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The Heisenberg-Lorentz quantum group

Pawet Kasprzak™

Abstract. In this article we present a new C*-algebraic deformation of the Lorentz group.
It is obtained by means of the Rieffel deformation applied to SL(2, C). We give a detailed
description of the resulting quantum group G = (4, A) in terms of generators &, ﬁ Vs §e AN
the quantum counterparts of the matrix coefficients «, 8, y, § of the fundamental representation
of SL(2, C). In order to construct ,é — the most involved of the four generators — we first define
it on the quantum Borel subgroup Go C G, then on the quantum complement of the Borel
subgroup and finally we perform the gluing procedure. In order to classify representations of
the C*-algebra A and to analyze the action of the comultiplication A on the generators &, ,3,
7, § we employ the duality in the theory of locally compact quantum groups.
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1. Introduction

A complete classification of deformations of SL(2, C) on the Hopf *-algebra level
was presented in [14]. So far three of the cases contained there have been realized
on a deeper, C*-algebraic level (see [2], [6], [13]). This article is devoted to the
C*-algebraic realization of another case. The method of deformation that we use
is the Rieffel deformation which is the same as in the example considered in [2].
Nevertheless, the resulting quantum group G = (A, A) — the Heisenberg—Lorentz
quantum group — is much more complex. One of the difficulties lies in the fact that
among the four generators &, ﬁ 7 § of the C*-algebra A only p is normal. Also the
analysis of the comultiplication A is not as straightforward as in the case of [2]. To
perform it we use the one-to-one correspondence between representations of the C*-
algebra A and corepresentations of the dual quantum group G. This correspondence
was also used to describe all representations of A on Hilbert spaces.

Let us briefly describe the contents of the article. In the next section we present
the Hopf x-algebraic version of the Heisenberg—Lorentz quantum group. We begin
with a description of commutation relations satisfied by generators &, ,é Vs § — the
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quantum counterparts of the matrix coefficients «, 8, y, § of the fundamental rep-
resentation of SL(2, C). Formulas for the comultiplication, coinverse and counit on
generators are the same as in the classical case. In Section 3 we define Hilbert space
representations of the Heisenberg—Lorentz commutation relations. We show that the
tensor product of two such representations can be defined. Section 4 is devoted to
the construction of the C*-algebraic version G = (A4, A) of the Helsenberg—Lorentz
quantum group. In partlcular we introduce four affiliated elements &, ﬂ 7, §e A" In
order to construct ,8, we first define it on the quantum Borel subgroup Go C G, then
on the quantum complement of the Borel subgroup and finally we perform the gluing
procedure. Having constructed affiliated elements &, ,5 Vs § , we show that they gen-
erate A. Moreover, we note that for any representation & € Rep(A; ) the quadruple
(n(&), n (,B) 7(y), n(5)) is a Hilbert space representation of the Heisenberg—Lorentz
commutation relations. The converse is also true: for any representation (&, 8, 7, §)
of the Heisenberg—Lorentz commutation relations on a Hilbert space ¢ there exists
a unique representation = € Rep(A; #) such that

n@) =a aB)=pF @) =7 @) =34

At the end of Section 4 we show that the action of A on generators has the same form
as in the classical case. Appendices collect useful facts concerning the quantization
map and the counit in the Rieffel deformation, the complex infinitesimal generator
of the Heisenberg group and the product of strongly commuting affiliated elements.

Throughout the article we will freely use the language of C*-algebras and the
theory of locally compact quantum groups. For a locally compact space X, Co(X)
and C,(X) shall respectively denote the algebra of continuous functions vanishing
at infinity and the algebra of continuous bounded functions. If X is also a manifold,
then C*°(X) denotes the algebra of smooth functions on X and C°(X) denotes
the algebra of smooth functions of compact supports. For the notion of multipliers,
affiliated elements and algebras generated by a family of affiliated elements we refer
thereaderto [10], [11] and [12]. The set of elements affiliated with a C*-algebra A will
be denoted by A" and the affiliation relation will be denoted by 7, i.e., T n A means
that 7 € A". The z-transform of T € A" will be denoted by z7. For the precise
definition of z7 we refer to [12]. For the theory of locally compact quantum groups
we refer to [3] and [4]. For the theory of quantum groups given by a multiplicative
unitary we refer to [1] and [9]. For the notion of I'-product we refer to [5]. All
Hilbert spaces appearing in the article are assumed to be separable. Given a pair
of densely defined operators X and Y acting on a Hilbert space J, the dotted sum
X 4 Y is the closure of the usual sum X + Y. To define X 4 Y one has to prove
that the intersection of domains D(X) N D(Y) is dense in ¢ and X + Y defined on
D(X) N D(Y) is closable.

I would like to express my gratitude to S. L. Woronowicz for many stimulating
discussions, which greatly influenced the final form of this paper.
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2. Hopf *-algebra level

We fix a deformation parameter s € R. Let 4 be a unital x-algebra generated by four
elements &, B, 7, § satisfying the following commutation relations:

aB = pa, &y = pa, as =da,
By = 7B. Bs =8B,
P8 =687,
Qs —pp =1;
GG* —G*G = —sP*P,  ap* —pra = —spé*,
ARk Ak AQk Ok A (1)
ay® =9y*a, ad* =6,
BB* — B*B = s(@*a — 85"
Bi* =B Bs* —5*B = sp*a.
PP =97, p8* =58,
§8* —8*§ = spp*

The x-algebra 4 was introduced in [14] where it was also proven that it admits the
structure of a Hopf x-algebra. The action of the comultiplication A: A — A ® A
on the generators is given by

A@)=aa+pep AP =aep+hel
AP)=9®a+507, A®)=7RF+5®3.
The coinverse k : 4 — A is an involutive x-antithomomorphism and its action on the
generators is given by

k@ =38 «B)=-B «k@)=-7, k(@) =a.
Finally, the action of the counit ¢: A — C on the generators is given by
e@=1, B =0 &) =0 e@=1.

Note that the formulas defining co-operations on # coincide with the corresponding
formulas for the Hopf *x-algebra of polynomial functions on SL(2, C).

3. Hilbert space level

In this section we distinguish a class of representations of commutation relations (1)
on a Hilbert space which will be proven to correspond to representations of the C*-
algebra A of the Heisenberg—Lorentz quantum group (see Theorem 4.5). Note first
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that the pair (&, —sp*y) satisfies the commutation relation defining the Heisenberg
Lie algebra (see Appendix C). The same is true of the pair (3, sP*7). Furthermore,
in the case when 7y is represented by an invertible operator, the equation Qs — 3)? =1
determines /§ This gives a motivation for the following definition.

Definition 3.1. Leta, y, § be closed operators acting on a Hilbert space #. We say
that the triple (&, 7, §) satisfies the Heisenberg—Lorentz commutation relations if

1. y is normal and ker y = {0};

2. (@, —sy*y) and (3, sy*7) are infinitesimal representations of the Heisenberg
group Hi;

3. @,y and § mutually strongly commute.

For the notion of infinitesimal representation of H we refer to Definition C.1 and
for the notion of strong commutativity we refer to Definition D.1.

Definition 3.1 describes representations of commutation relations (1) in which
y is represented by an invertible operator y. The next definition deals with the
representations for which ¥ = 0. Note that in this case it is the pair (8, s(@*& —
1/&*@)) that satisfies the Heisenberg Lie algebra relation.

Definition 3.2. Let a, ,3 be closed operators acting on a Hilbert space #. We say
that the pair (&, B) satisfies the Heisenberg—Lorentz commutation relations if

1. @ is normal and ker & = {0};

2. (,5,5(&*55 — 1/@*@)) is an infinitesimal representation of the Heisenberg
group H;
3. @ and ,3 strongly commute.

To deal with the general case of representations of Heisenberg—Lorentz commuta-
tion relations note that  commutes with all of the generators and their adjoints. This
fact leads to the idea that any representation of the Heisenberg—Lorentz commutation
relations splits into a direct sum of two representations: one with an invertible y and
one with y being zero. More precisely we have:

Definition 3.3. Let &, f, 7, § be closed operators acting on a Hilbert space J,
y being normal. By JHo, #; and y; we denote the kernel of y, its orthogonal
complement and the restriction of y to J1. We say that the quadruple (&, 8, 7,6) isa
representation of the Heisenberg—Lorentz commutation relations if &, 8 and § respect
the decomposition # = Jo @ H1, i.e., there exist closed operators &p, Bo, bo acting
on Ho and &1, B1, 81 acting on J; such that

o =0y ®ddag, ,3~=l§069l§1, 5=<§0€B5~1,

and we have
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1. the pair (&, 30) satisfies the Heisenberg—Lorentz commutation relations;

2. @ and 80 are mutual inverses: 80 =a, L.

