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Introduction

Let X be a compact Kéhler manifold and denote by H*(X, C) the graded vector
space of its de Rham cohomology. The goal of this article is to define a natural
transformation

®: Defy — Auty+(x,c)

from infinitesimal deformations of X to automorphisms of H*(X,C). More pre-
cisely, for every local Artinian C-algebra A and every deformation of X over Spec(A4)
we define in a functorial way a canonical morphism of schemes

Spec(4) — GL(H*(X, C)) = [[GL(H"(X,C)).

Our construction will be carried out by using the interplay of Cartan homotopies
and Ls,-morphisms and is compatible with classical constructions of the theory of
infinitesimal variations of Hodge structures [11], [21]. In particular:

(1) Via the natural isomorphism Hy ~ EBP, g H? (Q)p() induced by Dolbeault’s
theorem and the 85—lemma, the differential of ®,

d®: H'(Tx) — Hom®(H*(X,C), H*(X,C)),

is identified with the contraction operator: d ®(§) = ig where ig(w) = § J w.
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(2) The contraction
i: H*(Tx) - Hom!'(H*(X,C), H*(X,C))

is amorphism of obstruction theories. In particular, since Autg+(y, c) is smooth,
every obstruction to deformation of X is contained in the kernel of i .

(3) For every m let H*(F™) C H*(X, C) be the subspace of cohomology classes
of closed (p, g)-forms, with p > m. Then the composition of ® with the natural
projection

GL(H™*(X,C)) — Grass(H*(X,C)) = [ Grass(H" (X, C)),

[ f(H(F™)),
is the classical period map.

We will define and study the morphism & using the framework of L ,-algebras.
It is however useful to give also a more geometric definition in the following way.

Denote by Ax = @, AS'( the space of complex valued differential forms on
X,byd = 9+ 0: Ay, — ALT! the de Rham differential and by dAx C Ay the
subspace of d-exact forms. A small variation of the almost complex structure is
determined by a form & € A)O(’1 (Tx): according to Newlander—Niremberg theorem,
the integrability condition of & is equivalent to (d +Ig)* = 0, where I : A& — A?Ll
is the holomorphic Lie derivative, defined by the formula

le(w) =0 1w)+§ 1 0w.

Notice that I¢(ker 0) € 0Ay.
Assume therefore (d + lg)* = 0. According to 99-lemma, the complex (dAx, d)
is acyclic so that if £ is sufficiently small, the complex (dAx, d + I¢) is still acyclic.
In order to define the automorphism ®¢: H*(X,C) — H*(X,C), let [w] €
H*(X,C) and choose a d-closed form w, € Ax representing [w] and such that
dw, = 0. Since

(d +Ip)wy = 0(E Jwy) € 0Ax  and  (d + Ig)*w, = 0,

there exists B € Ay such that (d + lg)w, = (d + l¢)dp. If i is the contraction, then
it is not difficult to prove that d (e (wy — 9B)) = 0, and the cohomology class of
ele (wy — 9p) does not depend on the choice of B and ), allowing to define ®¢ ([w])
as the cohomology class of e’ (wy — 9B).

Equivalently, for every d-closed form w € Ay and every small variation of the
complex structure £ we have

D¢ ([w]) = [ (w — dy — 0B)]. where dw = ddy, lg(w — dy) = (d + I¢)9B.

Moreover, as direct consequence of the Loo-approach, we will see that ®¢ is
invariant under the gauge action, where two integrable small variation of the almost
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complex structure &1, & are gauge equivalent if and only if they give isomorphic
deformations of X.

Our construction generalizes in a completely straightforward way to generalized
deformations of X, defined as the solutions, up to gauge equivalence, of the Maurer—
Cartan equation in the differential graded Lie algebra

Polyy = @Polyy, Polyy = @ Ay (A" Tx),
i b—a=i—1
endowed with the opposite of Dolbeault differential and the Schouthen—Nijenhuys
bracket.
Putting together all these facts, at the end we get for every m a commutative
diagram of morphism of functors of Artin rings

IS\C-{:X AutH*(X,C)

Defy —2> Grassg+(pm), i+ (X.C)

where IS\leX is the functor of generalized deformations of X, i is the natural inclusion,
Grassg+(Fm), H*(x,cC) is the Grassmann functor with base point H*(F™), r is the
smooth morphism defined as 7 ( f) = f(H*(F™)) and p is the classical m™ period
map.

