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C*-algebras associated with integral domains and crossed
products by actions on adele spaces

Joachim Cuntz! and Xin Li?

Abstract. We compute the K-theory for C*-algebras naturally associated with rings of integers
in number fields.

The main ingredient is a duality theorem for arbitrary global fields. It allows us to identify
the crossed product arising from affine transformations on the finite adeles with the analogous
crossed product algebra over the infinite adele space.
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1. Introduction

Let R be a countable ring. The elements of R act by addition and multiplication on
£2(R). Denote by A[R] the C*-algebra generated by all the corresponding operators
in £(£2(R)). In [Cun] the first named author had studied (using a different notation)
this ring C*-algebra for R = Z and had shown that it has an intriguing structure. In
particular, itis purely infinite simple (thus a Kirchberg algebra) and can be described as
a universal C*-algebra given by generators and relations. It is also Morita equivalent
to a crossed product of the algebra of functions on the finite adele space for QQ by the
action of the ax + b-group over Q. These results were generalized in [CuLi] to the
case where R is an integral domain with finite quotients and in [Li] to general rings.

It is an obvious problem to determine the K-theory of 2[R]. In [Cun] the case
of R = Z was discussed and it was stated that K, (2[Z]) is given as an exterior Z-
algebra with one generator for each prime number in Z. A proof for this was sketched.
This proof however was not complete. Moreover, in [Cun] a duality theorem was
stated claiming that 2[[Z] can be described also as a crossed product of Cy(R) by the
natural action of the ax + b-group over Q. Again a proof was sketched which was
not complete.

In the present paper we give complete proofs for these two results generalizing
them at the same time to a substantially more general setting. It turns out that the
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two results are related. We first prove a general duality theorem that holds for any
global field K and states that the crossed products Co(Ay) x Pk and Co(Ax) X Pk
are isomorphic. Here Ay and A, denote the spaces of finite and infinite adeles,
respectively, and Pg denotes the ax + b-group over K. Both crossed products
describe 2A[o] up to Morita equivalence, where o is the ring of integers in K. We note
at this point that we also determine the crossed product Cy(A) x Pk for the full adele
space A = Ay X Ay, and show that it is Morita equivalent to the group C*-algebra
C*(Px). Moreover, we point out that in the case of number fields, the Bost—-Connes
system and its generalizations considered in [BoCo], [CMR], [HaPa] and [LLN] are
carried by a natural subalgebra of 2[e]. This is explained in [CuLi] in more detail.

In a second step, we use our duality theorem to determine the K-theory for 2 [¢] in
the case where o is the ring of integers in a number field K which contains only 1, —1
as roots of unity. The point is that the description of U[o] as Cy(As) X Pk is much
better suited for this computation since it allows for certain homotopy arguments
which do not apply in the totally disconnected space Ay. We find that the K-theory
depends on the number of real embeddings of K: Roughly speaking, we get the
exterior Z-algebra over the torsion-free part of (K>, -). But if the number of real
embeddings of K is even and at least 2, we will get an additional copy of this exterior
algebra with coefficients in Z/27Z. These results indicate that the K-theory of 2[o]
as such does not contain information on the class number of K. Therefore, one is
forced to investigate finer structures in 2[o] to find out more about the class number
(compare [Li], 6.5).

For an arbitrary number field K, we also determine the K-theory of the subal-
gebra of o] which is generated by the addition operators for elements in o and
the multiplication operators coming from the torsion-free part of K*. We think of
this subalgebra as UA[o] “without roots of unity”. We find that its K-theory can be
described as the exterior Z-algebra over the torsion-free part of K>, with coefficients
in Z or Z /27 depending on the real embeddings of K.

The paper is structured as follows:

In Section 2, we give an overview of certain aspects of algebraic number theory
which we will need. We also briefly recall the notion of ring C*-algebras.

Then we compute the K-theory of 2[Z]. There are several reasons why we choose
to treat this special case first. On the one hand, it was this case from which all our
investigations started. It serves as a guide through our computations in the general
setting and thereby helps to understand the general arguments. On the other hand, at
various points we can considerably shorten the calculations using special features of
the case R = Z. Moreover, it is possible to work out several steps explicitly in the
concrete situation of Z. This leads to a self-contained exposition, in the sense that
we do not need to refer to results from algebraic number theory in this special case.

Finally, we consider the general situation. As a first step, we establish a duality
theorem for arbitrary global fields (Section 4). Using this duality, we carry out the K-
theoretic computations, first for the subalgebras “without roots of unity” of arbitrary
number fields (Section 5) and then for the whole ring C*-algebras, but under the
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assumption that the number fields only contain the roots of unity 1, —1 (Section 6).
We are indebted to W. Liick for useful discussions and for bringing Lemma 6.1
to our attention.

2. Preliminaries

2.1. Algebraic number theory. Let us very briefly mention aspects from algebraic
number theory which will be of interest for us. First of all, the classical objects of
study in algebraic number theory are the so called number fields, which are finite
(separable) extensions of QQ, and the corresponding rings of integers, which are the
integral closures of Z in those fields. Moreover, it turns out that the theory of the so
called function fields, which are finite separable extensions of [, (7"), can be — at least
to some extent — developed parallely. For this reason, our constructions and some of
the results (our duality theorem) will apply to both situations.

However, the final step in our K-theoretic computation is only carried out for
number fields. For this, it is useful to note the following:

Lemma 2.1. Let K be a number field and |1 be the set of roots of unity in K. There
exists an infinitely generated free abelian group T' C K> with K* = u x T.

Proof. Consider the exact sequence after Corollary (3.9) in [Neu], Chapter [, §4. [

Now let K be a global field, which means a number field or a function field, and
let o be the integral closure of Z or [,[T] in K. We will be concerned with the
following objects:

the infinite adele ring Ao = [] Ky,

v]oo
the finite adele ring Ay = []' Ky,
vioo
where the restricted product is taken with respect to the maximal compact subrings
0y € Ky, and
the full adele ring A = A, X Ay,

These products are taken over equivalence classes of valuations of K; infinite ones for
Ao, finite ones for A ¢. At this point, we should note that for function fields, we choose
the valuations satisfying |T'|,, > 1 to be the infinite ones (compare [Weil], Chapter III,
§1, Theorem 2). Instead of equivalence classes of valuations, one can equivalently
take equivalence classes of embeddings of K into locally compact, nondiscrete fields,
these are called places in [Weil]. Thus, we can always embed K diagonally into A,
Ay or A as each valuation v (we choose one representative for each class) gives rise
to an embedding K — K,. We will not distinguish between K and its image under
these embeddings. This will be our convention in general as it will become clear
from the context into which object we embed.
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Remark 2.2. Adeles and their multiplicative analogues, the ideles, play an impor-
tant role in class field theory. The reader is referred to [Neu] or [Weil] for more
information.

Starting with o, we can form the profinite completion lim{o/I} over the set of
nontrivial ideals in © ordered by inclusion. It turns out that this completion coincides

with the maximal compact subring [ ], too Ov OF Ay

1(&1{0/1};]_[01). (1)
0)#1
Moreover, we have K as well as [ | o, sitting inside A 7. For their intersection, we
get the following

Lemma 2.3. 0 = K N ([[,}00 9v)-

Proof. Compare [Weil], Theorem 1 of Chapter V, §2, for number fields. The proof
for function fields is analogous using [Weil], Chapter VI. O

For an infinite place v of a number field, we either have K, =~ R or K, = C.
In the first case v is called real, and it is called a complex place otherwise. We will
write vR for a real place and ve for a complex one. Thus, we get

Ao 2 R¥VR} 5 CHlvch

as topological rings. Note that we consider equivalence classes of embeddings, which

means that two complex embeddings which are conjugate give rise to the same place.

As additive topological groups, we have Ao, = R” where 7 is the degree of K over Q.
The last point we would like to talk about is duality. Let K be a global field.

Theorem 2.4. There exists a nontrivial character x of A which is trivial on K. Any
such character yields a pairing

AxA =T, (x,y)= (x,y):= x(xy).

This pairing induces an isomorphism of topological groups: A = /&, X[y
(v, x)]. Thus, we also obtain

A/K =~ K via m(x)— [a = {(a,x)], 2)

where 7 is the projection A — A/K. Moreover, we can choose y so that {-,-)
restricted to A yields an isomorphism

—

Aco = Axo, > [s>(t,5)]. 3)

Proof. For the first two pairings, compare [Weil], Chapter IV, §2, Theorem 3, or
[Lang], Chapter XIV, §6, Theorem 10. The second result, (3), is proven in [Lang],
Chapter X1V, §1, Theorem 1, for number fields, and follows from [Weil], Chapter II,
§5, Theorem 3, in the general case. For the case of number fields, the reader may
also consult [Tate]. ]



C*-algebras associated with integral domains 5

2.2. Review of our constructions. Let us recall the concept of ring C*-algebras.
We will only consider the integral closures of Z or [F,[T] in a global field. This is
a nice situation as far as the construction of ring C*-algebras is concerned because
these rings are integral domains with finite quotients. We mention that it is possible
to extend the construction to arbitrary rings (see [Li]).

Now let o be the integral closure of Z or [,[T] in a global field K. Consider the
following operators on the Hilbert space ¢2(o):

U, =€&44, foraco, Sp& =§&,, forb e o”.

Here {&,} is the canonical orthonormal basis of £?(o), and o™ is the set of nontrivial
elements in o.
In analogy to the group case, we define the reduced ring C*-algebra as

W [0] ;= C*({U*, Sy |a € o, beo*}) CLU*(0)).

The full ring C*-algebra A[o] is defined as the universal C*-algebra generated by
unitaries {u? | a € o} and isometries {sp | b € 0™} satisfying

D MaSbuch — ua-l—bc

an Y ulsyspu= =1,
where we sum over o/(b) = {a + (b) | a € o} in (I).

We use the notation (b) := b - o for principal ideals.

There is a canonical homomorphism 77 : A[o] — U, [¢] which is called the regular
representation (as for groups). Moreover, it turns out that 2[o] is purely infinite and
simple (see [CuLi], Theorem 1), so that 7 is an isomorphism. This allows us to
identify 2[o] with its image under 7 on £2(0).