3. the triple (&1, Y1, 81) satisfies the Heisenberg—Lorentz commutation relations;
4. Py =77 @d - D).

Remark 3.4. The product of operators in point 4 above is taken in the sense of
Theorem D.2. It is a well-known fact that a representation of the Heisenberg group
H can be decomposed into a direct integral of irreducible representations. In the
case of irreducible representations the operator y appearing in Definition 3.1 and &
appearing in Definition 3.2 are multiples of identity. This fact will be used in the
proof of the next theorem.

As has already been mentioned, the class of representations defined above corre-
sponds to representations of the C*-algebra A of the Heisenberg—Lorentz quantum
group (see Theorem 4.5). Let us recall that for two representations 7y € Rep(A4, #)
and m, € Rep(A, #') their tensor product is defined by 7 = (7, @ m) o A €
Rep(A4; H ® H'). The next theorem gives a description of the tensor product con-
struction in terms of the Heisenberg—Lorentz commutation relations. This construc-
tion will be crucial in the analysis of the comultiplication of A on the C*-algebra
level (see Theorem 4.9).

Theorem 3.5. Let @, ,5 v, § be closed operators acting on a Hilbert space ¥ and
let &, ,8’ 7, §' be closed operators acting on a Hilbert space H'. Assume that
(a, ﬂ 7.,6), (@ ,3’ 7, § ) are representations of the Heisenberg—Lorentz commuta-
tion relations. Then the quadruple of operators (&@", B, 7", 8") acting on H Q@ H'
and defined by

@=a®d +p®7,
Br=a@p +p®F
V' =70d +5x7,
' =70p +506

is a representation of the Heisenberg—Lorentz commutation relations on # @ H'.

Proof. First, let us introduce some notation. For any ¢ > 0, z € C we set

Je(z) = —exp( e z?) e Ry,

Note that for any ¢ € R, f; € L'(C) and the family f; is a Dirac delta approxima-
tion:

tim [ 422 £.)5() = £00)
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where d?z is a Haar measure on C. Let V¢ be an irreducible unitary representation
of the Heisenberg group H on a Hilbert space J# (for an explanation of the notation
V4 we refer to Appendix C). Smearing the family V', with a function f we get the
family

17 = / d’z fe(2)VE 2)

of bounded operators acting on #¢. The following properties of /2 will be used in
the course of the proof:

s-lim I =1,
e—>0

Ran(/;) € D(a") foranyn € N, 3)
1ir%a”18h =a"h forany h € D(a"),
E—>

where s- lim denotes the limit in the strong topology on B(#).

Let us move on to the main part of the proof. Let ¢, ¢’ € C \ {0}. By Remark 3.4
it is enough to prove our theorem in the following three cases:

Ho=Ho =140}, 7=cl and 7 =/,
Ho=JH; =40}, 7=cl and @y =cl,
0 C

H = H; = {0}, @ 1 and @y =c'l.

The notation used above coincides with the notation of Definition 3.3. In what follows
we shall treat the first case, leaving the second and tl)ird cases to the reader.

Note that the pairs (1 ® ca@’, —s|cc’|?) and (¢’§ ® 1,s|cc’|?) are infinitesimal
representations of H. For any z € C we define a unitary operator

U, = UMY UCE® e B, @ #)).
It is easy to check that the map
Co>z+> U, € B(H#; ® H))

is a strongly continuous representation of the group (C, +). Let T be the correspond-
ing infinitesimal generator. By definition 7" is a normal operator with the domain

D(T) ={h € #1 @ H; | themap C 3 z > U;h € H; ® K] is once differentiable}
and the action of 7 on & € D(T) is given by
ad
Th=25Uh|__,. (4)

With this definition of 7', we have U, = ¢/™mZT) which explains the factor 2 on the
right-hand side of (4). Comparing formulas (4) and (75) we see that ” C T. In
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order to prove the equality 7 = T, it is enough to show that D(1® @) ND(@E ® 1) C
Jt1 ® J1, which is a core of y”, is also a core of 7. For this we use the family of

operators Ieg Q1 f‘/ € B(#1 @ H]). It has the following properties:
s-lim(18 ® 1) = 1,
e—>0
Ran(I! ® I¥) cDE® 1) ND(1 ® &),
lim TP ® 1¥)h = Th forany h € D(T).
£—>

The first and second properties are direct consequences of (3), while the third property
requires a separate proof which is based on formulas (2) and (4). The fact that
D(1 ® @) ND(§ ® 1) is a core of T is now an immediate consequence of all three
properties, hence we have 7' = p”.

In the analysis of 8” we shall use the fact that " defined above is invertible:
ker 7" = {0}. Assume on the contrary that ker 7" # {0}. Using the identity

W @ U )7'(UP.  @UT ) =7" +2.

we see that 7" has an eigenvector for any complex number. This fact and the nor-
mality of 7 (eigenvectors of different eigenvalues are perpendicular) contradicts the
separability of #; ® H, hence ker " = {0}.

Let us move on to the analysis of the operator @’ = @ ® @’ + B ® 7. Our
objective is to show that @” is an infinitesimal complex generator of a representation
of the Heisenberg group H (cf. Definition 3.1). In order to do that we define an
auxiliary operator

T'=9"(cta®l)—c . 5)
Note that ” and @ ® 1 strongly commute, and 7" is well defined by Theorem D.2.
It is easy to see that (7’, —s7”*$") is an infinitesimal representation of H. Hence,
to prove that (&”, —s7”*9"') is also an infinitesimal representation of H, it is enough
to show that @’ = T’. For this purpose we use the family of operators

I = 1815 @ 1¥ € B(Jt; ® #)).
It has the following properties:
s-lim /I, =1,
e—>0
Ran(I,) C D(@") N D(T’),

T/lRan(Ig) = &NlRan(Is),
lim T'I;h = T'h  forany h € D(T"),
e—>0

lim @”I.h = &"h  for any h € D(@").
e—>0
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The third, fourth and fifth properties show that 7' and &” coincide on a join core,
hence 77 = &”. Similarly we prove that the operator §" =7 ®p +5®8 givesrise
to the infinitesimal representation (8", —s7”*7") of the Heisenberg group H.

To complete the proof we have to show that the operator 8’ =a @ f/ + B ® &'
is equal to 7"~ 1(@”8” — 1) (see point 4 of Definition 3.3). In order to do that we use
the family of operators

Jo=I1818 @ 1% 1 € B(#, @ #]).
It has the following properties:
s—1limJ, =1,
e—>0
Ran(J,) C DG~ 1(@"8" — 1)) N D(B"),
B IRan() = 7"71@"8" = Dlran(s,)-
lim B"J.h = B'h  forany h € D(B").
lim 7"~ Y&@"8" — 1)J.h = 7"~ 1@"8" — 1)h  forany h € D(7"~1(@"8" — 1)).

The third, fourth and fifth properties show that B” and 7"~ 1(@”8" — 1) coincide on
a join core, therefore B” = 7"~1(&"8" — 1). O

4. C*-algebra level

In this section we shall describe the Heisenberg—Lorentz quantum group on the
C*-algebra level. It is obtained by applying the Rieffel deformation to SL(2, C)
(which from now on will be denoted by G). Let us fix an abelian subgroup I' C G,
which will be used in the deformation procedure. Set

e {(4 7) 1ec)

Note that I" is isomorphic to the additive group of complex numbers. In particular
I' and its Pontryiagin dual I" are isomorphic. The isomorphism that we shall use is
given by the non-degenerate pairing on C x C:

(z,Z') = exp(ilm(zZ")).
Let W be the skew bicharacter on I' ~ C given by
W(z,z") = exp(i §Im(zZ")). (6)

Using the results of Rieffel (see [8]) we know that the abelian subgroup I' C G and
the bicharacter ¥ on I' give rise to a quantum group G = (A4, A). In this article
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we shall use a formulation of the Rieffel deformation based on the theory of crossed
products which was given in [2]. In this framework the deformation procedure goes
as follows. Let p: I'? — Aut(Cy(G)) be the action of I'? given by the left and right
shifts of functions on G along I',

Py (@) = f(r1'gr2).

where y1,7, € I', f € Co(G) and g € G. We construct the crossed product
C*-algebra B = Co(G) x, ', Let B = (B, A, p) be the standard I'*-product
structure on B, i.e.,  is the dual action of '2 on B and A is the representation of I'2
on B which implements p on Co(G) C M(B):

pyl,yz(f) = AV]aVZfA;l,yz'

Let W: I' — T be the homomorphism given by W () = f—j forany 7 € I (note that
we used the identifiaction I' = [ = O). UsingN\iJ we twist p getting the dual action
pY: I'2 - Aut(B) (in [2] it was denoted by p¥®Y):

A _ R R A *
P55/ = A (505 P95 DI AT 50 49y )

As was shown in [2], the triple BY = (B, A, p¥) is also a I'2>-product. The C*-algebra
A of the Heisenberg—Lorentz quantum group G is defined as the Landstad algebra
of BY; A C M(B) is the subalgebra of elements satisfying the Landstad conditions:

ﬁ)ﬁ}’j,(b) =bforall .7’ eI,
the map I'? 5 (y.y') + 4,,,/bA} , € M(B) is norm continuous, (3)
xbx' € B forall x,x" € C*(I') C M(B).

