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Localization over complex-analytic groupoids and conformal
renormalization

Denis Perrot

Abstract. We present a higher index theorem for actions of a discrete group on the complex
plane by local conformal mappings. The novelty is the use of the local anomaly formula
established in a previous paper, which represents the bivariant Chern character of a quasiho-
momorphism as the chiral anomaly associated to a renormalized noncommutative chiral field
theory. In the present situation the geometry is non-metric and the corresponding field theory
can be renormalized in a purely conformal way, exploiting the complex-analytic structure of
the groupoid only. The index formula is automatically localized at the automorphism subset
of the groupoid and involves a cap-product with the sum of two different cyclic cocycles over
the groupoid algebra. The first cocycle is a trace involving a generalization of the Lefschetz
numbers to higher-order fixed points. The second cocycle is a noncommutative Todd class,
constructed from the modular automorphism group of the algebra.
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1. Introduction

In the previous paper [14] we presented a general principle allowing to find local rep-
resentatives for the bivariant Chern character of quasihomomorphisms. The method
is based on a renormalized bivariant eta-cochain, whose boundary gives the desired
local formula. In fact when the quasihomomorphism has even parity this is completely
equivalent to the computation of the anomaly associated to a noncommutative chiral
gauge theory [12], and this explains why the representative of the Chern character is
local. The power of this method comes from the considerable freedom in the choice
of renormalization: changing the renormalization scheme just amounts to change
the local representative of the Chern character. The choice of scheme is however
dictated by the geometric situation at hand. In [14] we illustrated these principles
in the “metric” situation, i.e., when an abstract Dirac operator is available. In that
case the eta-cochain can be renormalized by zeta-function and the local formulas for
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the bivariant Chern character generalize the Connes—Moscovici formula [4]. There
exist however non-metric situations, for instance in conformal geometry, where the
introduction of a Dirac operator is quite unnatural and more adapted renormalization
schemes are needed. The aim of the present paper is to provide a relevant example.

We consider a smooth étale groupoid I associated to the action of a discrete group
G on the complex plane X by local conformal transformations. By this, we mean
that each ¢ € G has a prescribed domain Dom(g) C ¥ and range Ran(g) C X
which are open subsets, and g determines an invertible conformal transformation
Ran(g) — Dom(g); see Section 2. A good example is a discrete subgroup of SL(2, C)
acting on the plane by homographic transformations. One may think that taking X as
the complex plane is a restrictive assumption, however we show in Example 2.3 how
to reduce the case of an arbitrary Riemann surface to a groupoid of the above form.
In general the action of G can be complicated, does not preserve any riemannian
metric and may have fixed points. We let 3: C Z(X) = Q! (2) be the Dolbeault
operator acting on compactly supported functions. d intertwines the action of G on
functions and on differential forms of bidegree (0, 1). From the noncommutative
geometry viewpoint the groupoid I' is described by the algebraic crossed product
Ao = C°(X) x G: it is the algebra generated by finite sums of symbols f Uy
with ¢ € G and f € C°(Dom(g)). We represent #, in the algebra of bounded
operators on the Hilbert space H, of square-integrable functions with respect to
the measure (1 + |z|)*d?z over T, and let By be the group ring of G. It turns
out that for an appropriate choice of weight o, the Dolbeault operator determines a
quasihomomorphism of even parity (see [13])

p:A—>E>I R B, €))

where 4 and B are suitable Fréchet completions of Ao and By, the algebra J is
the Schatten ideal of p-summable operators £7(H,) for any choice of p > 2,
& = £(H,) ® B, and ® is the projective tensor product. The Riemann—Roch—
Grothendieck theorem stated in [13] establishes the compatibility between the push-
forward maps induced by p on various versions of K-theory and cyclic homology,
including secondary characteristic classes. We will focus on topological K-theory
and periodic cyclic homology only, i.e., the homotopy invariants of 4 and 8. In that
case the theorem reduces to a commutative diagram

KW ® A) —> K ® B)

R

HP, (A) HP(B),

ch(p)

where i € Z,. The vertical arrow K;OP(JI ® -) — HP;(-) is the Chern character
in periodic cyclic homology and py is the pushforward map in topological K-theory.
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The bottom arrow is the bivariant periodic Chern character ch(p) € HP?(A, B). We
are interested in the explicit calculation of the diagonal map (dashed arrow): from
cyclic homology invariants of B one thus gets K-theoretic invariants of #. This is
useful for example in the formulation of higher index theorems (see, e.g., [3], [11]).
Note that the methods developed for the equivariant index theorem of [11] cannot
be applied here because the action of G does not preserve any Riemannian metric
on Y. For this reason heat kernel or zeta-function renormalizations are not suited
and in order to obtain local formulas we shall exploit the conformal geometry only,
i.e., the complex-analytic structure of I'. Alternatively, in the odd case i = 1 the
diagonal map is exactly computed by a chiral anomaly [14] and the index theorem is
thus reduced to the renormalization of a chiral conformal field theory over I'. The
even case [ = 0 is then covered by Bott periodicity.

As stressed in [14] renormalization requires to work with the dense subalgebra
Ao C . Indeed the cyclic cocycles obtained are distributions and make sense on the
algebra of smooth functions with compact support C2°(X) x G. We shall not address
here the question of extending these cocycles to the Fréchet algebra 4. Hence let
us choose an even K-theory class [e] € K(t,OP(J ® ) represented by an idempotent
e € My (Ap), and an odd class [u] € K;OP(J ® ) represented by an invertible
U € Myo(A¢)T such that u — 1 € My, (o) (the symbol T denotes unitalization).
Their respective images under the canonical homomorphism p: A9 — A9 ® B,
sending f Uy to fU; ® Uy, have Chern characters

ch(p(e)) € HPo(Ao ® B), ch(p(u)) € HP (Ao ® B). 3)

(Here the algebraic tensor product A¢ ® B is treated as a discrete algebra). The
diagonal map of (2) then corresponds to the cap-product of these Chern characters
with an appropriate cyclic cocycle ¢ of even degree over Ay:

oN: HP; (eA)() ® B) —> HP;(B). 4

The cocycle ¢ emerges from the anomaly formula. For this reason it is automatically
localized at the automorphism subset of the groupoid I, i.e., the pairs (g, z9) € G XX
given by a fixed point zq for an element g. The set of automorphisms is the union of the
discrete set I'y of isolated automorphisms, and the 1-dimensional complex manifold
I'oo of non-isolated automorphisms (which contains the set of units ). An isolated
automorphism (g, zo) has an order n < oo corresponding to the first non-vanishing
term of the Taylor expansion of the holomorphic function g(z) — z around zo. The
non-isolated automorphisms have order n = co by definition (g(z) = z around zy).
Hence ¢ splits as the sum of two cocycles. The first part is a cyclic cocycle of degree
zero, i.e., a trace ®(I"): Ay — C localized at isolated automorphisms:

o))=Y _—1B’Z’_I(H;’ZO(z)a(g,Z))Z:z() foralla € 4o, (5)

- D!
(g,z0)€l’ s (n )
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where Hy , (z) is the holomorphic function (z — z)" /(g(z) — z) and n is the order
of (g, z9). The second part is a cyclic cocycle of degree two localized at the manifold
of non-isolated automorphisms. Consider the crossed product algebra of differential
forms with compact support 27 (X) x G. It contains + as subalgebra of degree zero
and is gifted with the de Rham differential d = 9 + 0 acting on Q7 (X) only and
commuting with G. There is also a noncommutative differential § coming from the

modular derivative D over #Ay:
§=1[0,D], 8 =0. (6)

D is the generator of the modular automorphism group of 4 associated to the smooth
euclidian volume form dz A dz/2i over X (see [10]). From these ingredients we
form the differential V = d — %8, V2 = 0 and define the Todd class of I" as the cyclic
2-cocycle

Td(I)(ao,a1,az) = / apVayVa, foralla; € Ay. @)
Feo

It was shown in [10] how the classical counterpart of the modular differential § ac-

counts for the curvature of a Riemann surface endowed with a Kdhler metric, and thus

explains why Td(T") is the correct generalization of the usual Todd class. Note by the

way that § was introduced in [10] as one of the generators of the Connes—Moscovici

Hopf algebra [5]. Using the anomaly formula one gets for free:

Theorem 1.1. Let [e] € K(I)OP(J ® #A) and [u] € K;OP(J ® #A) be topological
K-theory classes represented by an idempotent e € Mqoo(Ao) and an invertible
element u € Moo (Ag)T respectively. Their images under the diagonal map of
the commutative diagram (2) are obtained by cap product of the Chern characters
ch(p(e)) € HPy(A¢ @ B) and ch(p(u)) € HP1(A¢ ® B) with the cyclic cocycle
over g

o = O(") + Td(I'). ®)

See Theorem 4.3 for an explicit formula. The cap-product with the Todd class is not
very surprising, since it is the general form expected in a noncommutative Riemann—
Roch—Grothendieck theorem (see the work of Brodzki, Mathai, Rosenberg and Szabo
[1]), but the trace ® is more exotic. It is not obvious from (5) but nevertheless true
that @ is invariantly defined, i.e., only depends on the complex-analytic structure of
I and not on the particular choice of complex coordinate system z (Lemma 4.1). The
contribution of an isolated automorphism (g, zg) of order n can be computed in low
degrees,

—1
(n — 1)! 8'21_1(Hg’20(z)a(g, Z))Z=zo
1

= %a(é”zo) (n=1)
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or
S S B
or
= s (T gz L (ETCOY
2g"(20) \ 10 g""(z0) 8\ &"(zo0)
% ‘5; (4) ((ZZ;’)) 9.a(g. o) — aga(g,zo)) (n = 3),

and depends on the jets of g up to order 2n — 1. For n = 1 one recognizes the
Lefschetz number 1/(1 — g’(z0)) and it pairs non-trivially with the K-theory of .
For n > 2 one gets new traces over #¢. They do not appear in usual fixed-point
theorems because the latter deal with isometries having only fixed points of order
one. However, it is not clear whether or not these new traces are relevant for the
index theorem above, because I do not know any example where their pairing with
K-theory is non-zero. Actually one may even suspect that these traces always vanish
in the cyclic 2-cohomology HC?(Ag), but a proof is missing. In any case, their
evaluation on K-theory classes in the range of an “assembly map” (whatever it is)
should vanish because a conformal transformation associated to a fixed point z¢ of
order > 2 cannot generate a finite group. Nevertheless, these evanescent terms are
traces over +y in their own right and may be of independent interest, for example in
the study of secondary characteristic classes (see [13], [14]).

