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Abstract. We define the notion of equivariant �-Hopf Galois extension and apply it as a
functor between the categories of stable anti-Yetter–Drinfeld (SAYD) modules of the �-Hopf
algebras involved in the extension. This generalizes the result of Jara–Ştefan and Böhm–Ştefan
on associating a SAYD modules to any ordinary Hopf Galois extension.
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Introduction

Hopf cyclic cohomology, which is now a well-known cohomology theory in non-
commutative geometry, was invented by A. Connes and H. Moscovici in [CM98]
as a computational tool for calculating the local index formula of spectral triples
associated to hypoecliptic operators on manifolds. Since then, the theory has been
evolving to cover many other cases including algebras and coalgebras endowed with
(co)symmetry from Hopf algebras, bialgebras, and Hopf algebras with several ob-
jects such as para-Hopf algebras and �-Hopf algebras [CM00], [CM01], [BS], [Cra],
[Gor], [HKRS1], [HKRS2], [JS], [Kay05], [Kay06], [KP], [KR02], [KR05], [KR04],
[KR03], [Ra]. The main application of Hopf cyclic cohomology is to produce special
cyclic cocycles on (co)algebras endowed with a (co)symmetry by a Hopf algebra.
Generally speaking, Hopf cyclic cohomology of a Hopf algebra is more computable
than cyclic cohomology of (co)algebras upon which the Hopf algebra (co)acts. This
accessibility is the main motivation and application of Hopf cyclic cohomology. The
Hopf cyclic cohomology of Hopf (co)module (co)algebras with coefficients in SAYD
modules was first defined in [HKRS2], [HKRS1], where it was shown that the mod-
ular pair in involution defined by Connes and Moscovici in [CM00] is in fact, a one-
dimensional SAYD module. Later on, Jara and Ştefan in [JS] associated a canonical
SAYD module to any Hopf–Galois extension such that the relative cyclic complex of
the extension is isomorphic to the cyclic complex defined on the Hopf algebra with
coefficients in the associated SAYD module. Soon after, Khalkhali and the second
author showed in [KR05] that the cyclic module obtained by Jara–Ştefan is of the
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form of a cyclic module, defined in [KR02], which is dual (in the sense of Connes’
cyclic category) to the Connes–Moscovici cocyclic module.

The first step for defining Hopf cyclic cohomology of Hopf algebras with several
objects was taken in [CM01], where it was shown, among other things, that the
symmetry on the crossed product algebra of the diffeomorphism group and the algebra
of smooth functions on the frame bundle of a not necessarily flat manifold is defined
by a Hopf algebroid generalizing the Connes–Moscovici Hopf algebra in the case
the manifold in question is flat. The cohomology defined in [CM01] was abstractly
generalized for a class of Hopf algebroids called para-Hopf algebras in [KR04]. The
Hopf cyclic cohomology of a coring with symmetry from a para-Hopf algebra was
defined in [Ra]. Finally Hopf cyclic cohomology of �-Hopf algebras with coefficients
in the SAYD modules was defined by Böhm and Ştefan in [BS], where it was also
shown that the result of Jara–Ştefan is valid for �-Hopf Galois extensions.

Let us recall very briefly here the result of Jara–Ştefan from [JS]. Let H W A !
A ˝ H define a comodule algebra and let B be the subalgebra of coinvariants for
this coaction. Then the extension B � A is called Galois if the canonical map
can W A ˝B A ! A ˝ H is bijective. One uses the map can iteratively to transfer
the cyclic structure on the relative cyclic complex of B � A to get a cyclic module
on the other side depending only on the Hopf algebra H and the SAYD module
AB ´ A=ŒA;B�.

In this paper we start from the fact that relative cyclic homology of an extension
B � A is in fact Hopf cyclic homology of the ring A over B with coefficients in
B as a SAYD module over the �B -Hopf algebra Be ´ B ˝ Bop. It is also easy
to observe that AB D B ˝Be A. On the other hand, if M is a SAYD module over
Be , in the sense of [BS], then the cyclic homology of the B-ring A with coefficients
in M under symmetry of Be is well defined. So in case the extension is H -Galois
iterative application of the map can takes us to a cyclic complex which is again the
dual of the Connes–Moscovici cocyclic module associated to the Hopf algebra H
with coefficients inM ˝Be A. The mentioned transfer of cyclic structures works due
to the fact that the map can happens to be Be-equivariant. This means that if one
assumes the existence of a � Hopf algebra K acting on A such that the map can is
equivariant, then to any SAYD module M over K one associates a SAYD module
zM ´ M ˝K A over H . One then shows that the Hopf cyclic homology of the

ring A under symmetry of K with coefficients in M is isomorphic to the dual cyclic
module of the Hopf cocyclic module of H with coefficients in zM . The next step is
to upgrade everything to the level of a �-Hopf Galois extension, which is stated as
Theorem 3.5.

The plan of the paper is as follows. In Section 1 we recall the basics of co(cyclic)
modules and duality in the cyclic category. In Section 2 we review the concepts of left
and right �-Hopf algebras and basics of Hopf cyclic (co)homologies together with
some examples. In Section 3 we define the equivariant �-Hopf Galois extensions and
prove the main result of the paper which is summarized in Theorem 3.5 and finally
we bring some non-trivial examples of this result.
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Throughout the paper we assume that all objects are C-vector spaces although
everything works for k-modules, where k is a commutative ring. We use the Sweedler
summations: for comultiplication of coalgebras or corings, i.e.,�.c/ D c.1/˝c.2/ for
coactions, i.e, H.m/ D mh0i ˝mh1i; for the translation map, i.e, can�1.b/ D bh�i ˝
bhCi; and finally for the “antipode” of �-Hopf algebras, i.e, ��1.1˝ b/ D b� ˝ bC.

Acknowledgement. The authors would like to thank the referee for carefully reading
the manuscript and also for valuable comments.

1. Basics of (co)cyclic modules

In this section we recall the definitions of cyclic and cocyclic modules from [C-Book]
(see also [Lo]). Recall that a cosimplicial module is given by a datum .Cn; ıi ; �i /

whereCn, n � 0, is a C-module and the maps ıi W C n ! C nC1, �i W C n ! C n�1 are
called cofaces and codegeneracies, respectively. These are C-module maps satisfying
the following cosimplicial relations:

ıj ıi D ıiıj�1 if i < j;

�j�i D �i�jC1 if i � j;

�j ıi D

8̂<
:̂
ıi�j�1 if i < j;

Id if i D j or i D j C 1;

ıi�1�j if i > j C 1:

A cocyclic module is a cosimplicial module equipped with extra morphisms, � W C n !
C n, called cocyclic maps, such that the following extra relations hold.

�ıi D ıi�1�; 1 � i � nC 1;

�ı0 D ınC1; 1 � i � n;

��i D �i�1�; 1 � i � n;

��0 D �n�
2; �nC1 D Id:

In a dual manner, one can define a cyclic module as a simplicial module with ex-
tra cyclic maps. More precisely: A cyclic module is given by a datum C D
.Cn; ıi ; �i ; �n/, where Cn, n � 0, is a C-module and ıi W Cn ! Cn�1, �i W Cn !
CnC1, 0 � i � n, and � W Cn ! Cn, called faces, degeneracies and cyclic maps,
respectively, are C-module maps satisfying the following relations:

ıiıj D ıj�1ıi if i < j;

�i�j D �jC1�i if i � j;

ıi�j D

8̂<
:̂
�j�1ıi if i < j;

Id if i D j or i D j C 1;

�j ıi�1 if i > j C 1;
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and

ıi� D �ıi�1; 1 � i � n;

ı0� D ın; 1 � i � n;

�i� D ��i�1; 1 � i � n;

�0� D �2�n;

�nC1 D Id:

Remark 1.1 (Duality). Let C D .C n; di ; si ; t / be a cocyclic module. We denote
its cyclic dual by zC . It is shown in [C-Book] that, with the following operators,
zCn ´ C n is a cyclic module.

ıi ´ si W zCn ! zCn�1; 0 � i � n � 1;
ın ´ ı0�n;

�i ´ diC1 W zCn ! zCnC1; 0 � i � n � 1;
� ´ t�1:

Conversely, one obtains a cocyclic module from a cyclic module as follows. Let
C D .Cn; ıi ; �i ; �/ be a cyclic module. Its cyclic dual is denoted by {C and defined
by {C n D Cn with the following cofaces, codegeneracies and cyclic operator.

d0 ´ �n�n�1; 1 � i � n;

di ´ �i�1 W {C n ! {C nC1; 1 � i � n;

si ´ ıi W {C n ! {C n�1; 0 � i � n � 1;
t ´ ��1:

2. Hopf cyclic homology of �R-Hopf algebras

We refer the reader to [B], [BW], [Sch], [Sch98] for details about bialgebroids and
�-Hopf algebras, however in Section 2.1 we recall the basics of �R-Hopf algebras.
We review the stable anti-Yetter–Drinfeld modules for �R-Hopf algebras in Sec-
tion 2.2 from [BS]. Finally in Section 2.3 we bring the cyclic modules of module
algebras and module corings over �R-Hopf algebras with coefficients in stable anti-
Yetter–Drinfeld modules.

