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1. Introduction

One of the most striking application of noncommutative geometry [9] is Connes’
derivation of the Standard Model of high energy physics [10], [8]. In this derivation
the Lagrangian of the full Standard Model coupled to gravity emerges from the spectral
action principle [7] applied to a specific almost commutative geometry.

This formulation is, however, essentially classical and does, at a fundamental level,
not involve quantization. This raises the question how the quantization procedure of
quantum field theory fits into the framework on noncommutative geometry. Since
Connes’ formulation of the standard model at its root is tied up to gravitation, a
quantization scheme within the framework of noncommutative geometry must be
expected to involve, at some level, quantum gravity.

In the articles [1] and [2] we started studying the question of formulating a quan-
tization scheme within noncommutative geometry using canonical quantum gravity.
Specifically, we were inspired by techniques applied in loop quantum gravity. The
concrete aim was to construct a spectral triple of a noncommutative algebra naturally
associated to the unconstrained state space of loop quantum gravity. Due to techni-
cal difficulties we only succeeded in constructing a spectral triple on a space closely
related to the state space of loop quantum gravity.

This article is one of two papers presenting a more satisfactory solution to the
problem of constructing a spectral triple on the state space of loop quantum gravity as
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well as its physical interpretations. The paper [3] deals with the physical background
and interpretations of the construction, and we therefore refer the reader to that paper
for a more thorough discussion. This article deals with the concise mathematical
construction.

1.1. Content of the article. The unconstrained state space of loop quantum gravity
is the space of SU(2)-connections in a trivial principal bundle on a three-dimensional
manifold. Since the construction we do works for arbitrary manifolds and arbitrary
compact Lie-groups, and since for physical applications we might need it later, we
will formulate it in this generality.

We let G be a compact Lie group and assume that we have some principal G-fiber
bundle P over a manifold M. The algebra associated to the space + of connections
in P we want to consider is the following:

Given arepresentation of G in My and given aloop L in M define a matrix-valued
function on + by

L(V) =Hol(V, L),

where Hol(V, L) denotes the holonomy of V along L. Let 8B be the algebra generated
by all loops based in a fixed pointin M . This is the type of algebra we want to consider.

The algebra B is an algebra of matrix-valued functions over 4. For technical
reasons explained below, we will consider a smaller algebra than 8. We will take
a triangulation of M and consider the algebra 8 which is constructed like B but
only includes loops lying in the edges of the triangulation, or one of its barycentric
subdivisions. B is also an algebra of matrix-valued functions over +. Since any
loop can be approximated by a loop lying in the edges of the triangulation, or one
of its barycentric subdivisions, 8 can be considered as an approximation to 8.
The crucial difference is that the groups of all diffeomorphisms preserving the base
point acts on B, whereas only the group diffeomorphisms preserving the chosen
triangulation and its barycentric subdivisions acts on Ba.

In order to construct a spectral triple over 8 we need a representation of Ba. We
therefore need to construct L2?(+). A construction of L2 (+) already exists within loop
quantum gravity, due to Ashtekar and Lewandowski. It turns out that this construction
depends on a completion of 4 and that this completion depends on a choice of a
system & of graphs. In the case of Ba the relevant system of graphs is given by
finite subgraphs of the triangulation and its barycentric subdivision. The system of
graphs considered in loop quantum gravity is that of graphs made up of piecewise
real analytic edges (of course assuming M to be real analytic).

Seen from a graph I with edges {e; };—1,...» the space of connections + looks like
G" via

A >V — (Hol(V,eq),...,Hol(V, e,)).
We will also denote Ar := G”". Of course A tells little about 4. However, by
letting the complexity of the graph grow we get a more and more refined picture of .
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This is implemented by noting that an embedding I'; C I'; naturally gives a map
PFIFZZ a‘\)rz — 'A’Fl’

and then simply define the completion of # as the projective limit of Ar, i.e.,
A% =lim __Ar.
<«—Tes§

We will prove that, under some condition on &, # is densely embedded in .f_‘eg and
hence justifies the term completion.

The construction of L2 () is straightforward from this completion. Since Ar =
G" we define L2(Ar) as square integrable functions on G" with respect to the Haar
measure. The map Pr, r, induces an embedding

PF]Fz : Lz(‘A’F]) — Lz(Arz),
and L2 () is defined as an inductive limit
2 1 2
L= (A) = h—I>nre5 L=(AT).

The idea for constructing the Dirac operator is that Ar = G” is a classical
geometry and therefore has a canonical Gau—Bonnet-Dirac operator. In order to
ensure that this defines an operator on the inductive limit we have to make sure
that the operator is compatible with the structure maps of the projective limit. It
is here that the technical advantages of the triangulation compared to piecewise real
analytic graphs shows up. The triangulation narrows down the types of structure maps
appearing in the projective limit. With this we can define a Dirac operator compatible
with the structure maps. It turns out that there is a lot of freedom in the construction.
Going from one level in the inductive limit to the next level we add new copies of G,
which corresponds to new degrees of freedom. Each of these degrees of freedom can
be scaled. The entire construction therefore comes with a sequence of real non-zero
numbers {a’ & }k<j,where j, k is just a labelling of the degrees of freedom convenient
for the explicit construction.

However, the constructed Dirac operator together with the algebra B will not
fulfil the requirement of a spectral triple. The problem comes from the infinite di-
mensionality of the Clifford bundle of the space of connections. We therefore need to
treat the identity operator on the Clifford bundle as a finite rank operator. The setting
of semifinite spectral triples will allow exactly this. The von Neumann algebra N
appearing from this construction is a tensor product of the bounded operators on a
separable Hilbert space and the weak closure of the CAR-algebra.

In order to obtain a semifinite spectral triple we still need to perturb the operator.
At each level in the inductive limit we have to add a bounded perturbation roughly
speaking of the form b; P;, where b; is a real number and P; is the projection onto a
subspace related to the kernel of a part of the Dirac operator at the j-th level.

The main result in this article is Theorem 4.5.1 stating
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eorem. There exist sequences {a’*} an i} such that B together wi e
Th Th t seq 7Ry and {b;} such that B together with th
perturbated Dirac operator is a semifinite spectral triple with respect to the trace

on N.

In the appendix we will demonstrate the case of U(1) and show that for SU(2) the
perturbations are not needed.
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2. Spaces of connections

In this section we will consider the space + of connections in a principal fiber bundle.
We will address the problem of topologizing this space together with the development
of a measure theory. It turns out that the construction, which we introduce in order
to address these problems, depends on a completion of # with respect to a system of
graphs on the manifold. Different choices of graphs give different completions.

The material is standard from loop quantum gravity, but we have chosen to write
amore or less self-contained exposition, not assuming prior knowledge of loop quan-
tum gravity, since we want to put emphasize on several different completions and
their mutual interplay. The original techniques were developed by Ashtekar and
Lewandowski in [4]. For a survey of loop quantum gravity see [5] and for a detailed
account see [14].

Let M be a manifold and P a G-principal bundle over M, where G is a compact
connected Lie-group. We will for simplicity assume that P is the trivial bundle, i.e.,
P is isomorphic to M x G.