The paper is organized as follows. In Section 2 we construct the quasihomomor-
phism associated to the action of G on X and recall from [14] how local representatives
of its bivariant Chern character are related to the chiral anomaly of a noncommutative
conformal field theory. Then in Section 3 we explicitly renormalize the conformal
field theory and compute the anomaly, spontaneously localized at the fixed points of
conformal mappings. These calculations are rather straightforward but involve dis-
tributions and have to be performed with care. Finally the index theorem is stated in
Section 4.

I am very indebted to the referees for important corrections concerning the use of
pseudogroups, and for their useful remarks helping to simplify greatly the proofs of
some results presented in this work.

2. Local anomaly formula

Let ¥ = C be the complex plane. We regard ¥ as a Riemann surface with its
canonical orientation given by the complex structure. In the following z denotes the
canonical complex coordinate system on 3. Abusively z will sometimes also denote
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a point in . Let Q%(X) be the differential graded algebra of smooth, complex-
valued differential forms with compact support. The degree zero subalgebra 22(X)
coincides with the algebra of smooth compactly supported functions C°(X). Any
one-form 4 € Qé(E) can be decomposed as a sum A = dzA; + dZAs, and we
let 22°(2) and Q%' () be the subspaces of one-forms proportional to dz and dZ
respectively. The partial derivatives with respect to z and Z will be denoted by 9,
and 0;. The de Rham differential thus splits as the sum d = d + d of 8 = dzd;
and 9 = dZzds. Let Q the restriction of the Dolbeault operator d to the space of
zero-forms:

Q: CX(X) — Q¥ (D). 9)

We denote improperly by Q™! the associated Green’s operator. Thus Q™! is a linear
map from Q2! (2) to the (non-compactly supported) smooth functions C *°(X), given

by the integral

(0" A)w) = /Z 2z 228 (10)

m(w —z)

forall A = dzZA; € Q2'(2) at any point w € . Here d2z = dZ A dz/2i is the
euclidean volume form, and the Cauchy kernel 1/(w — z) is a distribution over X x X
with singular support on the diagonal. The notation Q! is justified by the fact that
forany f € C°(X)and 4 € QP! (S)onehas 071Q- f = fand QO ! A = A.
Indeed this can be easily verified using the distributional relation

1

zZ—=Ww

03 = 78%(z — w),

where §2(z) is the Dirac mass at z = 0. We would like to complete C>°(X) into a
Hilbert space of square-integrable functions with respect to some measure: for any
weight & € R endow C°(X) with the norm

/
Il = ([ a*0+1:06@P) " foraligecFe. an

Let H, be the Hilbert space completion of C°(X) with respect to this norm, and
observe that any one-form 4 € Q! (X)) acts by pointwise multiplication on the space
of smooth functions and thus defines a linear map C°(X) — Q! (2).

Lemma 2.1. For any one-form A € Qg’l(Z), whenever o < —1 the composite
operator Q7'A: C(X) — C*®(X) extends to a compact operator on Hgy, and
more precisely Q' A is in the Schatten class P (Hy) for any p > 2.

Proof. We will show that the formal adjoint of Q! A extends to a compact operator.
The Hilbert norm || - ||, comes from the inner product

(&, )a = / 222(1 + 12)*E@n(2)
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for all £, 7 € C>°(X). The adjoint (Q ! A)* with respect to this product reads

(14 Jw)h®

(0 A E() = (1 + |2) Az (2) / aw T (w).

Choose o < —1 and let us show that (Q ! A)* extends to a bounded map from H,,
to the Sobolev space W gifted with the norm

/
lelw = ([ (0P + :e@P)

Define the function with compact support f(z) = (1 + |z])™®Az(z). Using the
identity 9, = 18%(z — w) one gets

—w

(1@ 4 ¢l
= [a=|re [arn S e ]

m(w —Z2)
+/d22

p At wh®
n(w —Z)

Since o < 1, the function (1 + |w|)*/|w — z| is integrable with respect to w, for z

fixed. We estimate the first term of the right-hand side as follows:

[ \f(z)/dz sl '))asm

%@( e )|(|+'—2')|a

20 Lt wiD® (L ol o
wlwy —z| wlws —z|

QA WD)~ ey + )%

/ dzzdzwldzwz 1) £ (w))|

< / d?zd%w dPws | (2)

where the last step uses the Cauchy—Schwarz inequality. 1(z) = [ d?w, (tlwa)*

lwa—z|
is a continuous function of z, hence the integral [ d?z|f (z)|2 L (Z)Z| is uniformly

bounded with respect to w;. Consequently there is a constant Cy ( f) such that

1 o
[ |16 [are S ) < ot [aPuna+ uieieanr
< Cal) ()2
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To estimate the second term we develop

[a2:]o: w ) - @)+ )|
S/dzz

(1+| I)"‘
+2/dzzd2 19, £(z)|——

S| + [ a0+

(+| I)
mlw —z|

< Cal@: ) (E]0)* + C' / 2z (1 + 2D EE)P

(14 Jw)®
ww — z|

where f (z) is the compactly supported function 9, f(z) f(z) and C” is the supremum
of | f(2)|(1 + |z])*. The Cauchy—Schwarz inequality implies

[ zarwiieia+ e

lw — z|
/dzzdzw |f”(z)|(

EILfIA + 2D [E@)]

+ 2/d22d2w FOI + 1zp* D ey e,

E(w)IE(2)]

o /
%u Fuha)P)

([ azewifol S s peer)”

The integral [d?z|f (z)|(1+|2 D% s uniformly bounded with respect to w, and

[w—z|

[d 2w| f (2)| (1$|w|) is uniformly bounded with respect to z. We conclude that

Q™' )*Elw < CJ(N)Ell

for some constant C//( f), and the adjoint (Q ! 4)* extends to a bounded map from
H, to the Sobolev space W;. Moreover its range is a set of functions with support
contained in the compact support of the one-form A. It follows from Rellich’s lemma
that (O~ A)* is a compact operator on H,, and more precisely is p-summable for
any p > 2. O

In [8] Haslinger and Helffer investigated the properties of the operator Q~! on
weighted L2-spaces over the n-dimensional complex manifold C”. Although the
compactness of Q! is a much stronger assumption than the compactness of Q! 4,
their work could help to generalise our constructions to the higher-dimensional case.

Let G be a discrete group acting by local conformal transformations on X. It
means that to any g € G we associate in a unique way a domain Dom(g) and range
Ran(g) which are (possibly empty) open subsets of X, and g determines an invertible
conformal mapping Dom(g) — Ran(g) subject to the following conditions:



Localization over complex-analytic groupoids and conformal renormalization 297

e The unit 1 € G acts by the identity on Dom(1) C X.

» Dom(g™!) = Ran(g) for any g € G and g~! determines the inverse mapping
of g.

» Dom(gh) D h~'(Dom(g)) N Dom(h) forany g,h € G.

In particular one necessarily has Dom(g) C Dom(1). We do not need to impose the
equality Dom(1) = X. Observe that in general the conformal mapping Dom(g) —
Ran(g) induced by g does not specify g as an element of the group G: for example,
G is an arbitrary group acting by the identity on ¥ with Dom(g) = X for any
g € G. Nevertheless, for convenience we will often refer to “the conformal mapping
g: Dom(g) — Ran(g)” instead of “the conformal mapping Dom(g) — Ran(g)
induced by g € G”. This is abusive but should not create too much confusion. To
this data we associate the crossed product

Ao = CP(Z) x G. (12)

It is the algebra linearly generated by finite sums of symbols f U, with g € G and
J € C2°(Dom(g)). The product is given by convolution:

(f1 U;)(fogz) =/ Zglnggl’

where f£! denotes the pullback of the function f> by the mapping induced by gi.
The conditions on the domains imply that the product is well defined and associative.
We also consider the group ring of G as the algebra By linearly generated by finite
sums of symbols Uy, with product Ug, Ug, = Uy, .

Example 2.2. Let G be a discrete subgroup of SL(2, C) acting on the plane by homo-

graphic transformations z > g(z) = Z;IS . In this case we may define Dom(g) = X

if c = 0and Dom(g) = ¥\ {_c—d} otherwise.

Example 2.3. The requirement that X is the complex plane might seem an undesirable
restriction; one can, however, describe a more general Riemann surface X’ as follows.
Suppose that X’ is finitely covered by open subsets U; with intersections U;; =
U; NUj, and that each U; is a domain in the complex plane. Embed the disjoint union
[[; Ui into ¥ = C and let g;; : U;; C U; — U; be the conformal mapping induced
by the intersection for any i, j. We define G as the group generated by all the symbols
gij. withrelations g;; = 1and g;;gjx = gix foranyi, j, k. WesetDom(1) = [[; U;
for the unit, Dom(g;;) = U;; C U; wheneveri # j and Dom(g) = @if g € G
is not one of the g;;’s. Then the action of G on X by conformal transformations
fulfills the conditions above. Moreover, the crossed product Ay = C°(X) x G is
isomorphic to the convolution algebra of the groupoid associated to the covering {U; }
of X’. Note that the group G itself depends only upon the number of open subsets U;
and does not carry any information about the Riemann surface.