2.1. Preliminaries of �R-Hopf algebras. Let R and K be algebras over C.
In addition let the source and the target maps be the C-algebra homomorphisms
s W R ! K and t W Rop ! K such that their ranges commute with one another.
We equip K with an R-bimodule structure by r1kr2 D s.r1/t.r2/k for r1; r2 2 R

and k 2 K . Similarly K ˝R K is endowed with the natural R-bimodule structure,
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i.e, r1.k1 ˝R k2/r2 ´ s.r1/k1 ˝R t.r2/k2. We assume that there are R-bimodule
maps, called the coproduct� W K ! K ˝RK and the couint " W K ! R, via which
K is an R-coring. The datum .K; s; t; �; "/ is called a left R-bialgebroid if for
k1; k2 2 K and r 2 R the following identities hold:

i) k.1/t.r/˝R k
.2/ D k.1/ ˝R k

.2/s.r/,

ii) �.1K/ D 1K ˝R 1K and �.k1k2/ D k
.1/
1 k

.1/
2 ˝R k

.2/
1 k

.2/
2 ,

iii) ".1K/ D 1R and ".k1k2/ D ".k1s.".k2///.

For a left bialgebroid K over an algebra R, the following identities hold for
r; r1; r2; r3; r4 2 R and k; k1; k2 2 K [BW], 4.31:

a) ".s.r// D ".t.r// D r ,

b) s.".k.1///k.2/ D t.".k.2///k.1/ D k,

c) ".k1k2/ D ".k1t.".k2///,

d) �.s.r// D s.r/˝R 1K and �.t.r// D 1K ˝R t.r/,

e) �.s.r1/t.r2/ks.r3/t.r4// D s.r1/k
.1/s.r3/˝R t.r2/k

.2/t.r4/.

Similarly a rightR-bialgebroid B is anR-coring .B; s; t; �; "/, where s; t W R !
B are algebra and anti-algebra homomorphisms with commuting ranges, and B is
an R-bimodule with the right multiplications by s and t such that the following
conditions are satisfied for b; b1; b2 2 B and r 2 R:

i) b.1/ ˝R t.r/b.2/ D s.r/b.1/ ˝R b
.2/,

ii) �.1B/ D 1B ˝R 1B and �.b1b2/ D b
.1/
1 b

.1/
2 ˝R b

.2/
1 b

.2/
2 ,

iii) ".1B/ D 1R and ".b1b2/ D ".s.".b1//b2/.

For a right bialgebroid B over an algebra R, the following identities hold for
r; r1; r2; r3; r4 2 R and b; b1; b2 2 B:

a) ".s.r// D ".t.r// D r ,

b) b D b.1/s.".b.2/// D b.2/t.".b.1///,

c) ".b1b2/ D ".t.".b1//b2/,

d) �.s.r// D 1B ˝R s.r/ and �.t.r// D t.r/˝R 1B ,

e) �.s.r1/t.r2/bs.r3/t.r4// D t.r2/b
.1/t.r4/˝R s.r1/b

.2/s.r3/.

A left R-bialgebroid .K; s; t; �; "/ is said to be a left �R-Hopf algebra provided
that the map

� W K ˝Rop K ! K ˝R K; k ˝Rop k0 7! k.1/ ˝R k
.2/k0; (2.1)

is bijective. Here on the left-hand side of (2.1) the Rop-module structures are given
by right and left multiplication by t.r/ for r 2 R, however on the right-hand side the
R-module structures are given by the original actions of R on K . One notes that �
and ��1 are right K-linear. The role of antipode in �R-Hopf algebras is played by
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the map
K ! K ˝Rop K; k 7! ��1.k ˝R 1K/:

For convenience we use k� ˝Rop kC for ��1.k ˝R 1K/.

Example 2.1. Let R be an algebra over C. The simplest left �R-Hopf algebra is
K D R˝Rop with the source and target maps defined by

s W R ! K; r 7! r ˝ 1; t W Rop ! K; r 7! 1˝ r;

comultiplication defined by

� W K ! K ˝R K; r1 ˝ r2 7! .r1 ˝ 1/˝R .1˝ r2/;

counit given by

" W K ! R; ".r1 ˝ r2/ D r1r2;

and
�..r1 ˝ r2/˝ .r3 ˝ r4// D r1 ˝ 1˝ r3 ˝ r4r2;

��1..r1 ˝ r2/˝ .r3 ˝ r4// D r1 ˝ 1˝ r2r3 ˝ r4;

where r; r1; r2; r3; r4 2 R.

The following properties are a symmetrical version of [Sch], Proposition 3.7. We
refer the reader to [BS], Lemma 2.14, for more properties of a right�-Hopf algebras.

Proposition 2.2. Let R be an algebra over C and K a left �R-Hopf algebra. The
following identities hold for k; k0 2 K and r 2 R:

i) k�.1/ ˝R k
�.2/kC D k ˝R 1K .

ii) k.1/
� ˝Rop k.1/

C
k.2/ D k ˝Rop 1K .

iii) .kk0/� ˝Rop .kk0/C D k�k0� ˝Rop k0CkC.

iv) 1�
K

˝Rop 1C
K

D 1K ˝Rop 1K .

v) k�.1/ ˝R k
�.2/ ˝Rop kC D k.1/ ˝R k

.2/� ˝Rop k.2/
C

.

vi) k� ˝Rop kC.1/ ˝R k
C.2/ D k�� ˝Rop kC ˝R k

�C.

vii) k D k�t.".kC//.
viii) s.".k// D k�kC.

ix) k� ˝Rop kCt.r/ D t.r/k� ˝Rop kC.

Let R be an algebra over C. A right R-bialgebroid B D .B; s; t; �; "/ is said to
be a right �R-Hopf algebra provided that the map

� W B ˝Rop B ! B ˝R B; b ˝Rop b0 7! bb0.1/ ˝R b
0.2/; (2.2)
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is bijective. In the domain of the map (2.2), Rop-right and left module structures of
B are given by right and left multiplication by t.r/ respectively, for r 2 R. In the
codomain of the map (2.2), R-module structures are given by right multiplication by
s.r/ and t.r/.

One notes that � and ��1 are left B-linear maps. We denote the image of ��1 by
the index notation

��1.1˝Rop b/ D b� ˝R b
C:

Example 2.3. Let R be an algebra over C. The B D R ˝ Rop is a right �R-Hopf
algebra where the source and target maps are defined by

s W R ! B; r 7! r ˝ 1; t W Rop ! B; r 7! 1˝ r;

comultiplication by

� W B ! B ˝B B; r1 ˝ r2 7! .1˝ r2/˝B .r1 ˝ 1/;

counit by

" W Be ! B; ".r1 ˝ r2/ D r2r1;

and
�..r1 ˝ r2/˝ .r3 ˝ r4// D r1 ˝ r4r2 ˝ r3 ˝ 1;

��1..r1 ˝ r2/˝ .r3 ˝ r4// D r1r4 ˝ r2 ˝ r3 ˝ 1:

2.2. Stable anti-Yetter–Drinfeld-modules. In this subsection for the reader’s con-
venience we briefly recall the definitions of module, comodule and stable anti-Yetter–
Drinfeld-module for �R-Hopf algebras. Also we present an example of a stable anti-
Yetter–Drinfeld (SAYD) module for the �R-Hopf algebra R ˝ Rop which plays an
important role in the sequel section.

A right module over a �R-Hopf algebra K is a right K-module M which is
naturally an R-bimodule by rm D m G t.r/ and mr D m G s.r/. Similarly, by a
left module over a right �R-Hopf algebra B we mean a left B-module M , which is
naturally an R-bimodule by rm D s.r/ Fm and mr D t.r/ Fm.

A left (right) comodule over an R-coring C is defined by a left(right) R-module
M together with a left(right) R-module coaction map,

M ! C ˝RM; m 7! mh�1i ˝R mh0i;

(M ! M ˝R C , m 7! mh0i ˝R mh1i) satisfying the coassociativity and counitality
axioms.

