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Hopf action and Rankin—-Cohen brackets
on an Archimedean complex
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Abstract. The Hopf algebra J¢; of “codimension 1 foliations”, generated by operators X, ¥
and §,,, n > 1, satisfying certain conditions, was introduced by Connes and Moscovici in [1].
In [2], it was shown that, for any congruence subgroup I" of SL»(Z), the action of # on the
“modular Hecke algebra” 4(I") captures classical operators on modular forms. In this paper,
we show that the action of | captures the monodromy and Frobenius actions on a certain
module B*(I") that arises from the Archimedean complex of Consani [4]. The object B*(I")
replaces the modular Hecke algebra A(I") in our theory. We also introduce a “restricted”
version B} (") of the module B*(I") on which the operators 8, n > 1, of the Hopf algebra
J1 act as zero. Thereafter, we construct Rankin—Cohen brackets of all orders on B} (T').
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1. Introduction

The Hopf algebra #; of “codimension 1 foliations” was introduced by Connes and
Moscovici in [1]. As an algebra, #; is the universal enveloping algebra of the Lie
algebra generated by a family {X, Y, {5, },>1} satisfying the relations

Y, X=X, [Y,8:] =nbn, [X.0n]=0n+1, [6k,0;1]=0 forallk,] €N,
while the coproducts on #; are given by

AX)=X@1+10X 45, ®Y,
AY)=Y®1+1®7,
A1) =6®1+1®0;.

It was shown in [1] that the action of J; on a certain crossed product algebra captures
several important operators in the theory of foliations. It was discovered in [2] that
this has an analogue in the following arithmetic situation.

Let N > 1 and let ' = I'(N) be a congruence subgroup of SL,(Z). Let
M denote the “modular tower” consisting of the direct limit of modular forms (of
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all weights) over all levels I'(N). In [2], Connes and Moscovici have defined the
“modular Hecke algebra” +(I") which is an extension of the usual algebra of Hecke
operators and shown that there is an action of the same Hopf algebra #¢; on ().
The modular Hecke algebra +(I") is defined as the set of functions of finite support
from T"\ GL;r (Q) to the modular tower M satisfying a certain covariance condition
(see Definition 2.1). Once again, the action of #; on A(I") captures well-known
classical operators on modular forms. Moreover, the action of the Hopf algebra J¢;
on A(I") is “flat”, i.e.,

h(a-b) =3 hqay(@)-heb), AMh) =3 ha) ® hw),

where h € H#1,a,b € A(I") and h(a) denotes the action of 1 € H#; ona € A(T).
Further, it was shown in [2], [3] that the Hopf algebra #; may be used to extend
Rankin—Cohen brackets of all orders to the modular Hecke algebra #4(T").

In [4], Consani has introduced the Archimedean bi-complex which computes the
cohomology of the “fibre at infinity” of an arithmetic variety. For a modular curve
X(I'(N)), we will define the bi-complex (K y*,d’, d”) (see (3.1)) whose terms K y*
are obtained by tensoring the terms in Consani’s complex by modular forms of certain
weight. We let (KX **,d’, d”) denote the direct limit of (K 3*,d’, d”) overall N > 1.
Then, by replacing the modular tower M by the direct limit K **, we define B**(T") to
be the set of functions of finite support from I'\ GL3 (Q) to the tower K ** satisfying
a certain covariance condition. We let B*(T") denote the total complex associated to
B**(I).

In this paper, our purpose is to show that the Hopf algebra #; has an action on
B*(T") that captures the Frobenius and monodromy operators on the Archimedean
complex (K**,d’, d"). We also show that B*(T") has the structure of a module over
an algebra A7 (I')[T], which is a slight variant of the modular Hecke algebra 4 (I")
that we describe in Section 3. Further, the action of #; on the system (A7 ("), B*(T"))
is flat, in the sense that

ha-m) =Y hwy@-heym). Al =Y hay®he. (LD

where h € #1,a € A7 ('), m € B*(T).

Finally, in Section 4, we show that the product on 47 (I") can be “restricted” (see
(4.1)) in a natural manner so that the action of the operators 8, € J¢; becomes zero.
With this “restricted” product structure, we refer to the algebra A7 (I") as A% (I).
Then J¢; has a natural flat action on the algebra A.(I") such that the action of the
elements 6, € # is zero. Further, B*(I") becomes a module over 47.(I") and with
this module structure, we refer to B*(I") as B)(I"). Since the action of each of the
operators 8, € J1 is zero, the flat action of #; on the system (A7 (I"), B} (I"))
reduces to an action of the smaller Hopf algebra h; = U(l;), which is the universal
enveloping algebra of the unique two dimensional nonabelian Lie algebra [;. The
action of b is then used to define Rankin—Cohen brackets of all orders on B} (I"),
which naturally extend the classical Rankin—Cohen brackets on modular forms (see
Proposition 4.3).
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2. Modular Hecke algebras and the Archimedean complex

In this section, we shall briefly recall the background theory leading to modular Hecke
algebras and to Archimedean cohomology. The theory of modular Hecke algebras and
the action of the Hopf algebra #; due to Connes and Moscovici [3], [2] is presented
in Section 2.1. Thereafter, in Section 2.2, we recall the Archimedean cohomology
developed by Consani [4]. We also show that the commutation relations between
monodromy and Frobenius operators on the Archimedean complex are identical to
relations between certain generators of #.

2.1. Modular Hecke algebras and the Hopf algebra #¢;. For the convenience of
the reader, we shall briefly recall the construction of the modular Hecke algebra of
Connes and Moscovici from [2].

