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Gerbes and the holomorphic Brauer group of complex tori

Oren Ben-Bassat

Abstract. The purpose of this paper is to develop the theory of holomorphic gerbes on complex
tori in a manner analogous to the classical theory for line bundles. In contrast to past studies on
this subject, we do not restrict to the case where these gerbes are torsion or topologically trivial.
We give an Appell-Humbert type description of all holomorphic gerbes on complex tori. This
gives an explicit, simple, cocycle representative (and hence gerbe) for each equivalence class
of holomorphic gerbes. We also prove that a gerbe on the fiber product of four spaces over a
common base is trivial as long as it is trivial upon restriction to any three out of the four spaces.
A fine moduli stack for gerbes on complex tori is constructed. This involves the construction
of a “Poincaré” gerbe which plays a role analogous to the role of the Poincaré bundle in the
case of line bundles.
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1. Introduction

Giraud [15], in 1971, began the study of gerbes, certain locally trivial stacks over a
variety or scheme. Equivalence classes of gerbes are in one to one correspondence
with the elements of a certain second cohomology group on the space. One can
define a gerbe over a space (or stack) as a torsor for Pic, the stack of @ torsors
on that space (or stack). Brylinski includes some developments relating to gerbes in
the analytic context in his book [8]. Gerbes typically play the role of parameterizing
certain moduli of geometric objects ([3], [4], [11], [12]). For a review on some
things known about this group in the analytic context see [21] and the references
therein. For our purposes the crucial fact is that O™ gerbes (with trivial band) on a
complex manifold (or complex analytic space) X are classified up to equivalence by
H?%(X, ). By comparison, note that @ torsors (or their associated line bundles)
are classified up to equivalence by H'(X,©>). Previous studies ([13], [5], and
[16]) of the group H?(X, ©*) for X a complex torus or abelian variety have focused
mainly on the representability by Azumaya algebras in the torsion case. Line bundles
on Abelian varieties (or complex tori) and their associated theta functions have a rich
and distinguished history which we do not attempt to summarize here. We begin in
this paper a development for gerbes analogous to well-known results for line bundles
which can be found in a textbook on Abelian varieties or complex tori such as [19],
[6], [7] or [18]. Based on results of Appell [1] and Humbert [17] from the 1890s,
Weil [22] in 1958 gave the modern description of all line bundles on complex tori
known as the Appell-Humbert theorem. We will prove a similar theorem giving in
a concrete way a unique gerbe amongst the equivalence class corresponding to each
element of H2(X,©>). In contrast to the case of line bundles one cannot give a
unique cocycle in this manner. We will prove that in the relative setting that the
assignment of a space X to the group H?(X, ©*) is a cubic functor in the sense of
page 55 of [18]. We call this the theorem of the hyper-cube as it relates to gerbes
on the product of four spaces. In particular, this extends some results of Hoobler
[16] to the analytic setting. We use this to derive formulas for the pullback of gerbes
under various translation and multiplication maps, as well as isogenies. We define
the moduli stack for topologically trivial gerbes as [H?(X, ©)/H?(X, Z)] and define
the universal (Poincaré) gerbe on the product of a torus and the moduli stack, proving
that the moduli stack is fine. In the second appendix and comments on future work,
we call on some tools from and explain some relations with a recent preprint of
Polishchuk [20] and comment on similarities with work of Felder, Henriques, Rossi,
and Zhu [14].

2. Conventions

In this paper X will denote a complex torus of (complex) dimension g written as
V/A where A is a free group of rank n = 2g with A ® R = V/, a vector space with
complex structure. The quotient map will be denoted p: V — X.
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The exponential map will be written without the 27i. In other words,
exp: C —» C*

always denotes the map

z > 27z,
Many of the computations in this paper make more explicit certain maps in the
long exact sequence of cohomology groups coming from the following short exact

sequence of sheaves of groups on X induced by the exponential map:
0—-7Z—0—0"—1. (1)

Unless stated explicitly, all vector spaces are over R or C. For any groups I" and H,
the notation Alt? (I', H) denotes the maps from I'? to H that are skew-symmetric and
group homomorphisms in each variable. Here I"? is the cartesian product of p copies
of I'. Although much of this paper concerns a complex torus, in Sections 8 and 9
we will use complex analytic spaces [9], these are always assumed to be separated
and reduced. A reader who does not want to deal with this can feel free to substitute
complex manifolds for complex analytic spaces. In the relative context of a map
X — § the same reader could assume that all fibers are complex manifolds. For any
space M we denote by Pic(M) the groupoid of line bundles on M and we denote by
Gerbes(M) the 2-category of gerbes on M. This category has a monoidal structure
which we denote by ®. In particular we have the maps

Pic(M) — Pic(M) = H' (M, 9™)

denoted by
£ [£]
and
Gerbes(M) — H*(M,0%)
denoted by

G~ [&].

The reader is assumed to be familiar with group cohomology, we use the conventions
of [18]. The boundary map in the cochain complex defining the group cohomology
of a group I acting on a module R is denoted

§: CP(I,R) - CPTY(T, R). )

Acknowledgments. I would like to thank A. Polishchuk, P. Deligne, D. Kazhdan,
T. Pantev, J. Block, J. de Jong, D. Gaitsgory, R. Hoobler, R. Livne, H. Farkas,
M. Leyenson and many others for helpful and interesting conversations. I would
also like to thank the anonymous referee for a helpful analysis. Thanks to the mathe-
matics department of the University of Salamanca and the Hebrew University where
this work took place.
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3. Cohomology and alternating classes

Let the discrete group I' act freely and discontinuously on a complex analytic space
W and let § be a sheaf of groups on the quotient space W/T". Let

po: W —>W/T
be the quotient map. Then there is a spectral sequence
HP(T,HY(W,p~'8)) = HPTI(W/T,S). 3)

In particular, we get maps H?(I', H*(W, p~18)) — H?(W/T,S§) for all p. In the
case p = 1, the resulting map H'(I', H*(W, p~'8)) — H'(W/T,S) is induced
from the map sending a cocycle ¢: I' — HO(W, p~18) to the § torsor defined inside
p«S by the sections satisfying the equation y - 0 = ¢(y)o. For any p, the map can
be described in terms of a double complex comparing Cech and group cohomology,
see [18]. The spectral sequence (3) gives us maps

HP(T,H'(W,p~18)) - HP (W/T., ). 4)

If we are also given sheaves of groups 7 and R and maps § x T — R which respect
the group structure in each variable, the map (4) is compatible with the resulting cup
products. When the higher cohomology groups vanish, H4(W, p~18) = 0forg > 0,
then the maps (4) become isomorphisms.

Remark 1. If we have any group action of I' on W, similar results hold as long
as we pass to the stack [W/I'] as proven in Theorem A.6 of [14]. In particular, if
H'(W,p~'8)) = 0foralli > 0 then

H'([W/T].8) = H'(T, H*(W, p~18))

For the remainder of this section, we assume that W is connected and contractible
and I" is a free abelian group. Let R be aring. We need a skew-symmetrization map
which we call s.

Definition 1. The skew-symmetrization map
s: Map(I'?, R) — Map(T'?, R)
is defined by
s(O - vp) = 2 Do) Vo)

oeS)y

Note that when the ring R is divisible the map s has a section
1
— Skew(I'?, R) — Map(I"?, R).
p!

Our main case of interest willbe R = Ror R = Z. Let I" acton W to give a quotient
[W/T]. We let I' act trivially on the ring R, thought of as a constant sheaf on W.
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Lemma 1. Consider the group cohomology H? (I, R). The skew symmetrization
map s takes the group cocycles Z?(T', R) to Alt?(T', R). Furthermore, s kills
BP (T, R) and the resulting map from H? (I, R) to Alt? (T, R) is an isomorphism.
When composed with

Alt? (T, R) = A’ (Hom(T, R)) = A\’(H'([W/T],R)) = H?((W/T], R)
it agrees with the canonical isomorphism
H?(T,R) — H?([W/T],R)
which comes from the spectral sequence when R is thought of as a constant sheaf of

groups on [W/T].

Proof. First of all suppose that f € B?(I, R). This means that we have a g €
CP~I(T, R) such that

fo. .o vp—1)
p—1 )
=g Y-+ [ X D g (o Vi F Vikts - Vo))
i=0

+ (=D?Pg(yo.. ... Vp-2).

When we skew-symmetrize f, one again has three terms: the skew-symmetri-
zations of the first term, the term in the square brackets, and the last term respectively.
Explicitly, we have

Z (_l)og()/()'(l)a cee J/o'(p—l))

og€ES)y

=1
+ [ Xes, D7 X D' e (o(0)s -+ Vo) T+ Voli+1)s -+ - Yo(o-1))]
i=0

+ > (=D(=DPgWo(0):-- -+ Yo(p—2))-

oc€eSy

The first and last of these new terms cancel because in the last one, we can replace
every appearance of ¢ in the summand with oo’ where ¢’ is the permutation sending
itoi —1fori > 0and0to p. This permutation has sign (—1)?~1 making the first
and last terms cancel. For the remaining terms we can replace o in the summands
with 0o’ where ¢’ is the permutation that flips i and i + 1. This has sign —1 meaning
the middle term is equal to its own negative, and hence is zero.

Up to this point we have only used the fact that R is an abelian group. Now we
use the ring structure. Notice that the projection

ZP(T,R) - H’(T,R) = UPH (T, R)
has a section defined by

] U Ulap] = [(y1,-- -5 vp) = a1(¥1) - ap(¥p)]. )
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Therefore to prove that the skew-symmetrization of a cocycle is multi-linear, it suffices
to observe that the skew-symmetrization of the image of [«;] U --- U [a,] under the
section (5) is multi-linear. This is clear.

To see that the map we have described agrees with the map coming from the
spectral sequence, it is enough to observe that both maps take cup products to wedge
products, and that the two maps agree for p = O and p = 1. O

In this paper there are only two main cases where we will use the preceding part
of this section. The first case is W = V and I = A, so that the stack [W/T] is just
a complex torus. The second is the case W = V x AVY,T = A x Alt2(A, Z).
The second case will be used in Section 9. In the remainder of this section we will
focus only on the first case. The maps we have described are functorial with respect
to maps of the ring. In particular, the relevant case will be the inclusion Z C R. In
that case the situation is summarized in the commutative diagram

H"(A,Z) —= H"(A,R) —=> H"(A,R)

|

Alt"(A,Z) —> Alt" (A, Z) — Alt" (A, R),

where the outer vertical maps s are isomorphisms. If one picks a basis {1} of A then
for n = 2 there is an explicit inverse o of the left most map s. In fact, there is a group
homomorphism

o: t s — s
Al?(A,Z) - Z%(A, Z)

inducing a section to the map s. It is defined by

(W1, A2) = 3 plny At na ;A7) (6)
i<j
where
)La = Zna’il".
i

4. Recollection of some facts about line bundles

In this section we recall the Appell-Humbert theorem which gives an explicit way to
pick a line bundle out of each isomorphism class of line bundles on a complex torus.
We also review the Poincaré bundle and some of its properties. Let X = V/A be a
complex torus.