2.1. Graphs

Definition 2.1.1. Let y be a continuous piecewise smooth map y: [0, ] = M such
thatif y(t1) = y(t2) thent; = 15 or t1,t, € {0, 1}. We call y a simple curve if y(¢)
is non-vanishing for all ¢ € [0, 1]. This requirement includes that the left and right
derivative of y is non-vanishing in the non smooth points.
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We will call y(0) the starting point and y (1) the endpoint.
If y1 and y, are simple curves where the endpoint of y; coincides with the starting
point of y,, then the composition is defined by

VI(ZI)v t e [07 %]7

(y1oy2)(1) = ya20—1), re[l 1]

Note that the composition of two simple curves is not always a simple curve.

Definition 2.1.2. Two simple curves y; and y, are equivalent if there exist an increas-
ing piecewise smooth bijection

¢:[0,1] = [0, 1]
with

Y1(9(@)) = y2(t). 1 €[0.1],

and with nowhere vanishing derivative. This requirement includes that the left and
right derivatives in the non smooth points are both non-vanishing.
An equivalence class of simple curves is called a simple path.

Note that the relation defined above is in fact an equivalence relation.
The notion of a simple path chosen here implies that a simple path has an orien-
tation. The inverse of a simple path represented by y is the path represented by y !,

where
y o) =y(1—1),

i.e., just the path with inverse orientation.

Definition 2.1.3. A graph I' is the union of finite many simple paths {e; } where the
only intersection points are start or end points of the simple paths.

The paths are called the edges of the graph. We denote the set of edges of I" by ET.
The points {e; (0), e; (1)} are called the vertices of I". We denote the set of vertices
by Vr.

A graph is called connected if | J; , e; (¢) is connected.

We will consider paths on the graph. These are simply compositions of edges
and inverses of edges. We will also think of each vertex as a path in the graph.
Furthermore, we would like e; o (¢;) ™! to be equal to the path e; (0). We fix this with
the following

Definition 2.1.4. Let I" be a graph and let #(I") be the set of paths in I'. We define
an equivalence relation ~ on & (I") to be generated by

(e/) ' oei ~ei(1) and e;o(e)”" ~e;(0).
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The hoop groupoid #§ (I") of path on I' is defined by

JHE(T) = P(T)/~.

This equivalence relation implies that if py, p,, p3 € P(I") and p; ~ p», then
p3o p1 ~ p3o pyand p; o p3 ~ pr o p3 whenever the compositions are defined.
The units for #& (I") are the vertices of I'. It is easy to see that #& (I") is a groupoid.

Definition 2.1.5. Let I'y, I'; be two graphs. We say that I'; is a subgraph of I'2, and
we write I'y C T'p, if the edges of 'y are compositions of the edges or their inverses
of Fz.

Note that I"'; C T'p implies that #§(I"1) is a subgroupoid of H'E(I').
The relation C equips the set of graphs with a partial order. We are interested in
subsystems of the set of all graphs.

Definition 2.1.6. A system & of graphs is called directed if there for any I'y, [, € &
exists '3 € § with I';, ', C I's.

Definition 2.1.7. A system of graphs & is called dense if for every pointm € M there
exists a coordinate chart x = (x1,..., x,) around m such that for all open subsets U
containing m in this coordinate chart there is a collection of edges e, ...,e, C U
belonging to graphs in § with:

(1) the e;’s are straight lines with respect to the coordinate chart,

(2) the tangent vectors of the ¢;’s are linearly independent.

The definition of dense might appear awkward. The main purpose of the definition
is to ensure Proposition 2.2.4. Furthermore it is easy to check the definition in the
concrete examples we have in mind. Certainly the requirement of straight lines can
be eased.

We will now give three examples of dense systems of graphs, which will be
important in the remainder of the article. These systems of graphs differ particularly
in the size of their corresponding symmetry groups.

Example 1. Let & be the system of all graphs. This system is clearly dense. The
system is however not directed since we can have two simple paths e;, e, with
infinitely many isolated intersection points. Hence for graphs I'y, ', where e; € T’y
and e, € I',, there does not exist a graph '3 containing 'y and I'>. The system &;
admits a natural action of the diffeomorphism group Dift (M ). The system & is the
same as the piecewise immersed system defined in [11].
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Example 2. Let M be a real analytic manifold. Let &, be the system of graph made
up of real analytic simple curves. This system is dense and it is also directed since
piecewise analytic curves have only finitely many isolated intersection points. The
system carries a natural action of the group Diff; (M) of real analytic diffeomorphism,
but no action of the full diffeomorphism group Diff (M ). This system was, in a base-
pointed version, first considered in [4].

Example 3. Let T be a triangulation of M. We let Iy be the graph consisting of all
the edges in this triangulation. Strictly speaking this is not a graph if the manifold in
not compact, but in this case we can consider I'y as a system of graphs instead. Let
T, be the triangulation obtained by barycentric subdividing each of the simplices in
T n times. The graph I, is the graph consisting of the edges of 77,. In this way we
get a directed and dense system §a = {I',} of graphs.

The important feature of §5o which we are going to use in this article is the
following: The step from 'y, to I'y 41 involves:

(1) new edges are added,
(2) the edges of Ty, get subdivided into two edges.

The system §a only admits an action of the diffeomorphisms Diff (A) that map
edges in [ J 7, to edges in | J 7. Hence this is a much more restrictive class of
diffeomorphism than in the first two examples. Contrary to the first two examples,
the system 8, is countable.

Figure 1

Definition 2.1.8. Let & be a directed system of graphs. We define the hoop groupoid
HE(8) of & to be the inductive limit

HG(8) =lim___ HG().



54 J. Aastrup, J. M. Grimstrup, and R. Nest

2.2. Completing spaces of connections. Given a graph I' define the space
Ar = Hom(#§ ('), G),

where G is the compact connected Lie group. If I'; C I', we have the embedding of
groupoids HG(I'1) — HE(I'2) and so we get a surjection

Pr,r,: Ar, = Ar,.
Thus for a system of graphs § we have a projective system

{Arires.

Definition 2.2.1. Let & be a system of graphs. The space of generalized connections
with respect to &, denoted by ;\38, is defined by

AS =lim_ Ar.

<«—Tes
The projections from J_‘og to Ar will be denoted by Pr.

For the systems 8 5 84,8 A we will denote the corresponding spaces of generalized

connections by A, A A
Note that when & is dlrected we have the equality

A® = Hom(#¢(8), G).

Given an element V in 4 we can associate to it & (V) € G"I where nr is the
numbers of edges in I'. This is done by numbering the edgesin I" as ey, ..., e, and
then defining ®r by

®r(V) = (V(er), ... Vienr)).

Lemma 2.2.2. The map ®r: Ar — G"I is a bijection.

Proof. This follows since #&(I") is freely generated by the edges. O

The bijection @ gives a topology on Ar by requiring ®r to be a homeomor-
phism. The topology is independent of the chosen numbering. The projection maps
Pr,r,: Ar, — 4Ar, are continuous. In fact

<I)F1 ° PF]Fz ° (ch"z)_l: G"2 — G"

is given by composition of one or more of the following operations:
* multiplying g;, and g;,;
* inverting g;;
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* leaving out some g; in (g1, . .. ,gnrz) e G"2,

Since J_‘og is a projective limit of {Ar }res, we define the topology on J_‘og as the
projective limit topology. This topology is characterized by the following property:

Let X be a topological space and assume we have continuous maps ¢r: X — Ar
for all I' € & such that Pr,r, o ¢r, = ¢r, forall I'; C I';. Then there is a unique

continuous map ¢: X — 018 with Pro¢ = ¢r forall T" € §.

