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Idempotent states on compact quantum groups and their
classification on U, (2), SU,(2), and SO, (3)
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Abstract. Unlike for locally compact groups, idempotent states on locally compact quantum
groups do not necessarily arise as Haar states of compact quantum subgroups. We give a simple
characterisation of those idempotent states on compact quantum groups that do arise as Haar
states on quantum subgroups. We also show that all idempotent states on the quantum groups
Uy (2), SU4(2), and SO4(3) (g € (—1,0) U (0, 1]) arise in this manner and list the idempotent
states on the compact quantum semigroups Ug(2), SUg(2), and SO¢(3). In the Appendix we
provide a short new proof of the coamenability of deformations of classical compact Lie groups
based on their representation theory.
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1. Introduction

It is well known that if X is a locally compact topological semigroup, then the
space of regular probability measures on X possesses a natural convolution product.
Analogously, if A is the algebra of continuous functions on a compact quantum
semigroup, i.e., a unital C*-algebra together with a coproduct (i.e., coassociative
unital x-homomorphism) A: A — A® A, then one can consider a natural associative
convolution product on the state space of A,

Axpu=AQu oA, A,ueSA).

It is natural to ask whether one can characterise the states that satisfy the idempotent
property

Hox = [
A particular and most important example of an idempotent state is the Haar state on

a given compact quantum group in the sense of Woronowicz [Wor98]. More general
idempotent states arise naturally in considerations of Cesaro limits of convolution
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operators on the algebras of functions on compact quantum groups, cf. [FSO8a].
They are also an important ingredient in the construction of quantum hypergroups
[CV99] and occur as initial value ¢o of convolution semigroups (¢;)>¢ of states on
quantum groups if one relaxes the initial condition ¢g = ¢, cf. [FSc00]. In the finite-
dimensional case idempotent states are in one-to-one correspondence with quantum
pre-subgroups studied in [BBS99]. They may also be used in the study of Hopf
images of representations of the algebras of functions on compact quantum groups
introduced in [BB10].

For classical compact groups, Kawada and It6 proved that all idempotent measures
are induced by Haar measures of compact subgroups, see [KI40], Theorem 3. Later
this result was extended to arbitrary locally compact topological groups, see [Hey77]
and references therein. In [Pal96] Pal showed that this characterisation does not
extend to quantum groups by giving an example of an idempotent state on the Kac—
Paljutkin quantum group that cannot arise as the Haar state on a quantum subgroup.
In [FS09a] the first two authors began a systematic study of idempotent states on
compact quantum groups, later continued in [FS09b]. In particular we exhibited
further examples of idempotent states on quantum groups that are not induced by
Haar states of quantum subgroups. Such examples are actually quite frequent and
may be thought of as the dual manifestation of the existence of non-normal subgroups.
We also gave a characterisation of idempotent states on finite quantum groups in terms
of quantum sub-hypergroups and established a one-to-one correspondence between
idempotent states and quantum pre-subgroups of [BBS99].

In this work we continue the analysis started in [FS09a] and show a simple and
easily verifiable characterisation of those idempotent states that arise as Haar states on
quantum subgroups, so-called Haar idempotents. This, as in the finite-dimensional
case, leads to natural examples of Haar idempotents on group C*-algebras of amenable
discrete groups having non-normal subgroups. The second main result of the present
paper is the classification of all idempotent states on the compact quantum groups
Uy (2), SU4(2), and SO, (3) for g € (—1, 1]\ {0}. Surprisingly, it turns out that they
are all induced by quantum subgroups, cf. Theorems 4.7, 5.1, and 5.2. As a byproduct
we obtain the classification of quantum subgroups of the afore-mentioned quantum
groups. In the case of SU,(2) and SO,(3) these have been known due to the work
of Podles [Pod95], but our approach provides a different proof.

For the value ¢ = 0, the quantum cancellation properties fail and Uy (2), SUg(2),
and SOy (3) are no longer compact quantum groups. But they can still be considered
as compact quantum semigroups so that, as explained above, their state spaces have
natural convolution products. Using this we determine all idempotent states on Ug(2),
SUg(2), and SOy (3), see Theorems 6.3 and 6.5 and 6.6. It turns out that in spite of
the fact that the underlying C*-algebras are isomorphic for all ¢ € (—1, 1), in the
case g = 0 there exist additional families of idempotent states which do not appear
when ¢ # 0. Interestingly, for ¢ = —1 the Kac algebra U_;(2) admits non-Haar
idempotent states. The full classification is however in this case more complicated
and requires different techniques, and we refer to future work [FST11].
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The detailed plan of the paper is as follows. In Section 2 we list the background
results and definitions we need in the rest of the paper. In particular we recall the
definitions of the quantum groups being the subject of the paper, discuss their repre-
sentation theory and present explicit formulas for their Haar states. Although most of
the facts presented in this section are well known, the details of the respective repre-
sentation theories are somewhat scattered through literature (and in the case of U, (2)
even not fully recorded), so we decided to describe them here in detail to facilitate a
coherent use of terminology and notation in the remainder of the paper.

Section 3 introduces idempotent states on compact quantum groups, provides
the characterisation of those idempotent states that arise as Haar states on quantum
subgroups (extending the results for finite quantum groups given in [FS09a]) and
briefly discusses the cocommutative situation under the coamenability assumption.

Section 4 contains main technical arguments of the paper and ends with the char-
acterisation of all idempotent states on Uy (2) for g € (—1, 1] \ {0}.

In Section 5 we show how one can deduce the corresponding statements for
SU,4(2) and SO, (3). In view of Theorem 4.1 of [FSO9b] this allows us immediately
to conclude which of the coidalgebras of C(SU,(2)) studied by the third named
author in [TomO8] are expected, i.e., are images of a Haar state preserving conditional
expectation (we refer to both of these papers for precise terminology).

Section 6 contains the classification of the idempotent states on compact quantum
semigroups Ug(2), SUy(2), and SOy (3).

Finally in Section 7, we use the result of [FS09a] showing that idempotent states on
compact quantum groups are group-like projections in the dual quantum group, giving
rise to algebraic quantum hypergroups by the construction presented in [LVDO7],
and discuss the quantum hypergroups associated to these group-like projections for
the case of SU,(2). The Appendix contains a new short proof of coamenability
of deformations of classical compact Lie groups based on the representation theory
developed in [KS98].

2. Notation and preliminaries

The symbol ® will denote the spatial tensor product of C*-algebras, © will be reserved
for the purely algebraic tensor product. We write Ng or Z 4 for N U {0}.

2.1. Compact quantum groups. The notion of compact quantum groups has been
introduced in [Wor87a]. Here we adopt a rewording of Definition 2.1 in [Wor98].

Definition 2.1. A C*-bialgebra (the algebra of continuous functions on a compact
quantum semigroup) is a pair (A, A), where A is a unital C*-algebra, A: A > AQ A
is a unital, *-homomorphic map which is coassociative

(A®idp) o A = (idy ® A)o A.
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If the quantum cancellation properties
Lin((1 ® A)A(A)) = Lin((A® 1)A(A)) = AQA,

are satisfied, then the pair (A, A) is called the algebra of continuous functions on a
compact quantum group.

In quantum group theory it is quite common to write A = C(G), where G
denotes the underlying compact quantum group; note however that the symbol G is
only defined indirectly.

The map A is called the coproduct of A, it induces the convolution product
Axp:=AQ®u) oA, A, ueA*.

If G is a compact quantum group, then a unitary U € M,,(C(G)) is called a finite-
dimensional unitary representation of G ifforalli, j = 1,...,n wehave A(U;j) =
ZZ=1 Uik ® Ug;j. Itis said to be irreducible if the only matrices T € M, (C) with
TU = UT are multiples of the identity matrix.

Possibly the most important feature of compact quantum groups is the existence of
the dense x-subalgebra A C C(G) (the algebra of matrix coefficients of irreducible
unitary representations of G), which is in fact a Hopf x-algebra, for example A: A —
A O . This x-Hopf algebra is also denoted by A = Pol(G), and treated as the
analog of polynomial functions of G.

Another fact of crucial importance is given by the following result, Theorem 2.3
of [Wor98].

Theorem 2.2. Let G be a compact quantum group and let A = C(G). There exists
a unique state h € A* (called the Haar state of G) such that

(h ®ida) o A(a) = (ida ® h) o A(a) = h(a) 1
forall a € A.

