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Spectral triples and Gibbs measures for expanding maps
on Cantor sets
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Abstract. Let T: A — A be an expanding map on a Cantor set. For each suitably normalized
Holder continuous potential, we construct a spectral triple from which one may recover the
associated Gibbs measure as a noncommutative measure.
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1. Introduction

In the 1990s, Connes introduced the concept of a spectral triple as a fundamental
object in noncommutative geometry [7], [8], [9], [24], giving a “space-free” descrip-
tion of many geometric phenomena. The notion is very flexible and appropriate
choices allow one to recover the volume measure and metric on a Riemannian spin
manifold [7], [8] and also, for example, the Hausdorff measure on certain fractal sets
[7], [12], [13], [14]. In the fractal case, the starting point is Connes’s construction
of a spectral triple for a Cantor subset of the real line, from which (using ideas of
Lapidus and Pomerance [16]) the Minkowski content may be recovered. For simple
self-similar sets, the Hausdorff measure may also be obtained and Guido and Isola
generalize these ideas to certain fractal subsets of R”. (See [5], [6], [20] for other
approaches and [18] for a more general construction valid for any compact metric
space.) Furthermore, Falconer and Samuel [11] have modified this construction to
describe multifractal phenomena.

The purpose of this paper is to show that, for a class of expanding maps, certain
important measures, called Gibbs measures, which arise in the ergodic theory of
hyperbolic dynamical systems, may be obtained as noncommutative measures from
an appropriate spectral triple. Specifically, our dynamical systems will be expanding
maps conjugate to a subshift of finite type (not necessarily a full shift), so that, in
particular, the (maximal) invariant set is a Cantor set. After this paper was written,
we learned that Samuel had obtained a very similar result in his thesis [22]. We will
give a little more detail on his work following Theorem 2.1 below.



802 R. Sharp

We shall we shall now fix some notation. Let A be a compact subset of a smooth
Riemannian manifold M and let T: A — A be a C! expanding map which is
topologically conjugate to a mixing one-sided subshift of finite type o : E:{ — E:{.
(See Section 3 below for precise definitions.) In particular, A is a Cantor set. The
purpose of this condition is to ensure that so-called “locally constant” functions on
A are contained in C(A, C).

Let M7 denote the set of T-invariant probability measures on A. This is a large
set but we may single out the so-called Gibbs measures (or equilibrium measures)
associated to Holder continuous potentials as being of particular importance. These
are defined as follows. Let ¥ : A — A be a Holder continuous function. Then the
Gibbs measure for v is the unique u € M7 for which

b+ [wan=sup (hron+ [ vm).

meMr

where hr(m) denotes the entropy of T with respect to m. A general feature of
hyperbolic dynamical systems is that averages of weighted local data (e.g. sums
of observables over sets of orbits) give global information (e.g. the average of an
observable with respect to an invariant measure) [2], [19], [23] and Gibbs measures
may be obtained in this way. (Very roughly, weighting by the exponentials of sums
of an observable i gives the Gibbs measure for {.) However, this local to global
property also motivates the definition of a Dirac operator, adapted from those in [11],
[12], [13], [14], and allows us to obtain a noncommutative integral from its spectrum.
In Theorem 2.1 below, we show that this noncommutative integral agrees up to an
explicit factor with the integral with respect the Gibbs measure. We begin by defining
a spectral triple [7], [24].

Definition 1.1. A spectral triple is a triple (H, A, D), where
(i) H is a Hilbert space;

(i) A is a C*-algebra equipped with a faithful representation 7: A — B(H) (the
bounded linear operators on H);

(iii) D is an essentially self-adjoint unbounded linear operator on H with compact
resolvent and such that {f € A: ||[[D, 7 (f)]|| < 400} is dense in A, where
[D,7(f)]: H— H is the commutator operator [D, 7 (f)](§) = Da(f)(§) —
w(f)D(§). This D is called a Dirac operator.

We shall define spectral triples associated to Holder continuous potentials on
A, adapting the constructions of Connes [7], Guido and Isola [12], [13], [14]) and
Falconer and Samuel [11]. As above, let o: Ej — Ej be the subshift of finite
type topologically conjugate to the expanding map 7: A — A, where the symbol
setis {1,...,k} and A is a zero-one transition matrix. (See Section 3 for a complete
definition.) We shall write p: Zj{ — A for the conjugating homeomorphism. In the



Spectral triples and Gibbs measures for expanding maps on Cantor sets 803

interests of readability, we will systematically abuse notation by writing f(x) instead
of f(p(x)), whenever f € C(A,C) and x € E:{.

