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Abstract. The C�-algebras called quantum Heisenberg manifolds (QHMs) were introduced
by Rieffel in 1989 as strict deformation quantizations of Heisenberg manifolds. It was later
shown that they are also examples of generalized crossed products. In this article, we compute
the pairings of K-theory and cyclic cohomology on the QHM. Combining these calculations
with other results proved elsewhere, we also determine the periodic cyclic homology and
cohomology of these algebras, and obtain explicit bases of the periodic cyclic cohomology of
the QHM. We further isolate bases of periodic cyclic homology, expressed as Chern characters
of the K-theory.
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1. Introduction

Quantum Heisenberg manifolds (QHMs) were introduced by Rieffel in [31]. They
constitute a family of C�-algebras Dc

�;� indexed by c 2 Z and �; � 2 R. In the
following, we denote these algebras by D for brevity. In the article [5] by Abadie,
Eilers and Exel, it was proved that QHMs are generalized crossed products. One
can show that QHMs are also Pimsner algebras, a closely related notion which was
introduced in the seminal article by Pimsner [28]. Since this latter class has been
more widely studied (see for example [29], [17], [22], [19]), let us mention that both
notions often coincide and that a common generalization can be found (see [24]).

QHMs have been closely studied in series of articles by Abadie (see for instance
[2], [3], [6], [4]) and Chakraborty (see [10] and [9]). In [14], Connes and Dubois-
Violette related QHMs to the noncommutative 3-spheres they introduced in [13].
More recently, Kang studied these algebras through their Yang–Mills functionals
([23]) and Kumjian started considering them as groupoids algebras ([1]).

The present article is a refinement of the previous studies of QHMs by means of
pairings between cyclic cohomology and K-theory. These pairings were first defined
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by Connes in his article [11] of 1985. They have a parity: odd cocycles pair withK1

and even cocycles with K0.
After reviewing QHMs and the associated Heisenberg group action, we define a

smooth subalgebra D of D . Using the general Proposition 3.5, we then construct
explicit cyclic cocycles .'i /iD1;2;3, .'i;3/iD1;2 and '1;2;3 out of the Lie group action
(see Proposition 3.8). We rely on previous work byAbadie to obtain finitely generated
projective modules N, N� over D. We then construct a generating set .U1; U2; U3/

of K1.D/˝Z C.
There are two main results. The first one consists of the Theorems 8.3 and 8.4:

Theorem. Taking the notations of Proposition 3.8 and Section 5,

� the family .�; '1;3; '2;3/ is a basis of HP0.D/;

� the family .'1; '2; '1;2;3/ is a basis of HP1.D/;

� the family .Ch.U1/;Ch.U2/;Ch.U3// is a basis of HP1.D/.

Moreover, if � ¤ 0 ¤ �, then the family .Ch.Dc
�;�/;Ch.Nc

�;�/;Ch.N� c
�;�// is a basis

of HP0.D
c
�;�/.

Notice that this theorem relies on kk-equivalences that are constructed in [20].
The proof also depends on Tables 1 and 2 that give the pairings of cyclic cohomology
with K-theory in the even and odd cases:

Table 1

� '1;3 '2;3

ŒD� 1 0 0

ŒN� 2� �i2� 0

ŒN� � 2� 0 i2�

Table 2

'1 '2 '1;2;3

ŒU1� �p
i2� 0 0

ŒU2� 0 �p
i2� 0

ŒU3� �p
i2� 2c�

p
i2� 2c� �.i2�/3=2c=3

The computation of these tables is the second main result.
This paper is organized as follows. In Section 2, we review the properties of

QHMs. Section 3 is devoted to the construction of cyclic cocycles. The pairings in
the even cases are computed in Section 4. Sections 5 and 6 are concerned with the
calculation in the odd cases. Section 7 focuses on unfolding the consequences of the
previous computations. The computation of the periodic homology and cohomology
is completed in Section 8. We conclude in Section 9 with various remarks and
perspectives.
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2. Quick review of QHMs

We will define QHMs as generalized crossed products of A D C.T 2/ by certain
Hilbert bimodules M c

�;� . General references for Hilbert modules are [25], [7].
Several definitions of “Hilbert bimodules” exist in the literature, we use the orig-

inal Definition 1.8 of [8]:

Definition 2.1 (Hilbert bimodule). AA-A-Hilbert bimoduleE is a vector space such
that

� E is a right Hilbert A-module with A-valued scalar product h ; iA,

� E is a left Hilbert A-module with A-valued scalar product Ah ; i,
� the scalar products are compatible in the sense that �h�; 	iA D Ah�; �i	.

Note that the above definition is not the definition used by Pimsner in his paper
[28].

Definition 2.2 is closely related to Theorem 3.4 of [28]. However, since we con-
sider a more special case here, we refer to [8], Definition 2.1, and [18], Definition 4.5:

Definition 2.2 (Covariant representation). Let E be an A-A Hilbert bimodule. A
covariant representation of E on a C�-algebra B is a pair .�; T / which consists of

� a �-homomorphism of algebras � W A ! B ,

� a linear map T W E ! B satisfying

(i) T .�/�T .�/ D �.h�; �iA/; (ii) T .�/�.a/ D T .�a/;

(iii) �.a/T .�/ D T .a�/; (iv) T .�/T .�/� D �.Ah�; �i/:

We want to construct a universal C�-algebra out of these representations. First
notice that for any covariant representation .�; T /,

kT .�/k2 D kT .�/�T .�/k D k�.h�; �iA/k 6 k�k2 for all � 2 E;
using the Hilbert module norm k�k. Now, given an arbitrary Hilbert bimodule E
over a C�-algebraA, Proposition 2.3 of [5] shows that such covariant representations
exist. Together, these properties justify the following definition.

Definition 2.3 (Generalized crossed product). Let E be an A-A Hilbert bimodule.
The generalized crossed product A ÌE Z of A by E is the universal C�-algebra
generated by the covariant representations of E.

We now define the Hilbert bimodule M c
�;� .
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Definition 2.4 (Hilbert bimodule overA). Given two real numbers�, � and an integer
c > 0, we define a Hilbert bimodule M c

�;� over A D C.T 2/ as the set of continuous
functions � W R � S1 ! C which satisfy

�.x C 1; y/ D e.�c.y � �//; �.x; y/�.x; y C 1/ D �.x; y/; (2.1)

where e.x/ D e2�ix . We give it a bimodule structure by (direct) pointwise multipli-
cation on the left and right multiplication defined by .� � a/.x; y/ D �.x; y/a.x �
2�; y � 2�/. We denote by 
 the automorphism of A defined by 
.a/.x; y/ D
a.x � 2�; y � 2�/. The definitions of left and right actions entail

�a D 
.a/�: (2.2)

for all � 2 M c
�;� and all a 2 A. Finally, the scalar products are

h�1; �2iA.x; y/ D �1.x C 2�; y C 2�/�2.x C 2�; y C 2�/;

Ah�1; �2i.x; y/ D �1.x; y/�2.x; y/:

We can easily verify that this indeed defines a Hilbert bimodule. For convenience,
we will use the shorthand notation M instead of M c

�;� . We are now ready to define
the QHMs.

Definition 2.5 (Quantum Heisenberg manifolds). Given an integer c > 0 and �; � 2
R, the quantum Heisenberg manifold Dc

�;� is the generalized crossed product
A ÌM c

�;�
Z of A by M c

�;� .

In the following, we will write D instead of Dc
�;� whenever possible. We will

identify the elements � 2 M with their images in D . From the definition of D it
follows that

Ah�; �i D ���; h�; �iA D ���
for any �; � 2 M . A more explicit definition was given in [31], Theorem 5.5.
However, we will use another definition (see [5], Example 3.3): D is the completion
of the algebra

D0 D fF 2 Cc.Z ! Cb.R � S1// j F.p; xC 1; y/ D e.�cp.y �p�//F.p; x; y/g
equipped with multiplication

.F1 � F2/.p; x; y/ D P
q2Z

F1.q; x; y/F2.p � q; x � q2�; y � q2�/

and involution
F �.p; x; y/ D xF .�p; x � 2p�; y � 2p�/:

Like every generalized crossed product, D is endowed with a gradation by Z: a 2
A � D has degree 0 and � 2 M � D has degree 1.
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Proposition 2.6. For allM c
�;� , we can find �1; �2 2 M c

�;� such that

2P
iD1

��
i �i D

2P
iD1

h�i ; �i iA D 1;
2P

iD1

�i�
�
i D

2P
iD1

Ah�i ; �i i D 1: (2.3)

Proof. LetU1, U2 be the respective images of V1 D��1=3; 1=3Œ and V2 D�1=6; 5=6Œ
by the quotient map� W R ! R=Z ' S1. ThenU1,U2 is an open cover ofS1. We call��1, ��2 a subordinated smooth partition of the unity of S1. Setting �i D ��ip ��1

2C ��2
2

,

we get �1 and �2 such that �2
1 C �2

2 D 1 and Supp�i � Ui .
To define �1 on the cylinder R�S1, we first set �1.x; y/ D �1.x/ on Œ�1=2; 1=2��

S1. This function can then be extended to the whole R�S1 by enforcing the equations
(2.1). Notice that the extension is possible because �1 vanishes on the boundaries of
Œ�1=2; 1=2� � S1.

