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Abstract. In this article, we establish, under convenient diophantine assumptions, a complete
analytic classification of g-difference modules over the field of germs of meromorphic func-
tions at zero, proving some analytic analogs of the results by Soibelman—Vologodsky and by
Baranovsky—Ginzburg.
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Introduction

For an algebraic complex semisimple group G and for a fixed ¢ € C* = C \ {0},
|g| # 1, V. Baranovsky and V. Ginzburg prove the following statement:

Theorem 1 ([3], Theorem 1.2). There exists a natural bijection between the isomor-
phism classes of holomorphic principal semistable G-bundles on the elliptic curve

C*/q? and the integral twisted conjugacy classes of the points of G that are rational
over C((x)).

The twisted conjugation is an action of G(C((x))) on itself defined by

(g(x),a(x)) = #Wa(x) = g(gx)a(x)g(x) ™",

An equivalence class is call integral when it contains a point of G rational over C[[x]].

As the authors point out, this result is better understood in terms of g-difference
equations. If G = Gl,, then the integral twisted conjugacy classes of G(C((x)))
correspond exactly to the isomorphism classes of formal regular singular g-difference
systems. In fact, consider a g-difference equation

Y(gx) = B(x)Y(x) with B(x) € Gl,(C((x))).

*Work partially supported by ANR, contract ANR-06-JCJC-0028.
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Then this system is regular singular if there exists G(x) € Gl,(C((x))) such that
B'(x) = G(gx)B(x)G(x)"! € G1,(C[[x]]). In this case if Y(x) is a solution of
Y(gx) = B(x)Y(x) in some g-difference algebra extending C((x)), then W(x) =
G(x)Y(x) is solution of the system W(gx) = B'(x)W(x).

Y. Soibelman and V. Vologodsky in [26] use an analogous approach, via g-dif-
ference equations, to understand vector bundles on non-commutative elliptic curves.
Their classification, and hence the classification of analytic ¢g-difference systems, with
lg| = 1,is a step in Y. Manin’s Alterstraum [14] for understanding real multiplication
through non-commutative geometry. On the same topic, we point out the work of
Polishchuk and al. (cf. [18], [19], [20]).

In [26], the authors identify the category of coherent modules on the elliptic curve
C*/q%, for ¢ € C* not a root of unity, with the category of @(C*) x gZ-modules
of finite presentation over the ring O (C*) of holomorphic functions on C* (cf. [26],
§2, §3), both in the classic (i.e., |¢| # 1) and in the non-commutative (i.e., |g| = 1)
case. For |g| = 1, they study, under convenient diophantine assumptions, its Picard
group and make a list of simple objects. In the second part of the paper, they focus on
the classification of formal analogous objects defined over C((x)), namely C((x))-
finite vector spaces M equipped with a semilinear invertible operator ¥, such that
2,(f(x)m) = f(gx)X,(m) for any f(x) € C((x)) andanym € M.

In this paper we establish, under convenient diophantine assumptions, an analytic
classification of g-difference modules over the field C({x}) of germs of meromorphic
functions at zero, proving some analytic analogs of the results in [26] and [3].

We fix ¢ € C, |g| = 1, not a root of unity. Let B, (resp. o@q) be the category
of g-difference module over K := C({x}) (resp. K := C((x))). Let us consider a
q-difference module over K and fix a basis e such that X,e = eB(x), with B(x) €
Gl, (K). If it is a regular singular, or equivalently if its Newton polygon has only the
zero slope (cf. Section 2.1), then we can choose a basis f of M ®k C((x)) such
that ¥, f = fB’ and B’ is a constant matrix in Gl,(C). When |g| # 1 we do not
need to extend the scalars to C((x)) and we can find such a basis f over K. When
|g| = 1 this is not possible in general because of some small divisors appearing in
the construction of the basis change.

The dichotomy between the “|¢| # 17 and the “|¢| = 1”case becomes even more
evident when the Newton polygons have more than one slope. In fact, let (M, ) be
an object of B, with a Newton polygon having slopes (1 < -+- < Mk such that the
prOJectlon of u; € Q onthe x-axis haslength I € Z ¢, and let (M Eq) be the formal
object in i)’ obtained by scalar extension to K. If lg| # 1, the analyUc 1s0m0rphlsm
classes in B, corresponding to the formal isomorphism class of (M , Zq) in i)’q form
a complex affine variety of dimension (cf. [22], [23], [21])

> iy — ).

1<i<j<k
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When |g| = 1 it may happen that the formal and analytic isomorphism classes are
in one-to-one correspondence with each other, or that the situation gets much more
complicated than the one described above for |g| # 1.

The object of this paper is the characterization of the largest full subcategory 8/ iso
of B, such that the extension of scalars “— ®k C((x))” induces an equivalence of
categories of 58“0 onto its image in 58 (i.e., the formal and analytic isomorphism
classes 001n01de)

The objects of B;S" are g-difference modules over K satisfying a diophantine
condition (cf. Sections 2.2 and 3.4 below). They admit a decomposition associated
to their Newton polygon, namely they are direct sum of g-difference modules, whose
Newton polygon has one single slope. The indecomposable objects, i.e., those objects
that cannot be written as direct sum of submodules are obtained by iterated non-trivial
extension of a simple objet by itself. The simple objects are all obtained by scalar
restriction to K from rank 1 ¢!/"-difference objects over K(r), x = ", associated to
equations of the form y(¢'/"t) = t%y(l), AeC*and u € Z, with (u,n) = 1.

If we call i)’,ifo’f the subcategory of :6’};0 of the objects whose Newton polygon has
only one slope equal to zero,' then we have:

Theorem 2. The category i)’jlso is equivalent to the category of Q-graded objects of
B2 ie., each object of B is a direct sum indexed on Q of objects of 85" and
the morphisms of q-difference modules respect the grading.

Notice that Soibelman and Vologodsky in [26] prove exactly the same statement
for the category of formal ¢-difference module $8,. Moreover we have:

Theorem 3. The category By is equivalent to the category of finite dimensional

C*/q%-graded complex vector spaces V, endowed with nilpotent operators which
preserve the grading, with the following property:

Let Ay, ..., Ay € C* be a set of representatives of the classes of C* /g% corre-
sponding to non-zero homogeneous components of V. The series ® 4. p)(x) (specified
in Definition 2.5) is convergent.