The algebra C(G) is said to be in reduced form if the Haar state h is faithful.
If this is not the case, pass to the quotient by the kernel of 4. This procedure in
particular does not influence the underlying Hopf x-algebra «+; in fact the reduced
object may be viewed as the natural completion of «# in the GNS representation with
respect to /i (as opposed for example to the universal completion of «+, for details
see [BMTOI1]). In general the reduced and universal object need not coincide. This
leads to certain technical complications which are not of essential importance in
our context (for example, if a discrete group I' is not amenable, the reduced C*-
algebra of I' is a proper quantum subgroup of the universal C*-algebra of I", even
though they have ‘identical’ Haar states). To avoid such difficulties we focus on
the class of coamenable compact quantum groups ([BMTO1], see the Appendix to
this paper for more information), for which the reduced and universal C*-algebraic
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completions of 4 are naturally isomorphic. All deformations of classical compact
Lie groups, in particular the quantum groups U, (2), SU,(2) and SO, (3) we consider
in Sections 4 and 5, are known to be coamenable ([Ban99]). Banica’s proof is based
on the fusion rules appearing in the quantum group-theoretic representation theory;
in the Appendix we give an alternative proof based on the C*-algebraic representation
theory developed in [KS98].

The following definition was introduced by PodleS$ in the context of compact
matrix pseudogroups (Definition 1.3 of [Pod95]).

Definition 2.3. A compact quantum group G’ is said to be a quantum subgroup
of a compact quantum group G if there exists a surjective compact quantum group
morphism j : C(G) — C(G), i.e., asurjective unital x-homomorphism j : C(G) —
C(@’) such that

Ac@yo] =0 ®Jj)oAc@)-

Strictly speaking, one should consider the pairs (G, j) since C(G) can contain
several copies of C(G’) with different morphisms (in the same way as a classical
group can have different but isomorphic subgroups). We will not distinguish between
(G1, j1) and (G3, j») if there exists an isomorphism of quantum groups ®: C(G1) —
C(Gy) such that ® o j; = j,. Note that such isomorphic pairs induce the same
idempotent state ¢ = hg, o j1 = hg, o j», since uniqueness of the Haar states
implies hg, = hg, © ©.

Any coamenable compact quantum group contains itself and the trivial compact
quantum group {e} as quantum subgroups; further these two quantum subgroups will
be called trivial. If G is a compact group and a compact quantum group G contains
G as a quantum subgroup, via a morphism j: C(G) — C(G), we will simply say
that G is a subgroup of G.

Definition 2.4. A quantum subgroup (G’, j) of a compact quantum group G is called
normal if the images of the conditional expectations

Eg/or = (id ® (hgr o j)) o A,
Egng = ((hgr 0 j) ®id) o A,

coincide, cf. [WanO8], Proposition 2.1 and Definition 2.2. In this case the quotient
C(G/G') := Eg/e/(C(G)) has a natural structure of the algebra of continuous
functions on a compact quantum group.

2.2. g-numbers. Let g # 1. We will use the following notation for g-numbers,

;@) = (1 =x)(1 —gx) ... (1 —¢" "),

|:”l:| _ (q;Q)n
ki, (@O Dnrk’

forneZ;,0<k<n,xeR.
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2.3. The Woronowicz quantum group SU, (2) [Wor87a], [Wor87b]. For q € R,
we denote by Pol(SU,(2)) the *-bialgebra generated by « and y, with the relations

ay =qya, ay* =qy*a, yTy=yy",
vy +afa =1, aa*—a*a=(1-q¢>y*y,

and comultiplication and counit defined by setting
Al@=a®a—qy*"®y, Aly)=y®@a+a"®y,

and e(x) = 1, e(y) = 0. For g # 0, Pol(SU,(2)) admits an antipode. On the
generators, it acts as

S(@) =a* and S(y) =—qy.

Denote by C(SU,(2)) the universal enveloping C*-algebra of Pol(SU,(2)).
Then A extends uniquely to a non-degenerate coassociative homomorphism
A: C(SU4(2)) — C(SU4(2)) ® C(SU,4(2)), and the pair (C(SUy(2)),A) is a
C*-bialgebra. For g # 0, SU,4(2) is even a compact quantum group.

Observe that the mapping « +— «* and y +— g¢y* induces isomorphisms
Pol(SU,/4(2)) — Pol(SUy(2)), C(SUy/4(2)) — C(SU4(2)). Therefore it is suffi-
cient to consider ¢ € [—1, 1].

2.3.1. Representation theory of C(SU,(2)) [Wor87b], [VS88]. The C*-algebra
C(SU,4(2)) has two families of irreducible representations. The first family consists
of the one-dimensional representations pg, 0 < 6 < 27, given by
poe) =e'®. pa(y) =0.
The other family consists of infinite-dimensional representations 779, 0 < 6 < 27,
acting on a separable Hilbert space f) by

V1—¢g*e,—1 ifn>0,

x)e, =
7o (@)en {0 ifn =0,

mo(y)en = €'%q" ey,

where {e,, | n € Ny} is an orthonormal basis for §.

This list is complete, i.e., any irreducible representation of C(SU,(2)) is unitarily
equivalent to a representation in one of the two families above (Theorem 3.2 of
[VS88]). It is known that the C*-algebra C(SU,(2)) is of type I, therefore any
representation can be written as a direct integral over the irreducible representations
given above.



Idempotent states on U, (2), SU4(2), and SO, (3) 227

2.3.2. Quantum subgroups of SU,(2). Let Pol(U(1)) denote the *-algebra gen-
erated by one unitary w, ww* = w*w = 1. With A(w) = w ® w, e(w) = 1,
S(w) = w*, this becomes a *-Hopf algebra. Its enveloping C*-algebra C(U(1)) is
the algebra of continuous functions on a compact group U(1). Note that the x-algebra
homomorphism Pol(SU,(2)) — Pol(U(1)) defined by & — w, y + 0 extends to a
surjective compact quantum group morphism j : C(SU,(2)) — C(U(1)),i.e., U(1)
is a quantum subgroup of SU,(2). Furthermore, Podles ([Pod95], Theorem 2.1)
showed that, for ¢ € (—1,0) U (0, 1), U(1) and its closed subgroups are the only
non-trivial quantum subgroups of SU,(2). This will also follow from the results in
Section 4.

There exists a second morphism j’: C(SUy(2)) — C(U(1)), determined by
j'ia > w*, y — 0. But we do not need to distinguish between the pairs
(C(U(1)), j) and (C(U(1)), j') since they are related by the automorphism © of
C(U(1)) with O(w*) = (w*)*, O((w*)F) = w*, k € No.

2.3.3. Representations of SU,(2). Letg € (—1,0) U (0, 1). We recall a few basic
facts about the representations of SU,(2), for more details see [Wor87a], [Wor87b],
[VS88], [MMNT88], [Koo89]. For each non-negative half-integer s € %Z+ there

exists a (25 4 1)-dimensional irreducible unitary representation u () = (u](:e) )—s<k.t<s
of SU,(2) which is unique up to unitary equivalence. Note that the indices k, £ run
over the set {—s,—s + 1,...,s — 1, s}, they are integers if s € Z is integer, and
half-integers if s € (%Z+)\Z+ is a half-integer. This convention is used throughout
the paper.

The matrix coefficients u,(csg) = %Z+, —s < k,{ < s, span Pol(SU,(2)) and are
linearly dense in C(SU,(2)), which will be sufficient for our calculations. We have

WO = (1), 02 = (a —ql/*) |

Y o
o’ —qV1+q?y*a > (y*)?
u® = VT+¢2va 1-(0+Ay*y —qv/1+qa*y* ],

y? V14 g2ty (a*)?

and the matrix coefficients of the higher-dimensional representations are of the form

ak—tpS) k=t fork +¢<0, k>¢,
) oz_k_zp,(:[)(y*)z_k fork+£ <0, k<,
u® —

KT ) @y Hp@yk=t fork +£>0, k > ¢,
(@) pS () k fork + €20, k <,

where p,(:z) is a polynomial in y*y.

In particular, for s an integer, u(()so) = ps(y*y:1,1;¢?) is the little g-Legendre
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polynomial and uﬁ)) = |:2SSi| (a*)Sy*.
qZ
If we define a Z-grading on Pol(SU,(2)) by
dega =dega™ =0, degy =1, degy* =—I,

then we have

deg u}cse) =k —{.

With this grading, it is straight-forward to verify the formula
SZ(a) — q2degaa

for the square of the antipode on homogeneous elements.

