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The spectral radius in €)(X)-Banach algebras
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Abstract. The spectral radius of an element of a €y (X )-Banach algebra can be calculated as
the supremum of the spectral radii in the fibres. As a consequence, calculations in K-theory
for such algebras can potentially be carried out fibrewise.
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1. Introduction

The impetus to write this article has been to give a proof of the fact that the Banach
algebras A(G, €y(R, B)) and €y(R, A(G, B)) are isomorphic in (topological) K-
theory, where G is a locally compact Hausdorff group, B is a G-Banach algebra and
/(G ) is an unconditional completion of €, (G); as an example, L' (G, €y (R, B)) and
€o(R,LY(G, B)) are isomorphic in K-theory. These results already appeared in the
work of V. Lafforgue, see [Laf02], Section 1.7, and also a variant for groupoids can
be found in [Laf06]. Results of this type are important because they make it possible
to lift positive results on the Bost conjecture for K¢ to higher topological K-groups
without any extra work. However, no proof has been published yet.

In the present article, the original, direct argument that V. Lafforgue has indicated
to me is generalised in several directions. Firstly, we replace R by a general second
countable locally compact Hausdorff space X. The main part of the argument is
now a statement about €y (X )-Banach algebras, namely the spectral radius formula
mentioned in the abstract (see Theorem 3.4) and its consequence

Theorem 1.1. Let A and A’ be €y(X)-Banach algebras and let ¢: A — A’
be a €y(X)-linear contractive homomorphism of Banach algebras. Assume that
ox: Ax — Al is spectral and dense for all x € X and that X is second count-
able. Then ¢ is spectral and dense and, therefore, @y: Ki(A) — Ki(A4') is an
isomorphism.

Recall that a continuous homomorphism ¢ : B — B’ of Banach algebras is called
spectral if it preserves the spectral radius of elements, or, equivalently, if 5 € B is
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invertible in B if and only if v (b) is invertible in B’; the morphism ¥ is called
dense if its image ¥ (B) is dense in B’. It is a well-known fact that spectral and dense
homomorphisms are isomorphisms in K-theory, see for example [CMRO7] or [Bos90]
(and the references therein) and the survey article [Nic10] for more information on
spectral and dense morphisms and their relation to K-theory.

To complete the proof of the original result on unconditional completions, what
is now sufficient to show is that the fibres of A(G, €o(X, B)) and €y (X, A(G, B))
are isometrically isomorphic (because isomorphisms are clearly spectral and dense).
It turns out that this is, at the heart of it, a statement not about Banach algebras, but
about Banach spaces, and not about groups but about locally compact spaces.

If we replace the group G (or, more generally, the groupoid ) with an arbitrary
locally compact Hausdorff space Y and the unconditional completion 4(G) with
what we call a monotone completion ¢ (Y') (which is, technically, the same as an
unconditional completion but without the algebra structure), and if £ = (E))yey is
an upper semi-continuous (u.s.c.) field of Banach spaces over Y, then the result we
are going to show can now be formulated as follows:

Theorem 1.2. The two €y(X)-Banach spaces H (Y, EX) and #H (Y, E)X have the
same fibres over points in X .

To make this statement precise and to prove it will be the subject of Section 4.2.
But before we start, we list some consequences of our main theorems.

Corollary 1.3. Let G be alocally compact Hausdorff group and let B be a G-Banach
algebra. Let A(G) be an unconditional completion of €.(G). Let X be a locally
compact Hausdorff space. Then the canonical homomorphism of €y(X)-Banach
algebras

1 A(G, BX) — A(G, B)X

is an isometric isomorphism on the fibres. If X is second countable, then this means
that 1 is spectral and dense, and hence

Lt Ko (A(G, BX)) = Ky (4(G, B)X).