These ring C*-algebras are closely related to the number-theoretic objects we in-
troduced before. Namely, it turns out that there is a canonical commutative
C*-subalgebra D[o] := C*({uepu™ | a € o, b € 0*}), where ¢ is the range
projection ss; of s55. And the bridge to number theory is built by the observation
Spec D[o] = [] oy (see [CuLi], Observation 1; the argument essentially uses (1)).
Furthermore, 2[o] can be described as a semigroup crossed product (see [CuLi],
Remark 3 and [La]):

sbd b

Alo] = Dlo] x° 0 x 0™ ~p Co(Ar) x K x K™ = Co(Ay) x Pk, 4)

where x¢ denotes the crossed product by endomorphisms (following the notation in
[Li]). Recall that, by definition, the ax + b-group Pk is K x K*.

From now on, we will omit the argument ¢ and simply write 2, 2, or D respec-
tively as it will become clear from the context which ring we mean.
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3. Computations for Q

As announced, we study a special case first: the integers Z in Q. This leads to
a program which serves as a guide through more general computations. Roughly
speaking, the idea is to compute the K-groups explicitly for the C*-subalgebra
C*(u',s_1.{ep | b € Z*}) by choosing a suitable filtration and then to apply
the Pimsner—Voiculescu sequence iteratively to get the K-theory of the whole ring
C*-algebra. Actually, this idea is already contained in [Cun]. However, to work out
the second step rigorously we will need as a new ingredient the comparison between
finite and infinite places.

We obtain, as announced in [Cun], K, () = A*(Qxo) as Z/2Z-graded abelian
groups. Here and in the sequel, A* denotes the Z /2Z-graded exterior Z-algebra and
K is the direct sum of Ky and K; with the canonical grading.

3.1. K-theoretic computations I
Lemma 3.1. Ko(C*(u',s5_1.{ep})) = Q @ Z via
leplo > (3.0) forallb € Z~o, [S(1+s_1)]o— [ +u's_1)]o — (0. 1),

whereas K1(C*(u',s_1,{ep})) is trivial.
Moreover, we have the following relation in Ko(C*(u',s_1,{ep})):

[1o =2-[5(1 +u's_1)]o. )

We write [-]o or [-]; for the classes in K¢ or K1, respectively. Furthermore, we
use curly brackets { - } to indicate that we consider a whole family of generators of a
certain type. For instance, {ep} means {ep | b € 0™}.

Proof. By the universal relation (II), ep lies in C*(u!, epy). Therefore, we can
form li_r)n{C *(ul,s_q, ep;)} (over Zq ordered by divisibility), and we get in the
inductive limit C*(u!,s_1, {ep}). Therefore, to determine K.(C*(u',s_1,{ep})),
we have to compute K«(C*(u!,s_1,ep)) for single b and how the inclusion tp p4:
C*(u',s_1,ep) = C*(u',s_1,epq) acts on K-theory.

First of all, it is well known that C*(u!,s_) = C*(Z % (Z/2Z)) = (C * C)~.
This follows by comparing the universal properties of these C*-algebras. Mutually
inverse isomorphisms C*(u!,s_;) = (C x C)~ are given by

ssi2p—1lulssy>2g—1 and I(1+s-1) < p. 1A +ulsy) <ig,

where p and ¢ are the canonical generators of C * C.
The K-theory of (C * C)~ is known, it is given by

Z[1]o ® Z[plo ® Z[glo ifj =0,

Ki(@+0)7) = {{0} for j = 1.
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This determines the K-groups of C*(u!,s_1). Let us fix the identification
Z* = Ko(C*(u',5-1)):
e[, ear> B +u's o, e3> [2(1+s 1.
This also allows us to compute K, (C*(u',s_1, ep)) for any b € Z~ since
C*(u'.s-1.ep) = My(C™(u' . 5-1)). 6)

The idea is that the projections ep, ulepu=1, ..., ub=lepu=-1 decompose £2(Z)
into » mutually isomorphic subspaces £2(hZ), £>(1 + bZ), ..., L*>((b — 1) + bZ)
(see Lemma 5.2 for more details). Thus,

73 ifj =0,

{0} forj =1. @

Ki(C*(u', 51, ep)) = {

From these calculations, it already follows that K (C*(u',s_1, {ep})) is trivial.
It remains to compute Ko (tp,54). However, it turns out that taking (7) into account,
we get Ko(tp,pa) = Ko(tpr,prq) for any b, b’ € Z~ (see the proof of Lemma 5.1).

Thus, it suffices to consider ¢y := t; 4. Under the identification (6), we get the
following:
For d = 2, we have 1,(u') = ((1) “01) and 15(s_1) = (Lol u_]os_l), which implies
on Ky:
Ko()([3(1+ s—D]o) = [3(1 +s—D]o + [0 + u's_1)]o
and

Ko()([3(1 4+ u's_1)]o) = [1]o.

Therefore, we get Ko(12) = <§ é (11))

0...0u! so 0 )
1 17770 0 u s
For d odd we have 15 (u') = . G- = . . ’
1 0 0 u_ls_l

which implies on Kj:

Ko(ta) (A1 +5-1)]o) = [3(1 +5-1)]o + %[1]0
and

Ko(ta)([3(1 +u's—D]o) = [3(1 + u's_1)]o + G2 [1]o.

g =1 d-t
Thus we conclude that Ko(t1g) = (0 2 3 )
0 0 1
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Putting these facts together, we get by choosing a cofinal sequence b; in Z - with
bi+1 = 2d,'bi :

x/ 1 FURT 3. 2d; d;i di—1 N
Ko(C*(u' 51 {ep)) = lim {7 ’<8 g )}=®eaz. )

The map of the i-th Ko-group Z3 into Q @ Z is given by
7P >QeZ, (x,y.2)~ (3 (x+ 5y +32),0)

This immediately implies [1]o = 2 - [%(1 +u's_1)]o. Moreover, K is generated by
[es]o corresponding to (%, 0) and [%(1 +s5-1)]o— [% (14+u's_1)]o which corresponds
to (0, 1) under the identification in (8). O

The next step is to adjoin the isometries s,. We consider to this end
. 1
A = C* (', 5_1,{ep} Spyr- -2 Spy)-
Here, p1 < p» < --- are the prime numbers in Z.. By construction, we have

A =~ ﬁ_I)n{?I(O) — AD < ...} Therefore, it suffices to determine K, (2(™).

Similarly to (4), 2™ can be described as a semigroup crossed product. This yields

A ~pr Co(Tm - ([1Zp)) % (T - Z) x (1t X Tp)

~ lim{A™V; Ad y/4 ®

where Iy, = (p1,... pm) € Q. We have taken the inductive limit of

{ o Ad(sp,,) %[(m—l) Ad(sp,,) u(m_l) Ad(sp,,) .
to formally invert Ad(s,,,).

Just a remark on notation: When we write a product like 'y, - ([[ Z,) (or T', - Z),
it means that we embed the factors into an object carrying a multiplicative structure,
for instance Ay (or Q), and take the product there. It will be clear from the context
which object we mean.

(9) is the reason why we can apply the Pimsner—Voiculescu sequence. First, we
compute:

Lemma 3.2. K;(AM) = Z for j =0, 1.

Proof. First of all, it follows from Lemma 3.1 that Ad(s,) induces %id@ on the
summand Q of Ko (A©).

To calculate Ko(Ad(sz))([%(l +s5-1)]o — [%(1 + u's_1)]o), let us consider the
identification A® 2~ M, (A®) analogous to (6) under which

1
1 5(1+s_1) 0 )
=(1 + s_;) corresponds to ( s
2 v P 0 F(+uls_p)
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%(1 + uls_;) corresponds to %(Sil T~ @ 9).

Ad(s2)(3(1 + 5_1)) corresponds to (%(1‘25—1) g),

1
Ad(sz)(%(l +u's_1)) corresponds to (5(1+131s_1) g).

Thus, on K-theory, this isomorphism maps both

[0 +s-0lo = [3(1 +u's—1)lo

and
Ko(Ad(s2))([3(1 + 5-1)]o — [3(1 + u's_1)]o)

to [%(1 +s5-1)]o — [%(1 + uls_1)]o, where we used (5).
1.
This shows that Ko(Ad(s,)) is given by (5‘(‘:@ ‘do ) on Ko@) =~ Q@ Z.
idz
Hence, the Pimsner—Voiculescu sequence applied to (9), together with Lemma 3.1,
gives

—idg ®0
QaZ QBZ—— Ko(AW)

]

Ky (aAW) 0 0,

which implies K; (A1) = Z for j = 0, 1. O

Actually, we can go one step further and show (Ad(s3))« = idg, (1), but at this
point we cannot show directly (Ad(sp,, ,,))x = idg, (gom)y in general.

3.2. Infinite and finite places over Q. To solve our problem given in the last section,
we compare the infinite place of Q with the finite ones. To be more precise, our goal
is to prove that the crossed products arising from the ax + b-group Pg acting on the
finite adeles Ay = Q* - ([[ Z,) and on the infinite place R of Q respectively are
Morita equivalent. This can be written in a slightly more complicated way as

Co(R) ¥ Q x Q" ~p Co(Q™* - (JTZp)) x (Q - Z) x Q™.

The point is that we actually need this result not only for @ but — more generally —
for any subgroup of Q™ in place of the full group Q*. This will be proven along the
way as well.

The central idea of the proof is that the infinite place and the finite ones are
connected via duality (see Lemma 3.5). That is why we think of our result as a
duality theorem.
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3.2.1. Fourier transform for R. Let us consider some very basic constructions
(mainly to set up the notation):
We have an action of Q on Cy(R) given by translation:

7: Q = Aut(Co(R)), 7,(g)(t) = g(t —a), forallg e Co(R),acQ,teR.

Moreover, the Fourier transform on C.(R) is given by

Fr: C.(R) = Co(R), f > f = [z . /[Re(ts)f(s)ds],

where we set
e(t) := exp(2mit)

and identify R with R by t — [s + e(ts)]. Fr extends to an isomorphism
Fg: C*(R) — Co(R).

Now we can consider the action 7: Q — Aut(C*(R)) given by conjugating
T by Fg. By construction, FR is a covariant isomorphism with respect to T and
7, and it thus extends to an isomorphism Fg: C*(R) x; Q — Co(R) x; Q. To
simplify the notation, we will not distinguish between covariant homomorphisms
and their extensions to crossed product algebras. t is explicitly given by 7, (f)(¢) =
e(—at) f(¢) forall f € C.(R) C C*(R).

