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Let § be a proper locally compact Hausdorft groupoid with unit space X and assume
that § carries a Haar system. In [Tu99], the following C*-algebraic theorem is proved,
which reduces to the classical Green—Julg theorem if g is a compact group.!

Theorem (Tu). If'§ is o-compact and proper and if B is a §-C*-algebra, then there
is a canonical isomorphism

KKg(Co(X), B) = KKy/g(Co(X/9), B %, §). )

In order to translate this theorem into the setting of Banach algebras, we choose
the language of V. Lafforgue’s bivariant K-theory KK, introduced in [Laf02] and
[Laf06]. More precisely, we proceed as follows:

* We replace the §-C*-algebra B by a §-Banach algebra, so the left-hand side of
(1) should then be replaced by? KK?ln (Co(X), B).

¢ The crossed product of B with § is replaced by A(§, B), where A(¥) is some
unconditional completion of €, (€) as, for example, L!(§).

! Actually, Proposition 6.25 of [Tu99] is more general than cited here: It allows C*-algebras in the first
variable that are of a more general form. We confine ourselves to “trivial” coefficients in the first variable.
Note that this theorem of Tu also generalises Theorem 5.4 in [KS03].

2Actually, it should be replaced by KK%:"(Cx , B) where Cx denotes the constant field over X with
fibre C. We will sometimes identify €y (X ) and Cx to obtain statements of theorems which look familiar.
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* For technical reasons, we do not use KK}’;‘/“g on the right-hand side but a variant
called RKK" which is defined in the first section of this article.

This way, we obtain the following conjecture:

Conjecture. If G is proper, if B is a §-Banach algebra and if A(§) is an uncondi-
tional completion of €.(§), then there is a canonical isomorphism

KKE"(€(X), B) = RKK™"(€o(X/9); €o(X/§), A(G, B)). 2)

Note that the right-hand side reduces to Ko(4(§, B)) if X/§ is compact, see
Corollary 1.9.
We show this conjecture under some regularity conditions:

e Firstly, B should be a non-degenerate §-Banach algebra, i.e., the span of BB
is dense in B. It is conceivable that this condition can be removed but the price
one has to pay is the technical challenge of adapting the definition of KK®*" and
its variants to make it suitable also for degenerate Banach algebras.

¢ Secondly, we want § to carry a cut-off function (which is automatic if X /§ is o-
compact). The first two conditions allow us to define a canonical homomorphism
J j from the left-hand side to the right-hand side of (2).

 Thirdly, to show that this homomorphism J f is bijective, we need to impose
some conditions on the unconditional completion A(§):

— If we let the unconditional completion 4 (&) be regular (this notion will
be explained in Section 4.3; the completion L! () and its symmetrised
version L' (§) NL!(&)* are regular), then we are able to define a canonical
homomorphism from the right-hand side to the left-hand side of (2) and
show that J f is split surjective.

— For split injectivity, we need that A () satisfies some additional regularity
condition (which is true if A(§) equals L (£) or its symmetrised version).
The proof of the injectivity part is only sketched in this article, and the
reader is referred to [Par07] for the details.

— Itis conceivable that one can show that the right-hand side is independent
of A(¥), which would settle the conjecture without any conditions on
A(9). We have partial results in this direction, for example, in the case
that § = G x X, where G is a locally compact group acting properly
and co-compactly on a locally compact space X, see Corollary 2.5 and
Proposition A.2.

Note that, already from the surjectivity part of the generalised Green—Julg Theo-
rem, it is possible to deduce the split surjectivity of the Bost assembly map for proper
Banach algebra coefficients as carried out in [Par13b].

In the first section of this article, we introduce a variant RKKP™ of KK" for
Banach algebras which carry an action of €y(X), where X is a locally compact
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Hausdorff space. This theory serves as a recipient for the descent homomorphism
and also appears on the right-hand side of the generalised Green—Julg theorem. It
has the feature that if X is compact, then

RKKE"(€(X); A ® €(X), B) = KK¥"(4, B).

The second section introduces the main theorem in more detail, outlines the proof
and gives some corollaries.

The third section makes some useful tools and concepts available for the proof of
the main theorem, e.g., cut-off pairs (a refinement of cut-off functions) and monotone
completions (a refinement of unconditional completions).

The fourth section contains the actual proof of the generalised Green—Julg theo-
rem.

In an appendix, the dependence of K. (A(¥, B)), for proper ¥, on the uncondi-
tional completion A4 () is studied.

Most of the results of this article are contained in the doctoral thesis [Par07],
which comprises full proofs and all technical details; I would like to thank my Ph.D.
supervisor Siegfried Echterhoff. I also thank Vincent Lafforgue, who has drawn my
attention to the study of the Bost conjecture for proper Banach algebra coefficients,
for his helpful advice. This research has been supported by the Deutsche Forschungs-
gemeinschaft (SFB 478).

Notation. All Banach spaces and Banach algebras that appear in this article are
supposed to be complex. References which explain the necessary notation and the
concepts to understand Banach algebras that carry actions of groupoids are [Laf06]
and [Par(9a].

1. €y(X)-Banach algebras and RKK"*"-theory

Let X be a locally compact Hausdorff space. The notion of a €y(X)-C*-algebra is
well-known in the literature, and it has already been generalised to the concept of
a €p(X)-Banach algebra, see [Blan96]. For €, (X )-C*-algebras, there is a natural
variant of KK-theory called RKK. This section is dedicated to the development
of an analogous theory for €y(X)-Banach algebras. This can be thought of as an
intermediate step between KK for ordinary Banach algebras as defined in [Laf02]
and the variant of KK®*" for fields of Banach algebras as defined in [Laf06].

The starting point for our definition of RKK is the following observation: If A
and B are €y(X)-C*-algebras and (E, T) is a cycle for RKK(€o(X); 4, B), then E
carries a canonical action of €y(X) defined through the identification £ =~ E ®p B,
just let €y(X) act on the second factor. This action is the unique action of €y(X)
on FE that is compatible with the module action of B. The usual condition on an
RKK-cycle, namely that (ya)(eb) = (ae)(yb) foralla € A, e € E, b € B
and y € €y(X), then just means that the actions of €y(X) on A and E should be
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compatible. So £ is what could be called a €y (X )-Hilbert A- B-module. The corner
stone for the definition of KKK should hence be the notion of a € (X )-Banach A-
B-pair (if A and B are €, (X )-Banach algebras). The fundamental notion underlying
all this is a notion of a €y (X )-Banach space, which turns out to be rather simple:

1.1. €p(X)-Banachspaces, €y (X )-Banach algebras, etc. A €y(X)-Banach space
E is by definition a non-degenerate Banach €y (X )-module, where non-degeneracy
means that €y(X) - E is (dense in) E. If E and F are €(X)-Banach spaces, then
we take the bounded linear €y (X )-linear maps from E to F' as morphisms from E
to F. We are going to denote the morphisms from E to F by LX) (E, F).

If E is a Banach space, then EX = €y (X, E) is a €y(X)-Banach space with the
canonical action of €y (X).

Let £y and E; be €y(X)-Banach spaces. Let E1 x E; be the product Banach
space (with the sup-norm). Then E; x E5 is a €y (X )-Banach space with the obvious
product action. Similarly, there is a notion of the sum E; & E, of €y(X)-Banach
spaces E1 and E; using the sum-norm. It is compatible with the €y(X)-tensor
product that we are going to define below. Let F' be another €, (X )-Banach space.
A C-bilinear map u: E; x E; — F is called €y(X)-bilinear if p is €y (X)-linear in
every component. There is a universal space £y ®¢,(x) E2 for continuous €y (X)-
bilinear maps on Eq X E5, called the €y (X )-tensor product. It can be constructed as
a quotient of the projective tensor product £; ®”" E, and is itself a €y (X )-Banach
space in an obvious way.

Definition 1.1. A €y(X)-Banach algebra B is a Banach algebra B which is at the
same time a €y (X )-Banach space such that the multiplication of B is €y (X)-bilinear.

A homomorphism of €y(X)-Banach algebras ¢: A — B is simply a contractive
€o(X)-linear homomorphism ¢ of algebras.

For the rest of Section 1.1, let A, B and C be €y(X)-Banach algebras.

We define the fibrewise unitalisation of B to be B @ €y(X). The norm on B &
€ (X) is the sum-norm and multiplication is given by (b, ¢) - (¢, ¥) := (bc + ¥b +
pc,py)forallb,c € B,p, ¥ € € (X). Inthe theory of €y (X )-Banach algebras, the
fibrewise unitalisation is the adequate substitute for the ordinary unitalisation, e.g., it
should be used in the definition of pushouts along homomorphisms of €y (X )-Banach
algebras. We will not stress this technical point in what follows.

A €y(X)-Banach B-module is a Banach B-module E which is at the same
time a €y(X)-Banach space such that the module action is €y(X)-bilinear. We
define €y (X )-Banach B-C-bimodules analogously. Let E, F be €,(X)-Banach B-
modules. Then we write LSO(X) (E, F) for the subspace of Lp(E, F) of operators
which are also €y(X)-linear. Note that if E is a non-degenerate Banach B-module,
then all elements of Lp(E, F') are automatically €y (X )-linear.

There is also an obvious notion of homomorphisms with coefficient maps between
€o(X)-Banach modules, compare the definition in [Par09b].
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Let E be a right €y(X)-Banach B-module and let F be a left €y(X)-Banach
B-module. The balanced €y(X)-tensor product E ®§°(X) F of E and F over B
is defined to be the universal object for the B-balanced €y (X )-multilinear maps on
E x F. It can be obtained by taking £ ®p F and dividing out elements of the form
ep ® f —e ® ¢f. Note that if E or F is B-non-degenerate, then it is not hard to
show that the usual balanced tensor product and the balanced €y (X )-tensor product
agree: E ®g°(X) F=E®pF.

The pushout along homomorphisms of €y (X )-Banach algebras is defined as in
the ordinary case, compare [Laf02], p. 12, but using the fibrewise unitalisation defined
above. It has the expected (functorial) properties.

Definition 1.2. Let B be a €y(X)-Banach algebra. A €y(X)-Banach B-pair E
is a B-pair E such that E= and E~ are €y(X)-Banach B-modules and such that
the inner product is €y (X )-bilinear. If A is another €y(X )-Banach algebra, then a
Banach A-B-pair E is a €y(X)-Banach A-B-pair if it is a €y(X)-Banach B-pair
and the actions of A on E= and E~ are €, (X)-bilinear.

For example, if B is a €y(X)-Banach algebra, then (B, B) is a €y(X)-Banach
B-pair.

Let E and F be €y(X )-Banach B-pairs. Then anelement 7 of L (E, F) is called
Co(X)-linearif T= and T~ are €y(X)-linear. The subspace of all €y (X )-linear maps
in Lg(E, F) is denoted by LS°X)(E, F).

The definitions of concurrent homomorphisms with coefficient maps between
€o(X)-Banach pairs, the €y(X)-tensor product of €y(X)-Banach pairs and the
pushout of €y (X )-Banach pairs along homomorphisms of €, (X )-Banach algebras
are the obvious variation of the corresponding definitions for ordinary Banach pairs,
requiring all maps to be €y (X)-linear (compare the discussion for Banach modules
above).

Proposition 1.3. Let E and F be €y(X)-Banach B-pairs. Then Kg(E, F) is always
contained in Lg‘)(x) (E, F), i.e., €y(X)-linearity is automatic for compact operators.

Proof. Let f~ € F” and e~ € E~. Let T := |f~)}e~|. To show that T~ is
€o(X)-linear let e € E~ and ¢ € €o(X). Then

T7(pe”) = f7(e".pe”) = fT(ple=.e7) = o(f (e, e7)) = T (e7).
Similarly one shows that 7= is €y(X)-linear. Now the set of all €y(X)-linear ele-

ments in Lp(E, F) is a closed subspace, so it contains the whole of Kz (E, F). [

It is easy to see that Kg(E, F) is a €y(X)-Banach space and that the canonical
bilinear map from F~ x E= to Kg(E, F) is €y(X)-bilinear. If G is another €y(X)-
Banach B-pair, then the composition of elements of Kp(F,G) and Kp(FE, F) is
€o(X)-bilinear. In particular, Kg(E) is a €y (X )-Banach algebra.
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Definition 1.4. Let £ and F be €y(X)-Banach B-pairs. Then T € Lp(E, F) is
called locally compact if yT is compact for all y € €o(X).