Combined with the result proved in [26] that the objects of i)’/\q of slope zero form
a category which is equivalent to the category of C /¢%-graded complex vector spaces
equipped with a nilpotent operator respecting the grading, this gives a characterization
of the image of B5°" in B, via the scalar extension.

To prove the cla531ﬁcat10n described above, one only needs to study the small
divisor problem (cf. Section 1). Once this is done, the techniques used are similar
to the techniques employed in g-difference equations theory for |¢| # 1 (cf. the

'The notation BL°" reminds that this is a category of fuchsian q-difference modules.
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papers of F. Marotte and Ch. Zhang [17], J. Sauloy [25], M. van der Put and M. Re-
versat [21], which have their roots in the work of G.D. Birkhoff and P. E. Guether
[6], and C.R. Adams [1]). The statements we have cited in this introduction are
actually consequences of analytic factorization properties of g-difference linear op-
erators (cf. Section 2 below). Finally, we point out a work in progress by C. De
Concini, D. Hernandez, and N. Reshetikhin applying the analytic classification of
g-difference modules with |g| # 1 to the study of quantum affine algebras. The study
of g-difference equations with |¢| = 1 should help to complete the theory.

A last remark: the greatest part of the statements proved in this article remain
valid also in the ultrametric case, therefore we will mainly work over an algebraically
closed normed field C, | |.

Acknowledgement. I would like to thank the Centre de Recerca Matematica of
the Universitat Autondoma de Barcelona for hospitality, D. Sauzin and J.-P. Marco for
answering to all my questions on the small divisor problem, and D. Bertrand, Y. Manin
and M. Marcolli for their interest in this work. Finally, my thanks go to D. Hernandez:
it is mainly because of his questions that I started working on the present article.

1. A small divisor problem

Let

qg =expRinw) withw € (0,1)\ Q,

A =expQRima) witha € (0,1]and A & g%=0.
We want to study the convergence of the q—hypergeometric series

B(g:a)(X) = Z

n>0

G © Cllx]l,

where the g-Pochhammer symbols appearing in the denominator of the coefficients
of ¢(4:1)(x) are defined by

(A:q)o =1,
MA@ =10 =1)A—=gA)...(1—g" 1) forn>1.
This is a well-known problem in complex dynamics. Nevertheless we give here some

proofs that already contain the problems and the ideas used in the sequel.

Proposition 1.1. Suppose that A & q%. The series d)(q iA) (x) converges if and only
if both the series )~ o q) and the series } .o 1=,
assumptions the radius of convergence of ¢4:)(x) is at least

R(w)inf(1, r(a)),

T=omy converge. Under these
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n xn

where R(w) and r(c) are the radii of convergence of ), - (q)fm and ), SE
respectively.

Remark 1.2. If A € gZ>0, the series @(g:2)(x) is defined and its radius of convergence
is equal to R(w). Estimates and lower bounds for R(w) and r () are discussed in the
following subsection.

The proof of the Proposition 1.1 obviously follows from the lemma below, which
is a g-analogue of a special case of the Kummer transformation formula

x5 . (=)™ 1
Z(l—a)(2—a)...(n—a)_anp(x)Z n' a—n’

n>0 n>0

used in some estimates for p-adic Liouville numbers [11], Chapter VI, Lemma 1.1.

Lemma 1.3 ([9], Lemma 20.1). We have the following formal identity:

xn

¢ ;/\(x): n
(a:a2) ;(1—ql)...(1—q A)

n -
B (l_k)(z (qch)n)<zgq = (q;);)n 1 —161’%)'

n>0 n>

Proof. Weset x = (1 —¢)t, [n]ly = 14+q+---+¢" " and [0]; = 1, [n],, =
[n]g[n — 1];. Then we have to show the identity

faan (=00 =0 0( S ) (Vo™ G =)
n>0 q

n>0 q

Consider the g-difference operator o, : t — gt. One verifies directly that the series
®(1) := ¢(g:g1)((1 — g)1) is a solution of the g-difference operator

£ = [og—1]o[hog—((g—Dr+1)] = Ao, —((g—1)qt + 1+ V)og+ (g — gt +1.
In fact, we have
L&) =[og — 1] o [Aog — (g — Dt + D]@(2) = [0 — 1](A — 1) = 0.

Since the roots of the characteristic equation®> AT? —(A+1)T +1 = 0 of £ are exactly
271 & g% and 1, any solution of £y(¢) = 0 of the form 1 + > ons1ant" € C[[t]]

The characteristic equation is the one whose coefficients are the constant terms of the coefficients of
the g-difference operator. For a complete description of its construction and properties see Section 2.
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must coincide with ®(¢). Therefore, to finish the proof of the lemma, it is enough to
verify that

=055 ) (e G )

n>0 n>0
is a solution of £y (¢) = 0 and ¥(0) = 1.
Letey(t) =) ,-0 ﬁ Then e, (¢) satisfies the g-difference equation
= q
eq(qt) = ((q — D1 + Deg (1),
hence
Loey(t) =[og— 1] oeqz(qt) o [Aog — 1]
=¢q(1)((q — Dt + D[((g — Dgt + Dog — 1] o [Aag — 1]
= (»)[((g — Dgt + Doy — 1] o [Aog — 1],

where (*) denotes a coefficient in C(¢) not depending on oy.
Consider the series "
nn+1)
Eq(1) = Z‘I 2o

o [l
which satisfies (1 — (¢ — 1)t)E4(qt) = E4(t), and the series

o =Yg O

= ml, 1—qm2

Then
Loeq()ga(t) = (%)[((g — Dgt + Dog — 1] o [Aog — 1]g(¢)
= (x)[((g — Dgqt + Dog — 1]E4(—q1)
= (9[((g — Vgt + D Eg(—q°t) — Eq(=q1)]

=0.
It is enough to observe that ¢,(0)g;(0) = ﬁ to conclude that the series W(¢) =
(1 —A)eq(t)ga(t) coincides with ®(z). O
Remark 1.4. Let (C, | |) be a field equipped with an ultrametric norm and letg € C,
with |¢g| = 1 and ¢ not a root of unity. Then the formal equivalence in Lemma 1.7
is still true. The series ), (q)fm is convergent for any ¢ € C such that |g| = 1

(cf. [2], §2). However the series 3, % is not always convergent. If |—2:} | <1
then its radius of convergence coincides with the radius of convergence of the series

> X" where @ = 2% (¢f. [9], §19, [11], Ch. VI); otherwise it converges for

n>0 n—ea’ loggq
|x| < 1.
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1.1. Some remarks on Proposition 1.1. Let us make some comments on the con-

n

vergence of the series ), c qx o, and Zn>0 = q,, 1=am7 - Afirst contribution to the study

of convergence of the series ), = G q)n can be found in [12]. The subject has been
considered in detail in [13].