298 D. Perrot

Returning to the general case, the point is that the Dolbeault operator Q givesrise to
a quasihomomorphism between adequate Fréchet completions of the algebras ¢ and
By. First, A is canonically represented in the algebra of bounded operators £ (Hy).
Indeed, any element fUg € s acts as a linear operator fr(g)+: C°(X) —
CX(X), with r(g)+ the action of the conformal mapping g on smooth functions by
pullback:

(fr(®)+-8)(2) = f(2)§(g(z)) forall § € CZ(X). (13)

This makes sense because supp(f) C Dom(g). Moreover, since f has compact
support, fr(g)+ extends to a bounded operator on Hy, and one easily checks that it
yields an algebra homomorphism A — £(Hy). In the same manner, f Uy defines

a linear operator fr(g)—: 92’1(2) — QQ’I(E), where r(g)— is the action of the
conformal mapping g on one-forms by pullback. It turns out that conjugation with
O also gives a bounded operator Q! fr(g)_Q on H,, provided that « < —1. It
suffices to note that the Dolbeault operator commutes with conformal transformations
(this is not true for its “inverse” Q~!), hence

07 fr(g)-0 = 07 fOr(g)+ = fr(g)+ — 07'[Q. flr(g)+

The commutator [Q, f] coincides with multiplication by the one-form Q - f =
dzoz f € Q%!(2). Therefore 0710, flr(g)+ is compact by Lemma 2.1. Hence
O~ fr(g)_Q yields another representation +¢ — £(Hy), which differs from the
former by compact operators. Consequently, we obtain two algebra homomorphisms
(p+,p—): A9 > L£(Hy) ® By by setting

p(fUH+ = fr(@+ UL p(fUH-=0""fr(9)-0 e U;. (14)

The difference p4 — p— is a linear map from 4, to the two-sided ideal £7 (Hy) ® Bo
for any p > 2. To get a quasihomomorphism we need to complete: choose a Fréchet
m-algebra B that contains B as a dense subalgebra. By viewing £(H,) as a Banach
algebra with operator norm, the completed projective tensor product & = £(H,)® B
is a Fréchet m-algebra completion of £(Hy) ® By. Let 4 be the Banach algebra
£?(Hy) endowed with the Schatten norm | - ||,. The completed projective tensor
product 4 ® B is a Fréchet m-algebra completion of £7 (H,) ® Bo. The continuous
inclusion 4 — £(H,) induces a continuous homomorphism 4 ® B8 — &. In the
sequel we assume that the latter is injective, which promotes 4 ® B to a (non-
closed) two-sided ideal in &. This assumption is not really crucial but it simplifies
the discussion. Following [13] we introduce the semi-direct sum

g =6x4® B (15)

Itis € ® 4 ® B as a locally convex vector space, and the product puts as many terms
as possible in 4 ® B. Then & % is a Fréchet m-algebra containing J ® B as a closed
two-sided ideal. This situation is depicted by & > J ® B. The algebra & % is endowed
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with a canonical action of the group Z, by automorphisms, and we define &° as the
Z5-graded crossed product algebra &3 x Z5. It contains J° ® B as a (not necessarily
closed) two-sided ideal, where 4° is the Z,-graded algebra of 2 x 2 matrices over J,
and one has &° > 45 ® B. We refer to [13] for details.

Now the pair (p+,p-): 49 — & induces a homomorphism p: 4A¢ — &7 by
setting p = p— @ (p+ — p—). In fact p is injective, hence we may complete ¢ into
a Fréchet m-algebra by taking its closure in &% . We should keep in mind that A
depends on the choice of completion B and of weight « for the Hilbert space H,,
but the renormalization calculations performed afterwards will entirely deal with g
and hence are completely independent of these choices. To summarize, one gets a
p-summable quasihomomorphism of even parity

p:A>E>I RSB (16)

for any p > 2, according to Definition 3.1 of [13]. Moreover, p has a Chern character
ch(p) € HP%(+, B) in bivariant periodic cyclic cohomology of even degree. Its
compatibility with the pushforward map p; in topological K-theory is expressed by
the Riemann—Roch—Grothendieck theorem of [13], through the commutative diagram

K™ & A) 2> K" & B)

|

HP; (4) — " HP:(B)

where K ;OP(J ® ) — HP;(-) is the Chern character in periodic cyclic homology
and i € Z,. Since the quasihomomorphism is p-summable for any p > 2, ch(p)
is represented by a hierarchy of non-periodic bivariant Chern characters ch”(p) €
HC" (A, 8) in all even degrees n > 2. They are related by the S-operation in
bivariant cyclic cohomology: ch”*2(p) = S ch”(p) € HC" 2 (4, B). Hence all the
ch”(p)’s induce the same map HP;(A) — HP;(8). The construction of bivariant
Chern characters requires the choice of quasi-free extensions; in the present situation
we work with the universal free extensions

0> JA>TA—>A—>0, 0>JB—->TB—> B —0,

where T is the tensor m-algebra over +4 and its ideal J is the kernel of the multipli-
cation map 7+ — <. According to the Cuntz—Quillen formalism [6], the pro-algebra
TA = l(il_nk T/ (JA)F calculates the periodic cyclic homology of 4 as the homology
of the X -complex

N o.M
X(TA): TA 2 Q' TAy, (18)
b
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where Q1 ﬁA,u is the universal 7»-bimodule of noncommutative one-forms over 744
quotiented by the commutator subspace [TAXA, Qlﬁf\)]. The map fjd is the universal
derivation d followed by the quotient map [}, and b is the Hochschild boundary
bxdy — [x,y]. The bivariant Chern character ch”(p) is realized as a bivariant
cocycle in the Hom-complex Hom(X(TA), X(fi)’)), i.e., a chain map. We first lift
the quasihomomorphism p: 4 — &° > J° ® B to a quasihomomorphism

px: TA = M5 > 4° @ TB,

where M = £(Hy) ® T8 (again we have to suppose that § @ TB — M is
injective). The homomorphism p. is constructed from a pair of homomorphisms
(ps+s px—): TA — M defined on a chain x = fiUg, ® --- ® fiUg € TA by the
formulas

px(X)+ = (fif5" .. fgk (g .. g)1) ® (U, ® - ®@ UJ,).
p(X)= = O (ASE L SET T gk .. g1) )0 @ (U, @ -~ @ Uy).

We use the convenient representation of the Z,-graded algebra M* in terms of
2 x 2 matrices [13], and introduce the odd multiplier F = ((1) (1)) Then we can

write py(x) = (” *(g)er &) ) € M5 forall x € TA. Since the difference

px(X)+ — px(x)— is compact one has [F, M ] C J° ® TB. The homomorphism p.
is compatible with the adic filtrations mduced by the ideals Jo, J$B and thus extends
to a homomorphism of pro-algebras p. : TA — MS The bivariant Chern character
of degree n is given by the composition of chain maps

ch”(p): X(TA) > QTA 25 Qi 255 X(T8), (19)

where y is the homotopy equivalence between the X -complex and the completlon
of Connes’ (b + B)- complex [2] of noncommutative differential forms Q (see for
example [13]), and §” has only two non-zero components Q”Ms — T8 and

bk Q"“:Mﬁr — Q'T8y given by

ra+7%)

Ho(xodxy ...dx,) = (—)nm

> et (xa@)F. xam)] - - [F. xamw))
AGAn+1
+1
LT +2)5

> thi(xolF.x1]...dx; ... [F.xn11]).

¥ (xodxy...d = (—
K1 (xodxy Xp+1) = (—) DR

Here A+ is the cyclic permutation group of n + 1 elements, ¢ is the signature of
permutations (here it is always 1 since n is even), and t is the operator supertrace.
For n = 2 it is necessary to replace t by t/ = %‘L’(F [F, ]) in order to ensure
traceability. The relation ch”*2(p) = S ch”(p) is a consequence of the fact that
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the difference between the cocycles %" and "2 is a coboundary in the Z,-graded
complex Hom(QM?_, X(TRB)):

)’en _ XAn+2 — (nd @l;) ° }’,\’n-l—l + ﬁn-i-l o (b + B)
The eta-cochain 7" ! is an odd element of the above Hom-complex and has only two
non-zero components g ': Q"TIMS — T8 and A} Q"T2M5 — QT B,
given by

et (xodxy ...dxn41)

r&G+1n1
T n+2)! §T<FXO[F’x1] o [F Xnpal,
n+1

+ Y ()Y xi) L F ) FxolFoxa) - [Foxica])
i=1
At (xodxy ... dxn42)
FG+H§~1 . .
= (nzTL’»)' ; 5zq(zon + (n+3—i)Fxo)[F.x1]...dx; ...[F,Xpy2].
A~ A A « A A~ An—+1 ~
Define ch”*!(p) as the composition X (7T4) L OTA B QM3 " X(T8B).
Hence the transgression relation ch”(p) — ch"*2(p) = [0, ch"*!(p)] holds in the
complex Hom(X(T#A), X(T8)), where 0 denotes the X -complex boundary and [, ]
is the graded commutator.
These formulas are not really efficient for computations because taking the trace
of products of operators involving the Green function Q! are non-local. In [14]
we presented a general method giving local representatives of the bivariant Chern
character, by renormalization of the eta-cochain. Let us recall how this can be used
to calculate the diagonal of the commutative diagram (17) in odd degree:

K\ & A) —"> K\"(4 & B)

HP1(A) HP(B).

ch(p)

A topological K-theory class [u] € K;OP(J ® ) is represented by an invertible
element u € (4 ® A)T such that u — 1 € 4 ® 4 (as usual T denotes unitalization
of algebras). The diagonal of the diagram thus carries [u] to the periodic Chern
character ch(p1(1)) € HP1(8B). If one wants to use the non-local formulas, the
diagonal is equivalently calculated by a cup-product between the Chern character
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ch(u) € HP, () and the bivariant Chern character of the quasihomomorphism:

ch(pi(u)) = ch(p) - ch(u). 21

In order to renormalize and get local formulas it will be necessary to impose that u — 1
belongs to the dense subalgebra of finite size matrices Moo (#Ag) C 4 ® . Indeed,
the algebra d ® +4 is too complete in general and the renormalization procedure used
in the sequel works only with appropriate “smooth” elements. By [6], the Chern
character ch(u) € HP(+) is represented by the cycle of odd degree in the complex
X(TA),

chy(f) = Triji~'dii € Q' TAy, (22)

1
N2mi
whereAﬁ is any lifting of u to the unitalized (matrices over the) tensor algebra
Moo (TA)T. If one chooses the canonical lifting # = u induced by the linear
inclusion 4 <> TA, then the image of ch; (%) under the homotopy equivalence
y: X(TA) — QTA is the (b + B)-cycle [13]

yehi (@) = —= > (-)"n! Te@ " di(di~"dd)").