We will start by fixing some notation. Throughout this paper, we will use I'(N)
to denote the congruence subgroup of SL,(Z) of level N > 1. The group SL,(Z)
has a well-known left action on the upper half plane H = {z € C|im(z) > 0}. For
any congruence subgroup I'(N) of SL,(Z), we set Y(I'(N)) = I'(N)\H. Then
Y(I'(N)) can be compactified in a standard manner by adding a finite number of
points. The compactification is referred to as the modular curve X(I'(N)) of level
N. The finitely many points in X(I'(N))\Y(I'(N)) are known as cusps. We will
often denote X (I"'(NV)) simply by X(N).

For any holomorphic function f: H — C and any y € GL} (Q), we set (for
k> 0)

2k . a b
Py = fEez+ay ity = (2 7).
For given N > 1, set ¢ = e2™*%/N and suppose that f: H — C is such that
floky = f foreach y € I'(N). Then, for any choice of logg, there exists a
well-defined function f»: {g € C | 0 < |¢| < 1} — C such that

foolq) = f(N229).

Then if fo can be continued holomorphically at ¢ = 0 (for each choice of log g),
we say that f is a modular form of weight 2k and level N. Further, if f»(0) = 0,
we say that f is a cuspidal form of weight 2k and level T"(N).

Given any congruence subgroup I' = I'(V), the space of modular (resp. cuspidal)
forms of level I' and weight 2k will be denoted by M, (") (resp. Mgk(I‘)) and we
set

M(T) = @D Mo (D), MUT) = @ M (D).
k>0 k>0
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If N’ is a multiple of N, we have an inclusion morphism M(I'(N)) — M(T'(N'))
(resp. MO(I'(N)) — MO(I'(N’))) . We define M (resp. M?) to be the direct limit

1 0 _ 1 0
M = lim M(T'(N)), M = lim M7(T'(N)),
and we refer to M as the “modular tower”.

Definition 2.1 (see [2]). Let ' = I'(N) be a congruence subgroup of SL,(Z). A
Hecke operator form of level T is a function

F:T\GLI(Q) > M, Tar FyeM,
of finite support satisfying the covariance condition

Fyly = Fyy, foralla € GLF (Q), y € T.
The Hecke operator form is said to be cuspidal if

FyeM°® foralla GL;(@).

The Hecke operator forms of level I" form an associative algebra 4(I") (see [2],
1.9) under the product

(F'% F?)q = Z+ Fg-F;ﬁ_lm forall F1, F2 e A(T), Q.1
Ber\GLS (R)

where the summation ranges over all the cosets of I" in GL;r (Q). The usual Hecke
algebra # (I") is the algebra of functions from the set of double cosets of I in GL;r (@)
to € having finite support. Then J (I") embeds into A (") as

j: H @) = AT), Jjh)e=h(Tal), «ecGLI Q).

The cuspidal Hecke operators form an ideal in 4 (I"), which is denoted by A°(T").

Finally, we recall the definition of the Hopf algebra J#; that acts on the algebra
A(T"). This Hopf algebra J¢; belongs to the family of algebras {J,},>1 defined
by Connes and Moscovici in [1], where it is interpreted as the “Hopf algebra of
codimension one foliations”. As an algebra, #; is the universal enveloping algebra
of the Lie algebra £, with generators X, Y, §,, n > 1, satisfying the relations

Y, X] =X, [Y,0n] =nbn, [X,0n] =6bn+1, [0k,61]=0 forallk,/ e N,
(2.2)
along with the coproducts

AX)=X®1+1®X+6Q7,
AY)=Y®1+1®Y,
A1) =611 +1®0;
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and the antipode
SY)y=-Y, SX)=-X+67Y, S61)=-0.
For any f € My, the operator X is defined as
X(f) = 55 (3= f — (1/6) L og M)Y(f)),

where Y is the grading operator Y ( f) = % f and A(z) is the modular discriminant
o0 .
A(z) = 2m)"%q TT (1 =g™**, q= e,
n=1

which is a modular form of weight 12 and level I'(1) = SL;(Z). It may be checked
that X defines an operator X : My — Mp1,. We set

X(f) = @ni)- X(f).

Moreover, the operator X (and hence X ) determines a derivation on M. Now, given
F € A(T"), #; acts on A(I") as follows: for o € GL;(@) and F € A(I") we have

X(F)og = X(Fy), Y(F)g=Y(Fy), 61(F)a = pa-F,

where o = (1/ 127'[1')%(105; ATI“). Note that p, measures the difference

pa - Y(f) = X(f) — X(f k™ k420, (2.3)

whence it follows directly that u, = O for all « € SL,(Z). For the sake of conve-
nience, set
fie = 2mi)- g foralla € GLI (Q).

2.2. Archimedean cohomology and the fibre at infinity. The cohomology of the
“fibre at infinity” of an arithmetic variety has been studied by Consani in [4] by
means of an Archimedean bicomplex with monodromy and Frobenius operators N
and @, respectively. The fibre at infinity is a complex manifold and we shall deal
with the case where it is a modular curve X(N). The terms Ky* of this bicomplex

(K}*.d’,d") can be expressed as a direct sum of terms K;(/ = EB,'oio K;\’,J’k, where

the Kf\’,j K are modules of real differential forms twisted with an appropriate power
of (27i), defined by (forany i, j, k € Z)

D Q;’(IJN),R(IJFTH)’ k= max{0, i,

ik _ ) ate=rt
= +b=j+1
KN |Z—b\5§k—i 2.4)

0 otherwise.
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Here Q;(b N).R is the abelian group of real differential forms of type (a, b) + (b, a) on

X(N) and, forany p € Z, SZX(N) g (p) refers to the p-th Tate twist of QX(N) R> 1€

Q;(I’N) r(P) = (Zm)PQX(N) r- The differentials are as follows: given w € K b k
we set

d': Ky* — K o (04 ) (o),
d": K% = KGR s V10 - ) ().