By a comodule over a �-Hopf algebra we mean a comodule over the underlying
coring. One notes that a left comodule M of a left bialgebroid K can be equipped
with an R-bimodule structure by introducing a right R-action

mr ´ ".mh�1is.r// Fmh0i (2.3)
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for r 2 R and m 2 M . It is checked in [BS] that the left K-coaction on the left
comodule M is an R-bimodule map. That is, for r; r 0 2 R and m 2 M ,

.rmr 0/h�1i ˝R .rmr
0/h0i D s.r/mh�1is.r 0/˝R mh0i:

Furthermore, for any m 2 M and r 2 R,

mh�1i ˝R mh0ir D mh�1it.r/˝R mh0i: (2.4)

Here we recall the definition of stable anti-Yetter–Drinfeld modules over �-Hopf
algebras from [BS]. Let K be a left �R-Hopf algebra andM be a right K-module and
a left K-comodule. We say M is a right-left anti-Yetter–Drinfeld module provided
that the following conditions hold:

i) The R-bimodule structures on M , underlying its module and comodule struc-
tures, coincide. That is, for m 2 M and r 2 R,

mr D m G s.r/ and rm D m G t.r/;

where rm denotes the left R-action on the left K-comodule M and mr is the
canonical right action defined in (2.3), i.e., mr D ".mh�1is.r//mh0i.

ii) For k 2 K and m 2 M ,

.m G k/h�1i ˝ .m G k/h0i D k.2/
C
mh�1ik.1/ ˝R mh0i G k.2/�: (2.5)

The anti-Yetter–Drinfeld moduleM is said to be stable if in addition, for anym 2 M ,
mh0imh�1i D m.

Similarly one defines a left-right AYD module over a right �R-Hopf algebra B

by a left B-module and right B-comodule M satisfying:

i) mr D t.r/ F m and rm D s.r/ F m, where mr denotes the right R-action
on the right B-comodule M and rm D mh0i � ".s.r/mh1i/ is the canonical left
R-action.

ii) For b 2 B and m 2 M ,

.b Fm/h0i ˝ .b Fm/h1i D b.1/
C Fmh0i ˝R b

.2/mh1ib.1/
�
: (2.6)

The anti-Yetter–Drinfeld module M is said to be stable if in addition, for any
m 2 M , we have mh1imh0i D m.

Remark 2.4. Left or right �R-Hopf algebras extend the notion of Hopf algebras. In
fact if K is a bialgebra over a commutative ringR, with coproduct k 7! k.1/˝Rk

.2/;

then the bijectivity of the map � is equivalent to the fact that K is a Hopf algebra. In
this case the inverse of the map � can be defined as

��1.k ˝ 1/ D k� ˝Rop kC ´ k.1/ ˝Rop S.k.2//;
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where S denotes the antipode of the Hopf algebra K . Therefore condition (2.5) for
a left �R-Hopf algebra is equivalent to the relation

.mk/h�1i ˝ .mk/h0i D S.k.3//mh�1ik.1/ ˝mh0ik.2/:

Here we recall the definition of a character for �R-Hopf algebras. A map ı is
called a right character [B], Lemma 2.5, for the �R-Hopf algebra K if it satisfies the
following conditions:

ı.ks.r// D ı.k/r for k 2 K and r 2 R; (2.7)

ı.k1k2/ D ı.s.ı.k1//k2/ for k1; k2 2 K; (2.8)

ı.1K/ D 1R: (2.9)

As an example, for any right �R-Hopf algebra the counit " is a right character. The
following example is similar to [BS], Example 2.18, for right �R-Hopf algebras.

Example 2.5. Let K be a left �R-Hopf algebra, � 2 K a group-like element and
the map ı W K ! R a right character. The following action and coaction,

r G k D ı.s.r/k/ and r 7! s.r/� ˝ 1; (2.10)

define a right K-module and left K-comodule structure on R, respectively. This
action and coaction amount to a right-left anti-Yetter–Drinfeld module on R if and
only if, for all r 2 R and k 2 K ,

s.ı.k//� D t.ı.k.2/�//k.2/C�k.1/ and ".�s.r// D ı.s.r//:

The anti-Yetter–Drinfeld moduleR is stable if in addition ı.s.r/�/ D r for all r 2 R.

We specialize this example to the left �R-Hopf algebra K D R˝Rop explained in
Example 2.1. To this end, we like to know all group-like elements and right characters
of K . One can easily characterize all homogenous group-like elements of K . An
element x ˝ y 2 K is a group-like element if and only if xy D yx D 1 because

�.x ˝ y/ D .x ˝ y/˝R .x ˝ y/

D .x ˝ y/˝R .x ˝ 1/.1˝ y/

D .1˝ x/.x ˝ y/˝R .1˝ y/

D .x ˝ yx/˝R .1˝ y/:

On the other hand, one sees that�.x˝y/ D .x˝1/˝R .1˝y/. Therefore yx D 1.
Since x ˝ y is a group-like element, we have 1 D ".x ˝ y/ D xy. Conversely one
easily sees that if xy D yx D 1 then x ˝ y is a group-like element for K .

We claim that a map ı W K ! R is a right character if and only if ı.s˝r/ D �.s/t

for some algebra map � W R ! R. Indeed, let ı be a right character on K . Then

ı.s ˝ r/ D ı..1˝ r/.s ˝ 1// D ı..1˝ r/s.s// D ı.1˝ r/s:
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We define � by �.r/ ´ ı.1˝ r/. It is obvious that � is unital. We show that � is an
algebra map:

�.rr 0/ D ı.1˝ rr 0/
D ı..1˝ r 0/.1˝ r//

D ı.s.ı..1˝ r 0//.1˝ r//

D ı..1˝ r/s.ı..1˝ r 0//
D ı.1˝ r/ı.r 0 ˝ 1/

D �.r/�.r 0/:

Conversely, let � be an algebra endomorphism ofR. We consider the map ı W K ! R,
s˝r 7! �.r/s. We show that ı satisfies (2.7). Indeed, ı..s˝r/s.r 0// D ı.sr 0˝r/ D
�.r/sr 0 D ı.s ˝ r/r 0. That ı satisfies (2.8) follows from

ı..s ˝ r/.s0 ˝ r 0// D ı.ss0 ˝ r 0r/
D �.r 0r/ss0

D �.r 0/�.r/ss0

D ı.�.r/ss0 ˝ r 0//
D ı..�.r/s ˝ 1/.s0 ˝ r 0//
D ı..s.�.r/s/.s0; r 0/
D ı.s.ı.s; r//.s0 ˝ r 0///:

Also since ı.1R ˝ 1R/ D �.1R/1R D 1R, the map ı satisfies (2.9). Therefore ı is a
right character.

Proposition 2.6. Let K be the left �R-Hopf algebra R ˝ Rop, x ˝ x�1 2 K a
homogenous group-like element and ı a right character on K . Then the action and
coaction defined in (2.10) amount to a right-left SAYD module on R if and only if x
belongs the center of the algebra R and � D Id.

Proof. Let k ˝ t 2 K and r 2 R. By the characterization of all right characters on
K the action and coaction defined in (2.10) reduce to

r G .k ˝ t / D �.t/rk and r 7! .rx ˝ x�1/˝ 1:

Now we show that x is in the center of the algebra R. For this we use the stability
condition

r D ı.s.r/.x ˝ x�1// D ı..r ˝ 1/.x ˝ x�1// D ı.rx ˝ x�1/ for all r 2 R:
In the previous equality let r D x�1. We have

y D ı.1˝ x�1/ D �.x�1/:
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On the other hand,

r D ı.s.r/.x ˝ x�1// D ı.rx ˝ x�1/ D �.x�1/rx:

By multiplying the both sides by x�1, we obtain �.x�1/r D rx�1. Therefore
x�1r D rx�1 for all r 2 R. Thus x is also in the center of the algebra R.

We shall show that the AYD condition implies that the map � is the identity map.
The AYD condition is equivalent to

s.ı.k//� D t .ı.k.2/
�
//k.2/

C
�k.1/:

Let k D g ˝ h and � D x ˝ x�1. We have

�.h/gx ˝ x�1 D .h˝ 1/.x ˝ x�1/.g ˝ 1/ D hxg ˝ x�1;

and therefore �.h/gx D hxg. Since x is in the center of R, �.h/gx D hgx. By
multiplying both sides by x�1 from the right, we obtain �.h/g D hg, and for g D 1

we have �.h/ D h for all h 2 R. Thus we obtain the claimed action and coaction.
Conversely, it is easy to check that if x belongs the center of R and � D Id, then

the following R˝Rop-action and coaction,

r G .k ˝ t / D t rk and r 7! .rx ˝ x�1/˝ 1; k; t; r 2 R;

define a right-left SAYD module R over the left �R-Hopf algebra R˝Rop.

2.3. Cyclic homology of module algebras and module corings. In this subsection
we recall from [BS] the cyclic homology of module algebras and module corings
with coefficients in SAYD modules under the symmetry of �R-Hopf algebras . In
the case of module algebras, first we introduce a cocyclic module for left �R-Hopf
algebras and then we dualize it, as explained in Section 1 to find a cyclic module.

Let R be an algebra over C and K be a left �R-Hopf algebra. A left K-module
algebra A [BS], Definition 2.3, is a C-algebra and a left K-module such that for all
k 2 K , a; a0 2 A and r 2 R, the following identities hold:

k F 1A D s.".k// F 1A; (2.11)

k F .aa0/ D .k.1/ F a/.k.2/ B a0/; (2.12)

.t.r/ F a/a0 D a.s.r/ F a0/ (multiplication is R-balanced).