Proof. Take (G, X, A, Bg)insteadof (Y, X, #, E)inTheorem 1.2. Here Bg denotes
the trivial field of Banach spaces over G with fibre B. O

Corollary 1.4. In particular, taking X = R in the preceding corollary, we obtain an
isomorphism

Ky (A(G. SB)) = Ku(SA(G, B)) = Kyt 1(A(G. B)).

where S denotes the suspension functor for Banach algebras A — €y(R, A).
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Corollary 1.5. Let G be alocally compact Hausdorff groupoid equipped with a Haar
system and let B be a §-Banach algebra. Let A(§) be an unconditional comple-
tion of €.(§). Let X be a locally compact Hausdorff space. Then the canonical
homomorphism of €y(X)-Banach algebras

L AG, BX) — AE, B)X

is an isometric isomorphism on the fibres (note that BX is a §-Banach algebra in a
canonical fashion). If X is second countable, then i is spectral and dense, and hence

tsx: Ki(A(G, BX)) = K (A(F, B)X).
Proof. Take (§, X, A, r*B) instead of (Y, X, #, E) in Theorem 1.2. O

Corollary 1.6. We have an isomorphism
K« (A(E. SB)) = Ki(SA(G, B)) = Kst1(A(F. B)).

I would like to thank Vincent Lafforgue for his helpful advice. This research has
been supported by the Deutsche Forschungsgemeinschaft (SFB 478).

Note. All Banach spaces and Banach algebras that appear in this article are supposed
to be complex.

2. €op(X)-Banach algebras and their fibres

Let X be a locally compact Hausdorff space. The notion of a €y(X)-C*-algebra is
well known in the literature, and it has already been generalised to the concept of a
€o(X)-Banach algebra, see [Bla96]. Here, we define it by introducing first what a
€o(X)-Banach space is:

A €y (X)-Banach space is by definition a non-degenerate Banach € (X )-module,
where non-degeneracy means that €y(X) - E is (dense in) E. If E and F are €y(X)-
Banach spaces, then we take the bounded linear €y (X )-linear maps from E to F as
morphisms from E to F. We are going to denote the morphisms from E to F' by
LX) (E, F).

If E is a Banach space, then EX = €, (X, E) is a €y(X)-Banach space with the
canonical action of €y (X).

Definition 2.1. A €(X)-Banach algebra B is a Banach algebra B which is at the
same time a €y (X )-Banach space such that the multiplication of B is €y (X)-bilinear.

A homomorphism of €y(X)-Banach algebras ¢: A — B is simply a continuous
€o(X)-linear homomorphism ¢ of algebras.
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Let E be an upper semi-continuous field of Banach spaces over X (see [Laf06]).
Consider 'y (X, E), the space of all sections of £ which vanish at infinity. The Banach
space ['g(X, E) carries a canonical action of €y (X ) making it a €y (X )-Banach space.

Conversely:

Definition 2.2. Let E be a €y(X)-Banach space. For all x € X, the quotient Banach
space Ex = E/(Co(X \{x})E) is called the fibre of E over x; it comes with a natural
quotient map £ 3 e > e, € E,.

One can regard §(E) := (Ex)xex as an upper semi-continuous field of Banach
spaces over X. Let us denote the €y (X )-Banach space I'o(X, F(E)) by &(E) and
call it the Gelfand transform of E. There is a canonical contractive linear map (g
from E to &(E) which sends every e € E to the section x +— e, € E,. Sadly
enough, (g needs neither be injective nor surjective, we only know that it has dense
image; we do nothave £ = I'g(X, §(E)) in general. The linear map ¢g is isometric
(and therefore an isomorphism) if and only if the €y (X )-Banach space E is what is
called locally €y(X)-convex, i.e., for all y1, y2 € €o(X), x1. 62 =0, xy1 + y2 <1
and all e, e, € E we have

lx1e1 + xzezll = max{ller . flez]}:

see [Gie82] and also Appendix A.2 of [ParO7].