Furthermore, consider the action ,3 : Q" — Aut(Co(R) x; Q) given by

ﬁb(gua) = g(b™'L)u?? forallg € Co(R), a € Q.

Again, conjugating ,3 by Fg gives an action 8: Q* — Aut(C*(R) x; Q) such that
FR induces an isomorphism

F[RZ C*(R) Ar @ ><I/3 (D\X —> C0(|R) X3z @ XB @x.
This action f is given by B5(fu®) = |b| f(bL)u??.

3.2.2. Identification of crossed products. From this point of departure, we will
now move towards the finite adeles, and the bridge between the infinite place and the
finite ones is given by the additive group of our global field Q, in the following sense:
Start with the action A: R — Aut(C*(Q)) given by

A:(u?) =e(at)u® forallr e R, a € Q,

where C*(Q) denotes the group C*-algebra of (Q, 4+). We will show that the crossed
product C*-algebras C*(R) x; Q and C*(Q) %, R are isomorphic.
To this end, define a linear map

¢: Ce(Q,Ce(R) = CHQ) > R, 3 fau® > [t > 3, e(al) fa(Dul].
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Lemma 3.3. ¢ identifies C.(Q, C.(R)) — viewed as a *-subalgebra of C*(R) x; Q
— with the *-subalgebra C.(Q X R) of C*(Q) x, R.

Proof. This follows by computations as in the proof of Lemma 4.3. O
Lemma 3.4. ¢ extends to an isomorphism ¢ : C*(R) x; Q = C*(Q) », R.

Proof. ¢ extends to an isometric isomorphism £! (Q, L' (R)) = L' (R, £!(Q)), where
we view £1(Q,L!(R)) and L'(R,£!(Q)) as *-subalgebras of C*(R) x; Q and
C*(Q) %, R, respectively. Moreover, C*(R) x,; Q is the enveloping C*-algebra
of £1(Q,LY(R)) and C*(Q) ; R is the enveloping C*-algebra of L' (R, £!(Q)).
Thus, we indeed get an isomorphism ¢ : C*(R) x; Q = C*(Q) %, R (compare the
proof of Lemma 4.3 for the details). O

Once again, the Q*-action on C*(R) x,; @, conjugated by ¢, yields an action
a: Q% = Aut(C*(Q) %y R). « is given by the formula

ap(lt = X fa(Ou]) = [t > 3 1b] fa(bt)u?]

forall [t > Y, fa(t)u?] € C.(R,£1(Q)).

By construction, ¢ induces an isomorphism
(C*(R) % @) xp Q* £ (C*(Q) 33 R) »e Q.

3.2.3. Fourier transform for Q. At this point, the following well-known result
brings the finite adele ring or rather its maximal compact subring into the game:

Lemma 3.5. The dual group of Q can be identified with
Y :=Rxz ([1Zp) = (R X Z)/(r.z)~(r+1,241)-
Proof. We use the well-known result that [ [ Z,, can be identified with (6/\2) via

[1Z, 3z — (2] > e(z(n) - ™)) € (Q/Z), (10)

where we view the maximal compact subring [[ Z,, of Ay as the projective limit of
quotients of Z which is realized as a subspace of I1,-9Z/nZ.

Now define ¥ > Q, [r.z] = [ > e((r —z(n))-7)]. The map y is well defined
and continuous. Since both spaces are compact, we just have to show bijectivity to
prove that y is a homeomorphism.

To prove surjectivity, take any y € Q. Restricting y to Z yields a character of Z
which is of the form e(rL!) for some » € R. Therefore, y - e(—rLl) has constant value
1 on Z, hence it induces a character of Q/Z. In other words, there exists z € [ [ Z),



12 J. Cuntz and X. Li

such that y (7 )e(—r-7) = e(—z(n)-7) for all 7 € Q because of (10). This means
x = y(r.z]D.

The map v is injective as well: As one immediately checks, y is actually a group
homomorphism (where addition on Y is defined componentwise). Thus, we just have
to show that y has trivial kernel. Given [r, z] € ker(y), we have 1 = y([r, z])|z =
e(ru)|z which implies r € Z. Furthermore, this shows that r — z is an element in
[1Z, yielding the trivial character on Q/Z. Hence, by (10), it must be 0, which
means [r, z] ~ [0, 0]. O

This result can be viewed as a special case of Theorem 2.4, (2).
The map y can be used to identify C*(Q) and C(Y) via the Fourier transform
given by

C(®) -, C(Y); Fa™'")([r,2]) = eVm/n(y([r, 2])) = e((r — 2(n)) - ).

Conjugating A: R — Aut(C*(Q)) by Fgq yields an action AonC (Y) given by
Ae(f)([r, z]) = f o A7 ([r, z]) with A7 ([r, z]) = [r + ¢, z]. This follows from

(Fg o A u™™))([r, z]) = Fa(e(Z - tyu™™)([r. z])
=e(((r + 1) —z(n))- =) = Fo™")([r +1.z]).

Again, we get an isomorphism C*(Q) %, R F—§—> C(Y) %3 R.
As the last step, we describe the action @ of Q™ on C(Y) x3 R induced by «
conjugated by Fg. Forany Q% 3 b = 'Z—: (mp € Z, np € Z~y), consider

Y ¥, [rz] e [(r—z(np)) - b (2(U - ny) — 2(np)) - b].

Multiplication with b = ’:—: makes sense since z(Ul - np) — z(np) is in [[ Z, with
z(Inp) — z(np) € npZ for all I € Z~ and because it is independent of the repre-
sentation of b. Moreover, the expression defining &l’f is compatible with ~ so that
&Z is well defined. Furthermore, 6‘; is continuous and thus a homoemorphism since
a, oo?f/b = idy.

Now we claim that@: Q™ — Aut(C(Y)x; R) givenby & = Fgoapo F&l is of
the form &, (f - g) = ([r.z] = (f 0&;) - (|b|g(bL))) forall f € C(Y), g € Cc(R).
This follows from

(Fq o ap([s = g(s)uD)@)Ir.z]
= [blg(br) - e((r — z(nanp))ab)
= [blg(br)e(((r — z(np)) - b — ((z(U - np) — z(np)) - b)(na)) - @)
= |b|g(bt) Fou®)([(r — z(np)) - b, (z(U - np) — z(np)) - b])
= (1b|g(bt) Fo(u®) o a)[r. z].
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Remark 3.6. It is useful to consider the action k: R x Q* — Aut(C(Y)) given by
k(t.b)(f)= foda;o )Ak;“ where the semidirect product is taken with respect to the
action Q* — Aut(R); b — [t +— t/b]. The action « is a group homomorphism
since ;\’; oaQ, =dy o )AL;‘ /- Using a general result on crossed products by semidirect
products (compare [Wil], Proposition 3.11), one immediately deduces

(C(Y) x5 R) x5 Q7 = C(Y) 3 (R Q).

Remark 3.7. Up to now, we could just as well consider a subgroup of Q* instead of
the whole group. So, to sum up, we have shown that for any subgroup I" of Q*, we
have an isomorphism

(Co(R) x; Q) oF ' C)x (RxT). (11)
3.2.4. Morita equivalent crossed product C*-algebras

Proposition 3.8. The transformation groupoids associated to the action of
Rx Q% onY via[r,z]- (t,b) = &} o AX([r, 2]),
denoted by G, and of
QxQ*onAfbyz-(a,b)=>b""(z—a),
denoted by g, are equivalent in the sense of [MRW].

Proof. We will show that both groupoids are equivalent to certain subgroupoids which
we can identify. _ _

First, consider the closed subset N := [[Z, € Ay = §° AsQ* - ([[Z,) =
Ar, N meets every orbit in g0, Moreover, the restricted range and source maps are
open (details can be found in Lemma 4.4). Thus, by [MRW], Example 2.7, € and
g}%’ are equivalent, where

FY = {(z.(@.b) € ([1Zy) x @ % Q%) | b(z +a) € [[Z,}.

As a second step, consider the closed subset 7 ({0} x ([[Z,)) =: N of Y where &

is the canonical projection R x ([[Z,) NN (Rx([1Zp))/Z =Y. N meets every

orbitin ¥ = §° because | J,cg Af(N) = Y. Again, the restricted range and source
maps are open (compare Lemma 4.4 for the details). Thus, ¥ and ;91{,\’ are equivalent
by Example 2.7 of [MRW].

We have 9 = {([0,z], (1.b)) € N x (Rx Q) | @} ([r.z]) € N'}. Now,

&, ([t,z]) = [(t —z(np)) - b, (z(U-np) — z(np)) -bl € N
= [(t —2)-mpl(np) = (t —z(np)) -myp € npZ
= (t—z2)-be]]Z,.
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In particular, this implies ¢t € Q. Therefore, gg and ﬁf\}’ can be identified (as in
Lemma 4.4) via gg’ > (z,(a,b)) — ([0, 2], (a, b7 1)) € Y. O

If we replace Q™ by an arbitrary subgroup I" of Q*, we have to consider the action
of (T'-Z)xT onT - (][ Zp) and the action of R x I" on Y. With these modifications,
everything works out as above.

Corollary 3.9. Co(I'-([[Zp)) x(T'-Z)xT ~p C(Y) X (RxT) for any subgroup
I of Q™.

Proof. This follows from Proposition 3.8 (applied to I instead of Q) together with
[MRW], Theorem 2.8, and the well-known fact that for a transformation groupoid
the (full) groupoid C*-algebra and the corresponding (full) crossed product are iso-
morphic. O

Corollary 3.10. For any subgroup T of Q*, Co(T" - ([[Z,)) x (I' - Z) x T and
(Co(R) x; Q) X5 I' are Morita equivalent.

Proof. This result follows by combining the last corollary with (11). O

3.3. K-theoretic computations II. Corollary 3.10 enables us to continue with our
computations of Section 3.1. The crucial point is that on R, we can work with
homotopies to compute the multiplicative action of Q@ on K-theory.

By (4), A ~pr Co(Ar)xQ xQ*. Thus, by Corollary 3.10, we have to determine
the K-theory of Co(R) x Q x Q*.

As a first step, the K-theory of Co(R) j_, M can be computed with the help of
the split exact sequence Co(R) x pt — C(T) x p —> C*(w) (recall that u = {£1}
in this case). We get

K; (Co(R) 2z, 1)

Il

{Z if j =0, 12

0 forj=1.
As a next step, we have

Qe Z forj=0,
Kj(CoR) x @ x; o) = {O .
because of Lemma 3.1, (9) for m = 0 and Corollary 3.10 for I" = pu.

