({e;; |[r+1=<i=<n,1=<j=r}).

On the other hand, from the very definitions and our description of g[,,* one easily
finds that h = p* for p := Lie(P). The claim follows. O

Proposition 5.16. O,(G/P)" is a left coideal of m .
Proof. This is the same as Proposition 4.10. O

Hence for the quantum Grassmannian we have proved directly the following result:

Theorem 5.17. ©O,(G/P)" is a quantum homogeneous G*-space, which is an in-
finitesimal quantization of the homogeneous G*-space p=.

5.3. Quantum generalized flag varieties for simple groups as quantum projective
homogeneous spaces. We now turn to a more general example of quantum projective
space: the quantization of a generalized flag variety for any simple group, following
[20]. As before, we begin with a brief description of the classical setting.

Let G be a connected, simply connected, complex simple Lie group and let g be
its Lie algebra. Let S be a subset of simple roots of g and let A = Za,- ¢s wi bea
weight of g, where the w;’s are fundamental weights.

Let V(1) be the highest weight representation of g (and of G) associated with
the weight A, and let v), be a non-zero highest weight vector of V(1). We have the
following morphism of algebraic varieties:

G — P(V(A), g+ g-v,.

This induces a projective embedding of the flag variety G/ Pgs into the projective space
P(V(L)), where Ps := Stabg (v, ) is the parabolic subgroup associated to the set S.
The graded algebra of regular functions on G/ Pgs relative to this embedding is given
by

O(G/Ps) = P V(nL)*, 5.4)

neN

where the grading is given by O(G/Ps), := V(nA)* and the multiplication is via
the Cartan multiplication (see [12] for more details).

We are now going to identify O (G/ Ps) with a graded subalgebra of O (G). Indeed,
the algebra @ (G) is in (Hopf) duality with U(g) and it can be thought of as the
linear span inside U(g)™ of the functionals C,'},UZ U(g) — C (the so-called “matrix
coefficients”) given by

cj{v(u) ‘= f(u-v) forallu € U(g), f € VIV)*, v e V().
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Then (9(G/ Pgs) can be realized, equivalently, as the subalgebra of O (G) generated
by the cf sforall £ € V(L)

This pomt of view carries over without changes to the quantum setting: it is con-
sidered in [22], [27] and by several others; a quick review of this construction can
be found in [20]. The key point is that every finite dimensional representation V(i)
of U(g) of highest weight u has a (standard) quantization, which is a representation
for Uy (g), call it V;(w). In particular, one can again define matrix coefficient func-
tionals c}f , — forevery f €V, ()" and v € V,(u) — for all dominant weights j
of g. Their k,-span inside U, (g)™ is, by definition, the algebra O,(G), which is a
quantization of @ (G). In fact, the latter follows because V(i) respectively V,(u)*
specializes to V(i) respectively V(u)* at ¢ = 1, hence “quantum” and “classical”
matrix coefficients bijectively correspond to each other — via c}f N c}f p» S8y —under
specialization at ¢ = 1.

For later use, we point out how matrix coefficient behave under the coproduct.
For any dominant weight u of g, let {vy,...,v,} be a ky-basis of V,(un) with r =
dim(V, (1)), and let {f1,..., fr} be the dual basis of V,(1)*. Then every matrix
coefficient c , has coproduct given by

Aley,) = Xiai ¢fy, B¢, (5.5)

(just because Uy (g) is acting on V;(w) via matrices!).

From the quantization O,(G) the group G inherits a Poisson group structure —
cf. Remark 3.2 (2) — for which Pg is a Poisson subgroup. On the other hand, let
1,(Ps) be the two-sided ideal of O,(G) generated by the set of matrix coefficients
{c}fv | foralln € N: u #nAorv ¢ (kg \ {0}) - v,2}. Then, using (5.5), one easily
shows that 1,(Ps) is a Hopf ideal of O4(G); therefore the quotient k,-module and
the canonical map

O4(Ps) == 0,(G)/I,(Ps). 7:0y(G) — Oy(Ps) (5.6)

are respectively a quotient Hopf algebra and a Hopf algebra epimorphism. Indeed,
this provides a quantization of Pg as a Poisson subgroup of G, namely O, (Ps) is a
quantum subgroup of G in the sense of Definition 3.3.