2.2.1. Smooth connections. Let 4 denote the space of smooth connections in the
principal bundle P. There is a natural map

xr: 4 — Ar = Hom(#€(D), G)

defined by
xr(V)(p) =Hol(p,V), pe HF(D),

where Hol(p, V) denotes the holonomy of V along p. Clearly Pr,1, © xr, = AT,
when I'y C I';, and hence by the property of the projective limit we get a unique map

xs: A — %8.
Proposition 2.2.3. When § is directed, y s(A) is dense in J_%/S.

Proof. We first prove that each yr is surjective. The composition

®ro yr: A —> G"T

is given by

®r(xr(V)) = (Hol(e;, V), ..., Hol(e,, V)).
Let(gi,...,gny) be given. Since G is connected we can for each i find a connection
V; with

Hol(ei, V,’) = g;.

It is furthermore easy to see that since the e;’s only intersect in the endpoints we can
arrange that V; = 0 on all the edges in I apart from e;. Hence

q)F(XF(ZVl)) = (glv""gnl‘)'

Therefore yr is surjective.
From the directedness of & and the surjectivity of all yr the density follows. [J

The system & is not directed. It is however possible with more elaborate meth-

. . =8 . .o
ods to prove that + is dense in 4 ~ when G is semi-simple; see, for example, the
discussion in [12].
We now turn to the question of injectivity of y.



56 J. Aastrup, J. M. Grimstrup, and R. Nest
Proposition 2.2.4. When § is dense, y g is injective.

Proof. Let V1, V, be two different smooth connections. Hence there is apointm € M
where Vi(m) # V,(m). Let us choose a coordinate chart x = (xy,..., x,) around
m according to the density of &, where m corresponds to x = 0. We can then write

Vi =Y af(x)dx;. ke{1.2},
J

where gj. (x) is a smooth function of x with values in the Lie algebra of G. Let U be

a neighborhood of 0 such that we can assume that the functions gj. (x) are constant
in U with sufficiently good approximation. Let eq, ..., e, be the edges in § that are
straight lines with respect to the coordinate chart which belongs to U and where the
tangent vectors ¢!, ..., ¢" are linearly independent. We assume that the edges are
parameterized by arc lengths. Since Vi (m) # V,(m) there is a j such that

> gl O £ gZ )]
i i
With sufficiently good approximation we have
Hol(e;, Vi) = exp (Y g}(O)tlj), k € {1,2}.
Hence, if we had chosen U small enough, we conclude that
Hol(e;, Vi) # Hol(e;, V>).
Thus x5(V1) # xs(V2). O

2.2.2. Completing the group of gauge transformations. Let U be a an element
in the gauge group § of M x P, ie., U: M — G is a smooth function. Given a
connection V € 4, U induces a gauge transformed connection V. Given a path p on
M with startpoint xo and endpoint x; the holonomy along e transforms according to

Hol(p, V) = U(xo) Hol(p, V)U " (x).
This leads to the following

Definition 2.2.5. Let I" be a graphs and let U : VT — G be a map. Define a map
Ux: Ar — Ar by

U.(V)(e) = U(e(0))V(e)U(e(1))™! foralle € Er.

Since & (I') is freely generated by Er, this is well defined.
We denote by §r the group of all maps U : Vr — G.
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Note that via U, we get a left action of §r on Ar.
Like with spaces of connections there are natural projections

Pl"]l"zi gr2 —> grl y
when I'y C I'; and

Pr,r,(Us(V)) = Pr1,(U)«(Pry1,(V)), V€ Ar,, U € $r,. (1)

Definition 2.2.6. Let § be a system of graphs. Put

G5 ={U |U: Upes Vr — G

Define the left action of €% on J_&)g by

U-V = (UlVr)*(V), V € Ar.

Due to (1) this is well defined.

A gauge transformation U € § naturally gives an element in §%. When § is
dense this induces an embedding § — §%. Via this embedding we get an action of §
on ,f_ts, which extends the action of & on . We will therefore call €% the completed
gauge group, or simply the gauge group.

2.3. Group actions on the completions. If a system §; is contained in §, we get a
surjective continuous map
-8 =8
Pg s5,: A — A

In particular we have the commutative diagram

Pg, s —a P8A5u —A

v

Pg, ss

)

Of course the map Pg, s, only exists if the triangulation is real analytic.
The group of all diffeomorphisms Diff (M) acts on 4. The question is what

kind of groups acts on the different completions ;\;8. In general a diffeomorphism d
preserving § induces a homeomorphism d * : J_‘og — o‘_tug. Thus in this way there is an
action of Diff (&), the diffeomorphisms preserving &, on A% . We have the following



58 J. Aastrup, J. M. Grimstrup, and R. Nest

diagram:
A <—Diff(M)

xS AN
; ngl \ Ps05: JA \

¥oa | a \ Diff,, (M) \

A ,
N&‘ l /

A5 <——Diff(A).

We see that the size of the completlon of 4 is strongly related to the size of the
symmetry group. The spaces A A" are non- separable and the symmetry groups are

large, whereas A is separable and the symmetry group Diff(A) is comparatively

small. In this way we can think of J_%A as being A (or Exa) subjected to a kind of
gauge fixing of Diff (M) (or Diff,(M)).

2.4. Measure theory and Hilbert spaces. We will here recall the construction of
measures and Hilbert space structures on completions of spaces of connections. The
construction first appeared in [4]. See also [13] for a different approach.

Because of Lemma 2.2.2 we can identify Ar with G"I via ®p. On G"I there is
a canonical normalized measure, namely the Haar measure pg»r. Denote by pr the
image measure of (ugrr under CI>FI.

Lemma 2.4.1. Let I'y C I'y. The image measure of ur, under Pr,r, is ur,.

Proof. See for example Lemma 1.2.9 in [14]. O

Lemma 2.4.1 ensures that {Ar, ir }Tes is a projective system of measure spaces.

Therefore, according to Theorem 1.2.10 in [14], there is a unique measure (& on st
such that Pr(u) = ur forall ' € 8. Also Lemma 2.4.1 ensures that

Ppp, o L?(Ar,) = L?(Ar,)
is an embedding of Hilbert spaces when I'y C I's.

Proposition 2.4.2. Let
L?(A) = lim L*(Ar).

be the inductive limit of the Hilbert spaces {L?(Ar)}res. Then L?(A) = Lz(aT‘eé)),
where the latter is with respect to the measure |i.

Proof. This follows directly from the construction. See for example Section 1.2.4
in [14]. O
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3. The Dirac operator on the completed space of connections

In this section we will only work with the completed space ef_‘eA. We will construct a
Dirac type operator acting on a Hilbert space # which can naturally be seen as square

integrable functions on A" with values in an infinite dimensional vector bundle.

The idea is to construct a Dirac operator on each #Ar. Since these look like classical
geometries we more or less only have to put a Riemannian metric on each of these.
Next we need to check that the construction made on each #Ar is consistent with maps
between the different graphs.

In this section we have no restrictions on the manifold M. In particular we can
have infinitely many simplices in 7p.

To simplify the notation, objects indexed by the graph 'y will be indexed simply
by k for the remainder of the article.