The complex (K3*,d’,d"”) is equipped with a “monodromy operator” N and “a
Frobenius operator ®”, defined (see [5], 3.2) by

N: Kz,j,k KH_Z’J’k_H, W > (2]_”.)_10)’

d: K;V/k—>K”k a)n—>—1+-2’_'a).

We note that these operators satisfy the relation [-®, N] = N. For more details on
the complex (K3*,d’,d"), see [6], [3], [4].
In Section 3, we shall tensor the objects K;\’,J K with modular forms of appropriate

i,j.k

weights to define modules K """ (see (3.1)) and consider the direct limit

KK = lim KK
—N

Then, by replacing the modular tower M in Definition 2.1 by the direct limit X* =
Dijkez K i-j:k  we define an object B*(T") that replaces the modular Hecke algebra
A(T") in our theory.

Our basic motivation is to compare the relation [-®, N] = N between the
monodromy and Frobenius operators on the Archimedean complex to the relation
[Y, X] = X (see (2.2)) between the generators of the Hopf algebra #;. As described
in Section 2.1, the generators ¥ and X act as operators on the modular Hecke algebra
A(T"). Therefore, we shall describe an action of #; on B*(I") such that Y € J¢; acts
as (the negative of) the Frobenius & on B*(T") and X € J; acts as the monodromy
N on B*(T").

3. The Archimedean complex with Hopf algebra action

In this section we will maintain all the notation introduced in Section 2. Let X(N),
N > 1 denote the N-th modular curve. For any nonnegative integers a, b and any
r € Z, we denote by Q;(b ~).g the module of real differentials of type (a, b) + (b,a)
on X(N) and forany r € Z, Q;’fN) g (1) refers to the r-th Tate twist of Q;l(’(bN) R i€,
Q;(Z’N) NOE (an)’QX(N) g- We set (forany i, j.k € Z)
,Jsk b j—i
Ki* = (l &) 1M[(F(N)))®[R @b Qe ov.r (). (3.1)
2i—j— a=

a+b=j+1
la—b|<2k—i
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Then, in the notation of Section 2.2, JCi’j’k = Disi—j1 Mi(T(N)) ®r Ki’j’k.
We define the two differentials on K > ¢ as follows: given f ® w € Ky iJ:k
f €@z Mi(T(N)) and @ € K;V] k. we set

, with

d': K — gL (@) e f @0+ ) (),
d": Ky* — KT (f @) e f @ V=100 - ) ().

For any integers N, N’ > 1, the projections p: X(NN’) — X(N) induce morphisms
(foreach! >i —j —1)

M (T(N)) ® Qfiny g D) = MU (T(NN') ® Qg (L)

by tensoring pullback maps p* on differential forms with the inclusions M; (T'(N)) <>
M;(T'(NN')). We define K7 to be the colimit

KK = Tim K
—N
of this system and set X'/ = @, K*/*, K* = Dy )= KT

Remark 3.1. We have already noted thatJC Bk ®l>z - L Mi(D(N)) QR Ky Lk

The term K ; 17k i defined by tensoring the term K ; i-7% in the Archimedean complex

for the modular curve X(I'(N)) with modular forms of level I'(N). Further, from
(2.4), we know that the Tate twist appearing in the term K 17k of the Archimedean

complex for the modular curve X (N) is (—L— 1+J = ). We view the Tate twist as indicating

ik be tensored

Ljk _

the “weight” of the term K Tk , which suggests that the term K
with modular forms of weight —(1 4+ j — i) and above to form the term JC
Disi— j—1 Mi('(N)) ®r K;\’/ k, thus forming an “enriched Archimedean complex”.

We shall now define the module B*(I") which replaces the modular Hecke algebra
A(T") in our theory.

Definition 3.2. Foracongruence subgroup I' C SL>(Z) and any integers i, j, k € Z,
define B>/ (I") to be the set of all functions of finite support

F:T\GLS(Q) — X"k

satisfying the following covariance condition: If Fp, = Y J°, /i ® w; € K/ **_then

m
Foy =) fily®w; forally eT,
=1
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where Fy, denotes the function F* evaluated on the coset I'a for each « € GL;r (Q).
Again, we can make B>/**(I") into a complex by defining differentials

d- [Bi,j,k(F) — |Bi+1,j+1,k+1(1-)’ d/(F)a — d/(Fa),
d’: [Bi,j,k(F) N [Bi+1,j+1,k(1—w)7 d//(F)a — d//(Fa).

Define B/ (T) = @ B-/*K(T") for each pair of integers i, j, and let B*(I") =
D+ =« B"/ (). This gives us a complex (B*(I'),d’ + d").

For the sake of simplicity, we shall frequently use the expression f, ® w, to
denote the sum F, = Z;;l fi ® w; forany F € B*(") and any @ € GL (Q).

Our next step is to define an algebra 47 (I") which is a variant of the modular
Hecke algebra 4(I") of Connes and Moscovici [2]. We will show that B*(T") is a
module over +A7 (I") and that J¢; acts on both A7 (I") and B*(I"), and that the action
is well behaved (or “flat”) in a sense we will make precise in Definition 3.11.