The three conditions defining A C M(B) will be refereed to as the Landstad condi-
tions.

The C*-algebra A carries the structure of a quantum group. All structure maps can
be described in terms of the I"2-product B, but in this article we shall rather use the fact
that they are related to a multiplicative unitary W of G, whose construction goes as
follows. Let dg be a right invariant Haar measure on G and let L?(G) be the Hilbert
space of square-integrable functions with respect to dg. Let Lg, R, € B(L?(G)) be
the left and right regular representation of G. Restricting them to I' C G we get two
representations of I on L2(G). The related representations of C*(I") will be denoted
by 7L, 7R € Rep(C*(T"); L2(G)), respectively. Obviously ¥ € M(C*(I")® C*(I"))
is unitary, hence operators X, Y € B(L?(G) ® L?(G)) given by

X =x@Re )W), Y =xRerl)(w)

are unitary, too. Finally, the multiplicative unitary W € B(L?(G) ® L?(G)) of G
has the the form
wW=YVX,
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where V is the standard Kac—Takesaki operator of the group G. The C*-algebra A
is isomorphic to the C*-algebra of slices of the first leg of W':

A~ {(0 ®id)W | @ € B(L*(G)), Il-closure, )

Note that A treated as the algebra of slices of W is naturally represented on L2(G).

4.1. Affiliated element y. The idea of the construction of y € A" is based on the
observation that the normal operator y € B is a central element, which by definition
means that z, € M(B) is a central element. This together with the invariance of y
under p implies the invariance of y under the twisted dual action p¥:

AW _ . . A * _ . . * _
P35 (V) = 240,50 P79 V) A g5y 55y = 24608610 Y *a5y06n = V-

Hence the first Landstad condition defining elements of A is satisfied for y. We are
not dwelling upon the other Landstad conditions but give the following construction
of p € A". Letid: C — C be the identity function: id(z) = z for any z € C.
This function generates Co(C) in the sense of Woronowicz (see Definition 3.1 of
[11]). Let # € Mor(Cy(C); Co(G)) be the morphism that sends id € Co(C)" to
the coordinate function y € Cy¢(G)". From the invariance of y under the action
p: I'? — Aut(Co(G)) it follows that 7 satisfies the assumptions of Theorem 3.18
of [2] for the trivial action of I'? on Co(C). Therefore it gives rise to the twisted
morphism 7¥ € Mor(Cy(C); A). We define j € A" as the image of id € Co(C)”
under 7¥: $ = 7¥(id). Obviously, the z-transform z; belongs to the center of M(A)
and 7 treated as an operator acting on L2(G) (cf. (9)) coincides with the operator of
multiplication by the coordinate y.

4.2. The affiliated elements & and §. As has already been mentioned, the cou-
ples (&, —sP*7) and (8, s*7) satisfy the Heisenberg Lie algebra relation (see Ap-
pendix C). This observation motivates the idea of prescribing & and § as complex
infinitesimal generators of appropriately defined representations U¢ and U® of the
Heisenberg group H on A. In what follows, we show that this approach is justified,
but first we need to introduce some notation.

Let T be a normal element affiliated with a C*-algebra C and let

A(z; T) = exp(iIm(zT)) € M(C).

Note that the map
Coz A(z;T) e M(C)

is a representation of the additive group C. This representation will be denoted
by A(-;T). Let B = (B, A, p) be the I'>-product introduced at the beginning of
Section 4. Let 7, T, € B" be infinitesimal generators of representation A: C? —
M(B):

A21,22 = /\(ZI,TZ)/\(Zz,Tr). (10)
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The coordinate function y € Co(G)"” C B" — being central — commutes with A, ;,:

* —_—

A’Zl »Z22 )/A‘Zl 22 T V-
This implies that 77, T, and y strongly commute in the sense of Definition D.1, hence
using Theorem D.2 we may construct a pair of normal elements y7,*, yT,* € B".

We define the aforementioned representations U% and U S of Hin B by the formulas

U, = Mzia)A(z: =Sy TOME =5y y),

2 (11)
US, = Mz )Mz =Sy THOAE: Sy*y),

where we used the embedding Co(G)" C B to treatar, § and y*y as normal elements
affiliated with B. The analysis of U% and U? will be performed in the proof of the
next theorem, but before we formulate it, we have to introduce some auxiliary objects.
Let d; and 0, denote the vector fields whose actions on a function f € C*(G) are
given by

0 d
d f(g) = 28—2Lz(f)(g)|z=0, Irf(g) = 28—2Rz(f)(g)|z=0- (12)

(Here L, and R, denote the operators of the left and right shift by an elementz € T'.)
Using d; and 0, we define differential operators Op(«) and Op(§) acting on C°(G):

Op(@) = a — 3. Op(¥) =8 — ;. (13)
The quantization map € used in the next theorem is described in Appendix A.

1> Uzg,t € M(B) be the unitary elements given by (11). Let
Op(a) and Op(8) be the differential operators given by (13) and let A be the Landstad
algebra of BY (see (8)). Then:

(1) U2 Ug,t are elements of M(A) C M(B).

z,t0 Yz

(2) The maps

Theorem 4.1. Let U%

H > (z,1) > UYL, e M(4), H > (z,0) - US, € M(4)

are strictly continuous, commuting representations of the Heisenberg group.

(3) Let a, § € A" be complex generators of U® and U § (see Appendix C). The set
{Q(f) | f € C(G)} C Aisacommon core of &, 5 € A" and we have

GQ(f) = QOp@) f), 8Q(f) = QOp©)f) (14)
forany f € C(G).
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Tt Uzg,t € M(A). Let p¥ be the twisted dual
action given by (7). It is easy to check that

P2 o (A(z:) = Az, $21)A(z; ),

Py o Mz =Sy T))) = Mz —$21p)A (2 =5y T},
P2 -, (A(z:8)) = A(z: $221)A(z:6).

Py (M =5yTr)) = Mz —520)A(z: =5y T)).

Proof. Let us begin by proving that U2

Using these equalities and (11) we see that Ufft and Uzg,t satisfy the first Landstad
condition (see (8)). Let us move on to the second Landstad condition. One can check
that

Az USAE =Mz, —2)UE,. Az, US AL L = Az z2y)US,. (15)

21,22 21,22

In Section 4.1 we constructed the affiliated element € A". Itsimage in B” coincides
with the coordinate function y € Co(G)" C B", hence using (15) we see that the
two maps

C? 5 (z1,22) = Az, UR, AL, a € M(B),

21,22
C? 5 (z1.22) &> Az 2, UL AS , a € M(B)

21,22

are norm continuous for any @ € A. This norm-continuity together with the 5¥-in-
variance of UZ U5, € M(B) implies that UZ UZ‘SJ are indeed elements of M(A).

zZ,t° Yz, zZ,t>
The proof that U% and U?® are commuting representations of the Heisenberg group
H is left to the reader.
Let us now prove the strict continuity of these representations. For this purpose

we shall treat Uz&,t and UZS,, as operators acting on L2(G). It can be checked that the
action of U and U on L?(G) expressed in the coordinates o, §, and y is given by
U2, f(a.7.8) = exp(—i 57y) exp(ilm(za)) f (e — §277.7.6),
U3, f(@.7.6) = exp(i $£7y) exp(im(z6)) f (@, 1,8 + 3£77)
for any f € L?(G). Using Theorem 4.14 of [2] we obtain
UZ,Q(f) = QUL /) (17)
forany f € C°(G). This together with Theorem A.1 leads to the estimation

IUS,Q(f)—Q(f) <c max sup|of*af axmam (UL, f - f).
k,k’l,lI’<5 geG

(16)

Using (16) we may see that the right hand side of the above inequality is convergent
to zero when (z,1) — (0, 0), which shows that

li U2 Q(f)—@Q =0.
A o 1U7,Q(f)—aNl
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The density of the set {@Q(f) | f € C°(G)} in A ensures that U & js continuous in

the sense of strict topology of M(A). The strict continuity of the representation U 8
is shown similarly.