Define A(A) by

A(A) = {E € AIt’(A,Z) | E(ix,iy) = E(x,y)} C Alt*(A, Z).
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Under the skew-symmetrization map s preceded by the map coming from the spectral
sequence
H*(X,Z) =~ H*(A\,Z) = Alt*(A, Z), (7

A(A) corresponds to the image of H'(X,©*) under the map coming from (1).
Notice that we have used the unique extension of E to Alt>(V, R) where we denote
it by the same letter. We will do this without notice in the remainder of this article.
Furthermore note that there is a natural identification

HY (X, 0)=V". (8)
Indeed, we have a Hodge projection map H (X, R) — H'(X, Q) as well as
HYX,R) =Hom(A,R)c VVa VY > V. )

Both these maps are isomorphisms, so this gives us the isomorphism in (8). Ex-
plicitly, the Hodge projection

Hom(A,C) = HY(A,C) - HY(A,0(V))
is just
c(A) + ic(i)&)]

cr—>[k|—> 7

and the section of this map sends / € V" to the cohomology class coming from the
element of Zl_(A, O(V)) given by [A > 2Re(l(1))]. We define AV as the image of
H'(X,Z)in VV. This turns out to be

AV ={l eVV|2Re(l(N)) C Z}.

This is slightly different from the normal definition which substitutes 2 Re(/(A)) C Z
with the condition Im(/(A)) C Z. This discrepancy is discussed on p. 87 of [18].
The two “dual” tori that one gets from the two different possible definitions of AY
are isomorphic.

In general we will denote the Hodge projection map induced by the inclusion
C — 0 and given by either of the horizontal arrows in the diagram

HP?(X,C) — H?(X,0)

gl |=

Alt? (A, C) AP TV

by
Q- Q.

Notice that H1(X, Z) is isomorphic to A" via the map

Hom(A,Z) - AV, hw— h¥,
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which is an isomorphism compatible with equation (9) with inverse § — £ + E
The following theorem (see e.g. [18]) is implicit in the Appell-Humbert theorem
as usually presented, however we choose to present it in this way to emphasize the
analogy with our theorem in the case of gerbes. Here we consider (VY /AY) x A(A)
as a category in the trivial way: the objects are points and the only morphisms are
the identity maps.

Theorem 1. There is a functor
ah: (VV/AY) x A(A) — Pic(X), ah([l],E) = Lq.E),
such that c1(£,E)) corresponds to E under (7) and
L) = [ € H'(X.0)/H (X.Z) C H'(X.0)
using (8). In the resulting isomorphism
(VV/AY) x A(A) = Pic(X)
the group structure on (VY /AV) x A(A) induced from that on V™ and Alt*(A, Z)

corresponds to the tensor product of line bundles.

Proof. Consider the homomorphism

AN) — ZH A, 0%(V))
given by
E — ¢F,
where
gbf(v) =exp(F (1) — %E(z’v,/\) + %E(v,)&) — %E(ik, A)).

Here the map
Y: A = R,

sometimes called a semi-character for E, is given in terms of some basis {1} of A
by
B(A) = % Z Em;A',n;A7)
i<j

where A = Y, m; Al

If we denote by £ the line bundle corresponding in the sense of (B.2) to ¢%,
then it is easy to check that ¢ (£ g) = 3¢ % corresponds under (7) to E. Furthermore
we can define a functor B

F:[VY/AY] - Pic(X).

On the level of objects, it sends / to the line bundle &£; corresponding in the sense of
(B.2) to the constant cocycle in Z1(A, @*(V)) given by

¢} () = exp(I(1)).



Gerbes and the holomorphic Brauer group of complex tori 415

The equivalence class [£;] € H'(X, ) comes from [ € H!(X, ) via the ex-
ponential map. On the level of morphisms, suppose that [, — I; = § € AY. Then
we send £ to the isomorphism &£;, — £, determined in the sense of (B.4) by the
element

v > exp(=£(v))
of HO(V,0*) = C°(A, ©*(V)), which has boundary

exp(—£ (1)) = exp(£(2)).

F determines a map
F: (VY/AY) = Pic(X),

each element in (VV/ AY) is sent to the disjoint union of all images of F of the
primage of the element in V¥ modulo the obvious action of A". Finally let

ah(a,E) = F(o) @ LE. O

There exists a Poincaré line bundle # on X x (VV/AY) with the property that,
by (8),
[Plxxiey] = € H'(X,0)/H (X, Z),

where addition in ¥V corresponds to tensor product of line bundles. We define the
Poincaré bundle as the bundle corresponding (see Section 3 and equation (B.2)) to
the cocycle

¥ e ZH(A, 0% (V)
given by

Y, 1) =exp(l(A) + §(A) — £(v)).
One can replace the map F with the map
o = =7)|X><{a}-

The Poincaré bundle is needed to prove that XV = V'V /A" is a fine moduli space
for topologically trivial line bundles on X as formulated in the following theorem
[7]. In the cited book a proof is given which works both in the algebraic and analytic
context. We present here an analytic proof.

Theorem 2. For any connected normal complex analytic space T and any line bundle
£ on X X T such that £|x x; is topologically trivial for each t there is a unique map
f: T — XY suchthat (1, f)*P =~ £ Q €, where € is a line bundle trivial on each
fiber X x {t}.
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Proof. In fact the normality assumption is not needed. Let Ur be the universal cover
of T.Letp: X xT — T and p: X x Ur — Ur be the projection maps. Consider
the exact sequence

0 — R'psZ — R'p.O — (R1px0™)o — 1.

The image of the class in H(T, (R'px©>)o) defined by restricting &£ to the fibers
defines a class

fe.z € Hom(wy(T), AY) = H' (T, R p.Z).
Consider now the exact sequence
0— R'5xZ — R'p.0 — (R'50%)p — 1.
Define 3
fec:Ur = VY

to be any lift to H°(Ur, R'p.0) of the class in H°(Ur, (R'p+9™)o) gotten by
restricting the pullback of &£ to X x Ur to the fibers of the projection to Ur. Such
an element fy¢ ¢ exists because any obstructions live in

HY(Ur,R'5.Z) = H (Ur,Hom(A, Z)) = 0.
The maps f¢ c and fy 7z are compatible in the sense that

x-fec— fee = fez(0)
for every y € m1(T). Thus they together define a map
f:T=Ur/m(T) = VY/AY = XV.
The line bundle (1, f)*& has a cocycle representative

(1, /)*v € ZYA x 71(T), O (V x Ur)
given by
(A 0) = Va, fe 200 s fe,c(W)),

where A € A, y € m1(T), v € V,and u € Ur. An application of the Leray spectral
sequence which computes H (X x T, @) via the projection to T finishes the proof.
O

In the following two sections we will develop an analogous formalism in the
case of gerbes, that is to say replacing H1(X, ©*) with H%(X,©>). In Section 5
we discuss the image in H3(X,Z) = Alt*(A,Z) and in Section 6 we lift these
classes to cocycles and hence gerbes. Here we prove our Appell-Humbert theorem
for gerbes. In Section 9 we find the analogue of the Poincaré sheaf, a universal
gerbe parameterizing topologically trivial gerbes. There we also prove that we have
constructed a fine moduli stack.
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5. Topological classes of gerbes
Let X = V/A be a complex torus. From the short exact sequence
0-7Z—-0—0—>1

we know that the image of H?(X, ©*) in H3(X,Z) agrees with the kernel of the
map of H3(X,Z) to H3(X, ). Since X is a Kihler manifold, the Hodge decom-
position tells us that the image of H?(X, ©*) in H3(X, Z) is the kernel of the map
H3(X,Z) — H3(X, ), which is the following intersection in H3(X, C):

H3X,Z)n (HY(X) ® H>'(X)).

In this section we will give some information about the image of this map and for
every element in the image. The sub-variety of the moduli space of complex tori
representing those tori which admit such a class is described by equation (14), which
we will derive.

We can give a parametrization of these elements as follows. Consider the vector
space H3(X,R) = /\32 Hompg (V, R). Consider the inclusion map

HY2X)d H*' X)) = (VYN T)d (N VY QTVY)> ANV V)Y
= H3(X,C).

We will describe in an intrinsic way the real and integral elements of the image. The
real elements and the integral elements will be called A(V') and A(A), respectively.

Definition 2. We define the holomorphic topological Brauer group HTB(X) of a
complex torus X by the image

HTB(X) = im[H?*(X,0*) - H*(X,Z)] = H*(X,Z) N (H“*(X) & H*>'(X)).
This is a free group and its rank satisfies

0 < tk(HTB(X)) < 2n (Z)

because dimg H!2(X) = 2n (;) Consider the projection
pIATED AL Homg(V, R) — Al (V, R)1-2+ED
onto the (1,2) + (2, 1) part given by

(pU2TED(E))(x,y.2) = 3E(x.y.2)
1 . . . . . .
+ 7(E(ix,iy,z) + E(x,iy,iz) + E(ix, y,iz)).
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Definition 3. We define the subgroup A(A) of Alt3(A, Z) by

A(N) = {E € AIP(A, Z) | p" 2 ED(E) = E}
and similarly
A(V) = {E € \g Homg (V. R) | p"2+@V(E) = E}.

For further use we describe the equation which defines both A(A) and A(V) by
E(x,y,z) = E(ix,iy,z) + E(x,iy,iz) + E(ix,y,iz) (10)
and its equivalent form

E(ix,iy,iz) = E(x,y,iz) + E(ix,y,z) + E(x,iy, ). (11)
Using the skew-symmetrization map we have the isomorphism
H*(X,Z) = H3(A,Z) = Alt*(A, Z),

which restricts to an isomorphism HTB(X) = A(A).

As we will explain below, even if the Picard number rk(NS (X)) is zero, one could
still have non-zero elements in A(A). This means that there exists tori with only
topologically trivial line bundles, but which carry topologically non-trivial gerbes.

Recall that any complex torus X is biholomorphic to the quotient /A where we
let V = R?¢ with the complex structure J and A = I1Z2?¢. Here I1 is an element
of M(g x 2g, C) thought of as a map R?¢ — C¥& which satisfies

iM=ToJ (12)
as maps from R2€ to C&. Let
ai,jk = E(Ile;, Ilej, TTek)

for the standard basis e; of Z?¢. Since a is skew-symmetric, it is determined by its
values a; jx where i < j < k. Equation (10) reads

E(Ile;, Iej, Iex) = E(ille;,ille;, Iex) + E(iTle;, Ie;,iTley)
+ E(Ie;, iIlej, i Tlex).

Using (12) this becomes
aijk = Al miJd1iIm,j + AGimnIm,jInk +arjndiidnk (13)

2 . . . . .
for Jes = J;se; and a € 7(5) . We will reexpress this equation as an intersection
of principal divisors on the moduli space of complex tori, each divisor corresponding
to a holomorphic function of the parameters t.
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= ()

Then J¢ = —i{. So we have J; ,{,, = —i{; 4. In order to rewrite equation
(13) in terms of complex structure parameters t, we multiply (13) by §; ¢ {k ., and
sum over repeated indices. Notice that there is nothing lost by restricting to the case
s <t < u. After some simplifications on the right-hand side we get

Consider the matrix

a; jxCisCiiCienw = —3a;jx8isCit -

Therefore equation (13) implies that

ai,jxCisCjt Sk = 0.