Definition 3.3. Let ' C SL,(Z) be a congruence subgroup and let R[7’] denote the
polynomial ring in one variable over R. Denote by 47 (I") the set of all functions of
finite support

G:T\G, (Q) » M ®g R[T]

satisfying the following covariance condition: If G, = Y /L, g1 ®¢; € M ®g R[T],
then

m
Goy = gy ®e
=1

for any y € I". For simplicity, we will forgo the summation signs and write the sum
Go = Y j=1 81 ® & simply as g4 ® £4. Also we define the submodule A (T) of
all functions in A7 (I") whose values lie in the cuspidal part M° ® R[T].

Remark 3.4. Although the algebra A7 (I") is isomorphic to 4 (I")[T], the polynomial
ring in one variable over +A(I"), we maintain the separate notation 47 (I"). This is
done in order to avoid the following confusion: the action of the algebra #; on A(I")
extends naturally to the polynomial ring +A(I")[T]; for instance the action of X € J;
extends to A(I")[T] since

N N
X(k_1 G Tk) = ;;1 X(G)T*, GreA), 1<k <N. (3.2)

However, the action (3.2) is not the action of X € J; that we intend to use (see

(3.4)).

We will show that B*(I") is a module over A7 (I"), that J¢; acts on both A7 (I")
and B*(I"), and that the action is well behaved (or “flat”) in the sense of (1.1).



Hopf action and Rankin—Cohen brackets on an Archimedean complex 409

Consider the module M ®g R[T'] and the following maps: given g € M, e € R[T]
and p € GLJ (Q), we define functions

Veoe: MQR[T] > MR R[T], f'®crHg-f Qe
Tp: MOR[T] > MQR[T], [+ fllp®¢,
forany /' ® ¢ € M ®g R[T]. Let G € Ar(T), with G, = g, ® &, for each
pE GL;’ (Q). It g, ® e, = G, denotes the finite sum Zle gi ®¢&;in M Qg R[T]
with g; € M, &; € R[T], we use ¥¢,g¢, to denote the sum Zle Ve @ -

Proposition 3.5. Let I' C SL»(Z) be a congruence subgroup. Then:
(1) A7 (T) is an associative algebra: Given G,G' € Ar ('), withG, = g, ® &
and G, = g, ® &}, for each p € GLJ (Q), the product structure is given by

(GxGa= 3 (8p-8p11B) ®epe,p . (3.3)
BET\GLY (Q)
(2) The Hopf algebra J1 acts on A (') as follows:
X(G)a = X(8a) ® T - €a.
Y(G)g =Y (ga) ® €q, (3.4)
81(G)o = fla - 8a ® T - &4.

Moreover, the action of #1 on A (I) is flat in the sense that, given G,G’ € A (T)
and h € Hy, with A(h) =) hq) ® h(), we have

h(G % G') = Y hy(G)  hay(G).

Proof. (1) We choose any G, G’ € Ar(I'), with G, = g, ® ¢y and G, = g, ® ¢,
for each p € GL;r (Q). Then, from (3.3), we have

(G * G/)yw = Z (gﬂ ‘ g;aﬂ—l |13) ® Eﬂg;aﬁ—l
BeT\GLT (@)

= Z wg5®83 °© Tﬂ (g;a/g—l ® ‘9;,0['3—1)
BeT\GLT (@)

= > Vepwes © 1p (g(/xﬂ—l ® 8;/3—1)
Ber\GLT (®)

= (G x G')q
for any y € I'. It follows that
(gyﬂ 'g;ﬂ—]y—l lyB) ® syﬂg;ﬂ—ly—] = Wg,,g@sy,g o lyg (g‘;ﬂ—ly—] ® 5;/3—1),—1)
= Wg,zs@sls ©lygo Ty—l (g;ﬂ—l ® 8:,“3—1)
= (8" Eop—1 1) ® epe g
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forany B € GL;r (Q) and y € T'. Hence the expression for (G * G')4 in (3.3) is well
defined and independent of the choice of coset representatives. Finally, we check the
covariance condition:

(G2 G = 5 r\GZL+(®)(gﬁ Sayp11P) @ Epenype

€ 2

= X (8sy gs-1l0y) ®esyel i (B=13y)
§eI\GLS (@)

= 5 \Z+ Ves, ®es, © Ttsy(g:xlg—l ® 8;5—1)
er\ 6L (@)

= > (g8 )ly®esel ;.
8eT\GLT (®)

(2) We check this on the generators. It is easy to check the Lie algebra relations
[Y,X] = X, [Y,81] = 61 and [6k,6;] = 0 V k,I € N between the operators on
AT (). We check the coproduct relations. We know that AX = X ® 1 +1Q X +
81 ® Y. Choose G, G’ € A7 (T"). Then

XG*Gha= X X(gp- gl ®T epely,
BeT\GLT (@)
= Z f(gﬂ)'g;ﬂ—l|ﬂ®T'8ﬂ8;ﬂ—l
BET\GLT (Q)
+ X g X(g B ®T epely
BT\ GLS (@)
=X(G)*xGhat+ X (g5 X(gLp-)IB) T -epely,
BET\GLT (Q)
- X (ga(Ag-1-Y(gp- NIB)®T -epe 5,
BeT\GLT (®)

= (X(G) * G")o + (G * X(G"))q
+ X (Rpgp) V(g )IB®T epel
Ber\GLS (®)
(as fig-15 = 0= fig—1|B + fip)
= (X(G) % G)a + (G * X(G")a + (81(G) % Y(G))a.