Note that it suffices to check yT € Kg(E, F) for all y € €.(X). Note also
that locally compact operators are automatically €y (X )-linear. The bounded locally

compact operators form a closed subset of LgO(X) (E, F).
1.2. RKKYE"(€o(X); 4, B)

1.2.1. Gradings and group actions. A graded €y(X)-Banach space is a €y(X)-
Banach space E endowed with a grading automorphism commuting with the €, (X)-
action.

Let G be alocally compact Hausdorff group that acts continuously on X . Note that
€ (X) isa G-Banach algebra when equipped with the G-action (g y)(x) := x(g~'x),
X E€EC(X),g€G,x € X. AG-Cy(X)-Banach space is a G-Banach space E which
is at the same time a €y (X )-Banach space such that the actions of G and €y (X) are
compatible in the following sense:

g(xe) = (gx)(ge), xe€C(X), geCG, eck,

i.e., the product €y(X) x E — E is G-equivariant.

From these definitions we also get an obvious definition of a graded G-€,(X)-
Banach space. Taking this as a starting point one can define graded G-€y (X )-Banach
algebras and graded equivariant homomorphisms between them, graded G-€o(X)-
Banach pairs, etc.

1.2.2. Definition of eRKKI&*‘“ (€o(X); A, B)

Definition 1.5. Let A and B be G-€y(X)-Banach algebras. Then the class
[Etg‘“(fo (X); A, B) is defined to be the class of pairs (£, T') such that E is a non-
degenerate graded G-€y(X)-Banach A-B-pair and, if we forget the €y (X )-structure,
the pair (E, T') is an element of [EE';‘“(A, B). Note that T in the definition is automat-
ically €y (X)-linear because E is non-degenerate.

The constructions one usually performs with KK-cycles are obviously com-
patible with the additional €y (X )-structure, so we can form the sum of KK®*-cycles
and take their pushout along homomorphisms of G-€ (X )-Banach algebras. We also
have a €y (X)-linear notion of morphisms of KK *-cycles, giving us a €y (X )-linear
version of isomorphisms of KK®*-cycles. Hence also the notion of homotopy makes
sense in the €y (X)-setting so we can formulate the following definition:

Definition 1.6. The class of all homotopy classes of elements of [Elz;‘“ (Co(X); A, B)is

denoted by RKK%‘“ (€o(X); A, B). The sum of cycles induces a law of composition
on JRKK?;Z‘“ (€o(X); A, B) making it an abelian group.
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The fact that the composition on :RKK?’;‘“(E’O(X ); A, B) has inverses can be
proved just as in the case without the €y (X )-structure, i.e., Lemme 1.2.5 of [Laf02]
and its proof are compatible with the additional €, (X )-module action. There is an
obvious forgetful group homomorphism

RKKZ"(€y(X); A, B) — KK¥"(4, B).

1.3. Comparison with the KK"*"-theory for fields of Banach algebras. Let € be
a locally compact Hausdorff groupoid with unit space X. In [Laf06], V. Lafforgue
has introduced an equivariant KK"-theory for §-Banach algebras. A §-Banach
algebra is, in particular, an upper semi-continuous field of Banach algebras over X .
If A is such a field, then one can consider 'y (X, A), the space of all sections of A
which vanish at infinity. The Banach algebra I'g(X, A) carries a canonical action of
€o(X) making it a €y(X)-Banach algebra. However, it is not clear how to find an
elegant way to model a general §-action on A on the level of elements of I'g(X, A).
Nevertheless, it is rather straightforward in the case that § = G x X where G is a
locally compact Hausdorff group acting on X. In this case, ['o(X, A) is a G-€y(X)-
Banach algebra in a canonical fashion. We have the following result whose proof can
be found in [Par07], Section 4.7.

Proposition 1.7. Let A and B be G x X -Banach algebras. Then there is a canonical
isomorphism

KKY0 (A, B) = RKKE"(€o(X); To(X, A), To(X, B)).

Conversely, start with a G-€( (X )-Banach algebra +. For all x € X, the quotient
Banach algebra A, = A/(€o(X \{x})A) iscalled the fibre of A over x; it comes with
a natural quotient map 4 3 a — a, € 4Ay. One can regard F(A) := (Ax)xex asa
G x X -Banach algebra. Let us denote the G-€y(X )-Banach algebra [y (X, §(4)) by
& () and call it the Gelfand transform of #. There is a canonical homomorphism
L4 from oA to & (A) which sends every a € s to the section x = ay € #A,. Sadly
enough, ¢4 needs neither be injective nor surjective, we only know that it has dense
image; we do not have A =~ ['o(X, F(A)) in general. The homomorphism ¢4 is
isometric (and therefore an isomorphism) if and only if the €, (X )-Banach algebra
s is what is called locally €y(X)-convex, i.e., for all y1, y2 € €o(X), 1. x2 > 0,
X1+ x2 <landalla;,a, € A we have

lx1ar + xzaz| < maxflai], [laz|};

see [Gie82] and also Appendix A.2 of [ParO7].

If Aisa G x X-Banach algebra, then I'g(X, A) is automatically locally €y (X)-
convex. Actually, A — I'g(X, A) defines an equivalence of categories between the
category of G x X-Banach algebras and the category of locally €y (X)-convex G-
€y (X)-Banach algebras, the inverse functor being F(-). The functor A4 > & () on
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the category of G-€y(X)-Banach algebras therefore has its values in the subcategory
of locally €y(X)-convex G-€y(X)-Banach algebras. It is a projector in the sense
that & (& (+4)) is naturally isomorphic to & ().

The functors (- ) and &( - ) can also be applied to G-€y(X)-Banach spaces,
G-€y(X)-Banach pairs etc. It is an interesting fact that F( - ) is multiplicative in the
sense that it intertwines the (fibrewise) tensor product of G x X -Banach spaces and
the €y (X )-tensor product of G-€(X )-Banach spaces; this can be proved using the
result that the €, (X )-tensor product of locally € (X )-convex spaces is again locally
€o(X)-convex, see [Par08].

If A and B are arbitrary G-€( (X )-Banach algebras, then it is possible to construct
a group homomorphism

RKKG" (€o(X): , B) — RKKG"(€o(X): & (4), &(B)).

It is not clear under which conditions this is an isomorphism if 4 and B are not
locally €y(X)-convex. A first result along these lines is proved in [Par13a] showing
that 4 and & (+) have the same (non-equivariant) K-theory.

To conclude, one can say that KK%an and RKKP™" agree on the (equivalent) cate-
gories of G x X -Banach algebras / locally €y (X )-convex G-€( (X )-Banach algebras,
but on the one hand, KK%an can be extended much further to Banach algebras which
carry actions of arbitrary groupoids, on the other hand, RKK®" can be extended
to G-€y(X)-Banach algebras which fail to be locally €y (X )-convex (and that such
algebras appear naturally is the raison d’étre for this theory).

A much more elaborate discussion of the two concepts can be found in Chapter 4
of [Par07].

1.4. Special case: X compact. We conclude this section by discussing how J%KK??“
reduces to ordinary KK'g‘“—theory if X is a compact space. To this end, let G be a
locally compact Hausdorff group and X be a locally compact Hausdorff space on
which G acts.

Proposition 1.8. Let A be a non-degenerate G-Banach algebra and let B be a non-
degenerate G-€y(X)-Banach algebra. If X is compact, then there is a canonical
isomorphism

RKKZ(€(X); A ® €(X), B) = KK¥"(4, B).

If we take A to be C with the trivial G-action, then A ® € (X) is isomorphic to
C(X):

Corollary 1.9. Let B be a non-degenerate G-€y(X)-Banach algebra. If X is com-
pact, then

RKKZ"(€(X);€(X), B) = KK¥"(C, B).
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This, together with Théoreme 1.2.8 of [Laf02], implies that if X is compact and G is
the trivial group, then

RKK™™(€(X);€(X), B) = KK"(C, B) = Ko(B).

Proof of the Proposition 1.8. First note that the projective tensor product A ® €(X)
is a non-degenerate G-€ (X )-Banach algebra so that !RKK?;‘“ (C(X);A®€E(X),B)
makes sense.

Now observe that there is a canonical forgetful homomorphism

RKKE(€(X); A ®€(X), B) - KK¥"(4 ® €(X), B).

Moreover, there is a canonical homomorphism j4 of G-Banach algebras from A to
A ® €(X), namely the map @ — a ® 1. This gives a group homomorphism from
KK¥"(A ® €(X); B) to KKE"(4, B). Let

K RKKE"(€(X); A ®€(X), B) - KK¥"(4, B)

be the composition of these two homomorphisms. We show that « is an isomorphism.

We first prove surjectivity: Let (E,T) € [Etéij“ (A, B). Instead of defining a €(X)-
structure on E, which we do not know how to do, we define a structure on the cycle
(E ®p B.T ®1) € E¥"(A, B), where E ®3 B = (B ®p E~,E~ ®3p B). Note
that (E @3 B, T ®1) = (E,T) ®p Mor'g‘“(ldg), so it is homotopic to (E, T'), see
[Par09b], Proposition 5.28 (5). On E~ ® g B we define a canonical € (X)-structure:
ife> € EZ and b € B and ¢ € €(X), then p(e” ® b) := ¢~ ® (pb). This
makes £~ ®p B aright G-€(X)-Banach B-module. We proceed similarly on the
left-hand side. It is easy to see that £ ®p B is a G-€(X)-Banach B-pair with this
€ (X)-action. The operator T ® 1 is clearly € (X )-linear (which is automatic anyway,
because £ ®p B is non-degenerate).

Now we have to define an actionof A ® €(X)on E ®p B: Ifa € A, y € €(X),
e” € E” and b € B, then we define (¢ ® y)(e” ® b) := (ae”) ® (xb). This gives
an action of A ® €(X) on E~ ®p B making it a G-€(X)-Banach A ® €(X)-B-
bimodule. A similar definition can be made for the left-hand side. We check that
A ® €(X) actson E ®p B by elements of Lp(E ®p B). Let therefore be a € A4,
x€€(X), e~ € E<,e” € E”and b=,b” € B. Then

(p=®e~. (a®y)(e” ®b7)) = (b= ®e~.(ae”) ® (xb7))
=b~(e=,ae”)(xb”)
= (yb~)(e“a,e”)b”
={(b"®e)a®y),e” ®b7).
By trilinearity and continuity of both sides, this equation can be extended from the

elementary tensors to all of A ® €(X), B ®p E~ and E~ ®p B. So E ®p B is
in [E'g“1 (€(X); A® €(X), B). Applying « to it means forgetting the € (X )-structure
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and reducing the 4 ® € (X)-action back to the A-action on E ®p B, so we are back
to where we started. Hence « is surjective.

The same argument shows that « is injective: Let (Ey, Tp) and (E1, T1) be el-
ements of the class [E'g‘“(f’(X); A ® €(X), B) such that k(Ey, Tp) and «(Eq, T1)
are homotopic in E%"(A, B). Find (E,T) € EZ"(€(X); A ® €(X). B[0,1]) such
that k(E,T) € [E%';‘“(A, B[0, 1]) is a homotopy from «(Eq, Tp) to k(Eq, T1). Now
evf* (E,T) is contained in [E'g‘“(‘C’(X); A Q® €(X),B) for all i € {0,1}, and
K(evf* (E, T))isisomorphic (in [E'gm (A, B))to (E;, T;). Now E; is anon-degenerate
B-pair, so it is easy to see that the € (X)-structure on E is unique. Hence the isomor-
phism between K(evf* (E,T)) and (E;, T;) must be €(X)-linear. Also the action
of A ® €(X) is uniquely determined by the actions of A and €(X), so the isomor-
phism between K(evf* (E,T)) and (E;, T;) must also respect this structure. In other
words, it is an isomorphism of cycles in EX"(€(X); A ® €(X). B). So (Ey, Tp) and
(E1, T1) are homotopic. Hence « is injective. O

2. A generalised Green—Julg theorem

2.1. Proper groupoids and cut-off functions. In this paragraph we recall two no-
tions which we need for the formulation of the theorem.

Definition 2.1. A locally compact Hausdorff groupoid s called proper if the following
map is proper, i.e., inverses of compact sets are compact:

€ >89 %xg® s (r(y),sy)).

We collect some examples:

(1) Let G be a locally compact Hausdorff group acting from the left on a locally
compact Hausdorff space X. Then the transformation groupoid G x X is proper
if and only if the action of G on X is proper.

(2) More generally, if & is a locally compact Hausdorff groupoid and X is a left
§-space, then § x X is proper if and only if X is a proper ¥-space.