In view of this result is natural to candidate the composition 7 ® as period map
for generalized deformations.

Example. Our definition is compatible with yet existing notion of period map for
generalized deformations of Calabi—Yau manifolds used in some mirror symmetry
constructions [3].

In fact, if X is a Calabi—Yau manifold with volume element €2, then by the Tian—
Todorov Lemma , every generalized deformation over Spec(A) is represented by an
element £ € Poly)l( ®muuy such that

Dé +3[6,6]1=0, Q) =0.
Under these assumptions our recipe gives
P:([Q)) = [e" ()]

and therefore we recover the construction of [2].

Keywords and general notation. We assume that the reader is familiar with the
notion and main properties of differential graded Lie algebras and L,-algebras (we
refer to [8], [14], [15], [16], [19] as introduction to such structures); however the basic



582 D. Fiorenza and M. Manetti

definitions are recalled in this article in order to fix notation and terminology. For the
whole article, K is a field of characteristic 0; every vector space is intended over K.
Art is the category of local Artinian K-algebras with residue field K. For 4 € Art we
denote by m4 the maximal ideal of A. By abuse of notation, if F': Art — Set is a
functor, we write £ € F to mean £ € F(A) for some fixed A € Art.

Acknowledgments. We thank the referee for useful comments and for suggesting a
possible extension of the constructions presented in this article to generalized Kéhler
manifolds [12].

1. Deformation functors associated with DGLA morphisms

We recall from [20] that to any morphism y: L — M of differential graded Lie
algebras over a field K of characteristic O are naturally associated two functors
MC,, Def, : Art — Set of Artin rings in the following way:

MC,(A4) = {(x,e?) € (L' ® my) x exp(M° ® my) | dx + %[x,x] =0,
e * x(x) = 0},
MC, (4)
gauge equivalence’

Def,(A) =

where two solutions of the Maurer—Cartan equation are gauge equivalent if they
belong to the same orbit of the gauge action

(exp(L° @ my) x exp(dM ™! @ my)) x MCX(A)—*> MC, (A)
given by the formula
(el,edm) x (x,e%) = (el * X, edme“e_X(l)) = (el * x,edm'a'(_X(l))).

The . in the rightmost term in the above formula is the Baker—Campbell-Hausdorff
multiplication; namely e*e” = e**Y. Note that if L = 0 and the differential on M
1s trivial, then

Def,(4) = exp(M° ® my).

It has been shown in [6] that the suspended cone of y, i.e., the differential complex
(Cy, 1) given by the graded vector space

Cy=pC,. Ci=L &M,
i

endowed with the differential

wil,m)=(l, x(I)—dm), leL, meM,
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carries a natural compatible Lo-algebra structure, which we shall denote C 0.
such that the associated deformation functor Defg(x) is naturally isomorphic to
Def,. More precisely, the map (/,m) + (I,e™) induces a natural isomorphism
MC¢g( 0= MC,, and homotopy equivalence on MCg G0 is identified with gauge
equivalence on MC, .

The higher brackets

n
Un: NCy > Cy[2—n], n=>2,

defining the L ,-algebra structure C( x) have been explicitly described in [6]. Namely,
one has
(=1)deel) 1)deg(l 1)

w2 (1, my) A (2, ma)) = ([, o), 5lma, x ()] + [x(11), m2))
and forn > 3
Pn (L1, my) Aeeo A (Lymy))
=25 > 2(0)moqy [ - Mem-1: xUem)] .- 1I.

=

Here the B, s are the Bernoulli numbers, ¢ is the Koszul sign, and we refer to [6] for the
exact determination of the overall % sign in the above formulas (it will not be needed
in the present article). Note that the projection on the first factor 7y : C( x) — Lis
a linear L o-morphism.

By the functoriality of x > C (), if

L1,

Sm
M] e M2

is a commutative diagram of morphisms of differential graded Lie algebras, then
(x,e?) > (fL(x),e/™@) is a natural transformation of Maurer—Cartan functors
inducing a natural transformation

Def,, — Def,, .