Definition 1.5 (cf. for instance [16], §4.4). Let {p 1 }n>0 be the convergents of w
occurring in its continued fraction expansion. T hen the Brjuno function B of w is

defined by |
n>0 dn

and w is a Brjuno number if B(w) < oco.

Now we are ready to recall the well-known results by [27], [7], Theorem 2.1, [16],
Theorem 5.1.

Theorem 1.6 (Yoccoz’s lower bound). If w is a Brjuno number then the series
xn
2 on>0 i), Converges.
Moreover its radius of convergence is bounded from below by e B@)=Co_\yhere
Co > 0 is an universal constant (i.e., independent of w).

Sketch of the proof. Suppose that w is a Brjuno number. Then our statement is much
easier than the results mentioned above, and it is actually an immediate consequence
of Davie’s lemma (cf. [16], Lemma 5.6 (c), or [7], Lemma B.4, 3)). ]

We set || x||z = infgez |x + k|. Then, as far as the series )
cerned, we have:

n>0 T= an is con-

Lemma 1.7. The following assertions are equivalent:

(1) The series »_ 7 IS convergent.

n>0 T—gn X q

(2) Tim sup,_, o PE=AL o oo,

(3) liminf, e 20 + al|Y" > 0.

Proof. The equivalence between (1) and (2) is straightforward. Let us prove the
equivalence “(1) <= (3)” (using a really classical argument).

Notice that for any x € [0, 1/4] we have f(x) := sin(wx) — x > 0, in fact
f(0) =0and f'(x) = m cos(rrx)—1 > 0. Therefore we conclude that the following
inequality holds for any x € [0, 1/2]:

sin(rx) > min(x, 1/4).
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This implies that
lg"A — 1] = |expRin(nw + «)) — 1|
=2sin(w||nw + a||z) € [minQ2||nw + |z, 1/2),27||nw + «|z[

and ends the proof. O

Remark 1.8. A basic notion in complex dynamics is that a number « is diophantine
with respect to another number, say w. If o is diophantine with respect to w, then
o and @ have the properties of the previous lemma. It is known that for a given
w € [0,1] \ Q, the complex numbers exp(2i wa) such that « is diophantine with
respect to w form a subset of the unit circle of full Lebesgue measure; cf. [4], §1.3.

1.2. A corollary. Let
q = expRinw) withw € (0,1) \ Q,
m e Z-gand A; = expine;) fori =1,...,m withe; € (0,1] and A; & g%.

For further reference we state the corollary below, which is an immediate consequence
of Proposition 1.1:

Corollary 1.9. Let A = (A1, ..., Am). The series

xn

Pam (*) = € C[[x]] (1)
- ,;,(M,q)n.--(lm;q)n

converges if and only if both the series 3, ¢ q’;‘;) and the series Y, - T ’;’,’, +
converge fori = 1,...,m. Under these assumptions the radius of convergence of

P(q:n)(X) is at least

R(@)™ - [ [inf(1. (@)

i=1

2. Analytic factorization of ¢-difference operators

Notation 2.1. Let (C, | |) be either the field of complex numbers with the usual norm
or an algebraically closed field with an ultrametric norm. We fix g € C such that
lg/ = 1 and ¢ is not a root of unity, and a set of elements ¢'/” € C such that
(q"/")" = q. If C = C then letw € (0 1] \ @Q be such that ¢ = exp(2i 7w).

We suppose that the series » is convergent, which happens for instance

. n=0 (q q)
if w is a Brjuno number.
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The contents of this section is largely inspired by [25], where the author proves
an analytic classification result for ¢-difference equations with |¢| # 1: the major
difference is the small divisor problem that the assumption |¢g| = 1 introduces. Of
course, once the small divisor problem is solved, the techniques are the same. For
this reason some proofs will be only sketched.

2.1. The Newton polygon. We consider a g-difference operator

£ = Zai(x)o; € C{x}[og],

i=0

i.e., an element of the skew ring C{x}[o,], where C{x} is the C-algebra of germs
of analytic functions at zero and oy f(x) = f(gx)o,. The associated g-difference
equations is

Ly(x) = ay(x)y(g*x) + av—1(x)y(g"'x) + -+ + ao(x)y(x) = 0.

We suppose that «,, (x) # 0 and call v the order of £ (or of £y = 0).

Definition 2.2. The Newton polygon NP(£) of the equation £y = 0 (or of the
operator £) is the convex envelop in R? of the set

{G,k)e ZxR|i=0,...,v;a;(x)#0, k> ordya;(x)},
where ordy a; (x) > 0 denotes the order of zero of a; (x) at x = 0.

Notice that the polygon NP(&£) has a finite number of finite slopes, which are
all rational and possibly negative, and two infinite vertical sides. We will denote by
U1, ..., U the finite slopes of NP(£) (or, briefly of £), ordered so that ©, < s <

- < pug (i.e., from left to right), and by ry,...,r; the length of their respective
projections on the x-axis. Notice that u;r; € Z foranyi = 1,...,k.

We can always — and actually will — assume that the boundary of the Newton
polygon of £ and the x-axis intersect only in one point or in a segment by clearing
some common powers of x in the coefficients of £. With this convention, the Newton
polygon is completely determined by the set {(t1,71),..., (Uk,T%)} € Q X Z>p,
therefore we will identify the two data.

Definition 2.3. A g-difference operator whose Newton polygon has only one slope
(equal to p) is called pure (of slope ).

3Some authors call pure the objects that are the direct sum of objects having only one slope. The objects
that we call pure are then called isoclinic.
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Remark 2.4. All the properties of Newton polygons of g-difference equations listed
in [25], §1.1, are formal and therefore independent of the field C and of the norm of ¢:
they can be rewritten, with exactly the same proof, in our case. We recall, in particular,
two properties of the Newton polygon that we will use in the sequel (cf. [25], §1.1.5):

e Let 6 be a solution in some formal extension of C({x}) = Frac(C{x}) of
the g-difference equation y(¢gx) = xy(x). The twisted conjugate operator
x€0r L0~ € C{x}[o,], where C is a convenient non-negative integer, is as-
sociated to the g-difference equation*

av(x)q_u“v(v;_l)Xc_uvy(qvx) (2)
_,v(v—=1) _ _ _
a1 ()g T XDy ) 4 xCag () y(x) = 0,

and has Newton polygon {(¢t1 — &, r1), ..., (U — I, 1%)}-

* If eg,c(x) is a solution of y(gx) = cy(x) with € C*, then the twisted operator
eq.c(x) 1 &ey 0 (x) has the same Newton polygon as £, while all the zeros of
the polynomial Y";_, a; (0)T" are multiplied by c.