In view of the above construction of @4(G) and of the classical description of
O(G/ Ps) in (5.4), we define

O4(G/Ps) = @ V4(nr)* = kg-span of {cf (5.7)

neN vnA}fqu(n)L)*,nED\l

where v is a non-zero element of weight A in V,;(1). Then, as the quantum matrix
coefficients specialize to the classical ones, comparing (5.7) with (5.4) we see at once
that

04(G/Ps)'/(g —1)04(G/ Ps) = O(G/Ps) (5.8)
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so that O,4(G/ Ps)’ is a quantization, as a k,-module, of O(G/ Ps).

We are now going to show that this O,(G/ Ps)' is in fact a quantum homogeneous
space in the sense of Definition 3.18, in particular it can be realized as the space of
semi-invariants inside O, (G) with respect to a suitable quantum section. Indeed, we
shall find that O,(G/Ps) = 94(G/ Ps), where the latter is the space of all semi-
invariants (for a suitable quantum section) as in Definition 3.7 and Definition 3.18.

First of all, let A be the dominant weight fixed above, and let v, be the (up to
a scalar factor) uniquely determined non-zero element of weight A in V,(A). Fix a
kg-basis {vq,..., v} of V;(A) with vy = vy, and let { f1,..., f,} be the dual basis
of V,(w)* for which we set f3 := fi.

Proposition 5.18. The element C;}/\ vy is a quantum section in O4(G).

Proof. Due to Proposition 3.13 (b) we only need to show that c}l v is a pre-quantum
section with respect to the setup of (5.6), i.e.,

A A A
A”(Cf)”vx) = v ® ”(Cfx,vx)'

But this follows at once from the identity (5.5) applied to the bases chosen above,
once we notice in addition that c}i v, € 1,(Ps) foralli # 1. O

Proposition 5.19. The space of c'll v -semi-invariants of degree 1 inside O4(G), that

is, O4(G/Ps)1 :={f € Og(G) | Ax(f) = f ® N(C}A,vx)}’ is just the K4-span of
{chy, | f € VaM)*}. In other words,

04(G/Ps)1 = Kg-span of {c},,, | [ € Vo(W)*}.

Proof. This again is immediate as before. Consider any k,-linear combination of
several cJ’f ’s which is semi-invariant of degree 1 with respect to the quantum section

d = ¢} Frvas We can assume these ¢/ , 8 to be linearly independent over kg, and
so the semi-invariance of thelr linear combmatlon as a whole also implies the semi-
invariance of each of the ¢/’ o ’s on its own.

Now assume that a single matrix coefficient ¢ J’f , 18 semi-invariant of degree 1 (with

respect to C}A vx)' Then (5.5) implies at once that © = A. Moreover, choosing bases
{vi = vy,va,...,v.tand { f1 = fa, f2,..., fr} as before in Proposition 5.18, the
identity (5.5) also gives
,
c}tv ® n(C}A,vx) = A,r(c},v) = c]){v)t ® JT(C;)HU) + > c’l’vi ® n(cki,v).
i=2

This forces cf € Ker(mr) = I4,(Ps) foralli > 1, sothatv € k; - vy, say v = kvy,
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for some x € k, whence eventually
cj’},v = c]’},Kv = ch/},u € kq-span of {c}’m | e Va()*).