(3) A locally compact Hausdorff group is proper (as a groupoid) if and only if it is
compact.
Definition 2.2 ([Tu99], Définition 6.7.). A continuous function c: X — [0, 00| is
called cut-off function for § if
(1) [gxc(s(y))dA¥(y) = 1forall x € X;
(2) r: supp(c os) — X is proper.
The latter condition means that supp ¢ N ¥ K is compact for all compact subsets

K of X.
Recall from [Tu04] that there is a cut-off function for § if X/ is o-compact.
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2.2. The theorem and some corollaries. For the remainder of Section 2, let § be
a locally compact proper Hausdorff groupoid with unit space X and that carries a
Haar system A. Let A(9) be an unconditional completion of €.(§) and let B be a
non-degenerate §-Banach algebra. In particular, this implies that X /§ is a locally
compact Hausdorff space.

The generalised Green—Julg theorem that we prove in this article asserts that we
have an isomorphism

KKE"(€o(X), B) = RKK™ (€y(X/9); €o(X/G), A(G, B)) 3)

if § is a proper groupoid. We construct this isomorphism only under certain condi-
tions, more precisely, we proceed as follows:

(1) We define a natural homomorphism J f from the left-hand side to the right-hand
side of (3) in case that § admits a cut-off function.

(2) We define a natural homomorphism M f in the other direction in case that A (9)
is what we call regular, see Section 4.3.

(3) We show J f oM f = Id if both conditions are satisfied.

(4) We sketch how to show M fz oJ f = Id if A(F) satisfies some additional
regularity condition.

Observe that already the split surjectivity of J jf is an interesting result as it
implies the split surjectivity of the Bost assembly map with proper Banach algebra
coefficients, see [Par13b]. We hence state the surjectivity part of the generalised
Green—Julg theorem separately:

Theorem 2.3. Let A(§) be a regular unconditional completion of €.(§). Assume
that there is a cut-off function for §. Then the natural homomorphism

Jf : KK%&“(‘C’O(X), B) — RKK ™ (€o(X/€):€o(X/E), A(E, B))
is split surjective (with natural split M f ) for all non-degenerate Banach algebras B.

The definition of a regular unconditional completion will be given in Section 4.3.
As we have mentioned above, the injectivity part of our generalised Green—Julg
theorem needs some extra regularity conditions. We now formulate the final result
for further reference and we will introduce the necessary vocabulary only later (see
Sections 3.4, 4.2, and 4.6).

Theorem 2.4 (Generalised Green—Julg Theorem). Let § be proper and let A(S)
be an unconditional completion of €.(§) such that there exists a pair #(§) of
monotone completions of €.(8) satisfying (H1)—(H4) and such that there exists an
H (§)-cut-off pair for §. Then there is an isomorphism

JB . KKE"(€p(X), B) = RKK ™ (€y(X/9); €o(X/E), A(G, B)),

natural in the non-degenerate §-Banach algebra B.
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The hypotheses of the theorem imply that § admits a cut-off function and that
A(F) is regular. Hence the surjectivity part of the theorem is contained in Theo-
rem 2.3. The proof of the injectivity part is rather lengthy and will only be sketched
in Section 4.6.

Note that, according to Corollary 1.9, the right-hand side reduces to Ko (A(§, B))
if X/§ is compact. In Appendix A we show that Ko(A(&, B)) does not depend on
A(F) as long as A(F) is regular or what we call strictly positive, see Definition A.3.
This allows us to formulate the following corollary where the assumptions on A (%)
are less restrictive than in the above theorem.

Corollary 2.5. Let A(9) be an unconditional completion of €.(§) which is either
regular or strictly positive. Let X /'§ be compact. Then we have natural isomorphisms

KK%&‘"(‘C’O(X), B) = RKK ™ (€o(X/€):Co(X/E), A(E, B)) = Ko(A(E, B))
for all non-degenerate §-Banach algebras B.

Proof. As mentioned above, the second isomorphism is given by Corollary 1.9, and
it is natural in B.

Now consider the case that A(€) = L!(§). We will see in Section 4.6 that
L' () satisfies all technical conditions that are needed for the generalised Green—
Julg theorem to hold (in particular, itis regular). This shows also the firstisomorphism
in the special case A(§) = L!(¥).

It follows from Proposition A.2 that Ko (4 (%, B)) does not depend on the partic-
ular regular or strictly positive unconditional completion #4(¥) in the sense that
Ko(A(¢, B)) and Ky(A'(§, B)) are naturally isomorphic for any pair of (regu-
lar or strictly positive) unconditional completions A(§) and A'(§). Therefore
KK?“(‘C’O (X), B) and Ko(A(9, B)) are naturally isomorphic for any regular or
strictly positive unconditional completion A(¥). This shows the corollary. O

Now consider the special case that ¥ = G x X where G is alocally compact Haus-
dorff group acting properly on a locally compact Hausdorff space X . Let A(G) be an
unconditional completion of €, (G). It is shown in Lemma A.4 that A(G, €y(X)) is
a strictly positive unconditional completion of €. (G x X)), so we obtain the following
corollary to Corollary 2.5.

Corollary 2.6. Let G be a locally compact Hausdorff group acting properly on a
locally compact Hausdor{f space X such that X/G is compact. If B is a locally
Co(X)-convex G-€y(X)-Banach algebra, then

RKKE"(€o(X): €o(X). B) = RKK™(€o(X/G): €(X/G), AG. B))
=~ Ko (A(G, B))

for every unconditional completion A(G) of €.(G).
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The proofs of the corollaries depend heavily on the degree to which Ko (A(€, B))
does not depend on the unconditional completion A(¥). The general version of the
theorem for non-compact X /§ would be valid for arbitrary unconditional completions
if one could show similar independence results for KKK, So one is led to ask:

Question 2.7. Is RKK"™ (€ (X /€); €o(X/€), A(E, B)) independent of A() for
non-compact X /§ and arbitrary (possibly non-regular) A (§)?

3. A tool kit for the proof

In this section, let ' be a locally compact proper Hausdor{f groupoid with unit space
X and carrying a Haar system A. Recall that this implies that X /§ is locally compact
and Hausdorff.

3.1. Proper groupoids and the descent. Let 4 (&) be an unconditional completion
of €.(¥) and let E be a §-Banach space.? Forall§ € T.(¢,r*E) and y € €y(X/9)
define

X&) = x(x(¥)EWY)

for all y € §, where m denotes the (open) projection map 7: ¥ — X/§. This
defines a module action of €y (X /&) on . (¢, r* E) which lifts to a module action on
A(8, E). More precisely, A(§, E) is a non-degenerate Banach €, (X /§)-module,
i.e., itis a €y(X/&)-Banach space. Note that, depending on the choice of 4 (&), the
€o(X/§)-Banach space A (¢, E) does not have to be locally €y (X /&)-convex; it is
however in important cases, e.g., if 4(§) = L' (9).

The convolution product and also the descent of continuous linear maps respects
the €y (X /&)-structure; in particular, if B is a §-Banach algebra, then A(g, B) is
not only a Banach algebra but a €y (X /&)-Banach algebra, and if E is a §-Banach
B-pair, then A(9, E) is a €y(X/¥g)-Banach A(¢, B)-pair, etc. Let A and B be
§-Banach algebras. It is not hard to show that the descent homomorphism from
KK%"(A4, B) to KK"(A(, A), 4($, B)) introduced in Section 1.3 of [Laf06] is
indeed a homomorphism

Jja: KKE"(4, B) = RKK™(Co(X/9); A(F, A), AF, B)).
Because A (¢, B) does not have to be locally €y(X/¥)-convex in general, it seems

advisable to use RKK®" instead of KK;’;‘;‘g, the version of KK for fields over
X/8.

3See [Laf06] or [Par09a] for the definitions of these concepts.
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3.2. Cut-off functions and cut-off pairs. Given a cut-off function ¢ as introduced
in Definition 2.2, one often uses the function ¢'/2 in the theory of C*-algebras. In
the Banach algebra setting, the exponent % is no longer the inevitable choice, also
c'/P with 1 < p < oo can appear quite naturally. Because we are dealing with
Banach pairs rather than Banach modules, it even makes sense to extend the notion
of a cut-off function as follows:

Definition 3.1. A cut-off pair for § is a pair (¢=, ¢”) such that
(1) ¢~ € €(X)>o with r: supp(c= o s) — X proper;
(2) ¢™ € €(X)>o with r: supp(c”™ o s) — X proper;
(3) [gx c=(s(¥))c” (s(y))dA*(y) = 1 forallx € X.

In particular, x > ¢=(x)c” (x) is a cut-off function. Conversely, if ¢ is a cut-off
function for g and p, p’ €]1, oo[ such that % + # = 1, then (cl/p/, cl/l’) is a cut-off

pair. We can even cover the case p = 1:

Proposition 3.2. If § is such that X /'8 is o-compact and c is a cut-off function for
G, then there exists a function d € €(X) with ||d | o = 1 such that (d, c) is a cut-off
pair.

Proof. Let (Ky,)neN be an exhausting sequence of compacts in X /§ such that K, is
contained in the interior of K, foralln € N. Define L, := suppc N7~ (K,,) for
alln € N (where 7 denotes the canonical surjection from X to X /§). Thenthe L, are
all compact. Recursively, find functions fi, f, f3 ... such that f, € €. (771 (Kp,)),
0<fy<land f4|z, = land f;, € fu41 foralln € N. Define f := (J,cpn fn-
Then this is a well-defined continuous function on X such that 0 < f < 1. It
satisfies f|suppe = 1. Moreover, it satisfies the support condition: Let K C X /¢
be compact. Find an n € N such that K € K. Then the closed set 7~ !(K) is
contained in 771(K,), so w1 (K) N supp f is contained in 7~ (K,) N supp f =
7 Y(K,) N supp f» = supp f». Now supp f, is a compact subset of 771(K},), so
7~ 1(K) Nsupp f is compact as a closed subset of a compact subset. O

On the level of functions with compact support, we can define a homomorphism
from €. (X /&) to €.(§) quite generally; it is a delicate question for which comple-
tions of €. (¥§) this homomorphism can be extended continuously to €y (X /§).

Definition and Proposition 3.3. Let (¢=,¢”) be a cut-off pair for §. For all y €
€. (X/9), define

@) =~ (r () x(w(y)e=(s(y))

forally € 9. Then ¢(x) € €.(9), and ¢ is a continuous homomorphism of algebras
from €. (X /&) to €.(§) (with the convolution product).
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Proof. Letm: X — X/§ denote the quotient map and let K C X /& be the support
of y. Then Ky := suppc= N 7~ 1(K) is compact in X and so is K, := suppc™ N
7 Y (K). So{y € § : s(y) € Ky, r(y) € K,} is compact and contains the support

of p(x). So ¢(x) € Cc(9).
Let y1, x2 € €:(§). Thenforall y € §:

(p(x1) * o(x2))(v)
N /W N @) YN G @ )
Sy dA P ()
= () () () ¢ () /W (G e () D)

=1
= (e(x102) (). O

In the C*-algebra case, the interesting cut-off pair is of course (c% , c%), where ¢
is a cut-off function for §. In this case,* the homomorphism ¢: €.(X/§) — €.(§)
preserves the involution and can be extended to a x-homomorphism from €, (X /§) to
CJ(§). The pullback along this *-homomorphism gives a homomorphism of groups
from KKx /g (C;(§), B %, §) to KKy ,g(€o(X/§), B %, §).

Can the same homomorphism ¢ : €. (X /g) — €.(§) be extended to a homomor-
phism from €y (X /&) to A(§) if A(F) is an unconditional completion of €, (§)? This
would come in handy in the construction of a homomorphism from KKbgan (Co(X),B)
to RKK®™ (€ (X /€): €y(X/€), A(€, B)) where B is a §-Banach algebra, compare
Section 2.2. One could simply take the descent homomorphism and compose it with
the pullback along ¢.

Apparently, ¢ is not bounded even for rather elementary unconditional comple-
tions like L' (&) and rather simple cut-off pairs. The construction works for C*-
algebras because the choice of the cut-off pair is compatible with the norm on C} (§)
which is defined through the action of €,(€) on L?(€). In Section 4.1, we will find
another way to define the homomorphism for our generalised Green—Julg theorem
because we do not want to deal with the technical problems that come with unbounded
homomorphisms or with the compression of a Banach algebra by an unbounded pro-
jection.