The same process can be applied to Œ0; 1�� S1 to define �2. In the end, we get �i

such that

h�i ; �i iA.x; y/ D �i .x C 2�; y C 2�/�i .x C 2�; y C 2�/ D �2
i .x C 2�; y C 2�/:

The first equation of (2.3) hence comes from the property of the �i . The same kind
of computation provides the second equation.

Definition 2.7 (Heisenberg groupH1). The Heisenberg groupH1 is the subgroup of
GL3.R/ of the matrices 0

@1 s t

0 1 r

0 0 1

1
A ; r; s; t 2 R: (2.4)

Rieffel actually uses another parametrization of H1, see [31], p. 539. He takes a
nonzero c and identifies H1 with R3 equipped with the product

.r 0; s0; t 0/.r; s; t/ D .r 0 C r; s0 C s; t 0 C t C cs0r/:

The following definition has its origin in [31], Proposition 5.6.

Definition 2.8 (Action of the Heisenberg group). There is a pointwise continuous
action of H1 on D defined on D0 by

˛.r;s;t/.F /.p; x; y/ D e.�p.t C cs.x � r///F.p; x � r; y � s/:
Using parameters .r; s; t/, the infinitesimal generators of this action are

@1F.p; x; y/ D �@F
@x
.p; x; y/;

@3.F /.p; x; y/ D �i2�pF.p; x; y/;
@2.F /.p; x; y/ D �@F

@y
.p; x; y/ � i2�pcxF.p; x; y/:
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They fulfill the commutation relations

Œ@1; @2� D �c@3; Œ@1; @3� D 0; Œ@2; @3� D 0: (2.5)

Definition2.9 (Trace on QHM). A trace � is given by �.F /DR 1

0

R
S1 F.0; x; y/ dydx.

It is invariant under the action of H1.

Finally, the K-theory of the QHM was computed in [3] (Theorem 3.4):

Theorem 2.10 (Abadie, 1995). K0.D/ D Z3 ˚ Z=cZ and K1.D/ D Z3.

3. Cyclic cocycles and Lie groups actions

We start this section by gathering definitions and results about cyclic cohomology.
We follow the exposition of [12]. The definition of cyclic cohomology is given in
[12], III.1, p. 182:

Definition 3.1 (Cyclic cohomology). Given an algebra A, the cyclic cohomology
HCn.A/ is the cohomology of the complex .C n

�
; b/whereC n

�
is the space of .nC1/-

linear forms � on A such that

�.a0; a1; : : : ; an/ D .�1/n�.an; a0; : : : ; an/

and the coboundary map b is given by

b�.a0; : : : ; an; anC1/ D
nP

j D0

.�1/j�.a0; : : : ; ajaj C1; : : : ; anC1/

C .�1/nC1�.anC1a0; : : : ; an/:

The set of all closed cochains in the above sense is denoted by ZCn.A/. Its
elements are called cyclic cocycles.

Definition 3.2 (Cycle). A cycle of dimension n is a triple .; d;
R
/ where  DLn

j D0
j is a graded algebra over C, d is a graded derivation of degree 1 such that

d2 D 0 and
R W n ! C is a closed graded trace on .

A cycle over an algebra A is a cycle .; d;
R
/ together with an homomorphism

� W A ! 0. The character of such a cycle is �, the .nC 1/-linear form on A given
by

�.a0; : : : ; an/ D
Z
�.a0/d.�.a1// : : : d.�.an//:

The character of a cycle essential defines the cycle. Moreover, we can restate
[12], III.1, Proposition 4, p. 186:
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Proposition 3.3. If � is an .nC 1/-linear functional on A, the following conditions
are equivalent:

� � is the character of a certain n-dimensional cycle .; d;
R
/.

� � is a cyclic cocycle.

In the following definition and proposition, we adapt the construction of [12],
III.6, Example 12 c), p. 254: let A be a Banach algebra equipped with a pointwise
continuous action ˛ of the Lie group G. We let A D fx 2 A j g 7! ˛g.x/ 2
C1.G ! A/g and g be the Lie algebra associated to G.

Definition 3.4 (Differential algebra associated to a lie group action). The differential
algebraG associated with the action ˛ is the graded differential algebra defined by
the alternating A-valued multilinear forms on g equipped with the differential d :

d!.X1; : : : ; XnC1/ D
nC1P
iD1

.�1/iXi!.X1; : : : ; {X i ; : : : ; XnC1/

C P
i<j

.�1/iCj!.ŒXi ; Xj �; X1; : : : ; {X i ; : : : ; {Xj ; : : : XnC1/:

The following proposition is a restatement of the property described in [12], p. 255.
We adapt it to our simple case and state it.

Proposition 3.5. If � is aG-invariant trace over A and �1 ^ � � � ^ �k 2 ƒkg satisfies

P
i<j

.�1/iCj Œ�i ; �j � ^ �1 ^ � � � ^ O�i ^ � � � ^ O�j ^ � � � ^ �n D 0; (3.1)

then

.a0 ˝ a1 ˝ � � � ˝ an/ 7! P
�2†n

�.
/�.a0��.1/.a1/ : : : ��.n/.an//

is a cyclic cocycle on A.

In order to use Definition 3.4 and Proposition 3.5, we need

Definition 3.6 (Smooth QHM). The smooth QHM D is defined by D D fF 2 D j
g 7! ˛g.F / 2 C1.H1 ! D/g.

Since ˛ is pointwise continuous, Proposition 3.45 of [21], p. 138, shows that A is
dense in A and stable under holomorphic calculus as well. Such algebras are called
pre-C�-algebras in [21], see Definition 3.26, p. 134. It is a well-known fact that for
such subalgebras the injection A ,! A induces an isomorphism in K-theory (see for
instance [21], Theorem 3.44, p. 138). Hence we have
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Lemma 3.7. D is a dense subalgebra that is stable under holomorphic functional
calculus and therefore

K0.D/ D K0.D/ D Z3 ˚ Z=cZ; K1.D/ D K1.D/ D Z3: (3.2)

Proposition 3.8. The seven following multilinear forms are cyclic cocycles on D:

� Degree 0: trace � .

� Degree 1: 'i for i D 1, 2, 3 where 'i .a0; a1/ D �.a0@i .a1//.

� Degree 2: '1;3 and '2;3 where

'i;3.a0; a1; a2/ D �.a0.@i .a1/@3.a2/ � @3.a1/@i .a2///:

� Degree 3: '1;2;3 given by

'1;2;3.a0; a1; a2; a3/ D P
�2†3

".
/�.a0@�.1/a1@�.2/a2@�.3/a3/:

Proof. This is a straightforward application of Proposition 3.5.
Degree 0: There is nothing to check since � is a trace.
Degree 1: Any derivation generates a cyclic cocycle.
Degree 2: The commutation relations (2.5) show that �1 ^ �3 and �2 ^ �3 satisfy

condition (3.1).
Degree 3: Start with �1 ^ �2 ^ �3. The condition can therefore be written

.�1/3Œ�1; �2� ^ �3 C .�1/4Œ�1; �3� ^ �2 C .�1/5Œ�2; �3� ^ �1 D 0:

The commutation relations (2.5) ensure that this expression vanishes.

Remark 3.9. One could expect a third 2-cyclic cocycle '1;2 given by

'1;2.a0; a1; a2/ D �.a0.@1.a1/@2.a2/ � @2.a1/@1.a2///:

The cocycle '1;2 is indeed a Hochschild cocycle, as an easy computation shows.
However, Proposition 9.1 implies that '1;2 is not a cyclic cocycle.