2.2. Admissible ¢-difference operators. Suppose that O is a slope of NP(£). We
call the polynomial

ay(OT” + ay-1 ()T~ + -+ ao(0) = 0

characteristic polynomial of the zero slope. The characteristic polynomial of a slope
1 € Z is the characteristic polynomial of the zero slope of the g-difference operator
xCO* LO~H (cf. equation (2)). In the general case, when it € @ \ Z, we reduce to the
previous assumption by performing a ramification. Namely, for a convenientn € Z~
we set t = x!/". With this variable change, the operator £ becomes 3 a; (t”)aél/n.
Notice that the characteristic polynomial does not depend on the choice of n.

Finally, we call the non-zero roots of the characteristic polynomial of the slope u
the exponents of the slope p. The cardinality of the set Exp(&£, i) of the exponents
of the slope u, counted with multiplicities, is equal to the length of the projection of
/L on the x-axis.

Definition 2.5. Let (14, ..., A, ) be the exponents of the slope p of £ and let
A= {Ai)tj_l |i,j=1,...,r; Aikj_l ¢qZ§O}'

We say that a slope i € Z of £ is admissible if the series ¢4, 5)(x) (cf. equation (1))
is convergent and that a slope u € Q is almost admissible if it becomes admissible
in C{xl/”}[aql/n] for a convenient n € Z~.

4Notice that there is no need to determine the function 6.
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A g-difference operator is said to be admissible (resp. almost admissible) if all its
slopes are admissible (resp. almost admissible).

Remark 2.6. A rank 1 g-difference equation is admissible as long as the series
2_n>0 g, IS convergent.

2.3. Analytic factorization of admissible ¢-difference operators. The main result
of this subsection is the analytic factorization of admissible g-difference operators.
The analogous result in the case |¢| # 1 is well known (cf. [17], [25], §1.2, or, for
a more detailed exposition, [24], §1.2). The germs of those works are already in [6],
where the authors establish a canonical form for the solution of analytic g-difference
systems.

Theorem 2.7. Suppose that the q-difference operator £ is admissible, with Newton
polygon {((1,71), ..., (Ug,7x)}. Then for any permutation @ of the set {1,...,k}
there exists a factorization of £,

L=ELpi1oLmro oLy,
such that £,; € C{x}[og] is admissible and pure of slope [L4 ;) and order 14 ;).

Remark 2.8. Given the permutation w, the g-difference operator £ ; is uniquely
determined modulo a factor in C{x}.

Exactly the same statement holds for almost admissible g-difference operators
(ctf. Theorem 3.16 below).

Theorem 2.7 follows from the recursive application of the following statement.

Proposition 2.9. Let y € Z be an admissible slope of the Newton polygon of £ and
let r be the length of its projection on the x-axis. Then the q-difference operator £
admits a factorization £ = &£ o &£, such that

(1) the operator £ is in C{x}[o,] and NP(£) = NP(£) \ {(u.r)};

(2) the operator &£, has the form
L, = (xPog —A)hr(x) o (xPoy — Ar—1)hr—1(x) 0 --- 0 (xFay — A1)h1(x),

where Ay1,...,Ar € C are the exponents of the slope |, ordered so that if

i—’ € qZ>0 theni < j, and hi(x),...,hy(x) € 1 + xC{x}.

J

Moreover, if £ is admissible (resp. almost admissible), then the operator £ is also
admissible (resp. almost admissible).

Proposition 2.9 follows from an iterated application of the following lemma:
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Lemma 2.10. Lef (u,r) € NP(£) = {(®1,71), ..., (Uk,Tk)} be an integral slope
of £ with exponents (Ay, ..., Ar). Fix an exponent A of u such that

(1) q"A is not an exponent of the same slope for any n > 0;

(2) the series ¢ @ (x) is convergent.

(G
Then there exists a unique h(x) € 14+ xC{x} such that £ = £o (x*og —A)h(x)
for some £ € C{x}[og). Moreoverlet. = 1,... k suchthat u, = p.
If ro= 1, thenNP(E) = {(1y, 1), o (Hemt. i), (uen T, (L 70
If r, > 1, then we have NP(£) = {(u1,71), ..., (e, e = 1), ..., (ug, )} and
Exp(£, 1) = Exp(&, pu) \ {A}.

Proof. Tt is enough to prove the lemma for 4 = 0 and A = 1 (cf. Remark 2.4). Write
Y(x) = ) 50 Yux", with yo = 1, and a;(x) = ), a;»x". Then we obtain by
direct computation that £y (x) = 0 if and only if for any n > 1 we have

n—1

Fo(@")yn ==Y Fat(q")yr.
=0

where Fi(T) = Z?:o ai,lTi. Observe that assumption (1) is equivalent to the
property: Fo(gq") # 0 forany n € Z-.

The convergence of the coefficients a; (x) of &£ implies the existence of two con-
stants A, B > Osuchthat|F,_;(¢')| < AB" ! foranyn > Oandany! =0, ...,n—1.
We set

sn = Fo(1)Fo(q) ... Fo(¢")yn.

Then
o <« sl
fsal = | D51 Fo@' ™) . Folq"™) Fasla)| = A"B" Y 2
(AB)
=0 =0
and therefore .
e
. 51
|ta] < Z|ll| with 7; = m
=0
If || < CD! forany [ = 0,...,n — 1 with D > 1, then |t,| < C Y/Z3 D} <

CD™"(D —1)"! < CD". Hence |l,,| <CcD" foranyn > landso |s,] < C(ABD)”
Hypothesis (2) assures that the series ) _, -, W is convergent, which implies
that y(x) is convergent. We conclude setting /(x) = y(x)~!.