2.3.4. The Haar state of SU,(2). As stated in Theorem 2.2, there exists a unique
invariant state /2 on the compact quantum group SU,(2), called the Haar state. It was
first computed by Woronowicz in [Wor87a]; it is the identity on the one-dimensional
representation, and vanishes on the matrix coefficients of all other irreducible repre-
sentations, 1.€.,

h(u)) = 8o

for s € %Z+, —s < k,£ < s. On polynomials p(y*y) € C[y*y], it is equal to
Jackson’s g-integral ([Koo89]),

00 1
M) = (=) Y g pa™) = [ peodgx
k=0 0

2.4. The compact quantum group SOy, (3). A compact quantum group G’ is called
a quotient group of G if there exists an injective morphism of quantum groups
j: C(G') — C(G). The compact quantum group SOy, (3) can be defined as the
quotient of SU,(2) by the quantum subgroup Z;, cf. [Pod95]. Pol(SO4(3)) is the
subalgebra of Pol(SU,(2)) spanned by the matrix coefficients of the unitary irre-
ducible representations of SU,(2) with integer label, and C(SO,(3)) is its norm
closure. The Haar state on SO, (3) is simply the restriction of the Haar state on
SU,4(2).
Podles [Pod95] showed that SO, (3) and SO_(3) are isomorphic.

2.4.1. The semigroup case ¢ = 0. We define Pol(SOy(3)) to be the unital *-
subalgebra of Pol(SUg(2)) generated by a2, y2, ya, y*a, and y*y, i.e.,

Pol(SO(3)) = span{(a®)" y*a®, (@*)" (y*)*e® | r.k,s € Z with r +k+s even}.
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Since
Al@*) y*a®) = io(a*)r—l—k—/cyxas ® (@*) yk—*as+e,
K=
A" (7*)a) = io(a*)r(y*)xam_x ® (@) ()<
K=
this is a sub x-Hopf algebra in Pol(SU(2)). The C*-bialgebra C(SOg(3)) is then

defined as the norm closure of Pol(SOg(3)) in C(SUg(2)). Note that C*-algebras
C(SU,4(2)) are isomorphic for all ¢ € (—1, 1) [Wor87b], Theorem A2.2.

2.4.2. The conditional expectation E: C(SU,(2)) — C(S0,4(3)). Looking at
the defining relations of SU,(2), it is clear that ¥: « — —o, y — —y extends
to a unique *-algebra automorphism of C(SU,(2)). Therefore E = %(id + )
defines a completely positive unital map from C(SU,(2)) to itself. If ¢p» = hz, o j
denotes the idempotent state on SU,(2) induced by the Haar measure of Z,, with
J:SUq4(2) — C(Z) the corresponding surjective morphism (see Definitions 3.1
and 3.2), then we can write E also as

E=(id®¢2) o A.

Checking
()
() _ JUgp ifseZ4,
E(uke) - {0 else

we can show that the range of E is equal to C(SO,(3)). Furthermore, E satisfies
AcE=(1dQ®E)cA=(EQ®id)cA=(EQE)oA.

2.4.3. Quantum subgroups of SO, (3). Here the restriction of the morphism
J: C(SU4(2)) = C(U(1)) to C(SO4(3)) is no longer surjective, its range is equal to
the subalgebra { f € C(U(1)) | f(z) = f(—z) forallz € U(1)} = C(U(1)/Z>,).
Since U(1)/Z, = U(1), we see that SO, (3) contains U(1) = SO(2) and its closed
subgroups as quantum subgroups. Podles [Pod95] showed that these are the only non-
trivial quantum subgroups of SO, (3). Again this can be deduced from the results of
Section 5.

2.5. The compact quantum group U, (2) [Koe91], [Wys04], [ZZ0S]. Letg < R.
Then Pol(U,(2)) is defined as the *-bialgebra generated by a, ¢, and v, with the
relations

av =va, cv=vc, cc*=c*c,

ac =qca, ac*=gqgc*a, vv*=v*v=1,
aa* + ¢*cc* =1 =a*a + c*c,
Al@)=a®a—qgc*v*®c, Alc)=cQa+a®c, AW)=vQv,
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gla)=¢(w) =1, e(c)=0.
For g # 0, Pol(Uy(2)) admits an antipode, given by
S(a) =a*, Sw)=v*, S(c)=—qcv,

on the generators.

Denote the universal enveloping C*-algebra of Pol(U,(2)) by C(Uy(2)). Then
A: Pol(U,(2)) — Pol(Ug,(2)) © Pol(Ug(2)) extends uniquely to a non-degenerate
coassociative homomorphism A: C(Uy(2)) = C(U4(2)) ® C(Ugy(2)), and the pair
(C(Ug4(2)), A) is a C*-bialgebra. For g # 0, Ug(2) is even a compact quantum
group. It is again sufficient to consider ¢ € [—1, 1] since U, (2) and U;/4(2) are
isomorphic.

2.5.1. Quantum subgroups of U, (2). The mappinga — o, ¢c — y, v = 1
extends to a surjective compact quantum group morphism C(U,(2)) — C(SU,(2))
and shows that SU, (2) is a quantum subgroup of U, (2). The C*-algebra C(U,4(2)) is
isomorphic to the tensor product of C(SU,(2)) and C(U(1)). Moreover the compact
quantum group, U, (2) is equal to a twisted product of SU,4(2) and U(1), cf. [Wys04],
written as Uy (2) = SU,(2) x5 U(1).

Another quantum subgroup of U, (2) is the two-dimensional torus. Denote by
Pol(T?) the *x-Hopf algebra generated by two commuting unitaries, i.e., by wy, wy
with the relations

wiwy =1 =wiw;, ww;, =1=wiw,, wiwy=wowi, wWiW, = W, Wi,
Awy) = w; @ wy, A(wz) = wr @wa, &(wy) = e(wz) = 1.

Then C(T?) is the C*-enveloping algebra of Pol(T?2). Then the mapping a — wy,
¢ — 0, v — w, extends to a unique surjective compact quantum group morphism
C(Uy(2)) — C(T?).

We will see that the twisted products SU,(2) X5 Z,, n € N, the torus T2, and
its closed subgroups are the only non-trivial quantum subgroups of U, (2), cf. Corol-
lary 4.8.

2.5.2. Representations of U, (2). Unitary irreducible representations of U, (2) can
be obtained as tensor product of unitary irreducible representations of SU,(2) with
representations of U(1), cf. [Wys04]. In this way one obtains the following family of
unitary irreducible representations of U, (2),

D) — (,,®) ¢
&P — (uke pP st )<k l<s

forpe”Z,s e %Z +. The matrix coefficients of these representations clearly span
Pol(U4(2)). Therefore they are dense in C(Ug,(2)) and will be sufficient for the
calculations in this paper.
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Assume that ¢ # 0. We want to compute the action of the square of the antipode
on the matrix coefficients of the unitary irreducible representations defined above.
Since we have S%(a) = a, S?(c) = ¢g?c, and S?(v) = v, we get

Sz(u](cse)vp+s+e) — qZ(k—Z)ul(cSe)Up-FS-i-K (21)
withpe Z,s e %Z+,and—s <k, l<s.

2.5.3. The Haar state of U, (2). The Haar state & on U,(2) can be written as a
tensor product of the Haar state on SU,(2) and the Haar state on U(1). It acts on the
matrix coefficients of the unitary irreducible representations given above by

(S vP ) = 84,80,
fors € %Z+,—s <k l<s,pel.

2.6. Multiplicative domain of a completely positive unital map. The following
result by Choi on multiplicative domains will be useful for us.

Theorem 2.5 ([Cho74], Theorem 3.1, [Pau02], Theorem 3.18). Let T: A — B be a
completely positive unital linear map between two C*-algebras A and B. Set

Dr ={ae€ A|T(aa*) = T(a)T(a*), T(a*a) = T(a*)T(a)}.
Then we have
T(ab) = T(@)T(b) and T(ba) =T (b)T(a)

foralla € Dy and b € A.

3. Idempotent states on compact quantum groups

In this section we formally introduce the notion of idempotent states on a C*-bi-
algebra, provide a characterisation of those idempotent states on compact quantum
groups which arise as Haar states on quantum subgroups and discuss commutative
and cocommutative cases.

Definition 3.1. Let (A, A) be a C*-bialgebra. A state ¢ € A* is called an idempotent
state if

(PQP)oA =9,
i.e., if it is idempotent for the convolution product.

If A = C(G) for a compact quantum group G, we will also simply say that ¢ as
above is an idempotent state on G.
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Definition 3.2. A state ¢ € C(G)™* is called a Haar state on a quantum subgroup
of G (or a Haar idempotent) if there exists a quantum subgroup (G’, j) of G and
¢ = hgs o j, where hgs denotes the Haar state on G'.

It is easy to check that each Haar state on a quantum subgroup of G is idempotent.
It follows from the example of Pal in [Pal96] and our work in [FS09a] that not every
idempotent state is a Haar idempotent. We have the following simple characterisation,
extending Theorem 4.5 of [FS09a].

Theorem 3.3. Let G be a compact quantum group, let ¢ € C(G)* be an idempotent
state and let Ny = {a € C(G) : ¢(a*a) = 0} denote the null space of ¢. Then ¢ is
a Haar idempotent if and only if Ny is a two-sided (equivalently, self-adjoint) ideal.