Moreover, if f; and fy are quasi-isomorphisms, then Def,, = Def,, is an
isomorphism.

2. An example from Kiihler geometry

Let X be a compact Kéhler manifold. Consider the DGLA Hom™ (Ay, Ax) of graded
endomorphisms of the de Rham complex and their subDGLAs

= {f € Hom"(Ax, Ax) | f(kerd) C 0Ax},

= {f € Hom*(Ax, Ax) | f(kerd) C kerd and f(dAx) C 0Ax}.
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Then we have a commutative diagram of morphisms of DGLAs, where the vertical
arrows are the inclusions

L:L

Pl

Hom* (542, %r0) < ) ——> Hom™ (Ay, Ax).

By the 99-lemma, we have quasi-isomorphisms

(Ax,d) < (kerd,d) — (352,0) = (H*(X, C),0).

Hence the horizontal arrows in the above commutative diagram are quasi-isomor-
phisms and we get isomorphisms of deformation functors

Def, ~ Def;, ~ Def, = Autg+(x,c) -

The isomorphism v : Def, >~ Autg=(x c) is explicitly described as follows: Given
a Maurer—Cartan element (o, e) € MC, and a cohomology class [w] € H* (X, C),

Va([0]) = [e®wo — 3Bo).

where (@, %) € MC, € MC, is gauge-equivalent to (o, e?), the differential form
wp is a d-closed representative for the cohomology class [w], and B € Ax is such
that d (e?wqy — dfo) = 0. The cohomology class [e?wo — 0Bo] is independent of the
choices of (&, e%), wg and Bo. Since e? is an automorphism of dAy, we can write

Va([]) = [e*(wo — 3Bo)]

for any (&, e?) and wq as above and any B € Ay such that de?(wy — B) = 0.

Remark 2.1. As y: L < Hom*(Ay, Ay) is injective, the projection on the second
factor C, — Hom*~!(Ax, Ax) induces anidentification H*(C,) ~ H*~!(coker y)
and so in particular

H'(Cy) = H°(Hom*(ker d, Ax/dAx)) = Hom®(H*(ker d), H*(Ax/dAx)).
Hence the differential of v is naturally identified with the linear isomorphism
Hom®(H*(ker d), H*(Ax /0Ax)) ~ Hom®(H*(X,C); H*(X,C)),
induced by the 99-lemma and the de Rham isomorphism.

For later use, we give a more explicit description of the map ¥ by writing a map
w MC, — Autg+(x,c) inducing it. To define the map w we need a few preliminary
remarks
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Lemma 2.2. If («,e?) € MC,, then in the associative algebra Hom* (Ax, Ax) we
have the equality

e e’ =d + a.

Proof. By the definition of the gauge action in the DGLA Hom*(Ay, Ax), one has
for every x € Hom®(Ay, Ax), y € Hom!(Ay, Ax) the formula

e“xy=e"(d+ye ™ —d.
In particular, e %de? = d 4+ 7% % 0. O
Corollary 2.3. If (a,e®) € MC,, then the graded subspaces
e%(kerd), e%(dAx)

are subcomplexes of (Ax,d). Moreover, the map

e*: (§2.0) ~ (set5a3-0)

is an isomorphism of complexes and the natural maps

(Ax.d) < (¢“(kerd),d) — (%p53.0)
are quasi-isomorphisms.

Proof. Both (0Ax,d) and (kerd,d) are subcomplexes of (Ay,d). Because

de®(v) = e*(dv + a(v)) with a(ker d) € dAy, we have de?(dAx) C e%(0Ax)

and de?(ker d) C e“(ker d). The induced differential on the quotient space jz ((gjj))

is trivial since d (ker 8) € dAx by the dd-lemma. Again by the d9-lemma the complex
(0Ax, d) is acyclic and therefore the morphisms of complexes

(Ax.,d) < (kerd,d) — (gf;j,o)

are quasi-isomorphisms. Since every infinitesimal perturbation of an acyclic com-
plex is still acyclic, the complex (e?(0Ax), d) is acyclic and so the morphisms of
complexes

(Ax.d) < (¢“(kerd).d) > (% 553.0)

are quasi-isomorphisms. O

Definition 2.4. The isomorphism

Va: H*(X,C) »> H*(X,C)
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associated to a Maurer—Cartan element (o, e?) via the natural map MC,, — Def, ~
Aut’(H*(X; C) is obtained by the de Rham isomorphism H*(X,C) = H*(Ax, d)
and the chain of quasi-isomorphisms

K
Ax ker 0 a;rﬁ

|

Ay <— e%(ker ) — sa ((lgjj)).