For the assertion on the Newton polygon see [25]. O

For further reference we point out that we have actually proved the following two
corollaries:
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Corollary 2.11. Under the hypothesis of Lemma 2.10, suppose that £ has a right
factor of the form (o4 — X) o h(x), with u € Q, A € C* and h(x) € C[[x]]. Then
h(x) is convergent.

Remark 2.12. Corollary 2.11 above generalizes [5], Theorem 6.1, where J.-P. Bézivin
proves that a formal solution of an analytic g-difference operator satisfying some
diophantine assumptions is always convergent.

Corollary 2.13. Any almost admissible q-difference operator £ admits an analytic
factorization in C{xl/”}[aq], with qul/” = q"/"xV" for a convenient n € Z~.

The irreducible factors of £ in C{xl/”}[aq] have the form (x“/”oq — D)h(xl/m),
with € Z, A € C* and h(x'/") € 1 + x'/"C{x'/™}.

The following example shows the importance of considering admissible operators.

Example 2.14. The series ®(x) = ®4;41)((1 — ¢)x) studied in Proposition 1.1 is
solution of the g-difference operator £ = (04 — 1) o [Aoy — ((¢ — 1)x + 1)]. This
operator is already factored.

Suppose that A & ¢Z=<0. If the series ®(x) is convergent, i.e., if £ is admissible,
the operator (o, — 1) o ®(x)~! is a right factor of £, as we could have deduced from
Lemma 2.10. We conclude that if ®(x) is not convergent, the operator £ cannot be
factored “starting with the exponents 1”.

2.4. A digression on formal factorization of ¢-difference operators. If we drop
the diophantine assumption of admissibility and consider an operator £ € C[[x]][oy].
the notions of Newton polygon and exponent still make sense. The following result
is well known (cf. [26], [25]) and can be proved reasoning as in the previous section.

Theorem 2.15. Suppose that the q-difference operator £ € C|[x]][oy4] has Newton
polygon {(it1,71), ..., (g, i)} with integral slopes. Then for any permutation @
of the set {1, ..., k} there exists a factorization of £,

£ = :Cw,l Oiw,z O"'Ozw,k,

suchthat £ 4; € Cl[x]][og] is pure of slope i (i) and order 14 (iy. Any £.; admits
a factorization of the form

;Cw',l' = (xpvw(i)aq - er(i))hrw(i) (X) o (lew(i)O—q - )Lr_l)]’lr_l(X) O
cev0 (xﬂw(i)o—q — Al)hl(x):

where Exp(£, e (1)) = (A1, .., Ar ;) are the exponents of the slope (L), or-
dered so that if % € qZ>0 theni < j, and hy(x), ..., hy iy (x) € 1+ xC[[x]].
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3. Analytic classification of ¢-difference modules

Let K = C({x}) be the field of germs of meromorphic function at 0, i.e., the field
of fractions of C{x}. In the following we will denote by K = C((x)) the field of
Laurent series, and by K, = = K(x/") (resp. K, = K(x!/")) the finite extension of
K (resp. K) or degree n, with its natural ¢ '/”-difference structure. We remind that we
are assuming throughout the paper that the series ano (q);‘;)n is convergent.

3.1. Generalities on g-difference modules. We recall some generalities on g-dif-
ference modules (for a more detailed exposition cf. for instance [8], Part I, [25]
or [10]).

Let F be a g-difference field over C, i.e., a field F/C of functions with an action
of gy.

Definition 3.1. A g-difference modules M = (M, ¥,) over F (of rank v) is a finite
F-vector space M of dimension v equipped with a o,-linear bijective endomorphism
X4, i.e., a C-linear isomorphism such that 3, (fm) = o4(f)X4(m), forany f € F
andany m € M.

A morphism of q-difference modules ¢: (M, Eg’l ) = (N, Eflv ) is a C-linear
morphism M — N, commuting with respect to the action of Efy and E(I]V , 1.e.,
Zflv cp=¢@o Eé” .

If G is a g-difference field extending F (i.e., G/ F is a field extension and the
action of o, on G extends the one on F), the module Mg = (M ®f G, X; ® 04) is
naturally a g-difference module over G.

IfF,,ne”Z-,isaq 1/n_difference field containing F' and such that Og1/n|p = 0g
(for instance, think of K and K,), to any g-difference modules M = (M, X,) over F
we can associate the ql/ "-difference module M, = (M QF F,, 24 ® o8 /n) Over
F,.

For other algebraic constructions (tensor product, internal Hom, ...) we refer to
[8] or [25].

Remark 3.2 (The cyclic vector lemma). The cyclic vector lemma says that a g-
difference module M over F' of rank v contains a cyclic element m € M, i.e., an
element such that m, X m, ..., E;_lm is an F-basis of M. This is equivalent to
saying that there exists a g-difference operator £ € F{[o,] of order v such that we

have an isomorphism of g-difference modules
Flog, 04 ]
Flog, o' £

We will call £ a g-difference operator associated to M, and M the g-difference
module associated to £.
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Example 3.3 (Rank 1 g-difference modules®). Let 4 € Z, A € C* and h(x) € K
(resp. h(x) € K). Consider the rank 1 g-difference module M, ) = (M, 1, Xq) over
K (resp. K) associated to the operator (x*o,; — A) o h(x) = h(gx)x"oy — h(x)A.
There exists a basis f of M, ; such that ¥, f = %x% f. If one considers the
basis e = h(x) f, then X e = xi“e.

A straightforward calculation shows that M, ; is isomorphic, as a g-difference
module, to M, if and only if © = u’ and % € ¢%. Moreover, we proved in the
previous section that a g-difference operator o, —a(x) witha(x) € K can be always
be written in the form o, — xiu hh(g;)) for some h(x) € K. We also know that if qis
such that } % converges and if a(x) € K, then &(x) is a convergent series.

The remark and the example above, together with the results of the previous
section, imply that we can attach to a g-difference modules a Newton polygon by
choosing a cyclic vector, and that the Newton polygon of a g-difference modules is
well defined (cf. [25]). Moreover the classes modulo gZ of the exponents of each
slope are independent of the choice of the cyclic vector (cf. [26], Theorems 3.12
and 3.14, and [25]). Both the Newton polygon and the classes modulo gZ of the
exponents are an invariant of the formal isomorphism class.

3.2. Main result. Let us call B, (resp. iAi‘q) the category of g-difference module
over K (resp. ﬁ). We will use the adjective analytic (resp. formal) to refer to objects,
morphisms, isomorphism classes, etc. of B, (resp. i;’q).