Proof. Itis an easy consequence of the Cauchy—Schwarz inequality that Ny is a left
ideal; thus it is a two-sided ideal if and only if it is self-adjoint.

Write A = C(G). Suppose first that ¢ is a Haar idempotent, i.e., there exists
a compact quantum group G’ and a surjective compact quantum group morphism
j: A — C(G) such that ¢ = hg/ o j. Recall that we assumed /g’ to be faithful,
sothat Ny = {a € A | j(a*a) = 0} = {a € A | j(a) = 0}, which is obviously
self-adjoint.

Suppose then that Ny is a two-sided self-adjoint ideal. Let B := A/Ny and let
7y A — B denote the canonical quotient map. We want to define the coproduct on
B by the formula

Agomg(a) = (my ® my) o A(a) € B®B. (3.1)

We need to check that it is well defined: to this end we employ a slightly modified
idea from the proof of Theorem 2.1 of [BMTO01]. A standard use of Cauchy—Schwarz
inequality implies that ¢|y, = 0, so that there exists a faithful state » € B* such
that Y o my = ¢. Faithfulness of i implies that also the mapidg ® v: B® B — B
is faithful (note that here faithfulness of a positive map 7" is understood in the usual
sense, namely Ta = 0 and a > 0 imply @ = 0) and thus also ¥ ® ¢ € (B ® B)* is
faithful. Suppose then that @ € Ng. We have then

0=¢(a"a)=(p®¢)oAla"a) = (Y ®Y) o (mp ® mg)(Ala"a)),

s0 (1 ®wy) A(a*a) = 0as well. The last statement implies that (g @ w4)A(a) = 0
and the validity of the definition given in the formula (3.1) is established. The fact
that Ag is a coassociative unital x-homomorphism follows immediately from the
analogous properties of A; similarly the cancellation properties of B follow from
obvious equalities of the type

(B ® 18)As(B) = (714 ® 74) (A ® 1a)A(A))

and the cancellation properties of A. Thus (B, Ag) is the algebra of continuous
functions on a compact quantum group G’ and it remains to check that v defined
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above is actually the invariant state on B. This is however an immediate consequence
of the observation

(Y ®Y)oApomy =(d ®P)oA=¢ =1y omy,

so that v is an idempotent state and, as it is faithful, it has to coincide with the Haar
state of G’ ([Wor98]). O

Note that in fact the theorem remains valid without the assumption of faithfulness
of hgs. The proof of the ‘only if” part remains the same, and the other implication
follows from the modular properties of Haar states on not necessarily coamenable
compact quantum groups implying that their null spaces are always self-adjoint.

The following proposition proved in [FS09a], Section 3, will be useful for the
classification of idempotent states in the next two sections.

Proposition 3.4. Let ¢ € C(G)* be an idempotent state. Then ¢ is invariant under
the antipode, in the sense that ¢(a) = ¢ o S(a) for all a € Pol(G).

Note that the states invariant under the antipode are automatically invariant under
the scaling automorphism group {t; | t € R} discussed in [Wor98]. This is the
content of the next proposition.

Proposition 3.5. Let w € C(G)* satisfy the condition |poic) = @ © S|poi(s). Then

wot; =w, tER.

Proof. The assumed invariance of @ under the antipode is equivalent to the equality
w o T_i|poiG) = ®|poic)- The idea of the rest of the proof is based on the use
of Woronowicz characters, as in the proof of Lemma 2.9 (2) in [Tom07]. Let v €
B(Hy,) © Pol(G) be an irreducible unitary representation of G. We have

Ty = (idpg,) ® 0)(v) = (i[dpw,) ® ® 0 7—;)(v) = Fy(idpm,) ® @) (v)(Fy) ",

where F, = (idpn,) ® f1)(v) and f; is the Woronowicz character on Pol(G). The
last formula implies that 7, commutes with F,. Since F), is a (strictly) positive
operator on a finite-dimensional Hilbert space, we can consider the unitary group it
generates and deduce immediately that for each € R we have F!!T,, = T, F!'. But
this implies that

(idpr,) ® 0)(v) = Fl'(idpw,) ® 0)(W)F; " = ([dp,) ® @ © 1) (v).

The fact that Pol(G) is a linear span of the coefficients of the irreducible unitary
representations of G shows that w(a) = w(t;(a)) for each a € Pol(G); density of
Pol(G) in C(G) ends the proof. O
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Corollary 3.6. Let ¢ € C(G)* be an idempotent state. Then ¢ is preserved by the
scaling automorphism group and the conditional expectation B¢ := (¢ ®idc(g)) o A
associated to ¢ commutes with the modular group of the Haar state:

E¢00t=0tOE¢, t €R.

Proof. Itis animmediate consequence of the last lemma and the commutation relation
Aoo; = (0 ® 1) o A (t € R). The fact that E4 is a conditional expectation was
established in [FS09b]. O

3.1. Idempotent states on cocommutative compact quantum groups. Suppose
now that a compact quantum group G is cocommutative, i.e., A = 7 o A, where
7: C(G) ® C(G) — C(G) ® C(G) denotes the usual tensor flip. It is easy to
deduce from the general theory of duality for quantum groups ([KV00]) that C(G)
is isomorphic to the C*-algebra of a (classical) discrete group I', which should be
thought of as the algebra of continuous functions on a quantum group dual ['. Note that
the notation C*(I") ~ C (f‘), which can be considered as a definition of the compact
quantum group f‘, is compatible with the usual Pontryagin duality for locally compact
abelian groups. For the reasons mentioned in the previous section, in general, we need
to distinguish between the reduced and the universal version of C (f‘ ); thus we restrict
our attention to amenable I'. The following generalises Theorem 6.2 of [FS09a] to
the infinite-dimensional context.

Theorem 3.7. Let I" be an amenable discrete group and A = C*(I') =~ C (f‘) There
is a one-to-one correspondence between idempotent states on A and subgroups of T'.
An idempotent state ¢ € A* is a Haar idempotent if and only if the corresponding
subgroup of T is normal.

Proof. The dual of A may be identified with the Fourier-Stieltjes algebra B(I"). The
convolution of functionals in A* then corresponds to the pointwise multiplication of
functions in B(I'), and ¢ € B(I") corresponds to a positive (respectively, unital)
functional on A if and only if it is positive definite (respectively, ¢(e) = 1). This
implies that ¢ € B(I") corresponds to an idempotent state if and only if it is an
indicator function (of a certain subset S C I') which is positive definite. It is a
well-known fact that this happens if and only if S is a subgroup of I" ([HR70],
Corollary (32.7) and Example (34.3 a)). It remains to prove that if S is a subgroup
of I then ys € B(I") is a Haar state on a quantum subgroup of [ if and only if S is
normal. For the ‘if” direction assume that S is a normal subgroup and consider the
C*-bialgebraB = C*(I"/.S) (recall that quotients of amenable groups are amenable).
Let F(T") denote the dense *-subalgebra of A given by the functions f = Zy er QyAy
(ay € C,{y | ay # 0} finite). Define j: F(I') — B by

](f) = Z a)//\[y],

yel
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where f is as above. So defined j is bounded: note that it is a restriction of the
transpose of the map 7 : B* — A* given by

T()(y) =o(yD. ¢ <€ BI/S), yel.

The map T is well defined as it maps positive definite functions into positive definite
functions; these generate the relevant Fourier—Stieltjes algebras. Further the closed
graph theorem allows to prove that 7' is bounded; therefore so is 7*: A** — B**
and j = T*|p). Itis now easy to check that the extension of j to A is a surjective
unital x-homomorphism (onto B). Since the invariant state on B is given by

hB( Z lellc)=a[e],
kel'/S

there is
he(j(f) = X ay.
yeS

so that g o j corresponds via the identification of A* and B(I") exactly to the char-
acteristic function of S.

The other direction follows exactly as in [FS09a]; we reproduce the argument for
the sake of completeness. Suppose that S is a subgroup of I" which is not normal
and let yo € T', 5o € S be such that ygsoy, 1 ¢ S. Denote by ¢g the state on A

corresponding to the indicator function of S. Define f € Aby f = Ay550 — Ayq-
Then
S =2h - Asgt = Asos ff* =22 ~Ayosy 175t ™ Ayosorg !
This implies that
os(f*f) =0, ¢s(ff7) =2,
so that ker ¢ is not self-adjoint and ¢g cannot be a Haar idempotent. O

Corollary 3.8. Let G be a coamenable cocommutative compact quantum group. The
following are equivalent:

(1) all idempotent states on G are Haar idempotents;

(2) C(G) = C*(TI') for an amenable Dedekind (i.e., containing no non-normal
subgroups) discrete group T'.