More explicitly, _
Va([w]) = [e“(wo — 0P)]

for any 0-closed representative wg of the cohomology class [w] and any 8 € Ay such
that de®(wo — df) = 0.

Proposition 2.5. The natural transformation  : MC, — Autg=+x,c) is gauge
invariant and therefore factors to . Def, — Autg(x,c).

Proof. To show that Ja.(_l) = {ﬂa, note that, since /(kerd) C 0Ax, we have
e~ (ker ) = ker d, e ! (dAy) = Ay, and

e (852.0) — (532.0)

is the identity. To prove that Vdmea = 1;,1, notice that we have a commutative diagram
of morphisms of complexes

AX<—1(CI‘84>

‘/edm ledm iedm

d e4™ (ker 9)
Ax <— e4™(ker d) — @ (94x)

which, since dm is homotopy equivalent to zero, induces the commutative diagram
of isomorphisms

H*(X:C) < 52

\Ledm

* . e9™ (ker 9)
H (X, G:) < m.

id

Finally, gauge invariance of ¥, together with the explicit formulae for U ([w]) and
V¥ ([w]) written above immediately imply that 1 induces . O
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3. Morphisms of deformation functors associated to Cartan homotopies

In this section we formalize, under the notion of Cartan homotopy, a set of standard
identities that often arise in algebra and geometry [4], Appendix B, and show how
to any Cartan homotopy can be canonically associated a natural transformation of
deformation functors.

Let L and M be two differential graded Lie algebras. For a given linear map
i e Hom (L, M),letl: L — M be the map defined as

a1l =dig +iy,.
Definition 3.1. The map i is called a Cartan homotopy for I if
ilab) = lia;lp], [ia,ip] = 0.
foreverya,b € L.

It is straightforward to show that the condition i, 5] = [i4, 5] implies that [ is a
morphism of differential graded Lie algebras.

Example 3.2. The name Cartan homotopy has a clear origin in differential geometry.
Namely, let M be a differential manifold, X (M) be the Lie algebra of vector fields
on M, and End*(2*(M)) be the Lie algebra of endomorphisms of the de Rham
algebra of M. The Lie algebra X (M) can be seen as a DGLA concentrated in degree
zero, and the graded Lie algebra End*(2*(M)) has a degree one differential given
by [d4r, —], where dgr is the de Rham differential. Then the contraction

i: X(M)— End*(Q*(M))[-1]
is a Cartan homotopy and its differential is the Lie derivative
d,i]=&£: X(M) — End*(Q*(M)).

In fact, by classical Cartan’s homotopy formulas [1], Section 2.4, for any two vector
fields X and Y on M, we have

(1) £x = darix + ixdar = [dar, ix],

(2) ix,y) = Lxiy —iyLx = [Lx,iy] = [ix, Ly],

(3) lix,iy] = 0.
Note that the first Cartan formula above actually states that [d, i ] = £. Indeed X (M)
is concentrated in degree zero and then its differential is trivial.

Remark 3.3. The composition of a Cartan homotopy with a morphism of DGLAS is
a Cartan homotopy. If i : L — M[—1] is a Cartan homotopy and €2 is a differential
graded-commutative algebra, then its natural extension

iQRId:LRIQL—>(MQRQ)[-1], aQwri, ®w,

is a Cartan homotopy.
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Remark 3.4. By definition, / is the differential of { in the complex Hom™* (L, M)
and so i is a homotopy between / and the trivial map. Then the mapl: L — M is a
null-homotopic morphism of DGLAs and

i: L — (cokerl)[-1], i: kerl —> M[—1]
are morphisms of differential graded vector spaces.