We are concerned with the problem of finding the largest full subcategory .B;SO of
B, defined by the following property:

An object M of B4 belongs to 583;0 if any object N in B, such that Ng is isomor-
phic to Mg in J)’Aq is already isomorphic to M in By.

This means that restriction of the functor

—oxK: 8; > B;, M Mg,

to 582;" is an equivalence of category between ii’i;" and its image. We will come back
in Section 4 to the characterization of JB;SO ®k K inside £Aq. A counterexample of

the fact that the functor — ®gk K is not an equivalence of categories in general is
considered in Section 3.3.

The category ;82150 isrelated to the notion of admissibility introduced in the previous
section.

SFor more details on the rank 1 case see [26], Proposition 3.6, where the Picard group of g-difference
modules over @ (C*) satisfying a convenient diophantine assumption is studied.
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Definition 3.4. We say that a g-difference module M over K is admissible (resp.
almost admissible; resp. pure (of slope p)) if there exists an operator £ € C{x}[oy]
such that M = K]o,]/(£) and that £ is admissible (resp. almost admissible; resp.
pure (of slope w)).

Remark 3.5. The considerations in the previous section imply that the notion of
(almost) admissible g-difference module is well defined and invariant up to isomor-
phism.

Our main result is:

Theorem 3.6. The category i)"i]s" is the full subcategory of B, whose objects are
almost admissible q-difference modules.

We introduce some notation that will be useful in the proof of Theorem 3.6. We will
denote ¢-Dift§ (resp. ¢-Dift§) the category of admissible (resp. almost admissible)
g-difference modules over K, whose objects are the admissible (resp. almost ad-
missible) g-difference modules over K and whose morphisms are the morphisms of
q-difference modules over K.

Remark 3.7. We know that 8, and ﬁq are abelian categories. Therefore, kernel and
cokernel of morphisms in ¢-Diff§ (resp. ¢-Ditf§) are g-difference modules over K.
To prove that they are objects of g-Diff (resp. g-Ditf§') we have only to point out
that the operator associated to a sub-g-difference module (resp. a quotient module) is
a right (resp. left) factor of a convenient operator associated to the module itself. In
fact the slopes and the classes modulo ¢Z of the exponents associated to each slope
are invariants of g-difference modules.

The proof of Theorem 3.6 consists in proving that 53};" = ¢-Diff§, which requires
the following steps: first we will make a list of simple and indecomposable objects
of ¢-Diffé?; then we prove a structure theorem for almost admissible g-difference
modules. We deduce that the formal isomorphism class of an object of 8B, correspond
to more than one analytic isomorphism class if and only if the slopes of the Newton
polygon are not admissible, which means that i)’iqso and g-Diff§ coincide.

3.3. A crucial example. Consider the g-difference operator (cf. Example 2.14)

L =(0g—1)o[rog — ((g— Dx + 1)]

K[O'qyaq_l]

. . . _ _ Z
and its associated g-difference module M = (M = Klog.oo TE" ¥y). If A € g7, the

module is admissible, and we are done. So let us suppose that 1 & gZ.
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In £Aq, the g-difference module M= M, is isomorphic to the rank 2 module K2
equipped with the semi-linear operator:

52 o 10 (/ilgx)
¥, K2 > K2, S1(x) v 1 .
o7 (fz(x) 7o a7 falen)
In fact, & has a right factor Aoy — ((¢ — 1)x + 1): this corresponds to the existence
of an element f € M such that X,/ = A7 1((g — 1)x + 1) f. Since ¢,(x) =

D >0 A=9)"x" i 2 solution of the equation y(¢x) = ((g—1)x + 1) y(x), we deduce

(@59)n

that ' = e4(x) f satisfies X, f = A1 f . On the other hand, we saw that there
always exists ® € C[[x]] such that (o, — 1)® is a right factor of &£, which means
that there exists ¢ € M such that X e = ®(x)®(gx)"'e and therefore that there is
e € Mg such that X,¢ = e. A priori this last base change is only formal: the series
® converges if and only if the module is admissible; cf. Example 2.14.

The calculations above say more: the formal isomorphism class of M corresponds
to a single analytic isomorphism class if and only if M is admissible, which happens
if and only if the series ), (q’f—;)n and ) 50 4n 22 q,’f—i/\ converge.

3.4. Simple and indecomposable objects. In differential and difference equation
theory simple objects are called irreducible. They are those objects M = (M, X,)
over K such that any m € M is a cyclic vector: this is equivalent to the property
of not having a proper g-difference sub-module, or to the fact that any g-difference
operator associated to M cannot be factorized in K[o].

Corollary 3.8. The only irreducible objects in the category q-Diffy are the rank 1
modules described in Example 3.3.

Proof. This is a consequence of Proposition 2.9. 0

Before the irreducible objects of the category ¢-Dift are described, we need to
introduce a functor of restriction of scalars going from ¢-Diffy —to ¢-Diffg. In
fact, the set {1, x'/", ..., x"~1/"} is a basis of K, /K such that o, x'/" = g'/"x//",
Therefore K, can be identified with the admissible ¢-difference module
Mo,1 & My gi/n @ -+ @ My gn—1/n (in the notation of Example 3.3).

In the same way, we can associate to any (almost) admissible g'/”-difference
module M of rank v over K,, an almost admissible difference module Res, (M) of
rank nv over K by restriction of scalars. The functor Res, “stretches” the
Newton polygon horizontally, meaning that if the Newton polygon of M over K,
is {(#1,71),...,(Ug,rr)}, then the Newton polygon of Res,(M) over K is

{(/'Ll/nvnrl)’ 7(/"Lk/n’nrk)}'

1/n

Example 3.9. Consider, for some A € C*, the ql/ 2_module over K, associated to
the equation x'/2y(gx) = Ay(x). This means that we consider a rank 1 module
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Kse over K, such that X e = X%Te. Notice that its Newton polygon over K, has
only one single slope equal to 1. Since K;e = Ke + Kx!/2¢, the module Kye is a

q-difference module of rank 2 over K whose g-difference structure is defined by

1/2
Eq(e,xl/ze) = (e,xl/ze) (A(/)x q 0 A) .