Instead, we will define the homomorphism in a single step: If £ is a ¥-Banach
B-pair, then we are not even trying to define p*4(¢, E) but we consider a “smaller”
space D (X, E), which is a (monotone) completion of I'. (X, E). The underlying
observation is that we can realise €.(X) as a subspace of €.(§) by the use of a
cut-off pair, and this construction is compatible with the left action of €, (X /§). See
Section 4.1.4 for more details of this embedding.

4See Proposition 6.23 in [Tu99] for a proof.
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3.3. Automatic equivariance. There is a feature of proper groupoids which will
prove very convenient in the upcoming sections:

Proposition 3.4. Let A and B be §-Banach algebras (with § being proper and
allowing a cut-off function). Then the operators and homotopies in the definition of
KK%a“ (A, B) can be assumed to be §-equivariant.

Proof. The basic idea here, as in the proof of the corresponding result for C*-algebras,
is to use the cut-off function and the integration with respect to the Haar system to
make given operators equivariant, compare the discussion before Proposition 6.24
in [Tu99]. On a technical level, we do this by integrating fields of operators with
compact support; note that we define this integration pointwise:

Let E and F be §-Banach B-pairs. Let T = (T~,T”) € L,«p(r*E,r*F) have
compact support. Then

/gx T, dA*(y) = (/gx TS d)Lx(y),/gx T d/\x(y))

is a continuous field of linear operators from E to F'. The same definition makes
sense if 7" has proper support, i.e., if the support of (y o r) - T is compact for all
X € €.(X). The operator [g Ty, dA*(y) is compact if T € K,=g(r*E,r*F) has
compact support.

We can use this procedure to produce equivariant operators. Fix a cut-off function
cfor§. Forall T € Lp(E, F), we define

17 = [ c6oniTo @i e, vex,

Then T¥ is an equivariant element of Lg(E, F). The construction commutes with
the pushout: If B’ is another §-Banach algebra and ¢: B — B’ is a §-equivariant
homomorphism, then ¢, (T%) = (¢«(T))? as elements of Lg,(go* (E), p«(F)).

Now let (E,T) € [E';‘“(A, B). Then (E, T%) is in [E%an(A, B) and homotopic to
(E,T). To see this, leta € T'.(X, A). For all x € X, we have

ax(Te=T9) = [ elctNari(Trn = 1T 1),

The family y + c(s(y))ar)(Tr») — ¥ Ts(y)) is compact and of compact support, so
the integral is compact. So T and T¥ “differ by a compact operator”’. By Lemma 3.19
of [Par09a], (E, T¥) is a KK"*-cycle and homotopic to (E, T).

We have a similar result for homotopies: If (Ey, Tp) and (E;, T1) are homotopic
in [E%an (A, B) and if Ty and T} are equivariant, then there is an equivariant homotopy
between them.

This shows that the map (E,T) + (FE, T%9) is bijective on the level of KK?“—
classes. O
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3.4. Monotone completions. In[Laf02]and [Laf06], the notion of an unconditional
completion was introduced which is a special case of what we propose to call a
monotone completion. Already the article [Laf02] provides us with some interesting
examples of monotone completions which are not unconditional completions.> The
difference simply is that an unconditional completion is required to carry a product
making it a Banach algebra whereas an unconditional completion is a Banach space
without any product.
Let Y be a locally compact Hausdorff space.

Definition 3.5. A semi-norm || - || s on €. (Y) is called monotone if, for all ¢y, ¢, €
€. (Y), the following condition holds:

ot < le2(MD) = lleillge < llgz2llse  forally €Y. )
Let #(Y) denote the (Hausdorff-)completion of €.(Y) with respect to this semi-

norm; this Banach space is called a monotone completion of €.(Y).

For the rest of this section, let £ (Y') be a monotone completion of €. (Y ).
For technical reasons and as for unconditional norms, we extend monotone norms
to a larger class of functions on Y:

Definition 3.6. Let .(Y) be the set of all (locally) bounded functions ¢: ¥ — R
with compact support. Let .7 (Y) be the set of elements of %, (Y) which are non-
negative. Define

lellse := inf{[[¥llse : ¥ € C(Y), ¥ = ¢}
forall p € F,7(Y).
Note that, by property (4), the new semi-norm agrees on € (Y) with the semi-
norm we started with. For all ¢1, @2, ¢ € .7 (Y) and all ¢ > 0, we have
(D) @1 +¢2 € FF(Y) and o1 + @2l < lerllse + llo2llze:
(2) cp € FH(Y) and [legllse = cllollz:
(3) if o1 < @2, then [[@1]lge < [l@2]ls-

Hence we can use the extended semi-norm to define a semi-norm on sections of
u.s.c. fields of Banach spaces.
For the rest of this section, let E be a u.s.c. field of Banach spaces over Y .

Definition 3.7. We define the following semi-norm on I'. (Y, E):
€1l == Ny = IED £y Nl 2e.-

The Hausdorff completion of I'; (Y, E) with respect to this semi-norm will be denoted
by #H (Y, E).

SFor example H?2(G, A) defined after Lemme 1.6.5 or the “normalised” completions L2/ (G, A)
appearing in 4.5.
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Note that the function y +— ||&(y)|| appearing in the preceding definition is not
necessarily continuous. However, it has compact support and is non-negative upper
semi-continuous, so we can apply the extended semi-norm on %, (Y) to it.

If E is the trivial bundle over Y with fibre Eg, then I (Y, E) is €.(Y, Ey). The
completion # (Y, E) of €.(Y, Egy) could hence also be denoted as # (Y, E¢) and
might be considered as a sort of tensor product of #(Y) and Ey. If in particular
Ey=C,then #(Y,E) = H(Y,C) = H(Y).

Definition 3.8. Let F' be another u.s.c. field of Banach spaces over Y and let T be a
bounded continuous field of linear maps from E to F. Then § > T o & is a linear
map from ¢ (Y, E) to T¢ (Y, F) suchthat ||[T o &l < ||T| |€]l7. Hence T induces
a canonical continuous linear map from # (Y, E) to # (Y, F) with norm < ||T|.

This way, we define a functor from the category of u.s.c. fields of Banach spaces
over Y to the category of Banach spaces, which is linear and contractive on the
morphism sets.

Note that the canonical map from . (Y, E) to # (Y, E) is continuous if we take the
inductive limit topology on I'. (Y, E) and the norm topology on # (Y, E). It follows
that if a subset of I'. (Y, E) is dense in I'. (Y, E) for the inductive limit topology, then
its canonical image in ¢ (Y, E) is dense for the norm topology.

4. The proof

In this section, let § be a locally compact Hausdorff groupoid with unit space X and
carrying a Haar system A.

4.1. The homomorphism J j . In Section 4.1, assume that § is proper and admits
a cut-off function.

4.1.1. The algebraic construction of J j on the level of sections with compact
support. Let E be a §-Banach B-pair. Define the operations

(e B)(x) 22/ ye” (s()yB(y~")dA*(y)
gx
and

(B = [ prIre )i e)
where x € X, and the T, (&, r* B)-valued bracket

e~ e V) == (e~ (), ye” (s(Y))Erey

where y € §, foralle~ e I'.(X,E~),e” € [(X,E”)and B € [ .(§,r*B).



A generalised Green—Julg theorem for proper groupoids and Banach algebras 167

This turns T (X, E7) into a right I'c (¢, r* B)-module and I'. (X, E<) into a left
I'.(¢,r* B)-module. These module actions are separately continuous, and they are
non-degenerate for the inductive limit topologies if E is non-degenerate. The bracket
is C-bilinear and ¢ (&, r* B)-linear on the left and on the right. Moreover, it is
separately continuous for the inductive limit topologies.

Moreover, there are canonical actions of € (X /&) on the modules I'. (X, E~) and
I'.(X, E™) given by

(xe™)(x) == x(m(x))e” (x)

forall y € €(X/§),e” € I':(X, E”) and x € X (and analogously for the left-hand
side). The module actions and the bracket are compatible with these actions.

Let £ and F be §-Banach B-pairs and let 7 be a §-equivariant continuous field
of operators from E to F. Forall e” € ['.(X, E”), define

(Te(X. T7)e7)(x) := T, (e” (x))

forall x € X. Then e~ — (X, T7)e” is C-linear, €(X/§)-linear, [, (§,r* B)-
linear on the right and continuous for the inductive limit topology. The same formula
defines a similar map = + I'¢(X, T<) f= on the left-hand side. The pair (f~
(X, TS)f=,e” — T(X,T7)e”) of linear operators is formally adjoint with
respect to the brackets on (I (X, E<), T (X, E7)) and (I'. (X, F~), T'.(X, F7)):

(f"Te(X.TS).e7) = (f~.Te(X.T7)e”).

4.1.2. The analytic part of the construction of J j. In the C*-world, the right
module I'; (&, r* B)-action and the inner product on I'. (X, E) is sufficient to define
the structure B i, §-Hilbert module if £ is a Hilbert B-module. There can only be
one norm on I'¢ (X, E) which completes to a Hilbert module and the bracket actually
gives such a norm.

In the Banach-world, the situation is more complicated. If B is a ¥-Banach
algebra and E is a §-Banach B-pair, then we will see that there are several ways
to complete T (X, E<) and T'. (X, E”) to give a €y(X/&)-Banach A(§, B)-pair.
However, it turns out that every (monotone) pair of such completions will give rise
to the same homomorphism J f: .

Let D=(X) and O~ (X) be monotone completions of €. (X). Assume that the
pair D(X) := (D=(X), D~ (X)) satisfies the following compatibility conditions
with A(9):

OD 1B~ o< = [IBlla X~ o< forall x= € €.(X), p € C:(9), and
Ix”Bllo> = lx” llo> lIBll4 forall y~ € €c(X), f € Cc(¥).
D) 1x= "M = Ix"llo=< X" o> forall x= € Cc(X), x~ € Ce(X).

We can extend the actions of €, (¥) on €. (X) from the left and from the right and
also the inner product to continuous bilinear maps which turn (X)) into a Banach
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A (&)-pair. Note that the action of €y(X /&) on €.(X) also gives a continuous non-
degenerate action of €y(X /&) on D=(X) and N~ (X) making D(X) a €y (X/9)-
Banach 4 (§)-pair.

Let E = (E<, E”) be a §-Banach B-pair. On I';(X, E<) define ||§=||p< :=
lx = [[E=(x)]l || o< as in Definition 3.7 and define a semi-norm ||-|| o> on T (X, E7)
similarly. Then the actions of I'.(§,r*B) on I'.(X, E<) and on I'; (X, E~) and the
bracket satisfy

1BE=llo= = 1BllA IE= D=
€7 Bllo= = 1§70~ IIBll4-
I(E=. "Ml < €71 0= IE” N0~

forallp € T.(§,r*B),E< € T'o(X,E~)and &~ € ['.(X, E7). Asin Definition 3.7,
write D = (X, E <) for the completion of I'. (X, E <) for the semi-norm || - || p<; define
D~ (X, E™) analogously. With the extensions of the actions of I'. (&, r* B) and the
extension of the bracket,

DX, E):= (D<(X,E), D> (X, E™))

is a €y(X/§)-Banach A (&, B)-pair.

If F is another §-Banach B-pair and T € Lpg(E, F) is §-equivariant, then
I'.(X,T7) is a bounded linear map from I'c. (X, E7) to ¢ (X, F~) with norm less
than or equal to |77 ||, so it extends to a bounded C-linear, €y(X/$)-linear and
A(&, B)-linear map D(X,T”) from D(X, E”) to D(X, F~) of the same norm.
Similarly, one gets a bounded linear map D (X, T=) from D (X, F<) to D(X, E™).
Together, this defines a linear operator

DX.T) 1= (D(X.T).D(X.T)) e LLFL(D(X. E). D(X. F))

of normlessthanorequalto || T||. Theassignment £ +— D (X, E)and T — D(X, T)
is a contractive functor from the category of ¥-Banach B-pairs and bounded §-
equivariant operators to the category of €y(X /¥ )-Banach A(§, B)-pairs. Similarly,
one can define O (X, @) for §-equivariant concurrent homomorphisms.

We omit the longsome proof of the following result which can be found in [Par07],
Section 7.2.3:

Proposition4.1. Let S € Lp(E, F) be bounded, G -equivariant and locally compact.
Then D (X, S) is locally compact in the sense of Definition 1.4, i.e., xD(X,S) is
compact for all y € €.(X /).