Proposition 2.7. Let S be an algebra over C, K a left �S -Hopf algebra, T a left
K-module algebra, andM a right-left SAYD module over K . Let

KC
n.T;M/ D M ˝K T˝S .nC1/:
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Then the following cofaces, codegeneracies and cyclic map define a cocyclic module
structure on KC

�.T;M/:

d0.m˝K Qt / D m˝K 1˝S t0 ˝S � � � ˝S tn;

di .m˝K Qt / D m˝K t0 ˝S � � � ˝S ti ˝S 1˝S tiC1 ˝ � � � ˝S tn; 1 � i � n;

dn.m˝K Qt / D mh0i ˝K t0 ˝S � � � ˝S tn ˝S mh�1i F 1T ;
si .m˝K Qt / D m˝K t0 ˝S � � � ˝S ti tiC1 ˝S : : : tn; 0 � i � n � 1;
tn.m˝K Qt / D mh0i ˝K t1 ˝S � � � ˝S tn ˝S mh�1i F t0:

Here Qt stands for t0 ˝S � � � ˝S tn.

Proof. Since T is an K-module algebra, by the S -balanced property of T , we have
kF1T D s.".k//1T D t.".k//1T . Therefore, cofaces are well defined. Here we con-
sider T˝S .nC1/ as a K-module with diagonal action. By (2.12) the codegeneracies
are well defined. We show that the cocyclic map is well defined:

tn.m G k ˝K t0 ˝S � � � ˝S tn/

D .m G k/h0i ˝K t1 ˝S � � � ˝S tn ˝S ..m G k/h�1i F t0
D mh0i G k.2/� ˝K t1 ˝S � � � ˝S tn ˝S k

.2/Cmh0ik.1/ F t0
D mh0i G k�.2/ ˝K t1 ˝S � � � ˝S tn ˝S k

Cmh�1ik�.1/ F t0
D mh0i ˝K k�.2/ F .t1 ˝S � � � ˝S tn ˝S k

Cmh�1ik�.1/ F t0/
D mh0i ˝K k�.2/.1/ F t1 ˝S � � � ˝S k

�.2/.n/ F tn˝S

k�.2/.nC1/kCmh�1ik�.1/ F t0
D mh0i ˝K k�.2/ F t1 ˝S � � � ˝S k

�.nC1/ F tn ˝S k
�.nC2/kCmh�1ik�.1/ F t0

D mh0i ˝K k.2/ F t1 ˝S � � � ˝S k
.nC1/ F tn ˝S mh�1ik.1/ F t0

D tn.m˝K k.1/ F t0 ˝S � � � ˝S k
.nC1/ F tn/

D tn.m˝K k F .t0 ˝S � � � ˝S tn//:

In the above, we use the SAYD condition (2.5) in the second equality, Proposi-
tion 2.2 (v) in the third equality, the diagonal action of K on T˝S .nC1/ in the fifth
equality and Proposition 2.2 (i) in the seventh equality. Now we check some of the
cocyclicity conditions. To see that tnC1

n D Id, we have

tnC1
n .m˝K t0 ˝S � � � ˝S tnC1/ D mh0i ˝K mh�n�1it0 ˝S � � � ˝S mh�1itn

D mh0i ˝K mh�1i F .t0 ˝S � � � ˝S tn/

D mh0imh�1i ˝K t0 ˝S � � � ˝S tn

D m˝K t0 ˝S � � � ˝S tn:

In the above, we use the left diagonal action of K on T˝S .nC1/ in the second equality
and the stability condition in the last equality.
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Now we show that tns0 D snt2nC1.

snt2nC1.m˝K t0 ˝S � � � ˝S tnC1/
D sntnC1.mh0i ˝K t1 ˝S � � � ˝S tnC1 ˝S mh�1i F t0/
D sn.mh0ih0i ˝K t2 ˝S � � � ˝S tnC1 ˝S mh�1i F t0 ˝S mh0ih�1i F t1/
D sn.mh0i ˝K t2 ˝S � � � ˝S tnC1 ˝S mh�1i.1/ F t0 ˝S mh�1i.2/ F t1/
D mh0i ˝K t2 ˝S � � � ˝S tnC1 ˝S .mh�1i.1/ F t0/.mh�1i.2/ F t1/
D mh0i ˝K t2 ˝S � � � ˝S tnC1 ˝S mh�1i F .t0t1/
D tn.m˝K t0t1 ˝S t2 ˝S � � � ˝S tnC1/tns0.m˝K t0 ˝S � � � ˝S tnC1/:

In the above, we use the left K-coaction property of M in the third equality and left
K-module algebra property of T in the fifth equality. The relation tnd0 D dn is
obvious. The other cocyclicity conditions can be easily verified.

The cyclic cohomology of the preceding cocyclic module, which is denoted by
KHC�.T;M/, is called Hopf cyclic cohomology of T with coefficients in M under
the symmetry of K .

To get a cyclic module we apply the duality procedure to the previous cocyclic
module as follows. Let S be an algebra over C, K a left �S -Hopf algebra, T a left
K-module algebra and M a right-left SAYD module over K . Let

KCn.T;M/ D M ˝K T˝S .nC1/:

The following faces, degeneracies and cyclic map define a cyclic module structure
on KC�.T;M/:

ıi .m˝K Qt / D m˝K t0 ˝S � � � ˝S ti tiC1 ˝S � � � ˝S tn; 0 � i � n � 1;
ın.m˝K Qt / D mh0i ˝K tn.mh�ni F t0/˝S mh�nC1i F t1 ˝S � � � ˝S mh�1i F tn�1;
�i .m˝K Qt / D m˝K t0 ˝S � � � ˝S ti ˝S 1˝S tiC1 ˝S � � � ˝S tn; 0 � i � n;

�n.m˝K Qt / D mh0i ˝K tn ˝S mh�ni F t0 ˝S � � � ˝S mh�1i F tn�1:
(2.13)

Now we recall the cyclic homology of a module coring with coefficients in a
SAYD module under the symmetry of a �R-Hopf algebra. Let B be a right �R-
Hopf algebra. A right B-module coring C is an R-coring and right B-module such
that R-bimodule structure of C coincides with the one induced by B. In addition,
it is assumed that the counit " and comultiplication � are right B linear. That is
we consider the right B-module structure of R by r C b ´ ".s.r/b/ and right B

module structure of C ˝R C is by the diagonal action. This means:

"C .c C b/ D "C .c/ C b D "B.s."C .c//b/;

�C .c C b/ D �.c/ G b D c.1/ C b.1/ ˝R c
.2/ C b.2/: (2.14)
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We define
zCB;n.C;M/ D C˝R.nC1/ ˝B M;

and following operators on zCB;n.C;M/:

ıi . Qc ˝B m/ D c0 ˝R � � � ˝R "C .ci /˝R � � � ˝R cn ˝B m; 0 � i � n;

�i . Qc ˝B m/ D c0 ˝R � � � ˝R �C .ci /˝R � � � ˝R cn ˝B m; 0 � i � n;

�n. Qc ˝B m/ D cn Gmh1i ˝R c0 ˝R � � � ˝R cn�1 ˝B mh0i:
(2.15)

Here Qc D c0 ˝R � � � ˝R cn and C˝R.nC1/ is a right B-module by diagonal action.
After some identifications the following theorem coincides with Proposition 2.19 in
[BS]. For the reader’s convenience we just check that the cyclic operator is well
defined.

Proposition 2.8. Let B be a right �R-Hopf algebra, M a left-right SAYD module
over B and C a right B-module coring. Then the operators defined in (2.15) define
a cyclic module structure on zCB;�.C;M/.

Proof. SinceC is a right B-module coring we have, .cGb.1//.rGb.2// D .cr/Gb; for
c 2 C and r 2 R. Therefore .c1 Gb.1//.".c2/Gb.2// D .c1".c2//Gb for c1; c2 2 R,
shows that faces are well defined. Also since comultiplication is a right B-module
map, using (2.14) degeneracies are well defined. The following calculation shows
that the cyclic map is well defined:

�n.c0 ˝R � � � ˝R cn ˝B b Fm/
D cn G .b Fm/h1i ˝R c0 � � � ˝R cn�1 ˝B .b Fm/h0i
D cn G b.2/mh1ib.1/

� ˝R c0 ˝R � � � ˝R cn�1 ˝B b.1/
C Fmh0i

D ..cn G bC.2/mh1ib�/˝R c0 ˝R � � � ˝R cn�1/ G bC.1/ ˝B mh0i
D ..cn G bC.2/mh1ib�bC.1/.1//˝R c0 G bC.1/.2/ ˝R � � �

� � � ˝R cn�1 G bC.1/.nC1/ ˝B mh0i
D ..cn G bC.nC2/

mh1ib�bC.1//˝R c0 G bC.2/ ˝R � � �
� � � ˝R cn�1 G bC.nC1/ ˝B mh0i

D .cn G b.nC1/mh1i/˝R c0 G b.1/ ˝R � � � ˝R cn�1 G b.n/ ˝B mh0i
D �n.c0 G b.1/ ˝R � � � ˝R ˝Rcn G b.nC1/ ˝B m/

D �n..c0 ˝R � � � ˝R cn/ G b ˝B m/:

We use the AYD condition (2.6) in the second equality, [BS], Lemma 2.14 (v), in the
third equality, the diagonal action in the fourth equality and [BS], Lemma 2.14 (i),
in the sixth equality. We leave to the reader to check that ıi ; �j and � satisfy all
conditions of a cyclic module.
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The cyclic homology of this cyclic module is denoted by fHCB;�.C;M/.
In a special case, B is a right B-module coring by multiplication map B ˝RB !

