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The topological K-theory of certain crystallographic groups

James F. Davis and Wolfgang Liick

Abstract. Let ' be a semidirect product of the form Z" x, Z/p where p is prime and
the Z/ p-action p on Z" is free away from the origin. We will compute the topological K-
theory of the real and complex group C*-algebra of " and show that T satisfies the unstable
Gromov-Lawson—Rosenberg Conjecture. On the way we will analyze the (co-)homology and
the topological K-theory of the classifying spaces BI" and BT". The latter is the quotient of the
induced Z / p-action on the torus 7.
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0. Introduction

Let p be aprime. Let p: Z/p — Aut(Z") = GL(n, Z) be a group homomorphism.
Throughout this paper we will assume:

Condition 0.1 (Free conjugation action). The induced action of Z/p on Z" is free
when restricted to Z" — 0.

Denote by
F=7"%,Z/p (0.2)

the associated semidirect product. Since I' has a finitely generated, free abelian
subgroup which is normal, maximal abelian, and has finite index, I is isomorphic
to a crystallographic group. An example of such group I is given by Z?~1 x 0 Z/p
where the action p is given by the regular representation Z[Z/ p] modulo the ideal
generated by the norm element. When n = 1 and p = 2, T is the infinite dihedral
group.

Let BI" := I'\ ET be the classifying space of I'. Denote by ET" be the classifying
space for proper group actions of I'. Let BI' = I'\ ET". The space BT is the quotient
of the torus 7" under the Z/ p-action associated to p. It is not a manifold, but an
orbifold quotient.

To compute the K-theory of the C*-algebra, we will use the Baum—Connes Con-
jecture which predicts for a group G that the complex and real assembly maps

KF(EG) => K, (C}(G)),
KO¢ (EG) =>KO0,(C}(G: R))

are bijective for n € Z. The point of the Baum—Connes Conjecture is that it identifies
the very hard to compute topological K-theory of the group C*-algebra of G to
the better accessible evaluation at EG of the equivariant homology theory given by
equivariant topological K-theory. The Baum—Connes Conjecture has been proved for
a large class of groups which includes crystallographic groups (and many more) in
[19]. We will later use the composite maps, where in each case the second map is
induction with the projection I' — {1}.

Kn(C}(I) <= K, (ET) — Kp(BT),
KO,,(C*(I'; R)) <= KO (ET') — KO, (BT).
Next we describe the main results of this paper. We will show in Lemma 1.9 (i)

that k = n/(p — 1) is an integer. Let & be the set of conjugacy classes {(P)} of
finite non-trivial subgroups of T".

Theorem 0.3 (Topological K-theory of the complex group C*-algebra). Let I' =
Z" x, Z/ p be a group satisfying Condition 0.1.
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) Ifp =2, ‘
3.2 , meven,
Km(cr*(r)) = {0 m odd
If pis odd,
Zdev’ m even,
K, (Cr* () = {Zdodd m odd
where
2Dk 4 -
2p 2
20=Dk 1 p 1 (p—1)- pk!
doda = B .
2p 2

In particular K,,(C} (")) is always a finitely generated free abelian group.

(1) There is an exact sequence

0— @ Rc(P)— Ko(CH(I)) — Ko(BT) — 0,
(P)eP

where Rc(P) is the kernel of the map Rc(P) — Z sending the class [V] of a
complex P -representation V to dimc(C ®cp V).
(ii1)) The map
K1 (C7(I) = K1(BT)

is an isomorphism. Restricting to the subgroup Z" of T induces an isomorphism
Ky(CH(I)) =5 Ky (CHE)*/P.

Remark 0.4 (Twisted group algebras). The computation of Theorem 0.3 has already
been carried out in the case p = 2 and in the case n = 2 and p = 3 in [17],
Theorem 0.4, Example 3.7. In view of [17], Theorem 0.3, the computation presented
in this paper yields also computations for the topological K-theory K(C,* (I, w)) of
twisted group algebras for appropriate cocycles w. One may investigate whether the
whole program of [17] can be carried over to the more general situation considered
in this paper.