Proof. Indeed, if '1;2 were a cyclic cocycle, then '1;2.1; a1; a2/ D 0. Yet,

'1;2.1; a1; a2/ D �.@1.a1/@2.a2/ � @2.a1/@1.a2//

D �.@1.a1@2.a2// � @2.a1@2.a2/// � �.a1@1@2.a2/ � a1@2@1.a2//

D c�.a1@3.a2//

D c'3.a1; a2/;

using (2.5). But Proposition 9.1 shows that '3 pairs nontrivially with a Hochschild
cocycle and therefore is nonzero.
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4. Modules and even pairings

Bear in mind (see [11], part II, Theorem 9) that if ai ˝bi 2 A˝Mn.C/ and � 2 HC�,
the cup product � # Tr is defined by

.� # Tr/.a0 ˝ b0; : : : ; an ˝ bn/ D �.a0; : : : ; an/Tr.b0 : : : bn/:

We follow the definition and normalizations of [12] (III.3, Proposition 2, p. 224):

Definition 4.1 (Even Chern–Connes pairings). The formula

hŒe�; Œ��i D 1

mŠ
.� # Tr/.e; : : : ; e/;

defines a bilinear pairing between K0.A/ and HC2m.A/, where Œe� 2 K0.A/ and
� 2 ZC2m.A/.

Furthermore, there is a periodicity map, S W HCn.A/ ! HCnC2.A/, which en-
ables us to define the groups HP�.A/; see [21], 10.1, Definition 10.5, p. 445:

Definition 4.2 (Periodic cyclic cohomology). The periodic cyclic cohomology is
composed of two groups obtained as inductive limits:

HP0.A/ D lim�! HC2k.A/; HP1.A/ D lim�! HC2kC1.A/:

The above pairings are in fact defined on HP0.A/because they satisfy hŒe�; ŒS��i D
hŒe�; Œ��i.

Before stating our theorem on even pairings of QHM, we need to introduce ele-
ments of K0.D/, i.e., finitely generated projective modules over D. For brevity, we
will call these finite projective modules.

These modules over Dc
�;� were studied by Abadie in [2] and [3]. We present the

results of [2], pp. 2–3:

Theorem 4.3 (Abadie, 1992). For all c 2 N�,�; � 2 R such that�2 C�2 ¤ 0, there
is a finite projective right module N c

�;� over Dc
�;� . N c

�;� is obtained by completing
Cc.R � S1/ with respect to theDc

�;�-valued scalar product:

hf; giDc
�;�
.p; x; y/ D P

n2Z

e.cnp.y � p�//f .x C n; y/g.x � 2p�C n; y � 2p�/:

The right action ofDc
�;� is given by

.f � F /.x; y/ D P
q

f .x � 2q�; y � 2q�/F.�q; x � 2q�; y � 2q�/:

Moreover Tr.IdN c
�;�
/ D 2�.
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We will write N instead of N c
�;� whenever possible.

Remark 4.4. This module N is in fact “dual” to the module X given in [2], p. 2.

We will see later (Definitions 4.15, 4.11 and 4.18) that we can define another mod-
ule N � based on N and an isomorphism between two QHM, and “smooth versions”
N and N� of N and N � .

We are now ready to state

Theorem 4.5. If � ¤ 0 ¤ �, we can define finite projective modules N and N �

overD , and the values of the pairings are given by

Table 1

� '1;3 '2;3

ŒD� 1 0 0

ŒN� 2� �i2� 0

ŒN� � 2� 0 i2�

Notice that:

� the first column of this table was computed by B. Abadie in [4];

� the first line is easy to compute directly from Definition 4.1 with e D 1;

� if � D 0 or � D 0, then the finite projective modules N and N� are not both
defined. In this case, we have to use the isomorphism between Dc

�C1;�C1 and
Dc

�;� that was proved by Abadie in [2]. This phenomenon of “disappearing
module” may be surprising, but it also happens with “Schwartz modules” in the
case of noncommutative tori; see [11], part II, definition above Lemma 54.

4.1. Connections and pairings for N. The definition of a (noncommutative) con-
nection is given in [12], III.3, Definition 5:

Definition 4.6 (Connection). Let A
	�!  be a cycle over A and E a finite projective

right module over A. A connection r on E is a linear map r W E ! E ˝A 
1 such

that
r.�a/ D .r�/aC � ˝ d�.a/

for all � 2 E and all a 2 A.

Notice that in the above definition we do not actually need the trace
R

of the cycle.
We could equally consider a “graded differential algebra over A”.
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The following proposition enables us to compute the even pairings using the
connections; see [12], III.3, Proposition 8:

Proposition 4.7. Let E be a finite projective right module over A. Assume that we
have a cycle .; d;

R
/ over A.

(1) zE D E ˝A  is a finite projective -module.
(2) Every connection r can be uniquely extended to a linear map from zE into

itself that satisfies
r.� ˝ !/ D .r�/! C � ˝ d!:

for all � 2 E, ! 2 .
(3) We have

hŒE�; Œ��i D 1

mŠ

Z
�m;

where

� n is the (even) dimension of the cycle  and n D 2m;

� ŒE� 2 K0.A/ is the class of E;

� � is the character of ;

�
R

is the trace of the cycle;

� � is the endomorphism of zE defined by � D r2.

Definition 4.8 (Covariant action). Let E be a right module over a C�-algebra A. A
covariant action of a Lie groupG on E is a pair .˛; ˇ/, where ˛ and ˇ are actions of
G on A and E, respectively, which satisfy

ˇg.�a/ D ˇg.�/˛g.a/

for all � 2 E and all a 2 A.

If we have a covariant action on a module, we can define a “smooth version” of
the module on the “smooth version” of the algebra; the smooth module is equipped
with a connection.

We state this formally:

Proposition 4.9. Let .˛; ˇ/ be a covariant action on a right A-module E. The
subvector space E � E defined by

E D f� 2 E j g 7! ˇg.�/ is in C1.G ! E/g
has a natural left action by A � A and a connection r W E ! E ˝ g� over the
differential algebra G given by

rX� D lim
t!0

ˇetX .�/ � �
t

for all X 2 g�.
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Proof. Let us first check that E is a module over A: if � 2 E, then �a 2 E because
g 7! ˇg.�a/ D ˇg.�/˛g.a/.

Now we must prove that r is a connection:

rX .�a/ D lim
t!0

ˇetX .�a/ � �a
t

D lim
t!0

ˇetX .�/˛etX .a/ � �a
t

D lim
t!0

1

t
.ˇetX .�/˛etX .a/ � �˛etX .a/C �˛etX .a/ � �a/

D .rX�/aC �@X .a/:

Proposition 4.10. If � ¤ 0, there is a covariant action ˇ ofH1 on N given by

ˇ.r;s;t/.f /.x; y/ D eix �
� .tCsc.x=2�r��q//f .x � r; y � s/:

Proof. On the one hand,

ˇ.r;s;t/.f � F /.x; y/ D eix �
� .tCsc.x=2�r��q// P

q

f .x � r � 2q�; y � s � 2q�/

� F.x � r � 2q�; y � s � 2q�;�q/:
On the other hand,

.ˇ.r;s;t/.f / � ˛.r;s;t/.F //.x; y/

D P
q

ei.x�2q�/ �
� .tCsc..x�2q�/=2�r��q//f .x � r � 2q�; y � s � 2q�/

� e.q.t C cs.x � r � 2q�///F.x � r � 2q�; y � s � 2q�;�q/:
We can restrict this to study the phase factor

ei.x�2q�/ �
� .tCsc..x�2q�/=2�r��q//ei2�q.tCcs.x�r�2q�//

while ignoring the ei �:

.x � 2q�/�
�
.t C sc..x � 2q�/=2 � r � �q//C 2�q.t C cs.x � r � 2q�//

D t .�
�
.x � 2q�/C 2�q/C sc..x � 2q�/�

�
..x � 2q�/=2 � r � �q/

C 2�q.x � r � 2q�//
D t �

�
x � scr.�

�
.x � 2q�/C 2�q/

C sc.x � 2q�/�
�
..x � 2q�/=2 � �q C 2q�/

D t �
�
x � scr �

�
x C sc.x � 2q�/�

�
x=2 D x �

�
.t C sc.x=2 � r � q�//:
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Integrating this property into the expression of ˇ.r;s;t/.f / � ˛.r;s;t/.F / gives

.ˇ.r;s;t/.f / � ˛.r;s;t/.F //.x; y/ D P
q

eix �
� .tCcs.x=2�r�q�//

� f .x � r � 2q�; y � s � 2q�/
� F.x � r � 2q�; y � s � 2q�;�q/

D ˇ.r;s;t/.f � F /.x; y/:
Definition 4.11. We denote by N the D-module of the elements ofN that are regular
under the action ˇ of H1. N is a finite projective module over D.