Proposition 3.5. Letl: L — M be a DGLA morphism, and leti : L — M[—1] be
a Cartan homotopy for I. Then the linear map i : L — 5(1) givenbyi(a) = (a,iz)
is an Loo-morphism. In particular, the map a +— (a, e'*) induces a natural trans-
formation of Maurer—Cartan functors MCy, — MCy, and consequently a natural
transformation of deformation functors Def;, — Def.

Proof. By the explicit expression for the higher brackets

n
Un: NCy —> Cy[2—n], n=>2,

defining the Lo-algebra structure C (y), it is straightforward to check that l- is a
morphism of complexes commuting with every bracket. Indeed, i (da) = 1 (i (a))
is the identity i4, = (—d)ig + I,; the identity i ([a, b]) = u2(i (a) Ai (b)) is

. . —1)deg(a) . .
i) = slia Ip] + 5 [la, ip] = lia, Iy,

and f, ({ (x1) A+-- AT (x,)) = O for any x1, X2, ..., x, and any n > 3, since
[iav [ibalC] = [ia’i[b,C]] = O

forany a, b, c. 5
Since the L oo-morphism { is linear, the map [ +— (/, i;) is a morphism of Maurer—
Cartan functors MC, — MCg ;). To conclude the proof, compose this morphism

with the isomorphism MCg = MGy given by (I, m) — (I, e™). O

Corollary 3.6. Leti: N — M|[—1] be a Cartan homotopy forl: N — M, let L be
a subDGLA of M such that I(N) C L, and let x: L — M be the inclusion. Then
the linear map 5

O: N = C(y)., @)= (la,ia).
is a linear Loo-morphism. In particular, the map a > (I, e') induces a natu-
ral transformation of Maurer—Cartan functors MCy — MC,, and consequently a
natural transformation of deformation functors Def y — Def .

Proof. We have a commutative diagram of differential graded Lie algebras
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inducing an L o-morphism C ) — C (). Composing this morphism with the L -
morphism i : N — C(l) given by Proposition 3.5, one gets the L ,-morphism ®.
O

4. Polyvector fields and generalized periods

The notion of Cartan homotopy generalizes immediately to sheaves of DGLAs. In
this section we give another example of Cartan homotopy, which will be used later.
Let X be a complex manifold and denote by

e Txc = T)}’O @ T;()’l the complexified differential tangent bundle,

e Ty ~ T)}’O the holomorphic tangent bundle,

. A;}’q the sheaf of differentiable (p, g)-forms and by A)I;’q (E) the sheaf of (p, q)-
forms with values in a holomorphic vector bundle E,

. A}I;’q and A}I;’q (E) the vector spaces of global sections of A;}’q and A;}’q (E),
respectively.

The direct sum

Axy = @D AL, where Ay, = D A,
i pt+g=i

endowed with the wedge product A, is a sheaf of graded algebras; we denote by
Hom®P (Ax, #x) the sheaf of its C-linear endomorphisms of 4y of bidegree (a, b).
Notice that 9 and 9 are global sections of Hom®(Ax, Ax) and Hom®! (Ax, Ax),
respectively. The direct sum Hom™(Ax, Ax) = B Bapp—r Hom®® (Ax, Ax)
is a sheaf of graded associative algebras, and so a sheaf of differential graded Lie
algebras with the natural bracket

[f. 8] = fg — (1)) ee@gf

and differential [d, —] = [d + 0, —].
For any integer (a,b) witha < 0and b > 0, let ﬁerst;’(’b be the sheaf

ﬁerst;’b = Ag(’b (A 4Tx).
The direct sum Gersty = @y D,yp—k ﬁerst;’b is a sheaf of differential Gersten-

haber algebras, with the wedge product

b> aji+az,b;+b>

A Gersty) b Sersty?”> — Gersty

as graded commutative product, the degree 1 differential

q. a,b a,b+1
0: Gersty™ — Gersty
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defined in local coordinates by the formula
0(¢32,) = D)ty ¢ € A",
and the degree 1 bracket

by aj+ar+1,b1+by

[, -]g: Gersty' ) Gersty?"> — Sersty

defined in local coordinates by the formula
5 0 5 _0 —_ s = il a
[fdzra; 8dZigc o = A2 ndZa f oy g g s

Here [ -, - ]sn denotes the Schouten—Nijenhuis bracket on AY (A*Tx), i.e., the odd
graded Lie bracket obtained by extending the usual Lie bracket on 4% (Tx) by im-
posing

£, flsn = E(f). &€ ATx), [ €AY

and the odd graded Poisson identity

[, A nalsn = [E, mlsn A 2 + (=1)%@ W=Dy, g oo

The contraction of differential forms with vector fields is used to define an injective
morphisms of sheaves of bigraded vector spaces: the contraction map

i: ﬁerst;’b — Hom®P (Ax, Ax), £+> ig, it(w) =§ Jw.