When we expand this out, we get

As,tou — Aptg,tulp,s — As,qgt+gulqr — Asitr+gTru
+ As,gtg,r+gTqtTru t+ pigtr+gTpsTru T AptggtgulpsTys (14)

—dp+g.q+g.r+gTp.sTqtTru = 0.

The number of solutions to equation (14) could possibly be maximized by choosing
the real and imaginary parts of the entries of 7 to be rational numbers. Equation (14)
has no solutions if the real and imaginary parts of the entries of t are chosen to be
algebraically independent over Q.

In the special case of a complex torus of complex dimension 3, equation (14)
becomes

ao,1,2 — Zal,z,p+3fp,o + Zao,z,q+3fq,1 - Zao,l,r+3fr,2
D q r

+ 2 @0,g+3,r+3(Tg1Tr2 = Tr1Tg.2) = D A1 p+3,+3(Tp.0Tr2 = Tr0Tp2) (15)
q<r p<r

+ > a2,p+3.9+3(Tp,0Tg,1 — Tq,0Tp,1) — a3,4,5det(t) = 0.
P<q

Lemma 2. Equation (14) is actually equivalent to equation (10).

Proof. Notice that (§ E) in an invertible matrix, and so equation (13) is equivalent
to the contracted equation that we get by multiplying both sides of equation (13) by

(€ )i, & 0, (€ O,

and summing over i, j and k. Notice that J (¢ é_‘) = (—i¢ i f) and so most of
the equations from the expansion come out to put no constraints on a. Indeed, the
terms with two copies of { and one copy of ¢ place no constraints on a. To see this,
notice that for the terms with two copies of ¢ and one copy of E the right-hand side of
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equation (13) contributes three terms to the contracted equation: two of them equal
to the left-hand side of the contracted equation, and one equal to minus the left-hand
side of the contracted equation. The same thing happens with the terms with one
copy of ¢ and two copies of E ._The only remaining equations are those with three
copies of ¢, or three copies of {. But we have already accounted for the former in
equation (14), and the latter arise from the former by complex conjugation. O

Remark 2. For g = 1 all holomorphic gerbes are trivial, and for g = 2 the equation
(14) is a trivial equation as explained in Example 1. For g = 3 (and for all g > 3
as well) the equation might have no solutions as can be seen by choosing t to be
some matrix of complex numbers with det(Im(z)) # 0 whose collection of real and
imaginary parts are a set of real numbers algebraically independent over the rational
numbers. This is analogous to the fact that the generic torus of complex dimension
greater than or equal to 2 has only topologically trivial line bundles.

Example 1. Suppose that X is a complex torus of dimension g = 2. The Neron—
Severi group could be trivial, but nevertheless the holomorphic topological Brauer
group is never trivial. Indeed in the case g = 2wehave HTB(X) = H3(X,Z) =~ 7*
since H>%(X) = H%3(X) = (0). This is analogous to the fact that every elliptic
curve C over C has a non-trivial Neron—Severi group H "' (C,Z) = H?(C, Z). This
tells us that (13) is satisfied for any choice of the coefficients a. For instance, taking
a basis {eg, e1,e2,e3} and ag,1,2 = 1, and all the other entries zero when possible
this says that any complex structure J on a 4-dimensional real vector space satisfies

Jo,oJ1,1 +J1,1d22 + Jo,0J22 — Jo1J1,0 — J1,2J2,1 — Jopd20 =1

in any basis.
The analysis in this example proves that the map

HY(X,0°)® H'(X,Z) - H*(X,0%)
induced by the map
O x7 — O*
given by
(fin) = f"

cannot be surjective in general.

Example 2. In this example we look at 3-dimensional complex tori X which are
the product of three elliptic curves, each of which has purely imaginary period. We
show that the group HTB(X) can discriminate amongst different such tori, even
amongst tori with fixed Picard number. Notice also that algebraic dimension of the
product of three elliptic curves is always 3, showing that the group HTB(X ) has more
information than the invariants that are typically studied. Let X = R®/T1Z° where
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IT = (t,13) as is always possible. Here t € M5(C) is a (3 x 3)-matrix with the

imaginary part non-degenerate and 13 is the (3 x 3)-identity matrix. The complex
structure is given by the formula

S ylx y-1
-y —xy~lx —xy™!

x =Re(r) and y =Im(7).

where

Since we are looking at the product of three elliptic curves with purely imaginary
periods, we consider complex structures of the form

ia 0 O
=10 i O
0 0 iy

where , 8,y € R—0.
Because 7 is diagonal, the equation (15) becomes

ap,1,2 —ad1,2,370,0 + 40,2,4T1,1 — @0,1,572,2 + 40,4,5T1,172,2 (16)
—a1,3,570,072,2 + 42,3,470,0T1,1 — 43,4,570,071,1T2,2 = 0.

Due to the fact that t is purely imaginary, equation (16) breaks up into the two
equations

ao,12 — ao,45Py +aizsay —azzaoff =0
and

—a1230 +appaf —aon sy +aszasafy =0.

Let R be the rank of the solution space to the above two equations. The 12 integers

ao,1,3,40,1,4,40,2,3,40,2,5,40,3,4,40,3,5-41,2,4,41,2,5,01,3,4,01,4,5,02,3,5 and az 4.5
do not appear in these equations and are therefore unconstrained. Thus

rk(HTB(X (e, B,y))) = 12 + R.

An easy computation using Proposition 3.4 on page 10 of [6] shows that the Neron—
Severi group has rank

tk(NS(X (e, 8.¥))) =3+ Ri + Ry

where

Ry =#({%.2,23nQ) and R, = #({eB,ay, fy} N Q).

Therefore, if

a=1, =2, y=4/3,
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then
tk(NS(X(a. B.7)) = 3, tk(HTB(X (e, B. 7)) = 12,

while in contrast if

a=1 B=v2 )’Z%,

then
tk(NS(X(a, B,y))) =3, tk(HTB(X(e, B, 7)) = 14.

Indeed, two new solutions for a are
ao4s5 =0a135 =0d23,4 = 1,
a; jx = 0 for other values of {i, j,k},
and
aop,4 = ao,1,5 =azss =1,

a; jx =0 for other values of {i, j,k}.

If we chose instead @ € Q, B € Q, and y € Q then both the rank of NS(X) and the
rank of HTB(X) are maximal, being 9 and 18 respectively.

We now explain more carefully the nature of the projections onto the (1, 2)+ (2, 1)
part which we have used above. Recall the definition of A(V') from Definition 10.
We have an isomorphism

VYN TVYe N VY@ V)R = AV) (17)
induced by the canonical isomorphism
AN VVeVVRN TYe N VYRVYeN VY = AP (VVeTY) = Ag (Homg(V, C))
Using the inclusions
VYN VY@ N VY ®VY)r C Homg(V ®g V &g V,C)

and
Ag Homg (V. R) € Homg(V Qg V ®g V. C).

Recall the definition of s from equation (1). The maps giving the isomorphism in
equation (17) are
T (VRN VYN VY@ V)R — AV)
and its inverse
AV) = VYNV N VY @ V)R
is given by
E—[(x,y,2) > %(E(x, y,z)+ E(ix,iy,z) + E(ix, y,iz) — E(x,iy,iz))].
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The expression appearing on the right-hand side of the above equation is the real
part of the following element of V¥ @ A% VV:

%(E(x, v,z)+ E(ix,iy,z)+ E(ix,y,iz) — E(x,iy,iz)
+i(E(x,y,iz) + E(x,iy,z) — E(ix,y,z) + E(ix,iy,iz))).

The above element is the analogue in this gerbey context to the Hermitian form living
in Vv ® V'V which corresponds to the first Chern class of a line bundle. The real
part of this Hermitian form corresponds to the £ mentioned for the line bundles case
in Section 4. However, in our analysis of gerbes it is £ € A(A) that will play the
fundamental role.

6. The Appell-Humbert theorem for gerbes

In the following we will construct elements of Z2(A,©*(V)) as the image of el-
ements of Map(A x A, @(V)) under the exponential map. Clearly this works if
and only if the boundary of the element is integral and so it will be killed by the
exponential. In general, looking at the diagram

Map(APF O(V))

|

Map(A?, O(V)) ——> Map(A?, 0% (V))
where the definition of § can be found in (2), we can clearly see that
57 (Map(AP*1,Z)) = exp™ (ZP (A, 0% (V).

We would like to find a cocycle ®F = exp(@F) € ZZ(A, ©*(V)) which satisfies
Sexp(®F) = E. We do this in two stages. First we describe the preimage of E
under the map s o d o exp:

Map(A2, O(V)) 5 Map(A2, 0%(V)) 2> Map(A®, Z) 2> Map(A®, 7).

Of course the standard map d is a boundary map in the long exact sequence in group
cohomology coming from the exponential short exact sequence. It is induced by a
map also called d from Z2(A, ©*(V)) to Z3(A, Z) which takes B2(A, O*(V)) to
B3(A,Z). Here, however, we simply use the same formula and symbol to define a
map Map(A2, O*(V)) to Map(A3, Z). Therefore, in the first step, we find solutions
OF to the equation

so0doexp(@F) =5080F) =E. (18)
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Secondly, we find an element in this preimage such that when we apply § the result
is integral. In other words, we impose the further constraint that

§OF e Map(A x A x A, Z). (19)

The exponential of this element, ®F = exp(®F), is then the desired element of
Z2(N, 0%(V)).
Let ©F € Map(A x A, O(V)) be given by
(A1.42) > OF ;_(v)
where

OF 5, (V) = Ha 1, (0) + B, as- (20)
Here we take

Hj\po(0) = (E(. A1, A2) + 2E(iv.id1, A2) + SEGv, A1,iA2))

Ly | : : @D
+ §(EE(U7IA'13A'2) + EE(U’1171A2) - E(lvvklskz))’

and B, 1, are (for now) arbitrary complex constants. Notice that @fl A is holo-
morphic because

Hj, 2,(iv) = iH), ;,(v).

Also we claim ®F is a solution to equation (18). Indeed using the additivity of E in
its entries, one has

(SH)A1,A2,)L3(U) = H)»z,)k3 (U + A1) - H/l1+l2,/13 (U) + Hll,/12+l3 (U) - H)L],)Lz(v)
= Hj,a5(A1).