B. To synchronize with the Hopf cyclic complex of Hopf algebras we identify

zCB;n.B;M/
'n��! B˝Rn ˝Rop M;

where ' defined by

'n W B˝R.nC1/ ˝B M ! B˝Rn ˝Rop M;

'n.b0 ˝R � � � ˝R bn ˝B m/ D .b0 ˝R � � � ˝R bn�1/ G b�
n ˝Rop bC

n m:
(2.16)

Proposition 2.9. The map 'n defined in (2.16) is a well-defined isomorphism of
vector spaces.

Proof. By [BS], Lemma 2.14 (iii), (ii), the map ' is well defined. We define the
inverse of map ' by

'�1
n .b1 ˝R � � � ˝R bn ˝Rop m/ D b1 ˝R � � � ˝R bn ˝R 1B ˝B m:

This map is well defined because for any ro 2 Rop we have rom D t.r/ F m and
.b1˝R � � �˝R bn/Gro D b1t.r/˝R � � �˝R bn. One can easily check that ''�1 D Id
by [BS], Lemma 2.14 (iv), and '�1' D Id by [BS], Lemma 2.14 (i).

Therefore we transfer the cyclic structure of zCB;�.B;M/ to B˝Rn˝Rop M . The
resulting operators are recorded below.

ıi . Qb ˝Rop m/ D b1 ˝R � � � ˝R ".biC1/˝R � � � ˝R bn ˝Rop m; 0 � i � n � 1
ın. Qb ˝Rop m/ D .b1 ˝R � � � ˝R bn�1/ G b�

n ˝Rop bC
n m;

�i . Qb ˝Rop m/ D b1 ˝R � � � ˝R �.biC1/˝R � � � ˝R bn ˝Rop m; 0 � i � n � 1;
�n. Qb ˝Rop m/ D b1 ˝R � � � ˝R bn ˝R 1B ˝Rop m;

�n. Qb ˝Rop m/ D .mh1i ˝R b1 ˝R � � � ˝R bn�1/ G b�
n ˝Rop bC

n mh0i;
(2.17)

where Qb D b1 ˝R � � � ˝R bn.

3. Equivariant Hopf Galois extensions

In this section we first define equivariant Hopf Galois extensions. An equivariant
Hopf Galois extension is a quadruple .K;B; T; S/ satisfying certain properties as
stated in Definition 3.1. In Section 3.1 we show that any equivariant Hopf Galois
extension .K;B; T; S/ defines a functor from the category of SAYD modules over K
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to the category of SAYD modules over B such that their Hopf cyclic complexes with
corresponding coefficients are isomorphic. In Section 3.2 we introduce an example
of equivariant Hopf Galois extension and explicitly illustrate the functor between the
categories of SAYD modules.

Let B be a right �R-Hopf algebra. We say the algebra T is a right B-comodule
algebra via H W T ! T˝RB ifT is anR-bimodule and a rightB-comodule satisfying
the following conditions:

i) .t1r/t2 D t1.rt2/ (multiplication in T is R-balanced),

ii) 1Th0i
˝R 1Th1i

D 1T ˝R 1B ,

iii) .t t 0/h0i ˝R .t t
0/h1i D th0it 0h0i ˝R th1it 0h1i.

The coinvariants subalgebra S � T is defined by

S ´ TB D fs 2 T j H.s/ D s ˝R 1Bg:

Definition 3.1. Let R be an algebra over C, B a right �R-Hopf algebra, T a right
B-comodule algebra, S D TB , K a left �S -Hopf algebra, and T a left K-module
algebra. T is called a K-equivariant B-Galois extension of S , if the canonical map

can W T ˝S T ! T ˝R B; t 0 ˝S t 7! t 0th0i ˝R th1i; (3.1)

is bijective and the right coaction of B over T is K-equivariant, i.e.,

.kt/h0i ˝R .kt/h1i D kth0i ˝R th1i; k 2 K; t 2 T:
We denote a K-equivariant B-Galois extension described in Definition 3.1 by

KT .S/
B . One observes that by K ´ B ˝ Bop in the above definition we recover

the ordinary Hopf Galois extension since for any B-comodule algebra T the Galois
map (3.1) is always B ˝ Bop-equivariant.

One defines left K-module structures on T ˝S T and T ˝R B, respectively, as
follows:

k F .t1 ˝S t2/ D k.1/t1 ˝S k
.2/t2;

and

k F .t ˝R b/ D kt ˝R b:

The K-equivariant condition of KT .S/
B implies that

can.k F .t 0 ˝S t // D k F can.t 0 ˝S t /; k 2 K t; t 0 2 T:
We denote the inverse of the Galois map (3.1) by the index notation

can�1.1˝R b/ ´ bh�i ˝S bhCi:

One has the following properties for the maps can and can�1.
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Lemma 3.2. Let KT .S/
B be a K-equivariant B-Galois extension. Then the fol-

lowing properties hold.

i) .k F t /bh�i ˝S bhCi D .k.1/t /.k.2/bh�i/˝S k
.3/bhCi.

ii) .bb0/h�i ˝S .bb
0/hCi D b0

h�ibh�i ˝S bhCib
0
hCi.

iii) bh�ih0i ˝R bh�ih1i ˝S bhCi D bC
h�i ˝R b

� ˝S b
C
hCi.

iv) bh�i ˝S bhCih0i ˝R bhCih1i D b
.1/

h�i ˝S b
.1/

hCi ˝R b
.2/.

v) bh�ibhCih0i ˝R bhCih1i D 1˝R b.

vi) th0ith1ih�i ˝S th1ihCi D 1˝S t .

vii) 1B h�i ˝S 1B hCi D 1T ˝S 1T .

viii) t.r/h�i ˝S t.r/hCi D r F 1T ˝S 1T .

ix) s.r/h�i ˝S s.r/hCi D 1T ˝S 1T G r .

Proof. One easily sees that (i) is equivalent to K-equivariant property of the map
can�1. One can find a proof of the rest in [BS], pp. 268–270.

3.1. Equivariant Hopf Galois extension as a functor. Let KT .S/
B be a K-equi-

variant B-Galois extension, and M be a right-left SAYD module over K . We let B

act on zM ´ M ˝K T on the left by

b F .m˝K t / D mh0i ˝K bhCi.mh�1i F .tbh�i//: (3.2)

We also let B coact on zM from the right by

.m˝K t / 7! m˝K th0i ˝R th1i: (3.3)

Theorem 3.3. Let R be an algebra over C, B a right �R-Hopf algebra, T a right
B-comodule algebra, S D TB , K a left �S -Hopf algebra, T a left K-module
algebra andM be a right-left SAYD module over K . If KT .S/

B is a K-equivariant
B-Galois extension, then zM ´ M ˝K T is a left-right SAYD module over B by the
action and coaction defined in (3.2) and (3.3).