4.1.3. The construction for KK"*"-cycles

Theorem 4.2. Let (E,T) be a cycle in [E%a“(‘C’O(X), B). We assume that T is
§-equivariant, compare Proposition 3.4. Equip D (X, E) with the obvious grad-
ing operator. Then D (X, T) is odd and

T4 p(E.T) = (DX, E), D(X,T)) € E™(€(X/§); €o(X/F), AE, B)).
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Proof. The important property that we have to check is that D (X, T)? — 1 is locally
compact. But

DX, T -1=D(X,T?*-1),
and T2 — 1 is locally compact. Since 72 — 1 is also §-equivariant, we can apply

Proposition 4.1 which implies that D (X, T2 — 1) is locally compact. O

It can be shown that the map J A.D is compatible with the pushforward along
equivariant homomorphisms of §- Banach algebras, with homotopies and with the
sum of cycles; see [ParQ7], Section 7.2.3, for the proofs.

As a consequence of these results, we have:

Proposition 4.3. The map (E,T) — (D(X,E),D(X,T)) gives rise to a group
homomorphism

TR o1 KKE"(€o(X), B) - RKK™ (€o(X/§): Co(X /%), A(. B))
which is natural in the non-degenerate §-Banach algebra B.

4.1.4. Uniqueness and existence. The following uniqueness result was shown in
[Par07]:

Definition and Proposition 4.4. Let D (X) and D’(X) be pairs of monotone com-
pletions of € (X) which both satisfy (D1) and (D2). Then J ¥ = J#  as homo-

morphisms from KK%“(‘CO(X), B) to RKK ™ (€o(X /€): C€o(X /E), A(E, B)). We
hence write J f for this homomorphism.

Another question is whether such pairs O (X) of monotone completions exist. We
have a positive answer because we have assumed that § admits a cut-off function;
there are even quite a few such completions: for every cut-off pair ¢, we construct a
compatible pair of monotone completions that we call A (X).

Soletc = (¢=,¢™) be a cut-off pair for §. Let E be a §-Banach B-pair. Define

JEei Te(X ET) > Te(9.E7), e~ (y > (s()e~(r(y)))
and
JEe:Te(X.E7) > Te(§.E7), e = (y > (r(y)ye (s(r)).
Then jg . = (jbf,c, jE>,c) is a pair of injective maps such that
(1) jg . is C-linear, I'c (X /%)-linear and I'c (¢, r* B)-linear on the left,
Q) j E . is C-linear, I'. (X /)-linear and ' (¢, r* B)-linear on the right,
(3) foralle= € T (X, EX) and e~ € T (X, E”), we have

(JEc€ ) jgceNresrpy = (e=.e7).
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Define a €y(X/§)-Banach A(g, B)-pair A°(X,E) = (A°(X,E~), A (X,E™))
by pulling back the norms of A(§, E) along jg . and completing I'c (X, E) for this
norms. Alternatively, one could take the closure of the image of jg .. The norms on
the left and the right part are given by

le=llacx,e<) = ljg.c(eag.e<) = lly = c~(s@Dle= @A

and
le” lacx.e>) = lig . )lag.e> = ly = c”@)lle” ) A

foralle~ e T.(X,E~)ande” € [ (X, E™).

Note that the norms depend on (%) as well as on ¢. The pair A(X) =
((A)=(X), (A°)” (X)) is a pair of monotone completions of €.(X) satisfying
(D1) and (D2). Note that J fz’ Ac as a homomorphism from KK?“(‘GO (X),B) to
RKK ™M (€y(X/E): Co(X/€), A(E, B)) does not depend on ¢ by 4.4; without the
detour via more general compatible pairs £ (X ) of monotone completions this latter
fact seems to be hard to prove.

4.2. Monotone completions as analogues of L2(€, B). If B is a §-C*-algebra,
then there is a canonical §-Hilbert B-module L?(€, B) with a left action of B x, §.
We want to find an analogue of this module for the case that B is a general §-Banach
algebra. Apparently, it is not sufficient (or not systematic, at least) to just consider
pairs of the type (L2(€, B),L?(§, B)); we want to treat rather general unconditional
completions, so it seems appropriate to consider rather general completions of the
space I'. (¢, r* B) as substitutes of L?(, B); our treatment should at least cover pairs
of the form (L' (£, B), To(€, B)) or (L? (€, B),L?(€, B)) for p, p’ €]1, oo with
1/p + 1/p’ = 1 (compare the precise definitions below).

Our substitute for L2(&) is a general pair of monotone completions of €.(§)
which satisfies some compatibility conditions with 4 (%) and the action of §; we
will usually denote such a pair by F#(¥), and write # (&, B) for its version with
coefficients in B. It seems advisable to even consider pairs of the form # (¢, E)
where E is a §-Banach B-pair because this makes the constructions a bit clearer.
The important result is that (under certain conditions) the unconditional completion
A(§, B) acts on H(§, B) by locally compact operators. This allows us to use
the tensor product ® 4g,p)H (9, B) to turn A(§, B)-pairs into §-Banach B-pairs
preserving locally compact operators between them.

Recall that, in this section, ¥ denotes a locally compact Hausdorff groupoid with
left Haar system A and X denotes the unit space of §. Recall also that A(§) is
an unconditional completion of €.(¥) and that B is a non-degenerate ¥-Banach
algebra.

Let #H(§) = (H=(F), #~(§)) be a pair of monotone completions of €. (&)
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such that the bilinear map
(2 e Ce(¥) x Ce(§) = Ce(X),
(¢~ ¢7) (x = LX =~ (r d/\"(y)),
satisfies

HD o=, 07 Ye.x0)lloo < ll@=llge< ll¢” || 5e> forall 9=, ¢~ € €.(9).

In this case, (-,-)e.(x) can be extended to a continuous bilinear map
() Yeox)y: H=(8) x H~(§) — €o(X) which is €y(X)-bilinear if we consider
the following actions of €y(X):

(XED) ) == x(r(¥))E=(y) and (7)) =& (Vx(s(y)
forall y € €o(X), £< € Ce(§) C H=<(8), £ € C(§) C H>(§)and y € §.

Examples 4.5. Let p € [1, oo[. Define the norm

=

11 1= sup / |x<(y>|1’dmy))
xeX gx

forall y= € €.(¥). The corresponding monotone completion is called L? (§). Note
that L'(§) = L!(§). Secondly, define

N|=

167 s = sup ( / |x><y—1)|PdAX(y))
xeX gx

for all y~ € €.(¥). The corresponding monotone completion is called L? ().

(1) The pairs (L'(£),€y(§)) and (€ (¥), le (¥)) are pairs of monotone comple-
tions of €, (¥) satisfying (H1).

(2) If p, p’ €]1, oo such that % + # = 1, then (Lf/(ﬁ), L?(§)) also satisfies (H1).

(3) In particular, this applies to (L2(9), L2(9)).

Now let E be a §-Banach B-pair. Definearightactionof I'(X, B)onT'.(§,r*E”)
by

EBW) =E W yBGsy). & €Tc(§,r"E7), Be'(X,B), y €9,
and a left action of T'(X, B) on I (¢, r* E~) by

(BENW) :=Br(¥)§~(y), BET(X,B), - €T (9. r"E7), y € 9.
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These actions define continuous actions of I'g (X, B) on #~ (¢, E~) (from the right)
and # =(§, E~) (from the left). Define a bilinear map (-, - )r.(x,B):

F(8,r*E~)xT.(9,r*E”) - T'.(X, B),
€& (v [ E D080 5, )

This map extends to a contractive bracket from # <(§, E<)xH~ (&, E”)toTy(X, B)
which makes #H (&, E) := (H~=(§,E~), H~(§, E”)) a €y(X)-Banach T'y(X, B)-
pair. If E is non-degenerate, then so is # (9, E).

Note that the €y (X)-structures on K =(&, E~) and #~ (&, E”) are not the same
in general: on the left-hand side it is induced by the range map r, on the right-hand
side by the source map s. This implies that the fibre of #<(§, E~) over some x € X
should be regarded as a completion of I'c(§*, E), whereas the fibre of #~ (§, E~)
over x should be regarded as a completion of I'c (8, (r*E~)|g, ).

Assume now that J () has also the following properties:

(H2) [IE= * xllze<cey = €= lse=co) I xllacs) forall x, 6= € C,(§), and
lx * &7 Mlse> o) =< llxllacs) 167 156> (g) forall x,§7 € ().
Let A be another §-Banach algebra and let E be a §-Banach A-B-pair. For all
aeTl.(g,r*A),allé= e T (&, r*E~)andall &~ € T.(§,r*E™), define

(@E)(y) = (@ %)) = /g L, AOYE G T
and

Em =6 a0 = [ E0)Yar e

forall y € §. These actionsliftto actions of A(&, A)on H~ (9, E”)and K =(§, E~),
respectively. Equipped with them, # (&, E) becomes a €y(X)-Banach I'g(X, B)-

pair on which A(&, A) acts by elements of LESE;(?B)(% (9,F)).

Proposition 4.6. If (X, A) acts on E by locally compact operators and '§ is proper,
then A(§, A) acts on H (G, E) by locally compact operators.

Proof. Leta € T'.(§,r*A) have compact support. If we can show that the action of
aon H(9, E), denoted by (a) € Lryx,)(H (¥, E)), is locally compact, then we
are done. Let y € €.(X). We have to show that y7(a) is compact. It was shown in
[Par07], Appendix E.8.3, that an operator which is given by a compact kernel with
compact support is compact. We thus prove that y7r(a) is such an operator. Define

ki) 1= x(s(y1))mala(y2)) € L, (Er )
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for all (y1,y2) € § %, §. Then the action of ym(a) on I'. (&, r* E”) is given by
(@)™ E)() = 2(6()) L o, AWE TP
= [ 6t0at )y E GO
grw)
= [ k€0 ar)
grw)

forall £~ € T.(§,r*E”) and y € §. A similar calculation for the left-hand side
shows that ym(a) is indeed given by the kernel k.

The field of operators (74(a(¥2)))(y,,y,)eg+,, ¢ is locally compact, so the same
is true for k. Moreover, the support of k is compact: Since § is proper, the set K :=

{y €6 :r(y) € suppy, s(y) € r(suppa)} is compact. Let (y1,y2) € § *,, §.
Then ky, ,,) # 0 implies that y; € K and y» € suppa. So (1, y»2) is contained in
K x suppa. Hence k has compact support. O

As a corollary of Proposition 4.6 and because B is non-degenerate, we get:

Corollary 4.7. If G is proper, then A(§, B) acts on (&, B) by locally compact
operators.

We now want to put an action of § on # (&, E). Technically, we have to replace
H (&, E) with the u.s.c. field F(H (g, E)) of pairs over X, compare Section 1.3. So
it is natural to assume:

(H3) The €y (X)-Banach space # =(§) is locally €y (X )-convex with respect to the
€o(X)-action induced by r and #H~ (§) is locally €y (X )-convex with respect
to the action induced by s.

For all y € 9, define a map & from €, (§* ™) to €. (87 by
P as () =y =0 xS
and a map «,; from €¢(Fs(y)) to Cc(Fr(y)) by
o, () =y =0 = 0.
To get an action of & on F(H (&, E)) we have to assume that o= and o™ are families
of isometric maps, i.e., if we have that
HA) Nyx~lse<grony = X~ lge<cgsony forall x= € €, (&*Myandall y € €, and

1y 2~ lle= 5 = 107 3> (5 forall x7 € Ce(s(y)) and all y € G

Note that all the examples of 4.5 satisfy (H3) and (H4).
The following result is proved in [Par07], 7.3.12, the proof involves some addi-
tional technical constructions which we prefer to omit here.
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Definition and Proposition 4.8. Let E be a §-Banach B-pair. Define

0y Te(§ 0 r*E%) > Te(§" 7 r E%). €5 y§= 1= (' = v 7Y)).
and
@y Te(Gs) T"E7) = Te(Gr), 17 E7), £ > yE 1= (Y = £ (V')

forall y € §. Then a; and a; are isometric for all y € § and extend to isometric

isomorphisms #<(§5") r*E<) — H#=<(§"") r*E<) and H” (G5, T"E”) —
H” (Gr(y), r* E7), respectively. The field (e, @, )yeg is a continuous field of iso-
morphisms making &(H (¢, E)) a §-Banach B-pair.

Now that we assume that J¢ (¥) does not only satisfy (H1) and (H2) but also (H3)
and (H4), we can refine Proposition 4.6 as follows:

Proposition 4.9. Let E be a §-Banach A-B-pair. Then §(H (G, E)) is a §-Banach
B-pair on which A(§, A) acts by bounded § -equivariant fields of linear operators.
If § is proper and T' (X, A) acts on E by locally compact operators, then the action
of A(G, A) on F(H (§, E)) is by §-equivariant bounded locally compact fields of

operators.