Thus s o §() is the skew symmetrization of the map
(A1,42,43)
= Hj, 2,(A1) = %(E()Ll,/lz,)g) + %E(i/\l,ikz,)u) + %E(ikl,kz,ik3))
+ %(%E(Al,ikz,h) + %E(Al,kz,ik3) — E(iA1,A2,13)).
Define

k(A1,A2,A3) = Re(Hy, 25(A1))

1 1 /s . L ) (22)
= 5(E(A1,A2,43) + 5 E(iA1,iA2,A3) + 5 E(iA1, A2,1A3))

and

Z(AI s /\2a A'3) = Im(le,)Q (A'l))

1,1 . 1 . . (23)
= §(5E(/\1,lkz,k3) + EE(kl,Az,l/\::,) — E(lk],)&z,ky,)).
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The skew-symmetrization of the real part gives us

(sk)(A1,A2.A3) = (6E(A1,A2,A3) + FE(iA1,iA2,A3) + 2 E(id1,A2,iA3)

—YE(i21.i23.02) — 2 E(iA1, A3,i22) — SE(iA2,i A1, A3)
—YE@iA2, 21,iA3) + 2 E(iX2,iA3,21) + SE(iA2. A3,i A1)
+ 1E(i23,iM, A2) + 2E(iA3.A1.i)5)
—LE(i)s3,id2. M) — L E(iX3, 22,1 21))

= 1 (6E(A1.A2,43) + 2(E(iA1,iA2,A3) + E(iA1, A2.iA3)
+ E(A1,iA2,i)3)))

= E(A1, A2, 43), (24)

where at the last step we have used equation (11). The skew-symmetrization of the
imaginary part comes out to be zero. Indeed,

8(sI)(A1,A2,A3) = E(iA1, A2, A3) — E(iA1, A3, A2) — E(id2, A1, A3)
+ E(@iA2, A3, A1) + E(id3, A1, A2) — E(id3, Ap, A1)
— 3(E(1.iA2,43) = E(A1.iA3,42) — E(A2.i A1, A3)
+ E(A2,iA3,A1) + E(A3,id1,A2) — E(A3,iA2,41))
— HEM1,22,i23) — E(A1, A3.i42) — E(A2, A1.i43)
+ E(A2,A3,id1) + E(A3,A1,iA2) — E(A3,A2,iA1))
=2FE({iA1, A2, A3) + 2E(A1,iA2,A3) + 2E(A1, A2, iA3)
—1QEM1,iA2,A3) + 2E(A, A2.iA3) + 2E(iA1. A2, A3))
—1QEM1,22.i43) + 2E(A1,i A2, A3) + 2E(iA1. A2, A3))
=0.

Using Lemma 1 we have
s(8(B)) = 0.

Recalling equation (20) we can conclude that equation (18) holds.
This concludes the first step. For the second step we need to consider the integrality
equation (19) which reads

Hjyy03(A1) + Basas — Bay+asis + Bayaatrs — Baya, € Z. (25)

forall A1, A2, A5 € A. Let
B=p +ip’
be the decomposition of 8 into real and imaginary parts. Consider the decomposition

of equation (25) into real and imaginary parts. In order to satisfy the imaginary part
we need

(8:8”))”,12,/13 + Z(A'L A27 /\3) =0 (26)
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or
1 1 1 Y
ﬂlz,h B '3/\1+12,/\3 + 'Bll,kz+)~3 _'BM,M +1(A1,42,43) =0,

where / is defined in equation (23).
Before we find 8”, we record a general formula which will be useful to us in many
situations. If

Cathn = E(x1A1 4 X242, X341 4+ X442, X541 + X6A2)
for some coefficients x; € C, then

(5§)A1,,12,A3 =2E(x1A1, (x5 — X6)A2, XaA3) + 2E(x3A1, (X6 — X5)A2, X213)
+2E(x1A1, (x4 — X3)A2, X6A3) + 2E(x541, (X3 — X4)A2, X243)
+ 2E(x3A1, (X1 — X2)A2, X6A3) + 2E(x5A1, (X2 — X1)A2, XaA3).

27)
Using equation (27) it is easily seen that equation (26) can be solved by
Tty = 16(E(iA1,A2,01) = E(A2,i (A1 + A2), A1)). (28)
Taking the real part of equation (25) leaves us with
(8B Va1 apns + (A1, A2,43) =0 (29)

or
/ / / /
'3/12,)&3 B '3/114-12,)&3 + '3)»1,)&2-1—/13 B 'BM,M + k(A1 A2,43) € Z,

where k is defined in equation (22). We can see that such a 8’ always exists by the
following argument. The short exact sequence

0—-Z—->R—->U(l)—>1

leads to the following commutative diagram of short exact sequences, where the
vertical arrows are isomorphisms:

00— H3(A,Z) — H*(A,R) —— H3(A,U(1)) —= 1

ls ls is

0 —= Alt3(A, Z) — AIt3 (A, R) — Alt3 (A, U(1)) — 1.

Here the map s on the groups involving U(1) is induced from the first two vertical
maps.
Observe thatk € Z3(A, R) by linearity. Since k skew-symmetrizes to the integral
element
s(k) = E € Alt3(A, Z) C Alt3(A, R),
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it corresponds to an integral cohomology class. Hence & is equivalent via an element
of B3(A,R) in Z3(A,R) to an element of Z3(A,Z). Hence the image of k in
Z3(A, U(1)) is trivializable by an element of B3(A, U(1)). This precisely says that
B’ exists. For an explicit construction see Appendix 1. The role of 8’ is similar to the
role of the semi-character ¢ in Theorem 1. The solution for 8’ corresponding to E
appears in equation (A.2). Finally, we can conclude that given an element £ € A(A),
the element ®F defined by

q)fl Ao (v) = exp(@fl Ao (v)) = exp(Ha, 2, (v) + ,511,,12 + iﬂgwxz) (30)

of Map(A x A,0*(V)) lies in Z2(A,0*(V)) and the skew-symmetrization
s(00F) € Alt3(A,Z) of 0OF e Z3(A,Z) agrees with E. In the following two
definitions £ is an element of A(A) which was defined in Definition 3 and B is an
element of A2 VV.

Definition 4. Suppose that & is the gerbe on X corresponding via (B.12) to ®F ¢
Z2(A,0%*(V)), which was defined in equation (30).

Definition 5. Let &p be the gerbe on X corresponding via (B.12) to the constant
cocycle @B € Z2(A, ©*(V)) given by

oF . (v) = exp(2B(1. 22).
We have a functor
F:[A\2VV/AIR(A. Z)] — Gerbes(X)

defined as follows: to every object B € /\2 V'V we assign the gerbe &p. To any
morphism . € Alt>(A, Z) mapping B; to By, in other words B, — By = uf, we
assign the isomorphism

F(/J’;BI7B2): @'Bl - @’Bz

determined in the sense of (B.13) by the cocycle in C'(A, ©*(V)) given by the
same formula as the cocycle in equation (48). The functor F here is considered as a
functor between 2-categories where the 2-morphisms on the left-hand side are only
the identities.

Theorem 3. There is a functor (of 2-categories)
ah: [/\2 VV/AI2(A,Z)] x A(A) — Gerbes(X)

such that, for any object (B, E), the gerbe ah(B, E) has topological class corre-
sponding to E and the cohomology class [ah(B,0)] is the image of B € H*(X, )
inside H*(X, ©>). The induced map

(A2 VY /AIZ(A, Z)H) x A(A) = H?(X,0%)
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is an isomorphism of groups, where the group structure on the left-hand side is induced
fromthe groups A’ VY and Alt* (A, Z) and on the right-hand side the group structure
comes from the monoidal structure on gerbes.

Proof. On the level of objects, the map is
(B,E)— F(B) ® &f.
On the level of morphisms, we have

Hom((B1, E), (B3, E)) — Hom(F(B;) ® G, F(B2) ® &)
given by
u = F(u; By, By) ®id.

The required properties have all been proven above. O
As groups we have

(A2 VY /AR (A, 7)) = (A1 (A, R) /(A2 (A, R)BD + ALR(A, Z))).

Remark 3. Notice that for every gerbe we have constructed a cocycle representative
based on the choice of B and E, but there is no unique choice because of the kernel of
the Hodge projection acting on B. We name these cocycle representatives OB-E) ¢
Z2(A,0%(V)).

Definition 6. The cocycle ®B-E) = dBDF is defined by

B,E .
PP w) = exp(3B(h1. A2) + Hay 2y (V) + By, 4, + i8S, 1)

where H is defined in (21), 8’ is defined in (A.2), and B” is defined in (28).

7. A groupoid in sheaves of sets

The cocycle we have constructed ® = ®B-E): A x A — ©*(V) is normalized in
the sense that &, o = Py 5, = 1 forall 1,4, € A. Itis easy to see that any such
cocycle defines a groupoid with structure maps

VxAxCX<~—V, (1)

(VxAxC); xys(VxAxC) SV
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and
(V x A xCX) = (V x A x C¥).

Here s is given by
s(v,A,z) = v,

t is given by
t(v,A,z) = v+ A,

and e is given by
e(v) = (v,0,1).

The inverse map is
lo(v.A,2) = (v + A, =4,z 0L, (v))
and the multiplication map is given by
me((v1,A1,21), (V2 = V1 + A1, 42, 22)) = (V1. A1 + A2, 2122DPy, 3, (V1)).

Suppose that we have a groupoid with objects Gy and morphisms G; in the
category of complex analytic spaces, and maps from the source and target to a complex
analytic space Y such that the following diagram commutes.

t

G1<—

Now the sheaves of sections of the maps to ¥ form a groupoid in the category of
sheaves of sets on Y. The source, target, multiplication, and identity maps are all
the obvious ones induced on sheaves of sections. Let X = V//A be a complex torus
and denote by 'V)f the sheaf on X given by sections of the map p: V' — X. Let Ay
be the constant sheaf of groups on X with fiber A. Starting with our groupoid in
equation (31) we get the following groupoid in the category of sheaves of sets on X:

VP x Ax x 0% . vy (32)



430 O. Ben-Bassat

Recall that the action of a groupoid with objects G and morphisms G on a set
Tisamapao: T — Go andamap a;: Gi5 XG, ao] — T compatible with the
composition map m: Gis XG, 1G1 — G1. It is simply transitive whenever given
t1,t; € T there is a unique Yy € Gy such that s(y) = ao(f1) and a;(y,t1) = t.
Given a groupoid in sheaves of sets on X, a torsor for this groupoid is a sheaf of
sets on X along with an action of the groupoid in sheaves which is locally simply
transitive. Given a groupoid in the category of sheaves of sets over X, the category
of torsors on any open set forms a groupoid.

Denote the resulting stack on X of torsors for (32) by & (®). We claim that
& (®) is a gerbe and represents the class of ® in cohomology H2(A,O(V)*) =
H?(X,0*). In order to see this we can write down an explicit isomorphism from
the gerbe G associated to ® in Appendix 2, (B.11), to the torsors & (®) for (32).
Given an open set U C X = V/A, G associates the groupoid whose objects are
pairs of an @*-torsor E on the principal A bundle p~!(U) — U and isomorphisms

—~

G,: A8 — E

satisfying an obvious compatibility with ®. We can actually see that 2 — U is a
torsor over the groupoid in sheaves (32) restricted to U. There is an obvious map ag
which takes sections of E over U to sections of p~!(U) over U. Now if ¢ is a local
section of E over U covering a local section ¢ of p~!(U) over U, in other words
aop(q) = ¢, then the triple (¢, A, f) of sections over U acts on ¢ by taking it to

a1((s: A, f):q) = fGa(A«q).