Similarly, Lemma 3.2 implies K; (Co(R) xQ x(uxI'1)) = Z (j = 0, 1) because
of (9) form = 1 and Corollary 3.10 for I' = u x I'y. Recall that I'y, is (p1, ..., Pm),
the subgroup of Q> generated by the first m primes.

The inclusion i : Co(R) < Cy(R) x Q is covariant with respect to B and thus
induces homomorphisms between the corresponding crossed products.
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Lemma 3.11. i: Co(R) x (u x I'1) = Co(R) x Q x (u x I'1) induces C -idz for
some 0 # C € Z on both K¢ and K;.

Proof. First of all, we claim that i : Co(R) X M= Co(R) x; Q X 1 induces

08(C-id
Z#Q@ZonKoforsomeO;ECeZ.

To show this, we consider the B_;-invariant inclusion Co(R) < Co(R) %3, Z.
It yields, using the Pimsner—Voiculescu sequence and its naturality, the following
commutative diagram with exact rows:

727 Ki(Co(R) % Z) ——
l lK1 @)
727 Ki(Co(R) i, Z) 21y Z) e
Therefore, i : Co(R) X4 Z — (Co(R) %3, Z) X4, Z does not induce the trivial

map on K.

Now, by [Bla], Theorem 10.7.1 (the sequence described therein is natural with
respect to covariant homomorphisms), we get the following commutative diagram
with exact rows:

Ko(Co(R) x5 1) Ky(Co(R) x5 Z)

Ko(i)i \LKl(i)

Ko((Co(R) 3, Z) 35 1) —= K1 ((Co(R) x5, Z) 35 Z) — o

In the commutative square, going right and then down does not yield the trivial map,
and hence K(i) is not trivial.

As Ko(Co(R) X, ®) = Z by (12) and Bb ~p idon Cy(R) X, Mo the nontrivial
image of Ky (7) is fixed by Ko (,éb) forall b € Z~. Hence it follows that

Co(R) x5 = Co(R) xz @ x5 = blgn {(Co(R) %z, Z) x p; Bo}
€Z>9

does not yield the trivial homomorphism on Ky, either.
Now,

Il

Qez ifj=0,
K;(Co(R)  Q ) {{0} fon 7 ]

and K; (Co(R) x Q x (u x I'1)) = Z for j = 0,1 as we already know. Therefore,

studying the Pimsner—Voiculescu sequence and going through the possibilities yield

id
that KO(,BZ) must be of the form Q @ Z ﬂ) Q & Z with ? # idg on Ko(Co(R)
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Q X5 ). But we have just seen that Ko (i)(1) is fixed by Ko(ﬁz), where 1 is the
generatorof Z = Ko(Co(R) X5 ). Thus, Ko(i)(1) = (0,C) forsome0 # C € Z
(C is nontrivial as Ko (i) # 0). This proves our claim.

Secondly, the Pimsner—Voiculescu sequence, together with its naturality, implies
that the assertion of the lemma is true. (|

Theorem 3.12. We have K; (™) = 72" forallm € Z~o (j = 0, 1).

pm—1

Proof. We prove by induction on m that K; (Co(R) xQ x (u xI'y)) = Z for
c

. *
j = 0,1 and that Co(R) x (1t X Tyy,) N Co(R) x Q x ( x I'yy,) induces ( )
o C
on K-theory.

The case m = 1 has just been shown in the last lemma.
Now assume that we have proven our assertion for m. We have (for j = 0, 1) the
following commutative diagram

K;(Co(R) % (1t X ) 2 K;(Co(R) % (1t X T'm))

l*l id=(Bp, )7 ll*
Kj(Co(R) x Q x (1 X I'y)) ————— K;(Co(R) x Q x (i x T'm)).

As we know by induction hypothesis that K;(Co(R) x Q x (1 x I';y)) (j = 0,1)is
C *

torsion-free and that i, = ( ) it follows that id — (ﬁpm 1 ), ! must be trivial.

0o ¢
Therefore,

K;i(Co(R) x Q x (it X [yye1))
= K;j(Co(R) X Q % (i X I'm)) @ Kj+1(Co(R) ¥ Q 2 (1 X I'm))
~ 7"

for j = 0, 1, and the inclusion i induces
C *

0 C

C *

0 C

on K-theory under this decomposition of K;(Co(R) X Q x (1 X I',-1)) (j =0, 1),
as we wanted to prove.
Now the theorem follows from (9) and Corollary 3.10. O
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We can instantly derive the following consequences:
Corollary 3.13. Ad(sp,, ) induces the identity on K (A ),

Corollary 3.14. K. (%) =~ A*(Qs¢) where K¢ corresponds to products of even and
K corresponds to products of odd numbers of pairwise distinct primes.

Remark 3.15. Using analogous arguments, we can determine the K-theory of
C*(u',{sp | b € Z=}). This case has already been investigated in [Cun], where
C*(u',{sp | b € Z~¢}) is denoted by @y. Again, the main point is that Corol-
lary 3.10 allows us to compute the multiplicative action of Z~¢ or Q¢ on K-theory.
As the final result, we get Ky (C*(u!, {sp | b € Z=¢})) = A*(Q>¢) where K cor-
responds to products of odd numbers, K; corresponds to products of even numbers
of pairwise distinct primes.

Remark 3.16. Looking back at our explicit calculations for QQ, we see the following
main steps:

1. Compute the K-theory of A® = C*({u?}, s¢,{ep}). Here ¢ is aroot of unity
which generates (.

2. Compare the finite adele ring and the infinite one.

3. Show that it is enough to consider the multiplicative action of K> on the infinite
adeles.

4. Apply the Pimsner—Voiculescu sequence iteratively, together with a homotopy
argument showing that the multiplicative action of the torsion-free part of K™ is trivial
on K-theory.

4. A duality theorem

First of all, let us concentrate on the second step of our program. We can generalize
Corollary 3.10 to arbitrary global fields (number fields or function fields). Our result
can be viewed as a duality theorem based on the duality results of Theorem 2.4. So
we prove the following result:

Theorem 4.1. Let K be a global field and T" be a subgroup of K*.
The C*-algebras Co(Aso) x K x T and Co(T - ([[ o)) x (T - ©) x I are Morita
equivalent, where the groups act via inverse affine transformations.

With Pg = K x K™ we get as a special case (I' = K*):
Corollary 4.2. Co(Ax) x Px ~y Co(Ar) % Pk.

As in the case of Q, this result allows us to compute the action of K* by homo-
topies. But first of all, let us prove Theorem 4.1. We need two lemmas.
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4.1. Crossed products by subgroups of the dual group

Lemma 4.3. Assume that (G,+) is a locally compact abelian group and H is a
subgroup of the Pontryagin dual G. Equip H with a topology such that H becomes
a locally compact group, and S,(f) = [g — h(g)f(g)] and eg(f) = [h —
h(—g) f (h)] extend to strongly continuous actions of H on C*(G) and of G on
C*(H), respectively.

Then¢: C.(G x H) — C.(H X G), f +— [(h,g) — h(—g) f(g,h)], extends to
an isomorphism C*(G) xg H =~ C*(H) %, G.

Before we come to the proof, just note that the discrete topology on H is always
a possible choice. Actually, this is the case of interest for our applications.
Moreover, Lemma 4.3 generalizes our result in Section 3.2.2.

Proof. The strategy is to show that ¢ is an isomorphism of *-algebras and that ¢ is
isometric with respect to the norms || - || (g, 21(gy) @and || - [[L1(G,L1 (m))- Then we
just have to see that C*(G) x H and C*(H) x G are the enveloping C*-algebras of
LY(H,LY(G))and L' (G, L'(H)).

The central idea is that infinitesimally, we have the relation

whvg = h(g)vgwy, (13)

in both crossed products C*(G) xs H and C*(H) x, G. Here, vg and wy, are the
infinitesimal generators corresponding to G and H respectively.

So, as a first step, integrating (13) gives ¢(f1 * f2) = ¢(f1) * ¢(f2). Thus, ¢ is
multiplicative. Moreover, a simple computation shows that ¢ is involutive as well.
Secondly, applying Fubini, we see that ¢ extends to an isometric isomorphism

LY(H,LY(G)) = LY(G,L'(H)).

Finally, C*(G) x H is defined as the norm closure of L' (H, C*(G)) with respect
to the norm

| £l = sup{|lw(f)| | = nondegenerate representation of L'(H, C*(G))}.

Now we claim that we can equally well take the norm closure of L!(H, L'(G)) in
the norm

I £1I" = sup{||w(f)|| | = nondegenerate representation of L' (H, L'(G))}.

To see this, it suffices to prove || - || = || - || on LY(H, L'(G)), since this algebra
is dense in L'(H,C*(G)). So it remains to show that any nondegenerate repre-
sentation of L'(H, L'(G)) extends to a representation of L'(H, C*(G)) (which
will automatically be nondegenerate, too). Now any nondegenerate representation
of L'(H, L'(G)) is the integrated form of a covariant representation. Actually,
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one can adapt the proof of the analogous statement for L'(H, C*(G)) (see for in-
stance [Ped]). The only thing one has to use is that L!(G) has an approximate unit.
But then the integrated form of the corresponding covariant representation defines a
(nondegenerate) representation of L!(H, C*(G)) extending the original one. This
shows that C*(G) x H is the enveloping C*-algebra of L' (H, L'(G)). Analogously,
C*(H) x G is the enveloping C*-algebra of L!(G, L'(H)). But we already know
that ¢ extends to an isometric isomorphism L'(H, L'(G)) = L' (G, L'(H)). Thus
¢ also extends to an isomorphism C*(G) x H = C*(H) x G. O

4.2. Comparison of groupoids. As a second step, consider the following transfor-
mation groupoids which are closely related to the C*-algebras appearing in Theo-
rem 4.1: Fix a subgroup I of K*. Each b € T acts on A, via multiplication by
b~!. This gives rise to an action of I" on A, and thus to the semidirect product
Ao @ T'. Let § be the groupoid associated to the right action of A, % T" on A/ K via
affine transformations (given by 7 (x) - (¢, b) = w(b((¢,0) + x)), with the canonical
projection 7: A — A/K).