Using the covariant action on N , it is easy to construct connections over N:

Proposition 4.12. The connections over N associated to '1;3 and '2;3, respectively,
are

.rf /.x; y/ D �@f
@x
.x; y/dx C i�

�
xf .x; y/dp

and

.rf /.x; y/ D
�

� @f

@y
C i�cx

�
x

2�
� q

�
f

�
.x; y/dy C i�

�
xf .x; y/dp:

Proof. This is an obvious application of Propositions 4.9 and 4.10.

Proposition 4.13. If � ¤ 0, the values of the pairings over N are

hŒN�; Œ'1;3�i D �i2�; hŒN�; Œ'2;3�i D 0:

Proof. First consider the case of '1;3. Computing r2f yields

r.rf / D r
�

� @f

@x
dx C i�

�
xfdp

�

D
�
@2f

@x2
dx � i�

�
x
@f

@x
dp

�
dx C i�

�

�
�

�
f C x

@f

@x

�
dx C i�

�
x2fdp

�
dp

D �i �
�
f ˝ dx ^ dp:

Thus, r2 D �i �
�

IdN ˝dx ^ dp. The trace of IdN was computed by Abadie (The-
orem 4.3). The pairing is given by Table 1: �.p/ D 2�. Hence

hŒN�; '1;3i D �i2�:
In the case of '2;3, the two terms in the connection commute, so r2 D 0 and

hŒN�; '2;3i D 0:
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4.2. Connections and pairings for N� . We define a second module N � over D
through an isomorphism between two D’s:

Proposition 4.14. There is an isomorphismˆ W Dc
�;� ! Dc

�;�, induced by theHilbert
bimodule representation

�.a/.x; y/ D a.�y;�x/; T .�/.x; y/ D ei2�c.yC�/.xC�/�.�y;�x/:
Moreover, this isomorphism intertwines the actions of H1,

ˆ.˛r;s;t .F // D ˛0
�s;�r;�t�c.�sCr��rs/.ˆ.F //; (4.1)

where ˛ and ˛0 are the actions of H1 overDc
�;� andDc

�;�, respectively.

Before starting the proof let us indicate two points.
The intertwining of the actions proves that Dc

�;� and Dc
�;� are sent onto one

another.
The existence of such isomorphism was proved in [6], Theorem 2.2. However,

we here give an explicit isomorphism and specify the intertwining relation.

Proof. Following Definition 2.5 the algebraDc
�;�;0 of continuous functions Z � R �

R ! C satisfying

F.p; x C 1; y/ D e.�cp.y � p�//F.p; x; y/; F.p; x; y C 1/ D F.p; x; y/

is dense in Dc
�;�. Definition 2.5 implies that it suffices to check that there is a

representation of the Hilbert bimodule M c
�;� in Dc

�;� to obtain the morphism of
algebra ˆ.

Let us check that T .�/ has the degree �1 in Dc
�;�;0:

T .�/.x C 1; y/ D ei2�c.yC�/.xC1C�/�.�y;�x � 1/
D ei2�c.yC�/T .�/.x; y/

and

T .�/.x; y C 1/ D ei2�c.yC1C�/.xC�/�.�y � 1;�x/
D ei2�c.xC�/ei2�c.yC�/.xC�/ei2�c.�x��/�.�y;�x/
D T .�/.x; y/:

To show that � and T induce a bimodule representation, it suffices to prove points
(i) and (iv) of Definition 2.2. The others are consequences of these two (see [24],
Definition 2.1).

Regarding point (i):

T .�/�T .�/.0; x; y/

D e�i2�c.y��/.x��/�.�y C 2�;�x C 2�/ei2�c.y��/.x��/�.�y C 2�;�x C 2�/

D �.�y C 2�;�x C 2�/�.�y C 2�;�x C 2�/

D �.h�; �iA/.x; y/:
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As for point (iv):

T .�/T .�/�.0; x; y/ D ei2�c.yC�/.xC�/�.�y;�x/e�i2�c.yC�/.xC�/�.�y;�x/
D �.�y;�x/�.�y;�x/
D �.Ah�; �i/.x; y/:

Hence there is a homomorphism from Dc
�;� into Dc

�;�.
The mappings �.A/ and T .E/ generate the algebra, hence it is sufficient to check

the intertwining (4.1) on these two sets. Denoting by ˛0 the action of H1 on Dc
�;�,

we get

�.˛r;s;t .a//.x; y/ D �.a.x � r; y � s//
D a.�y � r;�x � s/
D ˛0

�s;�r;�t�c.�sCr��rs/.�.a//.x; y/

as well as

T .˛r;s;t�/.x; y/

D T .e.�.t C cs.x � r///�.x � r; y � s//
D ei2�c.yC�/.xC�/e.�.t C cs.�y � r///�.�y � r;�x � s/
D e

� � t C c.y C �C r/.x C � C s/ � cr.x C � C s/

� c.y C �/s C cs.y C r//�.�y � r;�x � s/
D e.�t C c.y C �C r/.x C � C s/ � cr.x C �/ � c�s/�.�y � r;�x � s/
D e.�t � c.�s C r� � rs/ � cs.x C r///ei2�c.yC�Cr/.xC�Cs/�.�y � r;�x � s/
D .˛0

�s;�r;�t�c.�sCr��rs/T .�//.x; y/:

Definition 4.15 (Module N � c
�;�). We define the right module N � c

�;� over Dc
�;� as

the module induced from N c
�;� through ˆ. This module exists as soon as � ¤ 0.

Explicitly, the action of Dc
�;� is given by f � F D f ˆ.F /.

To unclutter notations, we will write N � instead of N � c
�;� whenever possible.

Remark 4.16. If P 0 is a projector of Mn.D
c
�;�/ associated to N c

�;�, then P D
ˆ�1.P 0/ is a projector of Mn.D

c
�;�/ associated to N � c

�;� .

Lemma 4.17. The cyclic cocycles 'i;3 induced on Dc
�;� from the cyclic cocycles '0

i;3

over Dc
�;� are given by

ˆ�'0
1;3 D �'2;3; ˆ�'0

2;3 D �'1;3:
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Proof. By taking the derivative of (4.1), one obtains

@0
1 Bˆ D ˆ B .c�@3 � @2/; @0

2 Bˆ D ˆ B .c�@3 � @1/; @0
3 Bˆ D �ˆ B @3

linking the derivations @0
i of Dc

�;� and @i of Dc
�;� . The traces �c

�;� and �c
�;� are invariant

in the sense that �c
�;�.ˆ.F // D �c

�;�.F /. Consequently, the induced cocycles are

ˆ�'0
i;3.a0; a1; a2/ D �.ˆ.a0/Œ@

0
i .ˆ.a1//@

0
3.ˆ.a2// � @0

3.ˆ.a1//@
0
i .ˆ.a2/�/

D �.ˆŒa0.ki@3 � @j /.a1/@3.a2/ � @3.a1/.ki@3 � @j /.a2/�/

D �'j;3.a0; a1; a2/;

where .i; j / is a permutation of .1; 2/ and k1 D c�, k2 D c�.

It is easy but fastidious to check that .r; s; t/ 7! ˛0
�s;�r;�t�c.�sCr��rs/

is indeed
a representation of H1 on Dc

�;�. It then follows from Propositions 4.10, 4.14 and
Definition 4.15 that N � can be equipped with a covariant action .˛; ˇ�/ defined by

ˇ
�

.r;s;t/
.f / D ˇ0

�s;�r;�t�c.�sCr��rs/.f /;

where ˇ0 is the action H1 Õ N c
�;� given in Proposition 4.10. This justifies

Definition 4.18. We denote by N� the D-module of the elements of N � that are
regular under the action ˇ� of H1. N� is a finite projective module over D.