In order to check that this is indeed an action, observe that for any sectiong of 2 — X
we have

ai((s, A1, f1);a1(s, Az, f2:9)) = ai1((s, A1, f1); 262, (A249))
= f1/2G1, (A1xG,) (A1 4+ A2)xq
= 126,42, (P2a,.1,($)) (A1 + A2)4q
=a1(s, A1+ A2, f1/2(P2,.4,(5)): )
= a1(mae((s, A1, /1), (5 + A1, 42, f2)): 9),

as needed. We conclude that p, E is a torsor for (32) for every E in G (U). This
sets up an isomorphism G — & (D).

8. The interaction with the group structure

Let S be a complex analytic space. Let F be a contravariant functor from the category
of complex analytic spaces X over S with section x to abelian groups. Consider any
collection of complex analytic spaces X; over S with sections x;. Any fiber product



Gerbes and the holomorphic Brauer group of complex tori 431

of these over S will be considered a complex analytic space over S with the obvious
section. We have the inclusion morphisms

O'ini Xo X5+ - Xsg Xi Xg+ X5 Xy —> XoXs- X5 Xn

defined by using the section x;: S — X; in the i —th location. Applying the con-
travariant functor F, we get group homomorphisms

n —_
F(O’,n)= 1_[ F(O’ln) F(X() Xg -+ Xg Xn)—>F(X0 XS”-Xin Xg -+ Xg Xn)
i=0

Following [18], F is said to be of order n if the group homomorphisms F(o, n) is
injective. For n = 0 such a F will be called constant, for n = 1 such a F' will be
called linear, for n = 2 quadratic, and for n = 3 cubic. It is easy to see that if F is
of order n then it is also of order m for all m > n.

Let us say that amap f: X — § satisfies condition C, if for every point s € S
there is an arbitrarily small contractible neighborhood U containing s such that (i)
the inclusion map of the fiber f~!(s) < f~1(U) induces an isomorphism

HP(f7NU).Z) = H"(f7'(5).2) (33)
and (ii) the natural map of restricting to the fibers

HP(f~'(U),Z) — H°(U, R? £, 7) (34)
is an isomorphism.

Lemma 3. If f: X — S satisfies conditions C, and Cp11 then an element of
HO(S, R? £,0%) is trivial if and only if it is trivial when restricted to each fiber

Proof. We will use the exact sequence
R? f.7 — R? f,O — R? f,0* — RPT! £, 7.

Choose any o € H°(S, R? f,©*) and assume that it is trivial when restricted to each
fiber. That is to say that its image oy, € H?(f~1(s), @) is trivial for each s € S.
If we fix s € S arbitrary, it suffices to produce a neighborhood U of s on which o
trivializes. Chose U’ contractible containing s such that both the vertical and the
horizontal maps on the right-hand side of the commutative diagram

HO(U', R? f,0*) — HO(U', R?*! f,Z) <— HPT!(f7'(U"). 2)

i |

HP(f71(5), 0°) ——= HPI(f71(s). Z)
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are isomorphisms. This diagram then shows that we can pick a preimage 6 €
HOU', R? £,0) to o|y’. The image &, of & in each fiber H?(f~!(s), ©) actu-
ally comes from an element of H?( f~!(s), Z). Chose a contractible neighborhood
U of s inside U’ such that both the vertical and the horizontal maps on the left-hand
side of the diagram

H?(f71(U).Z) —= H°(U. R? fxZ) — H°(U, R?*! f,0)

| |

HP(f71(s).Z) —= HPT1(f71(5).0)

are isomorphisms. This shows finally that 6|y comes from H°(U, R? f,Z) and
hence that o is trivial when restricted to U. Hence o is trivial. O

Lemmad. Let f: X — S be any proper analytic map of complex analytic spaces.
Then an element of H°(S, R? f,,O>) is trivial if and only if it is trivial when restricted
to each fiber.

Proof. This follows immediately from two theorems on constructible sheaves of
abelian groups with respect to an analytic Whitney stratification of a complex an-
alytic space. The first (Theorem 4.1.5 (i), (b), [10]) says that the sheaves R? f,Z
(the push-forwards of the constructible sheaf Z under a proper analytic map) are
all constructible. The second (Theorem 4.1.9) [10]) says that for any constructible
sheaf § — M on a complex analytic space M, and any point m € M, there ex-
ists arbitrarily small contractible neighborhoods U with m € U C M and such
that i) H?(U,$) = 0 for all p > 0 and (ii) the inclusion map of m into U in-
duces an isomorphism H%(U, §) = §,,. Now by (i) the Leray spectral sequence for
HP?(f~Y(U), Z) collapses, and we get the isomorphisms in (34). Finally, we use
the fact that (R? f.Z)s = HP(f~!(s),Z) forany s € S and therefore (ii) imply the
isomorphism in (33). Therefore the topological constraints C, and Cj, 11 are satisfied
by f, and we are done by Lemma 3. O

Theorem 4. The functor F(X) = H?*(X,0>) is cubic when restricted to the full
subcategory of complex analytic spaces X, with a proper map f: X — S with
section satisfying f«©@ = . On this same category, H' (X, 9™) is quadratic.

Notice that condition f,@ = O follows if all fibers are reducible. We remark
that this theorem was inspired by a similar result in a paper [16] of R. Hoobler.
There he proves in an algebraic setting (where gerbes are topologically trivial) that
the analogous functor is quadratic. When our gerbes are topologically trivial along
the fibers, our results agree with his. It is possible that our results could be used to
extend the validity of his results to other cases in the algebraic setting over C. Before
proving the theorem, we will need a lemma proving it in the special case that § is a
point.
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Lemma 5. [t follows from the Kiinneth decompositions for Z (see [10]) and O (see the
section on Grauert’s direct image theorem in Demailly’s book [9]) that for compact
complex analytic spaces in the absolute setting (S is a point) the functor

X+ H?(X,Z)/(tors(H? (X, Z))
is cubic for p = 2, 3 and quadratic for p = 2. Similarly, the functor
X HY(X,0)

is both quadratic and cubic for ¢ = 1, 2. Therefore the functor X — H' (X, 9%) is
quadratic, and the functor X — H?*(X, 9%) is cubic.

Proof of Theorem 4. Let f:Y — S be a morphism of complex analytic spaces
satisfying fx(@ = O such that f has a section. For each i the pullback maps

f*: HY(S,0%) - H (Y,0%)

have a left inverse provided by the pullback with respect to the section. In particular
they are injective maps of abelian groups. A sector of the E»-term of the spectral
sequence looks as follows where we have identified fxOg with (935.

p=0 p=1 p=2
g=2| HS,R*£.0%) | H'(S,R>f,0*) | H%(S, R? f,0>)
g=1|HS, R £.0%) | H'(S,R' £,0%) | H*(S,R! £,0>)
g=0 HO(S,0%) H'(S,0%) H2(S,0%)

The injectivity of the pullback maps imply that all differentials landing in the
bottom row must be zero and hence the bottom row does not change from page to
page. The same sector on the E, page looks as follows.

p=0 p=1 p=2
qg=2 ker(d,) * *
qg=1| HS, R £,0%) | H'(S,R' f,.0*) | H*(S, R £,0)/im(d>)
q=0 HY(S,0%) H(S,0%) H?*(S,0%)

We know that there is a filtration F* H?(Y, ©>) such that the p + ¢ = 2 terms
are identified with the associated graded groups. Therefore
FOH?(Y,0%) = H*(S,0%),
F2H?(Y,0®) = H*(Y,0%),
F2H?(Y,0%)/FYH?(Y,0) = ker[d>: H°(S, R? /,0™) — H?(S,R' £,0™)],
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and there is an exact sequence
1 — H*(S,0%) - F1H2(Y,0*) - H'(S,R' f,0™) — 1.

The section gives a map H?(Y, O*) — H?2(S, ©*) and, by restriction to the middle
term, can be used to split this sequence. Thus we have

H2(S,0%) @ H'(S,R! £,0%) c H*(Y,0>),
where the quotient
QY. f) = H*(Y.0*)/(H*(S.0") & H'(S. R .0)) (35)
lies in H?(S, R? f,9). Let us start with a class in
H?(X, xs X> x5 X3 X5 X4,0%)

which is trivial when restricted to each of the ’slices’ X; xg X; xg Xi for1 <i <
Jj <k < 4. We need to show that this class is trivial. Let

G e HO(S,RZpi’2’3’4(9X)

be the restriction of the class to the fibers. Clearly, the restriction of G to each slice
of each fiber of
p1’2’3’4: X1 X5 Xo Xg X3 x5 X4 —> S

is trivial. Therefore by Lemma 4 and the fact that our theorem already holds for the
case that S is a point (see Lemma 5), we see that G is trivial. So we have concluded so
far that the functor X + Q(X, f) is cubic. It therefore will suffice to prove that the
functor X — H?(S,0%)® H'(S, R! f.9%) is cubic. The factor X — H?(S,0>)
is constant and hence cubic. It will therefore suffice to show that the functor

X — HY(S,R! £,0%)

is quadratic, since a quadratic functor is cubic. Therefore we consider now the
projection
p1’2’3: X1 X5 X7 x5 X3 — §.

Suppose therefore that we have an element
G € H'(S,R'pl*20%)

which is trivial when restricted to each of the spaces X; xg X; forl <i < j < 3.
We need to show that G is trivial.
We will use the notation

pi: X;i — S,
P Xixs X; — S,
plic’j: Xi xs Xj — Xk,
p’i{j,k. Xi XS Xj XS Xk — Xn
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and
pn’Jmk Xi x5 Xj x5 Xp = Xn X5 X,

to denote the projections. We can pick an open cover {U,} of S such that we can
represent G by a Cech cocycle, in other words by a collection of relative line bundles
on (p2:3)~1(Uy,). In other words, we pick

Lag € H(Uap. R' py*?0”)

satisfying

Loypg®Lgy = La,y,
which represents G. Foreach i, j suchthat 1 <i < j < 3 we know that there exists

ML e H°(Uy, R pi/ ©)

such that the restrictions

L = Laplx;xsx,
of Ly g to X; x5 X; satisfy

Lyl = (M) ® (Mg7) )|Ua3 (36)
Define
Ny = € H(Uy. R' p1O™),
P} = M}?x, € H'(Uy, R' plO™),
Ng € H'(Uy. R' p20™),
2 e H°(Uy, R' p20%),
Pg = My |xy € H(Uy, R' p}O%)
and
Qs = M7?|x, € H(Uy, R' p0O%).