Now let o be the integral closure of Z in K if K is a number field, and the integral
closure of [,[T] in case K is a function field of characteristic p. Moreover, [ [ oy is
the maximal compact subring of Ar, as above. I" acts on I' - © by multiplication as
well (this time we do not take inverses) and we can form (I" - ©) x I". Denote by € the
groupoid associated to the right actionof I' -0 x F'on I" - ([ [ 0y) € Ay via inverse
affine transformations (z - (a,b) = b~ (z — a)).

Lemma 4.4. § and € are equivalent as groupoids, in the sense of [MRW].

This is the analogue of Proposition 3.8, but now in the general context.

Proof. We will use Example 2.7 of [MRW] to reduce our assertion to certain sub-
groupoids. The remaining groupoids will even be isomorphic.

First of all, it is shown in [MRW], Example 2.7, that a locally compact (Hausdorff)
groupoid G is equivalent to G % if N is a closed subset of G° such that

(i) N meets every orbit in G,

(ii) the restricted range and source maps Gy — G are open.
We would like to apply this result to ¥ and €: Consider the first groupoid with
N = 7({0} x (JToy)) € A/K = g% N is closed because {0} x ([T @y) is compact
and 7 is continuous.

Moreover, N satisfies (i) since given x = (X0, Xs) € A, we can find a € K,
z € [Joy suchthata +z = xr (wehave Ay = K + ([] 0y), see [Weil], Chapter IV,
Lemma 2.1, and [Weil], Chapter I, Corollary 4.2). Thus, x = (x —a, z) + a, which
implies

w(x) =m(0,2) (xoo —a, 1) = r(@(0,2), (xeo —a, 1))

where r is the range map of §. This shows that N meets every orbit in §°.
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To prove (ii), note that §5 = {(w(x), (,b)) € § | w(b((¢,0) + x)) € N} by
definition. s|g, : §v — N, (w(x), (t,b)) — w(b((z,0) + x)), is open because, for
any opensubset U € §,s(UNEy) = s(UNs~1(N)) = s(U)NN is an open subset
of N since the source map s is open. It remains to prove that r|g, : §v — A/K,
(m(x), (¢t,b)) — m(x), is open. To see this, take opensets U C A/ K,V C Ay and
b € I'. Consider the open subset U x (V x {b}) of &. It suffices to look at open sets
of this form since they form a basis for the topology of §.

Now we have r(U x (V x {b}) N Gx) = U Nw((=V) x b~1 - ([T 0y)) because
of the following reason: For any x € A, w(x) € r(U x (V x {b}) N §y) means that
m(x) lies in U and that (;r(x), (¢, b)) € &y for some t € V. The second statement
is equivalent to: “There exists t € V with w(x) € n((—t,0)) + b~ - N”, which is
again equivalent to “mr(x) € w((—=V) x b~! - ([] 0y))”. This proves our claim.

But since 7 is open and 5™ - ([T op) isopenin Ag, U N ((—V) x b~ - ([ 0y))
is open in §° = A/K. Therefore, (i) and (ii) hold true and thus ¢ is equivalent to
ﬁf\\,’ ={(r(x),(, b)) € A/JK X (Aoo XxT) | m(x) € N and 7 (b((¢,0) + x)) € N}.

We study € in a similar way: Consider the closed subset N = [Tov of
-(JJovw) = g0, By construction, N meets every orbit in GO.

Moreover, gﬁ is givenjls {(z,(a,b)) € g | b7z —a) € ﬁ}. Let 7, § be the
range and source maps of §.

Now §|§1\7 is open as §(U N gﬁ) =3s5UN E_l(ﬁ)) =35U)N N is open in

N = [ ] o for any open subset U € € because 5 is open. And 7|z _ is open since
N

given any open subset U C T"- ([] oy), F(U x {(a,b)} N gﬁ) =UN(a+b(]ov))
isagainopenin " - (JJoy) = 6. As above, it is sufficient to consider open subsets
of this type as they form a basis for the topology of g.

Thus, we have seen that (i) and (ii) hold. This implies that g is equivalent to

7\3 ={(z,(@b) el -([Toy) x(T-0xT)|ze[[oyand b~ (z —a) € []oy}-

Finally, we want to show that ®: gg — ﬁI{,V, (z,(a,b)) — (7(0,2), (a,b™ 1)),
defines an isomorphism of topological groupoids.

First of all, ® is well defined as (z, (a, b)) € g}%’ means b~ !(z—a) e N = [Tow
and therefore 7 (b~ ((a,0) 4+ (0,z2))) = n(b~'a,b~'z) = 7(0,b~'z—b"la) e N.
Furthermore, ® is injective since (7 (0, z), (a,b™')) = (7(0,z'), (c,d ")) implies
a=c,b=dand(0,z—2') € K < z = z'. ®issurjective: Given (7 (x), (t, b))
in ﬁfvv, 7(x) € N means that there exists z € [ | o, with 7(x) = 7(0, z). Moreover,
we know 7 (bt,bz) = w(b((z,0) + (0,z)) € N. This implies that there exists
z" € [] oy with (bt,bz)—(0,z") = (bt,bz—z") € K. Thus, bt € K andbt = bz—Z/,
whichyieldt € KN(T-(J]oy)) = T-«(KN([] 0v)) = I'-0 by Lemma2.3. Therefore,
we have found (z, (t,b71)) € gg with ®(z, (,b7 1)) = (n(x), (¢,b)).

Moreover, it is easy to check that ® respects the groupoid structures as well.

As the last point, we have to check that @ is ahomeomorphism. Itisimmediate that
® is continuous. To prove that ®~! is continuous, choose a sequence (z,,, (an, b)) €



C*-algebras associated with integral domains 21

ZN with limy oo ®(z. (@n.bn)) = ®(z.(a.b)) € G} for (z.(a.b)) € FY.
This means limy,—o0(7(0, 24), (an, b, 1)) = (7(0,2), (a,b™')). We have to show
lim,—00(zn, (@n, bn)) = (z,(a,b)) in g}%’ As limy 00 b, 1 = b~ in the discrete
group I', we conclude that b,, = b for almost all n. Thus, we can assume without loss
of generality that b, = b for all n. Moreover, we have for all n that a, lies in K and
b(zy, —a) € N = [Tov. Withb = % for some /, m in 0, m # 0, we conclude that
an € ([Tow)+b7 (o) NK < (% (JJew)NK = % -0 by Lemma 2.3. Since

% - o sits discretely in A, it follows that @,, = a for almost all n. Finally, to see

that lim,, se0 Z; = z In N = [ ] ov, observe that N = [Tov = N,z 7(0,2), is
a homeomorphism as it is a bijective, continuous map between compact (Hausdorff)
spaces.

This shows that g o~ ﬁf\}’ as topological groupoids. Hence, we have shown
G §Y =gl ~y 8 O

4.3. End of proof. With these two lemmas, we are ready for the

Proof of Theorem 4.1. Start with the additive action of K on Cyp(A) given by
T4(g) = g(U —a) for all g € Cp(As). Since Ay = Ay by Theorem 2.4, (3),
Fourier transform yields

C*(Aw) = ColAu),  ColAue) > f > [z I—>/A (s,t)f(s)ds].

Under this identification, T corresponds to the action T on C*(Ay) givenby t,( f) =
(—a,U) - f. Thus, we are precisely in the situation of Lemma 4.3 with G = A,
H = K (H viewed as a discrete group). Lemma 4.3 yields

Co(Aco) X5 K 2 C*(Aso) ¥z K 2 C*(K) 3 Ao

with A, (u?%) = (a,t)u® foralla € K,t € As. Applying again Fourier transform,
together with Theorem 2.4, (2), we end up with

C*(K) %3 Ago = C(K) % Ao = C(A/K) 33 Aco

with A,(f) = f(r(t,0) + L).

So, to sum up these observations, we have an isomorphism
Co(Ax) X3 K = C(A/K) %3 Aco.

Now let T be a subgroup of K*. Under the last identification, the action of T’
on Co(Ax) X3 K given by Bb(g cu?) = g(b'U) - u® for all g € Co(Aso),
a € K, b € K*, corresponds to the following action of I" on C(A/K) 3 A:
ap([t = ft]) = [t = |N()| fp: (bL)] where N denotes the norm on K*.
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Using [Wil], Proposition 3.11, we deduce
(Co(Axo) X3 K) X I = (C(A/K) x5 Axo) ¥ I' = C(A/K) x (Ago x T').

The semidirect product Ao, X I' is taken with respect to the action of I' on Ay, which
we already had in Theorem 4.1, and the action of Ay, X I' on C(A/K) is given by
t,b)- f(x) = f(x-(t,b)) = f(w(b((t,0) + x))). Thus, Lemma 4.4, combined
with [MRW], Theorem 2.8, yields

Co(Aco) X (K % T') = (Co(Aco) 33 K) x5 T
~ C(A/K) % (Ao xT)
~ C*(§) ~m C*(€)
=~ Co(T - ([Tov)) ¥ (- 0) x T.

The first identification follows again from [Wil], Proposition 3.11. Moreover, the
first and the last crossed products are given by the corresponding actions via inverse
affine transformations. O

5. Computations “without roots of unity”

Let us concentrate on number fields now. Fix such a field K and let o be the ring
of integers in K. Before we turn to the whole ring C*-algebra of o, let us study the
C*-algebra “without roots of unity” first. More precisely, we fix a subgroup I" of K*
with K* = u x I' and consider the decomposition 0* = u x (I' N ©*). Note that
1 C o by definition. Then we consider 8 = C*({u®,sp | a € o, b € T N o*}).
This C*-subalgebra is generated by all unitaries given by addition but only those
isometries which come from the torsion-free part I' of K*. We point out that B
depends on the choice of T'.

The reason why we first compute the K-groups of B is twofold: On the one hand,
it is possible to carry out the calculation in complete generality, in contrast to the
computation of K, (2) (at least up to now). On the other hand, some of the results
which we prove along our way to determining K. (®8) will enter into the calculation
of K, () later on.

As far as our strategy is concerned, we more or less follow the program de-
scribed in Remark 3.16. This means that we will first compute the K-theory of
BO = C*({u?}, {ep}) via a suitable filtration and then use Theorem 4.1 to adjoin
the isometries by a homotopy argument.

The final result is

A*(T) if #{vg} = 0,

A*(T) if #{vg} odd and #{vR | vr(b) < O}even Vb € T,

(Z/27) @7z A*(T) if #{vg} odd and 3 b € T': #{vr | vr(b) < 0} odd,
(Z/27) @z A*(T) if #{vg} > 2 even.