Let us move on to the proof of the third point of our theorem. Using equation
(16) one can check that

d o
28_ZUZ’Of|Z=° = Op(a) f

for any f € C°(G). This together with (17) and (76) proves the first equation of
(14). The second formula of (14) is proved similarly. To show that @(C2°(G)) is a

core of either & or 3 it is enough to check that the sets

(1 +a"0)Q(f) | f eCR(G)), {(1+8HA(f) | feCR(G))  (18)

are dense in A (see Lemma D.3). In what follows we shall sketch the proof of the
density for the first of these sets. Let us first note that the set

(1+8*)7'QCT(G)) = {1 +a"»)~'Q(f) | f e CT(G)} C A

is dense in A. This follows from the density of @(C2°(G)) in A and the fact that
& € A". Let f be an arbitrary element of C2°(G) and g € L?(G) the function given
by

g=010+a*a)7"'f
Using (74) we see that

g = / dt exp(—1) / 02z hy(z.—sL 9 PUS, f (19)
Ry c

A

One can check that g is quantizable in the sense of Theorem A.1, @(g) € D(¢*@)
and @(f) = (1 + &¢*@)@(g). Using formula (19) we can prove the existence of a
sequence f, € C2°(G) such that

lim 3¥0*K am o™ f, = ok ork gmarm g,
n—o0
Tim_ 9 97%9797™ (1 4 Op(e)* Op(@)) fu = 37 97"97™ (1 4 Op(e)* Op(e))g
(20)

for any k,k’,m,m’ < 5. By equations (14), (20), Theorem (A.1) and the closedness
of & we get
Q(f) = lim (1 +3*0)Q(f).

Using the fact that f is an arbitrary smooth function of compact support and that
Q(C(G)) is a dense subset of A we get

(I +&a)eQ(CG) = 4.
This ends the proof of (18) for &. O
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4.3. Quantum Borel subgroup G¢. This section is a preparation for the construc-
tion of the affiliated element ,3 € A". For this purpose we have to split A into
appropriately defined quantum subspaces. This splitting corresponds to the split-
ting of the classical group G into its Borel subgroup Gy C G and the set theoretic
complement of Gy, where by Gy C G we understand

(04
GOZ{(OO afi_ol) | g € C, ﬁoee}.

Let us be more precise. Let 79 € Mor(Co(G); Co(Gy)) be the restriction morphism

7o(f)(g0) = f(go)

forany f € Co(G) and g¢ € Gy. Applying the Rieffel deformation to (Co(Gy), A),
based on the subgroup I' C G we construct a quantum group Gy = (A, A). Let
Bo be the respective I'2-product. In this section 7; and 7, denote the infinitesimal
generators of the representation A: C2 — M(By) (see (10)) and 9;, 9, denote the
vector fields on Gy defined like in (12). By Theorem 3.18 of [2] the restriction
morphism 7o € Mor(Co(G); Co(Gy)) induces the twisted morphism of C*-algebras
1 A — Ay and the surjectivity of 7y implies the surjectivity of 710 Let Ay C A
be the two-sided ideal generated by z; Invokmg the centrality of z; in M(A) we have
Ay = ZJ;_A""l It is easy to see that (Z ) = 0, which implies that A; C ker JTO
It can also be proven that ker JT(‘)I’ C Ay, hence we have the exact sequence of C*-

algebras
W

0 Ay — A5 Ay — 0. @1

In what follows we shall construct an affiliated element ,30 € AJ, which is farther
used in the construction of ﬁ € A". Letus first mention that following the construction
of p € A" of Section 4.1, we may introduce an affiliated element ¢y € Ag. It is
normal and invertible, and its action on L2(Gy) is given by the multiplication operator
by the coordinate o;g. Remembering that Co(Go)" C B, we shall consider oo and
Bo affiliated with Bg. The elements «g, 77, T € Bg strongly commute, hence using
Theorem D.2 we construct ao7,", oty 1Tl* € Bg . For any (z,¢) € H we define the
unitary element

U = 3z Bz 50 TIA G — a0 TA —§ (1o 2 = lool2) € M(Bo).
(22)

Let us also define the differential operator
Op(Bo) = o — Z"‘O 00 — aoa* (23)

The proof of the next theorem is similar to the proof of Theorem 4.1. The quantization
map related to the quantum group Gy is denoted by @,.
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Theorem 4.2. Let U Zﬂ Q€ M(By) be the unitary element given by formula (22). Then:

() UZB? is an element of M(Ag) C M(By) for any (z,t) € H.
(2) The map )
H 5 (z,1) = U e M(4y)
is a strongly continuous representation of the Heisenberg group.

(3) The set {Qo(f) | f € CZ(Go)} C Ao is a core of the generator ,éo € Ay of

the representation U0 and we have

BoQo(f) = Qo(Op(Bo) )

forany f € C°(Go). Moreover the set

{Qo((1+Op(Bo)" Op(Bo)) f) | f € CZ(Go)} 24)

is dense in Ay.

4.4. The affiliated element ﬁ . After constructing the affiliated element ,30 € Ay
we shall now move on to the construction of ,3 In order to do that we first have to
introduce ,31; € Ag, which may be treated as a restriction of 3 to A;. The embedding
of A; into A leads to a morphism 7, € Mor(A4, A;), which is defined by the formula
ny(a)ay = aay witha € Aanday € Aj. This morphism is injective, which enables
us to treat &, )78 € A" as elements affiliated with 4;. The injectivity of 75 follows
from the implication (az; = 0) = (a = 0), which is true for any a € A. Note
that p treated as an element of A is invertible, i.e., there exists a unique element
1 = $719 = 1. Moreover,

A

yle Ag strongly commuting with p and such that pp~

1

the elements @, 8, pT € Ag mutually strongly commute, so using Theorem D.2 we

may define B;? by the formula
By=7"1@-1e A7, (25)

In order to give a more direct description of ,31;, let us introduce the differential

operator
2

s * s * s * %k
Op(B) = p — 7807 — Jadr + =y 97 7. (26)
It is easy to check that the determinant relation is satisfied
Op() Op(8) — Op(y) Op(B) = 1.

where Op(y) denotes the operator of multiplication by y. The following lemma
describes 5 in terms of Op(f).
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Lemma 4.3. Let /§J; € Ag be the affiliated element defined above. The set
{Q(N)zy | [ € CE(G)}

is a core ofB,; and for any [ € C2°(G) we have

B;Q(f)z5 = QOp(B) f)z;- 27)

Moreover, the set L
{1+ B3B3)Q(f)zy 1 f € CZ(G)} (28)

is dense in A;.

Proof. Formula (27) follows from equation (25) and point 3 of Theorem 4.1. In order
to prove (28) we introduce the affiliated element 7 = @8 — 1 € Ag. Obviously, we

have ﬁ); = 77T, so we will base the analysis of ﬂA,; on the analysis of T. Let us
check that 7" and @*& + §*6 strongly commute:

exp(it(G*a@ + 8*8))T exp(it(@*a + 6*3))
= exp(i1G*Q) & exp(—it&*@) exp(i18*8) § exp(—it$*8) — 1
= exp(itsP*P) @ exp(—itsP*P)§ —1 =T.
Using Theorem D.1 we define
T'=(1+ T*T)exp(-&*& — §*5) € Al
The equality exp(—&*a@ — 8 *3) = exp(—&a* — 88 *) implies that
T’ = 2exp(—@*& — §*8) + a*@ exp(—&*@)8* 8§ exp(—5*5)
—aexp(— 5*6)8 exp(—g*g) —-a* exp(—&&*)g* exp(—g*g).

All factors of the above sum belong to M(4;), hence the resulting operator 7 also
belongs to M(A;). Note that

T'D(T*T) = exp(—a*&—8*8)(1 + T*T) D(T*T) = exp(—&*& —5§*8) 4. (29)

The right-hand side of (29) is dense in 4;. Using the boundedness of 7" and the
density of D(7*T') in A; we conclude that the set 7'Q(C2°(G))zy is also dense:

T'Q[CP(G))z; M = 4. (30)
We shall now prove that the density (30) implies the density (28). Let

a = exp(—&*@ — §*8)Q(f)zy (31)
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forsome f € C2°(G). Using formula (74) one can check that there exists a sequence
Jn € CZ(G) such that

lim K xk gmarm’ f 2, = 39K gmarm exp(—a*a — §*6) [z,
Lim §F0F* 9™ (1 + T*T) fuzy = 8f 07X 970}™ (1 + T*T) (32)
- exp(—a*a — S*S)fzy

for any k,k’,m,m’ < 5, where in the above formulas we treat 7 = 68 — 1 as an
operator acting on L2(G). It may be shown that the convergence in (32) is in the
uniform topology on Co(G). Using Theorem A.1 and the closedness of 1 + T*T we
see that

14+T*T)a = nli)rr;o(l + T*T)Q(fn)z;. (33)

Combining (30), (31) and (33) we get

T+ T DACEG)z = 45.