Then we compute

(N2) ® (Pg) Duas ® (N ® (P, = (Lyp)lx ® (L) Ix,

= O W
(N2 ® (02) Nt s ® (N @ (Qp))Ngs = (Lyp)lx, ® (LY ' Ixs
= 02 Wa

and

(P ®(0) vy ® (P & Oy s = (Lyp)lxs ® (L5 xs

- (9(p3)*‘(Ua,B)'
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Define
T' e H(S.R'p,0™)

to be the element that restricts on every Uy to (N)) ® (P1)™!, define
T? € H(S.R'p;0)

to be the element that restricts on every Uy to (Q2) ® (N2)™!, and define
T3 e HY(S,R' p;0™)

to be the element that restricts on every Uy to (P}) ® (Q2) 1.
Then we have

5 _ 1,3 1
o Xy =My x, ®T |y,
= M,?|x, ® T?|y,

and

M3y, = ® T3\,
Define

W? = My? @ (p) T v,

Wi = Mi2 @ (py) T2,
and

W2 = M2 @ (p3°) Ty,
Then we have (just as in equation (36))

LY = (W) & W) Dy, s

Also the W terms agree on their common factors and so we can define
1._ wl2 — w3
Wy =W lx, = Wy lx,
2. _ L2, _ 2.3
Wo =Wy lx, = W lxs
and

= Wal’3|X3.
Finally, define My € H®(Uy, R pr*>0%) by

Mo =((p}2) WD) @ (p137) W) ® (py 3> W2?)

® (P> WH T e (0 WH T @ (1™ W™

It is easily checked that N
MOt|Xi><SX_/ = Wk,

o

(37)

(38)
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We want to prove that

My ® Mg' = Log. (39)
First of all using Lemma 3 it suffices to prove equation (39) after restricting to each
fiber

(p"2) 7)) = (pH7HE) x (PP)7Hs) x (p7) ).

In fact, using Lemma 5 it suffices to prove equation (39) after restricting to each slice
of each fiber, the slices being (p')~'(s) x (p/)~"(s) for 1 <i < j < 3. Since the
restriction of My to (p')~1(s) x (p/)~!(s) is nothing but W,/
view of equation (37), which implies that

s, we are done in

)= Lglgls.

Therefore G is trivial, and so we are done. The proof that X > H(X,9%) is
quadratic uses precisely the same method as the proof that X — Q(X, f) is cubic.
O

Wy’

5 ® (W

From this proof we get the following corollary.

Corollary 1. Let F be the contravariant functor from complex analytic spaces
f: X — S with section to abelian groups given by F(X) = H?*(X,9>). Then
there is short exact sequence of functors
1-G—>F—>G;—~1
and a decomposition
G =Go® G2

such that Gy is constant, G, is quadratic and G is cubic. Furthermore, G3 fits into
an exact sequence
1> K, > G;— Kz —> 1,

where K, is quadratic and K3 is cubic. We also observe that G, admits a filtration
1—-> Hy —»> Gy —> Hy —> 1,
where H; is linear and H is quadratic.

Proof. The image of the natural map H?(X, 0*) — H°(S, R? f,©*) is denoted by
G3(X). Let G be the kernel of the map to F — G3, Go(X) = H?*(S,9%), and
G2(X) = H'(S,R! ,0*). Let K»(X) and K3(X) be the images of the natural
maps

H°(S, R? £,0) N G3(X) — G3(X) - H°(S, R? /.. Z).

Let H;(X) and H,(X) be the images of the natural maps
H'(S,R' f.0) - H'(S,R! /,0*) > H'(S,R* £.7Z). O
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Let A be an complex analytic abelian group space over S. We will always consider
its section to be the identity of the relative group structure over S. Let

A" = A(o) Xg -+ Xg A(n—l)

denote the n-fold fiber product where each A(;) = A. We will say that A satisfies
the generalized theorem of the n-cube with respect to a functor F as in the above
corollary if the map

F(o]'): F(A") > F(A"™)

is injective. In other words A satisfies the generalized theorem of the n-cube with
respect to F precisely if the functor F' is of order n — 1 when restricted to the object
A and its powers. Following tradition, we call the generalized theorem of the 1-cube
the generalized theorem of the segment, the generalized theorem of the 2-cube will be
called the generalized theorem of the square, the generalized theorem of the 3-cube
will be called the generalized theorem of the cube, and the generalized theorem of the
4-cube will be called the generalized theorem of the hyper-cube. Theorem 4 shows
that complex tori A — S in the relative sense satisfy the generalized theorem of the
hyper-cube with respect to the functor F(A) = H?(A, ©*). This result parallels a
resultin [16] and can be used in conjunction with Corollary 1 to show that any torsion
gerbe on A is representable by an Azumaya Algebra [5], [13], [16].

Let us derive some consequences of Theorem 4. Let A be an complex analytic
abelian group space over S. For any four maps f;: X; — A over S such that
fils is the identity section of A we see that there is an isomorphism of gerbes on
X1 xs X2 xs X3 X5 Xy,

(i+ ot s+ &)@ [ (fi+/)6)
1<i<j<4

=( [I fi+fi+/®eCI] f76),

I<i<j<k=<4 1<i<4

(40)

for the pullbacks of a gerbe & on A under of the various maps
X1 XS Xz XS X3 XS X4 — A.

Indeed a simple calculation shows that the left and right sides of (40) are isomorphic
after restriction to any three out of the four spaces. Let a, b, ¢ be sections of A — S
and X7 = A, Xo = X3 = X4 = S, let f1 be the identity map, and let f5, f3, f4
be the sections a, b, and ¢, respectively. Now as a consequence of (40), we have the
following corollary of Theorem 4.

Corollary 2. For any gerbe & on an complex analytic abelian group space A — S
and any sections a, b, ¢ of A — S we have

S 26 Q6,67 @167 01,601, R, .G, (41)
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Similarly, if & is topologically trivial on the fibers, there are equations analogous
to (40) and (41) involving three spaces X; or two sections of A, respectively.

Let X be a complex torus and let & be a gerbe on X. If n is any integer, we denote
by n the corresponding isogeny X — X. We would like to say something about the
pullback n*&. Our Appell-Humbert theorem shows that & is a gerbe isomorphic to
that given (B.12) by a cocycle ®B-E) € Z2(A, ©*(V)) described in Definition 6.
An easy computation shows that

(—1)*@BE) — B—E) apq p*@pBE) — p*Bn’E)
Therefore we have the following corollary to Remark 3.

Corollary 3. For any integer n and any gerbe & on a complex torus X, there is an
isomorphism
n2+4n3 n2—n3

G~ (G ) e (1)),

This reduces to

n*G = G

in the topologically trivial case. The same formulas hold for & replaced by an
element in Q(A, @); see (35) for w: A — S a complex analytic abelian group
space. There the topological triviality option is of course replaced by fiber-wise
topological triviality. One can use an induction argument to see that this is consistent
with (40) in the case that all f; are replaced by isogenies.

9. The universal gerbe

In this section we find a complex analytic stack which serves as a fine moduli
stack for topologically trivial holomorphic gerbes on a complex torus. This is
analogous to Pic®(X) = VV/AV for topologically trivial line bundles. The short
exact sequence (1) suggests that this stack could be [H?(X,0)/H?*(X,Z)]. Ac-
cepting this suggestion, our task becomes to find a universal gerbe Tz on X x
[H?(X,0)/H?(X,Z))]. We conclude this section by calculating the topological type
of this universal gerbe; for some general background material on gerbes over stacks
see [14], [20], [2] and the references therein. In order to do this, we parameterize this
stack as [A? VV/ Alt?(A, Z)], where Alt?>(A, Z) acts by its image subgroup

AN, ) c N2 VY
under the Hodge projection

H>(X,Z) C H2(X,R) — HX(X,C) — H*(X,0) = H**(X)
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or
Al2(A,Z) C Al2(A,R) — Alt>(A,C) —> A2 TV,

Explicitly, for vy, v, € V, the Hodge projection map takes w to w’’ where
o (v1,v2) = (1, v2) — 0(iv1,iv2) + i0(ivy, v2) + i0(v1,iv2).  (42)

In contrast to the situation in Section 1, the image of Alt?(A, Z) might not be closed
inside /\2 V' and cannot be described by equations.
We will describe a gerbe on the stack

V/A x [N2 VY /A2 (A, Z)] = [(V x A2 V) /(A x Al (A, Z))]
by writing down an element
W e Z2(A x Al2(A,Z), O%X(V x N2 V)

and associating to it a gerbe via the method explained in Appendix 2. In fact all gerbes
on this stack come about from this method, see Remark 1 and Appendix 2. We will
then show that restricting the gerbe to a point of the stack results in a gerbe whose
associated class in H2(A, O*(V)) equals the cohomology class of the image of the
point under o.

We define below a map

U: (A x Al2(A, Z))? = OX(V x A2 VVY).
Givenelementsv € V, B € /\2 VV,A1,A € A and Wi, o € Alt?(A, Z) let

Wi )i (V2 B) = exp((B + pfl + pdl) (A1, 22) + Ll (v, 21)
— L(paiv, A1) — pa(v.idy))
+ 22w, A1) + pa(iv.idy)) (43)
— E(u2(iA1, ) = pa(A1.id1))
+ 30 (u2) (A1, A1)

The map o is defined in (6). Itis easily seen that W, ,1,),(A»,u,) 1S @ holomorphic
function on V x A2 V'V for every value of A1, A2, i1, 2. Lest this equation looks
too mysterious, let us notice that the terms in the second, third, and fourth line have
the same form as part of the canonical factor of automorphy for line bundles where
the form of type (1, 1) has become

2 (12 (vi, v2) + palivy, iva)),
although this is not integer-valued on the lattice. We need to show that the boundary
W) (h1.p11).(R2.2).(A3,123) (V> B)
= (W12, 0h3,09) (0 + 210 B A WD) (WG 425,001 +12),Gaan) (V. B) T
-1
(P 1en). ot Az +i3) (Vs BN PG 1), (hapi0) (V, B))
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is trivial. The terms on the first line of (43) have boundary

exp(L (M1, A2) + L (A1, 12)).

The terms on the second, third, and fourth line of (43) have boundary

exp(g(13(A1, A2) + u3(idy,id2))).

The boundary term on the last line of (43) is

exp(—3(0(13) (1. A2) + 0 (13) (A2, A1) = exp(—3(s0(1£3)) (A1, A2))
= exp(3143(A1. 12)),

where we have used exp(%Z) C {%1}. Therefore using (42)

W) A111).(h2oi2). (h3.3) (V- B)
= exp(3pd (A1, 22) + 28 (M1 42) + $ (a1, A2) + pa(iAr.id2))
+ 313(A1,A2))
= exp(§(u3(A1, A2) — ua(iA1.id2)) + §(3(A1, A2) 4+ pu3(iAy,id2))
+ 313(A1. 12))
= exp(u3(A1, A2))
= 1.

Definition 7. Let 8 be the gerbe on X x[H?(X, ©)/H?(X, Z)] corresponding under
(B.12) to W.

Restricting the gerbe P to X x [B] gives a gerbe on X isomorphic to that given
by the cocycle in Z2(A, O*(V)),

CXP(%B(/\LM)),
whose equivalence class is the exponential of
Be AN’V ~ H%(X,0) — H* (X, 0X).