Proof. The above coaction is obviously well defined by the K-equivariant property
of the coaction of B over T . We shall show that the action (3.2) is well defined. We
show that

b F .m G k ˝K t / D b F .m˝K k F t /; b 2 B; m 2 M; k 2 K; t 2 T:
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Indeed,

b F .m G k ˝K t / D .mk/h0i ˝K bhCi..mk/h�1i F .tbh�i//

D mh0ik.2/
� ˝K bhCi.k.2/

C
mh�1ik.1/ F .tbh�i//

D mh0i ˝K k.2/
� F .bhCi.k.2/

C
mh�1ik.1/ F .tbh�i///

D mh0i ˝K .k.2/
�.1/

bhCi/.k.2/
�.2/

k.2/
C
mh�1ik.1/ F .tbh�i///

D mh0i ˝K .k.2/ F bhCi/.mh�1ik.1/ F .tbh�i//
D mh0i ˝K .k.3/ F bhCi/.mh�1i F ..k.1/ F t /.k.2/ F bh�i///
D mh0i ˝K bhCi.mh�1i F ..k F t /bh�i//
D b F .m˝K k F t /:

We use the SAYD condition (2.5) forM over K in the second equality, the K-module
algebra property of T in the fourth equality, the Lemma 2.2 (i) in the fifth equality,
the K-module algebra property of T in the sixth equality and the Lemma 3.2 (i)
in the seventh equality. Next we show that the action (3.2) is S -balanced both in
bh�i ˝S bhCi and mh�1i ˝S mh0i. That is for any q; p 2 S;m 2 M;k 2 K and
t1; t2; t3 2 T , we should show

pm˝K t1.k F t2t3/ D m˝K t1.t.p/k F t2t3/;
which is obvious because

pm˝K t1.k F t2t3/ D m G t.p/˝K t1.k F t2t3/
D m˝K t.p/ F t1.k F t2t3/
D m˝K t1.t.p/k F t2t3/;

where t is the target map of the left bialgebroid K . In the above we usepm D mGt.p/
and�.t.p// D 1K ˝S t.p/. This allows then to substitute k˝S m D nh�1i ˝S nh0i
for any n 2 M . To finish the argument that the action (3.2) is S -balanced we should
also show

mh0i ˝K t1.mh�i F t2t3q/ D mh0i ˝K qt1.mh�i F t2t3/;
which is clear because

mh0i ˝K t1.mh�1i F t2t3q/ D mh0i ˝K t1.mh�1it.q/ F t2t3/
D mh0iq ˝K t1.mh�1i F t2t3/
D mh0i G s.q/˝K t1.mh�1i F t2t3/
D mh0i ˝K s.q/ F t1.mh�1i F t2t3/
D mh0i ˝K qt1.mh�1i F t2t3/;
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where s is the source map of the left bialgebroid K . In the above we use (2.4) in the
second equality. Thus it makes sense to substitute t3 ˝S t1 D bh�i ˝S bhCi. Next
we show that (3.2) is associative. For this, let g; h 2 B and m˝K t 2 zM .

g F .h F .m˝K t //

D g F .mh0i ˝K hhCi.mh�1i F .thh�i///
D mh0ih0i ˝K ghCifmh0ih�1i F ŒhhCi.mh�1i F .thh�i//gh�i�g
D mh0i ˝K ghCifm.2/h�1i F ŒhhCi.m.1/h�1i F .thh�i//gh�i�g
D mh0i ˝K ghCifm.2/.1/h�1i F ŒhhCi.m.1/h�1i F .thh�i//�g.m.2/.2/h�1i F gh�i/

D mh0i ˝K ghCifm.2/.1/h�1i F ŒhhCi.m.1/.1/h�1i F t /.m.1/.2/h�1i F hh�i/�g.m.2/.2/h�1i F gh�i/

D mh0i ˝K ghCifm.3/h�1i F ŒhhCi.m.1/h�1i F t /.m.2/h�1i F hh�i/�g.m.4/h�1i F gh�i/

D mh0i ˝K ghCi.m.3/h�1i F hhCi/Œ.m.4/h�1i F .m.1/h�1i F t /.m.2/h�1i F hh�i/�.m.5/h�1i F gh�i/

D mh0i ˝K ghCihhCiŒ.m.2/h�1i F .m.1/h�1i F t /hh�i�.m.3/h�1i F gh�i/

D mh0i ˝K ghCihhCiŒm.2/h�1i F .m.1/h�1i F t /hh�igh�i/�
D mh0ih0i ˝K .gh/hCiŒmh0ih�1i F .mh�1i F t /.gh/h�i�
D .gh/ F .mh0i ˝K mh�1i F t /
D .gh/ F .m˝K t /:

We apply the coaction property in the second equality, the K-module algebra property
of T in the third, fourth, sixth and eighth equalities, the K-equivariance property
of Lemma (3.2) (i) in the seventh equality and the stability condition in the last
equality. Also unitality of the action (3.2) is obvious by Lemma (3.2) (vii) and stability
condition. Now we verify the AYD condition for zM over B. Let b 2 B , t 2 T and
m 2 M .

.b F .m˝K t //h0i ˝R .b F .m˝K t //h1i
D .mh0i ˝K bhCi.mh�1i F .tbh�1i///h0i ˝R .mh0i ˝K bhCi.mh�1i F .tbh�i///h1i
D mh0ibhCih0i.mh�1i F .th0ibh�ih0i//˝R bhCih1ith1ibh�ih1i
D mh0ib.1/hCi.mh�1i F .th0ib.1/h�ih0i//˝R b

.2/th1ib.1/h�ih1i
D mh0i ˝K b.1/

C
hCi.mh�1i F .th0ib.1/

C
h�i//˝R b

.2/th1ib.1/
�

D b.1/
C F .m˝K t /h0i ˝R b

.2/.m˝K t /h1ib.1/
�
:

We use the K-equivariant property of the coaction of B onT and the B-comodule
algebra property of T in the second equality, the Lemma 3.2 (iv) in the third equality
and the Lemma 3.2 (iii) in the fourth equality.
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The stability condition of zM over B follows from

.m˝K t /h1i.m˝K t /h0i D th1i.m˝K th0i/
D mh0i ˝K .th1ihCi.mh�1i F .th0ith1ih�i///
D mh0i ˝K t .mh�1i F 1T /
D mh0i ˝K t .t.".mh�1i// F 1T /
D mh0i ˝K t.".mh�1i// F t
D mh0i G t.".mh�1i//˝K t

D m˝K t;

Lemma 3.2 (vi) is applied in the third equality, the module algebra property in fourth
equality and the counitality of the coaction on M is used in the last equality.

Let us denote the category of SAYD modules over a left �-Hopf algebra K by
KSAYDK . Its objects are all right-left SAYD modules over K and its morphisms are
all K-linear-colinear maps. Similarly one denotes by BSAYDB the category of left-
right SAYD modules of a right �-Hopf algebra B. We see that Theorem 3.3 amounts
to the object map of a functor ± from KSAYDK to BSAYDB . Let � W M ! N be a
morphism in KSAYDK we define ±.�/ to be � ˝K IdT .

Proposition 3.4. The assignment ± W KSAYDK ! BSAYDB defines a covariant
functor.

Proof. Using Theorem 3.3 we see that ± is an object map. We now prove that it is
also a morphism map. Let � W M ! N be a morphism in KSAYDK . The colinearity
of ±.�/ is obvious. The following shows that ±.�/ is also linear,

.� ˝ Id/.b F .m˝K t // D .� ˝ Id/.mh0i ˝K bhCi.mh�1i F .tbh�i///
D �.mh0i/˝K bhCi.mh�1i F .tbh�i//
D �.m/h0i ˝K bhCi.�.m/h�1i F .tbh�i//
D b F .�.m/˝ t / D b F ..� ˝ Id/.m˝K t //:

We use the comodule map property of � in the third equality. The covariant property
of the functor is obvious.

Let us recall that KCn.T;M/ D M˝KT
˝SnC1 andCB;n.B; zM/ ´ B˝Rn˝Rop

zM are the cyclic modules defined in (2.13) and (2.17) respectively. Now we define
the maps

!n W M ˝K T˝S .nC1/ ! B˝Rn ˝Rop zM;

given by

!n.m˝K t0 ˝S � � � ˝S tn/ D t1h1it2h1i : : : tnh1i ˝R t2h2i : : : tnh2i ˝R � � �
� � � ˝R tnhni ˝Rop .m˝K t0t1h0i : : : tnh0i/;
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and

!�1
n .b1 ˝R � � � ˝R bnC1 ˝Rop m˝K t /

D m˝K tb1h�i ˝S b1hCib2h�i ˝S b2hCib3h�i ˝S � � � ˝S bn�1hCibnh�i ˝S bnhCi:

Theorem 3.5. Let KT .S/
B be a K-equivariant B-Galois extension, and M be a

right-left SAYD module over K . Then !� defines an isomorphism of cyclic modules
between KC�.T;M/ and zCB;�.B; zM/, which are defined in (2.13) and (2.17) re-
spectively. Here zM ´ M ˝K T is the left-right SAYD module over B introduced
in Theorem 3.3.

Proof. The map !n is the composition of the following maps

M ˝K T
˝S .nC1/ ˛n��! zM ˝R B˝Rn

 n���! B˝Rn ˝Rop zM:

Here ˛� and  � are given by

˛n.m˝K t0 ˝S � � � ˝S tn/

D m˝K t0t1h0i : : : tnh0i ˝R t1h1it2h1i : : : tnh1i ˝R � � � ˝R tn�1hn�1itnhn�1i ˝R tnhni;

˛�1
n .m˝K t ˝R b1 ˝R � � � ˝R bn/

D m˝K tb1h�i ˝S b1hCib2h�i ˝S b2hCib3h�i ˝S � � � ˝S bn�1hCibnh�i ˝S bnhCi:

 n.m˝K t ˝R b1 ˝R � � � ˝R bn/ D b1 ˝R � � � ˝R bn ˝Rop m˝K t;

 �1
n .b1 ˝R � � � ˝R bn ˝Rop m˝K t / D m˝K t ˝R b1 ˝R � � � ˝R bn:

One can easily use the K-equivariant property of the coaction of B over T and
the K-module algebra property of T to see that the map ˛n is well defined. Also
using �.s.r// D 1B ˝R s.r/ and r F .b1 ˝R � � � ˝R bn/ D b1s.r/˝R � � � ˝R bn,
the morphism  n is obviously well defined. We show that ! is a map of cyclic
modules. By multiplicity of the coproduct of B, right B-comodule algebra property
of T and the right �R-Hopf algebra property b.2/t.".t.r/b.1/// D t.r/b, the maps
ıi , 0 � i � n � 1 commute with ! as follows.