Proposition 4.19. If � ¤ 0 ¤ �, the pairings of N� are given by

hŒN� �; '1;3i D 0; hŒN� �; '2;3i D i2�:

Proof. Considering Remark 4.16, the definition of ˆ�'i;3 and Lemma 4.17, we
clearly have

hŒN� c
�;� �; 'j;3i D �hŒN� c

�;� �; ˆ
�'0

i;3i D �hŒNc
�;��; 'i;3i;

where .i; j / is a permutation of .1; 2/. Since Proposition 4.13 gives us the values of
the pairings hŒNc

�;��; '
0
1;3i and hŒNc

�;��; '
0
2;3i, we get

hŒN� �; '1;3i D 0; hŒN� �; '2;3i D i2�:

5. Unitaries and first odd pairings

The inclusion A ,! Dc
�;� induces two elements of K1.D

c
�;�/. Using e.x/ D ei2�x ,

we can write

U1.p; x; y/ D ı0;pe.x/; U2.p; x; y/ D ı0;pe.y/:

We want to construct a third unitary. As a first step, we extend (2.2) to describe how
elements of M c

�;� and their adjoints commute.
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Lemma 5.1. 
.���/ D ��� for all �; � 2 M c
�;� � Dc

�;� .

Proof. We know from (2.2) that a� D �
.a/ for all a 2 A. Using the elements �1,
�2 of Proposition 2.6, we can write


.���/.�1�
�
1 C �2�

�
2 / D �1�

����
1 C �2�

����
2 D ���

1 �1�
� C ���

2 �2�
� D ���;

using the commutativity of A.

Remark 5.2. The automorphism 
 of A can be extended to an automorphism of D ,
also denoted by 
 . We need only set 
 D ˛.2�;2�;0/.

Proposition 5.3. Let

MC D
�
�1 0

��2 0

�
; M� D

�
0 
.�2/

�
0 
.�1/

�
�
:

We get the relations

MCM �C D PC D
�
�1�

�
1 ��1�

�
2

��2�
�
1 �2�

�
2

�
; M �CMC D QC D

�
1 0

0 0

�
;

M�M �� D P� D
�

.��

2 �2/ 
.��
2 �1/


.��
1 �2/ 
.��

1 �1/

�
; M ��M� D Q� D

�
0 0

0 1

�
and

P˙ D P 2˙ D P �̇; PC C P� D I2; Q˙ D Q2˙ D Q�̇ ; QC CQ� D I2;

P˙M˙ D M˙; M˙Q˙ D M˙; M˙M �� D 0; M �̇M� D 0:

Thus U3 D MC CM� is a unitary.

We will compute the index of U3 in Proposition 7.1.

Proof. The first four relations are proved by direct calculation. Those involvingQ˙
are obvious because of (2.3). The P˙ are clearly self-adjoint. A direct computation
using �1�

�
1 C �2�

�
2 D P2

iD1 Ah�i ; �i i D 1 shows that P 2� D P�.
Let us now show that PC C P� D I2, which proves the relations between P˙:�
�1�

�
1 ��1�

�
2

��2�
�
1 �2�

�
2

�
C

�

.��

2 �2/ 
.��
2 �1/


.��
1 �2/ 
.��

1 �1/

�
D

�
�1�

�
1 C �2�

�
2 ��1�

�
2 C �1�

�
2

��2�
�
1 C �2�

�
1 �2�

�
2 C �1�

�
1

�
D I2;

by a systematic use of Lemma 5.1. Finally,

.M˙Q˙ �M˙/�.M˙Q˙ �M˙/ D .Q˙M �̇ �M �̇/.M˙Q˙ �M˙/ D 0

ensures that M˙Q˙ D M˙. Now P˙M˙ D M˙M �̇M˙ D M˙Q˙ D M˙, and

M˙M �� D M˙Q˙Q�M �� D 0; M �̇M� D M �̇P˙P�M� D 0:
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The definition of odd pairings can be found in [12], III.3, Proposition 3, p. 224:

Definition 5.4 (Chern–Connes pairings). The following formula defines a bilinear
pairing between K1.A/ and HCn.A/:

hŒU �; Œ��i D 2�n

p
2i
�

�n
2

C 1
��1

.� # Tr/.U � � 1; U � 1; U � � 1; : : : ; U � 1/:

Here n D 2m C 1, ŒU � 2 K1.A/ and � 2 ZC2mC1.A/. These pairings satisfy
hŒU �; ŒS��i D hŒU �; Œ��i.
Theorem 5.5. Using the previous unitaries Ui , the values of the pairings are given
by

Table 2

'1 '2 '1;2;3

ŒU1� �p
i2� 0 0

ŒU2� 0 �p
i2� 0

ŒU3� �p
i2� 2c�

p
i2� 2c� �.i2�/3=2c=3

The proof of these results will occupy the next two sections.

Proposition 5.6. The pairings with U1 and U2 always vanish, except

hŒU1�; Œ'1�i D �p
i2�; hŒU2�; Œ'2�i D �p

i2�:

Proof. For i D 1; 2 and j D 1; 2; 3, let us evaluate

hŒUi �; Œ'j �i D 1p
2i�

�..U �
i � 1/@j .Ui � 1// D 1p

2i�
�.U �

i @j .Ui //;

using �.@j .X// D 0 and @j .1/ D 0. The explicit expressions of @j in degree 0 and
Ui yield

hŒUi �; Œ'j �i D �ıi;j

p
2i�:

The pairings with '1;2;3 are given by

hŒUi �; '1;2;3i D P
�2†3

".
/�..U �
i � 1/@�.1/.Ui � 1/@�.2/.U

�
i � 1/@�.3/.Ui � 1//:

Each term of the above sum contains a vanishing derivation, so hŒUi �; '1;2;3i D 0.
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To evaluate the other odd pairings, we need to estimate the commutation relations
between ˛ and the derivations @i .

Notation 5.7. We use the notation @.u;v;w/ D u@1 C v@2 C w@3.

Proposition 5.8. The equality

˛r;s;t .@.u;v;w/.F // D @.u0;v0;w0/.˛r;s;t .F //

is satisfied if and only if

u D u0; v D v0; w D w0 C c.v0r � su0/:

Proof. This is a straightforward computation.

Proposition 5.9. The pairings of U3 with degree 1 cocycles are

hŒU3�; Œ'1�i D �p
i2� 2c�; hŒU3�; Œ'2�i D p

i2� 2c�; hŒU3�; Œ'3�i D 0:

Proof. To simplify notations, we write @ and ' instead of @i and 'i . Remember that
U3 D MC CM�:
p
2i�hU3; 'i D �..M �C CM �� �1/@.MC CM�// D �..M �C CM ��/@.MC CM�//

because �.@.MC C M�// D 0. The trace vanishes on nonzero degree elements,
hence we keep only the degree 0 terms of the expression:

p
2i�hU3; 'i D �.M �C@MC CM ��@M�/:

Explicit computations yield

M �C@MC D
�
��

1 @�1 C ��
2 @�2 0

0 0

�
;

M ��@M� D
�
0 0

0 
.�2/@
.�
�
2 /C 
.�1/@
.�

�
1 /

�
:

The commutation relation @
.F / D 
.@.F / C k@3.F // holds for all @ D @i , i 2
f1; 2; 3g, using different constants k D ki . Proposition 5.8 ensures that

k1 D �2c�; k2 D 2c�; k3 D 0:

By integrating the commutations relations in the trace of M �C@MC we obtain


.�1/
.@�
�
1 C k@3.�

�
1 //C 
.�2/
.@�

�
2 C k@3.�

�
2 //

D 
.�1@.�
�
1 /C �2@.�

�
2 /C k.�1@3.�

�
1 /C �2@3.�

�
2 ///:
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But @3.�
�
i / D i2���

i and �1�
�
1 C �2�

�
2 D 1, so

p
2i�hU3; 'i D �.��

1 @�1 C ��
2 @�2/C �.
.�1@�

�
1 C �2@�

�
2 //C i2�k

D �.��
1 @�1 C ��

2 @�2 C 
.�1@�
�
1 C �2@�

�
2 //C i2�k

D �.��
1 @�1 C ��

2 @�2 C @.��
1 /�1 C @.��

2 /�2/C i2�k

D �.@.��
1 �1 C ��

2 �2//C i2�k

D �.@.1//C i2�k;

where we applied Lemma 5.1. Taking into account the different values of ki we get

hU3; '1i D �p
2i� 2c�; hU3; '2i D p

2i� 2c�; hU3; '3i D 0:

6. Top degree pairing

Proposition 6.1. The pairing hŒU3�; '1;2;3i is

hŒU3�; Œ'1;2;3�i D �.i2�/3=2c=3:

The proof of this proposition will fill the remainder of this section. Setting U D
U3 D MC CM�, we want to evaluate

hŒU3�; '1;2;3i D 1

8
p
2i

4

3
p
�

X
�2†3

".
/T�.1/�.2/�.3/; (6.1)

where ".
/ is the signature of the permutation 
 of f1; 2; 3g and

Tijk D �..U� � 1/@i .U � 1/@j .U� � 1/@k.U � 1//
D �..U� � 1/@i .U/@j .U

�/@k.U//:

All the following terms have odd degree and therefore vanishing trace:

�.@i .U/@j .U
�/@k.U// D �.@i .MC CM�/@j .M �C CM ��/@k.MC CM�// D 0:

Hence
Tijk D �.U�@i .U/@j .U

�/@k.U//:

Lemma 6.2. The following relations hold:

@i .M˙/M �� D �M˙@i .M
��/;

@i .M
�̇/P� D �M �̇@i .P�/;

(6.2)

�.P�@i .M˙/@j .M �̇// D �.P˙@j .P˙/@i .P˙//; (6.3)

�.P˙@i .M˙/@j .M �̇// D �.@i .M˙/@j .M �̇/C P˙@j .P˙/@i .P˙//: (6.4)
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Beware of permutations between i and j in equations (6.3) and (6.4)!