Remark 0.5 (Computations by Cuntz and Li). Cuntz and Li [13] compute the K-
theory of C*-algebras that are associated with rings of integers in number fields. They
have to make the assumption that the algebraic number field contains only {£1} as
roots of unity. This is related to our computation in the case p = 2. Our results, in
particular, if we could handle instead of a prime p any natural number, may be useful
to extend their program to the arbitrary case. However, the complexity we already
encounter in the case of a prime p shows that this is a difficult task.
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We are also interested in the slightly more difficult real case because of applications
to the question whether a closed smooth spin manifold carries a Riemannian metric
with positive scalar curvature (see Theorem 0.7). The numbers r; appearing in the
next theorem will be defined in (1.4) and analyzed in Section 1.3.

Theorem 0.6 (Topological K-theory of the real group C*-algebra). Let p be an odd

prime. Let T' = Z" X Z ] p be a group satisfying Condition 0.1. Then forallm € Z:
(1) .

zP"P=V/2 & (P _ KOm—1(¥)'7), m even,

KO, (C}(T; R)) =
m(Cr (T R)) {@7201(0,,,_,(*)”, m odd.

(i) There is an exact sequence

0> @ KOZ/”(x) — KOy (C(T; R)) — KOy (BT) — 0,
(P)eP

where KNO,%,/I’(*) = ker(KO,%/P(*) — KO, (%)) = Z@=D/2 The exact
sequence is split after inverting p.

(iii) The map
KO2m+1(C}(T'; R)) = KOs, 41(BT)

is an isomorphism. Restricting to the subgroup Z" of T induces an isomorphism
KO2n+1(C/(T': R) =5 KOz +1(C(Zy: R)F/P.

If M is a closed spin manifold of dimension m with fundamental group G, one
can define an invariant «(M) € KO,,(C,*(G: R)) as the index of a Dirac operator.
If M admits a metric of positive scalar curvature, then (M) = 0. This theory and
connections with the Gromov-Lawson—Rosenberg Conjecture will be reviewed in
Section 12.1.

Theorem 0.7 ((Unstable) Gromov—Lawson—Rosenberg Conjecture). Let p be an odd
prime. Let M be a closed spin manifold of dimension m > 5 and fundamental group
I" as defined in (0.2). Then M admits a metric of positive scalar curvature if and
only if a(M) is zero. Moreover if m is odd, then M admits a metric of positive
scalar curvature if and only if the p-sheeted covering associated to the projection
I' > Z/p does.

Example 0.8. Here is an example where the last sentence of Theorem 0.7 applies.
Choose an odd integer k > 1. Let M be a balanced product S¥ xr R” where I acts
on the sphere via the projection I' — Z/ p and a free action of Z / p on the sphere and
I acts on R” via its crystallographic action. Then its p-fold cover S* x T” admits a
metric of positive scalar curvature since it is a spin boundary or since it is a product of
a closed manifold with a closed Riemannian manifold with positive scalar curvature,
and hence M admits a metric of positive scalar curvature.
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Remark 0.9. Notice that Theorem 0.7 is not true for Z* x Z /3 (see Schick [39]),
whereas it is true for Z* %, Z /3 for appropriate p by Theorem 0.7.

The computation of the topological K-theory of the reduced complex group C*-
algebra C;*(I") and of the reduced real group C*-algebra C,*(I"; R) will be done in a
sequence of steps, passing in each step to a more difficult situation.

We will first compute the (co-)homology of BI" and BT'. A complete answer is
given in Theorem 1.7 and Theorem 2.1.

Then we will analyze the complex and real topological K-cohomology and K-
homology of BI" and BI". A complete answer is given in Theorem 3.1, Theorem 4.1,
Theorem 5.1 and Theorem 6.1 except for the exact structure of the p-torsion in
K27+ (BT), KO*"*+1 (BT), Koy (BT), and KOs, (BT).

In the third step we will compute the equivariant complex and real topological
K-theory of ET", and hence the K-theory of the complex and real C*-algebras of I
A complete answer is given in Theorem 0.3 and Theorem 0.6. It is rather surprising
that we can give a complete answer although we do not know the full answer for BI'.

Finally we use the Baum—Connes Conjecture to prove Theorem 0.3 and Theo-
rem 0.6 in Sections 11.

The proof of Theorem 0.7 will be presented in Section 12.

Although we are interested in the homological versions, it is important in each
step to deal first with the cohomological versions as well since we will make use of
the multiplicative structure and the Atiyah—Segal Completion Theorem.