K.(B) =~



C*-algebras associated with integral domains 23

Here, Z /27 is trivially graded and we consider graded tensor products.

5.1. K-theory of B, As a first step, the K-theory of B can be computed with
the help of a suitable filtration.

Lemma 5.1.
on—1 e
Kj(?B(O)) ~ Q - lf]. =n+1 mod2,
Q¥ '@7Z ifj =n mod2.
If i, ..., wy is a Z-basis for o and if we write u(i) := u®i, then the copy of Z

will be generated by [u(1)]; x --- x [u(n)]; € K,(B©). Here, we take the product
on K-theory as it is described in [HiRo], 4.7.

Proof. By relation (Il), p. 5, we have e, = Zub“ebdu_b“ where we sum over
0/(d) = {a + (d)}. Thus, we obtain the inductive system {C*({u?},ep);tppa}
with the inclusions 5 pg: C*({u}, ep) — C*({u“}, epq). The associated induc-
tive limit coincides with C*({u?},{ep}) = B, Hence, we have to determine
K« (C*({u®}, ep)) for single b as well as (tp pg ) -

First of all, C*({u?}) = C*(0) == C*(Z"). Thus, K.(C*({u?})) = Z?" and
{lui)s x---xu@ |1 <ip <---<ir <n,0<k < n}isaZ-basis. For
k = 0 we get [1]o. Moreover, we have

Lemma 5.2. Forany b € Z~, we have C*({u®}, ep) = Mpn (C*({u?})).

Proof of Lemma 5.2. Choose a minimal system R of representatives for o/(b) in
o, in the sense that for any ¢, ¢’ in Ry, ¢ — ¢’ € (b) implies ¢ = ¢’. We always
assume 0 € R;. From this data — using 2(0) = (%(c + (b)), & > Ecypr — We
construct a unitary £%(0) = @P.cg, £*(c + (b)) = Pg, £*(0). Conjugation with
this unitary yields an isomorphism

b L(2(0) = Mpn (L(€%(0))), T > (sfu™ Tu sp)e,er.

We now show that ¢ (C*({u®},ep)) = Mpn(C*({u?})): The universal prop-
erty of Mpn (C*({u?})) = Mp»(C) ® C*({u?}) gives rise to a homomorphism
Py Mpn (C*({u?})) — C*({u?}, e) via dp(ec.o ® 1) = uepu™', ¢p(1 @ u?) =
uba, ¢p is surjective, and we have @p o ¢pp = idpy,, (C*({ua}.e,)) DY construction.
This implies that ¢p (C* ({u®}, ep)) = Mpn (C*({u?})). O

®id ¢
Thus, C*({u%}) L0077, Mpn (C*({u?})) =~ C*({u?}, ep) induces an isomor-

>
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phism on K-theory. By continuity of K, we get

K (B©) ~ lim { K. (C* ({1}, €)); (tp,5a ) +}
Z=o

= lim { K+ (C* ({u”})): (0,0 ® id); " © (9pa)s
Z>0

o (th,pa)* © (Pp)x © (€0,0 ® id)«},

where we used qbb_dl = @pq (see Lemma 5.2). It suffices to take the inductive limit
over Z g as Zg is cofinal in o*.

To understand the structure maps, note that by a modified version of Lemma 5.2,
@pd © (€00 ® id) can be written as the composition

() 222 Mya(c* ({M“}))—>C ({u®}. ea)
COZ My (C* (0 eq)) 2> € () e5a)
and that the diagram

dpolen,0®id)

C*({u?}) ——————C*({u"}. ep)

Ll,dl l‘b,bd
C*(u}, eq) 220 Cx (1491, epy)

commutes (these observations follow from ¢y, o (9,0 ® id) = Ad(sp)). Thus,

(0,0 ®id);" 0 (@pa)x © (th,ba ) © (Pp)x © (€0,0 ® id)«
= (6’0,0 &® id);l o (@a)x© (e0,0 ® id)II o (@p)x o (¢p)x© (6’0,0 ® id)« o (ll,d)*
= (e0,0 ® id);" © (@)« © (11,4)x-

Therefore, with 1z := 11 4, it remains to determine (e,0 ® id); ! o (9g)« © (tg)x-
Now define vg: C*({u?}) — C*({u?}); u® — u?@ for d € Z-. Functoriality
of the K-theoretic product yields

) (D] % x [u(ih) = d*uDl x -« x il
The crucial observation for our purposes is that we have
04 0100y = lgn @ id. (14)
This follows from the construction. We get

(e0,0 ® id)II o (@a)x o (ta)x o (va)x = (e0,0 ® id);1 o(lgn ®id)x = d" -ids
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and thus (eg,0 ® id);! 0 (9q)« © (tg)s« = d™ - (v4);'. We conclude that

(e0,0 ®id);" o (¢a)x © (ta)x ()]s X - x [u(ix)]1)

15
= @ (il X X GO, .

This allows us to calculate the K-groups of B, and we get the desired results. [

5.2. K-theory of 8. We distinguish between the following cases:

1. #{vr} = 0.

By [Neu], Chapter I, Proposition (8.4), there are infinitely many primesin Z C o
which are unramified in ©. Hence, since u is finite, by taking an appropriate product
of unramified primes, we find a number p € Z-( in I' which we can extend to a
Z-basis for I' of the form {p, p1, p2,...}.

Let I, be the subgroup (p, p1. ..., pm) of I' and consider 8V := C*(BO, Sp).

Since Ad(sp)x ()] x -+ x [u(ix)]1) = p*¥ " [u(@)]1 x -+ x [u(i)]s by (15)
and

B 2 BO () N ~m li_IE’{EB(O);Ad(Sp)} Xad(sp) £
~um Co(To - ([Joy)) xTo-0xTy

(similar to (4)), we conclude that K; (BMW) =~ Z for j =0, 1. Thisresult, Lemma 5.1
and Theorem 4.1 show that

Kj(Co(As) x K) = K;(C([Tov) @ 0)
Q2! forj=n+1 mod2, (16)
Q¥ '"1'@Z forj=n mod2;

~ K;(BY) =~ {

Kj(Co(Axo) @ K xTp) == Kj(C(To - ([Tov)) x (To - 0) x T'p)

(17)
~ K;(BWV) = Zforj =0,1.

Moreover, as the multiplicative action of K™ on A is homotopic to the trivial action,
the Pimsner—Voiculescu sequence yields K; (Co(Ax) X I'g) = Z (j = 0,1). Now
we claim that K; (Co(Aso) X K X I'y,) = Kj(Co(Aso) X)) = Z*" for j =0, 1and
that i, . Co(Aso) X Ty = Co(Aso) X K X Iy, the map induced by the K*-covariant
inclusion Cy(As) —> Co(As) X K, yields an injective map on K-theory. Let us
prove this assertion by induction on .

m = 0: We already know K; (Co(As) ¥ K xTg) = K; (Co(As) xTg) = Z for
Jj =0, 1. It remains to show the injectivity of (ig)«: By (16), (17) and the Pimsner—
Voiculescu sequence, Cp(Ax) X K <> Cyp(As) X K x I'g must be nontrivial on the
copy of Z in K; (j = n mod 2). Moreover, Cp(Ay) < Co(Ax) X o is injective
on K-theory by the Pimsner—Voiculescu sequence. And we have Cy(Ax) X K =
li_r)n{Co(Aoo) x o} where the structure maps fix the image of Co(Aso) in Co(Aso) X 0
on K-theory. It follows that Cy(As) < Co(A) x K is injective on K-theory and
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its image is fixed by I'g in K-theory and thus must be contained in the copy of Z
(j = n mod 2). Thus, (ip)« is injective.
Now assume that we have proven the claim for m. The diagram

K;(Co(Aso) X Ty) 0 K;(Co(Aco) » Tm)

id=Bpyp )"
K;(Co(Ax) X K xTp) K;(Co(Ax) X K xTpy)

commutes, where we used that the multiplicative action of K> on Cy(A o) is equivari-
antly homotopic to the identity. As K;(Co(As) @ K xI';;) (j = 0, 1) is torsion-free
and (in )« is injective by hypothesis, it follows that (B, . | )« = 1dk, (Co(Ace) K %)
Thus, we get K;j(Co(Axo) X K X T'yqq) = 72" for j = 0,1 by the Pimsner—

(m)s  *

. (im)*) follows by induction

Voiculescu sequence. Injectivity of (,41)x = (
hypothesis. This proves our claim.

Therefore,

Ki(Co(Aoo) X K X T) = lirg K« (Co(Aso) X K x Ty = l_in_gA*(Fm) ~ A*(I).
m m
Since B ~pr Co(Ayr) x K xT' ~p Co(Ax) @ K x I" by the analogue of (4) and
Theorem 4.1, we conclude that K, (°8) =~ A*(T).

The remaining cases are very similar to the first one. The only difference lies in
the fact that the multiplicative action does not need to be homotopic to the identity
any more.

2. #{vgr} odd and #{vg | vr(b) < 0} iseven forall b € I.

We still have that the action of T" is equivariantly homotopic to the identity on
Co(A ). Thus, we can adapt the computations of the first case. Again,

K+(B) = A*().

3. #{vr} odd and #{vR | vr(b) < 0} is odd for some b € I.

Choose a basis { p, p1, ...} of I" as in the first case (#{vr} = 0), but we addition-
ally require #{vg | vr(p1) < 0} to be odd and #{vR | vr(p;) < 0} to be even for all
i > 1. Nowlet ', = (p, p1...., pm) € T as above, and let '), be the subgroup
generated by {p, p2.,..., pm} suchthat T';, =T, x (p1).

We have ,épm ~p Btm where t,, := (V(pm)/|v(pm)|)vjoo- Here, we extend the
multiplicative action of K™ on Cyp(As) to A}, and still denote this action by /§ .
For m # 1, ,3,m is of period 2 and induces the identity on K«(Co(Aso)). Thus,
going through the Pimsner—Voiculescu sequences, we get that ﬁ 1, and therefore B o
induces the identity on K4«(Co(Ax) X I'),_;).