Proof. The first series can be proved by integration by parts,

@i .M˙/M �� D @i .M˙M ��/ �M˙@i .M
��/ D �M˙@i .M

��/

because (Lemma 5.3)M˙M �� D 0. We also haveM �̇P� D M �̇P˙P� D 0, which
makes it possible to prove the second equality of (6.2) using the same method. Now

�.P�@i .M˙/@j .M �̇// D �.@j .M
�̇/P�@i .M˙//

D ��.M �̇@j .P�/@i .M˙//
D �.M �̇@j .P˙/@i .M˙//
D �.M �̇@j .P˙/

�
@i .P˙/M˙ C P˙@i .M˙///

D �.P˙@j .P˙/@i .P˙/CM �̇P˙@j .P˙/P˙@i .M˙//
D �.P˙@j .P˙/@i .P˙//;

using (6.2), @i .P�/ D �@i .P˙/ and P˙@i .P˙/P˙ D 0. This last equality is true
because P˙ is an idempotent and @i a derivation.

Regarding the last equation we have

�.P˙@i .M˙/@j .M �̇//
D �..@i .P˙M˙/ � @i .P˙/M˙/@j .M �̇//
D �.@i .M˙/@j .M �̇/ � @i .P˙/M˙@j .M �̇/P˙ C @i .P˙/M˙M �̇@j .P˙//
D �.@i .M˙/@j .M �̇/ � P˙@i .P˙/P˙M˙@j .M �̇/C P˙@j .P˙/@i .P˙//
D �.@i .M˙/@j .M �̇/C P˙@j .P˙/@i .P˙//

because M �̇ D M �̇P˙.

We will also need the following lemma.

Lemma 6.3. If .i; j / D .1; 2/ or .2; 1/, we have both

�.@i .U/@j .U
�// D �.@i .MC/@j .M �C/C @i .M�/@j .M ��//

and

�.@1.U/@2.U
�/ � @2.U/@1.U

�// D 0:

Proof. The first equality is obvious by keeping only the degree 0 terms in

�.@i .U/@j .U
�// D �.@i .MC CM�/@j .M �C CM ��//:

The second one is obtained by integration by parts:

�.@1.U/@2.U
�/ � @2.U/@1.U

�//
D �.@1

�
U@2.U

�// � U@1@2.U
�/ � @2.U@1.U

�//C U@2@1.U
�//

D c�.U@3.U
�// D 0;

using Œ@1; @2� D �c@3 and h'3;Ui D 0.
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6.1.1. Terms T132 and T231. Using the identity @3.M
�̇/ D ˙i2�M �̇ , we can

evaluate T231:

T231 D i2��..M �C CM ��/@2.U/.M
�C �M ��/@1.U//

D i2��.M �C@2.U/M
�C@1.U/ �M �C@2.U/M

��@1.U/

CM ��@2.U/M
�C@1.U/ �M ��@2.U/M

��@1.U//:

The same reasoning for T132 gives

T132 D i2��..M �C CM ��/@1.U/.M
�C �M ��/@2.U//

D i2��.M �C@1.U/M
�C@2.U/ �M �C@1.U/M

��@2.U/

CM ��@1.U/M
�C@2.U/ �M ��@1.U/M

��@2.U//:

Taking into account the ".
/ of (6.1) and the fact that � is a trace,

T231 � T132 D i4��.M �C@2.U/M
��@1.U/ �M ��@2.U/M

�C@1.U//:

As U D MC CM�, we can put both terms in the general form

�.M �C@i .MC CM�/M ��@j .MC CM�//:

Keeping only elements of total degree 0 we obtain

�
�
M �C@i .MC/M ��@j .M�/CM �C@i .M�/M ��@j .MC/

�
The first term integrates by parts:

.@i .M
�CMC/ � @i .M

�C/MC/M ��@j .M�/:

It vanishes because @i .M
�CMC/ D @i .QC/ D 0 and MCM �� D 0. For the second

term,

�.M �C.@i .M�M ��„ ƒ‚ …
DP�

/ �M�@i .M
��//@j .MC// D �.M �C@i .P�/@j .MC//

D ��.@i .M
�C/P�@j .MC//

D ��.P�@j .MC/@i .M
�C//

D ��.PC@i .PC/@j .PC//

applying (6.2), the trace property and then (6.3).
Therefore, the contribution of T132 and T231 is

T231 � T132 D �i4��.PC.@2PC@1PC � @1PC@2PC//:
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6.1.2. Terms T123 and T213. As @3.M˙/ D �i2�M˙, the terms T123 and T213

can be written

Tij 3 D i2��..M �C CM ��/@i .U/@j .U
�/.MC �M�//

D i2��..PC � P�/@i .U/@j .U
�//

D i2��..2PC � I2/@i .U/@j .U
�//:

Taking the difference T123 � T213, then using lemma 6.3, the expression becomes:

T123 � T213 D �i4��.PC.@1.U/@2.U
�/ � @2.U/@1.U

�///:

Let us study the term

�.PC@i .MC CM�/@j .M �C CM ��//
D �.PC.@i .MC/@j .M �C/C @i .M�/@j .M ��///
D �.@i .MC/@j .MC/C PC@j .PC/@i .PC/C P�@j .P�/@i .P�//
D �.@i .MC/@j .M �C/C @j .PC/@i .PC//;

using the equations (6.4) and (6.3), and then @i .P�/@j .P�/ D @i .PC/@j .PC/. Next,

�.@1.PC/@2.PC/ � @2.PC/@1.PC// D 0

because � is a trace.
Finally, the contribution of the terms T123 and T213 is

T123 � T213 D �i4��.@1.MC/@2.M
�C/ � @2.MC/@1.M

�C//:

6.1.3. Terms T312 and T321

Lemma 6.4. The analogs of Lemma 6.2 hold:

Q�@iM
�̇ D �@i .Q�/M �̇ D 0; Q˙@iM

�̇ D @i .M
�̇/;

Q�@i .M
�̇/@j .M˙/ D 0;

Q˙@i .M
�̇/@j .M˙/ D @i .M

�̇/@j .M˙/:

Proof. For the first series of relations,

Q�@iM
�̇ D @i .Q�M �̇/ � @i .Q�/M �̇ D 0

because Q�M �̇ D Q�Q˙M �̇ D 0 and @i .Q˙/ D 0. Likewise,

Q˙@iM
�̇ D @i .Q˙M �̇/ � @i .Q˙/M �̇ D @i .M

�̇/;

due to Q˙M �̇ D M �̇ . For the second series,

Q�@i .M
�̇/@j .M˙/ D �@i .Q�/M �̇@j .M˙/ D 0;

using the previous relations. The third relation is obvious starting from the first series
of relations.
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The terms T312 and T321 can be written:

T3ij D i2��..M �C CM ��/.MC �M�/@i .U
�/@j .U//

D i2��..QC �Q�/@i .U
�/@j .U//

D i2��..2QC � I2/@i .U
�/@j .U//:

Taking the difference T312 � T321, then using Lemma 6.3, we get

T312 � T321 D �i4��.QC.@1.U
�/@2.U/ � @2.U

�/@1.U///:

Let us study the term

�.QC@i .M
�C CM ��/@j .MC CM�//

D �.QC.@i .M
�C/@j .MC/C @i .M

��/@j .M�//
D �.@i .M

�C/@j .MC//:

The difference can thus be written

T312 � T321 D �i4��.@1.M
�C/@2.MC/ � @2.M

�C/@1.MC//:

6.1.4. Synthesis and final computation. Forming the synthesis of the studied terms
we obtain:

6
p
2i� hŒU3�; '1;2;3i D .T231 � T132 C T123 � T213 C T312 � T321/

D �i4��.PC.@1PC@2PC � @2PC@1PC//
� i4��.@1.MC/@2.M

�C/ � @2.MC/@1.M
�C//

� i4��.@1.M
�C/@2.MC/ � @2.M

�C/@1.MC//
D �i4��.PC.@1PC@2PC � @2PC@1PC//
D �i4�hŒPC�; Œ 1;2�i;

where  1;2 is the cyclic cocycle defined on C1.T 2/ by

.a0; a1; a2/ 7�!
Z

T 2

a0.@1a1 @2a2 � @2a1 @1a2/.x; y/ dxdy:

The right-hand side is a pairing on the algebra A D C.T 2/. We can compute it using
a connection.