Using the above equality, the fact that ,BA;, = 7T and Lemma D.5, we get

(L + B3Bo) (1 + 712 @CE(G))z" " = 45, (34)

The inclusion
(1+ 1717 7'Q(CP(G))zy C QA(CE(G))zy

and equation (34) show that

1+ BBpace Gz = 4.

This proves (28). Now from Lemma D.3 it follows that @(CZ°(G))zy is a core of
B 7» which ends the proof of our lemma. O

Using B9 € AZ defined above and Bo € Ag defined in the previous section, we

construct the affiliated element ,3 € A". Heuristically speaking, it is a gluing of ,31;
and ,éo.

Theorem 4.4. Let Op(B) be the differential operator (26). There exists an affiliated
element B € A" such that the set {Q(f) | f € C°(G)} is a core of B and

BA(f) = QOp(B) f)
forany f € C(G).
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Proof. Let Graph /§ ; be the graph of the affiliated element ,BA,;. It is easy to check that
the set

b bas ~
{ (b) | (b/a?) € Graph(;) for any a; € Ay C A A

is a graph of a closed operator acting on A. This operator will be denoted by ,3 Let
us list some properties of Graph §:
1. Graph/§ C A @ A is a submodule of a Hilbert A-module 4 & A.
Q) 3
2. Forany f € C°(G) we have ((Q(Op(ﬂ)f)) € Graph §.
3. Let
(Graph )+ = (&) I c*a+c™a’ =0forany (J) € Graph B}

be the submodule perpendicular to Graph ,3 For any f € C2°(G) we have
(_Q(zp((]’?)) ! )) € (Graph ).
4. {@(T+0pB)* OpBN N I [ e CTGHM = 4.

Properties 1, 2 and 3 are consequences of the definition of B and Lemma 4.3. In
what follows we shall prove property 4:

@+ opBy Op(BN ) | f € Gy = 4.

Leta € A and JTSI’ € Mor (A, Ap) be the morphism entering the exact sequence (21).
Using (24) we can see that there exists a sequence f, € C2°(Gy) such that

75 (@) = lim @o((1 + Op(Bo)* Op(Bo)) /). (35)

Let f, € C°(G) be an extension of f,, to the whole group G and let 7y €
Mor(Co(G); Co(Gop)) be the morphism introduced in Section 4.3. It is not difficult
to check that

7 (Q(/)) = Qo(mo(f)),  7o(Op(B) f) = Op(Bo)mo(f)-

Using these equalities and (35) we see that
lim " (a — @((1+ Op(B)* Op(B)) fn)) = 0.

The exactness of the sequence (21) ensures that for any ¢ > 0 there exists # € N and
ay € Ay such that

la —Q((1 + Op(B)* Op(B)) fu) — a3 <. (36)

Equality (28) implies that there exists a function f € C2°(G) such that

lay — @((1 + Op(B)* Op(B)) )z; ]| < e. (37)
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Combining (36) and (37) we get

lla —Q((1 + Op(B)* Op(B) (fu + fzy))II < 2e.

This ends the proof of property 4 above.

Using the properties of Graph/é one can check that it satisfies all assumptions of
Proposition 2.2 of [10]. This proposition guaranties that ,3 € A", It is easy to check
that B satisfies all the requirements of our theorem. O

4.5. Representation theory of the C*-algebra A. The results of Appendix B ap-
plied to the C*-algebra A of the Heisenberg—Lorentz quantum group G show that
the representation theory of A can be equivalently described by the corepresentation
theory of the dual quantum group G. As was shown in [2], the C*-algebra of G is the
reduced group C*-algebra C;(G). The comultiplication Ag is the 2-cocycle twist of

the standard comultiplication A on C:(G)
Ag(a) = XA(a)X* (38)

for any a € C;(G). The unitary X € M(C}(G) ® C}(G)) is the image of ¥ €
M(C*(I') ® C*(I")) (see equation (6)) under a morphism which sends the generator
u, € M(C*(I')) to the right shift R,, € M(C}(G)).

Let my € Rep(A4; ) be a representation of A on a Hilbert space . The
corresponding corepresentation U, € M(K (H) ® A)is given by

Uy = (ty @ id)W, (39)

where W € M(A ® ff) is the multiplicative unitary of G. On the other hand, giving
a motivation for Definition 3.3 we claimed that representations of the Heisenberg—
Lorentz commutation relations correspond to representations of A on Hilbert spaces.
To prove this fact we will show that for any representation (a, ,8 v, 8) on a Hilbert
space J we can construct a corepresentation U of Gon # , which in turn corresponds
via (39) to a representation 7w € Rep(A; ). This construction of 7 is performed in
the proof of the next theorem, where we also give a more direct characterization of
7 in terms of&,,é, )7,3 e A",

Theorem 4.5. Let (&, ,3 7, S) be a representation of the Heisenberg—Lorentz com-
mutation relations on a Hilbert space H (cf. Definition 3.3). There exists a unique
representation w € Rep(A; #) such that

n@&)=a nB)=pF @) =7 =@ =34 (40)

Moreover, for any m € Rep(A; HK), the quadruple (n(&),n(ﬁ),n()?),n(g)) is a
representation of the Heisenberg—Lorentz commutation relations.
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Proof. We shall start by fixing some notation. Given any w € C \ {0}, g, denotes
an element of G of the form
(0 w!
v =\_w o )

Let T be a normal, invertible element acting on a Hilbert space J. We define the
unitary operator

S(T) = /dET(w) ® R, € B(H ® L*(G)),

where E7 is the spectral measure of 7 and Ry, € B(L2(G)) is the right shift
by gw. Let ER be the spectral measure that corresponds to the representation I' 3
y = R, € B(L?(G)) via the Stone-Naimark—Ambrose-Godement theorem. For
an infinitesimal representation (a, X) of H on a Hilbert space Jf we introduce the
unitary operator

R(@G) = / U?, . ® dER(z) € B(J ® L*(G)). (41)

Let us come to the main part of the proof. An immediate consequence of Defini-
tion 3.3 is that it is enough to consider two cases of representations:

(1) y=0;
(2) kery = {0}.

We give the proof for (2), leaving the first case to the reader. Using Theorem D.2
we define two closed operators Gy ~! and §7 ! acting on #. Note that (&7 !, —s)
and (5~ 771, 5) are infinitesimal representations of the Heisenberg group H. Using the
notation introduced above we define the unitary operator

U =RE7HSH)R@j™) e B(¥ ® L*(G)).

Letus prove that U is a corepresentation of G. LetA € Mor(C;(G); Cr(G)®Cr(G))
be the canonical comultiplication on C;(G). Note that

. N o~ 71 12

(a0 BREF™ = [ U710 dERG) @ dERE)
- / exp(—i $Im(z2) U ' UST L @ dER(2) @ dER(2)
= X33 RG7 D 12RG7 H1a. (42)

The unitary element

X = /exp(i%lm(zi'))dER(z) ® dER(Z') e M(C}(G) ® CX(G))
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used above is the one that twists A giving the comultiplication Ag (see (38)). Sim-
ilarly, we check that

(id® ARG = R@7~H12R@7 ™13 Xa3. 43)
Moreover, the formula A(Zw) = Zy ® Zy, implies that
(id ® A)S(7) = SP)12S(P)1s. (44)

Using equations (42), (43), (44), the fact that the first legs of R(a&7 1), R(S 77 1) and
S(y) commute, and formula (38) we get

(id ® Ag)U = X»3(1d ® A)(RETHSGIR@GF 1)) X35
= X3 X5 RET ) 12RET 135S () 128 (7)13
CR@7H12R@7 )13 X23 X35

= RG7™)S(7)R@E)RET DS ()sRE s
= UypUss,

which shows that U is a corepresentation of G. Let iy € Rep(A; #) be the corre-
sponding representation of A. The next step is to prove that 7y is the representation
7 of our theorem:

@) =a w)=h mu@) =7 vl =38
Treating &, )7,8 € A" as closed operators acting on L?(G) (in particular p is an
invertible operator of multiplication by the coordinate y) one can prove that the
multiplicative unitary W is given by
W = RGEPTHSHRGE™). (45)

It can also be shown that

W*(1 @ explilm(z9)W = US® y7&,

U*(1 ® exp(ilm(zp)U = USET 78,
which implies that

W*A@)W =407 +7®5, U(1@)HU=a8)+7®s.

Applying 7y ® id to both sides of the left of these equations and using (39) we get

w@®)+rrP)Rs=a®)+7 8. (46)
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Let n(‘)l’ € Mor(A; Ap) be the morphism introduced in Section 4.3. It sends  to 0
and § to the normal element 8o = 45! € Ag. Applyingid ® 7y to both sides of (46)
we get

my (7) ® 8o = ¥ ® do.

This immediately implies that 77 (y) = 7. From this equality and (46) we see that
7y (&) = &. Now using (39) and (45) we obtain

Ry (®)7~") = RE7™Y).