If E is an upper semi-continuous field of Banach spaces over X, then I'g(X, E)
is automatically locally € (X )-convex. Actually, £ — T'g(X, E) defines an equiva-
lence of categories between the category of upper semi-continuous fields of Banach
spaces over X and the category of locally €y (X )-convex €y (X )-Banach spaces, the
inverse functor being F( - ). Therefore the functor E + &(E) on the category
of €y(X)-Banach spaces has its values in the subcategory of locally €y (X )-convex
€o(X)-Banach spaces. It is a projector in the sense that & (& (E)) is naturally iso-
morphic to G (E).

The functors & () and & (-) can also be applied to €y (X )-Banach algebras; the
fact that underlies this observation is that §( - ) and & ( - ) are compatible with the
(fibrewise) tensor product of upper semi-continuous fields of Banach spaces over X
and the €y (X)-tensor product of €, (X )-Banach spaces; this can be proved using the
result that the €y (X )-tensor product of locally €, (X )-convex spaces is again locally
Co(X)-convex, see [Par08].

So if we have a €y(X)-Banach algebra A, then we can form an upper semi-
continuous field F(A) of Banach algebras over X and a €y(X)-Banach algebra
&(A) = Ty(X,%(A)), and a €y(X)-Banach algebra A is called locally €y(X)-
convex if and only if the underlying €y (X )-Banach space is locally €y (X )-convex,
and this is the case if and only if the canonical homomorphism t4: A — & (A) is an
(isometric) isomorphism of Banach algebras.
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3. The spectral radius in €y (X)-Banach algebras

In this section, we analyse to what extend the spectral radius of an element of a
€o(X)-Banach algebra is determined by its fibrewise spectral radii. If A is a Banach
algebra, then we write p4(a) for the spectral radius of a € 4 in A.

3.1. A formula for the spectral radius. In this paragraph, let A be a €y(X)-Banach
algebra.

Lemma 3.1. Forall xg € X, foralla € A and all € > 0 there is a neighbourhood
V of xo in X such that for all y € €.(X) with0 < y < 1 and supp y C V we have

lxall < llax, |l + &

Proof. Let xg € X,a € A and ¢ > 0. Recall the following formula of Varela (see
[Var74]; it also follows from Lemme 1.10 of [Bla96] or Lemma 4.2.6 of [Par07]):

lax,ll = inf{||xal : y € €(X)IV S Xopen: xly =1,0< y <1, xo € V}.

In particular, we can choose a y' € €.(X)suchthat0 < ¥’ < land Yy = lona
neighbourhood V' of x¢ and such that || y'a|| < |lax,|l + &. Let y € €.(X) be such
that 0 < y < 1 and supp y C V. Then yy’ = y and hence

Ixall = llxx'all < lIxlloollx'all < laxyll + & O

Lemma 3.2. Foralla € A, all xo € X and all ¢ > 0 there exists a neighbourhood
V of xo such that for all y € €.(X) with0 < y <1 and supp x C V we have

/OA(Xa) =< PAXO (axo) + e.

Proof. Leta € A, xo € X and ¢ > 0. Find a k € N such that [a% ||V/* <

Pax, (dxy) + € /2. Apply Lemma 3.1 to the element a* of A to find a neighbourhood
V of x¢ such that

Ixa IME < (lak | + §Y)M* < llak 1Y% + £

for all functions y’ € €.(X) with0 < ¥’ < landsupp y' C V. Let y € €.(X) such
that 0 < y < 1 and supp y € V. Then using the above inequality for ¥’ = y* we
obtain

pa(xa) < | *a*IIM* < Nk 15 + § < pa, (ax,) +&. O

Lemma 3.3. Let y, y' € €.(X) suchthat 0 < y < y'. Leta € A. Then ||ya| <
I x'all
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Proof. Find a function y” € €.(X) such that0 < y” < 1 and y” = 1 on the support
of y. Lets > 0. Then y’ + ¢y” satisfies y < y’ + ¢x”. Moreover, we have that

X (x)
1/ (x) +ex”(x)

defines a continuous function on the open set {x’ € X : y”(x’) > 0}, and we have
x(x) = 0 for all x in the open set X \ supp x. So defining

8(x) := {% %f X' (x) >0,
0 if x(x) =0
for all x € X defines a function § € €.(X) such that 0 < < 1. We have
(' +ex")a = ya
and hence

Ixall = 18G¢" + exMall < [8lleoll (X" + exMall = lIx'all + ellal.