An ordered n-tuple (wq, ..., wy), withw,, € {1,...,k},m =1,...,n,is called
an allowed word of length n if A(Wy,, Wiy4+1) = 1form =1,...,n— 1. Let W,
denote the set of allowed words of length n and let

w* =) W
n=1
For w = (wy,...,w,) € W,, we write
W] ={x = (xs)32, € ZF : Xy = Wy, m=1,...,n}

and t(w) = wy,. Forw € W, and x € 2;{ then wx will denote the sequence defined
by
Wiy ifl <m<n,

Xm—n fm>n+41.

(Wx)m = {

Clearly, wx € Z:{ if and only if A(t(w),x1) = 1. Foreach j € {1,...,k}, choose
a sequence x/ € ZI and distinct sequences y/, z/ Ej such that jx/, jy/, jz/ e
+
DI
Now we can define a spectral triple associated to a continuous potential ¢ : A —
R. Our Hilbert space will be

H=0CWHe?WHC @ CacC,

weW*

where we write a typical element as
_ &1 (w)
= @ (B
weWw*

and our C*-algebra will be A = C(A,C). We define a x-representation 7: A —
B(H) by setting (/) to be the multiplication operator

S1l(w)\) _ [ (wyt™) &1 (w)
i )(G?V (&)= D (7t e
We define Dy: H — H by

(@ E0)-@@ e e
"9 D)

where ¢" :=¢ +¢poT +--- + ¢ o T"!. We have the following theorem.
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Theorem 1.2. For any continuous function ¢: A — R, (H, A, Dg) is a spectral
triple.

The main result of the paper is that, when ¢ is Holder continuous and is suit-
ably normalized, we may recover the Gibbs measure for —¢ from the operators
7(f)|Dg|™! via a singular trace. (The choice of sign is for notational convenience.)
In the next section, we introduce the ideas needed to explain this statement and then
state our main theorem. In Section 3, we discuss some material on expanding maps,
subshifts of finite type and transfer operators. In Section 4, we prove Theorem 1.2. In
Section 5, we complete the paper by proving our result on noncommutative measures
and Gibbs measures, Theorem 2.1.

2. Singular traces and noncommutative measures

In order to state our main result, we need to briefly discuss the theory of singular
traces of compact operators. For more details, see [1] or [13]. Let B(H) denote
the algebra of bounded linear operators on a Hilbert space H and let K(H ) denote
the ideal of compact operators. A singular trace on a two-sided ideal I C K(H)
is a positive linear functional 7: I — R such that t is unitary invariant (the trace
property) and vanishes on finite rank operators.

The most important singular traces are the so-called Dixmier traces [10]. These
are defined on an ideal I = £1'°°(H), the Dixmier ideal, given by

£Y°(H)={A e K(H): lim sup@ Y ko1 ak < +oo},

n—+oo

where {a, }52 ; denote the eigenvalues of |A| := +/A* A, written in decreasing order.
Then a Dixmier trace is a singular trace 7, on £'°°(H) defined, for a positive
operator A, by

-
7»(A) = w-lim —— Z ag,
logn
k=1
where this is a generalized limit corresponding to a state w on /*°, and extended to

£1:°°(H) by linearity. If the limit

n

> a

k=1

1
lim
n—+oo logn

exists then we say that A is measurable and call the value of the limit the noncommu-
tative integral of A. (There are more general definitions of the Dixmier trace — see,
for example, Chapter IV, §2.8 of [7], [17] or Chapter 5 of [24]. Correspondingly,
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there are more general definitions of measurability. It is shown in [17] that these are
equivalent to the definition given here.)

Consider the spectral triple (H, A, Dy) defined in the previous section. We will
now suppose that ¢: A — R is Holder continuous. We say that —¢ is normalized if

3 e
Ty=x

for all x € A. (As we shall see in Section 3, any real-valued Holder continuous
function may be normalized by adding a constant and a function of the formuo T —u,
withu € C(A, R), and this operation does not change the Gibbs measure.) Then, for
f € C(A,C), the operator 7w (f)|Dy|~! is given by the formula

_ W)\ _ T gty (f (wyt®) & (w)
7(f)|Dyl 1(w§?w (é(w))) _ @w@ 9 >(f i) o (w)).