Finite Dedekind groups have been first studied by Dedekind and then charac-
terised by Baer in [Bae66]. They are also sometimes called quasi-Hamiltonian (and
Hamiltonian groups are non-abelian Dedekind groups).

Remark 3.9. If T" is a discrete abelian group, then there is a one-to-one correspon-
dence between subgroups of I' (the Pontryagin dual of I'") and subgroups of I': if
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N is a subgroup of I', then m is a subgroup of [. This is part of the general
fact that the subgroup of a dual group corresponds to the dual of a quotient group.
Theorem 3.7 and its proof show that the analogous statement remains true for not

necessary abelian discrete groups I' — quantum subgroups of [ are given by F//N,
where N is a normal subgroup of I" (normality is needed to make I'/ N a group). Itis
natural to ask whether one can construct the C*-algebra C*(I'/S) and equip it with
some extra algebraic structure if S is a non-normal subgroup of I'. A partial answer
to this question (for finite S') can be found in [DeVD10].

4. Idempotent states on U, (2) (¢ € (—1,0) U (0, 1])

For ¢ = 1, C(U4(2)) is equal to the C*-algebra of continuous functions on the
unitary group U(2), and by Kawada and It6’s classical theorem all idempotent states
on C(U(2)) come from Haar measures of compact subgroups of U(2). In this section
we shall classify the idempotent states on C(U,(2)) for —1 < g < 1, g # 0. It turns
out that they all correspond to Haar states of quantum subgroups of U, (2).

We begin with some preparatory lemmas.

Lemma 4.1. Let ¢: Pol(U,(2)) — C be an idempotent state. Then we have
¢(ukgvr) =0 ifk #¢,
and p(uS)v") € {0, 1} foralls € 174, r € Z, —s <k, L <.

Proof. By Proposition 3.4, we have ¢ oS = ¢ on Pol(U, (2)). Therefore, by equation
2.1),

V) = o S2auv") = ¢ P,
ie., qb(u;:e)v’) = 0fork # {.
Define the matrices My, ,(¢p) € Mas41(C) by
My, p () = ($ g v+ gk s
Then ¢ = ¢ » ¢ is equivalent to
M; p(9) = (Ms p(¢))?

forall s € %ZJ,—, p € Z. Since we have already seen that these matrices are diagonal,
it follows that the diagonal entries can take only the values O and 1. O

Lemma 4.2. If ¢: Pol(U,(2)) — C is an idempotent state with gb(u((){))) = 1, then
there exists an idempotent state d; : Pol(T?) — C such that

¢=Q~>07T'|]'2.
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Proof. By the previous lemma, ¢(¢) = ¢(c*) =0
We have uglo) = 1—(14g?)c*c, therefore ¢(u(()so)) = lisequivalentto ¢(c*c) =
0. Then, by Theorem 2.5, ¢, c¢* € Dy, and ¢ vanishes on expressions of the form uc,

cu, uc*, c*u with u € Pol(U,(2)). But since vc = cv and u c = g~ %- e)cu(s)

u](cse)c* = q_(k_e)c*u,(:g fors € %Z.’-, —s < k,f <s,wecan deduce that ¢ vanishes
on the ideal
I = {urcuz, uic™uy | uy, uz € Pol(Uy(2))}

generated by ¢ and ¢*. It follows that we can divide out I, i.e., there exists a unique
state ¢ on Pol(Uy(2))/ I such that the diagram

Pol(Uy (2)) — Pol(Ug(2))/ I

‘%/

C

commutes.
Bute(Z,) =0,

A(Ie) € I ©Pol(Uy(2)) + Pol(Uy(2)) © L,

and S(I.) C I.,ie., I. is also a Hopf *-ideal and Pol(U,(2))/ I, is a *-Hopf alge-
bra. One easily verifies that Pol(U,(2))/ I, = Pol(T?). Since 72 : Pol(Uy(2)) —
Pol(Tz) is a surjective coalgebra morphism, its dual 77 ,: (Pol(T2)* 5 f

T2 (f) = f omp2 € (Pol(Uy(2)))* is an injective algebra homomorphism, and

= (m12)” 1(¢) is again idempotent. O

Lemma 4.3. If ¢: Pol(Uy(2)) — C is an idempotent state with ¢(u(()g) = 0, then
(]ﬁ(u(()so)) = 0 for all integers s > 1, i.e., we have ¢|cic+c] = hlcie*e)-

Proof. Recall that u(()i)) = 1— (1 + ¢g?)c*c. Therefore ¢(ugs0)) = 0 is equivalent to
P(c™e) = s

Assume that there exists an integer s > 1 with d)(ugso)) = 1. Then the Cauchy-—
Schwarz inequality implies that ¢ ((uf)so))*

u(()so)) > 1. The unitarity of the representa-
tion v(-P) gives

s
3 (ul(cs(zvp—’_s)*”](:o)vp—i_s _ Z (M(S) I(csg’

therefore

o( T arug) <o
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: : )y, )y _
and in particular ¢ ((ugy )*u,;) = 0. We have

2s

@) uly = [s] ((@)’c)"(@)’e*
q2

S

_ |:C2S] (C*)scsas(a*)s
qZ
= (c*¢)*(1 —g®c*c)...(1 — g*c*c).

By the representation theory of C(SU,(2)), c¢*c is a positive self-adjoint contrac-
tion, with the spectrum o(c*c) € {¢?" | n € Zy} U {0}, and therefore the
product (1 — g%c*c)...(1 — g**c*c) defines a strictly positive operator. There-
fore qb((u(s()))*ug())) = 0 implies ¢((c*c)®) = 0, which is impossible if ¢(c*c) =

s,
1
il 0.

Therefore ¢(u8s0)) = 0O for all integers s > 1. O

Lemma 4.4. Let
Ao = span{u,(csgvr | s € %Z+, s>0,—s <k l<s,reZ}

i.e., Ag is the subspace spanned by the matrix coefficients of the unitary irreducible
representations of dimension at least two.
Assume that ¢|cicc] = hlc[e*c)> i-€.

¢ (ugg) = Sos
fors € Z 4.
Then we have ¢| 4, = hl.a,, i.e.,
¢(u](:e)vr) =0

orallr € Z, s € lZ+,s>0,and—s§k,€§s.
2

Proof. By Lemma 4.1, we already know that ¢(u,(:£)v’) € {0,1}, and ¢(u](:e)vr) =0
for k # £. Assume that there exist s € %ZJ,—, s >0,—s <k <sandr € Z such
that

¢(u,(:,3vr) =1.

We will show that this is impossible if ¢» agrees with the Haar state /& on the subalgebra
generated by c*c.
By the Cauchy—Schwarz inequality, we have

() u) = lp v = 1.
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Applying ¢ to
zz (u(s) gc) =1,
=—s
we can deduce

Y plwghru) =o.
k
But this contradicts ¢|c[c+c] = h|c[c*c] because

G\, , ) 1, (D% (S)
> (” ) u U =1 ( )

is a non-zero positive element in C[c*c] and the Haar state is faithful. O

Before we formulate the main theorem of this section we need two more remarks
which will be used in the proof.

Remark 4.5. Since C(T?) is commutative, by Kawada and It6’s theorem all idem-
potent states on C(T?2) are induced by Haar measures of compact subgroups of the
two-dimensional torus T2.

Remark 4.6. As a compact quantum group Z, is given by
Pol(Z,) = C(Z,) = span{wy, ..., Wp—_1},

with wrwe = Wrtemod ns S(Wk) = Wy = (Wi)*, A(wg) = wx ® wg, and
e(wg) = 1fork = 0,...,n — 1. The Haar state of Z, is given by h(wg) =
8ok- C(Z,) can also be obtained from Pol(U(1)) by dividing out the Hopf *-ideal
{ur(w" — Dua; uy, uz € Pol(U(1))}.

Analogous to [Wys04], Section 4, one can define the twisted product SU, (2) X,
7 ,. Alternatively, Pol(SU, (2)xZ,,) can be obtained from U, (2) = SU,(2)x,U(1)
by dividing out the Hopf ideal {u; (v — 1)uz | u1,u, € Pol(Uy(2))}, and defining
C(SU4(2) xg Z,) as its C*-completion. This construction shows that SU, (2) X4 Z,
is a quantum subgroup of U,(2) = SU,(2) X, U(1). As in the case of Uy(2),
C(SU4(2) xg Z,) = C(SU4(2)) ® C(Z,) and the Haar state of SU,(2) X Z,, is
equal to the tensor product of the Haar states of SU,(2) and Z,,.

We can now give a description of all idempotent states on U, (2). It turns out that
they are all induced by Haar states of quantum subgroups of U, (2).

Theorem 4.7. Let g € (—1,0) U (0, 1). Then the following is a complete list of the
idempotent states on the compact quantum group Ug(2).