Further, we knowthat AY =Y ® 1 + 1 ® Y and Ad; =81 ® 1 +1® §;. It can be
checked that both Y and §; are derivations on the algebra +7(I"), and so the action
of #1 on A7 (D) is flat. O

Corollary 3.6. (1) AY(T) is an ideal in A7 (T), which we shall refer to as the
cuspidal ideal.
(2) The cuspidal ideal A(} (") is invariant under the action of ;.
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Proof. (1) follows directly from the definition of the product in (3.3).

(2) From [2], we know that X preserves cuspidal modular forms. From the
expression (3.4) for the actions of the generators X, Y and 8; on A7 (I'), it is now
clear that A% (I") is preserved by the action of J;. O

For any « € GLJ (Q) and the element g ® T! € M ® R[T], we define functions

pger s KK - KL f@u g fRT 0= f @ Qri) o,
Ty: KWk 5 gk fRw- fla® o, (3.5)

forany f ® w € K/*. Here it is understood that the image of $ger! In(3.5)1s zero
if Ki+2Lik+l = 0. Let G € Ar(T), with G, = g, ® &, for each p € GLS (Q). If
gp ® &p = G, denotes the finite sum Zle g ® T in M ®g R[T] with g; € M,
li € Z, we use ¢g,¢, to denote the sum Zf;l ¢gi®Tli .
Proposition 3.7. Let I" be a congruence subgroup of SLo(Z) and let G € A (D),
F € B*(I'). Let Gy = g4 ® &q for any o € GL;(@). Let F € B“/k(T) for some
i,j,k € Zandlet Fy = fy @ wy for each a € GL2+ (Q). Then we have a module
action of A1 (') on B*(T") defined as

(G * F)Ol = Z ¢glg®s/3 ° Tﬂ (fyaﬂ_l & wyaﬁ—l)
Ber'\GLT (@)
2 (3.6)
= Y. (g fap-11B) ®@ep - wyp,
BET\GLS (Q)

where the right-hand side of (3.6) belongs to the direct sum @;’io Bi+2L./k+ (). Ur
is understood that if any of the summands B t257%+1(T) yanishes, the corresponding
term on the right-hand side is taken to be zero.)

Proof. To prove that the module action is well defined, we check that, for y € T,

(G * F))/Ol = Z (gﬂ : fyaﬂ—l 1B) ® EB " Wyep—1
BET\GLY (Q)
= Z ¢gg®eg © Tﬂ (fyaﬁ—l ® a)yaﬂ—l)
BeT\GLS (@)
= Z ¢gﬁ®aﬁ o T,B(faﬂ_l ® waﬁ—l)
BEN\GLY (Q)

= Y. g8 fap1IB®eg-wup—1 = (G * F)g.
BET\GLY (Q)
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This action is also independent of the choice of coset representatives 3, i.e.,

(8yp * fap—1y—11VB) ® Eyp - Wap—1,—1 = (g8 - fap—1,-11VB) ® 5 - Wep—1,-1
= Pgpoes © Typ(Jup—1y—1 ® 0gp—1,—1)
= ¢gp@ep © Typ © Ty—1 (fop—1 @ wep—1)
= Pgpoep © Tp(fop—1 ® Wup—1)
=gp " fap—11B®ep-wyp—1.

Finally, we check the covariance condition, for y € I,

(G * F)Ot)/ = Z (gﬂ : fayﬂ—l |/3 ® &g - wwyﬁ—l)

BET\GLY (Q)

= 2 (8sy Jus—110y ® &5y wg5-1) (B =38Y)
8er\GLI (@)

= Z ¢g3y®83y (fas—118y ® wys—1)
8er'\GLT (®)

= > (85 Jas—1 18]y ® &5 wys—1.
8eT\GLT (®)

It follows from (3.5) and (3.6) that the product lies entirely in the direct sum
@loio [Bi+21,j,k+l (F) 0

Proposition 3.8. The Hopf algebra ¥, acts on the module B*(I') as follows: Let
F € B"/*(T') be such that Fy = fy ® wy for any a € GLY (Q). Then
X:BYHRD) —» BTN, X(F)y = X(fo) ® Qi) o,
Y: B2K(I) — BRI, Y(F)a = Y(fy) ® . (3.7)
511 Bi’j’k(r) — [Bi+2’j’k+1(r), SI(F)a = ﬂa : fa ® (zni)_la)a-

Proof. From (3.7) it follows that

YX(F)o = Y(X(fo) ® 27i) ‘0.

- (3.8)

XY(F)a = X(Y(f2) ® 27i) " wy.
Since [Y, X | = X on the modular tower M, it follows from (3.8) that [V, X] = X
as operators on B*(T"). Similarly, we can check that [Y, ;] = §;. The action of the
operators &, for n > 1 is determined by the relation [X, §,] = 8,+1. Note that the
relation

80 (Fou) = 3. X" W(fla) - fu ® 2mi)"wy € BIT2HIk+()  (3.9)
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holds for n = 1. If (3.9) holds for n, then
Snt1(Fla = X8, (F)o — 82 X (F)a
= X(X" (fia) - fo ® Qi) " wq)
— (X" N(jio) - X (fo) ® Qi) " g)
= X"(fla) * fou ® Qi) ™" wa,

which proves the result for all #n by induction. From the expression (3.9), it is now
obvious that [8, §;] = O for all k,/ € IN. Hence B*(T") carries an action of the Hopf
algebra /7. O