Theorem 2.1. Suppose that ¢ : A — R is a Holder continuous function and that —¢
is normalized. Then, for any f € C(A,C),

@) 7(N)IDy|™! € L1°(H);
(i) 7w (f)|Dg|™"! is measurable and

W (IDs ™) = co [ 1 dn.
where | is the Gibbs measure for —¢ and where

_ 2 5 (),
c¢_f¢—duz Y ey,

J=1Tx=x/

with x; the indicator function of the set p([j]).

Remark 2.2. As we noted in the introduction, a result similar to Theorem 2.1 has
been obtained by Samuel [22]. A significant difference is that he requires the potential
¢ to be non-arithmetic, i.e., that the sums of ¢ around periodic orbits do not all lie
in a single discrete subgroup of R. This restriction is needed for the renewal theory
approach he uses. Thus, for example, his results do not cover the measure of maximal
entropy. A particularly attractive feature of his work is that he is able to explicitly
calculate the Dixmier trace associated to the constant function 1, i.e. 7, (| D¢ |71), is
equal to the reciprocal of the entropy of u and he identifies this as a noncommutative
volume.
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3. Expanding maps and subshifts of finite type

We begin the section by defining subshifts of finite type. Let A be a k x k matrix
whose entries are all either zero or one. We define the (one-sided) shift space

= {(xn)oZy € [Tnzi{l, ...k}t A(xn, xpq1) = 1 foralln > 1}

and the (one-sided) subshift of finite type o : Z:{ — E: by (0x), = Xn+1. We give
{1,...,k} the discrete topology, [ [o—{1,...,k} the product topology and Z:{ the
subspace topology. A compatible metric is given by

o0

1 —
A i) = Y o
n=1
where §;; is the Kronecker symbol.

We say that the matrix A is irreducible if, for each (i, j), there exists n(i, j) > 1
such that A7%/) (i, j) > 0 and aperiodic if there exists n > 1 such that, for each
(i,j), A"(i,j) > 0. The latter statement is equivalent to o : Zj — Ej being
topologically mixing (i.e. that there exists # > 1 such that for any two non-empty
opensets U,V C XF,07™{U)NV # @, forall m > n).

Let M be a compact connected smooth Riemannian manifold and suppose that
A C U C M with A compact and U open. Let T: U — M be a C! map. Suppose
that

(i) there exists A > 1 such that |DTyx| > A forall x € U;
() A=2oT"U;
(iii) T is topologically mixing.
If T satisfies (i), (ii) and (iii) then we refer to T: A — A as an expanding map and

we can find a mixing one-sided subshift of finite type o': Ej — E;; and a Holder

continuous map p : EI — A which semi-conjugates T and ¢. Furthermore, the map
is “nearly” a homeomorphism. Here, however, we impose the additional condition
that p is, in fact, a homeomorphism and assume that

(iv) T: A — A is topologically conjugate to a mixing one-sided subshift of finite
type o: E:{ — ZZ.
In particular, (iv) implies that A is a Cantor set.
Assumption (iv) gives A a natural grading. In particular, for eachn > 1, we may
write A as a disjoint union

A= p(wD.

weWy,

We will say that a function f: A — C is locally constant if, for some n > 1, f is
constant on each set p([w]), w € W,,. We shall write LC(A) for the set of all locally
constant functions on A. Clearly, LC(A) a uniformly dense subalgebra of C(A, C).
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We shall also consider some larger subalgebras of C(A, C). For @ > 0, we shall
let C*(A, C) denote the space of a-Holder continuous functions on A, i.e., the set
of functions g: A — C satisfying

x p—
|g|e := sup —|g(d) g((xy)l < 4o00.
x#y (X,y)
This is a Banach space with respect to the norm || - ||, = || * oo + | - |- Clearly, for

any a > 0,
LC(A) C C*(A,C) C C(A, Q).

4. Gibbs states and transfer operators

In this section we shall discuss some of the ergodic theory associate to the map
T: A — A. The main references are [4] and [19], where this theory is developed for
subshifts of finite type. The symbolic dynamics described in the preceding section
allows the results to be immediately transferred to expanding maps. As above, we
shall write Mt for the space of T-invariant probability measures. Given m € Mr,
we write i (m) > 0 for the entropy of 7' as a measure preserving transformation of
(A, m) (see [25] for the definition). For a continuous function ¥ : A — R, we define
its pressure P () by

P(y) = sup (hT(m) + / de).
meMr

If ¢ is Holder continuous, then there is a unique probability measure w, called the

Gibbs measure (or equilibrium measure) for v, for which this supremum is realized

(2], [4], [19].