N2 7=0

For any choice of integer n > 1, the evaluation of this differential form under the
chain map 72"ps: QTA — X(TB) yields the representative ch®*(p) - chy (&) of
the class ch(pu(u)) Let us define V = p4li"![F, p«i] as an element of the ideal
45 ® T8 C M, and the Maurer—Cartan form » = o1t Vd (p«11). Here we identify
£(Hgy) with My (C) ® £(Hy,) for N large enough in order to get rid of matrices. A
straightforward computation gives

1 (n')21
Vami (2n)! 2

for any n > 1. Forn > 1 one has 1t4(V*" 2w — FV2"dV) = t4(V*"w), but
this simplification does not hold in degree n = 1 because the supertrace t is defined
only when V is raised to a power > 3. Two consecutive degrees are related by the
transgression relation

ch® (p) - chy (i) — ch®"*2(p) - chy (@) = 4 (ch*" "' (p) - ch1 (). (23)

Since the boundary map fid : T8 — Qlfﬁu factors through the commutator quo-

tient space fﬁu =78 /[.] it is enough to compute ch?*™1(p) - ch; () modulo
commutators and one finds that

ch®"(p) - ch; (1) = (V220 — FV2dV) e Q' TS,

_@m)* 1

. . 1
™ o) e () = — 5

t(FV2Hly e T8,
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forn > 1. Of course the chain ch!(p) - chy (i1) corresponding to n = 0 does not exist
because FV € 45 ® T B is not trace class. The trick used in [14] is to renormalize this
quantity by any method, and write the Chern character as the boundary of a formal

power series. Let us denote in the form of a 2 x 2 matrix p,u = (ﬁ(;r Q_%_ 0 ) with
fiy and 07 Yi_Q in £(Hy) ® TB. Then V reads

V= (QPIA 1+ Q_;A)_l - 1) with A := 2= Qiiy — O.

One has Q7'A € J ® TB by Lemma 2.1. A simple calculation yields

. )" (n!)? —14 \2n+1 _
h2H (p) - chy () = 52% o (24 07 a)
where Tr is the operator trace on Hy. This quantity may be viewed as a formal power
series in A by taking the Neumann expansion (1 + Q7' 4)~! = 3", _ (=01 A)k.
Of course the series is divergent in general but it contains all the information we need.
Writing the corresponding series for n = 0, without taking care of traceability we
would get

1

2mi

16h (p) - chy (@) =

(Tri(Q"'4) — 3 Trj(Q ' A0 7' 4) + degree > 3).

The terms of degree > 3 are well defined because the trace is finite. Thus only the
first two terms need renormalization. This will be done explicitly in the next section,
and this point uses the fact that u — 1 € My, (o). Once this renormalization is
performed, we denote by nc,hé”H (p) - chy (1) the formal power series obtained for
any values of n > 0. The first term of this series has degree 2n + 1 in A and thus
increases with n. As a consequence, the infinite sum

Wr(A) == N2ri 3 tichz' ™ (p) - chy (%) (24)

n>0

makes perfectly sense as a formal power series in A. It is not convergent in general.
Proceeding as in [13] Lemma 4.2, one finds that the term of degree k in this expansion

is simply Wk (4) = (_):H Trh((Q~1A)*) for k > 3, and in lower degrees

WA =T 4) and WA(A) = —3 Tri(@~' 401 4)

are renormalized quantities. Note that renormalization is not unique, and in general
Wgr(A) is defined modulo addition of a “local” polynomial P(A) of degree 2. The
series Wgr(A) can be depicted in terms of Feynman graphs as follows. We represent
the Green operator by an arrow Q! = ——— and the insertion of potential A = e by
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a point. The products Q"' A0~ A ... are represented by chains, which are closed
by taking the trace Tr fj. Hence Wr(A) is given by a formal series of loops

1 1 1 1
A_ < — o
Wr(4) =« 2<>+3¢ N ¢ b "

Each term of this series lies in fi)’q. Its universal derivative under the boundary map
d: f"Bu — Q! 7A“§8h may be computed by means of the BRS transformations [9]. We
make the convention that the operators A and Q have odd parity, which means that
d anticommutes with Q, and the derivative of A = 1-' Q#i, — O reads

dA = —(Q + Aoy —o_(Q + A), (25)

w 0
(;r 0 lw_0
shows that in the sense of formal power series the derivatives of graphs of order
k > 3 cancel each other, whereas the low degree graphs yield an anomaly A(w, A)
polynomial in A and linear in w. The anomaly is necessarily a cycle in QIYA”BH and
thus defines a class of odd degree A(w, A) € HP1(8). Diagramatically:

with the 2 X 2 matrix notation ® = ( ) A simple computation (see [14])

Wgr(A) = Wg(4) + Wi(A) + W3(A) + WA +...

a SONOSN S NS N @

A, 4) = A%w, A) + A, A) + A2(w,A) + 0  + 0.

Each component of the anomaly Ak (w, A) is a homogeneous polynomial of degree
k in A. At the same time, taking the boundary of the series (24) and using the
transgression relation (23) valid for n > 1 yields

dWR(A) = ~2xi (4d (chg(p) - chi (1)) + ch?(p) - chy (i)

and shows that the anomaly A(w, A) defines the same cyclic homology class as
~/27i ch(p) - ch(u) in HP1(8). Thus we have proved

Proposition 2.4. Let u € My (Ao)T be an invertible element representing a class

. . 7 0
in K;OP(A). Denote by piii = (u(j o-li_

U under the homomorphism p. TA — J{/\{i For any renormalization of the
low-order graphs of the formal series Wg(A) associated to the “gauge potential”
A=1u"'Qiiy — Q, the anomaly

Q) the image of its canonical lifting

A(w, A) = V2mi ch(pi(u)) € HP1(B) 27)

is a polynomial of degree at most 2 in A which computes the diagonal of the commu-
tative diagram (20) up to a factor ~/2mi.
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Let us write explicitly the elements A and @ in terms of the given invertible
U € Myo(#4o)T. By hypothesis, the difference u — 1 lies in My, (o) and hence is a
finite sum

u—1= 3 u(@Uy,
geG
with components u(g) in the matrix algebra over C2°(X). Since u(g) is represented
by a bounded operator on H,, by pointwise multiplication, the canonical lifting 7+ =
0« (1) 4+ reads
Iy —1= Y u(@r(g)+®U; € £(Hy) ® T8,
geG

where r(g)+ is the representation of G by pullback. Recall also that we have a
“minus” representation r (g)— acting on the space of one-forms over ¥, and the lifting

fi_ = Qp«(l)— Q"1 is given by an analogous formula. We may rewrite this as
ir—1= Y d(gr(g)s withi(g) = u(g) ® Uy € Mu(CX(T)) ® T8,
geG

and the algebraic tensor product C>°(X) ® T8 = l(i_r_nk CX(2)® TB/(JB)* is
defined in the sense of pro-algebras. The explicit formulas for the inverses 12;1

more complicated. Settingu™! — 1 = deG u_l(g)Uéik one finds a series
iy —1= Y u N @r@+eU; + X (1+ X v (9r(@)+ @ U;)
geG n>1 geG
(X uluT i ® (U, — Uy @ UM))'
h,ieG

where u~!(i)" is the pullback of the function ™ (i) € Moo (C2°(X)) by the confor-
mal mapping /. Since U}j, — Uy ® U/* is in the ideal J8 the sum over n converges

are

for the JB-adic topology of TB. As before we can decompose

iy —1= Zc;ﬁ_l(g)r(g)i, 171 (g) € Moo(C°(%)) ® T B,
ge
but now the components 7~ !(g) are given by complicated expressions and the sum
over g € G is profinite. Let us compute, taking the equivariance relation Qr(g)+ =
r(g)— Q into account,

Qiiy —1-Q = ZG(QL?(g)r(g)Jr —u(g)r(g)-0) = ZG 0 -1(g)r(g)+.
g€ ge

Onehas Q-ii(g) = (Qu(§)®U; € Moo(Qe" (£)®TBand Q-u(g) = dZdzu(g)
is a matrix-valued one-form viewed as an operator. This allows to write explicitly the
gauge potential A = -1 Qi — Q as

A= ZG AQ)r(g)+. Ag) = tha—l(h)(Q (gh ™))" € Moo(221(2) @ T8,
g€ €
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where " denotes the pullback of differential forms by the conformal mapping A.
The fact that A(g) is a (matrix of) smooth compactly supported differential form
with values in 7.8 enables to view the k-linear functionals W (A) as distributions.
Finally, the Maurer—Cartan form may also be decomposed,

wr = ZGw(g)r(g)i, w(g) = hZﬁ_l(h)(dﬁ(gh_l))h € Moo (CE()RQ' T3,
ge eG

and the BRS transformation dA = —(Q + A)w+ — w—_(Q + A) explicitly reads
dA=—-Y Q-0@r@+— X (AWo@"+omA@")rgh+. 28

geG g,heG

3. Conformal renormalization

In this section we renormalize the low-order terms of the formal power series Wg(A4)
associated to a given gauge potential

A= T A@r©+ Alg) € Mo(@e'(2) @ T8,
ge
and calculate the corresponding anomaly. We write A(g) = dZAz(g) and view the
component Az(g) € Moo (C° (X)) ® TP as amatrix of smooth compactly supported
functions with values in the pro-algebra TB. As before we denote by Tr the operator
trace on £(H,) and by fj: T8 — T By the projection onto the commutator quotient
space. The k-th term of the series
(_)k+1

wk(A) = Tri(Q 1 A)* e T8,

should be defined as a k-linear functional of the test functions Az(g), i.e., a distri-
bution, with values in fi%u. For k > 3 we know that the operator trace is finite
and Wk (A) is indeed a distribution. For k = 1,2 the task is therefore to give a
distributional meaning to the ill-defined quantities

1
Wr(4) =Tri(Q'4),  WR(4) = —5Try(Q~1 407" 4).
The operators Q! and A(g)r(g)+ have distribution kernels whose evaluation at two
complex points (z, w) € X x X reads

07 (z,w) = (A(@)r(g)+)(z, w) = A3(g,2)8%(g(2) — w).