This proves that O,(G/ Ps); is indeed contained in the prescribed kg-span. The
converse is clear, just reversing the previous argument. O

Proposition 5.20. The space of C}A’ v -semi-invariants of degree n inside O4(G),
that is, O4(G/Ps)n = {f € O4(G) | Ax(f) = f ® n((c}hvl)”)}, is just the
kq-span of {c”ﬁm\ | /€ Va(nA)*}. In other words,

Og(G/Ps)n = kg-span of (¢ | f € Vy(nh)*}.

Una

Proof. This follows from an argument which closely mimics the one used in the proof
of Proposition 5.19. One takes into account, in addition, the following two remarks:
(a) The vector v?” has weight nA inside V, (A)®"; thus it can be canonically
identified with a (non-zero) highest weight vector, say v,;, in V;(n1), hence it can
be chosen as vy := vy, the first element of a suitable k,-basis of V,(nA) to be used
in that argument;
(b) With notation as above, the n-th power function (c}‘/\,vx)” inside O4(G) is

. . . . A n __ n/l
nothing but a matrix coefficient ?gam, namely (c L vx) = c Forvnn
These two remarks, drafted into an argument totally similar to the one used for
Proposition 5.19, yield the claim. O

We are now ready for the main result of this subsection.

Theorem 5.21. Let O,(G/ Ps) be defined as in Definition 3.7, with respect to the
quantum section d = c}}e vy € O4(G). Then O4(G/Ps) is a quantum projective
homogeneous space, namely, it is a quantization of O(G/ Ps), in the sense of Defini-
tion 3.18.

Proof. This follows at once by putting together the previous results, i.e., Proposi-
tions 5.18, 5.19 and 5.20, and the specialization formula (5.8). ]

Remark 5.22. (1) With some extra work, one can also show that O,(G/Ps) is
generated, as a graded algebra, in degree 1, i.e., by O4(G/ Ps),.

(2) In this setup of quantum generalized flag varieties one can also apply the QDP,
following the general recipe of Section 4.

Indeed, in [20], §3.4, it is noticed that the quantum section d := C}e,vx is a
Ore element in O4(G). Therefore, as pointed out in Section 4.1, we can define the
localizations

—1 —1
0g(G/PY[(c}, ) 1S O0g(G(ch, ) ]
and can then apply the QDP, according to Section 4, to this setting.
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5.4. The coisotropic case. One could argue whether the generality we are working
with is necessary or not. In this section we will describe how to find families of
coisotropic parabolic subgroups inside semisimple algebraic groups with the standard
multiplicative Poisson structure.

Such families give rise to smooth Poisson bivectors on the projective quotients
which cannot be obtained as quotient by Poisson parabolic subgroups. It would be
therefore interesting to investigate whether in such examples it is possible to find and
quantize a graded Poisson algebra associated to them as described in Section 2.

We shall start with a low-dimensional example and describe in a very explicit
manner the objects we are interested in and then generalize such results.

Let us consider the group SL,(C) with the standard Poisson algebraic structure,
normalized as follows: if a, b, ¢, d are matrix coefficients in positions (‘c‘ 3 ) we let
{a,b} = ab, {a,c} = ac, {b,d} = bd, {c,d} = cd, {b,c} =0, {a,d} = 2ad
(this is the normalization opposite to that in [21]). We take the standard parabolic
subgroup of upper triangular matrices

P={(35)1a.bd <C)

This is a Poisson subgroup in SL,(C); thus, the quotient P!C ~ SL,(C)/P is
endowed with the (homogenous) quotient smooth Poisson bivector .
Let us now consider the following element

w= (L) V1) een

and let P, := g.Pg.!. Then P is defined inside the group SL,(C) by the equation

vell—¢g)la—d)=(e—1)b + ec.

The infinitesimal generators of its Lie algebra are

H.:=g.Hg,' = Qe —1)H —2/e(1 —e)(XT + X7),
Xe:=g:XTg:' = e(l—e)H +eXT —(1—e)X".

It is then easily verified, through the infinitesimal criterion of Proposition 2.2, that P,
is coisotropic, because

S(Hy) = Ho AH, 8(X.) = X, A H.