Theorem 5. The gerbe B on X x [H*(X x O)/H?*(X,Z)] has the property that
for any connected complex analytic space T and any gerbe & — X x T which is
topologically trivial on each fiber X;, there is a holomorphic map

f:T —[H*X,0)/H*(X,Z)]
such that

G = (1 )P C,

where € is a gerbe trivial on each fiber.
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Notice that we have already proven this in the case that 7 is a point.

Proof. Let Ut be the universal cover of 7. We will denote by
p: XxT—>T, p:XxUr—Ur and ,5:X><n1(T)xUT—>m(T)><UT
the natural projections. Let

G € H°(Ur, (R*5+0™)o)

be defined by pulling back & to X x Ur and then restricting it to the fibers of the
projection to Ur. Define

(R?p+0™)o = im[R?p+ @ — R?p,O*] = ker[R?p+ O™ — R>p4Z]
and

(R%25,0%)9 = im[R%px O — R?p4 O] = ker[R?p,0* — R>p,Z].
We now consider the short exact sequence
1 - TLy — R?5.0 — (R%5:,0™)y — 1

of sheaves on Ur, where TLy is the transcendental lattice of X thought of as a constant
sheaf on Ur. The obstruction to lifting our element G € H°(Ur, (R?p5+0%)0)
to H°(Ur, R?p+0) lives in H'(Ur, TLy) = 0, which makes such a lift always
possible. The term

HO(Ur, R*p.0) = Hol(Ur, \> V)
represents the holomorphic maps from Ur to A? VV. Define
foc: Ur > N VY

to be any lift of G.
We can calculate the group cohomology of 71 (7T") acting on the global sections
of any sheaf of groups § on Ur by taking the homology groups of the sequence

H(Ur,8) = H(m((T) x Uz, 8) — H(n((T) x 11 (T) x Up,8§) — -+ .

We can combine these with the long exact sequences induced by the short exact
sequence of sheaves on Ur:

0 — TLxy — R?pxO — (R%?p.0%)y — 1.
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The result is a commutative diagram with exact columns:

HOT, (R?p+0>)0) = HO(Ur., (R?p+0)0) = HO(1(T) x Ur, (R2+0%)0)

| T T

HOT N> VY @ O)— HO(Ur N> VY ® 0) = HO(1 (T) x U, N> 7V ® 0)

HO(T,TLy) ——— HO(Ur,TLy) ——~> HO(x\(T) x Uy, TLy) —
(44)
The surjectivity is aresult of H!(Ur, TLy) = 0. A simple diagram chase establishes
a diagonal map

D: HT, (R?p+0™)) — H°(m(T) x Ur, TLy).

In terms of the diagram (44), it corresponds to moving right, down, right, down. In
fact, the image of this map is in the kernel of the map

H®((T) x Ur, TLy) — H®(ny(T) x n1(T) x Ur, TLy).

Upon taking homology in the horizontal direction the snake-like map corresponds to
the first boundary map in group cohomology

HO(T, (R20.0%)) = HO(Ur, (R25:0%)g)™ ™)

— H'(7w(T), TLy) = Hom(m{(T), TLy) )
coming from the short exact sequence
0— TLy — H°(Ur. \> VY ® 0) = H(Ur, (R*5:0%)0) — 1
of 71(T) modules. The diagonal map (45) factors using the Hodge projection
Alt’(A,Z) = H*(X,Z) - TLx, p+— pt, (46)

as
H%(T, (R?p+0>)¢) — Hom(s1(T), Alt*>(A, Z)) — Hom(r{(T), TLY).

In terms of the diagram (44) we took fg ¢ to be any element of H®(Ur, AN VVQ0O)
covering G. Consider the image of G under the map on cohomology H (D) induced
by the diagonal map D into

Hom(z1(T), TLyx)
= ker[H®(71(T) x Up, TLx) — H°(1(T) x m1(T) x Ur, TLy)].

By choosing a group-theoretic splitting of (46) we can chose lifts of such elements to

f&.z € Hom(m1(T), Alt* (A, Z)).
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Therefore
H(D)(G) = f¢5.
Finally we conclude

fec-w) = (fo.z0N™ + fo.c) (47)

forall y € m(T') and u € Ur. This follows from the fact that fg ¢ and f(gz map
to the same middle term of the rightmost column of (44). ’
Together f 7 and fg ¢ define a holomorphic map

[T =Urp/m(T) — [\ VV/AI2(A, Z)).

In what may perhaps be more familiar terms to the reader, we can rearrange this data
into an equivalent description given by a diagram:

T —_
(UT) X (1) A (A, Z) —— N2 VY

|

T.

In this diagram the vertical arrow is an Alt?(A, Z) principal bundle on T induced via
J&,z by the w1 (T') principal bundle Uz — T'. The horizontal arrow is an Alt2(A, Z)-
equivariant map given by to adding the map f ¢ to the Hodge projection map

Y. p) = foc)+p?.

This is well defined because of equation (47). The gerbe (1, f)* has cocycle
representative

(1, /)*¥ € Z*(A x 11 (T), O*(V x Ur)))
given by
(A1, x1). (A2, 22)) = V(. S 2 ) (as fir.2 020 (Vs fe,c (1))

forA1, A2 € A, y1, y2 € m1(T),u € Ur andv € V. Restricting (1, f)*Pto X x{r}
clearly gives a gerbe isomorphic & |y . Let

C=(1P'G

be the correction term. The restriction of & to a point f € T gives a gerbe isomorphic
to the gerbe corresponding to the cocycle

(A1, 22) = exp(3 f,c () (A1, A2)).

where u is any lift of . O
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Let Gy denote the action groupoid

/\
H2(X,Z) x H*(X, 0) H2(X,0) .
\—/

Notice that the above theorem provided a map from the objects of Hol(7, Gx) to
gerbes on X x T which are topologically trivial on each fiber. We can in fact promote
this to a functor. The functor is a combination of the previous theorem together
with the following definition which gives the functor on morphisms. Because T is
connected and the image of H2(X, Z) in H?(X, ) is countable, there is a morphism
(isomorphism) between the gerbes (1, f)*P and (1, g)* if and only if the difference
f — g comes from some j € Alt>(A, Z). The space of morphisms between f and
g is the group of p such that u = f — g. Hence we need to give a functorial
assignment to any such p of a trivialization of the gerbe (1, u)*$. This gerbe by
definition is the gerbe coming from the cocycle

(A1, 2A2) > exp(A T (A1, 22)).

Lemma 6. For every u € Alt>(A,Z) we can assign a global trivialization £,, of
(1, WY*B in a way that
cf“ ® IM/ >~ £M+M/.

These isomorphisms are compatible in the obvious way for three values of Alt> (A, Z).

Proof. We need to define, in a way linear in y, a cochain in C ' (A x 71 (T), O*(V x
Ur)) whose boundary in C2(A x 1(T), O*(V x Ur)) is

(A1.22) = exp(z 1" (A1, 22)).
The type decomposition presents any w as sum of alternating pieces
w=p®» 4,00 o0 _ B0 H

It is easy to bound separately the terms aside from uf and combine them into a

boundary for
1

St = 300 = (D)= ().
An easy calculation shows that the map
k:Axm(T)— O(V x Ur)
defined by
(4, 1) = exp( (o (W, V] = [Fr Vv, 4)
+ 310 @A) = gD 2] = [T @ D)

does the job. We define £,, to be the trivialization of (1, u#)*$ corresponding
(B.11) to k as explained in Appendix 2. O

(48)
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Corollary 4. Ler Gerbes(X x T)' be the category of gerbes topologically trivial on
each fiber of the projection to T. We have defined a functor

Hol(T, [H*(X,0)/H?*(X,Z)]) — Gerbes(X xT)'.
The corresponding map on equivalence classes

Hol(T, [H?*(X,9)/H?*(X,Z)))

~

>~ H%T, (R?p+0%)0)

is an isomorphism of groups. Thus every gerbe on X x T topologically trivial along
the fibers is equivalent up to multiplication by gerbes trivial along the fibers to a
pullback of B under a map (1 x f) where f is unique up to equivalence. This, in
combination with Theorem 5, concludes the proof that [H?*(X,9)/H?*(X,Z)] is a
fine moduli stack.

We now compute the topological type of 3. The topological class of 3 lives in
H3(X x[H*(X,0)/H*(X,Z)),Z) = H*(A x AIt>(A, Z), 7).
The cocycle §log ¥ € Z3(A x Alt2(A, Z), Z) is
(8102 W) (h1 1), (hastin),Gaoiiz) = 33 (A1 A2)— 3 (0 (3) (A1, A2) +0 (n3) (A2, A1)).
The associated class
s(8log W) € Alt3(A x Alt2(A,Z),Z)
given as the image of the isomorphism
st H3(A x Alt2(A,Z),Z) = Alt3 (A x Alt3(A, Z), Z)

is the skew-symmetrization of the above cocycle, which is easily calculated to be the
assignment

(A1, A2, Az, pr, o, 3) = 1Az, A3) — pna(Ar, As) + ns(Aq, Az),

because the skew-symmetrization of o (13)(A1,A2) + o (u3)(Az2, A1) is zero.

10. Future directions

Perhaps the strongest missing link with the analogy we have drawn between line
bundles and gerbes on complex tori is the question of theta functions. What is the
correct analogue of theta functions for the gerbes we have described? There does not
seem to exist a reasonable definition of positivity in this context, and hence allowing
“zeros”, no holomorphic sections exist. One option is to study meromorphic sections



447

of a given gerbe. This direction has been pursued in a different context in the paper
of Felder, Henriques, Rossi, and Zhu [14] and we hope that in our context those kind
of relationships exist as well. There are likely to be other connections with that work,
for instance on a complex surface with Picard number 3, our moduli stack is a trivial
gerbe over a “triplic curve” defined in [14]. In future work, we will explain various
other phenomena including the representation by Azumaya algebras, and analogues
of the theta and Heisenberg group.

Appendices
A. Appendix 1

Define the group S(A) as the group of elements of C2(A, R) x A(A) which satisfy
equation (29). We provide here a group-theoretic splitting of the short exact sequence

1 - Z2(A,U(1)) = S(A) = A(A) — 0. (A.1)

Fix an element E € A(A). We wish to lift it to (8’, E) € S(A). Indeed the main
purpose of this appendix is to find ', the real part of 8, which appears in the cocycle

q)fl A T exp(Hj 2, (V) + Ba;.a,)

living in Z2(A, ©*(V)) as in Definition 4. Notice that %E (A1, A2, A3) agrees by (24)
after skew-symmetrization with k(A1, A2, A3) (defined in equation (22)) and hence
by Lemma 1 they are equivalent elements of Z3(A, R). In order to find B’ we will
first write down an element u € Map(A x A, R) such that

(81'{)11,}.2,/\3 + éE(A’l s AZ? A'3)

1
= ulz,/l:; - u/\1+lz,/’\3 + ull,)t2+/\3 - ull,}.z + EE(A‘la AZ’ A3) € Z

Then we will account for the difference between éE (A1, A2,A3) and k(A1, Az, A3).