Remark 3.9. Note that the operator X of Proposition 3.8 is a “composite” of the mon-
odromy operator N on the Archimedean complex and the derivation X on modular
forms. Further, we have explained in Remark 3.1 that the weight of the modular forms
appearing in the expression JC;\’,J’k = @Disi—j—1 Mi(I'(N)) ®r K;\’,]’k is related to

the Tate twist (1+£ =

complex , the Frobenius operator ® is defined to be ®(x) = ( )x. Moreover,
the grading operator on modular forms acts on the module M; ;1 (I'(N')) (which ap-
pears in the first term of the direct sum JC;\’,]’k = Psijo1 Mi(T(N)) ®R K;(,J’k)
by multiplication with —(%H). Hence, the definition of the operator Y reflects
both the grading operator on modular forms and —® on the Archimedean complex.
One can check that the operators ® and N on the Archimedean complex satisfy the
relation [-®, N] = N, which leads to the comparison with the commutator relation
[Y, X] = X for operators X and Y on modular forms as explained above.

) appearing in Kj\’,j K On the term Kj\’,j k" of the Archimedean
14j—i
2

Corollary 3.10. The action of the operators X,Y,6, € J1, n > 1, on B*(T")
commutes with the differentials d’ and d”'.

Proof. For any i, j,k € Z, take F € B“/K(T') with F, = fy ® w, for any a €
GL; (Q). Then

(d'X(F))g = d'(X(F)a) = X(fo) ® 2ri)"'d'(00) = X(d'(F))a,

with both sides lying in B *+3-/+14+2(T") and similarly for the differential d”. The
same commutation relations hold for Y and §,,n > 1. O

Definition 3.11. Let M be a module over an algebra A. Suppose that # is a Hopf
algebra acting on both A and M. Then the action of # on A is said to be flat if

h(araz) =Y hay(a)hey(az), Ah) =Y hay ® he)
forall h € #,ay,a, € A. The action of J€ on the system (A, M) is said to be flat if
h(am) =Y hay(@)hy(m), A(h) =Y ha) ® h)
forallhe #,ac A,me M.
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In Proposition 3.8 we have already shown that the Hopf algebra #¢; acts on B*(T").
We know from Proposition 3.5 that the Hopf algebra #¢; has a flat action on the Hecke
algebra A7 (I') and we proved in Proposition 3.7 that B*(T") is a module over A7 (T").
We will now show that the action of #; on the system (A7 ("), B*(I")) is flat, in the
sense of Definition 3.11.

Proposition 3.12. The action of #; on the system (A7 (), B*(T")) is flat.

Proof. For any i, j,k € Z, choose F € B"“/K(I') and let G € A7(T). Let F, =
Ja ® wy and Gy = g4 ® & foreacha € GL;’ (Q). By definition,

o0
X(GxF)o= Y X(gp fup11B)®Qri) ep-wop—1 € @ BT2IHH(T),
Ber\GLI (@) I=1
(3.10)
Since X is a derivation on M, the right-hand side of (3.10) is equal to

> X(gp) fup1IB® 2mi)Nep g

BeT\GLT (@)
+ > (g X(fup-11B) ® Qi) ep - wep
BeT\GLT (@)
=(XG)* Fla+ X (g8 X(fup-)IB) ® Qi) ep - wyp—
BET\GLS (Q)
- Yo (gp-(fig-1 - Y(fup-1))IB) ® Qri)leg - wyp—1
BeT\GLS (@)

= (X(G) * F)g + (G * X(F))q
+ > (g -gp) - Y(fap-1IB) ® Qi) lep - wyp—
BET\GLY (Q)
= (X(G) * F)a + (G * X(F))a + (31(G) *x Y(F))q.

The result follows easily for the coproducts A(Y) = Y @ 1+ 1Q® Y and A(6;) =
51 ®1+1® 6. O

4. Rankin-Cohen brackets and the restricted modular Hecke algebra

In this section we show that, by “restricting” the expression (3.3) for the product on
AT (I') as defined in Proposition 3.5 to coset representatives in SL,(Z) instead of in
GL;r (Q), we can define a “restricted algebra” A7 (I'). We show that #47.(I") carries
a flat action of the Hopf algebra #¢; such that the action of each §,, € #1,n > 1, is
zero. We can make B*(I") into a module over +47.(I") and with this module structure,
we will refer to B*(I") as B} (I"). Further, we show that #¢; has a flat action on the
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system (A7 (I"), B} (I')). We conclude by constructing Rankin—Cohen brackets of
all orders on B (I").

Proposition4.1. (1) Let F,F’ € A7 (T"). Supposethat Fy = fy®¢q, Fy, = f, Q¢
for each o € GLI (Q). Then Az (T) becomes an algebra with the product

(F*F/)a = Z (fﬂ 'foiﬂ—l|:3)®8ﬂ8;ﬁ—l- (41)

BEeT\SL2(Z)
Whenever we use the product of (4.1), we will refer to the algebra At (I') as AT (T").
(2) The Hopf algebra H, has a flat action on A%.(T") defined by (for all a €

GL3 (Q))
X(Fla=X(f)®T ea. Y(F)o=Y(fa)®cea. 81(F)o=0.

Proof. (1) follows in the exact same manner as the proof of Proposition 3.5 (1).