This means that on P!C there is an induced Poisson bivector 7, as quotient
SL,(C)/P.. That this Poisson bivector is different from m( follows considering
the image of the diagonal subgroup of SL, (C), which induces a single 0-dimensional
Poisson leaf with respect to g and an $!-family of 0-dimensional leaves with respect
to 7.
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This phenomenon, as mentioned above, is not only specific for P!C but can be,
for example, shown to take place for all complex Grassmannians.

Let G be acomplex semisimple algebraic group and let K be its real compact form.
Up to a factor 1, which is inessential in what follows, the standard Poisson structure
on G can be identified with the one which is automatically defined on it when it is
identified with Drinfeld’s double of K. Let now H be a coisotropic subgroup of K
and let us consider the subgroup HK* of G (here K* = AN is the Manin dual of K
inside G). Then P = HK™ is parabolicin G, H = PN K and K/H ~ G/P as
smooth manifolds. It can be shown quite easily that the coisotropy of K implies the
coisotropy of P, and furthermore, via Theorem 4.1 in [7], that K /H and G/ P are also
Poisson diffeomorphic. Thus in order to check whether P is coisotropic it is enough
to check whether P N K is coisotropic with respect to the standard Poisson structure
on the compact real group K. There we can rely on results in [7], where a 1-parameter
family of coisotropic subgroups H, € SU(n) was given. Such subgroups induce a
1-parameter family of homogeneous Poisson quotients on complex Grassmannians.

References

[1] F. Bonechi, N. Ciccoli, R. Giachetti, E. Sorace, and M. Tarlini, The coisotropic subgroup
structure of SL, (2, R). J. Geom. Phys. 37 (2001), 190-200. Zbl 0985.16021 MR 1807274

[2] A.Borel, Linear algebraic groups.2nd ed., Graduate Texts in Math. 126, Springer-Verlag,
New York 1991. Zbl 0726.20030 MR 1102012

[3] V. Chariand A. Pressley, A guide to quantum groups. Cambridge University Press, Cam-
bridge 1994. Zbl 0839.17009 MR 1300632

[4] N. Ciccoli, Quantization of co-isotropic subgroups. Lett. Math. Phys. 42 (1997), 123-138.
Zbl 0951.17009 MR 1479356

[5]1 N. Ciccoli and F. Gavarini, A quantum duality principle for coisotropic subgroups and
Poisson quotients. Adv. Math. 199 (2006), 104-135. Zbl 1137.58003 MR 2187400

[6] N. Ciccoli and F. Gavarini, A global quantum duality principle for subgroups and homo-
geneous spaces. Work in progress.

[7] N. Ciccoli and A. J.-L. Sheu, Covariant Poisson structures on complex Grassmannians.
Comm. Anal. Geom. 14 (2006), 443-474. Zbl 1108.53043 MR 2260719

[8] C.de Concini, D. Eisenbud, and C. Procesi, Young diagrams and determinantal varieties.
Invent. Math. 56 (1980), 129-165. Zbl 0435.14015 MR 558865

[9] R. Fioresi, Quantum deformation of the Grassmannian manifold. J. Algebra 214 (1999),
418-447. Zbl 0955.17007 MR 1680557

[10] R. Fioresi, A deformation of the big cell inside the Grassmannian manifold G(r, n). Rev.
Math. Phys. 11 (1999), 25-40. Zbl 0955.16034 MR 1668067