3.1. The case of subdividing an edge into two edges. The construction of the Dirac
operator, which will be carried out in the following sections, looks cumbersome but
is really forced upon us by the requirement of consistency with the maps between
different graphs. Therefore, in order to present the construction without the full
notational weight, we will first demonstrate the case where the triangulation consists
of one edge and where we consider the step of going to the first barycentric subdivision.
We thus have #A¢ = G, 4; = G? and Py 1(g1, g2) = g182-

For 'y we choose a left and right invariant metric {-,-) on G. Let ¢; be an
orthonormal basis for T}qG and let E; (g) = Lgeé; be the corresponding left translated
vector fields. Define the Dirac operator

Do(§) = ) EiV3 (6),
where V is some SO(dim(G))-valued connection and § € L?(G,CI(TG)), where

CI(T G) denotes the Clifford bundle.
We want to construct D acting on L?(G?, CI(G?)) in the form

Di(§) =) K;Vk; (€).
J

where K is an orthonormal frame in 7G? such that

PO*,I(DO(E)) = DI(PO*,I(E))-

First we have to make sense of Pj',. Since Po,; induces maps

(Poa)x: TG> > TG and P§:T*G — T*G?



60 J. Aastrup, J. M. Grimstrup, and R. Nest

between tangent and cotangent spaces it is also natural to let the Dirac operators act
on CI(T*G), resp. CI(T *G?) instead of CI(T G) resp. CI(T'G?). This is easily done
once we have chosen a metric on 7*G and resp. T*G?. In order for

Py, : L*(G,CIT*G)) — L*(G*,C(T*G?))

to be an embedding of Hilbert spaces, and in fact to be defined at the level of Clifford

bundles, the map induced by Py ; at the level of cotangent bundles, also denoted Py ;,

must be metric. ’
Letw € Ty G. Itis easy to see that

Pyi(w) = (Rgz1w, Lo—1w),  g182 =g,
where

Ryt () () = w(Rg,)
and
Lgl—l('l,())(l)) = w(Lgv).

We ensure that Py, : TG — T*G? is metric by defining on 7*G? the inner product

(o1, w2). (ws, w2 = 3 (w1, ws) + s, ).

Denote by E; the cotangent vector field which is dual to E; via (-,-). Using the
inner product on G2 we get from Py (E;) a vector field on G?2. A small computation
shows that this vector field equals

(LgyLgsRys181, L&) =2 (8], €7). )

Put é;r = (él.l, élz) and éf = (éil, —él-z). Since {éii }; is an orthonormal frame for
T G? it is natural to try to define

Di(§) =) & Vert+ ) & Ve k.

where £ € L?(G?,CI(T*G?)) and {& l-i} is the corresponding orthonormal frame for
T*G?2. A small computation shows that

&5 (Pg,8) = 2P, (Bi(9). & € L2(G), 3)
€7 (P3.1E) =0, £ e L*G). (4)

‘We therefore define

Dy (§) = %(Z E Verk+) 6 Vg-£).
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Next, write an element in £ € L2(G, T*G) as
§=) &Ei
i
where £ € L?(G). Hence

PG =D PiENET.

We calculate

D1(Pg(8))
= D (P (Ei())E 6] + 3(PS1 ()€ Ve & + P31 (6)67 Ve-E1)).
i,J
If we therefore require V to be a SO(2 dim(G))-valued connection in 7*G? satisfying
Ver(6]) = P31 (Vg (Ep) and Vg-(§7) =0,
we see that g, (Do(§)) = D1(Pg(§)) forall § € L*(G.CI(T*G)).

3.2. A Riemannian metric. Due to Lemma 2.2.2 we have at each level the identi-
fication A, = G"k, where ny is the number of edges in I';,. We want to construct
a Riemannian metric on T A, = T G"k. However, we require the metric to be con-
sistent with the embeddings of graphs. Embedding of graphs I'y C I'x4; induces a
surjective smooth map

Pr gy A1 = Ak

and therefore a map of tangent bundles

(Prg+1)x: ToAgyr — T Ag.
Dualizing this map we get an embedding

Pk*,k+1: T* Ay — T*Arsq

of cotangent bundles.

We want to construct the Hilbert space on which the Dirac operator acts as an
inductive limit of Hilbert spaces. It is hence natural to construct the metric on the
cotangent bundle of Ay, since we have canonical maps

Pl L2(Ak, T*Ar) = L2 (Aryr, T Agpa).
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Definition 3.2.1. Let (-, -) be a left and right invariant Riemannian metric on 7*G.
Let I'y be the graph consisting of the edges in 7%, the k’s barycentric subdivision of
Jo. On T* A, = T*G"k define

(~,~)k=2—k(',')"", ®)
where (-, - )"% is the product metric on T*G"k.

Proposition 3.2.2. The map
P,:k+1: T*Ar — T Arsq
preserves the metric (5).

Proof. We subdivide G™k+1 as G2"k x G"2, where G2"k corresponds to subdivision
of the edges in [’y and G2 corresponds to the new edges added when going from k
to k + 1. Write

T* Ak—{-l—T Go--- T,
k+1

8nj 41

We choose orientations of the edges in such a way that

Pk,k+1(g1a R gnk+1) = (glgz’ g3g4’ L] g2nk_1g2nk)-

For a tangent vector v = (v1, ..., U, ) in T"Aj 11 we have

(Prcje+1)%(v) =(Lg, v2+Rg,v1, Lgyvat+Rgyvs, ..., Lgyp—1V2ng T Repy, V2nj—1)

where L, means left translation of tangent Vectors and R, right translation. Hence
for a cotangent vector w = (wy,..., Wy, ) in 7, (glgz, oEmg 1gznk)’A’k we have

—1w1,...,R

PI:,k+1(w) = (Rgz—lwl, Lgl

—1 Wy, L

5 —1 wnk,O,...,O),

&ny,
where by definition

Lg(w)(v) = w(Lg-1(v)), Rg(w)(v) =w(Re-1(v)), veTG, we T*G.
From this and the left and right invariance of (-, -} the proposition follows. O

By Proposition 3.2.2 the map Pk* k41 induces a map, also denoted P}’ k1 , from
CI(T* Ay) to CI(T* Ag1), where Cl(T*Ak) denotes the Clifford bundle of T*Ak
with respect to (-, - ). Furthermore this map is isometric. We thus get embeddings
of Hilbert spaces

Pl i1 L (A, CUT* Ap)) — L (Arg1. CUT * Appr)).
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Definition 3.2.3. Put ), = L?(Ay, CI(T*Ay)). Define
H = lim Jfk,
—_—

the inductive limit of the system {#y, Pk*, K1)k

Due to Proposition 2.4.2 we can consider J as Lz(zf‘oA, Cl(aT‘oA)) or more freely
written L2 (A, Cl(+A)).

3.3. Some special covector fields. For the general construction of the Dirac operator
we will need some special covector fields generalizing duals of the vector fields (2).
For notational simplicity we will only present the construction on a single edge which
is then subdivided infinitely many times. Thus A, = G?" and the structure maps are
given by

Pi_11(81,82,...,82n—1,827) = (8182, ..., 821—182n).

Let {e; } be an orthonormal basis of 7;; G. Define covector fields on A¢ = G by

671 (g) = Lg(e;).

The construction of the covector fields on +, will be by induction. Assume that
covector fields

-
(&)} <nmt fr<ai

on s,_1 has been defined (for j = 0 the set k < 2/~!is {1}). We adopt the notation

1 __ .
8i = Lglgz-'-gzn R(gzg3---g2”)_le”

2 __ .
81’ = ngg3-~-g2ﬂR(g3g4~~-gzﬂ)_'el’

for covector fields on G depending on g1, ..., gon. Define covector fields on #4, by

Lk
{Pr:k—l,n (gij )}jsn—l,k52/_1
and

grl =218}, -62,0,...,0),
gr* =2""10,0,8%, -&0,...,0),

i

With sloppy notation we will also write SI.j * instead of Py (8 :] ’k).
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Lemma 3.3.1. {81/’k }j<nk<2i—1 is an orthonormal frame for T™* Ay, with respect to
the inner product (-, )p.