To prove (2), we note that for any B € SL2(Z), tg-1 = 0 and hence it follows
from (2.3) that X(f|8) = X(f)|B for any f € M. We know that A(X) = X ®
1+1® X +68; ® Y. We check that

X(F x F)y = > )?(fﬁ.f(;ﬁ_1|’3)®T.8ﬁ8;/3—l
Bel'\SL»(Z)
- ﬁel“\%z(l) XUp)- Jup—1 ® T - epepm
+ ﬂer\%ﬂ) Jo - X ([l 1B)®T -spsly,
B ﬁeF\XSIzz(Z) X(f) Sapr ® T - epeipy
o X (flo)IB®T -epely

= (X(F) * F)o + (F * X(F'))q
= (X(F) * F)o + (F * X(F'))a + (81(F) * Y(F"))a,

where the last equality follows from the fact that the action of §; on +7 (I") has been
defined to be zero. We can also check directly that Y is a derivation on A7, (I"). Since
A(Y)=Y ® 1+ 1® Y and the action of §; (and hence that of any 8, = [X, 6,—1],
n > 1) on A7 (I") is zero, it follows that J¢; has a flat action on A% (I"). O

Proposition 4.2. (1) Let G € AL(I") and F € B*(I'). Let Gy = go ® &q and
Fy = fo ® wy for each a € GL;' (Q). We set
(G * F)Ol = Z ¢g,3®8/3 ° Tﬂ(fyaﬂ—l ® wyaﬂ_l)
BeT\SL>(Z)

= Y (g fap1|B) ®ep-wup1,
BeT\SL2(Z)

4.2)
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where the functions ¢g, @4 and Tg are as in (3.5). This makes B*(T") a module over
A7 (I"). With the module action of (4..2), we will refer to B*(I") as B (T").

(2) Given i, j,k € Z, for F € [Blr’]’k(F) C BX(I"), define an action of ¥, on
B} (T) by (for all « € GL} (Q))

X(F)o = X(fo) ® Qri) 'wa, Y(F)a = Y(fa) ® 0, 81(F)y =0,

with the right-hand side lying in the direct sum ;2 [Bi+21’j’k+l (T"). This defines a
flat action of #H1 on the system (AT (I'), B} (I)).

Proof. The proof of (1) is analogous to that of Proposition 4.1 (1).
_ (2) also follows just as in the proof of Proposition 4.1 (2), using again the fact that
X(f|B) = X(f)|B forany B € SL,(Z) and any f € M. O

It follows from Proposition 4.1 and Proposition 4.2 that the operators §,, € #1,
n > 1, vanish in the action of #; on the algebra A7.(I') as well as on the pair
(A7 (I"),BF(I')). Consider, therefore, the smaller Hopf algebra b, which is the
universal enveloping algebra of the Lie algebra [; with two generators X and Y
satisfying the relation
Y, X] = X.

The Lie algebra [ has been treated extensively in literature (see, for instance, [7]).
It is well known that, up to isomorphism, I is the only non abelian Lie algebra of
dimension 2 over C. A basis {e1, e} for the Lie algebra [; can be given in terms of

the matrices
_ (0 1 _ (1 0
el - 0 O ) 62 - 0 O k)

which then satisfy [e;, e1] = eze; — e1ea = e;. The universal enveloping algebra
b1 = U(L,) is obtained from F; by setting the operators §,, € #1, n > 1, to zero.
Hence, Proposition 4.1 shows that there is a flat action of b; on the algebra A7.(T"),
and Proposition 4.2 shows that there is a flat action of f; on the pair (A7 (I"), B} (I")).

From (2.1) in Section 2.1, we know that for any congruence subgroup I'" and
elements F!, F! € A(T"), the product on the modular Hecke algebra +#(I") is given
by

(F' % F?)y = 3 F}

ﬂ-Fjﬂfdﬂ forall F!, F? € A(T). 4.3)
BeT\GLT (@)

The sum in (4.3) is taken over all right cosets of I in GL;r (Q). By restricting only
to those right cosets of I" that lie in SL,(Z), we can define a product on A(T") as

(F'« F o= > Fj- Flo 1B forall F', F? € A(T). 4.4)
BeT\SL,(Z)

Whenever we use the product of (4.4), we shall refer to the algebra A(I") as A" (T).



Hopf action and Rankin—Cohen brackets on an Archimedean complex 417

Our final aim is to define “Rankin—Cohen brackets” RC,, of any order n > 1 on

B*(I):
RC,: B (T") @ BY(I') — A"(T')(1),

where A" (I')(1) = A" (I")(27i). The construction of the Rankin—Cohen bracket will
combine the Rankin—Cohen brackets of [3], 1.5, with the pairing on the Archimedean
complex used by Consani [4]. We start with the definition of the first Rankin—Cohen
bracket. If f and g are modular forms of weight k and / respectively, the first
Rankin—Cohen bracket can be expressed as

RCi(f.g) = X(/)Y(g) = Y(/)X(g).

In [2], Connes and Moscovici have shown that the extension of the first Rankin—
Cohen bracket to the modular Hecke algebra 4(I") is defined by the generator of
the transverse fundamental class [F] € HC?(J,), which is a class in Hopf cyclic
cohomology. Here, the class F' is given by (see [3], 0.3)

F=XRY-Y®X-6§Y®Y. (4.5)

However, on the algebra A7 (I"), the action of §; is zero, and hence the expression
(4.5) for the first Rankin—Cohen bracket reducesto X ® Y — Y ® X. It follows that,
for Fy, F3 in A’ (I"), the natural extension of the first Rankin—Cohen bracket is given
by
RCi(F1, F>) = X(F1) * Y(F2) — Y (F1) * X(F2). (4.6)
In [4], 4.6, Consani has defined a pairing on the terms of the Archimedean complex
taking values in R(1). We will now generalize this pairing to define a “Rankin—Cohen
bracket” on B (I") taking values in the twisted module A" (I")(1).