Given ¢ € C(A, R), we define the transfer operator Ly, : C(A,C) — C(A,C)

by
Lygx)= Y e"Dg(y).
Ty=x
A key element of our approach will be to relate the eigenvalue asymptotics of our
Dirac operators to the spectral properties of transfer operators. For this approach to
work, we shall need to find a space of which L, acts quasi-compactly.

If y € C¥(A,R) then Ly : C*(A,C) — C*(A,C). The basic spectral prop-
erties of Ly on this space are contained in the following result, which is Ruelle’s
generalization of the classical Perron—Frobenius Theorem for non-negative matri-
ces).

Proposition 4.1 ([2], [4], [19], [21]). If ¥ € C*(A,R) then Ly : C*(A,C) —
C*(A,C) has a simple eigenvalue equal to e W) with the rest of the spectrum
contained in a disk {z € C: |z| < 0ePUN, for some 0 < 6 < 1. Furthermore,
there exist
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(i) a strictly positive eigenfunction h € C*(A, R) such that Lyh = e® W h;: and
(ii) an eigenmeasure v € C(A, R)* such that LTpU = ePW)y,

If v is chosen to be a probability measure and the eigenfunction h is chosen so that
[ hdv = 1then u = hv is the Gibbs measure for .

Corollary 4.2. There exists Ay < e¥ W) such that, for any f € C*(A, C), we have
nf= (/ £ v )he ¥ + 00,

Proof. We recall the following basic fact from spectral theory (see, for example, [3]
or [15]). Let L: B — B be a bounded linear operator on a Banach space B with
spectrum spec(L) = ¥ C C. If ¥ can be decomposed into two disjoint non-empty
sets X1 and X, and if y is a simple closed curve which is disjoint from X and which
has X in its interior and X5 in its exterior then [1: B — B defined by

1
1= —,/(Z—L)_ldz,
2wi J,

is a projection (i.e. ||[II|| = 1 and I1?> = II). Moreover, B = B ® B,, where
By = I1;(B) and B, = (I — IT)(B) are closed and L-invariant subspaces with
spec(L|B1) = X and spec(L|B3) = X».

Now consider the operator Ly : C*(A,C) — C%(A,C). By Theorem 4.1, we
may decompose its spectrum into X; = {e” (‘”} and a disjoint set X,. Thus, we may
decompose the operator Ly as a sum

LY =LyT+ LY (I =) = "D u()h + L7 (1 —T0),

where IT; = v(-)h is the projection onto the eigenspace spanned by e” ). Further-
more, since e ) is strictly maximal in modulus, we have

lim ||L% (I — ID)|"" = sup{|z|: z € T} < P W),
n——4o00

Choosing Ay slightly larger than limy,— o0 || L}, (I — I1)|'/" completes the proof.
O

Corollary 4.3. The quantities e? @), h and v in Theorem 4.1 all depend analytically
on .

Proof. First we note that L, depends analytically on 1. The result is then a standard
consequence of the fact that e W) is an isolated simple eigenvalue for Ly [3], [15].
O
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Recall that we defined a function —¢ to be normalized if, for all x € A,
Z e 00 — 1.
Ty=x

In particular, this condition implies that —¢ is strictly negative. We may rewrite this
condition in terms of transfer operators as L_41 = 1. The following consequence
of Theorem 4.1 shows that, given a Holder continuous function, we may find another
which is normalized and which had the same Gibbs measure.

Corollary 4.4. Suppose that ¥, h, v, u are as in Theorem 4.1. Then
—¢:=v +logh—loghoT — P(y) € C*(A,R)
is normalized, L* ol = p and ju is the Gibbs state —¢.

Proof. Since h > 0, —¢ is well defined. For any m € My,

hr(m) + / —pdm = hr(m) + / vdm— P),
so it follows that P(—¢) = 0 and that u is the Gibbs measure for —¢. We also have

Logl)= Y e = 3 (¥ O)Hoeh()-logh(Ty)=Pw)

Ty=x Ty=x
e—PW)

=i A0S

— Wy =1

e—PW)
h(x)

Lyh(x)
Ty=x

so —¢ is normalized. By Theorem 4.1, L:ﬁu = . O

To prove Theorem 2.1, we shall need to consider a family of transfer operators
L_;4, fort € R. By Theorem 4.1, these will have a maximal eigenvalue equal to
eP(=1®)  We end the section with a result on the regularity and derivative of the
function ¢ > P(—t¢).

Lemma 4.5. The function t — P(—t¢) is real-analytic and strictly decreasing.