Because this is true for all ¢ > 0, we can conclude that || ya|| < || x'a|. O
Theorem 3.4. For every a € A, the function

X pa,(ay)

is upper semi-continuous and vanishes at infinity. If X is second countable, then
pa(a) = max pa, (ax)
xeX
forall a € A.

Proof. For the first assertion, leta € A, let xo € X and let ¢ > 0. Find a neighbour-
hood V of x¢ as in Lemma 3.2. Let y € €.(X) besuchthat0 < y < 1,suppy C V
and y = 1 on a neighbourhood U of x¢. Let x € U. Then

pay(ax) < pa(xa) < pay,(ax,) + ¢

follows from (ya)x = ax and from Lemma 3.2. From this we see that x = pg4,. (ax)
is upper semi-continuous. From p4,(ax) < |lax| for all x € X it follows that
X — p4, (ax) vanishes at infinity because x — ||a,|| does.

Now for the second assertion. We first reduce to the case that X is compact.
Consider the one-point compactification X *. The €y(X)-Banach algebra A is also
a €(X T)-Banach algebra with A, = {0}. We therefore have p,+ (a) = pa(a) and
max,cy+ P4, (ax) = maxyex pa,(ax) foralla € A. If X is second countable,
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then X is compact and metrisable. Hence it suffices to consider the case that X is
compact and metrisable.
So let X be a compact metric space. Let a € A. Define

m = max p4, (ax).
xeX

We show that pg(a) < m + ¢ forall ¢ > 0.

Lete > 0. For all x € X find an (open) neighbourhood V, as in Lemma 3.2 for
a, ¢ and x. Then (Vy)xex is an open covering of X . Find a finite subset S of X such
that (Vs)ses is also a covering of X. Find some § > 0 such that every subset of X
of diameter less than § is contained in one of the sets V. Find a finite refinement U
of {Vs : s € S} (i.e. a finite set of open subsets of X which covers X and such that
every element of U is contained in a V) such that every element of U has diameter
less than 6/2 (to produce such a refinement first take any open cover of X by sets of
diameter less than §/2, find a finite subcover; this finite subcover is automatically a
refinement of {V; : s € S}).

Define & := {A € U : [ A # @}. This is a finite (combinatorial) simplicial
complex. Note that | J A has diameter less than § for all A € N, so [ J A is contained
ina Vs withs € S.

Let (xu)vey be a continuous partition of unity subordinate to the finite cover U.

If A € N, then ya := ) yea xu satisfies 0 < ya < 1 and is supported in a set
Vs with s € S, hence

pA(xaa) < pa,(as) +&e<m+e. (1
Ifxe X, thenAy :={U e U:x € U}isin N. Soforall x € X:

Yoxvx)=1= > yux) = ya,(x)

UeU UeAy

In particular, we have

L=< ¥ (xra))f

AEN
for all k € N and x € X. It hence follows from Lemma 3.3 that

la*l = 3 [l(xa)¥a¥|
AeN

for all k € N. It follows that
1/k
la*IM* < (X lItraa) 1)
AeN

for all kK € N. The left-hand side approaches p4(a) if k& — oo, the right-hand side

converges to
(1)
max a) < m E.
max pa(yaa) < m+
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So we have shown that
pala) <m+e

forall e > 0, so p4(a) < m. (]

3.2. Consequences of the spectral radius formula. We can now prove Theorem 1.1
which we restate here for the reader’s convenience (in a slightly more precise version).