1
7(z —w)’
Here Az(g,z) € T B denotes the evaluation of the function A3 (g) onpointz € ¥ and
8%(g(z) — w) is the Dirac current associated to the submanifold w = g(z) of & x Z.
Alsorecall that g is viewed as a holomorphic function of z, and supp A(g) € Dom(g).
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The renormalization procedure will be based on the following fundamental result.
Fix a point zo € X and for some integer n > 1 consider the meromorphic function

1

(z—zo)"

f@) =

Then f is smooth over X \ {z¢} and has an isolated singularity at z = zy. Our task
is to extend f to a distribution over the entire plane X. This can be done as follows.
For n = 1, the Cauchy kernel 1/(z — z¢) is a locally integrable function over X,
hence it canonically defines a distribution. According to the terminology of Epstein
and Glaser [7], its singularity order at z¢ is —1. There is no ambiguity in that case.
For n = 2 unfortunately, the function 1/(z — z¢)? is not a distribution. However one
has, for z # zg, the equality of functions

1 1
(z—z202 _az(z—Zo)’

and the right-hand-side makes sense as a distribution over the entire plane. Thus
we can define the distributional extension of f accordingly. Note that its singularity
order is 0. Now this extension is not unique. Indeed if f* denotes another extension,
the difference f — f is a distribution with support localized at {zo} and hence is
necessarily proportional to a finite sum of derivatives of the Dirac measure §2(z — zo).
If moreover one requires to preserve the singularity order, one finds that all the possible
distributional extensions are given by

- +abd*(z — z) (29)

(z — z0)? Z—20

for some parameter a. Among all these possibilities only the choice a = 0 is confor-
mally invariant. Indeed if w = h(z) is any other complex coordinate system around
the singularity, with & a holomorphic function and wg = h(zg), one has the equality

of distributions
1 z—20\? 1
(=) 6mw) v w)
Z—Z w — Wo w — Wy

This shows that for a = 0 the extension only depends on the complex structure of
3. The situation for n > 2 is analogous: all the possible distributional extensions of
1/(z — zo)" with singularity order n — 2 are given by

I e
(z—z9" (=D~

( ! ) + P(3;,05)8%(z — z0), (30)
Z—Z

where P (0, 03) is a polynomial of degree n — 2 in the derivatives. Only the choice
P = Oyields a conformally invariant distribution: for any complex coordinate system
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w one has the equality of distributions

8n—1 1 Z7 %0 " — an—l 1
Z \z—2zoJ\w—wp Yo \w—wy )

This kind of renormalization scheme is well known in conformal field theory models.
In our case the simple formulas (29) and (30) are sufficient to renormalize the formal
power series Wgr(A). The general theory of renormalization by distributional exten-
sion (or distributional splitting in the Minkowskian framework) is due to Epstein and
Glaser [7].

Let us start with the tadpole graph WI% (A). The operator trace of Q! A is obtained
by integrating its distribution kernel along the diagonal. Disregarding traceability, one
gets formally

1.2 z(g, 2 iA(g.7)
Wa(A) = d*z d*w 8(g(z) — w) =
. gZG/ x(w—7) Z/ ELGRD)

This expression will make sense once we interpret the function z — 1/(g(z) —z) as
a distribution. We see that the ambiguity comes from the singular points where the
function g(z)—z vanishes, i.e., at the fixed point set of the mapping g. Renormalizing
ng (A) thus amounts to extend the function 1/(g(z) — z) to a distribution in the
neighborhood of all fixed points. The Taylor expansion of the holomorphic function
g around a given fixed point zo = g(z¢) € Dom(g) leads to

(z — 20)? (z —zo0)"

2 e S CORE

g(z)—z = (z—z0)(g'(z0) — 1) + §"(zo) +- -+
We say that the fixed point zq is of order n (with 1 < n < 00) if g(z) — z behaves like
(z —z0)" when z — zy, that s, if the first non-vanishing term in the Taylor expansion
is (z — zg)". Hence a fixed point of order 1 verifies g’(z9) # 1; in other words its
tangent space is not fixed by the tangent map. A fixed point of order > 2 has a fixed
tangent space (g'(zo) = 1), and g differs from the identity only by the higher order
jets. A fixed point has order n = oo if and only if g is the identity mapping in a

neighborhood of zy. Note that for a fixed point z¢ of order n < oo, the function

(z —z0)"
Hy . (2) = ez 31

is holomorphic in a neighborhood of zy,. Now the distributional extension of the
function 1/(g(z) — z) depends on the order n. Three distinct cases can occur:

i) n = 1: Then z¢ is necessarily an isolated fixed point and one has the equality
of functions ! 1
= H!
g(z)—z z—zo &7 @)
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for z # zo. We know that 1/(z — zg) is already a well-defined distribution on a
neighborhood of zg, hence also 1/(g(z) — z) and the quantity WI% (A) does not need
any renormalization in this case.

i) 2 < n < oo: Then zg is necessarily an isolated fixed point and one has the

equality of functions
1 1
= H!
$o =z Gz wal®

for z # zgy. According to the discussion above we perform the distributional extension
-1

I e Gy A

g(z)—z m—1"% \z—-2

It is not unique and one could also add a linear combination of the Dirac measure

82(z — z¢) and its derivatives up to order n — 2. However, we know that (32) is the

unique conformally invariant extension. It means that if w = h(z) is a change of

complex coordinate, then wog = h(zg) is a fixed point of order n for the conformal
mapping hgh~! and one has the equality of distributions

-1
! ! (g(z)_z ) ! (aw) + R(2), 33)

)H;,ZO (2). (32)

hgh=T(w) —w  g(z)—z\hg(z) —h(z)) ~ gz —z\az

where the remainder R(z) is a holomorphic function in a neighborhood of zy. In
other words, the singular part of the distribution transforms according to the correct
conformal weight (dw/0z)~!.

iii) n = oo: Then g(z) = z in a neighborhood of zg, hence all the points are
fixed. In this case the function 1/(g(z) —z) has no meaning at all, and renormalization
consists in replacing the function by any quantity, for example zero:

1

g(z)——z ~ 0. (34)

Of course any other numerical value would work as well.

Observe that the distributional extension ii) also gives the correct answer when
the order is n = 1. We now deal with the second graph WI% (A). Integrating the dis-
tribution kernel of the operator Q' AQ~! A along the diagonal one formally obtains
that

2 __l 2 2 2 Az(g.2) Ap(h,w) o, _
W2(A) = zg%:G/d vd?zd wnn(v_z) n(g(z)_w)s (h(w) — v)

! 142(8.2) A (h w)
== d?z d> :
2 gﬁZGG/ “ R0 =) —w)
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Again, this expression will make sense once we extend the function of two variables
(z,w) = 1/((h(w) — z)(g(z) — w)) to a distribution in the neighborhood of singular
points. Since 4 is a diffeomorphism, the function 1/(h(w) — z) actually defines
unambiguously a distribution of two variables, with singular support restricted to the
diagonal #(w) = z. The same is true for 1/(g(z) — w). Hence only the product
of these two distributions may be ill-defined on their common singular support, i.e.,
at points (zg, wg) such that h(wg) = z¢ and g(z¢9) = wep. This implies that zog =
hg(zo) and wg = gh(wg) must be fixed points, and the task is to extend the function
1/((h(w)—z)(g(z) —w)) to adistribution in the neighborhood of (zg, wo). As before
this depends on the order n of the fixed point zo (or equivalently wy):

iv) n = 1: Then z¢ is an isolated fixed point of g, and wq an isolated fixed point
of gh. We perform the change of variable w = g(v) around wq and write
1 . 1
(h(w) —2)(g(z) —w)  (hg(v) —2)(g(z) —g(v))

B 1 zZ—
" (hg(v) — z)(z — v) (g(z) - g(v))

1 ( Lo 1) z—v
~ (ig) =) \hgw) =z~ z-v/g(z) —g(v)’

Since g is a diffeomorphism, the quotient (z — v)/(g(z) — g(v)) is a holomorphic
function of z and v. By hypothesis the fixed point vy = z¢ is of order 1, hence
the function hg(v) — v is equivalent to (v — vg)((hg)' (ve) — 1) when v — vy,
and the inverse function 1/(hg(v) — v) unambiguously extends to a distribution in
a neighborhood of vg. Moreover, the complex variables hg(v) — v and z — v are
independent, so the product of distributions 1/(hg(v) — v) and 1/(z — v) is well
defined. Similarly for the product of 1/(hg(v) — v) and 1/(hg(v) — z).

v) 2 < n < oo: Then zy and wy are isolated, and by the same change of variable
w = g(v) one still has

1 . 1 ( 1 4 1 ) Z—
(h(w) —2)(g(z) —w)  (hg(w) —v)\hgw)—z  z—v)g(z) —g(v)’

Now the function 1/(hg(v) — v) does not extend canonically to a distribution at the
fixed point vg = zg. Proceeding as before we renormalize

1 - (-t 8"_1( 1
(hg(v) —v) (n—D!"" \v—ug

and the right-hand side makes sense as a distribution in the variable v. For the same
reason as in case iv) taking products with 1/(z — v) or 1/(hg(v) — z) also yields
well-defined distributions. Let us investigate the unicity of this extension. We know