Because B is non-degenerate, I'(X, B) acts on B by locally compact operators.
Hence we have:

Corollary 4.10. If G is proper, then A(§, B) acts on §H (&, B) by locally compact
G -equivariant operators.

To finish this section, we state and prove an extension result which shows that the
bracket on # (&, E) is the restriction of the convolution product. This fact will be
used in Section 4.5.3 and also in Section A.3, in the case £ = B.

Lemma 4.11. Let E be a §-Banach B-pair. Then the convolution
Ce(8,r"EX)xT.(8,r*E”) - T'.(8,r*B),
ESE) > E xE = (V e / EONYE G VE, d/\r(")()/'))

gr)

extends to a contractive bilinear map
H=(G,ES)x H”(§,E”) > To(&,r*B),

(also) written as a convolution product, such that the bracket on H (§, E) is the
composition of this map and the restriction map from To(§€,r*B) to To(X, B).
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Proof. Leté< e T (6, r*E~)and £~ € T.(§,r*E™). Forall y € §, we have

E= % ED)0) = 74 vEp)re

and hence

IE= «EYWMI = 17, YEsmn ran
<& llse<cg.2<),0) 1VEs) 36> 8.E>), )
= &) <., 15500 156> 8.E2),)
<& lge<cg.e<) 1€ 3> 5.E>)

because K~ (&) satisfies (H4). Hence the convolution is continuous with norm < 1
and extends to a map H~(§, E~) x #H~(§, E”) — T'o(&, r*B) with the desired
properties. O

4.3. Regular unconditional completions. For simplicity, we introduce the follow-
ing abbreviation:

Definition 4.12. An unconditional completion #4(¥) of €.(§) is said to be regu-
lar if there exists a pair #(¥) of monotone completions of €.(¥) which satisfies
(H1)—(H4).

Note that there might exist many different such pairs of monotone completions
on which a regular unconditional completion acts, the important part of the definition
really is the existence of such a pair, not its particular shape.

Regularity is essential in our construction of the homomorphism M f down below.

Examples 4.13. Most examples of unconditional completions that we have come
across so far are regular for rather obvious reasons:

(1) The unconditional completion L' (&) acts on the pair (L' (£), € (¥)).

(2) The symmetrised version L!(£)NL!(&)* is also regular because the norm defin-
ing it dominates the norm || - ||;. Further, it acts on the pair (L?(§),L2(§)) (see
[Ren80]). It should not be too hard to check that it also acts on (L? "(8). L?(9))
for all p, p’ €]1, oo[ such that % + % =1.

(3) The completion .y (§) acts on (L2(§),L2(¥)) by definition; see Section 3
of [Laf06].

(4) If G is a locally compact Hausdorff group acting on some locally compact
Hausdorff space X, then L!(G, € (X)) is a regular completion of €.(G x X)
because its norm dominates the norm of the regular completion L!(G x X).

There are cases of non-regular unconditional norms even when G is a group, see
Example A.6.
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4.4. The (inverse) homomorphism M £ . InSection 4.4, let G be proper and A(§)
be regular.

Recall that we used the name 7 for the canonical projection from X to X/§.
Let 7 also denote the map from § to X/§ that maps y to n(r(y)) = n(s(y))
(which extends w: X — X/§). If we regard X/§ as a locally compact Hausdorff
groupoid, then the map 7n: § — X/¥§ is actually a strict morphism of groupoids.
If E is a u.s.c. field of Banach spaces over X/, then 7*FE is a §-Banach space
(with a rather trivial action).® If T is a continuous field of linear maps between
u.s.c. fields of Banach spaces over X/, then 7*T is an §-equivariant continuous
field of linear maps between §-Banach spaces. We use these facts to define our
“inverse homomorphism”:

(1) The first step is the map’ F( -) which yields a homomorphism F( - ):
RKK"™(Co(X/6); Co(X/9), A, B)) = KK§g (Cx /g, F(A(G, B))).
(2) The second step is the pullback homomorphism along :
n*: KK¥/g(Cx/g, F(AE, B))) — KKG"(Cx, n*F(A(, B))).

Note that this homomorphism, on the level of cycles, produces cycles with §-
equivariant operator.

(3) Pick a pair #(§) of monotone completions of €.(¥) satisfying (H1)-(H4).
Note that there is a canonical action of 7*%(A(€, B)) on F(H (g, B)).
By Corollary 4.7, the algebra A (9, B) acts on §(H (¥, B)) by locally compact
operators. If y € €. (X) and a € A(9, B), then x = y(x)a(x) is a section
of 7*(F(A(F, B))) with compact support. Such sections act on F(H (&, B))
by locally compact operators with compact support, so they act by compact
operators. By a density argument, all sections of 7 *(F(A(€, B))) that vanish
at infinity act on F(H (¥, B)) by compact operators. Hence we can regard
F(H (€, B)) as a Morita cycle® from 7*F(A(F, B)) to B = F(To(X, B)).
The important point is that this Morita cycle carries an action of § which makes
it a §-equivariant Morita cycle. Morita cycles act on KK from the right, so
we get a homomorphism

R+ z(AE.B)S(H (G, B)): KKE(Cx, n*F(A(Y, B))) — KKE"(Cyx, B).

If a cycle has a §-equivariant operator, then it stays equivariant under this ho-
momorphism.
The composition of these three homomorphisms gives the desired natural homo-
morphism,

M3 g0 RKKP(€y(X/9);Co(X/E). A, B)) - KKE"(Cyx, B),

6See [Laf06] or [Par09a], Section 4.1, for a definition of the pullback along strict morphisms.
7See Section 1.3 or [Par07], Chapter 4, for a definition of the functor F(-).
8See [Par09a], Section 3.3.6, for a definition; compare [Par09b], Definition 5.7.
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which produces cycles with §-equivariant operators.

Proposition 4.14. Ler H'(§) = (H'=(§), H'~ (§)) be another pair of monotone
completions of €. (§) satisfying (H1)—(H4). Then the natural homomorphisms M f P

and M j g0 are equal. We call this natural homomorphism M j.

Proof. We first consider the case that || - [|ge< < || - ||lzer< and || - || ge> < || - || ge~>. In
this case, we have a canonical homomorphism ® from #’(¢, B) to (&, B) which
gives us an equivariant homomorphism #&(®) from F(H' (g, B)) to F(H(E, B)).
The homomorphism F(®P) is actually a morphism of equivariant Morita cycles from
7*&(A(E, B)) to B. A careful revision of the proof that 7*F(A(E, B)) acts by
compact operators on &(H#'(€, B)) and on F(H (&, B)) shows that F(P) satisfies
the conditions of Theorem 3.20 of [Par09a] and hence induces a homotopy from

&(H'(g, B)) to F(H (G, B)). So MA g0 = Mj’ﬂ, because the tensor product with

Morita cycles lifts to homotopy classes.’

Now consider the general case. By taking the maximum of the norms on # =(§)
and H'<(€) we define a monotone completion H”<(§) of €.(§); similarly, we
define H"~ (§). The pair H"(§) := (H"=(§), H" (§)) also satisfies (H1)-(H4).
By the first part of the proof we can conclude M f:’ = M !}f, g = i g0+ ]

4.5. J j oM .ﬁ = Id on the level of KK"". We now prove Theorem 2.3. Let § be
proper and let A(8) be regular. Assume moreover that § admits a cut-off function.

4.5.1. Idea of the proof. First, we choose a pair $(X) of monotone completions
of €. (X) satisfying (D1) and (D2). Second, because 4 (§) is regular, we can also
choose a pair H(§) = (H=(9), #~(§)) of monotone completions of €. (§) sat-
isfying (H1)—(H4). Let (E,T) € E*(€y(X/9):€o(X/E), A(§, B)). We have to
show that (E, T') is homotopic to Jf,i)(M,f,Je(E’ T)). The obvious strategy is to
define a morphism from J ji oM f:’ 5 (E)) to E which induces a homotopy; there
is a canonical candidate for such a morphism defined on a dense subspace, but this
candidate does not extend to a continuous morphism on the entire space: The norms
on J !f, oM f, 5 (E)) and E seem to be difficult to compare in general.

We overcome this problem by constructing a pair E := (E<, E”) of C-vector
spaces which are equipped with compatible €. (X /§)-module structures and left/right
[.(€,r* B)-module structures and a bilinear map from E< x E~ to ['.(§,r*B).
On this pair, which could be called a “pre-4(%, B)-pair”, we construct a pair of
formally adjoint operators T. Moreover, we define canonical “homomorphisms” @ g
from E to E and Wy from E to J £ oM f 5 (E)) which intertwine T and T and

9See [Par09a], Section 3.3.6, or [Par07], Section 3.8.
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Jf,@ (Mj,gg (T)), respectively:

(E.T)
T
(E,T) TR (M2 4 (E,T)).

One can think of E as a dense subspace of both, E and J f oM f 5 (E)). Now we put

on E the supremum of the semi-norms which are induced by the two homomorphisms,
making the homomorphisms continuous. We then show that the completion of £ to-
gether with the continuous extension of 7 is in EP"(€y(X/§); €o(X /), A(E, B))
and that the two homomorphisms induce homotopies. Hence also (E,T) and
Jf’ﬂ (Mf,,;e (E, T)) are homotopic.

4.5.2. A sufficient condition for homotopy. The central tool to construct these ho-
motopies is the following sufficient condition for the homotopy of RKK®™"-cycles
that generalises a corresponding theorem for KK"*-cycles, compare [Par09b], The-
orem 2.1. The main idea is that the mapping cylinder of a homomorphism & of
RKKP™_cycles gives a homotopy between the cycles. For this to be true, ® has to
satisfy a technical condition which says that the operators which are required to be
compact in the definition of RKK"*-cycles can be approximated simultaneously by
finite rank operators for both cycles which ® connects. This is what is meant by
“(®,(T,T')) € E"™(€y(Z);1d4,Idp)” in the following theorem:

Theorem 4.15. Let Z be a locally compact Hausdorff space and let C and D
be €y(Z)-Banach algebras. Let (E, T), (E', T') be elements of E®*(€y(Z): C, D).
If there is a €y(Z)-linear morphism ® from (E,T) to (E’,T’) (with coefficient
maps Idc and 1dp) such that (®,(T,T')) € [E"™(€y(Z);ldc,Idp), then
(E,T) ~ (E',T).

The necessary concepts are explained in [Par09b] for KK®*; to obtain the re-
sult for € (Z)-Banach algebras it suffices to add compatible €y(Z)-Banach spaces
structures. You can also prove an equivariant version by simply adding group actions
everywhere.

4.5.3. The construction of E, ®z and Y. We are going to cut the proof into a
series of statements and definitions. In this section, let £ and F be €y (X /&)-Banach
A(E, B)-pairs.

The pair E: Define

E” = E” ®r.g,B) [c(9.7"B)
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and

E= = Fc(ﬁ,r*B) Qr.(g,r*B) E~.

These vector spaces carry canonical and compatible actions of I'c (¢,r*B) and
€.(X/9). Abracket on E is defined by

(«,-): ESxE> > T.(8.r*B),
(B=®e%.c” ® f7)(y) i= f= % (e=, &™) x p7 = (=™, ¢ 7).

We check that the bracket has indeed its values in ['.(§,r*B): The element
(e=,e”) isin A(€, B) by definition, and we now show that the product 8= * § * f~
isin . (&, B) forall 8=,8~ € T'.(¢, B) and § € A(&, B). If we regard f~ as an
element of #/=(§, B) and 8~ as an element of #~ (&, B), then we can conclude from
Lemma 4.11 that the map 8 — B~ 8 * 8~ is continuous from A (&, B) to I'y(§, B)
because A(€) acts on K (§). Moreover, the support of the product = * 8 * 8~ is

always contained in the set {y € § : r(y) € r(supp 8=),s(y) € s(supp 87)}, which
is compact because § is proper.

The map ©g: Define
®5:E” > E>, e Qp e p”,
and
D5 ES— ES, B ®e > fe .

Both maps are obviously I'c(§, r*B)- and €. (X /§)-linear. Furthermore, the
pair &g = (&5, P73 ) is compatible with the brackets on £ and E.