Hence, for the same reasons as above (in the first case), we get

Ku(Co(Aso) x K xT!) = A*(T,).
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But now we have to add p;. ﬁpl induces —id on K.(Cp(As) » I';)) as the map
is of order 2 on K-theory but gives —id on K.(Co(As)). So, using the Pimsner—
Voiculescu sequence again, we see that ,BAI,I induces —id on K4(Cp(Ax) x I';,) and
thus on K, (Co(As) x K x T'),) as well. Hence we get

K«(Co(Aso) X K xTyy) = (Z/27) ®z A*(T},)
and finally, in the inductive limit,
Ki(B) = Ki(Co(Ax) X K xT) = (Z/27) @z A*(T).

4. #{vr} > 2 even.

Since R- K = Ao, there must be some b € I' with #{vg | vgr(b) < 0} odd. Then
the same arguments as in the previous case show that

K+(B) = K. (Co(Aco) ¥ K x T) = (Z/2Z) @7 A*(T).

6. General results for u = {+1}

As in the previous section, let K be a number field of degree n = [K : Q] and let o
be the ring of integers in K. We follow the program of Remark 3.16 and compute the
K-groups of the ring C*-algebra associated to @ under the assumption that the only
roots of unity in K are 1 (u = {£1}). We will explain below why we cannot treat
the general case up to now.

The final result (with K* = u x T') is as follows:

Ko(C*(n)) ®z A*(T") if #{vg} = 0,
K () = ¢ A*T) if #{vg} odd,
A*T)® ((Z/272) ®z A*(T)) if #{vr} > 2 even.
Here we consider graded tensor products where Ko(C*(u)) and Z /27 are trivially

graded. We take the diagonal grading on the direct sum. Moreover, note that the
condition “#{vR} is odd” is equivalent to “n is odd”.

6.1. The K-theory of . The first step is to calculate the K-groups of
C*({u®}, s—1), or — what amounts to the same — of the group C*-algebra of o x p =
7" x\Z/27Z. Let wy, ..., w, be a Z-basis of v and set u(i) = u® forl <i < n.
We thank W. Liick for pointing out the following result to us.

Lemma 6.1. The K-theory of C*(o % ) is given by

K()(C*(@ A /’L)) = Gﬁn ¥ Ginf’
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where G, = Z2" is the part coming from finite subgroups and Gy = 7>
K1(C*(0 %)) is trivial.

Moreover, if we identify C* (o x u) with C*({u®}, s—1), we obtain the following
projections whose classes in Ko(C*({u®},s—1)) form a Z-basis for Ggy:

(U +uGy)...u(ix)s—1) wherel <iy <---<ix<n,0<k <n.
Furthermore, the inclusion
i C*({u?}) = C*(0) = C*(ox ) = C*({u?},s—1)
maps Ko(C*({u?})) into Gins injectively. Thus, its cokernel is finite.
Proof. See [ELPW], Theorem 0.4. O

The next step is to compute the K-theory of A©® := C*({u?},s_1, {ep}).

Lemma 6.2.
Zo Q! ifn odd,

Ko(A©) ~ e
o™ {ZEBQZ Hlez if n even.

K1 (AO) s trivial,

Proof. Again, A® =~ lim{C*({u?},s_1, ep)} and with analogous arguments as in
the proof of Lemma 5.1, we get

Ko (A©) =~ lim {K(C*({u}, 5-1)): (0,0 ® id); ' (90a)w (ta)« }-
deZ~

It remains to determine

kg 7= (€00 ® 1)y (@) (ta)«: Ku(C*({u®},5-1)) = Ku(C*({u},5-1))

for d € Z~. In our computations of K (8(?) in Lemma 5.1, we have already seen
in (15) that

kg ()] x -+ x u(in)h) = d" Fuin]s x - x [ulix)]

forl <ij <---<ip <n0=< k < n. Thus, by Lemma 6.1, Kd|K0(C*({u”})) 18
given by a diagonal matrix whose entries are powers of d. Among these diagonal
entries, 1 = d° appears if and only if n is even, this entry then corresponds to
(D] x -+ x [u(m)]r) € Kn(C*({u?}, 5-1)).

To determine k4|g,,, we distinguish between two cases:
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1. d = 2: As in the proof of Lemma 5.2, we choose a set of representatives for
0/(2)in 0, Ry = {0, w1, w2, w1 + W2, w3,...,w; + -+ + w,}. With this choice,
and under analogous identifications as in Lemma 5.2,

S

@2012(5-1) = 1 u(1)*u(2)*s—4
h u()*...u(n)*s—q

This shows that Kz([%(l +s-1)]o) = Z[%(l + u(iy)...u(ix)s—1)]o where the sum
istakenoverall 1 <ij <---<ipy <n,0<k <n.

Now the remaining symmetries u(i1)...u(ig)s—; with 1 <i; < --- <ip < n,
1 <k < n map £%(c + (2)) bijectively into £2(c’ + (2)) for ¢ # ¢’ in R,. Thus, a
typical building block in @5 o t5(u(i1) ... u(ix)s—1) is of the form

0o ... V*
0
Vv 0
for a unitary V. As
%
(1) 0 0 If) 1 0 0
1] . 0
2| 0 N E o |
0 0
Vv o ... 0 1

1

: 0 0

1

0 2n—l . 2n—1 2n 5
) 0 ‘

0 2?

where ? is 0 or 1 depending on the parity of n.

2. Letd be odd, say d = 2d’ + 1:

This time let Ry be {> ;| Im®m | —d’ < I, < d'}, aset of representatives for
0/(d) in o as in the proof of Lemma 5.2.

Forany0 <k <n,1 <i; <--- <ix <n,u(iy)...u(ix)s—, maps £>(c + (d))
bijectively into itself if and only if ¢ = — an:l d'w;,,, and a calculation shows
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that for this ¢ € Ry, u(iy) ... u(ix)s—y acts on £2(c + (d)) like u(i1)* ... u(ix)*s_;
under the identification £2(0) = £%(c + (d)), & + Ecvar

Thus, kg ([3 (14 (1) .. u(in)s—1)]o) = [3(14uliy) ... u(ix)s—1)]o+<521o.
Then k4 is given by

1
0
1
dm"—1 d"—1 s
S ALy
0 -
d?

where ? is 0 or 1 depending on the parity of 7.
Therefore, k,4 (for d odd) is represented by the matrix

1
: 0 0
1
an=lgn _on=1 gyr=1 . 2d)* 1| Q2d)"
: 0
0 d)’

where ? is 0 or 1 depending on the parity of .
The result on the K-theory of 2 follows. O

Our computations show that for any d € Z- 1, Ad(sy) induces id on the copies
of Z and multiplies the generators of Q by some constant > 1 in K. Thus,

Z if n odd,
Z?% forn even

Ki (C*({u"}, 51, {ep}, 54)) = { (18)

for j = 0, 1. Here we have used the Pimsner—Voiculescu sequence together with the
description C*({u®},s—1,{ep},5q) ~m li_r)n{?I(O); Ad(sq)} Xad(sy) Z-

6.2. Comparison between infinite and finite places. The mainresult (Theorem4.1)
has already been proven in Section 4. Applying Theorem 4.1 to our situation, we
obtain, together with Lemma 6.2,

ZoQ¥! if n odd,
ZoQ¥ '"1@7Z ifneven,

K1(Co(Ac) @ K x p) = {0}
and, using (18),

Ko(Co(Ago) ¥ K X 1) = {

Z ifnodd,

K;j(Co(Aoo) ¥ K % (u x (d))) = {Zz if n even
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for j = 0, 1. Furthermore, studying the Pimsner—Voiculescu sequence associated to
Co(Ac) X K X (X (d)) = (Co(Aso) X K x 1) x (d)

((d) = Z), we get that the only Q> -invariant part of Ko(Co(As) X K x i) is given
by the copies of Z. We will need this observation later on.

6.3. The multiplicative action. By equivariant Bott periodicity, we obtain

Z if n odd,

Ko(Co(Axo) x ) = {22 1 even

and
K1(Co(Aso) » p) = {0}

since Ago = R” (compare Section 2.1).

Now consideri: Co(Aso) Xt = Co(Ax) X K x i, the homomorphism induced
by the inclusion Cy(As) — Co(Ax) X K. Our aim is to prove that i, is injective
on K-theory.

First of all, note that it suffices to prove thati’: Co(Axo) X it = Co(Aso) X0 X i
is injective on Ky since Co(Aso) X K X 1 can be written as an inductive limit (with
Co(Ax) xoxu as C*-algebra in each step) where the structure maps leave the image
of Cp(As) x u fixed on Ky. Thus, we have to prove the following

Lemma 6.3. (i) is injective on K.

Proof. The main ingredient is Theorem A1 of [Nat], which is some sort of Mayer—
Vietoris sequence relating the K-theory of crossed products by a free product of two
groups with the K-theory of the single crossed products. We apply this result to the
group o X u = Z" xZ /27Z. Namely, the identification Z xZ /27 ~ 7 /27 xZ | 2Z,
Z +— By, t — t (z, t, t1, tp are the canonical generators) is compatible with the
action on Z"~! and on Co(A). Thus, Theorem Al of [Nat] yields the following
sequence which is exact in the middle:

Ko(Co(Aoo) 1 Z%) = Ko(Colhoo) % Z¥ 35 | 2/22)

k
D Ko(Co(Aoo) X 2525 5 Z/22)  (19)
Extes k+1
——% Ko(Co(Aoo) ¥ ZK1 %, 7/27)
where «, k', ¢ and ¢ are the canonical maps and 0 < k <n — 1.
Now consider the translation-invariant isomorphism

Co(Aso) = Co(Ass), [+ f(U— Swps1).
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It yields an isomorphism

ColAs) ¥ ZF 5 Co(Ane) ¥ ZF.  fus > f(U— Lopsr) - uc,
We have
YoBoa(f ut) = f(=U+3oppr) - u™
= Qupyy © -1 (f (U= J0r11) - u®)
= Gy g © B (W (S - u?).
Thus, ¥ induces an isomorphism

¥ Co(Aso) ¥ ZF x5

4, Z/2Z = Co(Ac) x z* X5, 4 Z/2Z.

k+1ﬂ_

Now, the crucial point is that the following diagram commutes:

Co(Aco) @ ZF — = Co(Aco) X Z¥ x5 727

/| X

ColAoo) x ZF —= Colhoo) X Z¥ %, 5 7/27.

This fact, together with ¥ ~, id on Co(Ao) X Z*, implies that
Vakx = K, (20)

on K-theory.