)thg,vo(v)’ (35)
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that the distributional extension of 1/(hg(v) — v) is not unique and we can add a
linear combination of §2 (v — vg) and its derivatives up to order n — 2. But these local
terms will not contribute to the final result because

1 1
kol s2 _
0,056~ (v vO)(hg(v)—Z+Z—v) 0

in the sense of distributions whenever k + 1 < n — 1 (indeed (hg)'(vg) = 1 and the
higher derivatives of hg vanish at vy up to order n — 1). Hence the renormalization
of WI% (A) is unique in the case of isolated fixed points.

vi) n = oo: This means that 4g(z) = z in a neighborhood of zy, or, equivalently,
gh(w) = w in aneighborhood of wy. Asusual use the change of variables w = g(v):

1 . 1 -1 ( zZ—v )
(h(w)—2)(g(z) —w)  (v—2)(g)—g) (z—-v)2\g@)—g))

The quotient (z — v)/(g(z) — g(v)) is a holomorphic function of z and v, but the
function 1/(z — v)? does not extend canonically to a distribution on the diagonal
z = v. We renormalize

-1 1

oo de . (36)

so that everything makes sense. In this case the renormalization is not unique, because
it is always possible to add a term proportional to the Dirac measure a8?(z — v).
However, only the choice @ = 0 yields a conformally invariant renormalization.
Hence even if the renormalization performed in iv)—vi) happens to be non-unique,
there is always a unique conformal extension of 1/(h(w) — z)(g(z) — w) to a dis-
tribution. This allows to show the non-obvious property that this extension is in-
variant under the symmetry (g, z) <> (h, w). Indeed if we renormalize the function
1/(g(z) —w)(h(w) — z) according to iv)—vi), we obtain another distributional exten-
sion of 1/(h(w) — z)(g(z) — w) and both have to coincide. Hence we can write

1 1
(h(w) —2)(g(z) —w) — (g(z) —w)(h(w) —2)’

The higher order graphs WX (A) for k > 3 are unambiguously defined because the
operator trace converges. For example the triangle graph may be evaluated as

1 145 (8 2) A (b, w) g0, v)
3 A) = — d2 d2 d2 )
W 3%66/ TG ) - (&) — w) ) —v)

and the function (z, w,v) — 1/(i(v) — z)(g(z) — w)(h(w) — v) extends to a unique
distribution with the same singularity order on the diagonal. This can be seen as
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follows. Perform the change of variables w = g(s), v = hg(u) and write outside the
diagonal

1

(i(v) = 2)(g(z) —w)(h(w) —v)
1

~ (ihg(u) — 2)(g(2) — () (hg(s) — hg(w))
1 z—S 1

" (hg(u) —2)(z —5) g(z) — g(s) hg(s) — hg(w)

_( 1 n 1 ) 1 S—u z—s
- \ihgw)—z  z—s ) (ihg(u) —s)(s —u) hg(s) —hg(u) g(z) — g(s)

Here (s—u)/(hg(s)—hg(u)) and (z—s)/(g(z)—g(s)) are holomorphic functions, and
1/(ihg(u) —z) and 1/(z — s) are well-defined distributions. It is therefore sufficient
to find a distributional extension to the function 1/((ihg(u) — s)(s — u)). This was
already done in items iv)—vi) above and depends on the nature of the fixed points
ug of the mapping ihg. If ug is isolated then we know that the extension is unique.
Otherwise if ihg (1) = u in the neighborhood of u then all possible extensions (with
the same singularity degree) are of the form

-1

1 2
W N> auE_FaS (u—S),

for some parameter a. But the ambiguity carried by the Dirac measure does not affect

the final result, because
( o1 )82(u—s):O.
U—z z-—3¢

Hence W3(A) is uniquely defined as a distribution.
Let us now calculate the anomaly, i.e., the image of the formal power series

Wr(A) = WE(A) + WE(A) + W3(A) + -

under the boundary map d : f“i)’u — Qlfﬂq. It amounts to derive each functional
W}]QC (A) according to the BRS transformation dA = —(Q 4+ A)wy —w_(Q + A). In
terms of the components A(g) € Moo(Qg’1 X)) ® T8 and w(g) € Moo(C (X)) ®
Q!T B equation (28) yields that

dAz(g.z)
= 0:0(g.2) + Y (Az(h. 2)o(gh™  h(2)) — w(h,2)dzh(2) A;(gh™" h(z))
heG
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at any point z € X. From Proposition 2.4 we know that the anomaly A(w, A) =
A%, A) + Al (w, A) + A?(w, A) is a polynomial of degree at most 2 in A. Because
the ambiguities of renormalization are localized at the fixed points of the conformal
mappings, the anomaly itself is necessarily given by a formula localized at fixed
points.

Proposition 3.1. For the conformal renormalization chosen above the anomaly is a
polynomial of degree one in A. Its component of degree zero A®(w, A) is a sum over
the isolated fixed points for all mappings g € G:

Aw. )= Z ek NHY L, (D1(g.2)z=z0,  (3T)
#5G =9 ﬁ’nif”

180

where n denotes the order of the fixed point zo. The component of degree one A'(w, A)
is an integral over the manifold of non-isolated fixed points:

1
Mod = 3 [ a6 ong @) s D0lg@). 69
g.,heG z=hg(z)

Proof. Let us calculate the variation of the tadpole graph WI% (A) under the BRS
transformation. It is the sum of a degree zero term and a degree one term with respect
to A,

1
awia =y [ ax: (g(z) 5 iz + 2 [ (hg(z) = 2)

geG g,heG
(Az(g. D)o (h, g(2)) — (g, 2)9:8(2) Ag (h. g(2))),

and the function 1/(g(z) — z) is extended to a distribution at singular points by 1)—iii).
The degree zero part of the anomaly comes entirely from the first term. Hence

A%w, A) = /d2 (g(z) )Haga)(g,z),

geG

and we can integrate by parts because this integral is the evaluation of a distribution
on the test function d;w(g, z). Since 1/(g(z) — z) is a holomorphic function when
g(z) # z, its 03 derivative vanishes, but the singular points may contribute. Hence
we can suppose that the support of w(g) is concentrated in the neighborhood of an
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isolated fixed point zy of order n < oo and calculate
_ 2,9._ (_)n—l n—1 1 n )
/d zaz((n = 1)' " p—— Hy , (2) |io(g, 2)
2 — B n 1
= [ = 1), Oe s ] (05, 2)
/d2 - 1).52(2—20) N (HY L (2)w(g.2)

- (n_ ) n 1( gzO(Z)nw(g’Z))Z=ZO'

There is no contribution from the non-isolated fixed points because 1/(g(z) — z) is
renormalized to zero in that case. Hence summing over all g € G and all isolated
fixed points one obtains that

A(w, A) =) Z

geG zo= g(Zo)
isolated

1)'3n YHY L (Dho(8.2))z=z-

The second term of d WI% (A), linear in A, will contribute to the degree one of the
anomaly A'(w, A), but there is also another contribution from the BRS variation
of WI% (A) according to diagram (26). Using the symmetry (g, z) <> (h, w) of the
distributional extension 1/(h(w) — z)(g(z) — w) performed in iv)-vi), one finds that
d WI% (A) is the sum of a linear term and a quadratic term in A:

/d2 2, 1428 D) @50 (h,w) + [4, 0] (1, w))
(h(w) = 2)(g(2) —w) '

dW3(4) =
g heG

Let us integrate by parts the contribution to A'(w, A). This yields the integral

1
Sl B L e ) L O]

g.,heG

The 0y derivative localizes the support of the distribution kernel on the diagonals
h(w) = z or g(z) = w. One thus obtains an integral over a single variable, with
conformally invariant kernel. It should at least formally cancel with the corresponding
term coming from d WI% (A), except maybe at the fixed points zo = hg(z¢) because of
the renormalization ambiguities. However when zj is isolated, we know from 1)—ii)
that there is a unique conformally invariant distributional extension of the kernels
involved. Thus they have to cancel exactly and do not contribute to the anomaly
Al(w, A). The case of non-isolated fixed points is different, because renormaliza-
tion iii) cannot compensate the linear term of d WI% (A). Let us evaluate the latter
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explicitly. One has hg(z) = z in a neighborhood of zo. Renomalization vi) yields

1 _ 3 1 zZ—v
(h(w)—2)(g(zx) —w)  “z—v (g(Z)—g(U))

with the change of variable w = g(v). Since hg(v) = v one has v = h(w), thus

1 2 2 _ 1 _
I I (e w))”AZ(g’Z)‘“(h’”’)

d?z d*w 1 7 — =
- [t s et Aot

=/M52(2_v) az(z— NAz (g,z) a)(h w))
b4 g(z) —g(v)

We expand g(z) — g(v) in a Taylor series around the diagonal z — v = 0:

z—v
— = (g'(v) + F" () +--)7".
g(z) —g(v) 2

Then perform the integral over z and recall that g’(v) = dw/dv and ' (w) = dv/dw:

1 1
=/ ddez“’a’ﬁ((h(w)—z)(g(z)—w))”AZ(g’Z)“’(h’w)

d2 Vi
=/—w( 20, v(g,v) Z o w) + — L 4 A(g,v) w(h w))

w U g0r g
d*w 1 /
= [ ] g @) (e 00 w) + 50, 43l V)t w)

d2
:/—(——8 Ing'(v) 145(g, v)w(h, w) + 13, A5(g, v)w(h, w))

d?v
:/_n(a — 19, Ing'(v))45(g. v)w(h, g(v)).