The contraction map is actually a morphism of sheaves of bigraded associative alge-
bras:

igny = Lgly.

In particular, since (Gersty, A) is a graded commutative algebra, we obtain that
lig.iy] =0, forall§, n e Gersty.

Note that iterated contractions give a symmetric map

n
i O Gerstly — Hom*(Ax, Ax), E10E O Obyt> g ig, ...,
Since Gersty is a sheaf of differential graded Gerstenhaber algebras, its desuspension
Polyy = Gerst[—1]y

is a sheaf of differential graded Lie algebras. Note that, due to the shift, the differential
D in J’oly}'} is —a, i.e., in local coordinates

D: !Polyé‘( — C‘F’olyfﬁl
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is given by the formula
D(ps;) = ~0@)gly. Ay
The contraction map i : Sersty — Hom™ (Ax, Ax) can be seen as a linear map
i: Polyy — Hom™(Ax, Ax)[—1].

More general, via the decalage isomorphism, the iterated contraction is a graded
antisymmetric map

n
i A\ Polyy — Hom*(Ax . Ax)[—n].
Lemma 4.1. In the notation above, for every £, 1 € Polyy we have
ipe = —[0.ig]. i = [ig.[0.8y]). [ig.iy] = 0.

Proof. The third equation has been proved above, and the first equation is completely
straightforward: it just expresses the Leibniz rule for d. To prove the second equation,
let

P(§.n) = gy — [ie. [0, iyll.

Then, using iz, = igiy, the (shifted) odd Poisson identity [£, 71 A 2] = [E. m1] A
N2 + (—1)ee@®=Ddee®)y, A [£7,] and the third equation [ig, i,] = 0, one finds

D(E, 1 A 2) = B(E, )iy, + (—1)E=Ddem; B(g py)

and
D(E) A Ep, 1) = i, P62, 1) + (—1)eED"D g, )i, .

Therefore, to prove ®(£,n) = 0 for any &, n one just needs to prove ®(£,7) = 0
for&,n e Ag} U{dz;} U{d/0z;}, where z1,..., z, are local holomorphic coordi-
nates. This is straightforward and is left to the reader; see also Lemma 7 of [18] and
Lemma 7.21 of [19]. [

Corollary 4.2. The contraction map i : Polyy — Hom™ (Ax, Ax)[—1] is a Cartan
homotopy and the induced morphism l of sheaves of differential graded Lie algebras
is the holomorphic Lie derivative

I: Polyy — Hom™(Ax, Ax),
S = lg = [a,i;], lg(a)) = 8@:_| w) + (_l)deg(g)%__l Y.

Moreover, 1 is an injective morphism of sheaves.
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Proof. As in Section 3, let Ig = [d,i¢] + ipg. Since ipg = —[E_),ig], we find
le = [0,ig]. The identity ig, = [ig, [0,i,]] then reads i|¢ ;) = [ig,l;] and this
together with [ig, i,] = O tells us that the contraction map i is a Cartan homotopy.
Consequently, the holomorphic Lie derivative Iz = [0, i¢] is the induced morphism
of sheaves of differential graded Lie algebras. Injectivity of / is easily checked in
local coordinates. O

Corollary 4.2, applied to global sections, shows that the contraction map

=]
i: Polyy = @ A% (/A Tx) — Hom*(sy, Ax)[—1]
i,j

is a Cartan homotopy, as well as its restriction to the Kodaira—Spencer DGLA
KSy = ; A% (Tx).