Proof. Since P, , preserves the inner product by Propositiop 3.2.2 it is enough to
check that {Sf’k }k<2i—1 is orthonormal and orthogonal to {gij’k}an_l,kszj—l.

It is clear that {81." ok }k<2i—1 is orthonormal. By induction and the computation
in the proof of Proposition 3.2.2 we see that the vectors in {&; k }j<n—1,k<ai—1 are of

the form
1 2 3 4 2n—1 2n
(18,187,287, 28], ..., con1E; LCon—187).

From this the lemma follows. ]

3.4. Construction of the Dirac operator. We want to construct a Dirac type op-
erator acting on J. For this we construct Dirac type operators acting on #, which
are consistent with P, . ;. We first need to determine sufficient conditions on the
connections which permit the existence of the Dirac operator.

Let él] * be the vector field obtained from &/ ok by using (-, - ), to identify T* A,
with T',,. Also let é; denote the basis in T;¢G obtained from e; by using (-,-) to

identify T;¢G with T.] G. Note also under this identification the covectorfield
,...,0,8/,0,...)

gets mapped to

1 A
2—n(0, ey 0, ng...gzn R(gj-i-l-ngz”)_lel" O, ey O)

Definition 3.4.1. A system of connections {V"},, where V" is a connection in 7* 4,
is called admissible if V" is a SO(2" - dim(G))-valued connection and

(&"7) = Py (VEik (&), jom <n,

g/k n—1,n Slk

Vgﬂ* (8;"’1’) =0, m<n.

We want to define the Dirac operator in the usual fashion using an admissible
family of connection, i.e., at each level it should be of the form

— § ik on
Dn —_— 81 * é.j’k'
l

Proposition3.4.2. Let {V"} be an admissible system of connections and {a’** }; _, ;-1
be a sequence of complex numbers. For & € H, define

Du(E) = 3 a™&/*Vk

Jj<n,k,i
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Then
P i 1(Dn(€) = Dpi1 (P41 ()
and hence the system of operators { D} defines a densely defined operator D on J.

Proof. We first check the identity on functions, i.e., § € L?(A,):

P:,n+1(Dn(§))(g1,gz,---,g2n+1)
j ik 5k
:P:,n-l-l( Z a]’kgij 811 (é))(gl?---,gzn-ﬁ-l)

j<n,k,
j i,k ok
= Z ajjkgi] 'Pn*,n-{—l(gi] (S))(gl’--"gZ”""l)
j<n.k,
j ik 5k
= 3 el (EFE) (1820 gant1 18 t).
Jj<n.k,i

Let y; be a curve in G with y; (0) = é;. Write

83 1 2 2"
81.1 = (Clgi,C28i,...,Czn8i )

Thus
7.k
N (E) (g1, ... g2n)
1 d _1
= on CIE%‘(gl,...,gz—l,gz..-gznyi(gm.-.gzn) L 8l41s--->82n)
1
and

Bk
811 6)(g182. .-, §an+1_18on+1)

1d
= 2—,1% chg(glgz, - 82(1-1)-182(0-1)- 821—1 - - -
1
o &on+1Yi(a1+1 - --gzn+1)_1,gl+1a c - 8ont1).
On the other hand,

Dui1(Py1(E)(g1, ..., gant1)

j ik £k
= Z a]jkgij glJ (Pn*,n—{—l(i:))(gl,--'7g2"+1)
Jj<n+1,k,i

= > alkelt GNP, ()81, . gant)

j<nk,i

i ik 5J.k *
+ Y alkEt B (P, )1 gann).
j=n+1,k,i
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The terms in the last sum are

8n+lk( ,,+1(E))(g1,...,g2n+1)
1d

2dt
s gont1_18m+1) —E(g182, ... 82k—182k - - -

- &an+1Yi(82k+1 - - ~g2n+1)_1»g2k+1» cee s 8ant1_18on+1))
=0.

—(£(8182+ -+ G2k—1 - - - Gan+1Vi(&2k - .- §an+1) " Gaks - ..

The terms in the first sum are

5.k
& (Pr 1 )81, gont1)
1

d -
= onti gy ch(f(glgz,---,gzl—l co g1 Vi(gar - Eant1) T €l
l

cs 8ont1_1&on+1)

+ %‘(glgz, e 820-1820 -+ - Gan 1 Vi(€a141 - - Gant1) T Lo a1 1 Gont1))

= 2n dt chs(glgz,-.-,gz(l—l)—lgz(l—l),gzl—l
8o t1Vi(82141 -+ 8ant1) T &I 1. - - Gant1).

This proves the compatibility for functions.
Because of the derivation property of the connection on the Clifford bundle it only

remains to prove compatibility on vectors of the form 811 ’k, Jj < n. This follows from
* m,py\y — p* ik oJkon m,p
Pyn1(Dn(&77)) = Pn,n+1< Z a’"&; Vé!lkgl )
Jj<n.k,i !
= Kk gikygntl om,p
= Y akg Ve (€
j<n+1k,i

= Duy1(8"7),

where we have used the admissibility condition for the connections. O

3.5. Gauge invariance. In Section 2.2.2 we constructed a left action of €2 on
—A . . . .
A . It follows from the construction that this action preserves the inner product on

—A . . . > 72
L?*(A") and so is a unitary action of 2 on L?(4" ). In order to talk about gauge
invariance of the Dirac operator we first need to extend this action to a unitary action

on L2(A”, CI(A%)).

Let U be a gauge transformation written as

U,(g1,...,8n) = (uoglul_l, o uzﬂ_lgznuz_nl)



On spectral triples in quantum gravity II 67

on +A,, where ug,...,usn € G. Since the metric is left and right invariant in each
copy of G, we see that (U,)*: T*A, — T*#, preserves the metric and therefore

U extends to a unitary on L2(,;7»A, Cl(aTkA)). This unitary will also be denoted by U..
A vector field of the form

(81.-- 820) = (0.....0. Lg; g Rig; ., - go)-181.0.....0)

gets mapped to

-1 -1
(Mog1U7 ..., Uan_182nUon)

— (0,0, Ly, g.gon R, y-18:.0,....0)

u;lg,-H...gzn
under (Uy)«. Written differently we obtain that
(81,2 820) = (0,...,0, Ly, g0 Rig, , |...gpm)-1U208i25 0, 0).
Therefore (U,)* is, on a covector field of the form
(g1.-..,827) = (0,...,0, Lg;..gon R(gj+1...g2n)—1€j,0, ...,0),
given by
(g1, 827) = (0,...,0, Lg; _gon Rg, | gon)-1Uan €iUizn, 0, ..., 0).

Put f; = usne;usn. Since { f;} is another orthonormal basis for the dual of the Lie
algebra of G, there exist a matrix O;; € O(dim(G)) with

fl' = Z Oije‘,-.
J

From the construction of the covector fields {& l.j ’k} it follows that

UEP =y 0,,8/*.
1

It turns out that the operator D is not always gauge invariant. We therefore need

Definition 3.5.1. An admissible system of connections is gauge admissible if the
conditions

Y 0410 €/FUVE, E07) =y 6% V2, 6"
1 l 12

r,i.q

hold for all n, j, k and all gauge transformations U € §2.
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Note that the system of trivial connections with respect to the trivializations given
by {&/ ’k} is a gauge admissible system of connections.