Consider the vector m = e + x!/2e. We have Y,(m) = ql/zke + %(xl/ze) and
X7(m) = qlé?ze Y (x!/2¢). Since m and X, (m) are linearly independent,
m is a cyclic vector for Kje over K. Moreover, for

P(x) = —2%(q*?x—1), Q(x)=Alg—Dx, Rx)=—¢"*x(q"?x—-1)

we have P(x)m+ Q(x)X,(m) = R(x) Eg (m). In other words, the Newton polygon
of the rank 2 g-difference module K,e over K has only one slope equal to 1/2.

Letn € Z,let ubeaninteger primeton and M, ; , be the rank one module over
K, associated to the equation x*/” y(gx) = Ay(x). In [26], Lemma 3.9, Soibelman
and Vologodsky show that N/, 3 = Res, (M, 1 ) is a simple object over O(C*).
We show that all the simple objects of the category g-Diff{} are of this form (for
the case |g| # 1 see [21]). Observe that M, = M, 21 = N, as g-difference
modules over K.

We start by proving a lemma.

Lemma 3.10. Let M be a q-difference module associated to a q-difference operator
£ € C{x}[oy). Suppose that the operator &£ has a right factor in C{xl/”}[aq] of
the form (x”“/"aq —A)o h(xl/”), withn € Z=1, w € Z, (n,u) = 1, A € C* and
h(x) € C{x'/"}.

Then M has a submodule isomorphic to Ny p 3.

Proof. Note that any operator £ € C{x}[o,] divisible by (x™/ "og—A)o h(x'/") has
order > n. Let £,,/,.1 € C{x}[o,] be a g-difference operator (of order n) associated
to Ny /n,a- Since the ring C{x}[o,] is euclidean there exist @, R € C{x}[o,] such
that

L£=Qo iu/n,)& + R,

with R = 0 or R of order strictly smaller than n and divisible on the right by
(™! "og—A)o h(x'/™). Of course, if R # 0 we obtain a contradiction. Therefore
&£,./n 2 divides £, and the lemma follows. O

Remark 3.11. The same statement holds for a formal operator £ € C[[x]][o,] having
a formal right factor (x“/”aq — 1) o h(x/™) with h(x) € C[[x'/"]].
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We have a complete description of the isomorphism classes of almost admissible
irreducible g-difference modules over K:

Proposition 3.12. A system of representatives of the isomorphism classes of the
irreducible objects of q-Dift§ (resp. By) is given by:
* rank 1 q-difference modules M, ; with u € Z and ¢ € C*/q%, i.e., the irre-
ducible objects of q-Diff up to isomorphism (cf. Example 3.3);

* g-difference modules N, ) = Resp(My 1), where n € Zso, p € Z,
(n,p) = land A € C*/(g"/™)Z.

Proof. The corollary is well known for ﬁq. We prove the statement for the category
q-Diftg. Rank 1 irreducible objects of ¢-Dift§ are necessarily admissible, therefore
they are of the form /M, , for some u € Z and A € C*/ g%. Consider an irreducible
object M in g-Diff§ of higherrank. Because of the previous lemma and Corollary 2.13
it must contain an object of the form N, ; , for convenient p, A, n. The irreducibility
implies that M = N, ; p. O

Remark 3.13. Consider the rank 1 modules N, 3 , and N, 3, over K, and K,
respectively, for some w,r,n € Z,r > 1, n > 0, (u,n) = 1 and A € C*. Then
Res; (N a,n) is a rank n g-difference module over K, while Res;;, (N;,2,rn) has
rank rn, although N, 1 , and N, ; rn are associated to the same rank 1 operator.

Writing explicitly the basis of K, over K, and K, it follows that Res, (N1 rn)
is a direct sum of r copies of Res, (N 1,1)-

3.5. Structure theorem for almost admissible ¢g-difference modules. Now we are
ready to state a structure theorem for almost admissible g-difference modules.

Theorem 3.14. Suppose that the q-difference module M = (M, 3,) over K is almost
admissible, with Newton polygon {(t1,71), ..., (Ug,7%)}. Then

M=M &M, & - & Mg,

where the q-difference modules M; = (M;, Xy Mi) are defined over K, and are
almost admissible and pure of slope u; and rank r;.

Each M; is a direct sum of almost admissible indecomposable q-difference mod-
ules, i.e., an iterated non-trivial extension of a simple almost admissible q-difference
module by itself.

Remark 3.15. More precisely, consider the rank v unipotent g-difference module
U, = (U, ) defined by the property of having a basis e such that the action of X,
on e is described by a matrix composed by a single Jordan block with eigenvalue 1.
Then the indecomposable modules N in the previous theorem are isomorphic to
N ®k U, for some irreducible module N of ¢-Ditf§ and some v.
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The theorem above is equivalent to a stronger version of Theorem 2.7 for almost
admissible g-difference operators:

Theorem 3.16. Suppose that the q-difference operator £ is almost admissible, with
Newton polygon {(41,71),...,(Uk,T%)}. Then for any permutation @ on the set
{1,...,k} there exists a factorization of &L,

E£=ELw1 Oiw,Zo"'oiw,k’

such that £; € C{x}[oy] is almost admissible and pure of slope [ ;) and order

rw(i).
Moreover, foranyi = 1,...,k, write u; = d;/s; with d;,s; € Z, s; > 0 and
(d;,s;) = 1. We have
£ = . - . ’
@l A iy AT (i) Ay iy AT D s i)
where /\Tlﬂ(l),...,)&lw(’) are exponents of the slope |[i (), ordered so that if

0 s associ-

w (i) q@w(@i)y—1 zZ ; Y
A7 ()Lj, )" € q©>0 then j < j', and the operator idw(i),l_?(l Sty

ated to the module ‘Ndw(i),lff(”,swm'
Proof. Suppose that the operator has at least one non-integral slope. A priori the
operators £4; are defined over C{x!/"} for some n > 1. But it follows from
Lemma 3.10 that they are the product of operators associated to g-difference modules
defined over K of the form ¥, ; ,, for some p,n € Z,n > 0and A € C*. O

3.6. Analytic versus formal classification. The formal classification of g-difference
modules with |g| = 1 is studied in [26] by different techniques. It can also be
deduced by the results of the previous section, dropping the diophantine assumptions
and establishing a formal factorization theorem for g-difference operators:

Theorem 3.17. Consider a q-difference module M = (M, X,) over ﬁ with Newton
polygon {(u1,71), ..., (Uk, %)} Then

M=M &M & - & M,

where the q-difference modules M; = (M;, quMi) are defined over K and are pure
of slope ;i and rank r;.