This paper was financially supported by the Hausdorff Institute for Mathematics,
the Max-Planck-Institut fiir Mathematik, the Sonderforschungsbereich 478 — Ge-
ometrische Strukturen in der Mathematik —, the NSF-grant of the first author, and the
Max-Planck-Forschungspreis and the Leibniz-Preis of the second author. We thank
the referee for his detailed report.

1. Group cohomology

In this section we compute the cohomology of BI" and ET for the group I' defined
in (0.2). It fits into a split exact sequence

1-72"5T357/p—>1 (1.1)

We write the group operation in Z/p and I' multiplicatively and in Z” additively.
We fix a generator ¢ € Z/p and denote the value of p(¢) by p: Z" — Z". When
wish to emphasize that Z" is a Z[Z / p]-module, we denote it by Z}.

1.1. Statement of the computation of the cohomology

Notation 1.2 (EG and BG). For a discrete group G we let EG denote the classifying
space for proper G-actions. Let BG be the quotient space G\ EG.
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Recall that a model for the classifying space for proper G-actions is a G-CW-
complex EG such that EG is contractible if H C G is finite and empty otherwise.
Two models are G-homotopy equivalent. There is a G-map EG — EG which is
unique up to G-homotopy. Hence there is a map BG — BG, unique up to homotopy.
If G is torsion-free, then EG = EG and BG = BG. For more information about
EG we refer for instance to the survey article [30].

We will write H™(G) and H,,(G) instead of H™(BG) and H,,(BG).

Example 1.3 (ET" and BT"). Since the group I' is crystallographic and hence acts
properly on R” by smooth isometries, a model for ET is given by R” with this
I"-action. In particular BT is a quotient of the n-torus 7" by a Z/ p-action.

The main result of this section is the computation of the group cohomology of BI"
and BT". Most of the calculation for H *(BI") has already been carried out by Adem [3]
and later, with different methods, by Adem—Ge—Pan—Petrosyan [5]. The computation
of H*(BT) has recently and independently obtained by different methods by Adem—
Duman—Gomez [4]. We include a complete proof since the techniques will be needed
later when we compute topological K-theory.

Let

N=t"+t+---+tP L eZ[Z/p]

be the norm element. Denote by 1(Z/ p) the augmentation ideal, i.., the kernel of
the augmentation homomorphism Z[Z / p] — Z. Let{ = ¢2™i/P ¢ C be a primitive
p-th root of unity. We have isomorphisms of Z[Z / p]-modules

Z[Z/p]/N = Z[f] = I(Z] p).

Define, for m, j, k € Z>¢, natural numbers

rm = tkz (N"(Z[])*/7), (1.4)

aj =Ny, ... ) €ZF [ty +- -+l =4, 0<4; <p—1}, (1.5)

=S, (1.6)
j=0

where here and in the sequel /""" means the m-th exterior power of a Z-module. Notice
that these numbers r,,, a; and s, depend on k, but we omit this from the notation
since k will be determined by the equation n = k(p — 1) (see Lemma 1.9 (i)) and
hence by I'. Note that ro = 1,y = 0,a9 = 1,a; = k, 50 = 0,51 = 1, and
s2 = k + 1. We will give more information about these numbers in Section 1.3.

Theorem 1.7 (Cohomology of BI" and BI').
(i) Form > 0,
7' @ (Z/p)m, m even,

H™([) = {_
Zm m odd.
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(i1) For m > 0 the restriction map
H™(T) - H™(Z2)*/?

is split surjective. The kernel is isomorphic to (Z / p)*™ if m is even and 0 if m
is odd.

(iii)) The map induced by the various inclusions

" H™() — @ H™(P)

(P)eP
is bijective for m > n.
(iv) Form > 0,
VALLR m even,
H™(BT) = 7™ & (Z/p)? =™, m odd, m > 3,
0, m=1.

Remark 1.8 (Multiplicative structure). A transfer argument shows that the kernel of
the restriction map H™(I') — H™(Z") is p-torsion. Theorem 1.7 together with the
exact sequence (1.14) implies that the map induced by the restrictions to the various
subgroups
H™T)—> H"(Z")® & H™(P)
(P)ep

is injective. The multiplicative structure of the target is obvious. This allows in
principle to detect the multiplicative structure on H*(T").