First identify the module of C.T 2/ which corresponds to the projector PC.

Lemma 6.5. The module PCA2 is isomorphic to .M�c
0;0/A.

Notice that we only need an identification as a module, not as a bimodule.

Notation 6.6. We denote the elements of M�c
0;0 by ��. More generally, we include

M�c
0;0 into Dc

0;0 in the following computation.
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Proof. To identify the module M associated to PC, the simplest way is to interpret
M �C and MC respectively as maps PCA2 ! M and M ! PCA2. Formally, we
introduce the maps ˆ W PCA2 ! M�c

0;0 and ‰ W M�c
0;0 ! PCA2:

ˆ

�
a1

a2

�
D �

��
1 � ��

2

� �
a1

a2

�
; ‰.��/ D

�
�1

��2

�
��:

Using the properties of MC and M �C, we see that the maps ˆ and ‰ are inverse to
each another and that they preserve the scalar products.

The following result is well known and can be obtained by using connections:

Proposition 6.7. The pairing ofM�c with  1;2 is given by

hŒM�c
0;0 �; Œ 1;2�i D i2�c:

This proposition enables us to complete the computation of hŒU3�; Œ'1;2;3�i:

hŒU3�; Œ'1;2;3�i D �i4�
6
p
i2�

i2�c D �c .i2�/
3=2

3
:

7. Consequences of the pairings

An immediate consequence of (3.2) and Table 2 is that .U1; U2; U3/ forms a basis of
K1.D/ ˝ C. It is therefore natural to ask if these elements generate K1.D/. The
answer is no.

To prove the above, first notice that since the QHMs are Pimsner algebras asso-
ciated to the Hilbert bimodule M c , their K-theory fits in the 6-term exact sequence
(see [28]):

K0.A/
Id �ŒM c 
 �� K0.A/

� �� K0.D/

@

��
K1.D/

@

��

K1.A/�
�� K1.A/.

Id �ŒM c 

��

(7.1)

To establish this exact sequence, Pimsner’s approach is in fact to start with a short
exact sequence

0 ! J ! TM ! D ! 0 (7.2)

and to prove that both J and TM are KK-equivalent to A. The algebra TM was
defined in [28]. In our special case, one can prove that TM can be identified with the
�-subalgebra of T ˝D generated by 1˝ a and S ˝ � for a 2 A and � 2 M . Notice
that T is a nuclear C�-algebra, thus we do not need to specify which C�-norm we
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are using in the tensor product. We identify T with the unital C�-algebra generated
by the projector P and the isometry S with the relations

SS� D 1 � P; S�S D 1:

To prove that .U1; U2; U3/ does not generate K1.D/, we study the images under
the index map @ W K1.D/ ! K0.A/.

Proposition 7.1. The index map of the Ui is given by

@.U1/ D 0; @.U2/ D 0; @.U3/ D ŒQ��� ŒPC�;

with the notation of Proposition 5.3.

Proof. Since U1 and U2 come from the inclusion A ,! D , the first two equalities
are clear.

Regarding the last equality, we are really going to compute the index map in the
6-term exact sequence associated to (7.2) and then translate the result in terms of
K-theory of A.

It is readily checked that

U3 D
�
S ˝MC C S� ˝M� P ˝ PC

P ˝Q� S� ˝M �C C S ˝M ��

�

is a unitary lift of U3 in TM . It is then easy to complete the index computation:

U

�
12 0

0 0

�
U�

D
�
S ˝MC C S� ˝M� 0

P ˝Q� 0

� �
S� ˝M �C C S ˝M �� P ˝Q�

0 0

�

D
�
1˝ 1 � P ˝ PC 0

0 P ˝Q�

�
:

Hence, the index of U3 in J is P ˝Q� �P ˝PC, which is the image ofQ� �PC
in J . The KK-equivalence between A and J implies that @.U3/ D Q� � PC.

In [30], Rieffel has given an explicit description of the finite projective modules
over C.T 2/. He proves that K0.A/ can be identified with the pairs .d; t/ where d
(dimension) and t (twist) are in Z. We can choose the definition of the twist such
that ŒM c� ' .1; c/, and thus ŒPC� D .1;�c/.

From this identification, together with the Proposition 3.10 of [30], we see that

Id �ŒM � W .d; t/ 7! .d; t/ � .d; t C cd/ D .0;�cd/:
Thus the kernel of Id �ŒM � is generated by .0; 1/. Since @.U3/ D ŒQ��� ŒPC� '
.0; c/, .U1; U2; U3/ is not a generator of K1.D/.

Another consequence of Proposition 7.1 and the previous computation is
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Corollary 7.2. For any U 2 K1.D/,

hŒU �; '1;2;3i D �p
i2�

3
h@ŒU �;  1;2i: (7.3)

Proof. Since the pairing is bilinear, we only have to check this on a basis ofK1.D/˝
C. The equality is true for U D U1 and U D U2, since @.Ui / D 0.

For U3, notice that hŒQ��; '1;2;3i D hŒ1�; '1;2;3i D 0. Hence

hŒU3�; '1;2;3i D �i4�
6
p
i2�

h�ŒPC�;  1;2i D �p
i2�

3
h@.U3/;  1;2i:

Formula (7.3) enables us to prove a further property of the pairing with '1;2;3.

Corollary 7.3. There is a K-homology element K 0 2 K1.D/ such that, for any
ŒU � 2 K1.D/,

hŒU �; '1;2;3i D .i2�/3=2

3
hŒU �;K 0i:

In particular, this pairing takes only integer values, as one can check by direct
examination of Table 2.

Proof. We know that in A D C.T 2/, one can find a K-homology element K such
that

hŒE�;  1;2i D �i2�hŒE�;Ki
for any ŒE� 2 K0.A/. It is known that in the 6-term exact sequence (7.1), one can
consider the boundary maps as multiplication by some element ı 2 KK1.D;A/.
Multiplying K 2 K0.A/ D KK0.A;C/ by ı, we get K 0 2 K1.D/ such that

i2�hŒU �;K 0i D i2�h@ŒU �;Ki D �h@ŒU �; �1;2i D 3p
i2�

hŒU �; '1;2;3i:

8. Dimension of HP�.D/

To complete the description of HP�.D/, it only remains to be proven that there are no
extra cyclic cocycles. We therefore compute the dimension of HP0.D/ and HP1.D/.
We stick to the computation of pairings and periodic theory. We also use results from
[20]: in this article it is proved that the smooth QHM D fits in a short exact sequence
of locally convex algebras.

In this section, we denote by A the algebraC1.T 2/with its usual Fréchet algebra
structure. We start with the following definitions originally due to Cuntz (see for
instance [15], 2.2 and 2.3).
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Definition 8.1 (Smooth Toeplitz algebra). The smooth compact operators K are the
.N � N/-matrices .ai;j / with rapidly decreasing complex entries. The topology on
K is given by the norms

pn..ai;j // D P
i;j

j1C i jnj1C j jnjai;j j:

The smooth Toeplitz algebra T is topologically the direct sum T D K ˚ C1.S1/,
where C1.S1/ is equipped with its usual Fréchet structure. Multiplication in T is
described via an action of T on S.N/ (rapidly decreasing sequences). K acts in the
natural way, and C1.S1/ by truncated convolution. The function

P
akz

k acts on
.�i / 2 S.N/ by

.a�/i D P
kCj Di

ak�j :

The algebra D fits in the linearly split exact sequence

0 ! J ! TM

��! D ! 0;

where TM is the subalgebra generated in the projective tensor product T Ő D by 1˝a,
S ˝ � and S� ˝ �� for a 2 A and � 2 M (see [20]). The map � is defined on the
generators by

�.1˝ a/ D a; �.S ˝ �/ D �; �.S� ˝ ��/ D ��:

From this short exact sequence, [16] ensures that there is a 6-term exact sequence
in periodic cyclic cohomology:

HP0.J/

��

HP0.TM/�� HP0.D/
��

��

HP1.D/
��

�� HP1.TM/ �� HP1.J/.