The map Vg: Lete”™ € E~ and 8~ € T'.(§,r*B). Since 8~ has compact sup-
port, the functionx > (" ®B7)x = e;(x)@)ﬁ; isin e (X, m*F(E7) @r+g(AE,B))
&(H~(§,B))); we can regard this function as an element W7 (e” ® B7) of
D™ (X, n*F(E”) Qr+g(A©.B) &(H ™ (F,B))); here m: X — X /§ denotes the

canonical projection. This gives rise to a map W from E>toJ f oM f #(E))”.
Similarly we define

VEB™ ®e )x =B Qg € HT(9. B)x ®A®.B)nir) Exx)
foralle~ € E=, B~ € T (8, ;:"B) and x € X, giving us a I'.(§, r* B)-linear and
€. (X /§)-linear map ¥, from E = to Jf Q(sz #(E))~. Thepair Vg = (W5, ¥z)
is compatible with the brackets on Eand J fﬁ oM j, g (E)).

The constructions for linear operators: Let S € L 4g,p)(E, F) be an operator
between the €y (X /9)-Banach A(E, B)-pairs E and F. Define
ST E” > F, £ S (E)ep,
and
SSiFS > ES, B~ @& =~ ®@57(¢).
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Note that S := (§<, §>) is formally adjoint in the following sense:
(S=(B~®&%).67 @ B7) = B~ # (ST(E7).€7) %~
= Bk (£, S7E ) * B
= (p~ 0.5 ¢ ® )
forall B=,8” € T.(&,r*B), - €T (X,F~)and £~ € I'.(X,E™).
By direct calculation one checks:
(1) The maps ®g and ®F intertwine S and S in the obvious sense.
(2) The maps Vg and WF intertwine S and Jf,i)(M,ﬁ,Je(S))'

4.5.4. Putting anorm on E. If & € E~, then define
1e” ] := max{||®Z €7 [WEE I}

This is a semi-norm on £~. Let E~ be the (Hausdorff-) completion of E> with
respect to this semi-norm. In an analogous fashion, define a semi-norm on E< and
call the completion E <. The actions of ['.(&,r*B) and €,(X/€) on E extend to
non-degenerate actions of 4(§, B) and €y(X/§) on E. The bracket on E extends
to a continuous bracket on E, making E a €y(X/€§)-Banach A (¢, B)-pair.

Now the map ®7 extends by continuity to a continuous linear map from E>toE
whichis A(§, B)-and €y (X /§)-linear. Similar things can be said about @3, ¥ and
U7, We get homomorphisms ® ¢ from E to E and W from E to Jf,:l)(MiJf(E))‘

Let S € Lyg,B)(E, F) as above. Then the map S> satisfies
IS=@)I < IS~

forallé> € E> and extends therefore to an operator S~ from £~ to F~. Analogously
for S<. We thus get an element S € LA(g,B)(E, F) of norm < ||S]||. The map
S > S is C-linear and functorial. The homomorphisms ® and ®F intertwine S
and S in the obvious sense and the homomorphisms Wg and W intertwine S and

TR (Mg 5(S)).
By direct comparison of the operators one can show:

Lemma 4.16. Let e~ € To(X, E<), £~ € To(X, F>), B=, B> € Te(§.r*B). If

S=1f"B"NB"e~| € Kuw,p)(E. F),
then
S=1f"QRB NB~“®e~| € Kpe,p)(E.F)
and
TR o (M2 () = 1W7(f~ ® B)NVE (B~ ®@e7)]
€ Kueg.8)(J £ p (Mg 5(E)), J £ 5(ME 5(F))).
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It follows for all S € K 4(g,p) (E, F) that S and Jf :D(M,f 5(8)) are compact and
that (S, S) € K(Pg, ®F) as well as (S, Jf 5(M% 4(5)) € K(¥g, ¥F). The
precise definition of K(®Pg, ®r) can be found in [Par09b]; compare the discussion
around Theorem 4.15.

4.5.5. The proof of J§ o MR =1d. We show that (£, T) is homotopic to (E, T)
and to J!f,@(Mfz’t%(E, T)), where (E,T) € EP™(€y(X/€); €o(X/E), A(E. B)).

If y € €(X/8) and S := x(T? — 1), then (S, S) is in K(®g, Pg) and
(S, JRp(MZ 4(5)) € K(Vg, Wg) by Lemma 4.16. If follows that (E,T) is in
EP(€o(X/E); Co(X/E), A(E, B)) and, using Theorem 4.15, that it is homotopic
to (E, T) as well as to Jf’@(Mf,Jf(E, T)).

4.6. Sketch of the proof of M ﬁ oJ £ = Id. We first have to introduce an additional
technical concept to be able to formulate the precise conditions under which we can
show the injectivity part of the generalised Green—Julg theorem:

Let #(8) = (H=(§), #~(§)) be a pair of monotone completions of €, (&)
satisfying (H1)—(H4). A cut-off pair ¢ = (¢=,¢”) for § is called an J# (§)-cut-off
pair if

[6x 2y = c”W)lw>gy) =1 and [§" 3y > () lwe<@r) =1

forall x € X.

Examples 4.17. Assume that X /§ is o-compact. Let ¢ be a cut-off-function for §.
(1) Proposition 3.2 gives a J (§)-cut-off pair (c, d) for #(§) = (L1 (§), €y (5)).

(2) If p, p’ €]1, oo such that % + # = 1, then (c#,c%) is a J (§)-cut-off pair
for the pair #(§) = (L? (§).L2(8)).

Observe that these examples show that L!(€), L1 (§) NL!(§)* and Ay (§) are
not only regular (see Examples 4.13) but satisfy the hypotheses of the generalised
Green—Julg theorem 2.4 for o-compact X /§.

The technical reason to consider J (§)-cut-off pairs is that they allow us to embed
[o(X, E) into # (8, E) as a direct summand, where E is a §-Banach B-pair. This is
a Banach algebraic analogue of the fact that every §-C*-algebra B can be embedded
into L2(¢, B) as a direct summand, see Proposition 6.21 of [Tu99].

Recall that the hypotheses of our main result, Theorem 2.4, are that we are given

* an unconditional completion A4 (¥) of €. (§),
* apair #(§) of monotone completions of €. (¥) satisfying (H1)-(H4),
e an J (§)-cut-off pair ¢ for g, and

* anon-degenerate §-Banach algebra B.
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These hypotheses imply that § admits a cut-off function and that A(¥) is regular.
Hence the surjectivity part of the theorem has already been settled; more specifically,
we have Jf oMff = Id.

We want to show that, under these hypotheses, M j oJ f = Id as an endomorphism
of the group RKK ™ (€ (X/€): €y(X/8), A(E, B)).

Idea of the proof of M% o JB = 1d: Let (E,T) € E¥"(€(X), B) with §-
equivariant 7'. The idea is to define a homomorphism ®g from M ﬁ, 2 f’ ac(E))
to E that commutes with the operator M ff’ 2 (J f, 4c(T)) and T. We then show that
@£ induces a homotopy by checking the technical conditions of Theorem 3.20 of
[Par09a]. Note that we use the particular pair A€ (X) of monotone completions of
€. (X) here, see Section 4.1.4.

The central ingredient in the construction of ® g is a homomorphism

A(X, E) ®ug,B) H (9, B) - To(X, E).
To define it, observe that the convolution gives a homomorphism
A(‘g, E) ®A(g,3) Jf(ﬁ, B) — :%(5, E)

By definition, A€ (X, E) embeds into A4 (¢, E), so we can embed A (X, E) ® 4(g,B)
H (G, B)into A(G, E) ® 4g,B) #H (9, B). Onthe other hand, I'g (X, E) is contained
asadirect summand in J (§, E) because c is a J (§)-cut-off pair, so we can compose
with the projection onto this summand to obtain the desired homomorphism. The
homomorphism ® g is constructed from it by some standard operations.

The main difficulty of the proof is to check that the homomorphism ® g really
gives a homotopy between M.f,ﬂ(J,f,AC (E,T)) and (E,T). This boils down to
some approximation arguments for compact operators which are carried out in detail
in [Par07], Section 7.8.

A. Appendix: Does K, (A (¥, B)) depend on A(§)?

In this section, let § be a locally compact Hausdorff groupoid with Haar system and
unit space X and let 4 (%) be an unconditional completion of €. (§).

A.1. Properness and the invariance of K-theory

Conjecture A.1. Let § be proper and let B be a (possibly degenerate) §¥-Banach al-
gebra. Then the group K« (4 (€, B)) is independent of the choice of the unconditional
completion A(§) of €.(§).

By “independent” we mean that there is a canonical isomorphism K (4(§, B)) =
K« (A (g, B)) whenever 4’ (§) is another choice of an unconditional completion.
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We are not able to show this conjecture in full generality, yet, even for the case
that the coefficients are trivial, i.e., B = €p(X). But in this section, we will give
proofs for important cases:

PropositionA.2. If § isproper and if A(§) is either a regular or a strictly positive un-
conditional completion of €.(§) and if B is a §-Banach algebra, then K (A(§, B))
is independent of the choice of the (regular or strictly positive) unconditional com-

pletion A(9).

The notion of regularity was defined in Section 4.3. Strict positivity is a condition
on the fibres A* (§) of A(§) with respect to the left action by € (X) (i.e., the fibration
with respect to the range map r of ¥) which is fairly elementary to check in concrete
examples:

Definition A.3 (Strictly positive norm). Let 4(¥) be an unconditional completion
of €.(§) for anorm || - || 4. Then the norm || - || 4 and the completion A (&) are called
strictly positive if for all compact K C X there is a function y € €.(§)>o such that
infyex || xllax > 0.

Note that strict positivity is not symmetric in the sense that it treats the range
and the source map differently. But in spite of this aesthetical drawback, this notion
seems to be quite useful in concrete examples. As a start, if § = G is a group, then
every unconditional norm on €, (G) is strictly positive. More generally:

Lemma A4. If § = G x X where G is a locally compact Hausdorff group act-
ing (properly or not) on a locally compact Hausdorff space X, and if A'(G) is an
unconditional completion of €.(G), then A(G x X) := A'(G,Cy(X)) is a strictly
positive unconditional completion of €.(G X X).

Proof. Let K € X be compact. Fix a function y’ # 0 in €.(G)>o. Find a function
% € €.(G x X)>p such that, forall x € K and g € G, we have y(g, g 'x) = x'(g)
(if we fix the range map of the groupoid G x X to send (g, x) to gx). The fibre of
A (G, €y(X)) over x € X can be identified with 4A’(G), and this identification sends
y to y/ forall x € K. So, actually,

inf [ xllax = llx"l.4 > 0. O
xeK

As an exercise, one can prove the following alternative characterisation of strict
positivity:

Lemma A.5. Let A(S) be an unconditional completion of €.(§) for a norm || - || 4.
Then A(§) is strictly positive if and only if the following holds: for all y € €.(§)
and all y € '§ with y(y) # 0 there exists U C X open with r(y) € U such that
infxeu [l x[lax > 0.
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Also, note that L (&) is both, strictly positive and regular. But there are also
regular unconditional completions which are not strictly positive and vice versa:

Examples A.6. (1) Let X :=[0,1] and § := X x X. Let the Haar system on § be
induced from the Lebesgue measure on X. Define a norm on €, (¢) by

1
1 flla o= sup/ ()] d.
yeX JO

Then A(¥€) is an unconditional completion of €. (¥) which is not strictly positive.

Note that it would be if we had taken the fibration with respect to the source map s

and not the range map r. Note, moreover, that A(§) = L!(§)*, so A(§) is regular.
(2) Let § and X be as above, but this time consider the norm

1Al = 1Sl

Then B(¥) is an unconditional completion of €, (¥) which is not strictly positive.
As it dominates the C*-norm, it is regular.
(3) Let § be the group Z and let A € R \ {0}. Define a norm on €. (Z) by

Ifllo = 3 *|f(K)I.

kezZ

This is an unconditional norm on €.(Z). If it were regular, one could argue from
(H2) and (H4) that ||¢;||p = 1 forall € Z, but ||e;||p = e* # 1. So D(Z) is not
regular. It is, nevertheless, strictly positive.

Of course, one can combine these examples to obtain a completion which is neither
regular nor strictly positive.

In the rest of the appendix, we will prove Proposition A.2. The strategy of the proof
will be to check that the algebra I'. (€, r*B) of continuous sections with compact
support is dense and hereditary (see below) in the algebra 44 (&, B) in question, which
will give us the necessary information on the K-theory of A(§, B).

In Section A.2, we will introduce some background knowledge on hereditary
subalgebras and see how this concept can help us, and in Section A.3 and Section A.4
we then deal with the regular and the strictly positive case, respectively.

A.2. Hereditary subalgebras and K-theory

Definition A.7 (Hereditary subalgebra). Let A be a subalgebra of a complex algebra
B. Then A is called hereditaryin Bif AB A C A.