Equation (41) together with the fact that the support of the measure dER is the

whole complex plain implies that 7y (8))/ 1

= 337_1, hence my (8) = 4. Finally,
Ty (ﬂ) ﬂ which is a consequence of the related equalities for &, y and 8.

That the quadruple (7 (&), T[(B), 7(9), JT(S)) is a representation of the Heisen-
berg—Lorentz commutation relations for any representatif)n T e Rep(A4; J¢) follows

directly from the definition of the affiliated elements &, 8, 7,8 € A". O

The above theorem implies the following result.

Corollary 4.6. Let A be the C*-algebra of the Heisenberg—Lorentz quantum group.
Then the generators &, ,B 7, §eAn separate representations of A. That is, if m1 and
72 € Rep(A4; H) coincide on &, ,6 7, 8, ie.,

(@) = 12(&) () = m(f) mP) =mP) m@) = 12(5),

then w1 = m,.

4.6. &,B,7,8 as generators of A. By Corollary 4.6 we know that &, B 7, §eAn
separate representations of A. The aim of this section is to prove that they generate
A in the sense of Woronowicz. For this purpose we shall use the following theorem,
which is a consequence of Theorem 4.2 of [11].

Theoremd.7. Let Ty, T, ..., T, be elements affiliated with a C*-algebra A. Let S2 be
the subset of M (A) consisting of elements of the form (1+T*T;) ™, 1+ T; T*)™",
exp(=T;T;), exp(=T; T;"). Assume that

(1) T, T, ..., T, separate representations;
(2) there exist elements ry,7>,...,r, € Q such that riry...ry € A.

Then Ty, T, ..., T, generate A.

Theorem 4.8. The affiliated elements @, ,é 7, 8 generate the C*-algebra A of the
Heisenberg—Lorentz quantum group.
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Proof. From Theorem 4.7 and Corollary 4.6 we see that it is enough to prove that
(1+ B*B)™" exp(~a*&) exp(=3*9), (47)

which is an element of M(A), belongs in fact to A C M(A). In order to do that we
shall first analyze the element exp(—&*&) exp(—6*8) € M(A). For any g € G we
set

2(|a|? + [8%) tanh (5 y*y)
f(g)=?exp(— — )
cosh™(3y*y) sy*y

Let iy be the family of functions defined by (73). A straightforward computation
shows that

£8) = [ @21 @z i1 =31y P 2. 1y expliIm1a) exp(iTm(z20)).

(48)
One can check that exp(—|y|2) exp(ilm(zy«)) and exp(—|y|2) exp(iIm(z,4)) are
quantizable in the sense of Theorem A.3 and that

Q(exp(—|y|?) exp(ilm(z1@))) = exp(~|y|)UZ,,

2 . 2778 (49)
Q(exp(—y[) exp(ilm(226))) = exp(—|y[) U .
Using (48), (49) and (74) we get
Q(f) = exp(—a*&) exp(—5*3). (50)

Now, for the purpose of analysis of the whole product (47), we define two auxiliary
functions k1,k,: G — C:

k() = —— /(). kalg) = £ — (1+Op(A)" Op(BDk1.  (51)
1+ BB
They satisfy the assumptions of Theorem A.1, hence we can quantize them obtaining
Q (k1) and @(k,2) € A. Combining (50) and (51) we see that
(14 B*B) " exp(—a*a) exp(—5*3)

=1 +8H @)

= (1+ 8*A)'Q((1 + Op(B)* Op(B)k1 + k2)

= (1+8"A) 7' Q((1 + 0p(B)* Op(B)k1) + (1 + B*B) ' Q(k2)

= Q) + (1+ p*B) ' Q).

Consequently (1 + ,3*&)_1 exp(—a*a) exp(—g*g) € A since both factors of the
above sum belong to A. O
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4.7. Comultiplication

Theorem 4.9. Let G = (A, A) be the Heisenberg—Lorentz quantum group. Then the
action of A on the generators &, B, 7,8 € A" is given by

A@)=da®a+p®7.
AB)=a®p+p®6
AP =p®a+5®7.
AG)=9®p+5®8.

(52)

Remark 4.10. The elements appearing on the right-hand side of (52) (further denoted
by @, B, 7, §, respectively) are treated as closed operators acting on L?(G) ® L?(G).
As usual, the sign 4 denotes the closure of the sum of two operators. The idea of
the proof of the above theorem goes as follows. Using Theorem 3.5 we see that the
quadruple (&, ﬁ v, 8) is a representation of the Heisenberg—Lorentz commutation
relations. By Theorem 4.5 this quadruple corresponds to a unique corepresentation
U of G on the Hilbert space L2(G) ® L?(G), which in turn corresponds to a unique
representation 7 € Rep(4; L?*(G) ® L?(G)) such that n(a) = aq, 71(,8) B,

7(y) = ¥ and n(8) = §. On the other hand, (A ® 1d)W Was Wis. Using the
correspondence U = (7 ® 1d)W and Theorem 4.5 once again we see that to prove
(52) it is enough to show that U = W,3W;3, which will be done in the following
proof. Note that in order to prove Theorem 4.9, it is first necessary to show that the
quadruple (&, ﬂ v, 5) is a representation of the Heisenberg—Lorentz commutation
relations. The proof of this fact seems to be as difficult as the proof of the more
general Theorem 3.5.

Proof of Theorem 4.9. In this proof we shall use the notation of the proof of Theo-
rem 4.5. Let &, B, ¥, 6 denote the right-hand sides of (52). As was explained in the
above remark, to prove our theorem it is enough to show that

WasWis = RG7HSGIR@5™). (53)
From equation (45) we can see that
Wis=REP '@ 1)SG @ DRGP ® 1),
Was = RU®5)™HSA @ PRI ®EP™).
Therefore, the left-hand side of (53) has the form
R(1®3p™NSU®PRA®EFHREP™ @ DSG @ DRG™ ®1). (54)

Using the fact that R(1 ® @7~!) commutes with R(S)?_l ® 1) we see that (54) is
equal to

RI®§7™MHSA®MREI 'R DHRI®4PHSH ® DR@G) ' ®1).
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Formula (5) and the corresponding formula related to § imply that

Jap. |

aplel=ar 70 @),
106 =87+ 7 G @ph.

Using these equalities and the fact that (54) is equal to W23 Wm we get:

WasWis = RG7 ) exp(—ilmG ' (P @ 9™ @ T)S(1 @ RGP & 1)

RO®&7™)SG @ Dexp(—ilmG (7™ ® 7) ® T)R@y™).
(55)

Noting that
RGPTTRDRA® &)™) =exp(—imGFG ' @ 77 H @ T}))

and using equation (55) we see that in order to prove equality (53) it is enough to
check that

S(7)
=exp(—iImG ' P ® P ) ®T:)SU ® P)exp(—iImF (' ® §7") ® T}))
‘S@ ® Dexp(—ilm(G ' ® §) ® T)). (56)

The operators ¥, 1 ® y and y ® 1 which appear in the above expression are normal
and strongly commute. Therefore, to prove (56) we have to check that

Su) = exp(—iIm@u~ low™7})) S (w) exp(—i Im(uv " w™17T})) 7
- S() exp(—iIm(u~ v wT}))
for any u, v, w € C \ {0}. Noting that
S(w) =Zy, exp(ilm(zT;)) = R,

where Z,, and R; are operators defined in the proof of Theorem 4.5, we see that
equation (57) is equivalent to the matrix identity

0 w'y (1 —vulw /0 w\(l —uvlw!
—u 0 ) \0 1 -w 0 0 1
S0 v (1 —wuTlvT!
v 0 0 1 ’

Its verification is a straightforward computation, which is left to the reader. O
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Appendices

A. Quantization map

Let @ be the quantization map introduced in Definition 4.13 of [2]. Recall that @
was defined on elements of the Fourier algebra

F ={(0®id)V | € B(L*(G))}

and @ ((w ®id)V) = (0w ® id) W, where V is the Kac—Takesaki operator of a locally
compact group G and W is the multiplicative unitary related to a Rieffel deformation
of G. Given a function f € Co(G) it is usually difficult to check if f belongs to ¥,
which makes @ not very useful in the practical applications. In the case of the Heisen-
berg—Lorentz quantum group we shall give a new description of the quantization map,
which does not have the aforementioned drawback. @ is defined on a different class
of functions, but when the function happens to be an element of ¥ then the new
definition will coincide with the old one. Consider two representations of I' C G on
L%(G):
I'sy+— R, €B(L*(G)), T >3y L, eB(L*G)).