1.2. Proof of Theorem 1.7. The proof of Theorem 1.7 needs some preparation.

Lemma 1.9. (i) We have an isomorphism of Z[Z / p]-modules,
Zy, =L & &I,

where the I are non-zero ideals of Z[{].
We have

7" ®Q = Q)
n=k(p-—1).

(ii) Each non-trivial finite subgroup P of T is isomorphic to Z | p and its Weyl group
WrP := Nr P/P is trivial.

(iii)) There are isomorphisms

HY(Z/p:Z) =5 cok(p —id: Z" — Z") = (Z/p)*
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and a bijection
cok(p—id: Z" - 7") = P :={(P)| P CT, 1 <|P| < oo}.

If we fix an element s € T of order p, the bijection sends the element u €
Z}, /(1 — p)Z} to the subgroup of order p generated by us.

(iv) We have |P| = p*.

(v) There is a bijection from the Z [ p-fixed set of the Z/ p-space T} = R} /Z7
with HY\(Z ] p: Z3}). In particular (T;‘)Z/P consists of p* points.

(vi) [[,T] =im(p —id: Z" — Z™).

(vii) T/[I',T] = cok(p —id: Z" - Z")® Z/p = (Z/ p)**1.

Proof. (i): Letu € Z7. Then N -u is fixed by the action of 7 € Z/ p and hence is zero
by assumption. Thus Z7 is a finitely generated module over the Dedekind domain
Z[Z]/p]/N = Z[{]. Any finitely generated torsion-free module over a Dedekind
domain is isomorphic to a direct sum of non-zero ideals (see [36], p. 11). Since
I ® Q = Q(¢), weseetkz(l;) = p—1.

(i1): This is obvious.

(iii): Since the norm element N acts trivially on Z”, we get

cok(p —id: Z" — Z") = H'(Z/ p: Z}}).
We will show
1 . ~ £0 .l ~ k
H(Z/p:Zy) = H(Z/p: H (Z})) = (Z/ p)
in Lemma 1.10 (i). One easily checks that the map cok(p —id: Z" — Z") — P is
bijective.
(iv): This follows from assertion (iii).
(v): Consider the short exact sequence of Z[Z / p]-modules
0>27Z; >R, > T, —>0
Then the long exact cohomology sequence
z/ z/ z/ 1 . 1 .
(Zp)"'P — (R)™? > (T))™'? - H (Z/p:Z) > H (Z/p:Ry)

is isomorphic to
0—>0— (T;‘)Z/p —(Z/p)F—>0.

(vi): For (i, p) = 1 we have & -n/eC -1 € Z[f]* and hence we get
ker(p —id) = ker(p* —id) = 0 and im(p — id) = im(p* — id). This implies

[[,T] =im(p —id: Z2" — Z").
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(vii): The isomorphism
cok(p—id: Z" - 7" @ Z/p =>T/[IT]
sends (it,1) — us'. O
Next will analyze the Hochschild—Serre spectral sequence (see [12], p. 171)
Ey = H'(Z/p: H (Z}) = H'M (D)

of the extension (1.1). We say that a spectral sequence collapses if all differentials d,/
are trivial for r > 2 and all extension problems are trivial. The basic properties of the
Tate cohomology H (G; M) of a finite group G with coefficients in a Z[G]-module
M are reviewed in Appendix 12.2.

Lemma 1.10. (i) We have
H(z/p:H (Z)= @ A (2Z/p:2)=

Li4+Ll=]
0<ly<p—1

(Z/p)¥, i+ ] even,
0, i+ j odd.

(i1) The Hochschild—Serre spectral sequence associated to the extension (1.1) col-
lapses.

Proof. (i): There is a sequence of Z[Z / p]-isomorphisms
H'(Z}) =~ Homz(H,(Z}}). Z) = Homz(Z}, Z) = ZJ..

where p(t)*: Z" — Z" fort € Z/ p is given by the transpose of the matrix describing
p(t): Z" — Z". The natural map given by the product in cohomology

N H'Z") = HT(Z")
is bijective and hence is a Z[Z/ p]-isomorphism by naturality. Thus we obtain a
Z[Z / p)-isomorphism
i ~ A
HI(Z3) = N Z).
Given a non-zero ideal / C Z[{], There exists an isomorphism of Z ,)[{]-modules

I @Zpy =>Z[L] Qz Z(p) = Z(p)lL].