Remark 4.3. The composition of the inclusion KSx < Polyy with the iterated con-
traction i ™ : A" Polyy — Hom*(sy, sx)[—n] induces in cohomology a graded
antisymmetric map A" H*(KSy) — Hom*(H*(X,C), H*(X, C))[—n]. In partic-
ular, from the isomorphism of graded vector spaces H!(KSy) >~ H!(Tx)[—1] and
the decalage isomorphism, the iterated contraction gives a symmetric morphism

i™. O H(Ty) — Hom®(H*(X,C), H*(X, C)).

It is well known [10] and easy to prove that the image of i ) consists of self-adjoint
operators with respect the cup product on H*(X, C).
Under the identification H*(X,C) = @p’q HY(X, Q}?), when dim X = n the

morphism i ™ reduces to the Yukawa coupling
n 2
i™: QHYTx) > O H"(X,0x).
Now, as in Section 2, consider the DGLA

L = {f € Hom"(Ax, Ax) | f(kerd) C 0Ax},

and let y: L — Hom™(Ayx, Ax) be the inclusion. Since /(Polyy) < L by Corol-
lary 3.6, we have a natural transformation of deformation functors Defpory,, — Def
induced, at the Maurer—Cartan level, by the map § — (¢, ele).

The functor Defpyy, , which we denote by ]/)\e/fX, is called the functor of gener-
alized deformations of X; see [2]. We have shown in Section 2 that there exists a
natural isomorphism v : Def, — Autg«(x,c). By these considerations, we obtain:

Theorem 4.4. The linear map

Polyy — C(x), &> (lg,ig),
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is a linear Loo-morphism and induces a natural transformation of functors
o ﬁ\e-{:x — AUtH*(X,C),
given at the level of Maurer—Cartan functors by the map § — Yi,.

Proposition 4.5. Via the natural identifications H' (Polyy) = Diso H (AN Ty) and

H*(X,C) =6, HI(X, Q%) given by the Dolbeault’s theorem and the 90-lemma,
the differential of ®,

d®: H'(Polyy) — Hom®(H*(X,C), H*(X,C)),
is identified with the contraction

(D H (N Tx) @ (@ HIX,Q0) - @ HIT (X, Q0.
i>0 0.4 1o

Proof. By Lemma 4.1 we have a commutative diagram of differential complexes

(Hom*~!(4yx, Ax), —adz) — (Hom* ! (ker 9, Ax/9Ax), —ad;)

(Polyy, D)

where we have used the fact that on ker d and on Ay /dAx the differentials ad; and ad
coincide. Using the identification H 5* (Ax) = H*(X, C) coming from Dolbeault’s

theorem and the 99-lemma, and by Remark 2.1, the above commutative diagram
induces the commutative diagram in cohomology

Hom?(H*(X,C), H*(X,C)) i Hom®(H * (ker d), H*(Ax /0Ax)).

H' (Polyy)

Since, by Theorem 4.4, the differential of ® is d® = dy o i, which completes the
proof. O

As a corollary of Theorem 4.4, the linear map § — (I, i¢) induces a morphism
of obstruction spaces H2(Poly) — Hom!(H*(X,C), H*(X,C)) commuting with
@ and obstruction maps [5], [17]. The same argument of Proposition 4.5 shows that
this morphism is naturally identified with the contraction

(D H”l(/i\ Tx)) ® (@ HI(X.Q})) — @ HTHH (X, Qf™).
q

i>0 D, i,p.q

Since the deformation functor Autg«(x, c) is smooth, we obtain the following version
of the so-called Kodaira principle (ambient cohomology annihilates obstruction):
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Proposition 4.6. The obstructions to extended deformations of a compact Kdhler
manifold X are contained in the subspace

o ; . .
D N ker(H*(A\ Tx) = Hom(H(X, %), HIT+1(X, Q§™)
i>0p.q
of H*(Polyy).
As an immediate corollary we recover the fact that extended deformations of

compact Calabi—Yau manifolds are unobstructed [2]. Indeed, if X is an n-dimensional
compact Calabi—Yau manifold, then the contraction pairing

. i , ,
H'TW(ATx) ® HO(X, Q%) - H'TH(X, Q%)

is nondegenerate for any i > 0 .