ıi .!n.m˝K t0 ˝S � � � ˝S tn//

D ıi .t1h1it2h1i : : : tnh1i ˝R t2h2i : : : tnh2i ˝R � � �
� � � ˝R tnhni ˝Rop .m˝K t0t1h0i : : : tnh0i//

D t1h1it2h1i : : : tnh1i ˝R � � � ˝R ".tiC1hiC1i : : : tnhiC1i/˝R � � �
� � � ˝R tnhni ˝Rop .m˝K t0t1h0i : : : tnh0i/

D t1h1it2h1i : : : tnh1i ˝R � � � ˝R tihii : : : tnhii ˝R tiC2hiC1i : : : tnhiC1i ˝R � � �
� � � ˝R tnhn�1i ˝Rop .m˝K t0t1h0i : : : tnh0i/
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D t1h1it2h1i : : : tnh1i ˝R � � � ˝R .ti tiC1/hiitiC2hii : : : tnhii
˝R tiC2hiC1i : : : tnhiC1i ˝R � � � ˝R tnhn�1i
˝Rop .m˝K t0t1h0i : : : .ti tiC1/h0itiC2h0i : : : tnh0i/

D !n�1.m˝K t0 ˝S � � � ˝S ti tiC1 ˝S � � � ˝S tn/

D !n�1.ıi .m˝K t0 ˝S � � � ˝S tn///:

Next we show that ! commutes with the last face morphism.

ın.!n.m˝K t0 ˝S � � � ˝S tn//

D ın.t1h1it2h1i : : : tnh1i ˝R t2h2i : : : tnh2i ˝R � � �
� � � ˝R tnhni ˝Rop .m˝K t0t1h0i : : : tnh0i//

D .t1h1i : : : tnh1i ˝R � � � ˝R tn�1hn�1itnhn�1i/ G t�nhni
˝Rop tC

nhni F .m˝K t0t1h0i : : : tnh0i/
D .t1h1i : : : tn�1h1i ˝R � � � ˝R tn�1hn�1i/ G tnh1it�nh2i

˝Rop tC
nh2i F .m˝K t0t1h0i : : : tnh0i/

D t1h1i : : : tn�1h1i ˝R � � � ˝R tn�1hn�1i ˝Rop tnh1i F .m˝K t0t1h0i : : : tnh0i/
D t1h1i : : : tn�1h1i ˝R � � � ˝R tn�1hn�1i˝Rop

mh0i ˝K tnh1ihCi.mh�1i F .t0t1h0i : : : tnh0itnh1ih�i//
D t1h1i : : : tn�1h1i ˝R � � � ˝R tn�1hn�1i˝Rop

mh0i ˝K tn.mh�1i F .t0t1h0i : : : tn�1h0i//
D t1h1i : : : tn�1h1i ˝R � � � ˝R tn�1hn�1i˝Rop

mh0i ˝K tn.mh�ni F t0/.mh�nC1i F t1h0i/ : : : .mh�1i F tn�1h0i/
D !n�1.mh0i ˝K tn.mh�ni F t0/˝S mh�nC1i F t1 ˝S � � � ˝S mh�1i F tn�1/
D !n�1ın.m˝K t0 ˝S � � � ˝S tn/:

We apply the right diagonal action of B over B˝R.n�1/ in the third equality, the
lemma [BS], 2.14 (ii), in the fourth equality, the action (3.2) in the fifth equality,
the Lemma (3.2)(vi) in the sixth equality, the K-module algebra property of T in
the seventh equality and K-equivariant property of the coaction of B over T in the
eighth equality. By multiplicity of coproduct of B the commutativity of ! and �i ,
0 � i � n � 1, can be verified as follows.

�i .!n.m˝K t0 ˝S � � � ˝S tn//

D �i .t1h1it2h1i : : : tnh1i ˝R t2h2i : : : tnh2i ˝R � � �
� � � ˝R tnhni ˝Rop .m˝K t0t1h0i : : : tnh0i//

D t1h1it2h1i : : : tnh1i ˝R .tihiC1i : : : tnhiC1i/.1/ ˝R .tiC1hiC1i : : : tnhiC1i/.2/ ˝R � � �
� � � ˝R tnhni ˝Rop .m˝K t0t1h0i : : : tnh0i/
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D t1h1it2h1i : : : tnh1i ˝R tiC1hiC1i : : : tnhiC1i ˝R tiC1hiC2i : : : tnhiC2i ˝R � � �
� � � ˝R tnhnC1i ˝Rop .m˝K t0t1h0i : : : tnh0i/

D !nC1.m˝K t0 ˝S : : : ti ˝S 1T ˝S tiC1 ˝S � � � ˝S tn˝S /

D !nC1.�i .m˝K t0 ˝S � � � ˝S tn//:

Using Lemma 2.14 (iv) in [BS], the commutativity of ! with the last degeneracy
follows from

�n.!n.m˝K t0 ˝S � � � ˝S tn//

D �n.t1h1it2h1i : : : tnh1i ˝R t2h2i : : : tnh2i ˝R � � �
� � � ˝R tnhni ˝Rop .m˝K t0t1h0i : : : tnh0i//

D t1h1it2h1i : : : tnh1i ˝R t2h2i : : : tnh2i ˝R � � �
� � � ˝R tnhni ˝R 1T ˝Rop .m˝K t0t1h0i : : : tnh0i/

D !nC1.m˝K t0 ˝S � � � ˝S tn ˝S 1T /

D !nC1.�n.m˝K t0 ˝S � � � ˝S tn//:

Finally, we show that ! commutes with the cyclic maps.

�n.!n.m˝K t0 ˝S � � � ˝S tn//

D �n.t1h1it2h1i : : : tnh1i ˝R t2h2i : : : tnh2i ˝R � � �
� � � ˝R tnhni ˝Rop .m˝K t0t1h0i : : : tnh0i//

D .t0h1it1h0ih1i : : : tnh0ih1i ˝R t1h1i : : : tnh1i ˝R � � �
� � � ˝R tn�1hn�1itnhn�1i/ G t�nhni ˝Rop tC

nhni F .m˝K t0h0it1h0ih0i : : : tnh0ih0i/
D .t0h1it1h1i : : : tnh1i ˝R t1h2i : : : tnh2i ˝R � � �

� � � ˝R tn�1hnitnhni/ G t�nhnC1i ˝Rop tC
nhnC1i F .m˝K t0h0it1h0i : : : tnh0i/

D .t0h1it1h1i : : : tn�1h1i ˝R t1h2i : : : tn�1h2i ˝R � � �
� � � ˝R tn�1hni/ G tnh1it

�
nh2i ˝Rop tC

nh2i F .m˝K t0h0it1h0i : : : tnh0i/
D t0h1it1h1i : : : tn�1h1i ˝R t1h2i : : : tn�1h2i ˝R � � � ˝R tn�1hni

˝Rop tnh1i F .m˝K t0h0it1h0i : : : tnh0i/
D t0h1it1h1i : : : tn�1h1i ˝R t1h2i : : : tn�1h2i ˝R � � � ˝R tn�1hni

˝Rop mh0i ˝K tnh1ihCi.mh�1i F .t0h0it1h0i : : : tnh0itnh1ih�i
D t0h1it1h1i : : : tn�1h1i ˝R t1h2i : : : tn�1h2i ˝R � � � ˝R tn�1hni

˝Rop mh0i ˝K tn.mh�ni F t0h0i/.mh�nC1it1h0i/ : : : .mh�1itn�1h0i/
D !n.mh0i ˝K tn ˝S mh�nit0 ˝S � � � ˝S mh�1itn�1/
D !n�n.m˝K t0 ˝S � � � ˝S tn/:

We use the coaction property of T over B in the second equality, the right diagonal
action of B over B˝Rn in the third equality, Lemma 2.14 (ii) of [BS] in the fourth
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equality, the action (3.2) in the fifth equality, Lemma 3.2 (vi) in the sixth equality, the
K-module algebra property of T in the seventh equality and K-equivariant property
of the coaction of B over T in the eighth equality.