This is true since Z(,)[{] is a discrete valuation ring, hence all ideals are principal.
Since Z). is isomorphic to a direct sum of ideals of Z[{], we obtain for an appropriate
natural number k isomorphisms of Z[{] ®7 Z () = Z(p)[{]-modules

HI(Z"%) ®72 Z(py = N 70 ®2 Z(p) = N Z[0)* ®2 Z ().
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For every Z[Z / p]-module M the obvious map
H'(Z/p; M) — H'(Z/p; M @7 Z (1))
is bijective. Hence we obtain an isomorphism
Az /p:H(Z}) = H'(Z/p: N Z[5]°).

Since

/\*(?Z[C])) = (%/\*(Z[E])
and /\I(Z[C]) = 0for/ > p, we get

Naiegy= @ AN'zigle- e A%z
PO

Therefore we obtain an isomorphism

A @/pH 2= @ H@Z/p:\"Z]E]® - A* Z[L))).
Gbths

Hence it suffices to show
A~ ~ . k
H(Z/p:\" Z[) @ - @ \* Z[¢) = A ERa=tla(z/ p: 7)

forly,...,lxin{0,1,..., p—1}. This will be done by induction over j = Z];:l lg.
The induction beginning j = 0 is trivial, the induction step from j —1to j > 1 done
as follows. We can assume without loss of generality that 1 <[, < p — 1 otherwise
permute the factors. There is an exact sequence of Z[Z/ p]-modules

0—>7Z—Z[Z]/p) — Z[{] — O,

where 1 € Z maps to thenormelement N € Z[Z/ p]. Since this exact sequence splits
as an exact sequence of Z-modules, it induces an exact sequence of Z[Z / p]-modules

LAY ZR - A 212/ p) > N 21 1, (1)

where the second map is induced by the epimorphism Z[Z/p] — Z[¢] and the first
sends Uy Aup Ace AUp—q tOU] AUy Acee A ”}1—1 A N, where u), € Z[Z/p]
is any element whose image under the projection Z[Z/p] — Z[] is up. This is
independent of the choice of the u;,’s since two such choices differ by a multiple of
the norm element N € Z[Z/ p].

We next show that the middle term of (1.11) is a free Z[Z/p]-module when
1<l;<p-—1.SinceZ/p = {t° t',...,tP7 !} is a Z-basis for Z[Z p], we obtain
a Z-basis for /\l1 Z[Z/ p] by

(W 11cz/p |1 =0}
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where 11 = 11 At22 Ao At for T = iy, in, ... 0} With 1 < iy <ip <--- <
i;, < p—1.Anelements € Z/p acts on /\l1 Z[Z ] p] by sending the basis element
t! to £¢5t1. The Z/p actionon {I C Z/p,|I| = [} which sends I to s + I for
s € Z/p, is free. Indeed, for s € Z/p — {0}, the permutation of the p-element set
Z/ p given by a + s + a cannot have any proper invariant sets since the permutation

has order p and p is prime. This implies that the Z[Z / p]-module /\l‘ Z[Z]p] is
free.

We obtain from the exact sequence (1.11) an exact sequence of Z[Z / p]-modules
with a free Z[Z / p]-module in the middle

1> A"z e ARz @ - o N Z[g]
S N'Z[Z/pl @ N2 Z[t @ - @ N Z[¢]
ANzl APz e @ A Z[g] — 1.

Hence we obtain for i € Z an isomorphism

A(Z/p: \" 2[5 @@ \N* Z[2) = BNz /p; N7 Z[G @ - @ A Z[2)).

Now apply the induction hypothesis. This finishes the proof of assertion (i).
(ii): Next we want to show that the differentials d;*’ are zero for all r > 2 and i,
Jj - By the checkerboard pattern of the E»-term it suffices to show for » > 2 and that

the differentials d */ are trivial for r > 2 and all odd j > 1. This is equivalent to
show that for every odd j > 1 the edge homomorphism (see Proposition A.5)

Vo HI(D) —» HI (2)?/? = EJY

is surjective. But ﬁO(Z/p, Hj(ZZ)) = 0 by assertion (i), so the norm map N =
oot/ HI(ZR) gz, — HI(Z2)*/? is surjective (see Theorem A.3), so i/ is
surjective.