Hence summing over g, h € G we get the desired expression for the anomaly:

1
Aot == 3 [ @50 - 30 @456, 0l g(2)).
g,heG z=hg(z)

It remains to show that the degree two component of the anomaly A2 (w, A) vanishes.
We first rewrite the contribution of d WI% (A) as

/d2 d2 A (g,Z)[A,a)]w(h,U))
(h(w) —2)(g(z) — w)

_ ¥ 42z d*w 45(g,2) (A (i, W) (h,i (w)) = (i, w) 47 (h, i (w)))
- — (hi(w) = 2)(g(z) — w) |

g.,heG
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On the other hand, A?(w, A) gets also a contribution from the variation of W3(A):

+ 0(4%).

2, g2 g2 ;
AW (A) = Z / d*zd ;Ud v .ﬂaza)(g, z2)Ag(h,w)A(i, v)
e T 0 - 9EE - wkw) —v)
Integrating by parts, the d; derivative localizes the support of the distribution
1/(i(v) — z)(g(z) — w)(h(w) — v) to the diagonals i(v) = z or g(z) = w. The
resulting integral with two variables should cancel formally with the contribution of
d WI% (A), except maybe at the fixed points of the composite mapping ihg. But we
know from renormalization iv)-vi) that there is a unique conformally invariant exten-
sion of the distribution kernels, so they have to cancel exactly. Hence there can be no
anomaly and A2%(w, A) = 0. O

The contribution of an isolated fixed point of order » in the degree zero part of the
anomaly A°(w, A) involves only the derivatives of the mapping g up to order 2n — 1.
For example in low orders one finds

O (HE o (2)10(8.2)) 2=z

n—1)
1
R T, fw(g. zo) (n=1)
or
_ 2 (1¢") )
- g//(zo) (§ 2" (Z0) (g, zo) — nazw(g720)) n=2)
or
__ 3 1 g9 (z0) 1 (g<4>(zO))2
- 2g///(20) (E gW(ZO) uw(g’zo) 8 g///(zo) Ha)(g,zo)
4)
l 4 4 (ZO) uaz(l)(g,Zo) . nagw(g’zo)) (}’Z _ 3)
2 g"(20)

One recovers the well-known Lefschetz numbers in the case n = 1, whereas for
n > 1 the higher order jets of g are involved.

4. Index theorem

In this section we shall use the anomaly formula established in Proposition 3.1 to
calculate the diagonal of the commutative diagram (17). Thus as before we let 3 be
the complex plane and G be a discrete group acting by conformal transformations
on X. Consider the disjoint union

I'=]] Dom(g) ={(g,z) € G x £ | z € Dom(g)}. 39)
geG
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It is a smooth étale groupoid for the composition law (g,z) - (h,w) = (gh, w)
whenever z = h(w), and its set of units corresponds to 'y = Dom(1) C X. The
crossed product #A¢ = C°(X)x G coincides with the convolution algebra of smooth,
compactly supported functions over I': to an element a = ), . a(g)U; of Ao
corresponds the function (g, z) — a(g, z) = a(g)(z) over the groupoid.

We say that a morphism yy = (g, z¢) € I is an automorphism if zy = g(zo) is a
fixed point. The order of yy is the integer n € N U {co} corresponding to the order of
the fixed point. According to the discussion of Section 3, an automorphism of order
n < oo is necessarily isolated, whereas for n = oo all morphisms are automorphisms
in the vicinity of yo. Hence the set of automorphisms is the union of a discrete set
I’y (for n < o0o) and a one-dimensional complex manifold I's, (for n = 00). T's
contains the set of units I'y. Proposition 2.4 precisely shows that the anomaly splits
as the sum of A%(w, A) localized at [y, and of A'(w, A) localized at I'. Let us
describe these terms in a more intrinsic way.

The component of degree zero in the anomaly (37) is a sum over all isolated
automorphisms yo = (g, zo) of the numbers

L H g Demzgr () = o

(n—1) % ‘& §2z=z0r Mgzl = gy
where n < oo is the order of yy. Observe that replacing n by any integer m > n does
not affect the result. The above quantity a priori depends on the complex coordinate
system z, and one may wonder if it can be defined intrinsically, i.e., by means of the
complex structure on X only.

Lemma 4.1. Let yo = (g,20) € I'y be an isolated automorphism of order n. The
linear functional Ao — C given by

at— 32_1 (Hg,zo (Z)Cl(g, Z))Z=Z()

is intrinsically defined, i.e., independent of the complex coordinate system z. We
write y = (g,z) € I in a neighborhood of yy endowed with its complex struc-
ture, Hg , (z) = Hy (y), and identify 0 with dy. Then summing over all isolated
automorphisms the linear functional ®(I"): A9 — C

o(I)(a) = »

vo€l'y

(n —

1
i 3y~ (Hy, (1)a(y))y=yo

is a trace on Ay.

Proof. Let (g, zo) be an isolated automorphism of order n, and let f € C>°(X) be a
test function with support sufficiently localized near z¢. In the proof of Proposition 3.1
we obtained the equality

4z 3:£()

n—1 n = —(n —
B0 (0 (o =~ =1t [ 2 2T
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where 1/(g(z) —z) has a unique conformal extension to a distribution. Let w = h(z)
be a change of complex coordinate. Hence % is a holomorphic function with 2’ =
dw/dz # 0, and wo = h(zp) is a fixed point of order n for the conformal mapping
hgh~!. Thus
_ - d*w g f(h™! (w))
I 11y 00 0y = (= Dt [ 2 L

But from the uniqueness of conformal renormalization we know the distributional

identity (33):
1 1 w\
hgh i) —w  g() -z (E) + R2).

Since R(z) is holomorphic, it vanishes under the above integral and one gets
02 (Hy o (2) (2))2=z0 = 03y L (H 1y () f (T (W)))w=uwo-

Hence this quantity does not depend on the choice of complex coordinate system.
Now take a, b € 4y and compute

—1 _ .
P(ab) = ) (n_l)'a'; YH] , (2)ab(g.2))z=z
g€G ’
zo=g(z0)
-1 B Y B
= Z — 0 1(Hg,zo(2)a(h,2)b(gh L h(2))) 2=z,
(n—1)!
g.,heG
z0=g(z0)

Change g to gh and rewrite this as

—1
@by = Y o (H sy (alh bl )
g,heG
zo=gh(z0)

Make the change of variables w = /(z), so wog = h(zp) is fixed by hg. The formula
established above gives

O (HE, o (2)a(h, 2)b(g. h(2))z—z
= O (H g @)ah, b ()b (g, W) w—wg
= O (Hy g )b (g w)a(h. g (hg) ™ (W)=

By hypothesis wy is a fixed point of order n for hg, hence g(hg)~!(w) differs from
g(w) by a term of order (w — wg)” which will disappear after taking n — 1 derivatives
at w = wy. Thus one has

—1
®(ab) = hZ (n_1),az—1(H£g,wo(w)b(g,w)a(h,g(w)))w=wo=<I>(ba),
g,heG

wo=hg (wo)
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showing that @ is a trace on . O

Recall that we decomposed the Maurer—Cartan form wy = ) geG @(8)r(g)+ by

means of the components w(g) € M (CX (X)) ® Q! T3. Replacing the represen-
tations r(g)+ by the universal symbol U, we may view the Maurer—Cartan form as
an element

=Y 0(@U} € Mo(o) ® Q'TSB, (40)

geG

where the space Moo (A9) ® QITB is naturally a bimodule over the pro-algebra
Moo (Ap) ® T8B. Thus tensoring ®(I"): My (A¢) — C with the quotient map
h: QT8 — Q' T By yields a trace d(I")f on the bimodule Moo (o) ® ' TB. The
degree zero component of the anomaly is therefore

A%w, A) = d()Y(®). 41)

The degree one component of the anomaly A!(w, A) is localized at the manifold
of non-isolated automorphisms, so we have to introduce the convolution algebra of
differential forms over the groupoid I'. Let Q%(X) be the (bi)graded algebra of
compactly supported differential forms over ¥. Since G acts on ¥ by conformal
mappings, it acts on 7 (X) by pullback, and the crossed product Q2 (X) x G defines a
(bi)graded algebra. The crossed product g corresponds to its degree zero subalgebra.
Moreover, the differentials d = dzd; and 0 = dZ0dz on Q}(X) commute with
conformal transformations and hence extend to differentials on Q7 (X) x G of bi-
degree (1,0) and (0, 1), respectively. Of course dd + 00 = 0, and the de Rham
operator d = 0 + 0 is another differential. Finally, there is a fourth differential
coming from the action of G on X: define the modular derivative on Q}(X) x G as

D(fU;)=In|g'|>fU; forall f € Q%(%). g €G, 42)

where the scalar function z + |g’(z)|? measures the volume dilatation induced by
the conformal mapping g. The chain rule immediately implies that D is a derivation
of degree zero on the algebra Q7 (X) x G. Hence by taking the commutator with d
one obtains a differential

§=1[0,D], § =0, (43)

anticommuting with 9, d and d. It reads explicitly §( f Ug) = (lng’) fUg. The
manifold I's, has a complex structure, therefore may be considered as an oriented
two-dimensional real manifold. It thus defines a fundamental class on which genuine
two-forms can be integrated.

Lemma 4.2. The trilinear functional [[']: Ao X A¢ X A9 — C defined by

[F](ao’alaaZ) = / aodalda2

oo
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is a cyclic 2-cocycle over 4y called the fundamental class of the groupoid I". The
trilinear functional c¢1(I"): Ag X Ao X Ag — C defined by

e1(D)(ag, ay.az) = / ao(darsar + Sardas)

oo

is a cyclic 2-cocycle over 4 called the first Chern class of the groupoid I'. We define
the Todd class as the cyclic 2-cocycle

Td(T") := '] — %CI(F). (44)

Proof. See [10]. The fundamental class and the first Chern class are cyclic cocycles
because integration over the manifold ' is a graded trace over the algebra Q7 (X) %G,
and is closed for the differentials d and § (the modular derivative vanishes when the
integration domain is localized at automorphisms). O

The Todd class has a simple expression using the differential V = d — %8 , V2 =0.
Since §a16a, = 0 for dimensional reasons, one obtains that

Td(F)(ao,al,az) :/ aOVa1Va2. (45)

o0

In fact this expression is not a conformal invariant on X because the modular derivative
D measures the dilatation |g’|? of the euclidean volume d Z Adz /2i , and thus depends
on the choice of a volume form besides the complex structure. There is a priori no
reason to prefer the euclidean volume and we could as well choose any smooth volume
form v. The complex structure plus the volume form is equivalent to fixing a Kihler
metric on X. As shown in [10], the new modular derivative DV associated to v
modifies the differential §” = [d, D"], so that the square of V¥ = d — %8" does no
longer vanish but is proportional to the curvature of the Kihler metric. Consequently
the cyclic cocycle representing the first Chern class must be modified by adding a term
proportional to the curvature, while its cyclic cohomology class remains unchanged.
This establishes the link with the Todd class of ordinary (commutative) Riemann
surfaces.