��

(8.1)

It was also proved in [20] that there are kk-equivalences TM ' A and J ' A.
Consequently

HP0.J/ D HP0.TM/ D HP0.A/ D C2;

HP1.J/ D HP1.TM/ D HP1.A/ D C2:
(8.2)

Moreover, the inclusion A ,! TM induces an isomorphism at the level of K-theory.
Hence the unitaries Vi D 1 ˝ Ui 2 TM form a generating set of K1.TM/, and if
E is a projector in Mn.A/ with dimension 1 and twisting 1, then 1˝ 1 and 1˝ E

form a generating set ofK0.TM/. These generating sets separate the periodic cyclic
cocycles.

Let us now evaluate the image of �� by computing pairings on TM . In the odd
case,

hVi ; �
�'j i D h��.Vi /; 'j i D hUi ; 'j i;
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which together with (8.2) proves that .��'j /j D1;2 is a basis of HP1.TM/.
In the even case, our analysis of the map Id �ŒM c� ensures that inK0.D/ �.E/�

�.1/ is a torsion element. Here we used � W A ,! D to distinguish E 2 K0.A/

from �.E/ 2 K0.D/. The definition of � guaranties that �.1 ˝ E/ D �.E/ and
�.1˝ 1/ D �.1/. The bilinearity of the pairing therefore enforces

h1˝E;�� i D h�.E/;  i D h�.1/;  i D h1˝ 1; �� i:
Since 1˝ 1 and 1˝E separate HP�.A/, we see that ��.HP0.D// has dimension at
most 1. It is easy to use the trace to check that the image is non zero.

Putting the above results in the exact sequence (8.1), we get:

Proposition 8.2. The periodic cyclic cohomology of D is given by

HP0.D/ D C3; HP1.D/ D C3:

Proposition 3.8, however, provided us with seven cyclic cocycles. Tables 1 and 2
enable us to exhibit linearly independent families of cyclic cocycles. Notice that the
pairing hŒK�; Œ'�i only depends on the class of ' in periodic cyclic cohomology and
thus the families are independent in HP�.D/. Hence we get:

Theorem 8.3. With the notations of Proposition 3.8, the family .�; '1;3; '2;3/ is a
basis of HP0.D/, and the family .'1; '2; '1;2;3/ is a basis of HP1.D/.

It follows from [20] that the (tensorized) Chern character is an isomorphism for
the QHMs. As we know the K-theory of the QHMs, we get

HP0.D/ D K0.D/˝Z C D C3; HP1.D/ D K1.D/˝Z C D C3:

Since the Chern–Connes pairings factorize through the Chern character from K-
theory to cyclic homology (see [26], Section 8.3), we can describe the periodic cyclic
homology. Notice that in the following we require � ¤ 0 ¤ � so that the modules
N and N� over Dc

�;� exist (see Definition 4.11 and Definition 4.15).

Theorem 8.4. The family .Ch.U1/;Ch.U2/;Ch.U3// is a basis of HP1.D/.
If � ¤ 0 ¤ �, then the family which consists of Ch.Dc

�;�/, Ch.Nc
�;�/ and

Ch.N� c
�;�/ is a basis of HP0.D

c
�;�/.

9. Final remarks

Note that if we have an elementK ofK-homology, Tables 2 and 1 are precisely what
we need to determine the Chern character ofK by simply computing its pairings with
K-theory.
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The previous discussion of linear independence in HP�.D/ or HC�.D/ is relevant
because the cyclic cocycle '3 is nonzero in HC1.D/ and .'1; '2; '3/ is linearly
independent in HC1.D/, yet Œ'3� D 0 in HP1.D/.

More generally, we have the following proposition which ensures the linear inde-
pendence of the cyclic cocycles of Proposition 3.8.

Proposition 9.1. The following Hochschild cycles are “dual” to the cocycles of
Proposition 3.8 in the sense that

hck; 'i i D ık;iki ; hck;l ; 'i;j i D ıi;kıj;lki;j ; hc1;2;3; '1;2;3i D c1;2;3

for some nonzero constants kI 2 C, where the Hochschild cycles are:

� Degree 1: c1 D U �
1 ˝ U1, c2 D U �

2 ˝ U2 and c3 D ��
1 ˝ �1 C ��

2 ˝ �2.

� Degree 2: “skew-symmetrisation” cj;3 of
P

p �
�
pU

�
j ˝ Uj ˝ �p:

cj;3 D
2P

pD1

��
pU

�
j ˝ Uj ˝ �p � U �

j �
�
p ˝ �p ˝ Uj :

� Degree 3: setting Up;j equal to Uj for j D 1; 2 and equal to �p for j D 3,

c1;2;3 D
2P

pD1

P
�2†3

".
/U �
p;�.3/

U �
p;�.2/

U �
p;�.1/

˝ Up;�.1/ ˝ Up;�.2/ ˝ Up;�.3/:

Remark 9.2. The Hochschild cycle c1;2;3 is the analog of a fundamental form for D.

Remark 9.3. Cyclic cocycles are Hochschild cocycles and thus the pairings hcI ; 'Ki
between Hochschild cycles and cocycles exist. If we consider only Hochschild co-
cycles, '1;3, '2;3 and '1;2 are dual in the above sense to c1;3, c2;3 and c1;2 where
c1;2 D U �

1 U
�
2 ˝ U2 ˝ U1 � U �

2 U
�
1 ˝ U1 ˝ U2.

Remark 9.4. The formulas of these cycles are very similar to shuffle products of ci .
However, shuffle products don’t apply directly here, since D is not commutative.

Proof. It is obvious that c1 and c2 are Hochschild cycles. It is a straightforward
consequence of (2.3) that c3 is closed.

To prove that the ci;3 and c1;2;3 are Hochschild cycles, we essentially adapt the
proof of [21], lemma 12.15. We can apply the same arguments because

e�i4��U1� D �U1; e�i4��U2� D �U2:

To compensate the fact that �p is not unitary, we sum over p and use (2.3). The proof
is then a set of lengthy but otherwise straightforward computations.
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We only prove that c1;2;3 is a Hochschild cycle and that it pairs non trivially with
'1;2;3, the other calculations are easier cases of the same thing. We want to evaluate

h�1;2;3;
P
i

vi i D P
i

P
�2†3

P
� 02†3

".
 0/".
/

� �.U �
i;�.3/U

�
i;�.2/U

�
i;�.1/@� 0.1/Ui;�.1/@� 0.2/Ui;�.2/@� 0.3/Ui;�.3//:

Given 
 and 
 0, we denote by T�;� 0 the associated term in the above sum. Notice
that @3.Up;j / D ı3;j i2�Up;j . We can find j3 such that 
.j3/ D 3. If 
.j3/ D 3 ¤

 0.j3/, then T�;� 0 D 0. As @2.Up;j / D �ı2;j i2�Up;j , if 
.j2/ D 2 ¤ 
 0.j2/ then
T�;� 0 D 0. Thus 
 ¤ 
 0 implies T�;� 0 D 0. Finally, @1.Up;j / D �ı1;j i2�Up;j and

h�1;2;3;
P
i

vi i D .i2�/3
P
i

P
�2†3

�.U �
i;�.3/

U �
i;�.2/

U �
i;�.1/

Ui;�.1/Ui;�.2/Ui;�.3//

D .i2�/3
P
i

P
�2†3

�.��
i �i / D .i2�/36 ¤ 0;

by using the trace property of � .

About the construction of U3: Proposition 5.3 and Lemma 6.5 essentially show
that U3 realizes an isomorphism Ec ˚ E�c ' 2E0, where Et is the line bundle
over T 2 with twisting t . Another unitary could be constructed, which would realize
the isomorphism E1 ˚E�1 ' Ec�1 ˚E�.c�1/. This unitary together with U1, U2

would probably be a generator of K1.D/. However, the necessary computations are
much more involved.

To conclude, on top of its possible implications on noncommutative 3-spheres, our
study may foster intuition on Pimsner algebras. In the case of QHMs, the “transfer
formula” (7.3) shows how we can “transfer” a pairing from the Pimsner algebra to
the basis algebra. This property is very similar to Proposition 12.6 of Nest’s article
[27]. It would be interesting to investigate whether this is a general phenomenon for
Pimsner algebras.
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