Proposition 3.5.2. When D is constructed from a gauge admissible connection, D
is gauge invariant, i.e., D = UDU* forall U € §°.

Proof. Let £ € L?(A,). We compute

UDU*E) = ) “j’k(Un)*(gij’k)d(u,:‘>*(§{’k)$

j<nk,i
ik .k
SPIRLD SLICTE
j<n,k i,l,m
. ik
= Z al*gl déij,kf
j<nk,i
= D(%),

where d denotes the exterior derivative.
Due to the derivation and product structures we now only need to check gauge

invariance on the covector fields {8117 ’k}. Here we obtain that
*oM,PN ik o Jk m,p
UDU™(&"P) = U( X j<p g @ & Oqlvg/,kgq )

1

. -
= > JrueE oql)U(vgij,kng)

J=n.k,iq
i,k i,k

= > (Y 0,018 UL, )

j=nk riig '

ik @ Jk m,p

= ) al*eltVy g

jsnki ’

m,p
= D(&"),
where we have used gauge admissibility of V". O

4. A semifinite spectral triple

. . . n . —A
In this section we will construct a semifinite spectral associated to 4 , or rather to
the algebra of holonomy loops, see Definition 4.1.1. The following definition first
appeared [6].

Definition. Let N be a semifinite von Neumann algebra with a semifinite trace 7.
Let K, be the t-compact operators. A semifinite spectral triple (B, #, D) is a
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*-subalgebra B of N, arepresentation of N on the Hilbert space # and an unbounded
densely defined self-adjoint operator D on # affiliated with A satisfying

(1) b(A—D) ' € K forallb € Band A ¢ R,
(2) [b, D] is densely defined and extends to a bounded operator.
4.1. The algebra. Let v be a vertex in §a. Denote by #§,(Sa) the subgroupoid

of HE(Sa) of loops based in v, i.e. paths starting and ending in v. Let G — My
be a unitary matrix representation of G and let #’' = # ® My . Hence

I 1:
H' = lim(Hn @ My).
Definition 4.1.1. Let L be aloop in #F,(Sa). Let§ € #,, ® My, where n is such
that L € #G(n). Define
LE)(V)=V(L)EN), Veun, =Hom(HE(n),G).

Since
P (L) = L(P;,,(5))
we get a densely defined operator on J’, also denoted L. Clearly L is bounded.
Denote by B, the *-algebra generated by {L};cg,(s,)- We will call B, the
algebra of holonomy loops.

Proposition 4.1.2. For L € #E,(Sp) define the function HL: A — My by
HL(V) = Hol(L, V).

The *-algebra generated by {HL}1 c 3¢, (s ») equipped with the sup norm is isomor-
phic to By, as normed *-algebra.

Proof. This follows from the dense embedding A — JIA. O

4.2. The trace and the von Neumann algebra. Let
Ap = K(L?(An)) ® CU(T;jA,) ® End(Mw),
where K (L?(+,)) denotes the compact operators on L2 (s, ). We define maps, with

an abuse of notation also denoted Pn*,n 41, from A, to A4 in the following way:

* OnEnd(My), P, is the identity.
e On K (L?(#y)), Py, 41 is the map induced by the embedding
P;,n—f—l: Lz(fAn) - Lz(fA’n+l),

i.e., if Py 41 denotes the projection in L2(sy,+1) onto Pn*,nH(Lz(cAan)) we
have
K(L*(An)) 3a — aPppr1 € K(L*(Ant1)).
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* We use the map
Puny1: CU(T*A,) — CUT* Aptr),

which has already been defined in Section 3.2, and restrict it to the identity. If

we write
Tatnt1 = Tighn © Vot
and hence
CU(T;j Ant1) = CUT AN Cl(Viny1).
then
Pn*’nJrl 0 CUT An) — CUT A1)
is given by

P:,n-l-l(g) =& ® ICI(Vn.n+l)‘

Note that P, is a C*-algebra homomorphism. Therefore {4,} is an inductive

n,n+
system of C*-algebras. Let
A =1lim A4,
be the inductive limit. By
Pr:k,oo: Ay — A,

we denote the induced embeddings.
From the construction of A it follows that

A= X(L*(A)) ® B®End(My), (6)

where B is a UHF-algebra. Since the dimension of the Clifford algebra is a power
of 2 whenn > 1, B is the CAR-algebra.
There is a trace Tr on A, defined by

Tr = Tr, ® Tr, ® Tr,,

where Tr, are the operator traces on K (L?(+,)) resp. End(My), and Tr, is the
normalized trace on CI(7;; #,). By construction

Tr(a) = Tr(P, 11 (a)).

and hence defines a densely defined trace on A.
Using the trivialization {&; ’k} of T.; A, we see that A acts on #’. In fact H’
factors like (6) into
H' = L*(A) @ C(TSA) @ My.

Note that the action of B on CI(T;] +) is just the GNS-representation of B with respect
to the normalized trace on B.
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Definition 4.2.1. Let N be the weak closure of A in B(JH’). The trace t: N — C
is defined as the extension of the trace Tr on A to N.

Note that 7 is a semifinite trace, since it is the tensor product of the usual semiﬁnite
trace on B(H), H separable, and the finite trace on the hyperfinite II; factor BY.

4.3. A coordinate change and self-adjointness of the Dirac operator. We define
the coordinate transformation

Q,: A, = G - G¥

by
®n(g1,---,g2") = (glgz---gzn,g2g3---gzn,---,g2n—1g2",g2n)-

It is easy to see that ©, preserves the Haar measure on G2". The inverse of O, is
given by

0, (g1.....827) = (8185 ". 8285+ . 82n—1821 , §an).

The main purpose of ®,, is the following:

A, 1s a trivial G¥! -principal fiber bundle over +4,,_1, where the action of G
on A, is given by

(1. &an—1)(&h. - &) = (8187 8185+ - & 181+ Gan—185n).-

Combining this with ®,, we get the following commutative diagram

l/ J{pro
G2n—1 —_ An—l On— G2n—1
' (C]
G A1 1 G?
i I~
Ao G

where pr, means projection onto the odd coordinates, i.e.,

pro(g1,82,--.,82n—1,827) = (81,83, --.,82n—1).

In other words {®,} is just a consistent way of trivializing the principal bundles.
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Lemma 4.3.1. Let E;(g) = Lg(é;), the left translate of ;. On A, we have

A~ 1 ~
((®H)*(8tn’k))(g1’ SRR gZ”) = _E(Ov .0, El'(ng)’ 0,..., 0)9
and if we write

5.k &1 52 ;3 o4 f2mn—1 pan .
/" = (18] ,¢18;,c287, 28, ..., con1E; Jem—187), J <n,

1

then

ok
((G)n)*(glj ))(gl’ LN an)
=(2X o1 Ei(g), (1 +2);_5¢))Ei(g2),2) ;=5 ¢j Ei(g3), ...
. ,Zc‘zn—l Ei (gzn_l), Con—1 E\i (gzn ))

Proof. Straightforward computation. O

We will also write Eij(gl, e gon) =(0,..., Ei(gj), ..., 0).

Proposition 4.3.2. Let {V"} be an admissible system of connections. Assume that
Dy is self-adjoint,

ng,k &™) =0 foralli,j k,m,landalln > 1

and a’"* is real and non-zero forall j, k. Then D is self-adjoint.