Turning to the gauge potential, we decomposed A = ) gec A(g)r(g)+ by means

of the one-forms A(g) = dZA3(g) € Muo(QV' (M) ® T8B. Hence replacing r(g) +
with the universal symbol U}, we may view the potential as an element

A=Y A@QU} € Mo(QE(E) % G) ® TB. (46)
geG

Since A9 C Q7 (X) x G we interpret also @ as an element of Mo (Q7(X) ¥ G) ®
Q1T B, viewed as a bimodule over the DG pro-algebra Mo, (Q2*(X) xG) ® TB. The
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degree one component of the anomaly (38) then reads

Al(w, A) = % IVAG. (47

o0

These very simple expressions for A(w, A) allow to calculate explicitly the diagonal
of diagram (17)

KW ® A) 2> K ® B)

| l

HP, (A) Hp(8),

ch(p)

i € Z,, acting on a class [u] € K;OP(J ® ) of odd degree represented by an
invertible u € Moo (Ag)™, or a class [e] € K(t)()p (4 ® #) of even degree represented
by an idempotent e € Mo (s¢). First define a homomorphism p: Ay — A9 @ B
by p(fUyg) = fUg ® Uy lts lifting is a homomorphism py: TAg — A¢ ® TB:

pr(fiUg, @ - ® filg) = (fify' . [T Ug o) @ (Ug, ®---@ Uy ).

The map p« extends to a homomorphism of pro-algebras Tho — Ao ® TB. In the
odd case, take the canonical invertible lifting 1i € Moo (To)™ of u and set

i = pyil € Moo (o) @ TB. (48)

Then taking & = #~'dii € Moo(A¢) ® Q' TB as Maurer—Cartan form and 4 =
1100 € Moo (QX(M) xG) ® T8 as gauge potential, the Chern character of p;(u)
in periodic cyclic homology HP1(8B) is represented by the anomaly A(w, A) up to
a factor +/2mi (Proposition 2.4). The result can be formulated nicely in terms of

the Chern character of # in the noncommutative de Rham homology of the algebra
Ao @ TH:

~ n! i—1di\2n+1 A A~
chyr (it) = ;mm( L) € Q(Ao ® TB)y.
This is a cycle of odd degree in the complex Q(sAo ® fi)’)n = QAo ® fii’)/[, ]
gifted with the boundary d. In the even case, take the canonical idempotent lifting
€ € Moo (TAy) of e and set

& = pyé € Moo(ho) ® TB. (49)

The Chern character of p(e) in periodic cyclic homology HP(8) can also be reduced
to an anomaly, using Bott periodicity. Again this can be expressed via the Chern
character of ¢ in noncommutative de Rham homology:

char(&) = ) %m(%)” € QAo ® TB);.

n>0
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In fact chqr (1) and chggr(€) represent the Chern characters of 5(u) and p(e) in the
cyclic homology of the discrete algebra 4o ® B. Now if ¢ is any cyclic cocycle over
Ay, it induces a cap-product

@ N HPy (A9 @ B) — HP.(B) (50)

by composing the natural morphism of differential complexes Q(AO ® YA“SB)E —
(SAZAO)H ® (Q YA"JB)H with the cyclic cocycle ¢: Q¢ — C. The anomaly formula
then shows that the diagonal map is nothing else but the cap-product of the Chern
characters ch(p(u)) € HP1(A¢ ® 8B) and ch(p(e)) € HPy (Ao ® B) with the cyclic
cocycle ¢ = ®(T") + Td(T):

Theorem 4.3. For any class [u] € K ;()p (4 ® 4) represented by an invertible u €
Moo (A0)T, the Chern character of its pushforward py(u) € K;()p(ﬂ ® B) is the
periodic cyclic homology class of odd degree given by a cap-product

ch(pr(u)) = (®(I') 4+ Td(T')) N ch(p(u))

—1
1du ViVii~ PN (5D
= o(N)y(L14r) /u 2(2m)3/2 c Q'78,.

For any class [e] € KI)OP(J ® ) represented by an idempotent e € Myo(Ao),
the Chern character of its pushforward p(e) € KZ)OP(J ® B) is the periodic cyclic
homology class of even degree given by a cap-product

ch(pi(e)) = (@(I") + Td(I")) N ch(p(e))

= ®()n(e) — /F ugvgw e T8 (>2)

Proof. For notational convenience suppose u € A One has ® = i 'dii and
A = i1 3ii. Let us rewrite the anomaly VA & = V(i '0ii)ii~'d i in two different
ways:
V@ 'on)ya'di = V@ oan Yda + a ' 9ava'di
= —Vou'du +u'auva'di,
V@ 'on)ya'dia = Vi 'oau'di + a ' Vouu'di
=~ 'Vaoa'di + a~ ' Voii ' dii.

We sum these two equalities and apply the trace | r (QEMING)® T8 — fi)’n,
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which is closed for the differentials V and o:
2/ hv (@t on)i " d i
Foo

= | 0(=Voa'diu + Voua'dun") + [ t@'ouvidi + a ' Vadi ' di)

T'eo Foo
= | §(—a'dvoi—-Voadi) + | g@t@ava! + Vaoi')di)
Too Foo
= —nd/ a7 'WVoi + | b 'vavi©lda.
T'oco T'oo

Hence modulo coboundaries [id ( - ), the cyclic homology class of the anomaly is
represented by

Alw, A) = cpg(@)-ﬁ/r WA

= o~ 'di) — L/ i~ 'Viaviid i mod hd
dmi Jro,
and coincides with ~/27i ch(pi(u)) by Proposition 2.4. Hence ch(py(u)) appears as
a cap-product of the Chern character chgg (%) with the trace ® and the Todd class.

Now let e € My (#Ag) be an idempotent. To calculate the pushforward of [e] €
K;OP (4 ® ) we use Bott periodicity [13]. For notational simplicity suppose that
e € Ag. Let SA = A ® C*®(0,1) be the smooth suspension of #. Under the
Bott isomorphism Ky (4 ® #4) = K|*(4 & S+) the class [e] is represented by the
invertible

u=1+e®(B—1)c (A ®C>®0,1)7",

where § € 1 + C°(0, 1) is an invertible function with winding number 1 (the Bott
generator). The direct image pi(e) € KBOP(JI ® B) then corresponds to py(u) €
K ;OP(J ®S $B) under the Bott isomorphism. From [13], §4, the Chern character
ch(pi(e)) € HPo(B) is related to ch(pi(u)) € HP1(S B) by the formula

1 1 ~
chipn(e) = —— [ eh(putw) < T,

where fOI: Q'T(SB); — TBy is the natural morphism Q'7(8 & C*(0,1)) —
QUTB & C *(0,1)) — T8 ® 21(0, 1) followed by integration of one-forms over
the interval [0, 1]. By construction one has # — 1 € Ay ® 7A"(§8 ® C°°(0,1)).
Let us still denote abusively by # — 1 its image in 49 ® T8 ® C *(0,1). Let
5: C®(0,1) — Q1(0, 1) be the ordinary differential. Then we can write

1
ch(pr(e)) = %/0 (d)lq(ﬁ‘lsﬁ) - % Awnﬁ_IVﬁVﬁ_lsﬁ) e 73,
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Since it appears as a cap-product of chyg (#7) with the cyclic cocycles ® and Td, the
class of the right-hand side is homotopy invariant with respect to . Then observe
that # is homotopic to the invertible

v=1+4e®(B—1) € (Ay®TB ®C>0,1)",

because both # and v project to the same invertible in (A¢ ® 8 ® C°°(0,1))*.
Consequently the Chern character of p(e) is represented by

ch(pi(e)) = % /: (CIDH(U_ISU) — ﬁ /;Ooﬂv_IVvVv_lsv).
Let us calculate in the space (Q2(Z) X G ® fﬂ) ® Q10,1):
visv=(14+éB 1 -1)esp=¢éx p LB,
vIVuVeTlsy = (14+6(87 = 1)) Vé(B — 1) Vé(B~! — 1)ésp
=eVeve B (B - 1B — 1)sB.

Finally, we obtain the desired formula for the Chern character
1
ch(pue)) = @40) — 5 [ zeveve
2mi Jro,

from the integrals [} B~'sp = 27i and [, B~ (B — 1)(B~" — 1)sf = 4xi. O

Remark 4.4. If G acts without fixed points except for g = 1, one has I'y = & and
I'sc = I'p C X. Hence the trace ®(I") vanishes and the index theorem reduces to a
cap-product with the Todd class

Td(F)(ao,al,az) :/aOVmVaz. (53)
=

In [10] we already obtained this formula using the Hopf algebra of diffeomorphisms
introduced by Connes and Moscovici [4]. In the latter situation G is a pseudogroup of
conformal transformations whose action can be lifted to the bundle of K&hler metrics
over X, and the horizontal Dolbeault operator is combined with the vertical signature
operator. Using characteristic classes for Hopf algebras as in [5] we precisely obtained
(53), up to an overall factor of 2 accounting for the contribution of the vertical signature
operator. Note that the modular differential § = [d, D] is one of the generators of the
Connes—Moscovici Hopf algebra.
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