(1) The Haar state h of Uy(2).
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2) gﬁ o w2, where wy2 denotes the surjective quantum group morphism
2 C(Ug(2)) — C(T?) and ¢ is an idempotent state on C(T?). In
particular if € denotes the counit of C(T?), then & o w2 is the counit of Ug(2).

(3) The states induced by the Haar states of the compact quantum subgroups
SU4(2) Xg Zy of Ug(2) = SU,(2) X U(1), forn € N. The case of n = 1
corresponds to the Haar state on SUg4(2) viewed as a quantum subgroup of
Uy (2).

Proof. Let¢p: C(Uy(2)) — C beanidempotent state on U, (2). Clearly ¢ is uniquely
determined by its restriction to Pol(U,(2)).
We distinguish two cases.

Case (i): ¢(u(()i))) = 1. In this case Lemma 4.2 shows that ¢ is induced by
an idempotent state on the quantum subgroup T2 of Uy(2), ie., ¢ = qS o 2 for
some idempotent state ¢ : C(T2) — C. This case includes the counit & of Uy(2), it
corresponds to the trivial subgroup {1} of T2.

Case (ii): ¢(u(()10) ) = 0. In this case Lemma 4.3 and Lemma 4.4 imply that ¢
agrees with the Haar state /2 on the subspace Ay, i.c.,

¢(u](:e)vr) =0

forall s € %ZJ,—, s >0,—s <k, <s,and r € Z. It remains to determine ¢ on
the *-subalgebra alg{v, v*} generated by v since Pol(U,(2)) = Ao @ alg{v,v*} as
a vector space. But this subalgebra is isomorphic to the *-Hopf algebra Pol(U(1))
of polynomials on the unit circle, and therefore ¢|q,(y,»+} has to be induced by the
Haar measure of a compact subgroup of U(1). We have the following possibilities.

(1) @lagfv,v*y = €uq), i-e., the restriction of ¢ to alg{v, v*} is equal to the counit
of Pol(U(1)) . In this case we have

ifs=k={£{=0andr € Z,
else.

1
puv) = {O

This formula shows that ¢ = hgy, (2) © 7su, (2), Where msy, (2) is the quantum
groups morphism from C(U,(2)) onto C(SU,4(2)) and hgy,, (2) denotes the Haar
state of SU,(2).

(2) dlagiv,v*y = huq), i.e., the restriction of ¢ to alg{v, v*} is equal to the Haar
state of Pol(U(1)) . In this case we have

) = {1 ifs=k=4(=0andr =0,

0 else.

We see that ¢ is the Haar state /1 of Uy (2).
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(3) @lag{v,v*} is the idempotent state on U(1) induced by the Haar measure of the
subgroup Z,, € U(1) for some n € N, n > 2. In this case we have

) r 1 ifs=k=¢=0andr =0 modn,
u v =
P lugcv’) {O else.
It follows that ¢ is induced by the Haar state of the quantum subgroup SU, (2) X
Z, of Uy (2) = SU4(2) xq U(1).

Conversely, all the states we have found are induced by Haar states on quantum
subgroups of U, (2), therefore they are clearly idempotent. This can be also checked
directly. O

We see that all idempotent states on U, (2) are induced from Haar states of quantum

subgroups of Uy (2). We can also deduce the complete list of quantum subgroups of
Uy (D).

Corollary 4.8. Let g € (—1,0) U (0, 1). Then the following is a complete list of the
non-trivial quantum subgroups of Uy (2).

(1) The two-dimensional torus and its closed subgroups.

(2) The compact quantum groups of the form SU4(2) Xg Z,, withn € N (here
the twisting is identical to the one appearing in the identification Uy (2) =
SU4(2) xg T).

S. Idempotent states on compact quantum groups SU, (2) and SO, (3)
(g € (-1,00 U (0,1])

Let us first discuss the case ¢ = 1. C(SU;(2)) and C(SO;(3)) are respectively the
algebras of continuous functions on the groups SU(2) and SO(3). All idempotent
states correspond to Haar measures on compact subgroups. The list of these subgroups
can be found, e.g., in [Pod95].

Consider now the generic case ¢ € (—1,0) U (0, 1). Every idempotent state on
SU,(2) induces an idempotent state on U, (2) since SU,(2) is a quantum subgroup
of Uy (2). This observation allows us to deduce all idempotent states on SU, (2) from
Theorem 4.7. We omit the details and just state the result.

Theorem 5.1. Letq € (—1,0)U(0, 1). The Haar state, the counit, and the idempotent
states induced by the quantum subgroups U(1) and Z,, 2 < n < 00, are the only
idempotent states on SU4(2).
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Since the morphism j : C(SUq(2)) — C(U(1)) gives the diagonal matrices

(J (ul(:g)))—ssk,ess = . )

we get
ifseZy, k=0=0,
else;

) s 1
(huy © J)US) = {O

and, forn € N,

ey )1 ifseZy, k=4¢,2k =0 mod2n,
(hZZn OJ)(uks() = {0 else. (5.1)
o |1 itk =€ 2k =0 mod2n +1,
(hZpyy © J)ugy) = {0 olse. (5.2)

Consider now the idempotent states on SO, (3). Since C(SOy(3)) is a subalgebra
of C(SU,4(2)) and since the inclusion map is a quantum group morphism, every
idempotent state on SU,(2) gives an idempotent state on SO, (3) by restriction. We
will show that all idempotent states on SO, (3) arise in this way. It follows that all
idempotent states on SO, (3) are induced from Haar states of quantum subgroups.

Theorem 5.2. Let g € (—1,0) U (0, 1) and n an odd integer. Then the restrictions to
C(S0O4(3)) of the idempotent states hz, o j and hz,, o j coincide.

Furthermore, the Haar state, the counit, and the states induced from the Haar
states on the quantum subgroups U(1) = SO(2) and its closed subgroups are the
only idempotent states on SOy (3).

Proof. The first statement follows from equations (5.1) and (5.2).

Let now ¢ be an idempotent state on SO4(3). Denote by E the conditional
expectation from C(SU,(2)) onto C(SO,(3)) introduced in Paragraph 2.4.2. Then
¢ = ¢ o E defines an idempotent state on SU(2) such that ¢ = $|c(so ,(3))- With
this observation Theorem 5.2 follows immediately from Theorem 5.1. O

Remark 5.3. This method applies to quotient quantum groups in general. If (G/, ;)
is a normal quantum subgroup of G (see Definition 2.4), then all idempotent states
on C(G/G’) arise as restrictions of idempotent states on C(G).

As a corollary to Theorems 5.1 and 5.2, we recover Podles’ classification [Pod95]
of the quantum subgroups of SU,(2) and SO, (3).

Corollary5.4. Letqg € (—1,0)U(0, 1). ThenU(1) = SO(2) and its closed subgroups
are the only non-trivial quantum subgroups of both SU4(2) and SO (3).
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6. Idempotent states on compact quantum semigroups Uy (2), SU¢(2) and SO¢ (3)

In this section we compute all idempotent states on Ug(2), SUg(2) and SOy (3). Asin
the cases ¢ # 0 considered earlier, we begin with the C*-bialgebra C(Uy(2)). Again
we first need some preparatory observations and lemmas.

Note that 2: C(Ug(2)) — C(T?) is a well-defined *-algebra and coalgebra
morphism also for g = 0, so T2 and its compact subgroups induce idempotent states
on Up(2).

For g = 0 the algebraic relations of a and ¢ become

* * *
1’

cc* =c*c, aa* = ac=ac*=0, a*a=1-c*c.

Since a is a coisometry, we have a decreasing family of orthogonal projections
(a*)"a™, n € N, which are group-like, i.e., A((a*)"a") = (a*)"a" ® (a*)"a",
and ¢*c = 1 — a*a is also an orthogonal projection.

Denote by M the unital semigroup U(1) x (Z4+ U {oco}) with the operation

(z1,n1) - (22,n2) = (2122, min(ny, ny))

forzy,z, € U(1),n1,n, € Z1 U{oo}. Thisis an abelian semigroup with unit element
em = (1,00). Equip Z 4 U {oo} with the topology in which a subset of Z_ U {oo} is
open if and only if it is either an arbitrary subset of Z 4 or the complement of a finite
subset of Z (i.e., Z4+ U {oo} is the one-point-compactification of Z ), and equip
M =U(1) x (Z+ U {oo}) with the product topology.

The C*-bialgebra C (M) will play an important role in this section.

Lemma 6.1. A probability measure u on M is idempotent if and only if there exists
ann € Z4 U {oo} and an idempotent probability p on U(1) such that 4 = p ® §j.