It remains to show that all extensions are trivial. Since the composite

r‘l

Hl+j (F) Hl+] (Zn) Hl+] (F)

is multiplication with p, the torsion in H +J(T) has exponent p. Since p - EY =
p-Ey’ =0fori > 0, all extensions are trivial and

H"'T~ @ EY = @ EY. O
i+j=m i+j=m

Proof of assertions (i) and (ii) of Theorem 1.7. These are direct consequences of
Lemma 1.10. O
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Proof of assertion (iii) of Theorem 1.7. We obtain from [34], Corollary 2.11, to-
gether with Lemma 1.9 (ii) a cellular I"-pushout

Upyes T xp EP 2 ET
Lrer m[ Jf (1.12)
Hpyer I'/P — U ET,
where i¢ and i; are inclusions of I'-CW-complexes, prp is the obvious I'-equivariant

projection and & is the set of conjugacy classes of subgroups of I" of order p. Taking
the quotient with respect to the I'-action we obtain from (1.12) the cellular pushout

l(pyesr BP 2 Br
Hpyesr Prp\ [f (1.13)

J
Hpyesr * — BT

where jo and j; are inclusions of CW-complexes, prp is the obvious projection. It
yields the following long exact sequence for m > 0

£k 2m ~
0— B> (BT) L m2nry 25 @ dm(p)
(P)e? (1.14)

2m s
8_) H2m+1(£F) f_) H2m+l(F) -0,
where ¢* is the map induced by the various inclusions P C I for (P) € £.

Now assertion (iii) follows from (1.14) since there is a n-dimensional model for
BTI'. O

We still need to prove assertion (iv) of Theorem 1.7.
In order to compute H*(BT'), we need to compute the kernel and image of @2

Lemma 1.15. Let m > 1.

(i) Let K?™ be the kernel of p*™. There is a short exact sequence
0— K™ — H>™ZM%/P — B%(Z/p: H*™(Z%)) — O,

where the first non-trivial map is the restriction of 1* : H*™(I') — H?™ (ZZ)Z/P
to K™ and the second non-trivial map is given by the quotient map appearing
in the definition of Tate cohomology. It follows that K*™ = Z"m.

(i) The image of ™ is isomorphic to

ker(H>"(I) — H>(Z})*/?) @ H*(Z/ p: H*™(Z})) = (Z/p)*>"+".
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Proof. (i): Let B € H*(Z/p) = Z/ p be a generator. Let L?™ be the kernel of
_ U]‘[*(ﬂ)n . HZM(F) — H2m+2n (F)

We first claim that K™ = L™ Indeed, the following diagram commutes

2m
H>™(T) z Dpyesr H"(P)
—Uﬂ*(ﬁ)"J JV—Uﬁ"
2m+2 p2mtan 2m+2n
H?" 20 ——— D(pyep H (P)

Since dim(BT") < n, wehave H'*2"(BT") = Ofori > 1. Hence the lower horizontal
arrow is bijective by (1.14). The right vertical arrow is bijective. Thus K2 = L?™,
Recall that we have a descending filtration

H2™(T) = FO2m o plam=t 5 . o p2m0 5 p2mti=t _

with Fr:2m=1/prol2m-r=1 o pr2m-r Recallthat E;"° = H*(Z/p; H*(Z")) =

H?2(Z/ p) so that we can think of 8 as an element in E;,o‘ Recall that E;’ = EY
by Lemma 1.10 (ii). From the multiplicative structure of the spectral sequence we
see that the image of the map

—UJT*(,B)”Z Hzm(F)—>H2m+2"(F)

lies in F2™2™ and the diagram
0 0
1,2m—1 = 2n+1,2m—1
F —Ur* ()" F
H"(0) —— g F22" (1.16)
E(())C,)Zm 5 Egét,Zm
0 0

commutes, where the columns are exact. The upper horizontal arrow is bijective.
Namely, one shows by induction over r = —1,0,1,...,2m — 1 that the map

g T[*(,B)nl F2m—r,r s F2m—r+2n,r
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is bijective. The induction beginning r = —1 is trivial since then both the source
and the target are trivial, and the induction step from r — 1 to r follows from the five
lemma and the fact that the map
—UB" BT = HAMT(Z i HT(Z)))
s Egom—r+2n,r — H2m—r+2n (Z/p; Hr(ZZ))

is bijective.