For any m € Z, let
m@m-+1)
em)=(-1) 2,

and, for a differential form w of type (a, b), we set
C(w) = (V=1)777.
Combining [4], 4.6, with (4.5), we have a pairing
RCyo: B 27771(I) @ By () — AT (D)(D),
which is defined as follows. Let F € B,' "2 ~/*~Y(T) and F’ € BL/*T(T) with

Fy=fp®wyand F, = f; ® w, forany p € G (Q). Then, for any @ € GL] (Q),
the pairing is defined by (compare (4.6)):

RCI,O(Fv F/)Ol
— e = HEDI e Y AU S0l [ oA Calyy

Bel'\SL>(Z)

+e(l— H=DFreni? Y (2Y(fﬁ)f(faﬂ—1)lﬁ)-/wﬂ NCwg .

BeI'\SL»(Z)
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The integral in the expression above is well defined on the direct limit of the modular
curves X(N), N > 1 since the integral of a top dimensional differential form is left
unchanged by pullback maps. We can also define a pairing

RCy 1 : B () @ BIm2/4H=1(T) — A™(I)(1)

as follows: given F € B, 7F(T) and F/ € BL" /%~ (T") with F, = f, ® w,
and F) = f; ® o, forany p € G (Q), we have, for each « € GLS (Q),

RC1,1(F, F')y

— e =Dt En 3 U2V (S0lB)- [ ap A Caly

BeI'\SL»(Z)

+e(l—H=DFeri? Y (2Y(fﬂ))?(fa,s—1)|ﬂ)-/w,s oy

Bel'\SL>(Z)

Extending the pairings RC; and RC;; by zero, we have a first Rankin—-Cohen
bracket

RCy: (B 277U @ B/ @ (B, 27N @ B/ 4(I)
— A" (D)(1).

In general, for the n-th Rankin—Cohen bracket, we will have n 4 1 distinct pairings
(p=0,1,2,...,n)
RCp.p: [Br—i—z(n—p),—j,k—(n—p)(p) ® [Bi—Zp,j,k-H—p(F) — AT(T)(1)
and we will extend by zero to define the brackets:
n . . n . . .
RC,: @ B 2P 77k=r(1)y @ @ BLT22 TP (D) S AT(D)(1). (A7)
p=0 p=0

The n-th Rankin—Cohen bracket RC, is defined as follows: choose any
pei{0,1,2,...,n}andlet F e B, "2(1=P:=ik=n=p) () pr o gi=2p.ik+i=p )
such that F, = f, ® wp, F, = f, ® w, for any p € GLJ (Q). Then, for any
o € GL;r (Q), we define the Rankin—Cohen brackets (compare [3], 1.5)

RCy p(F, F')y

= ). Del=pHEnFrrrern ™

Bel'\SL»>(Z) 1=0

(((_f Loy + 0 () (%m Fn=Dif0)18)

. (/wﬂ /\C(l);ﬂ_l),

(4.8)
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where QY +k); = QY + k)Y +k +1)...(2Y + k + 1 — 1) for any integers k,
/. Extending by zeroes, we can define the Rankin—Cohen brackets RC,, for all n.

The Rankin—Cohen brackets defined in (4.7) can be related directly to the classical
Rankin—Cohen brackets on modular forms. Let f(z) and g(z) be two given modular
forms of level I C SL,(Z) and weights k and [ respectively. Using the normalization
in Zagier [8], let us denote by D the differential operator D := (27i)! %. Then
the n-th Rankin—Cohen bracket of f and g can be expressed as

[figlh= X D) (YYD () D3 (9).

r+s=n

Then [ f, g], is a modular form of weight k + [ 4+ 2n. We can express the Rankin—
Cohen brackets defined in (4.7) more succinctly as follows.

Proposition 4.3. Let i, j,k € Z. For any given n, choose some p € {0,1,2,....n}
and let F e By ~20=p:=ik==p)(py  pr o BI72PIKHI=P (1Y quch that F, =

Jo ®wp, Fy = f) ® w, forany p € GLS (Q). Then, for any o € GLS (Q), the

formula (4.8) defining the n-th Rankin—Cohen brackets may be expressed as

RCp ,(F, F')q
= > = DEVT ) g Sy Bl ([ on n Cay ).

BeI'\SL2(Z)

Proof. From (4.8), we know that

RCy p(F, F')q

= Y D e— =Dty
Bel'\SL>(Z) I=0
4.9)

(((_f oy 40 () (%@Y b=l )18)

Since each coset representative f in (4.9) lies in SL,(Z), we have X (glB) = j(: ()18
for any element g in the modular tower M. Further, we know that (27i)™'X = X
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and Y(g|B) = Y(g)|B for any g € M. Therefore, we can rewrite (4.9) as
RCy p(F, F')q
= ) el=-HEDTrrernT

BeT\SL2(Z)

(Z (S Yoy + DatUp))- (%m Fn=i(18))))

=0

(/a),g A Cw‘;ﬂ,l). (4.10)

On the other hand, we know from [3] that for any g, h € M, the Rankin—Cohen
brackets of order n may be recovered from the action of the operators X and Y as

n—I

(g h|Bln = ; (((‘ff)l QY +D,(®)) (ﬁ(zy +n=Di(hip)))

Hence the expression in (4.10) may be rewritten as
RCy p(F, F')y
= > =D Uy Sy Bl ([ op nCayy)

BT\ SL>(Z)

g
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