Proof. We will prove that D,, is formally self-adjoint for each n. From this the
statement follows because D, is an elliptic pseudo-differential operator on a compact
manifold and so by elliptic regularity D, is self-adjoint. We can even find an orthonor-
mal basis for J, which diagonalizes D, with real eigenvalues. We can therefore find
an orthonormal basis for J’ which diagonalizes D with real eigenvalues. Hence D
is self-adjoint.
Write
D, = Zamgmv"m n Z a/kgjk e
i 1<j<n,k,i

By the assumptions on the connection and Lemma 4.3.1 the first summand on the

right-hand side is a linear combination of Dy’s acting on the different copies of G,
and thus by assumptlon self-adjoint. The second summand is in the trivialization

induced by {6” } and transported by ®,, in the form

Je g ik .y
2. €M, @rny:

1<j<n.k,
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where d is the exterior derivative. Since (@n)*(é lj ’k) is a left invariant vector field

according to Lemma 4.3.1, d (© )+ (E/5) is formally skew self-adjoint. The formal

self-adjointness now follows since Clifford multiplication with & l] * is also skew self-

adjoint and commutes with d CRGLY O

4.4. Affiliation of D. The spectral projections of D, will by construction belong to
K (L?(Ay)) ® End(CI(T5A,)) ® End(My).

Since we can split the representation of C1(7;; #,) on CI(T;} ;) into irreducible ones
and D,, acts on each of these, the spectral projections of D, is in

Ay = K (L (An)) ® CUT; Ay) ® End(My).
Recall from Section 4.2 the splitting
TiAns1 = TiAn & Vinti.
More generally we can write
Ti;A’m = Ti:An & Va,m

and thus have
CUT G™) = Cl(Vyy,m)® CU(T; Ay). (7)

We assume that the system of connections defining the Dirac operator satisfies the
properties in Proposition 4.3.2. These properties ensure the following equation:

Din(Pf () ®) = PLy(Da(®) ® v, & € v € ClVim).

If & is an eigenvector with eigenvalue A, then P, (§) ® v is an eigenvector with
eigenvalue A if v € CI(V;, ;). Therefore, if P, , is the spectral projection of the
eigenvalue A of Dy, the projection P, . (P, ,) is a subprojection of the spectral
projection of the eigenvalue A of D. By construction, P,/ ,,(Pyn) € N.
Proposition 4.4.1. The spectral projections of the Dirac operator is contained in N .
Proof. For a spectral projection P, of eigenvalue A of D we have

Py o(Prn) / Ph.

Hence P, is in the weak closure of A4, i.e., Py € N. O

Corollary 4.4.2. The operator D is affiliated with N .
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4.5. The main theorem. We begin by enlarging our Hilbert space slightly. Let
H = H' ® CI(1). We also enlarge N by tensoring with C1(1). By abuse of notation
we will also call the enlargement N . The trace t is also enlarged by tensoring with
the normalized trace on CI(1) and denoted by 7.

The Dirac operator extends to an operator on J¢. We write

ik ook K —
Dy= Y @&/ Vi 4y amh el v, = D+ D
j<nk.i ' ki !
After changing coordinates with ®,, we have
— n,k on,kon
Dn == Z a 81 VEZ/C .
ki '

Therefore, when we use ®,, to trivialize
—1
Ay = Ap_1 x G

we see that D, is an operator acting only in the fiber, i.e., in the G2 -part of A,,.
There is an embedding of

L*(An—1) ® CI(T5A,) ® My & CI(1) (8)

in Ker(D,;) by identifying it as a subspace of J,. Let P, be the projection onto the
orthogonal complement of (8) in Ker(D,;). Define

Dypp=Dy+ Y bleP;,
J

where b; € iR, e is the generator of CI(1) and where we have used ij it1
forward P;. Note that D, is self-adjoint. By construction

P:,n-f—l(Dn,p(E)) = Dn+1,p(§),

and therefore { D, ,} defines a densely defined self-adjoint operator D, on #. Since
D is affiliated with N by Corollary 4.4.2, so is D, by construction.

to push

Theorem 4.5.1. There exist sequences {a’"*\ and {by} such that (B, ¥, Dp)isa
semifinite spectral triple with respect to (N, T).

Proof. The self-adjointness and affiliation to N of D, are already taken care of. What
remains is to prove that [b, D] € B(K) and b(A — D,)~! € K, forall b € B,.
The boundedness of the commutator: Let L be a loop in I[',,. If we write

H, = L*(G*") ® C(T* An) ® My @ CI(1),
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the loop operator L acts by point-wise matrix multiplication over G*" in the My
factor, i.e., the matrix entries are of the form f(gy, ..., gon). The action of L on #;,41
is then matrix multiplication with entries of the form f(g1g2,..., gn+1_18om+1).
Conjugating the operator with ®,4; we see, since

Op 181, gan1) = (81851, 8285 1. 82185041+ &ant1),

that the result is independent of g2, g4,...,gn+1, and thus [L, D] = 0. It
therefore follows that [L, P, 1] = 0. Hence [L, Dy41,p] = [L, Dy, p] and therefore
[L, Dp] is bounded.

To prove that there exist sequences {a”*¥ } and b ;i such D), has T-compact resolvent,
we will prove that for any real sequence c,, converging to co we can choose a”** and b,,
such that the new eigenvalues, modulo the extra multiplicity of the existing eigenvalue
due to the growth of the Clifford bundle, introduced by going from (D,—, p)z to
(Dp,p)? are bigger than c,.

In the following we will omit the My -part. This will play no role since the Dirac
operator does not act on the My -part. First we rewrite the operator in the following
way

Dy, = (D,—f + Z bjer) + (D, + bpePy) = D,‘f’p + (D, + bpePp),
Jj<n—1
and

(D + bpePy) = Za"’kef”‘vg{l,k + bpePy
k,i !

k
a(zan 3.”’"V’1 —i—!ﬁeP):‘aD_
k.i a ! gz'n'k a " ' P
N

Using the coordinate change ®,, we factorize

Jy = L2(G*") @ L2(G?"™") ® CI(T;: Ap) ® CI(1)
= H' ® H? ® CITA,) ® CI(1),

where J#1 = L2(G?"™") corresponds to the coordinates (g1, g3, ..., g2n—1) un-
der ®,, and J#?2 corresponds to the coordinates (g2, g4, ..., g27). In particular by
Lemma 4.3.1, D, , acts trivially on J¢ !, Taking the square of D, p we get

(Dn,p)* = (D,;f )? +a{D, ,. D} +a* (D, ). )

Using Lemma 4.3.1 it is easy to see that {D,," . D,tp} does not act on J!.

Let & belong to the orthogonal complement of #! ® 1 ® CI(T.}A,) ® CI(1). We
know, due to the fact that D, is self-adjoint and commutes with the maps P]: k1
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that this complement is an invariant subspace for D,. Decompose & with respect to
the above decomposition of #,, into

E=) & ®F, (10)
k

where {& ,l} is an orthonormal basis for #! and é;',f belongs to the orthogonal comple-
ment of
1 ® CI(T;]An) @ CI(1)

in
H2 @ CU(T A, ® CI(1).
Combining (9) and (10) we obtain that

((Dn,p)?E.E) = (D, )%€.8) + a({D; . D, 6. E) + a*((D;, ). €)
> ({D;},. D, 6. E) + a*((D;, ). €)
=Y (& E)@({D} . Dy JELEF) + > (D, )R E2)).
k

Since (D, p)z is an elliptic second order operator on #? ® CI(T;%4,) ® CI(1) and
the operator {D,tp, D, ,} is a first order operator on H? ® CI(T5An) ® CI(1), the
operator

A= (Dn_,p)_l{D:,p’ Dy p3(Dy -

is bounded. We thus get

(Dnp)?6.8) = ) (E.60@UD, 5. Dy )60 ED) + a* (D )67 60)

k

=) (6. 50)(@(AD; EL. D,y &7) + a*((D,, )R €2))
k

> S (gL €D (~all AIND; 8. Dy 82 + a2 ((D; )67 E2)
k

> D (&L EDA® —al AD(E. &)
k
= Aa® —al AIDEN*,
where A is the lowest eigenvalue of (D, , 2 on the complement of
H'®1® CUTEA,) @ CI(1).