Let T; and T} be infinitesimal generators of these representations:

Ry =exp(iIm(yT})). Ly = exp(ilm(yT})) (58)

forany y € I' >~ C. The related complex vector fields on G are denoted by d; and
dr (see eq. (12)). Now consider two differential operators K; = (1 + TI*TI)2 and
K, = (1 + T}T,)? acting on L%(G). Note that K; and K, are positive, invertible,
and their inverses Kl_l, K; ! are bounded.
Let x,y,v,w € L?(G) be vectors such that x, y,w € D(K,) and v € D(K).
Our next objective is to compute the matrix element (x @ v| W |y ® w ). Note that
(x@v|IW|y@w)

_ _ _ _ (59)
= (K x @ K| (K '@ KT HYVX(K '@ KN | Ky @ Krw).

Let mg, ;€ Rep(Co(C); L2(G)) be representations of Co(C) which send id €
Co(C)" to T, and Ty, respectively. We have the equalities

XK' @ K = (e @ mp) (K™ @ KTHW), (60)
(K'®@ KDY = (rr @) (K@ KTHW), (61)
where K : C — R is the function given by the formula
K(z) = (1 + |z

and ¥ € M(Co(C) ® Co(C)) is defined by (6). Let/: C? — C be the function given
by
exp(—ilm(zywy + 22wy — §2122))

(14 212)2(1 + [22[?)?

l(wl,wz) = /d221d222
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Note that [ € L'(C?) and the right-hand side of (60) can be expressed by /:

(@ 7R) (K™ © K~)0) = [ dwidwa w1, 02) Ry ® Rin). (62)
We have a similar formula for the right-hand side of (61):

(@ ) (K™ ® K~)W) = [ dPuid? sl w2)(Ruy © Lun). (63)

Let f = (wx,y ®id)V € Co(G) be the slice of the Kac—Takesaki operator and
h € Cy(C) the function given by

~ . , exp(ilm(wz))
(w) = / s RS (64)

Let 74" € Rep(Co(G) x C?; L?(G)) be the representation introduced in Remark 4.5
of [2] and A%, AR € Mor(Co(C); Co(G) x C?) the morphisms introduced in the
paragraph following Proposition 4.2 of [2]. A simple but tedious computation, which
starts with inserting (62) and (63) into (59), leads to the equality

(x@v|W]y®w)
= / dPwid?wy (V] 7T (B, 1y AE )1+ 970,)> (1 + 97 91)” SHAR () | w).
Denoting
ALY ((1+320,)%(1 + 37312 f)AR () € M(Co(G) x C?)

by by we get
(x@u|W|ly@w) = /dzwldzwz( v | nca“(,ﬁﬁl,wz(bf)) |w). (65)

If by happens to be in the domain of &Y — the averaging map with respect to the
twisted dual action p¥ — then in formula (65) we can enter the integral under the
scalar product to obtain

(ool Wy @w) = (olx( [ dwidtus sl b)) lw). ©6)
Equation (66) may then be rewritten as

Q(f) = 7" (€Y (by)).

Let us show that this last equation holds whenever f is regular enough. In the next
theorem we shall keep the same notation 7; and 7} for normal operators acting on
L?(G) (see (58)) and elements affiliated with Co(G) x C? (see (10)).
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Theorem A.l. Let 0;, 0, be the complex vector fields on G given by (12) and
f € Co(G) a continuous function such that 85‘*85‘/3:‘”’ 3" f e Co(G) whenever
k,k',1,1' <5. Let by € M(Co(G) x C?) be the element given by

by = AE()((1+ 979,)%(1 + 8792 HAR (h).

Then by is in the domain of the averaging map &Y and there exists a positive constant
¢ such that
w kx ok’ qxm qm’
€7 (br)ll <c max sup|d;™0; 9,97 f|.
k,k’,1,l’<5 geG

If f € Co(G) is quantizable in the sense of Definition 4.13 of [2], then
Q(f) = 7(&¥(f)).
To prove the above theorem we shall need the following lemma.

Lemma A.2. Let X be a locally compact Hausdorff space, p: C — Aut(Co(X)) a
continuous action and (Co(X) xC, A, p) the canonical C-product associated with p.
Let 0, 0* be the differential operators acting on the smooth domain D> (p) C Co(X)
of the action p:

f_ pi|Z 0’ a*f__p2f|z 0"

Further, let h € Co(C) be the function defined by (64) and let g € Co(X) be such
that 3*' 3k g € Co(C) fork,l € {0, 1}. Then A(h)g is in the domain of the averaging
map € and there exists a positive constant ¢ € R such that

I€A(h)g)| < ¢ max sup |9*/ 0¥ g(x)]. (67)

k<l xeX

Proof. Using the universal properties of the group C*-algebra C*(C) we see that
the representation A € Rep(C; Co(X) x C) corresponds to a unique element of
Mor(C*(C); Co(X) x C) (which we also denote by A). Identifying C*(C) with
Co(C) (note that we use the self-duality of C) we can apply A to 7 € Co(C):
A(h) € M(Co(X) x C). ~

In order to show that A(h)g is in the domain of the averaging map D(€) it is
enough to express it as a linear combination of elements of the form

A(h1)bA(h3), (68)

where h1,hy € Co(C) N L%(C) and b € Co(X) x C (see [5]). Let Ty Co(X) x C
be the image of id € Co(C) under A € Mor(Co(C); Co(X) x C): T = A(id). Note
that

A(h)g = A(h)g(1 + T*T)(1 + T*T)~!
= AMg(1 + T*T)™" + A(hz)gT(1 + T*T)7} (69)
+ A(R)*gT(1 + T*T)7 !,
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where we used the relation
g =1[g.T"]
linking 3* and T*. Note also that (1 + 7*T)~! = A((1 + |z|*)™!), hence
Ah) = (1 + [z (A + T*T)7L.
Therefore, the first summand of the right-hand side of (69) is of the form
Mg+ T*T)™ = A1+ 2P + T*T) 7 AL+ [z) 7.

Using the fact that h is of the Schwartz type and (1 + |z|?)! € L?(C) we can see
that the above element is of the form (68). Now, by inequality (10) of [2], we get

€A hg(1 +T*T)™HI < IAll2 gl I+ 12712
and observe that ||€(A (ﬁ)g( 1 4+ T*T)™1)|| may be estimated by the right-hand side
of (67) for ¢’ big enough:

[€A()g(1 +T*T)™ Y| < C',“};“X sup 9% 3% g (x)]. (70)
Jk<1lxe

Let us analyze the second summand of the right-hand side of (69). Note that
AMh2)gT(1+ T*T)™" = A(h|z|P)g(1 + T*T)~" + A(hz)dg(1 + T*T)".
A reasoning similar to the one above shows that there exists a constant ¢’ such that

€A (h2)gT (A + T*T)™ Y| < ¢” max sup 0"/ 9% g(x)|. (71)

lk<1xeX

Similarly, we prove that there exists a constant ¢’ such that

€A (R)d*gT (1 4+ T*T)™Y)|| < ¢ max sup |3* 9% g(x)|. (72)
l,k<lxeX
Combining (69), (70), (71) and (72) we get (67) for ¢ = max{c’,¢”,c¢""}. O

The above lemma is also true if we replace & with &Y. An extension of this
lemma to the case of an action of C? gives a proof of Theorem A.1. Using the same
techniques one can also prove the following theorem:

Theorem A.3. Let f € Cy,(G) be a function such that 8;‘*8;‘/3;"” 8’,"/ f € Cu(G)
whenever k,k',1,1' < 5. Let by € M(Co(G) x C?) be given by

by = AE(h)((1 + 979,)%(1 + 879;)2 HAR(h).
Then by € D(€Y), €Y (bs) € M(A) and there exists a positive constant ¢ such that

I€¥(bs)| < ¢ max  sup |9K*dK grmam’ £l
k,k’,1,l’<5 geG

The element &¥ (b #) € M(A) appearing in the above theorem will also be denoted
by Q(f).
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B. Counit in Rieffel deformation

The aim of this section is to show that a quantum group G obtained by the Rief-
fel deformation posses a counit. Our argument is different from the one given by
M. Rieffel in [8]. Let G be a locally compact group, I' C G its abelian subgroup
and ¥ a 2-cocycle on [. Let p be the action of I'? on Cy(G) given by the left
and right shifts and let pr be the corresponding action of I'? on Co(I"). Note that
the restriction morphism 7 : Co(G) — Co(T") is I'>-covariant. Using Proposition
3.8 of [2] we get the induced morphism 71111’ € Mor(Co(G)¥;Co(I"Y). Since T
is abelian, it follows that the dual quantum group of (Co(I")¥, A) coincides with
the quantum group (C*(I"), A). Therefore (Co(I')¥, A) coincides with (Co(I), A).
This shows that 711‘? € Mor(CO(G)‘I’ Co(I")) and enables us to define a counit e for
G by the formula e(a) = ep(zrr (a)) for any a € A, where er: Co(I") — C is the
counit for (Co(I"), A).