[11] R. Fioresi, Quantum deformation of the flag variety. Comm. Algebra 27 (1999),
5669-5685. Zbl 0955.17008 MR 1713061


http://www.emis.de/MATH-item?0985.16021
http://www.ams.org/mathscinet-getitem?mr=1807274
http://www.emis.de/MATH-item?0726.20030
http://www.ams.org/mathscinet-getitem?mr=1102012
http://www.emis.de/MATH-item?0839.17009
http://www.ams.org/mathscinet-getitem?mr=1300632
http://www.emis.de/MATH-item?0951.17009
http://www.ams.org/mathscinet-getitem?mr=1479356
http://www.emis.de/MATH-item?1137.58003
http://www.ams.org/mathscinet-getitem?mr=2187400
http://www.emis.de/MATH-item?1108.53043
http://www.ams.org/mathscinet-getitem?mr=2260719
http://www.emis.de/MATH-item?0435.14015
http://www.ams.org/mathscinet-getitem?mr=558865
http://www.emis.de/MATH-item?0955.17007
http://www.ams.org/mathscinet-getitem?mr=1680557
http://www.emis.de/MATH-item?0955.16034
http://www.ams.org/mathscinet-getitem?mr=1668067
http://www.emis.de/MATH-item?0955.17008
http://www.ams.org/mathscinet-getitem?mr=1713061

[14]

[15]

[16]

Quantization of projective homogeneous spaces and duality principle 495

R. Fioresi and C. Hacon, Quantum coinvariant theory for the quantum special linear
group and quantum Schubert varieties. J. Algebra 242 (2001), 433—446. Zbl 0990.20032
MR 1848953

F. Gavarini, The quantum duality principle. Ann. Inst. Fourier (Grenoble) 52 (2002),
809-834. Zbl 1054.17011 MR 1907388

F. Gavarini, The global quantum duality principle. J. Reine Angew. Math. 612 (2007),
17-33. Zbl 05267807 MR 2364072

F. Gavarini, The global quantum duality principle: theory, examples, and applications.
Preprint 2003. arXiv:math/0303019

K. R. Goodearl and T. H. Lenagan, Quantized coinvariants at transcendental ¢g. In Hopf
algebras in noncommutative geometry and physics, Lecture Notes in Pure and Appl. Math.
239, Dekker, New York 2005, 155-165. Zbl 1083.16024 MR 2106928

P. Griffiths and J. Harris, Principles of algebraic geometry. Wiley Classics Library, John
Wiley & Sons Inc., New York 1994. Zbl 0836.14001 MR 1288523

R. Hartshorne, Algebraic geometry. Graduate Texts in Math 52, Springer-Verlag, New
York 1977. Zbl 0367.14001 MR 0463157

A. Klimyk and K. Schmiidgen, Quantum groups and their representations. Texts Mono-
graphs Phys., Springer-Verlag, Berlin 1997. Zbl 0891.17010 MR 1492989

S. Kolb, The AS-Cohen-Macaulay property for quantum flag manifolds of minuscule
weight. J. Algebra 319 (2008), 3518-3534. Zbl 05300819 MR 2408329

L. I. Korogodski and Y. S. Soibelman, Algebras of functions on quantum groups: Part I.
Mathematical Surveys and Monographs 56, Amer. Math. Soc., Providence, RI, 1998.
Zbl 0923.17017 MR 1614943

V. Lakshmibai and N. Reshetikhin, Quantum flag and Schubert schemes. In Deforma-
tion theory and quantum groups with applications to mathematical physics (Ambherst,
MA, 1990), Contemp. Math. 134, Amer. Math. Soc., Providence, RI, 1992, 145-181.
7Zb1 0792.17012 MR 1187287

V. Lakshmibai, C. Musili, and C. S. Seshadri, Geometry of G/ P. IV: Standard monomial
theory for classical types. Proc. Indian Acad. Sci. Sect. A Math. Sci. 88 (1979), 279-362.
7Zbl 0447.14013 MR 553746

J. H. Lu, Multiplicative and affine Poisson structures on Lie groups. Ph.D. thesis, Uni-
versity of California, Berkeley, 1990. http://hkumath.hku.hk/ jhlu/publications.html

Yu. I. Manin, Topics in noncommutative geometry. Princeton University Press, Princeton,
NJ, 1991. Zbl 0724.17007 MR 1095783