Theorem 3.5. Let A and A’ be €y(X)-Banach algebras and let 9. A — A’ be a
Co(X)-linear contractive homomorphism of Banach algebras.  Suppose that
@x: Ax — Al is spectral for all x € X and that X is second countable. Then
@ is a spectral homomorphism. Moreover, if ¢y is dense for all x € X, then ¢ is
dense, too, and ¢ : K«(A) — K« (A') is an isomorphism.

Proof. If a € A, then by Theorem 3.4,

par(p(@)) = max py (p(a)x ) = Max py, (ax) = pa(@).
X€ —— xeX

=@y (ax)

So ¢ is spectral.

Now assume that ¢(A) is fibrewise dense in A’.

We first consider the case that A’ is locally €y (X )-convex (see the discussion in
Section 2). The space ¢(A) is not only fibrewise dense in A’, but also invariant under
€p(X), so it is dense in A’ by the Stone—Weierstrass Theorem for locally €y (X)-
convex €y(X)-Banach spaces (an early variant of this is Theorem 7.9 of [Hof72];
see also Proposition 2.3 in [DG83]). Hence ¢ is an isomorphism in this case.

Now let A’ be arbitrary and let 14/ : A" — & (A’) be the canonical homomorphism
of A’ into its Gelfand transform & (A") (compare Section 2). By construction, ¢4
is a fibrewise isomorphism and & (A’) is locally €y (X )-convex. In particular, ¢4/
is an isomorphism in K-theory by the preceding part of the proof. Also t4’ o ¢ is a
fibrewise homomorphism into & (A"), so it is an isomorphism in K-theory, too. So ¢
is an isomorphism in K-theory as well. O

We have shown and used the following fact in the proof of the preceding propo-
sition, but it is certainly worth to be stated explicitly (it is analogous to a theorem
by Arens, Eidlin and Novodvorskii for the Gelfand transformation of commutative
Banach algebras, see [Bos90], Theorem 1.3.2, or [Tay76], Section 7.5):

Corollary 3.6. Let X be second-countable. Let A be a €y(X )-Banach algebra and
let & (A) be the Gelfand transform of A (in the sense introduced in Section 2). Then
the canonical map from A to &(A) is a fibrewise isomorphism and therefore an
isomorphism in K-theory:

Ky (4) = Ky (G (A)).
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As another consequence of the spectral radius formula, we recover Proposition 2.8
of [Bla96] (at least for second countable X):

Corollary 3.7. Let X be second-countable. Let A be a €o(X)-C*-algebra. Then
lall = maxyxex |laxlla, foralla € A.

Proof. Also the fibres of A are C*-algebras, and we can conclude that

2 * * * * 2
a = ||a aj| = a a) = max a.a = max ||a,d = max ||a .
lal® = lla*all = pa(a*a) = max py, (atax) = max a%ax]a, = max ax]3,

O

4. Monotone completions and their fibres

4.1. Definition. In [Laf02] and [Laf06], the notion of an unconditional completion
was introduced which is a special case of what we propose to call a monotone com-
pletion. Already the article [Laf02] provides us with some interesting examples of
monotone completions which are not unconditional completions.! The difference
simply is that an unconditional completion is required to carry a product making it a
Banach algebra whereas an unconditional completion is a Banach space without any
product.
Let Y be a locally compact Hausdorff space.

Definition 4.1. A semi-norm || - || ¢ on €. (Y) is called monotone if, for all ¢1, ¢, €
€. (Y), the following condition holds:

o1V < le2()) = lleillge < llg2llse forally € Y. 2

Let #(Y) denote the (Hausdorft-)completion of €.(Y) with respect to this semi-
norm; this Banach space is called a monotone completion of €.(Y).