Let us now draw an important conclusion from the existence of the counit for G.
Usmg Proposition 5.16 of [9] we can see that the universal dual quantum group of

= (C*(G), AY) is isomorphic to the reduced dual: G = (4, A). In particular,
representatlons of C*-algebra A are in one-to-one correspondence with corepresen-
tations of the quantum group G. This follows from Theorem 5.4 of [9].

C. Complex generator of Heisenberg Lie algebra

Let H be the Heisenberg group, b its Lie algebra and & the enveloping algebra of §.
& is generated by an element a € & such that the commutator A = [a*, a] is central
in &. Let A be a C*-algebra and let U € Rep(H; A) be a representation. As was
described in the third chapter of [12], U induces the map

dU: & — {closed maps on A}.

By D*®°(U) we shall denote the set of U-smooth elements in A. In the next definition
we identify a representation of H in the C*-algebra of compact operators K () with
the corresponding Hilbert space representation.

Definition C.1. Let J¢ be a Hilbert space and let (4, A)bea pair of closed operators
acting on J. We say that this pair is an infinitesimal representation of H on J¢ if there
exists a representation U € Rep(H; K (H)) such that dU(a) = @ and dU(A) = A.

The representation U in the above definition is determined by a, therefore in
this context it will be denoted by U%. Let U € Rep(H;C*(H)) be the canonical
representation of H. The map d U in this case is injective, which enables us to identify
dU(T) with T € &. The aim of this section is to show that a € & is affiliated with
C*(H). In fact one can prove that a generates C*(H) in the sense of Woronowicz,
but we shall not use and so will not prove this fact.
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Let M € &. The criterion for a map dU(M): D(dU(M)) — C*(H) to be
affiliated with C* (M) is provided by Theorem 2.1 of [12]. Our proof that a n C*(H)
uses a different approach, which is based on the explicit construction of the semigroup
Ry >t = exp(—ta*a) € M(C*(H)).

Theorem C.2. Let a be the complex generator of the algebra &. Then a is affiliated
with C*(H).

Proof. Foranyz € C,x € Randt € R4 we set

he(z,x) =

xexpix (_ |z|%x cothtx) k.. 73)

47 sinh tx 4
We would like to define an element H, € M(C*(H)) by the integral

Hl‘ :/ dzzh,(z,%k)Uz,o,
C

but there is a problem with its convergence. To circumvent it we observe that for any
b € C*(H) and f € C2°(C) the integral

/ 4?2 hy(z, L) Uso f (V)b

converges in the norm sense and the following inequality holds:

H/d2z he(z, lA)Uz,Of(x)b“ < L FCVB.

Hence H, is well defined on the elements of the form f(1)b and by the above
inequality it can be extended to the whole C*(H) giving a self-adjoint element of
M(C*(H)). Let us list some properties of H;.

(1) The map R4+ > ¢t — H, € M(C*(H)) is a norm-continuous semigroup and
I H: ]l < 1.

(2) lim;—¢ H;b = b for any b € C*(H).
(3) For any b € D*°(U) the map Ry > ¢t — H,;b is differentiable and

d .
EH’b|t=0 =—a"ab.

Property (1) enables us to define the element

o
I

= dte™"H, € M(C*(H)).
R+
Using properties (2) and (3) we can check that for any » € D*®°(U) we have Eb €
D*°(U) and
(1+a*a)Eb = b.
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This shows that (1 + a*a) D®(U)'l = C*(H), which by Proposition 2.2 of [10] is
sufficient for a to be affiliated with C*(H). O

Remark C.3. Let J# be a Hilbert space. Analyzing the above proof, one can conclude
that, given any representation 7 € Rep(C*(H); #), a compactly supported function
f € Co(C) and v € J, we have

exp(—tm(a)*m(@)m(f(A))v =[Ed22ht(2, 3TONT Uz 0 f)v,  (74)

where the integral on the right is taken in the sense of norm topology on #. Let us
also note that given any v € J such that the differential

0

a_Z”(UZ,O)v |Z=0
exists, we have v € D(rr(a)) and

ad
m(a)h = ZB—ZJT(UZ,O)UIZZO. (75)

Further, let B be a C*-algebra and = € Mor(C*(H); B). For any b € B, such that
the differential 3

r(Uz0b]._

exists, we have b € D(7r(a)) and

0
w(a)b = 28—Zn(UZ,0)b|Z=0. (76)

D. Product of affiliated elements

Let A be a C*-algebra, and let 77, T,nA. In general, the product of 77 and T3 is
not well defined, but it can be defined, assuming that 77 and 7, commute in a good
sense. The construction of the product given here is a generalization of the case when
A=A41® A, T1 = S1®1land T, = 1 ® S,, where S1nA; and S»nA,. Then
the product of 77 and 75 is the tensor product ;1 ® Sz A1 ® A, the construction
of which was described in [12].

Definition D.1. Let A be a C*-algebra and let T, T, be elements affiliated with A.
Let z1,z2 € M(A) be z-transforms of 77 and 75, respectively. We say that 77 and
T, strongly commute if

* *
Z1Zp = Z2Z1, Z12Zp = Z2Z;.

Let 77 and T, be a pair of closed operators acting on a Hilbert space #. We say that
T, and T strongly commute if they strongly commute as elements affiliated with the
algebra of compact operators K (H).
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Theorem D.2. Let A be a C*-algebra and let T1, T n A be a strongly commuting pair
of affiliated elements. Let us consider the set D(Ty) = {a € D(T3) | Tra € D(T1)}
and define an operator Ty: D(Ty) — A by the formula Toa = T1(Tra). Then Ty
a is closable operator acting on the Banach space A and its closure T(fl is affiliated
with A. This closure will be denoted by T1T>. We also have T1 T, = T)Ty.

Proof. We define T, T, using the method described in Theorem 2.3 of [10]. The
related matrix Q € M(A4) ® M(C?) has the form

0= (1 —zi“zl)%(l —zz‘zz)% —Zli"z; 1
7122 (1—z1zP)2(1 = 223)2 )

(Compare with the matrix Q from the proof of Theorem 6.1 of [12].) Q satisfies all
the assumptions of Theorem 2.3, hence it gives rise to an affiliated element. We leave
it to the reader to check that this affiliated elementis 717> € A" of our theorem. [

For the needs of this article we shall prove the following lemmas.

Lemma D.3. Let A be a C*-algebra, T an element affiliated with A and X a dense
subspace of D(T). Then:

M Ifa+ T*T)%X is dense in A, then X is a core of T.
2) If X CD(T*T)and (1 + T*T)X is dense in A, then X is a core of T.

Proof. Ttis easy to see that for any dense subspace X’ C A theset (1+7* T)_% X'is
acoreof T. Taking X' = (14+T*T) 3X we get the proof of point (1) of our lemma.
To prove point (2) note that (1 + T*T)_%X "is dense in A whenever X’ is dense in
A. Applying this to the set (1 + T*T)X of point (2) we see that (1 + T*T)%X is
dense in A. Using point (1) we conclude that X is a core of 7. O

LemmaD.4. Let Ty, T, € A" strongly commute and let X C A be a dense subspace.
Then the set

A+ (M) (M)A + Ty T A+ T T) ' X
is dense in A. In particular (1 + T{T1) "' (1 + T, T2) "' X is a core of T1 T».
Proof. Note that

1+ (M) (ML)A+ T (1 + T, T) ™!
= (1 + (T¥TO)(TF ) (1 + TET) ™ (1 + T T) 7

We express the right-hand side of the above equation using z-transforms of 77 and 75:

(1— Z|2T1|)(1 o Z|2T2|) + Z\2T1|Z|2Tz\'
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Let f: [0,1] x [0, 1] = R4 be the function defined by
fx1.x2) = (1= xP)(1 = x3) + x{x3.

Note that f(x1,x2) = Oifand only if x; = 1 and x, = 0, or x; = 0 and x, = 1.
Let us also define a function g: [0, 1] x [0, 1] — R by the formula

glx1,x2) = (1 —X%)%(l —X%)%-
We have the implication

(f(x1,x2) =0) = (g(x1,x2) =0).

Using Proposition 6.2 of [12] we get the inclusion

(1477 Tl)_f(l + 7, Tz)_’ I

CU+ (TN +TrET) A+ T, ) X"

I ||
We end the proof by noting that A = (1 + T* Tl)_f(l + Ty Tz)_’ O

Lemma D.5. Let T1,T, € A" be a strongly commuting pair of operators and let
Y C D(T5 T,) be such that (1 + Ty T,)Y is dense in A. Then the set

1+ (ML) (L)1 + Ty T~ 'Y
is dense in A.

Proof. This follows from the previous proof, with X = (1 4+ 7;73)Y . O
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