Each M; is a direct sum of almost admissible indecomposable q-difference mod-
ules, i.e., an iterated non-trivial extension of a simple almost admissible q-difference
module by itself.

Remark 3.18. Irreducible objects are ¢-difference modules over K obtained by rank
1 modules associated to g-difference equations of the form x*y(gx) = Ay(x), with
u € Q and A € C*, by restriction of scalars.
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Hence the first part of Theorem 3.6 can now be proved.

Proposition 3.19. Let M = (M, Efl"l Yand N = (N, E(IIV ) be two almost admissible
q-difference modules over K. Then M is isomorphic to N over K if and only if Mg

is isomorphic to N over K.

Proof. It follows from the analytic (resp. formal) factorizations of g-difference mod-
ules over K (resp. K) that

M= N = MK,,%NK” and Mﬁ%d\/ﬁ — Mﬁnzd\/ﬁn

for an integer n > 1 such that the slopes of the two modules become integral over
K. So we can suppose that the two modules are actually admissible.

If M and N are isomorphic over K, then they are necessarily isomorphic over K.
On the other hand suppose that Mg = Ng. Then the claims follow from the fact that
any formal factorization must actually be analytic (cf. Corollary 2.11). O

For further reference we point out that we have proved the following statement:

Corollary 3.20. Let M = (M, X,) be a pure q-difference module over K (resp. a
pure almost admissible q-difference module over K) of slope u and rank v. Then for
anyn € Z 1 such that nj € Z, there exists a C-vector space V contained in Mg
(resp. Mx,,) of dimension v such that x*¥4,(V) C V.

3.7. End of the proof of Theorem 3.6. Theorem 3.6 states that i)’,i;‘) = ¢-Diff}.
Proposition 3.19 implies that g-Diff is a subcategory of !83;0. To conclude it is
enough to prove the following lemma.

Lemma 3.21. Let M € B,;. Suppose that any N € By with Mg = Ng in i)’\q is
already isomorphic to M in 84. Then M is almost admissible.

Proof. With no loss of generality, we may suppose that the slope of the Newton
polygon of M are integral. We know that the lemma is true for rank one modules. In
the general case we prove the lemma by steps:

Step 1. Pure rank 2 modules of slope zero.

Let us suppose that M is pure with Newton polygon {(0,2)}. Then there exists
a basis e of Mg such that X e = eA with A € Glz(C) in the Jordan normal form.
The assumptions of the lemma actually say that the basis e can chosen to be a basis
of M over K. If M has only one exponent modulo gZ, then M is admissible. So
let us suppose that M has at least two different exponents modulo ¢Z: «, 8 € C.
An elementary manipulation on the exponents (cf. Remark 2.4) allows to assume that
B = 1. This means that A is a diagonal matrix of eigenvalues 1, «. We are in the
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case of Section 3.3, so we already know that there exists only one isoformal analytic
isomorphism class if and only if the module is admissible.

Step 2. Proof of the lemma in the case of a pure module of slope zero.

Let us suppose that M is pure with Newton polygon {(0, r)}. Then there exists a
basis e of M over K such that ¥,e = eA with A € Gl,(C) in the Jordan normal form.
If .M has only one exponent modulo ¢Z, then M is admissible. So let us suppose
that M has at least two different exponents modulo ¢Z. For any pair of exponents
a, B distinct modulo ¢Z, the module M has a rank two submodule isomorphic to the
module considered in step 1. This implies that ¢, ,g—1 is convergent, and hence that
M is admissible.

Step 3. General case.

Let {(r;, i) : i = 1,...,k} be the Newton polygon of M. The formal module
Mz admits a basis e such that the matrix of X, with respect to e is a block diagonal
matrix of the form (cf. Corollary 3.20)

_ ; A Ak
qu—gdlag(lel ka)
where Ay, ..., Ay are constant square matrices that we can suppose to be in Jordan

normal form. The assumption says that M is isomorphic in B, to the g-difference
module N over K generated by the basis e. Since the slopes and the classes modulo
g% of the exponents are both analytic and formal invariants, it is enough to prove the
statement for pure modules. If M is pure, this follows from step 2 by elementary
manipulation of the slopes (cf. Remark 2.4).

This finishes the proof of the lemma and therefore the proof of Theorem 3.6. [

4. Structure of the category SBiqS". Comparison with the results in [3] and [26]
The formal results above give another proof of the following:

Theorem 4.1 ([26], Theorems 3.12 and 3.14). The subcategory j)’\qf of j)’\q of pure

q-difference modules of slope zero is equivalent to the category of C*/q%-graded
finite dimensional C-vector spaces equipped with a nilpotent operator that preserves
the grading.

The category IBAq is equivalent to the category of Q-graded objects of i?\qf .

Let i)’f]so’f be the full subcategory of i)’(i]so of pure g-difference modules of slope
zero. We have an analytic version of the result above:

Theorem 4.2. The category 58;50 is equivalent to the category of Q-graded objects

of BE', ie., each object of BE° is a direct sum indexed on Q of objects of Bt
and the morphisms of q-difference modules respect the grading.
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Proof. For any u € Q, the component of degree 1 of an object of !3};0 is its maximal
pure submodule of slope p. The theorem follows from the remark that there are no
non-trivial morphisms between two pure modules of different slope. O

As far the structure of the category £(i]s°’f is concerned, we have an analytic analog
of [26], Theorem 3.14, and [3], Theorem 1.6":

Theorem 4.3. The category J[S’tilso’f is equivalent to the category of finite dimensional
C*/q%-graded complex vector spaces V, endowed with nilpotent operators which
preserve the grading, with the following property:

Let A1, ..., A, € C* be a set of representatives of the classes of C*/q% cor-
responding to non-zero homogeneous components of V. The series ® . p)(x),
where A = {)kikj_l li,j=1,...,r; )tl-kj_l & gZ=0}, is convergent.

Proof. We saw that a module M = (M, X,) in !8;50’f contains a C-vector space V
invariant under X, such that M =~ V ® K. Hence there exists a basis e such
that X,e = eB, with B € Gl,(C) in the Jordan normal form. This means that
B = D + N, where D is a diagonal constant matrix and N a nilpotent one. The
operator X, — D is nilpotent on V.

Since any eigenvalue A of D is uniquely determined modulo ¢Z, we obtain the
C*/q*%-grading by considering the kernel of the operators (£, —A)" forn € Z large
enough. O
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