Proof. Any probability on M can be expressed as a sum . = Z?:o On @6+ Poo®
800, Where py,, n € Z4 U {oco} are uniquely determined positive measures on U(1)
with total mass Y 5 0 (U(1)) + poo(U(1)) = 1, and 8, denotes the Dirac measure
onZ 4 U{oo},ie.,
1 ifneQ,
sy = {1 HMEC
0 ifnédQ,
for Q C Z4 U {oo}. We have
(8n % 5m)(Q) = (82 ® 8m)({(k, ) € (Z+ U {o0})? | min(k, £) € Q})

)1 if min(n,m) € Q,
|0 if min(n,m) & O,

i.e., 8p * 8m = Smin(n,m). Therefore

o0 o0
W2 =p2®80+ > (pn*(pn+2 X Pm+2poc)) ®bn.

n=0 m=n+1
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Clearly, if poo is an idempotent probability on U(1) and p, = 0 forn € Z, then
U = Poo ® oo is idempotent.

Assume now that poo(U(1)) < 1. Then there exists a unique n € Z4 such
that Y o o1 pm(U(1)) < 1, >0 pm(U(1)) = 1 (i.e., n is the biggest integer m
for which psm = pPoo + D pem Pk is @ probability). Let p = p,(U(1)). If w is
idempotent, then we have

p = w(U) x {n}) = p*2U) x {n}) = (on x 2pzn — pn))(U(1) = 2p — p°.

Since p = p,(U(1)) > 0 by the choice of n, we get p = 1, i.e., p, = 0 form # n
and p, is a probability. Then p, has to be idempotent, and u = p, ® 8, is of the
desired form.

Conversely, any probability of the form u = p, ® 8, withn € Z4 U {co} and
pn idempotent is idempotent. O

Fork € Z and n € Z ., define functions @ﬁ: M — C by

k .
z¢ ifm=>n
Ok(z.m) = -
n{ ) {O ifm<n.
The span of these functions is dense in C(M), and they satisfy
OrOL, = Okl o (05 =05 and £©F) = Of(em) = 1.

For their coproduct, we have
A®%((z1.m1). (z2.m2)) = Of (2122, min(my. my))

_ {(lez)k ifmy,my > n,

0 else,
ie., A = 0F ® OF.

Proposition 6.2. The semigroup M is a quantum quotient semigroup of Uy (2), in
the sense that there exists an injective x-algebra homomorphism j from Pol(M) :=
span{@ﬁ |neZy, k € Z} toPol(Uy(2)) such that

Apeoj=({®j)oA.

Proof. Forn € Z4 and k € Z, define EFK = (a*)"a™vk € Pol(Ug(2)). From the
defining relations of Ug(2), one can check that the E,]f satisfy the same x-algebraic
and coalgebraic relations as the ®§, ie., j(@ﬁ ) = E,’f defines a x-bialgebra homo-
morphism j : Pol(M) — Pol(Ugy(2)).

Let us show that j is injective. Assume there exists a non-zero function f =
> kn Men @ﬁ such that j(f) = 0. Let ng be the smallest integer for which there
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exists a k € Z such that Ag, # 0. Take the representation 7 = 7o ® idz 2y of
C(Up(2)) = C(SUp(2)) ® C(U(1)) (recall that my was defined in Section 2.3.1).
Since j(f) = 0, the operator y = 7 (j(f)) = >_ /\k,nm)((a*)”a”)vk has to vanish.
Apply y to ep, ® 1. Since mo((a™)"a™)e,, = 0 for n > ng, we get y(e,, ® 1) =
>k Ano,k€o © vk eph® L?(T), which implies Ang,k = 0 for all k, a contradiction
to the choice of nyg. O

We can now give a description of all idempotent states on Ugy(2).

Theorem 6.3. The following gives a complete list of the idempotent states on Ug(2).

(1) The idempotent states induced by the Haar measures on the two-dimensional
torus T2 and its closed subgroups. If p denotes the Haar measure of T? or one
of its closed subgroups, then the corresponding idempotent state ¢, is given by

Bol(a) e av!) = b [ wi b dpton, wa)

forn,m € Zy, k,£ € Z. This includes the counit of Uy(2), for the trivial
subgroup {1} of T2.

(2) The family Yy m = VYn @ ¢m, n € Z4, m € N U {oo}. Here ¢y, is an
idempotent state on C(U(1)), namely the Haar measure on U(1) for m = oo
and the idempotent state induced by the Haar measure of Z ,, for m € N. And
Y, n € Z 4, is the idempotent state on SU(2) defined by

1 ifr=s<nandk =0,
0 else.

V(@) yFa®) = {

Proof. Let ¢: C(Up(2)) — C be an idempotent state on Ug(2). Then ¢ induces
an idempotent state ¢ o j on C(M). By Lemma 6.1, ¢ o j is integration against a
probability measure of the form p ® 8, with n € Z1 U {oo} and p an idempotent
measure on U(1). This determines ¢ on the subalgebra generated by v and (a*)"a”,
r € N: we have

p(aty oty = |POD T =

0 else,

fork e Z,reZ,.

Case (i): n = o0. Fork > Oandany r,s € Z4,{ € Z, we have
[p((a*)" cFa*vh)? < p((a*) a")p((a*) (c*)FcFa¥)
— ¢((a*)sas _ (a*)s-i-las-l-l)
=0,
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and therefore ¢ vanishes on the x-ideal I, generated by c. As in the proof of
Lemma 4.2, it follows that ¢ is induced by an idempotent state on Pol(U¢(2))/ I, =
Pol(T?), i.e., ¢ is of the form given in (1).

Case (i1): n = 0. Using again the Cauchy—Schwarz inequality, we get
lp((@*)" cka®vh? < ¢((@*) aNp((@*)a* — (@) tath), (6.1
p((@*) cFa*vh 2 < (@) a" — (@) T a"Tp(@*) a®),  (6.2)
[p((@*)"a v > < p((@*) a")p((a*) a¥) (6.3)

fork,r,s € Z,L € Z. Thisshowsthat ¢ ((a*)"c*a” v*) vanishes, unless r = s = 0.
But then ¢ = ¢ » ¢ implies that

k
P = @ @ PACV) = T p((@) e vp(a vt =0

for k > 0, s € Z. By hermitianity ¢((c*)*v%) = 0 for k > 0, and ¢ has the form
given in (2) with n = 0.

Case (iii): n € N. We use once more the Cauchy—Schwarz inequality. For k # 0,
(6.1) and (6.2) imply that ¢ ((a*)" cka®v?) vanishes unless r = s = n. But then we
can show that ¢ = ¢ » ¢ implies ¢((a*)"c*a"v%) = 0 in the same way as in the
previous case.

For k = 0, we see from (6.3) that ¢((a*)"a*v") vanishes unless r, s < n. The
elements (a*)" a® vt are group-like, therefore ¢ ((a*)"a*v) € {0, 1}. If we can show
d((a*) a*v®) # 1 for r # s, we are done since then ¢ ((a*)” cka’v?) is non-zero
onlyifr = s < n. We get ¢ ((a*) a*v%) = 8,5p(v%) forr, s < n, i.e., ¢ has the form
given in (2).

We show ¢ ((a*)"a’vt) # 1 for r # s by contradiction. Assume that there exists
a triple (ro, S0, £o) such that ¢((a*)"0a*0v%) = 1 and choose such a triple with
maximal rg. Set

b = (a*)0a*v’ + (a*)%0gq0v™b — 1.
Maximality of ro implies that ry > s¢ and
¢((a*)2ro—soasov2£o) — ¢((a*)soa2ro—sov—2£0) =0,
therefore we get

¢(b™b) = ¢((a*)0a") + ¢((@*)™a™) + 1
+ ¢((a*)2r0—S0aS0v2€0) +¢((a*)soa2r0—s‘0v—2(fo)
— 2 ((@*)"0a*v’0) = 2¢((a*)*0a"v™0)
= -1,

which is clearly a contradiction to the positivity of ¢.
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Conversely, using the formulas

k
A((a*)rckasvf) — Z (a*)r—i-k—lcclcasvﬁ ® (a*)rck—/cas—i-/cv({’
k=0

k
A((a*)r(c*)kasvﬁ) — Z (a*)r(c*)lcas-i-k—lcv(f ® (a*)r+lc(c*)k—/casv€’
k=0
with r, 5,k € Z1, £ € Z, for the coproduct in Pol(Ug(2)), one can check that all
states given in the theorem are indeed idempotent. O

Remark 6.4. The state Wy , introduced in the theorem above can be considered as
the Haar state on Uy (2) since it is invariant, i.e.,

Wo,00 * [ = f * Wo,00 = f(1)Wo,00
forany f € C(Ug(2))*. But Wy  is not faithful. Its algebraic null space
Ny o = {u € Pol(Up(2)) | Wo,00(u™u) = 0}
= span{(a*)kc'”aev” |lkeZy, mneZ, £>1}
is a left ideal but not self-adjoint or two-sided. It is a subcoalgebra, i.e., we have
ANy, ., € Ny, ., © Ny,

but it is not a coideal since the counit does not vanish on My, .