We can find u by choosing an ordered basis {A'} for A and expanding the elements
Ao €EANashy =) ;ng ;A forng, € Z:

Uago = 2 [SEMA nyjA nopdR) + SEMmy A na ;A7 ny gAF)

i<j<k
+ S EMma A ny jA ny g AR) + SEmy A no g A g g AF)
+ S Ema M ny M ny g ARy + 5 EMa A ng j20 ny g AR)).
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Using equation (27) we see that

(Bu)ay 20,05
=3( Y EMmuiA.na A ns A%y — 3 E(ni A najAd nsAk))
i<j<k j<i<k

+5( Y —EMmuid na M ns M)+ Y E(ny Al ino A7 ngpAk))

i<k<j j<k<i
+ 150 X E(muidlng A napd®) = 3 E(niidl ng A0 nspd%))
k<i<j k<j<i
i<j<k
+19_2( Z —E(nlgili,nz,jkja”&kkk)+ Z E(nlji/\i’nz’j/\j,nik)tk))
j<i<k k<i<j
+ 50> EMmuid,najAd ns A%y — 3 E(nyiAlna A, nypAk))
j<k<i ke<j<i
=10 S E(nyi A ng M s AR — 1Y E(ny A ng ;20 ns i hK)
i<j<k i<k<j
— 0 X Emuidng A napdR) + 152 s E(niiAling A0 ng g A)
Jj<i<k
+13 Y E@muid.ng A ong A — 5 Y Euid ng ;A0 ng k)
k<i<j ke<j<i
=—1 3 Emiid na A0 nypdk)
i,j:k

= —LE(1, A2, A3).
Under the decomposition
B =u-+r,
all that remains is to solve the equation

()20 + k(A1, A2, 23) — E(A1, A2, A3)
=TAs,A3 —TA 142,13 + A1, A24+A3 — TA1,A0 + k(AIsAQ’/\?!) - %E(A'lvAZ?A?!)
=0.

This can be solved by

FAi, Ay = ZE(kl, i/\z,ikl) + E()&z, l'kz, i/\]),
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as is easily checked by equation (27). In conclusion

/311,,12 = Uppae T A4,
= Y [SEMmuiAny A np A%y + S EMmy AN nay ;A7 ny g AK)
i<j<k
+ L E(a Ay A ny  A6) 4+ SEy A ng A npyaky A2
+ S EMma A ny A g M) + S E(mai A na j A ny g AR)]
+2E(M 1, ida,id1) + E(Az, i), i)y).

Since B’ depends additively on E, we have provided the promised splitting of (A.1)
sending E to .

B. Appendix 2

In this appendix we need to explain a natural way to go from group cocycles to
geometric objects: line bundles and gerbes on stacks. When two cocycles differ by
the boundary of a cochain, then this cochain can be assigned in a natural way an
isomorphism between the geometric objects determined by the two cocycles. The
material in this appendix is more or less just a quick summary of certain tools from
Polishchuk’s recent paper [20]. We have added only minor details and changed some
notation and conventions to match the philosophy of the current work. Let a discrete
group I' act from the right on a space W so that we can form the stack [W/T']. Then
there is a functor

[Z1(T, 0*(W))/CO(T, O* (W))] — Pic(IW/T]) (B.1)
inducing the standard isomorphism of groups
HY(T, 0*(W)) = ker[Pic([W/T]) — Pic(W)].
On the level of objects, the functor (B.1) is defined as the map

ZY (T, 0%(W)) — ob(Pic([W/T]) (B.2)
denoted by
¢ — L¢.

Suppose we are given ¢ € Z1 (I, ©*(W)) and a diagram
P—=w
iw (B.3)
U
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where @ is a ['-principal bundle and c is I'-equivariant. Then let

Lo(U)={f €O (P)|y- [ =(p(y)oc)f}.

This defines an (*-torsor on [W/T']. On the level of morphisms, the functor (B.1)
is described by the map

I:8 (g2 — 1) — Hom(Lg,, Ly,), (B.4)

which we now describe. Given a boundary x € C%(I", 9*(W)) such that

S =2 —
we can get an isomorphism
IKZ L¢1 — L¢2
given by
[ (o) f

Remark B1. To get a stack over [W/T'] on which C* acts with quotient [W/T'], one
simply considers the quotient

[(W x C*)/T] — [W/T]

determined by ¢. One can get a functor from [Z (I, O*(W))/C°(T, O*(W))] into
such stacks and following this with the functor of taking sections gives a functor
naturally equivalent to the one described.

In [20], Polishchuk defines a category (see Remark B2) of 1-cocycles of I' with
values in the groupoid Pic(W). He uses these cocycles to define certain interesting
categories of sheaves which serve as noncommutative objects in algebraic geometry.
In fact, he actually defines a category of 1-cocycles to a group acting on any groupoid.
In particular one can apply this as a tool to describe gerbes on families of complex
tori. This can be used to unify our previous work [3] with the current project. For
the current case we will only use the action groupoid of I" acting on W. We will
denote the category by Z! (T, Lic(W)). An object in this category will be denoted
(£, N). It consists of a collection of O*-torsor £, for every y € T together with
isomorphisms

Nyt Ly @ Vixdy, = Ly, (B.5)

satisfying the natural consistency condition

Nyiyays © (Nypyn @ 1) = Ny yyys © (1 @ Y15 Ny, y3)
of maps

Ly ® YixLy, ® YixvaxLs = Ly y,ys-
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A morphism (£, ND) - (£@ N @) consists of a pair (M, K), comprising an

O torsor M on W, together with isomorphisms

Ky 20 M3 20 & i
satisfying
Nislla)yz o (Ky; @ y1xKy,) = Ky, © N)Elz,)y2
as maps

£ @ 1Ly > M® L), ® (riy2)e M

(B.6)

We now describe a functor (see Remark B2) from 1-cocycles of I' in Fic(W) to

gerbes on [W/T"] whose pullback to W is trivial:
Z (T, Pic(W)) — Gerbes([W/T)).
On the level of objects the functor (B.7) consists of a map

ob(ZL (T, Pic(W))) — ob(Gerbes([W/T)))
to be denoted by
(£,N)+—> Ggn.

(B.7)

To each map U — [W/T'] defined by diagram (B.3), we assign the groupoid

~

G« n(U) whose objects consist of a pair of an @*-torsor & on P together with
, ) P g

a collection of isomorphisms

Gy:c*L, ®y+E — &
satisfying
C*NJ/M’z ® Gyyy, = Gy o (1 ® ¥14Gy,)

together with the obvious notion of morphism. We also have the map
mor(Z (T, Pic(W))) — mor(Serbes([W/T]))
defined by

Hom((of(l), N(l)), (éﬁ(z), N(z))) — Hom(@'x(l),]v(l) , @3’;6(2),1\/(2)),
(M, K) — Iy k.

Now say we are given a morphism
(M. K): (D ND) — (2P NP)
as above. We need to assign this to an isomorphism of gerbes

Ger vy = G yo,

(B.8)
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which we provide by giving a compatible collection of groupoid isomorphisms
Gray yor(U) = Ggo yor (U)
for each U as in (B.3). Such an isomorphism is given by
Er>c*M®E and GJ(,I) oK, = G}(’z)’

where the definition of the functor on the level of morphisms on the two groupoids
is clear.

Let BC* denote the groupoid of C*-torsors. Given such a 1-cocycle, allows one
to define the action of the group I' on W x BC* in a way that commutes with the
action of I" on the first factor only. Indeed for each y € I'" one has a functor F, in
Aut(W x BCX) given on objects by

(w, M) — (wy, £y |1 & M).
The definition on morphisms is clear. Then there exist natural isomorphisms
Fyy o Fyy, = Fyy,

corresponding to (B.5) and these obey a coherence condition corresponding to that
mentioned above. The result is that one can take the quotient in a way that one still
has a map to the original stack

[(W x BC*)/T] — [W/T].

The sections of this projection form an O gerbe isomorphic to &¢_y and in general
the situation is analogous to that in Remark B1.
There is a functor (see Remark B2)

[Z2(T, 0% (W))/CHT,0*(W))] - Z!(T, Pic(W)), (B.9)
which we now describe. On objects it is the map

Z2(T, 0 (W)) — ob(Z1(T, Pic(W))
given by
P (0,)
defined for ® € Z2(I', ©*(W)) by choosing the line bundle to be trivial and the
isomorphism in (B.5) to be multiplication by ®,, ,,. On the level of morphisms the

map is
§ Y (®, — ®1) - Hom((O, ®1), (0, D,)), C +— (0,C).

Here C € C1(I", 9*(W)) satisfies

P, — Py =6C (B.10)
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and (@, C) is comprised of the isomorphisms (B.6) consisting of multiplication by
C,.
Combining the functors (B.9) and (B.7) we get a functor (see Remark B2)

[Z2(T, 0*(W))/C YT, 0*(W))] — Gerbes(|[W/T)). (B.11)
On objects this is the map

Z2(T, O (W)) — ob(Gerbes([W/T])) (B.12)
to be denoted by
P G
and on morphisms
§1(®y — @) —» Hom (G, Ge,), C > Ic. (B.13)

Remark B2. Notice that for all three categories we have mentioned in this appendix,
[Z2(T, 0*(W))/CHT, 0*(W))], ZY(T, Pic(W)) and Gerbes((W/T)),

it is unreasonable to demand that morphisms satisfy the associativity condition in
the strict sense. Rather, for every three morphisms, there is a canonical natural
isomorphism between the two ways of composing the three morphisms. This natural
isomorphism satisfies a consistency condition involving four morphisms. Also the
functors we described are not really functors in the strict sense, but rather there is
a natural isomorphism (consistent with the associativity ones) between the functor
applied to a composition of two morphisms and the composition of the images of the
two morphisms. There are two ways of dealing with these issues. One way is to force
each of the three categories to become an honest category by replacing morphisms
with the obvious notion of equivalence classes of morphisms. With that definition
we have associativity and all our functors as we have described them correspond to
honest functors. The other way is to treat each of the three categories as a 2-category.
While we leave most of the details to the meticulous reader we simply remark that
all the functors we have described can be promoted to functors of 2-categories. A 2-
morphism in [Z2(T, O*(W))/C (T, @*(W))] between two elements C () and C?
which both satisfy (B.10) is an element D € C°(T", @*(W)) such that

§D +CM =C?,

A 2-morphism in Z! (T, Pic(W)) between two pairs (M, KD) and (Mo, KP) of
isomorphisms from (£, N1) to (£?®, N2) as in (B.6)) consists of an isomorphism
y: My — M satisfying
(y—l olo 7/*yV) ° KJ(/I) — KJ(/Z)
as maps
2P - M@ LN @ My
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The 2-morphisms in Gerbes([W/ I']) are all given by multiplication by some nowhere
zero I'-invariant holomorphic function on P. All these notions can be made to
correspond with the previously given maps on 1-morphisms in an obvious way.
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