Furthermore,

dP(—t¢)
dr 1 T [ ¢ dt.
t=

dt

where | is the Gibbs measure for —¢.
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5. Proof of Theorem 1.2

In this section we proof that the (H, A, Dy) we have constructed is a spectral triple.
The key point is that the locally constant functions give a dense subalgebra of C(A, C)
on which |[[Dg, 7 (f)]| is finite.

Proof of Theorem 1.2. Suppose that f1, fo € C(A,C) and that 7(f1) = 7 (f2).
Then, in particular, by definition, for each w € W*, fi(wyt®)) = fo(wyt™)). The
set {wyt®) : w e W*} is dense in E;{ and thus the set p({wy' ™) : w € W*}) is
dense in A. Hence f1 = f> and w: C(A,C) — B(H) is faithful.

It is clear from its definition that Dy is self-adjoint. The eigenvalues of Dy are

the numbers
o0

U {ed’”(th("’)) Cwe W)

n=1
(counted with the appropriate multiplicity). In particular, O is not an eigenvalue.
Thus, the resolvent of Dy is compact provided qul is compact and it is clear that

Dy 1. defined by
o (@ (E) @ @ (1 (E)

is a compact operator. For f € C(A, C),

[Dg. 7 (f )]( E@ (2%))

w w 7 (g x W) 0 -1 3;' (w)
= P @y ™) — fwz®))e? )(1 o)(sl(w))

weWw*
_ w w nwxt@)y (—&2(w)
- wgv%*(f(wyt( ) — fwzt)e?" )( Slz(w) )

Let A9 = LC(A), the subalgebra of locally constant functions on A. Recall that Ag
is dense in A. If f € Ag then there exists N > 1 such that

o0
Fwyt®) = fwzt™) foralwe |J W,.
n=N+1

Then
”[D,n(f)]( @ (2%;)) z

Z Z (fwyt®) = fwz"))2e2" ¥ (g ) + & (w)?)
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N
< 2| flooe®M 1Pl N 3" ((—E2(w))* + E1(w)?)

n=1weW,

< 2| fllooe®V 1?0 g3,

Hence ||[D, z(f)]|| < +oo. O

6. Proof of Theorem 2.1

We will use the following version of the Hardy—Littlewood Tauberian Theorem. (See
[7], Chapter IV, §2.8, Proposition 4.)

Lemma 6.1. Supposethat A € K(H) is apositive operator with eigenvalues {a, } -,
(arranged in decreasing order) and that A € £V (H). Write

)y =Y d,.
n=1

Then
lim (= De() = L,
if and only if

n

1
li =1L.
n—yfoo logn ]; Uk

We will suppose for the moment that f € C%*(A, R) and that f > 0, so that
7(f)|Dg| ™! is a positive operator. The eigenvalues of (/)| Dy| ™! are the numbers

o0
| {fwy @) W) (41 W)) =9 ) Ly W)
n=1
(counted with multiplicity). We define a spectral zeta function

é'f(l) = Z Z ((f(wyt(w))e—qS”(th(w)))t + (f(wzt(w))e_dyl(th(w)))t)

n=lweW,
and we also write

HOEDY (f(wxt@))=¢" @wxt))r

n=1weW,

é'f,y(l‘) = Z Z (f(wyt(w))e_qw(th(w)))t

n=1weW,
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and
(e, 0)
b= 1) = Z Z (f(wzt(w))e—‘ﬁ”(th‘w’))f‘
n=1wew,

In order to study these functions, it will be convenient to introduce another one
which is easier to express in terms of transfer operators. Hence we define

o0
el t(w)
Uf(s) — Z Z f(th(w))e 5o (wx )

n=1weW,

Lemma 6.2. For f € C*(A,R) with f > 0, ng(t) converges fort > 1 and

d k .
tim =00 = (L) (L),
=1

[edu

Proof. Provided ny(¢) converges, we may use the definitions of x¢) and L_;4 to
write

f(th(w))e—mﬁn (wxtw))

Wk

ng(t) =

3
Il
_-
m

weW,

M
M»

—t¢(X1 Tn_lf)(xj)

3

II
_-
~.