S. Montgomery, Hopf algebras and their actions on rings. CBMS Regional Conf. Ser. in
Math. 82, Amer. Math. Soc., Providence, RI, 1993. Zbl 0793.16029 MR 1243637

Ya. S. Soibelman, On the quantum flag manifold. Funktsional. Anal. i Prilozhen. 26 (1992),
no. 3. 90-92; English transl. Funct. Anal. Appl. 26 (1992), 225-227. Zbl 0820.17017
MR 1189033

E. Taft and J. Towber, Quantum deformation of flag schemes and Grassmann schemes.
I. A g-deformation of the shape-algebra for GL(n). J. Algebra 142 (1991), 1-36.
7Zbl 0739.17007 MR 1125202


http://www.emis.de/MATH-item?0990.20032
http://www.ams.org/mathscinet-getitem?mr=1848953
http://www.emis.de/MATH-item?1054.17011
http://www.ams.org/mathscinet-getitem?mr=1907388
http://www.emis.de/MATH-item?05267807
http://www.ams.org/mathscinet-getitem?mr=2364072
http://arxiv.org/abs/math/0303019
http://www.emis.de/MATH-item?1083.16024
http://www.ams.org/mathscinet-getitem?mr=2106928
http://www.emis.de/MATH-item?0836.14001
http://www.ams.org/mathscinet-getitem?mr=1288523
http://www.emis.de/MATH-item?0367.14001
http://www.ams.org/mathscinet-getitem?mr=0463157
http://www.emis.de/MATH-item?0891.17010
http://www.ams.org/mathscinet-getitem?mr=1492989
http://www.emis.de/MATH-item?05300819
http://www.ams.org/mathscinet-getitem?mr=2408329
http://www.emis.de/MATH-item?0923.17017
http://www.ams.org/mathscinet-getitem?mr=1614943
http://www.emis.de/MATH-item?0792.17012
http://www.ams.org/mathscinet-getitem?mr=1187287
http://www.emis.de/MATH-item?0447.14013
http://www.ams.org/mathscinet-getitem?mr=553746
http://hkumath.hku.hk/~jhlu/publications.html
http://www.emis.de/MATH-item?0724.17007
http://www.ams.org/mathscinet-getitem?mr=1095783
http://www.emis.de/MATH-item?0793.16029
http://www.ams.org/mathscinet-getitem?mr=1243637
http://www.emis.de/MATH-item?0820.17017
http://www.ams.org/mathscinet-getitem?mr=1189033
http://www.emis.de/MATH-item?0739.17007
http://www.ams.org/mathscinet-getitem?mr=1125202

496 N. Ciccoli, R. Fioresi, and F. Gavarini

[29] S. Zakrzewski, Poisson homogeneous spaces. In Quantum groups: formalism and ap-
plications (Karpacz, 1994), Polish Scientific Publishers PWN, Warsaw 1995, 629-639.
Zbl 0880.53043 MR 1648009

Received February 5, 2008

N. Ciccoli, Dipartimento di Matematica, Universita di Perugia, Via Vanvitelli 1,
06123 Perugia, Italy

E-mail: ciccoli@dipmat.unipg.it

R. Fioresi, Dipartimento di Matematica, Universita di Bologna, Piazza di Porta San
Donato 5, 40127 Bologna, Italy

E-mail: fioresi@dm.unibo.it

F. Gavarini, Dipartimento di Matematica, Universita di Roma “Tor Vergata”,

Via della ricerca scientifica 1, 00133 Roma, Italy

E-mail: gavarini@mat.uniroma?2.it


http://www.emis.de/MATH-item?0880.53043
http://www.ams.org/mathscinet-getitem?mr=1648009

	Introduction
	The classical setting
	Quantum bundles and quantum homogeneous spaces
	The quantum duality principle (QDP)
	Examples: Quantum Grassmannians and quantum flag varieties
	References