The complete description of the idempotent states on SU((2) follows now directly
from Theorem 6.3 and the comments before Theorem 4.7.

Theorem 6.5. The following gives a complete list of the idempotent states on SUg(2).

(1) The family ¢,, n € N U {co} where ¢ is the counit, Ppoo the idempotent induced
by the Haar state of quantum subgroup U(1), and ¢, 2 < n < oo, denotes the
idempotent state induced by the Haar state on the quantum subgroup 7 ,,.

(2) The family vy, n € Z + defined by
1 ifk=0,r=s<n,

0 else,

Un((@*) ya®) = {

forr,s € Zy, k € Z, with the convention y~% = (y*)k.

Similarly, using the conditional expectation introduced in Paragraph 2.4.2, we
can derive a complete classification of the idempotent states on SOg(3). The proof
is identical to the proof of Theorem 5.2 and therefore omitted.

Theorem 6.6. All idempotent states on SOg(3) arise as restrictions of idempotent
states on SUg(2). Moreover ¢n|c(soo(3)) = P2nlc(so(3)) for n an odd integer.
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7. The idempotent states on SU, (2) as elements of the dual and associated
quantum hypergroups

Let G be a compact quantum group and #A = Pol(G) the corresponding Hopf *-
algebra dense in C(G). Then # is (the algebra of functions on) an algebraic quantum
group in the sense of Van Daele ([VD98]), and so is its dual ef@, given by the functionals
of the form A( - a) with a € A. By [FS09a], Lemma 3.1, an idempotent state ¢» on
C(G) defines a group-like projection py in the multiplier algebra M (a@) of the dual,
and therefore, by [LVD07] Theorem 2.7, and [FSO9a] Theorem 2.4, an algebrazc
quantum hypergroup A e~ As an algebra, A pe = Do A D¢, and the coproduct of A Pe
is given by

Apy = (pg ® pp)Aa)(pg ® py)

fora € a&p »» Where A denotes the coproduct of A.

Letg € (—1,0) U (0, 1). In this section we will consider the case of the compact
quantum group SU,(2) and describe the algebraic quantum hypergroups associated
to its idempotent states. Note that in this case the dense Hopf *-algebra is A =

Pol(SUy(2)) = span{u,(:e) | s € %Z.’-, —s <k, £ <s}. We will use the basis

NONIE Sl Ay @)
k1 = 2(s—k)(1_ )

for /, which can be thought of as the algebra of trigonometric polynomials on the
quantum group dual SU,(2). Using the orthogonality relation

> (1 —¢%)

h((u(s)) l(cs’e)’) = 855/ Skk’ Sty W,

for 5,5 € %ZJ,—, —s <kt <s,—s <k U <, cf [Koo89], eq. (5.12), we
can check that this basis is dual to the basis {u,(:e) | s € %Z+, —s < k,f < s}of

Pol(SUy(2)). The algebraic quantum group A = POI(STJ;\(Z)) is of discrete type
and is equal to the algebraic direct sum

A= Most1 .
17,

M\

The e,(:e) form a basis of matrix units for Mps1 = span{e,(csl) | —s <k, <s}.
The Haar state & and the counit ¢ give the elements p;, = 1 and p, = e(()%)
1n M (A) and the associated algebraic quantum hypergroups are Aph = A and
=C.
Ps

The remaining cases are more interesting.
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7.1. The idempotent state ¢ = hz, o j induced by the quantum subgroup Z,.
We have

6) _
Z Z Crk — Z Ios+1,
s=0k==s =
i.e., pgy, is the sum of the identity matrices from the odd-dimensional matrix algebras
Mjs+1,8 € Z4. This projection is in the center of M (A) therefore s, = Dé» A Do
will be an algebraic quantum group. We get

c;gz = @ M25+1 = POISOq(3),
S€Z+

ie., A Pos is the algebra of trigonometric polynomials on the algebraic quantum group
dual to SO, (3). This is to be expected as Z is the only nontrivial normal quantum
subgroup of SU,(2) and SOy (3) is the corresponding quotient quantum group.

7.2. The idempotent state ¢, = hy) o j induced by the quantum subgroup
U(1). Here

s=0
and this projection is not central. We get
oo
’Apoo = @ (]:’
s=0

which is a commutative algebraic quantum hypergroup of discrete type. This is the
dual of the hypergroup introduced in [Koo91], Section 7.

7.3. The idempotent states ¢, = hz, o j,3 < n < oo. The remaining cases also
give non-central projections,

> [l HO) (s)
Poop = > 2 Cuknk: Poant1 = > > Cric
$=0k=—T51 S€XZ 4 ZkE_()SlfolfiSZ‘;l-l—l

for1 <n < oo, cf.equations (5.1) and (5.2). They lead to non-commutative algebraic
quantum hypergroups A, = pg, #Pg, .

o0

~ ~ 0o
A = @D nMogt1, Azt = D 2n+ 1) My,
k=0 k=0
of discrete type (in the formulas above n M, +1 denotes n direct copies of the matrix
algebra My 41 and similarly (2n + 1) My denotes 2n + 1 direct copies of the matrix
algebra My).

Note that since the quantum subgroups considered in the last two sections are not
normal, the objects we obtain have only the quantum hypergroup structure (and can
be informally thought of as duals of quantum hypergroups obtained via the double
coset construction, [CV99)).
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Appendix

The goal of the appendix is to provide an alternative proof of coamenability of the
deformations of classical compact Lie groups. To facilitate the discussion, for a
compact quantum group G we use G to denote the dual of G (which is a discrete
quantum group), C(G)..q and C(G) to denote respectively the reduced and universal
C*-algebras associated with G, and L°°(G) to denote the corresponding von Neu-
mann algebra (we refer for example to [Tom07] for precise definitions). Note that
contrary to the main body of the paper we do not assume that the Haar state on G
is faithful so that G need not be in reduced form. We adopt the following definition
([BMTO02], [TomO6]).

Definition A.1. A compact quantum group G is said to be coamenable if the dual
quantum group G is amenable, that is, L°°(G) has an invariant mean.

The following result gives a useful criterion to check coamenability:

Theorem A.2 ([BMTO02], Theorem 4.7, [Tom06], Corollary 3.7, Theorem 3.8). A
compact quantum group G is coamenable if and only if there exists a counit on
C(G)yeq if and only if there exists a *-homomorphism from C(G)eq onto C.

The second equivalence is fairly easy to show, in the first the forward implication
was established in [BMTO02] and the backward implication in [Tom06].

Let G be a classical compact Lie group and G, the g-deformation with the pa-
rameter —1 < g < 1, ¢ # 0 (see [KS98]). The function algebra C(Gy) is the
universal C*-algebra generated by certain polynomial elements. The Haar state is
denoted by 4.

The following theorem was proved by T. Banica ([Ban99], Corollary 6.2). We
present another proof using Korogodski—Soibelman’s results on the representation
theory of C(Gy).

Theorem A.3. The quantum group G4 is coamenable.

Proof. Let us introduce the left ideal Nj, := {a € C(Gy) | h(a*a) = 0}, which is
in fact an ideal of C(Gy). The reduced version C(Gy)req is defined as the quotient
C(Gy)/Ny. By Theorem A.2 to show that G is coamenable it suffices to show that
the C*-algebra C(Gy )req has a character.

Consider an irreducible representation 7w : C(Gg)reda = B(Hy). Composing this
map with the canonical surjection p: C(Gy) — C(Gy)red, We get an irreducible
representation 7 o p of C(Gg). Thanks to [KS98], Theorem 6.2.7 (3), §3, we may
assume that 7 o p is of the form

nop:(nsil ®...®nsik ®nl)oA(k)
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or

Top=nmny,

where s;, ...s;, is the reduced decomposition in the Weyl group of G, and t € T,
the maximal torus of G. In the latter case = is a one-dimensional representation. In
the former case, we remark that the counit of C(Gy) factors through im 7, for every
i, that is, there exists n; : im 7y, — C such that ; o 5, = ¢ (see the argument in
[TomO7], p. 294).

Then we introduce a representation 7 := (;, ® --- ® 1, ® id) o 7w of C(Gy)red;
which is well defined and one-dimensional. Indeed,

7~Top=(8®---®8®n’t)oA(k)=7[t_

Thus we have proved in each case the existence of a one-dimensional representation
of the C*-algebra C(Gy)req, and Gy is coamenable. O
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Note added in proof. Several results of Section 3 of this paper have recently been
generalised to idempotent states and contractive idempotent functionals on the alge-
bras of functions on locally compact quantum groups, see [SS12], [NSSS12].
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