Il
—-

M
M»

Lorg(ti L5 1)),

1

3
Il
-

J

By Theorem 4.1 and Lemma 4.5, for # > 1, L_;4 has spectral radius eP1e) <.
Thus, using the spectral radius formula, it is easy to see that s (¢) converges. Fur-
thermore, by Corollary 4.2, we have

nf(ﬂ—ZZ(/fdv) PP (L (4rh0) (xf)+an(r)

n=0j;=1

= (/fdvt) ienp(_t¢)(2k:(L—z¢(Xj hy)) x’)) Z%(t)
n=0

j=1
k
. ' h
= (/fdvt) L= (1 _j]fi(jnp)) &) + Z qn(t),

where h; and v, are the eigenfunction and eigenmeasure for L_;4 given by Theo-
rem 4.1 and where g, (1) = O(A”,,) (With A_¢ < eP19)) Since
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(1) t — P19 ¢ h; and t — v, are all analytic;

(i) ePC® =1,h; = 1and v; = p; and

(iii)
deP 1)
—a / pdu;
we see that
o= (455 (Z( )+ a),
where a(t) is finite for ¢ > 1. O

Remark 6.3. In fact, the analyticity result in Corollary 4.3 enable one to deduce that,
considered as a function of a complex variable s, 17 (s) has a meromorphic extension
to a neighbourhood of s = 1, with a simple pole at s = 1. Using the type of methods
described in [19], [23], one can further show that 7y (s) is analytic for Re(s) > 1
and that, provided the sums of ¢ around periodic orbits do not all lie in a discrete
subgroup of R, apart from the pole at s = 1, 1¢(s) has an analytic extension to a
neighbourhood of Re(s) > 1.

Lemma 6.4. For f € C*(A,R) with [ > 0, {z,,(¢) and {f.(t) converge fort > 1.
Furthermore, we have

Jim (=12, () = lim (6 = Digz() = lim (¢ = Dy (0).

Proof. First we shall show that it suffices to consider {y (t). Note that, for ¢ > 1,

() = Loy O < D 3 | Fxt @) — fwyt®@))t 76" )

n=1weWw,

0o
N " t(w)
= z”f”tool Z Z |f(th(w)) — f(wyt(w))|e 1" (wx* ™)

n=1weW,

Let {w,, }5c_, be any enumeration of W*. Then

lim  d((wp KW 4 yt(w)) =0,

m——+o00

so that, since f is continuous,

Hm [ (Wux" ™) — f(w,y' ™) = 0.

m——+00
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Thus, since each set W, is finite, given € > 0, there exists N > 1 such thatif w € W,
andn > N then | f(wxt®)) — f(wyt™)| < €. Thus,

|Zx () = Ery (O] = 2] fllee(N = 1) + ez||f||gg1< > e—t¢"<wxf(wn)

n=N weW,
<2t|| flI5(N = 1) + et || f 5 m (2).

Hence, {r, (¢) converges provided {y . (t) converges and we have the estimate

Tim (1= 1) (Ea(0) = &y (1) < € Tim (= D)

~<(7a )(Z( 1)),

Since € > 0 is arbitrary, this shows that
Him (= Dige(0) = lim (6 = 1D, (0.

A similar argument for {r, () completes the proof of the claim.
To complete the proof, we notice that, as ¢ — 14, we have

St — fwx™™) = fx™ ) (f )T 1)
= fx™) (@~ 1+ 0(( = D).
Thus
L) =17 (1) = (1 = 1+ Ot = D)y (1),

so that (. (¢) converges for t > 1 and
Jim (¢ = DEpx() = lim (& — Dy (0),

as required. O

Proof of Theorem 2.1. We need to show that, whenever f € C(A,R) with f > 0,
we have

n
lim

) 1
A o LoD = [ F i

where {ar (f)}72, are the eigenvalues of 7 (f )|Dg|™!, counted with multiplicity
and written in decreasing order, and where

—¢(x)

k
2 ,
X =75 dM;(L—“f)(’“’)-

] 1 Tx=x/
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First, suppose that f € C%(A, R) and that f > 0. Lemma 6.2 and Lemma 6.4
show that s (t) converges for # > 1 and diverges for ¢ = 1. Thus #(f)|D|™! €
£ (H). It follows immediately from Lemma 6.1 and Lemma 6.4 that

n

> () = lim (¢ = D0 = co [ £ dp.

k=1

lim
n—+oo logn

Now suppose f € C(A,R) and f > 0. Given € > 0, we may choose g1, g2 €
C*(A,C)suchthat0 < g; < f < g5 and

/fdM—ES/gldl«LS/gszS/fdM+€-

Then we have

o [ Fau—e)zco [rdi= tim ¢~ e
< limlir}rf(z — 1)¢r(t) < limsup(t —1)r (1)
= t—>1+

< lim (¢ = D50 = o [ gadi

§c¢(/fdu—e).

Since € > 0 is arbitrary, the required convergence result holds for f. O
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