We would like to show that &, is injective. Assume that x € ker(ex). Then
(x,0) € ker(e« + &,) = im(kx — &) because of (19). Thus, there exists y in
Ko(Co(Aso) x ZF) with k.(y) = x and «.(y) = 0. But by (20), we have 0

K, (¥) = Yk (y) = ¥x(x), and since ¥ is an isomorphism, this implies x = 0.
Thus, for any 0 < k < n — 1, &4 is injective. This proves our claim, since i’ =
D o... 06O if £ denotes the k-th map

Co(Aso) X ZF 31t — Co(Aco) x ZF 1 5 . O

6.4. The general result. It remains to put everything together. We distinguish
between three cases.

a) #{vr} = 0:

Choose an unramified prime p € Z~¢ and a Z-basis {p, p1, p2, ...} of ', where
K*=uxT.LetTy, = (p,..., Pm).

We have seen that K; (Co(Aco) ¥ K x (1 x T'g)) = Z% for j = 0,1 (#{vg} =0
implies that n is even). Moreover, it follows from our results of Section 6.3 and the
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Pimsner—Voiculescu sequence that iy : K« (Co(Aso) X (it X Ig)) = Ku(Co(Axo) X
K x (u x Ig)) is injective. Now let us prove inductively that

K;(Co(Ace) % (1t X Tim)) = K;(Co(Ace) @ K x (1 x T)) = 72"

for j = 0,1 and thatis: K« (Co(Aso) X (U XT1)) = Kix(Co(Ago) X K x (0 xTy))
is injective. The case m = 0 has already been proven above.

If the claim is proven for m, the Pimsner—Voiculescu sequence, together with its
naturality, will yield the result for m 4 1 (analogously to the first case of Section 5.2,
we have to use that ,31, ~, 1d equivariantly).

Thus, we conclude K, () = Ki(Co(As) XK xK*) = Ko(C*(1))®z A*(T).

b) #{vg} odd:

Again, choose p € Z- prime and unramified and a Z-basis {p, p1,...} of I’
with K* = u x I'. As #{vg} is odd, we can arrange by multiplying with —1 that
#{vr | vr(pi) < 0} is even for all i. As above, let I';,, = (p, ..., pm). We can show
for each m that

K;j(Co(Aco) % (1 X Tn)) 2 Kj(Co(Aco) K x (1 x Tp)) 2= 7"

for j = 0,1and thatiy: K« (Co(Aso) X (U XT1)) = Kix(Co(Aso) X K x(uxTy))
is injective.

All we have to show is that (Bpm+1)* = id on K« (Co(Ax) X (i X I)). This
follows from Bp,, ., ~p id on Co(Aco) X and By, 1 ~h Bw(pms1)/1v(Pm41)Dojco-
The second fact implies that /§ pm+1 18 Of period 2, while the first one, together with
the Pimsner—Voiculescu sequence, shows that Bpm 41 can be described by an upper
triangular matrix where all the diagonal elements are 1. These two facts imply our
claim, namely (Bperl)* =1id on K+« (Co(Aso) X (1 X T')).

Thus, K« (V) = Ki(Co(Aso) X K x K*) = A*(T).

c) #{vr} > 2 even:

Again, let K* = ux T and choose a Z-basis {p, p1, p2,...}of I', with p € Zo.
We can arrange that #{vg | vgr(p1) < 0} is odd and #{vg | vr(p;) < 0} is even for
alli > 1. Let Ty, = (p,....pm) and '), = (p, p2..., pm). As above, we can
show that K;(Co(Ax) X K % (u x T},)) = Z%" for j = 0,1 ([K : Q] is even by
assumption).

Lemma 6.4. The following holds:
(Bpl )* =

on Kj (Co(As) X K x(uxT,)) = z?" for j = 0,1 with respect to an appropriate
Z-basis.
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Proof. Note that it is equivalent to prove our claim on K;(Co(Ax) % (n x T)))
because a refinement of Lemma 6.3 yields that i : Co(As) — Co(Ax) X K induces
isomorphisms iy : Kx(Co(Aoo) ¥ (0 X I'}))) = Kx(Co(As) ¥ K x (u x I'})) for
m € Z>0

Now we extend the multlphcatlve action of K* on CO(AOO) to A, and denote

the corresponding action by ,3 as before. We have ,31,1 ~p IB(U(PI)”U(PI)Dvloo and

ﬂ(v(m)/lv(m)l)moo /3(1 —1,1,1,..) © ﬂp/ where #{vgr | vr(p’) < 0} is even. Thus,
(,31, s = id on K4(Co(Aso) x (1 x I'j,)) and it remains to show the claim for
/3(1,—1,1,1,...)- Here, (1,—1,1,1,...) is the element in Ay given by 1, —1 on the
first two real places (#{vg} > 2) and by 1 on the remaining places (real and complex
ones). We proceed inductively:

To get started, we need to determine l§(1,—1) explicitly on Ko(Co(R?) x ). To
do so, it is helpful to consider the concrete situation where K = Q [\/5] since we can
explicitly write down generators for the K-groups in this special case. For Q [\/5], we
have o = Z + Z /2. We would like to show (B /3)s = (! _;) on Ko(Co(Acs) % ).
By Theorem 4.1 and the Pimsner—Voiculescu sequence applied to Co(Aso) X (ux{p)),
it suffices to show that Ad(s ) induces (1 _1) on K; (C*({u®},s—1.{ep},5p)) (j =
0, 1).

To determine Ad(s /3), we compute (9,0 ® id); (e V)= 3)«. We have

W) ('l > Y2 = Y] x ] = =20y x [w¥?];.

Thus Ad(s /) induces —1 on the second copy of Z in Ko(C*({u?}, 51, {es})). Here

we used that (14) also holds for d = V2.
Now take the set of representatives R 5 = {0, 1} for o/ (+/2) in o as in the proof
of Lemma 5.2. Then, under similar identifications as in Lemma 5.2,

2(L+s21)
(9y2) © (L) (G +5-0) = (2 ! %(1+u_ﬁs_l))

and
1 _
(@yz) o (L) +ulss)) =1 (S_1 511) ‘
Thus,

(e0.0 ®1d);" o (¢ 5)x 0 (L) ([5(1 +5-1)]o — [3(1 + u's—1)]o)
= 301+ s-0)lo — ([0 — [3(1 + w25 1)]o).
In the inductive limit, we get that Ad(s_/;) induces idz on the first copy of Z in
Ko(C*({u®}, s—1,{ep})) by the analogue of (5).
Thus, (B,-1))+ = (1 _1) on Ko(Co(As) ¥ ) = Ko(Co(R?) x ) as K >
V2 > (V2,—+/2) ~;, (1,—1) € As. But this already implies Ba,-1,1,1,.))% =
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(! _;) on Ko(Co(Aso) x 1) for any number field with o = {£1}: Let B be the
Bott element in KK#(C, Co(R"~2)). Then lcy(r2) ® B is an invertible element of
KK#(Co(R?), Co(R?) ® Co(R"*2)). By [Kas], Theorem 2.14 8),

(Ba,—1)s X (Icyr2)y ® B) X 04 = (B ® 1¢yr2)) X (¢, @rn—2) ® Ba—1))s)

where o is the flip Co(R?) ® Co(R"2) = Co(R""2) ® Co(R?). This implies that

(Ba—1)x x (eyme) ® B) = (B ® ley@e) X (Leywn—2) ® (Ba-n)s) x 0
= (B ® 1C0([R2)) X 0;1 X ((IB(I,_I))* ® lco([Rn—z))
= (1C0([R2) ® B) X ((,3(1,—1))* &® 1C0([R”—2))-

Thus, using 1¢, g2y ® B to identify Ko(Co(Aco) x 1) with 72 = Ko(Co(R?) x 1),
(,3(1,_1,1’1,,_.))* is given by (1 _1). This proves our claim for m = 1, where we
applied the Pimsner—Voiculescu sequence to 'y = (p) = Z.

To go from m to m + 1, we apply the induction hypothesis together with the
Pimsner—Voiculescu sequence to find a Z-basis for K (Co(Aso) X (1 x I, )) for
Jj = 0,1 such that

(ﬂ(l,—l,l,l,...))* = 1

Now the Pimsner—Voiculescu sequence implies that the torsion-free part of
K;(Co(Aso) ¥ (it X Tyy1)) is Z2"*". Using (Ba.—1.1.1..1)2 = id, we deduce
that K;(Co(Aso) x (1 x T, 1))/im(id — (,3(17_1,1,1,,__))*) can only contain tor-
sion of order 2. Thus, K;(Co(Ax) % (u x T}, ))/im(id — (/§(1,—1,1,1,...))*) >~
7*" @& (Z/27)*" by the Pimsner—Voiculescu sequence. But this result, together

with the elementary divisor theorem, tells us that we can modify the first chosen
Z-basis for K;(Co(Aoo) » (i x Iy, 1)) so that our claim holds. O

Hence, applying the Pimsner—Voiculescu sequence iteratively gives

K(ColAoe) % K % (1t X Tm)) = A*(T,) & (Z/2Z ®7 A*(T,)
and thus
K«(A) = A™(T) ® (Z/2Z) ®z A*(T)).
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Remark 6.5. At this point, it also becomes clear that we cannot treat the general case
(without the restriction u = {£1}) for the following reasons: It is not clear how to
prove analogous statements as Lemma 6.1 and Lemma 6.3 in general. Once these
two problems are solved, it should be possible to determine the K-theory without
further assumptions on the number fields.

Remark 6.6. With a similar idea as in Theorem 4.1, we can treat the case of the full
adele ring with the action of the ax + b-group: Let K be any global field. As K is a
discrete subgroup of A, it acts freely and properly on A so that

Co(A) x K ~p C(A/K) = C(K) =~ C*(K).

C*(K) is the group C*-algebra of (K, +). Moreover, it turns out that this Morita
equivalence can be chosen equivariantly (in the sense of [CMW]) with respect to the
multiplicative action of K*. Thus, by [CMW], we get

Co(A) x Pg = Co(A) x K x KX ~pr C*(K x K*) = C*(Px). (1)

This means that the crossed product is Morita equivalent to the C*-algebra of the
ax + b-group over K. We note that this group C*-algebra is also the ring C*-algebra
associated with the field K.
(21) can be used to compute the K-theory. For example, in the case K = Q, we
get
Ki(Co(A) x Q x Q) = Ko(C*({£1}) ®z A*(Q>0).
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