Hence by choosing @ big enough we have ((Dy, )&, &) > ¢, ||€]- O
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The sequence {b,} is needed in the case when the operator
D, =Y Eidg,
i

where E; is an orthonormal frame of left translated vector fields on one copy of G,
has a non-trivial kernel in the sense that the kernel is given by the span of {E;};. This
is clearly not the case for U(1). In the appendix we will show that this is also not the
case for SU(2).

Proposition 4.5.2. When Dy, is constructed from a gauge admissible system of con-
nections satisfying the assumptions in Proposition 4.3.2, Dy, is gauge invariant, i.e.,
Dy = UDpU* forall U € €. (U acts trivially on the CI(1)-part.)

Proof. From the proof of Proposition 3.5.2 it follows that D, is gauge invariant, i.e.,
invariant under U, for all U, € §,. In particular the kernel of D, is gauge invariant.
Also the space (8) is invariant under §, and therefore the projection P, onto the
orthogonal complement of (8) in the kernel of D, is gauge invariant under §,. From
this the invariance follows. O

Note that the system of trivial connections with respect to the trivialization given
by {&/ ’k} fulfills the conditions of Proposition 4.5.2.

5. Appendix

In this appendix we will first demonstrate the case of U(1) to show whatkind of growth
conditions are needed on a/*. Secondly we show that for SU(2) the perturbation with
the P,’s is not needed to obtain a semifinite spectral triple.

5.1. The U(1)-case. We write U(1) = {¢2"%|9 € [0, 1]} and choose the metric

such that
(g ) =1
de> dol —
The system of connections we will use is the system of trivial connections. The

operator D, has the form
Jikgik g
E a’"&; dg[j,k.

Jj<n.k,i

Since i can be only 1 in this formula, we will simply omit it. Also we will assume
that a/k1 = a/*2 for all ky, k,, and simply write a; := a’*. All §/** commute.

Hence
2 2 2
Dy =— Z aj(déj,k) .
j<nk
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Since D? acts trivially in the Clifford bundle and the identity on the Clifford bundle
is normalized to have trace 1, we will omit the Clifford bundle in the rest of this
computation.

We will use the coordinate change ©, to rewrite D2. The rewritten operator will
be denoted 153 According to Lemma 4.3.1 the vector fields

gk —clkag1 +c k892—|—c kagg—kc k894+ +Czn 1060 _ 1+ n— 1892n,] <n,

gets mapped to

i,k k i,k
2261 dg, + C1+2ZC 3,92+2ch] 0gs +-- +2€2” 106, 1+c£”_1892n
1=2

under ©,, and " is mapped to _%8921(- It follows from the construction that
Z |Czﬂ 1]
j<n,k
In particular for a function

5(91,--.,92n)=e27”92"l’ leZ,

we see that 5
a
Dre) = 4n( Y (egfia)? + L)
j<n,k

and
2

2
a,
Z (C 1“/)2 + Tn = max{a Yi<n + — 4
j<n.,k

From this follows that D has only finitely many eigenvalues with finite multiplicity
modulo the semifinite trace in a bounded set of R if

ap — 0. (11)

This is therefore a necessary condition for D to have t-compact resolvent.
On the other hand the eigenfunctions for D2 are of the form

exXp (2.7Tl ( lezn nlel)).
The eigenfunctions for D~5_1 are the functions of the form

exp (27 () <pn—1 121-167)).

Hence the smallest new eigenvalue appearing from going from n — 1 to n is bigger
than aﬁ. Hence D has t-compact resolvent if and only of condition (11) is satisfied.
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5.2. The SU(2)-case. We will show that the Dirac operator on SU(2) of the form
D, =) Eidg,
i

where d is understood with respect to the trivialization given by {E;}, has a trivial
kernel in the sense that the kernel is given by the span of {E;};. In other words the
kernel consists of the constants with respect to the trivialization of the Clifford bundle
given by { E;};. According to the remark after the proof of Theorem 4.5.1 this ensures
that the perturbation with the P,’s is not needed.

Since the action of D, is given by left invariant vector fields, we only need the
states | jm), where j € {0,%,1,...}andm e{—j,—j+1,...7—1,j}. Choose a
basis €1, é,, €3 for su(2) such that

[6i.6)] =) eijier.
k

Define a metric on s11(2) by letting é;, é,, €3 be an orthonormal basis. Note that this
metric by left and right translation defines a left and right invariant metric on SU(2).

The action of the corresponding left translated vector fields of €y, €5, é3 is best
described by forming the raising and lowering operators

éj: == é] + léz .
The action of the translated vector fields is given by
dg |jm) = —im|jm), dg _|jm) = —icx(m)|jm £1),

where

cx(m) = /(j Fm)(j £m+1).

We will restrict the operator D, to acting in one of the two irreducible representations
of CI(T;; SU(2)) instead of the full Clifford bundle. We chose the representation in
M, given by

0 1 0 i i 0
=G m=() 2=l

The Dirac operator therefore has the form

0 1 ccO 1 cci O
De:(—l 0)'”[51*(1' 0)'dﬁz+(o —i)'déa’

which is rewritten as

0 1 0
De = (0 o)'df++(—1

o O
N~
QU
lh'n
+
A~
o ~
=
——
QU
1y
W
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The square of D, is calculated as follows:

2 1 0 R 0 0 R 10 R
be =~ (0 0) “dp,dp — (0 1) “dp dp, — (O 1) di,d,

0 i 0 0
+ (0 0) -d[,§3,;§+] + (i 0) “digy By

Using how E + and E 3 act, we obtain that

D; (Z}jﬁi) = (3) ()P (m)] jm) + (2) (e)2(m)]jm)

+ (‘éb) cep(m)ljm + 1) + (0) ce_(m)ljm —1)

+ (Z) -m?|jm)
= (Z) jG 4 Dljm) + (_“b) ~m|jm)

+ (_éb) cey(m)|jm + 1) + (i?z) -c—(m)|jm —1).

For a given j the following subspaces

0 . a . a . 0 ;
(b) 1) (0) =7 (0) “ljm) + (b) “|jm—1)
are invariant under D?. Therefore analyzing D? is the same as analyzing matrices of
the form
JG+D+m —ic_(m)
ic—(m) jG+D)—m+1)"

A lower bound for the product of the diagonal term is j*#. The off-diagonal can be
estimated by

ccm?=3G+m(—m+1)=j>+j-—m?>+m<j>+2j

Hence for j > % these matrices are clearly invertible. For j = 1 and j = % it can
easily be checked that these matrices are invertible. In particular we see that D? has
trivial kernel.

Choosing the other irreducible representation of CI(7;; SU(2)) corresponds to
replacing E3 with —E3 and therefore D2 in this representation also has trivial kernel.
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