This concept was used in similar circumstances by Lafforgue in [Laf02], Sec-
tion 1.7. We will use a slightly refined version of it: Actually, the algebra T (&, r* B)
does not necessarily have to be a subalgebra of its completion A (¥, B) because the
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canonical map ¢ from I'; (¢, r* B) to A (€, B) does not have to be injective; the point
is that the pointwise norm-function of an element of T, (&, r* B) does not have to be
continuous, so it is conceivable that it has “norm” zero without vanishing. However,
the kernel of ¢ can easily be seen to be nilpotent, which is good enough.

LemmaA.8. Lett: A — B be a homomorphism of complex algebras such that 1(A)
is a hereditary subalgebra of B and such that the kernel of v is nilpotent. Then, for
all a € A, we have: if 1 + 1(a) is invertible in the unitalisation B of B, then 1 + a
is invertible in A.

Proof. Leta € A such that 1 + (a) is invertible in B. Let 1 + b be the inverse of
1 4+ t(a) in B. Then, as in the proof of Lemma 1.7.9 of [Laf02] or Lemma 8.2.2
of [Par07], b = —t(a) + t(a)? + t(a)bi(a) belongs to t(A). Find a’ € A such that
t(@) =b. Theni((1+a)(1+a")) = (1+(a))(1+(@)) =1 =1((1+a")(1 +a)).
This means that (1 + a)(1 + a@’) = 1 + n for some 7 in the kernel of ¢. But such
an element is always invertible, so 1 + a is right-invertible in A. Similarly, 1 + a is
left-invertible in A, , SO it 1s invertible. O

Remark A.9. Note that Lemma A.8 is insensitive to amplification: If n € N and
t: A — B satisfies the hypotheses of the lemma, then also M, (¢) : M, (4) — M, (B)
satisfies them. So the conclusion holds for a € M, (A) as well.

LemmaA.10. Let: By — B; be a continuous homomorphism of Banach algebras
with dense image. Let A be a dense subalgebra of By such that ¥ (A) is a hered-
itary subalgebra of By and such that the kernel of |4 is nilpotent. Then V is an
isomorphism in K-theory:

K« (B1) = Ky« (B>).

Proof. Note that |4 satisfies the conditions of Lemma A.8. This means that V is
relatively spectral in the sense of Nica with respect to the dense subalgebra A4, see
[Nicl0], i.e., for every element a in A we have spg, (¥/(a)) = spp, (a). By the above
remark, we can conclude that ¥ is even completely relatively spectral in the sense
of Nica, so it follows from Theorem 1.2 of [Nic10] that i is an isomorphism in
K-theory.

If one does not want to invoke the machinery of [Nic10], one can also find a more
direct proof along the lines of the proof of Lemma 1.7.10 of [Laf02]. O

LemmaA.11. Let B be a complex algebra. For each submultiplicative semi-norm p
on B let B), denote the completion of B with respect to p and let1,: B — B, denote
the canonical “inclusion”. Consider the class € of all those p such that 1,(B) is
hereditary in B, and such that 1, has nilpotent kernel. Then K« (B,) does not depend
onpect.
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Proof. We first consider the case that we have p and ¢ in € such that g < p. Let
¥ denote the canonical homomorphism from B, to B, and write A for 1,(B) C B,,.
Then v : B, — By satisfies the hypotheses of Lemma A.10, so ¥«: Ky« (Bp) —
K+« (By) is an isomorphism.

If p and q are arbitrary in €, then we can consider r := max{p, ¢}, which is also
in €. Then we can apply the first part of the proof to p and r and p and r and ¢,
respectively. O

The link between the concept of a hereditary subalgebra and the proper groupoids
and unconditional completions is given by the following lemma. In combination with
Lemma A.11 it implies Proposition A.2.

Lemma A.12. Let § be proper and let B be a §-Banach algebra. Let A(§) be a
regular or strictly positive unconditional completion and let v denote the canonical
map from Ty := T¢(§,r* B) into its completion A 1= A(§, B). Then the threefold
convolution product Ty X I'c X I'c — T'¢ can be (uniquely) extended to a trilinear
separately continuous map I'c x A x T — I[¢.

It follows that 1 (T, ) is hereditary in 4 and that the kernel N of i satisfies T NT, =
0; in particular, N is nilpotent.

Proof. To show that the threefold convolution product on I'; extends to a trilinear
separately continuous map I'c x 4 x I'. — T'; will be shown in Section A.3 and
Section A.4 in the regular and strictly positive case, respectively. Because of the
continuity in the second component and the density of ((I';) in < this extension is

unique.
From ((I';)AL(T.) = (T AT ) C 1(I) it follows that ¢ (T".) is hereditary in .
Ifn € I';isinthe kernel of t and f7, f> € I'¢,then finfo = f1u(n) fo = f10f2 = 0.
O

Remark A.13. The core of the argument why “T'. % 4 x [ € I'.” holds does not
involve the properness and, before we start with the actual proof, we want to explain it
in the case that & = G is a (unimodular) group, that B = C and that A(G) = L!(G).
The interesting part of what we have to show is that €.(G) * L1(G) * €.(G) is
contained in €(G), the space of all continuous functions on G.

Firstly, consider €.(G) as a subspace of L?(G). Because L' (G) acts on L?(G)
by convolution, canonically, we see that

€.(G) xL1(G) x €(G) € L*(G) xL'(G) xL*(G) € L*(G) xL*(G) < &(G).

The last inclusion can easily be shown using the Cauchy—Schwartz inequality. What
we will show below for the regular case will be a generalisation of this idea.
Secondly and alternatively, one could proceed as follows: Show that already
L (G)*€.(G) C €(G); inthis simple case, this can be achieved by regarding €, (G)
as a subset of €y(G), on which L!(G) acts canonically by convolution. Actually, it
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is true that A(G) * €.(G) € €(G) for any unconditional completion A(G) if G is
a group. An argument for this fact has been indicated to me by Vincent Lafforgue,
and a generalisation to strictly positive unconditional completions is what we show
below in Section A.4.

A.3. Regular unconditional completions. Let B be a §-Banach algebra and let
A(¥) be a regular unconditional completion. Let #(¥) act on the equivariant pair
H (§) of locally convex monotone completions of €, (§) satisfying (H1)-(H4) as in
Definition 4.12.

We now show that the threefold convolution product on I'; := T'.(§,r*B) can
be extended to a trilinear separately continuous map from I'; x A(§, B) x I'; to ',
if § is proper.

Lemma A.14. Let S be proper and let A(§) be regular. Let t be the canonical map
from T.(&,r*B) to A(E,B). Then ((I'.(§,r* B)) is a hereditary subalgebra of
A(E, B) and the kernel N of  satisfies To(§,r*B)NT.(&,r*B) = 0, in particular,
it is nilpotent with N3 = 0.

Proof. Let A(§) act on the equivariant pair #(¥) of locally convex monotone
completions of €.(9). Let B=,8~ € I'.(4,r*B). Let K, := r(suppB~) and
K := s(supp ). The two sets K, and K are compact subsets of §(®). Because
§ is proper, the set K := {y € § : r(y) € K;, s(y) € K} is compact. For all
B € T.(8,r*B), we have supp(8= * 8 *x ) C K. Because A(€) acts on H(9),
we also have, by Lemma 4.11 and property (H2):

1B~ * B B lloo < 1B~ Ilse<IBllAlIB Il 5>

It follows that (8= * B, * B~ )nen is a Cauchy sequence in I'x (&, r* B) whenever
(Bn)nen is a Cauchy sequence in I'c(§,r*B) for the semi-norm || - || 4; in this
case, (B= * B, * B )nen converges to some element of I'x (§,r*B), and hence
t(B=* Bn * B7) = t(B)(Br)L(B”) converges to some element in the image of ¢ if
n — oo. Thus the image of ¢ is hereditary in A(¢, B).

Now let 8 € T (&, r*B)satisfy ((8) = 0 € A(E, B). Let 8=, B~ be elements of
Te(§.r*B). By (H2), [|8=# BB loo < Bl BLalIB~ Ilse= = 0. 50 B= % B x
B~ = 0. This shows that the kernel N of ¢ satisfies I'.(§,r*B)NT.(§,r*B) = 0.

O

Example A.15. Let G be a locally compact Hausdorff group acting properly on
some locally compact Hausdorff space X. Then L!(G x X) and L1 (G, €y (X)) are
two regular unconditional completions of €.(G x X). Because G x X is a proper
groupoid, we have a canonical isomorphism

K« (LY(G,€y(X))) = K« (L1 (G x X)).
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Because the unconditional norm given by L!(G, €y (X)) dominates | - ||;, the iso-
morphism in K-theory is given by the canonical homomorphism from L! (G, € (X))
to L1 (G x X).

A.4. Strictly positive unconditional completions

Lemma A.16. Forall f € €(§) and g € €.(§) the function f * g is well defined
and continuous. The so defined product from €(§) x €.(9) to €(§) is separately
continuous if we equip €.(8) with the inductive limit topology and €(§) with the
topology of uniform convergence on compact sets. The same holds for the product
with the factors reversed.

Let (%) be an unconditional completion of €, (¥) for an unconditional strictly
positive norm || - || 4, see Definition A.3.

Lemma A.17. The convolution on €.(§) extends to a well-defined product from
A(EG) X €.(8) to €(§) which is separately continuous.

Proof. Let K be a compact subset of §. We show that the convolution from €, (§) x
€k (§) to €(9) extends continuously to a map on A(§) X €x (§). This would show
separate continuity for the extension of the convolution to a map on A(§) x €.(§).

So let L be a compact subset of §. We have to show that the map (f,g) —
(f % g)|r from €. (9) x € (&) to €(L) is bounded. Because the norm on A () is
strictly positive, we can find a function y € €¢(9)>o such thatinf e () | x[l4, > 0
and 0 < y < 1. Define V := supp y.

Note that the set KL~V is a compact subset of , so we can find a function
V¥ € €. (F)suchthat0 <y < landy = 1on KL™'V. We define

1114

Ckpi=—"—""""—"—.
infyerry | X1l Ax

Let f € €.(§) and g € €x(§) and x € §©.
We have
W (s )l lIglloo = 1g(s™ D)1

forallv € V,forall/ € Landall s € § such that r(s) = r(v) = r(l) = x: If
s~ is in suppg C K, then this means that s~ !'v = s7!//"lv isin KL™'V, so
¥ (s~!'v) = 1 and the above inequality holds in this case. If s~/ is not in supp g,
then the inequality holds trivially.

Now forall/ € L and v € V such that r(v) = r(/) = x we have

||g||oo|f|*|w|(v)=/

s€

o 1Ol v)lIglloo ds
> / - |F16)Igls™ D ds = 1 £+ 1gl(D) = [1f1 % gl D] x(w).
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Because supp y = V, the same inequality holds for all v € §*. Because the norm

Il - Il4 is unconditional, we have || [[gllool /| * [¥| 4. = [l /] * gl(D]llx 14, This
implies that

lgllooll f a1 lla = [1LF 1% 11D X1 Ay
foralll € L.

(D] < [1f] % lgly) < 1V 1A

< Igllooll fllax = Cr.Lligllooll £ 1l
Nl

This is true for all [ € L, so

If *gliL < Cr.Lligllooll f ll.4-
This is the continuity property that we wanted to prove. O

Let ¥ be a proper locally compact Hausdorff groupoid. Let B be a §-Banach
algebra. Define I'; := I'c(§,r*B). Let A($) be a strictly positive unconditional
completion of €, (§).

Corollary A.18. Let f1, f3 € [ :=T¢(§,r*B). Thenthe map f> +— f1* f>* f3
from T (§,r*B) to T (§,r*B) extends to a continuous linear map from A(§, B)
to the Banach space T (§,r*B) C T'., where K C § is the compact set {y € § :

r(y) € s(supp f1) and s(y) € r(supp f3)}.

In particular, the image of T in its completion A(§, B) is a hereditary sub-
algebra. Moreover, the kernel N of the embedding of T into A(§, B) satisfies
I'.NT. = 0, so in particular we have N3 =0.

Proof. Because § is proper, the set K is compact.
It is clear that supp( f1 * f2 * f3) € K forall f, € .. Moreover, we have shown
above that

Ifr* fax falle < [HLAL* 12l * [f]lx < Clf2ll4.

where the constant C does only depend on f; and f3. This shows the first part of the

corollary.

The same inequality, for varying f; and f3 (and hence for varying C and K)
shows the second part of the corollary. O
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