5. Restriction to classical deformations

Let (X, Ox) be a complex manifold. It is well known that the infinitesimal deforma-
tions of the complex structure of X are governed by the Kodaira—Spencer DGLA of
X . More precisely, there is a natural isomorphism of deformation functors

DCstX = DefX,

which map a Maurer—Cartan element § € A;)(’l (Tx) to the complex manifold (X, O¢),
where the structure sheaf O is defined by

O = ker{dg | Ay’ — AY' Y ={f € AY | @ +1g) f =0}

see [4], [9], [14], Ex. 3.4.1, or [13]. The above equations must be interpreted as
identities among functors of Artin rings; namely, they mean that for any local Artin
algebra (B, mp) the Kuranishi data § € MCks, (B) € A?(’l (Tx) ® mp are mapped
to the family (X, O¢) of complex manifolds over Spec(B), whose structure sheaf Q¢
is defined by

O = ker{dg: Ay’ ® B — AY' @ B} ={f € AY ® B | (3 + L) f = 0}.

Let now

be the Hodge filtration of differential forms on the complex manifold (X, O¢), i.e.,
foreverym > 0, F, S’" is the complex of global sections of the differential ideal sheaf
5‘75’" C Ay generated by (d Og)™. Again, here we write Ay for the functor of Artin
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rings defined by B — Ay ® B. If X is a compact Kéhler manifold, the cohomology
of (F, S’” d) naturally embeds into the cohomology of (Ax,d). Since the dimension
of H *(Fs”’, d) is independent of &, one can look at H *(F, S’”, d) as a different linear
embedding of H*(F™,d) into H*(X;C). Hence £ — H*(F[",d) is a map

DefX —> GrassH*(Fm),H*(X;C),

called the m-th period map.

The inclusion of DGLAs KSy < Polyy induces an embedding of deformation
functors Defy — I’)\&"X. Hence, the restriction of ® to Defy is a natural transforma-
tion

®: Defy — AutH*(X,q;) .

Theorem 5.1. For any m > 0, the map ®: Defx — Autg+(x,c) lifts the m-th
period map Defy — Grassg+pm), g*(x.C)-

Proof. Let§ be a Maurer—Cartan elementin KSy. Then ([, ele) e MC x is aMaurer—
Cartan element with /¢ of bidegree (0, 1). Let [w] be an element in H*(F™). To
compute Y¢[w] we pick a d-closed representative for the class [@w], which we can
assume to be w, and then we take the cohomology class of a d-closed representative
of ef¢w in ei% (ker 9) /e’ (0Ax), i.e., we have Yelw] = [e?s (w —0pB)] forany B € Ay
such that de*¢ (w — df) = 0. For such a f we have

0= e "ede’s (0 — 3B) = —39B + le(w) — I£(3P)

and so
(0 + I5)0B = Ig(o).

Write n_,, and 7, for the components of a differential form 1 in P, _,, A;* and in

Dism AY”, respectively. Since both /¢ and 0+ l¢) are homogeneous of bidegree
(0, 1), we have

le(@) = (@), = (0 + 1)) 5 = @ + 1e)0(Bsyy)-
Hence ¥, [w] = [efs (w — 0Bsm_1))] € H* (et F™), and so
Qe(H*(F™)) = H*(e's F™).

On the other hand, the period of the infinitesimal deformation Q¢ = ker(d + lg) is
H*(F, E’") C H*(Ay), where F, E’” is the complex of global sections of the differential

ideal sheaf " C Ay generated by (dOg)™. Since e’ is the identity on A0 by
Lemma 2.2 we can write

e (dOg) = eTede’t O = (3 + 0 + 1) O = 30 C DAY C A"
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Since e’ : Ay — Ay is a morphism of sheaves of differential graded commutative
algebras, we gete‘ié (.’Fgm) C F™ and then, by rank considerations, ele (F™) = ?sm.
Hence

O (H*(F™)) = H*(?Em). O

Remark 5.2. That the m-th period map Defy — Grassgy+pm), g+ (x;c) is induced
by an Leo-morphism was shown in [7]. Namely, let y,: L, < Hom*(Ax, Ax)
the inclusion of the subalgebra

Lm ={f € Hom*(Ax, Ax)| f(F™) C F™}

in the DGLA of endomorphisms of Ax. Then Def,,, >~ Grassgxgm) g+(x), and
the map & +— (lg, ig) is an L-morphism between KSx and C,,, inducing the m-th
period map.
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