For the rest of this section, let J(Y') be a monotone completion of €.(Y).
For technical reasons and as for unconditional norms, we extend monotone norms
to a larger class of functions on Y':

Definition 4.2. Let #.(Y) be the set of all (locally) bounded functions ¢: ¥ — R
with compact support. Let .7 (Y) be the set of elements of #.(Y) which are non-
negative. Define

lellge := inf{[[¥llze : ¥ € C(Y), ¥ = ¢}
forall p € F7(Y).

"For example H?(G, A) defined after Lemme 1.6.5 or the “normalised” completions ano}{n (G, A)
appearing in 4.5.



144 W. Paravicini

Note that, by property (2), the new semi-norm agrees on € (Y) with the semi-
norm we started with. For all g1, 2,9 € .7 (Y) and all ¢ > 0, we have

(1) o1+ @2 € FH(Y)and |lo1 + @2l < llo1llae + ll@2llse;
(2) co € FF(Y)and [l = cllolle:
(3) if 1 =< @2, then [l@1]l5 < ll¢2]l5-

Hence we can use the extended semi-norm to define a semi-norm on sections of
u.s.c. fields of Banach spaces.
For the rest of this section, let E be a u.s.c. field of Banach spaces over Y .

Definition 4.3. We define the following semi-norm on I'. (Y, E):

I€llge == NIy = IEW £, Nl 5¢-

The Hausdorff completion of I'; (Y, E') with respect to this semi-norm will be denoted
by H(Y, E).

Note that the function y +— |&(y)|| appearing in the preceding definition is not
necessarily continuous. However, it has compact support and is non-negative upper
semi-continuous, so we can apply the extended semi-norm on %, (Y) to it.

If E is the trivial bundle over Y with fibre Eg, then I'.(Y, E) is €. (Y, Eg). The
completion # (Y, E) of €.(Y, Egy) could hence also be denoted as H# (Y, Ey) and
might be considered as a sort of tensor product of #(Y) and Ey. If in particular
Eo=C,then #(Y,E) = H(Y,C) = H(Y).

Definition 4.4. Let I be another u.s.c. field of Banach spaces over Y and let T be a
bounded continuous field of linear maps from E to F. Then & +— T o £ is a linear
map from [ (Y, E) to T (Y, F) suchthat |T o&|lg < ||T| |1€]l5¢. Hence T induces
a canonical continuous linear map from J# (Y, E) to (Y, F) with norm < || T|.

This way, we define a functor from the category of u.s.c. fields of Banach spaces
over Y to the category of Banach spaces, which is linear and contractive on the
morphism sets.

Note that the canonical map from . (Y, E) to # (Y, E) is continuous if we take the
inductive limit topology on I'¢ (Y, E) and the norm topology on # (Y, E). It follows
that, if a subset of I'. (Y, E) is dense in I'. (Y, E) for the inductive limit topology,
then its canonical image in (Y, E) is dense for the norm topology.

4.2. A more precise formulation of Theorem 1.2. lLet 7;: ¥ x X — Y and
mp: Y x X — X be the canonical projections. Note that 7fE = (E))(y,x)eyxx
is an upper semi-continuous field of Banach spaces over Y x X. The pushforward
71« (7 E) is an upper semi-continuous field over Y, the fibre over y € Y being iso-
morphic to £, X = €y(X, E, ). We denote this pushforward by EX = (£, X)yey.
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We form the Banach space # (Y, EX) and compare it to Co(X, H (Y, E)) =
H (Y, E)X. Note that there is a canonical contractive linear map ¢ from J# (Y, EX)
to H(Y,E)X.

The second space is actually a €o(X )-Banach space. If x € X, then the fibre of
H (Y, E)X over x is canonically isomorphic to # (Y, E). On the other hand, there is a
canonical contractive linear map e, from # (Y, EX) to #H (Y, E): If evf denotes the
canonical evaluation map at x from EX to E, then e, = # (Y, evE). The following
diagram commutes:

H(Y, EX) —“= J(Y, E)X

\ i H(Y,E)
evy

JH (Y, E).