3.2. Examples. As first example, one notes that by using Proposition 2.6 and The-
orem 3.3, for K D S ˝ Sop and M D S , we see that Theorem 3.5 generalizes
Theorem 2.6 in [BS].

We like to illustrate the SAYD module constructed in Theorem 3.3 by an explicit
and nontrivial example. Let H and F denote two Hopf algebras such that H acts
on F and makes it a left module algebra. We let A ´ F Ì H be the usual crossed
product algebra, that is, F ˝H as a vector space with multiplication .f Ìh/.gÌv/ D
f .h.1/ F g/ Ì h.2/v, and 1 Ì 1 as its unit. One knows that H W A ! A˝ H defined
by H.f Ì h/ D f Ì h.1/ ˝ h.2/ defines a comodule algebra over the Hopf algebra
H . One also easily verifies that B ´ AH D F ˝ C ' F , and A.B/H is a Hopf
Galois extension. We let K ´ B ˝ F ˝Bo be the usual left �B -Hopf algebra, i.e.,
as an algebra it is tensor product of algebras and its coring structure is given by

s.b/ D b ˝ 1˝ 1;

t.b/ D 1˝ 1˝ b;

�.b1 ˝ f ˝ b2/ D b1 ˝ f.1/ ˝ 1˝B 1˝ f.2/ ˝ b2;

".b1 ˝ f ˝ b2/ D ".f /b1b2;

One observes that

��1.b1 ˝ f ˝ b2 ˝Bo b3 ˝ g ˝ b4/ D b1 ˝ f.1/ ˝ 1˝B b2b3 ˝ S.f.2//g ˝ b4:

So we see that

.b1 ˝ f ˝ b2/
� ˝B .b1 ˝ f ˝ b2/

C D b1 ˝ f.1/ ˝ 1˝B b2 ˝ S.f.2//˝ 1:

Now let N be a right-left SAYD module over the Hopf algebra F and let also
x ˝ x�1 2 B ˝ Bo be a group-like element with x 2 Z.B/, the center of B . We
define the following action and coaction on M ´ x˝x�1

B ˝N D B ˝N .

H.b ˝ n/ D bx ˝ nh�1i ˝ x�1 ˝B 1˝ nh0i;
.b ˝ n/ � .b1 ˝ f ˝ b2/ D b2bb1 ˝ n � f

Lemma 3.6. Via the above action and coaction x˝x�1
B ˝ N is a right-left SAYD

module over K .

Proof. It is obvious that the action and coaction are well defined. In the following
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we check the AYD condition:

H..b ˝ n/ � .b1 ˝ f ˝ b2//

D H.b2bb1 ˝ n � f /
D b2bb1x ˝ .nf /h�1i ˝ x�1 ˝B 1˝ .n � f /h0i
D b2bb1x ˝ S.f.3//nh�1if.1/ ˝ x�1 ˝B 1˝ nh0i � f.2/
D .b2 ˝ S.f.3//˝ 1/.bx ˝ nh�1i ˝ x�1/.b1 ˝ f.1/ ˝ 1/˝B .1˝ nh0i/

� .1˝ f.2/ ˝ 1/

D kC
.2/
nh�1ik.1/ ˝B nh0i � k�

.2/:

The stability condition follows from the stability of N .

One then defines a left action of K on A by

.b1 ˝ f ˝ b2/ F .g Ì h/ D b1f.1/g .h.1/ F .S.f.2//b2// Ì h.2/: (3.4)

Lemma 3.7. Let F be commutative. Then the above action makes A a K-module
algebra.

Proof. Let us first prove that the equation (3.4) defines an action. Indeed for k1 ´
b1 ˝ e ˝ b2 and k2 ´ b3 ˝ f ˝ b4, by using the facts that F is commutative and
an H -module algebra we have

k1 F .k2 F .g Ì h// D k1 F .b3f.1/g.h.1/ F .S.f.2//b4// Ì h.2//
D .b1b3e.1/f.1/g.h.1/ F .S.f.2/b4/h.2/ F .S.e2/b2/ Ì h.2//
D k1k2 F .g Ì h/:

Obviously the action defined in (3.4) is unital. We use h F 1F D ".h/1F to see that

s.b/ F .f Ì h/ D .b ˝ 1˝ 1/ F .f Ì h/ D bf Ì h:
t.b/ F .f Ì h/ D .1˝ 1˝ b/ F .g Ì v/ D g.h.1/ F b/ Ì h.2/:

This tells us that the multiplication of K is B-balanced. Now we show that k F
.a1a2/ D .k.1/ Fa1/.k.2/ Fa2/. Let k D .b1˝f ˝b2/, a1 D gÌh and a2 D l Ìv.
Then we have

k F .a1a2/ D k F .gh.1/ F l Ì h.2/v/
D b1f.1/g.h.1/ F l/.h.2/v.1/ F .S.f.2//b2// Ì h.3/v.2/:
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On the other hand by using the fact that F is an H -module algebra we see

.k.1/ F a1/.k.2/ F a2/
D ..b1 ˝ f.1/ ˝ 1/ F .g Ì h//..1˝ f.2/ ˝ b2/ F .l Ì v//
D .b1f.1/g .h.1/ F S.f.2/// Ì h.2//.f.3/l.v.1/ F .S.f.4//b2// Ì v.2//
D b1f.1/g .h.1/ F S.f.2///.h.2/ F .f.3/l.v.1/ F .S.f.4//b2/// Ì h.3/v.2/
D b1f.1/g .h.1/ F S.f.2///.h.2/ F f.3//.h.3/ F l/.h.4/v.1/ F .S.f.4//b2// Ì h.5/v.2/
D b1f.1/g .h.1/ F l/.h.2/v.1/ F .S.f.2//b2// Ì h.3/v.2/:

Finally we check the condition (2.11). For k ´ b1 ˝ f ˝ b2 we have

k F 1A D .b1 ˝ f ˝ b2/ F .1 Ì 1/
D b1f.1/.S.f.2//b2/ Ì 1
D ".f /b1b2 Ì 1
D .".f /b1b2 ˝ 1˝ 1/ F .1 Ì 1/
D s.".k// F 1A:

One easily sees that the coaction H W A ! A˝ H is K equivariant.

We now let the group of all unit elements of B , which is denoted by B�. Define
a category whose objects and morphisms are both elements of B�. More precisely,
for b1; b2 2 B�, Mor.b1; b2/ consists the unique element denoted by Oc, where
c D b2b

�1
1 . We let B� � FSAYDF be the product of categories. Here FSAYDF is

the category whose objects are left-right SAYD modules over F and morphisms are
F -linear and F -colinear maps. We define the following functor:

ˆ W B� � FSAYDF ! KSAYD.H /K ;

ˆ..x;N // D x˝x�1

B ˝N;

ˆ. Oy; �/ W x˝x�1

B ˝N1 ! xy˝.xy/�1

B ˝N2;

ˆ. Oy; �/.b ˝ n/ D by�1 ˝ �.n/:

Here y 2 B� and � 2 F HomF .N1; N2/.

Proposition 3.8. The above assignment ˆ defines a covariant functor.

Proof. We need to show thatˆ is a morphism map. Indeed, first we see thatˆ. Oy; �/ is
a K-colinear map. Using the facts that� is an F -colinear map, thatB is commutative,
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and also the bialgebroid structure of K D B ˝ F ˝ B , we see

H.ˆ. Oy; �/.b ˝ n// D H.by�1; �.n//
D by�1xy ˝ �.n/h�1i ˝ .xy/�1 ˝B 1˝ �.n/h0i
D bx ˝ �.nh�1i/˝ x�1y�1 ˝B 1˝ �.nh0i/
D bx ˝ �.nh�1i/˝ x�1 ˝B y

�1 ˝ �.nh0i/
D .IdK ˝ˆ. Oy; �//.H.b ˝ n//:

Now we prove that ˆ. Oy; �/ is a K-linear map.

ˆ. Oy; �/..b ˝ n/ � .b1 ˝ f ˝ b2// D ˆ. Oy; �/.b2bb1 ˝ n � f /
D .b2bb1y

�1 ˝ �.n � f //
D .b2bb1y

�1 ˝ �.n/ � f /
D .b2bb1y

�1 ˝ �.n � f //
D .ˆ. Oy; �//.b2bb1 ˝ n � f /:

Finally one uses again the commutativity ofB to see thatˆ.. yy1; �1/B. yy2; �2// D
ˆ.by1y2; �1�2/ D ˆ. yy1; �1/ Bˆ. yy2; �2/ .

As a result one composes the functors ˆ and ± defined in Propositions 3.4 and
3.8 respectively to get the following functor

± Bˆ W B� � FSAYDF ! H SAYDH :

One notes that in the simplest possible case of this example, i.e, when F ´ B D
C, N ´ C, x D 1C the resulting SAYD module is H with the standard action
and coaction, i.e, the action and coaction are defined by the adjoint action and the
comultiplication of H respectively.
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