Note that there is a canonical €y (X )-structure on K (Y, EX): If £ e ['.(Y, EX) and
x € €o(X), then (x&)(y) := x-&(y) forall y € Y; to interpret this formula note
that £ (y) is contained in the fibre (EX), of EX over y € Y which is isomorphic to
€o(X, Ey) (as mentioned above), hence there is a canonical product between € (X)
and (EX),. The linear map ¢ is clearly € (X )-linear and hence it induces a canonical
homomorphism ¢, from the fibre # (Y, EX) to (K (Y, E)X)x = H (Y, E) for every
x € X. We can hence extend the above diagram to the following commutative square

H(Y,EX) —“ > J(Y, E)X

ex
nxi \ \LCV:Z“Y'E)

Jf(Y, EX)x ? J{(Y, E),

where we write m, for the canonical projection which maps f € H(Y, EX) to
fe e H(Y, EX)y.
So a more precise formulation of Theorem 1.2 is:

Theorem4.5. Forallxg € X, themap iy,: H (Y, EX)x, — H (Y, E) isanisometric
isomorphism.

Proof. Letxg € X. Because ((I': (Y, EX)) is dense in #H (Y, E) X, we know that ¢,
has dense image. Hence it suffices to show that ¢, is isometric. We now show:

For all f € #(Y, EX) and all ¢ > O there is a function y € €.(X) such that
0 <y <1, x(x0) = 1, and such that

xS llse < llexo (F)llse + e

This is sufficient because tx, (fx,) = ex,(f) and fx, = (x.f)x,» Which implies that

lex (fxo) | = 1 xoll = G )xol = xS Nl e < lexo (Fllae + & = lltxg (fo) Il + &
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If we prove this for arbitrary ¢ > 0, then we have shown that ¢, is isometric (note
that the first inequality follows from the fact that ||¢x, || < [|¢]| < D).

We first treat the case that /' € I'c(Y x X, 77 E) C I'c(Y, EX). Let e > 0. The
set K := mi(supp f) C Y is compact. Let U be a compact neighbourhood of K
in Y. Because #(Y) is a monotone completion of €.(Y'), we can find a constant
C > Osuchthat ||€||# < C||§||o for all £ € €.(Y) such that suppé& C U.

Because (y, x) = || f(y.x)— f(¥. Xo0)|l £, is upper semi-continuous and vanishes
on the compact set K x {x¢}, we can choose a neighbourhood V' of x¢ in X such that

sup [ f (. x) = f(y.x)lE, < E-
(y,x)eKxV

Let y € €.(X) be a function such that 0 < y <1, y(x9) = l and supp y C V.
Choose a function §xg € €.(¥) such that 0 < ¢ < 1, §k = 1 on K and
suppdx € U. Forall y € K we have

sup X)) f (. )| = sup Ix @) f (. 0 = sup (DACZED]
< sug(llf(y,X) — S x0) [ + 1/ (v, x0) D)

< £, x0)ll + &8k (¥),

A

and for y € Y \ K we have

sup [xC) f(y. )| =0 = || f(y. x|l + &Sk ().

Because |0k || < C, we have
Ixfllge =Ny — sup Ix ) f . Mlge < My = I1Lf s xo)ll + 568k () 115
xe

<y = I/ . xo)lllse + Elldxllge < llexo ()llze + &

We now treat the general case, so let f be an arbitrary element of # (Y, EX). Let
€ > 0. Then we can find an " € Te(Y x X, n{E) such that || f — f’||% < &/3.
Note that this also implies ||ex, (f) —ex,(f') ||l # < /3. By the first part of the proof
we can find a function y € €,(X) suchthat0 < y <1, y(xo) = 1 and

s llse < llexo(f)llse + 5

Now

xS llae < 1 f e + 5 < llexo(f)le + 5 =< llexo (F)llse +e. O
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