The bottom horizontal map in diagram (1.16) can be identified with the composi-
tion of the canonical quotient map

0 .2 770 .2
H™(Z/p: H™(Z})) — H"(Z] p: H""(Z})).

with the isomorphism

—U " H(Z/p: H*™(Z)) => H*(Z/ p: H*™(Z")).

So what do we know about diagram (1.16)? The top horizontal map is an isomor-
phism, the kernel of middle horizontal map is L?™, and the bottom horizontal map
is onto. We conclude from the snake lemma that the middle map is an epimorphism
and that we have a short exact sequence

0— L* — E&zm — Ei’;,zm — 0.

The first non-trivial map is the composite of the inclusion K™ = L?™ c H?™(T")
with the epimorphism

H2m(l—w) N E&Zm — H2m(ZZ)Z/p

induced by the inclusion ¢: Z" — I'. We have already identified the second non-
trivial map (up to isomorphism) with the quotient map as desired. Hence the sequence
in assertion (i) is exact. Since the middle term is isomorphic to Z"” and the right
term is finite, K>™ is also isomorphic to Z"™ .

(i1): The exact sequence

2m
0 — ker(H>™(I") — H>™(Z2)*/?) — H>™(I) AN H>™(Z)%/? >0

has the property that (2™ restricted to K™ is injective. Thus we can quotient by K>
and (> (K?™) in the middle and right-hand term respectively and maintain exactness.
Hence we have the exact sequence

0 — ker(H>™(I') — H>™(Z2)*/?) - H>™(T')/ K"

. 1.17
— H%(Z/p: H*"(Z})) — 0. (1
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where we used assertion (i) to compute the right-hand term. We conclude from
Lemma 1.10 that

A%(Z/p: H*™(Z%)) = (Z/p)*>", (1.18)
ker(H>™(I') — H>™(Z1)*/?) ~ ég Ei2m—i ~ 2"é.gl(Z/p)ﬂf. (1.19)
i=1 j=0

Since H?"(I")/K>™ is isomorphic to a subgroup of P (p)c» H2™(P) by the long
exact cohomology sequence (1.14) it is annihilated by multiplication with p. Hence
the short exact sequence (1.17) splits and we conclude from (1.18) and (1.19) that

2m
H2M (D) K2 = @ (2 )" = 2/ p)yanst.
j=

This finishes the proof of Lemma 1.15. O

We conclude from the exact sequence (1.14), Theorem 1.7 (i), Lemma 1.9 (iv),
and Lemma 1.15

Corollary 1.20. For m > 1 the long exact sequence (1.14) can be identified with

02" — 27" @ (Z/p)™" — (Z/p)”"

N Zr2m+l @ (Z/p)Pk—SZm-l—l N Zr2m+1 N 0

Proof of assertion (iv) of Theorem 1.7. Obviously H°(BT') 2 Z. Since (Z")%/? =
0 by assumption, we get H ! (I") = 0 from assertion (ii) of Theorem 1.7. We conclude
H'(BT) = 0from the long exact sequence (1.14). The values of H™(BT") form > 2
have already been determined in Corollary 1.20. Hence assertion (iv) of Theorem 1.7
follows. This finishes the proof of Theorem 1.7. O

1.3. On the numbers r,,. In this section we collect some basic information about
the numbers r,,, a; and sy, introduced in (1.4),(1.5), and (1.6).

Since Z" acts freely on EI" = R”, we conclude from Lemma 1.9 (i) and Propo-
sition A.4

rm = tka (ANQ(RQ*)?/P)) = tkq(H™ (BZ%; Q)%/P)
=1kq(H™(BI'; Q)) = tkq(H™(T; Q)).

Since Tate cohomology is rationally trivial, the norm map is a rational isomorphism,
hence also

rm = kQ(AGQ(QLF) ®qrz/p, Q). (1.21)

Lemma 1.22. (i) Wehavero =1, r1 =0,a9p =1,a1 =k, 50 =0,51 = 1, and
so =k + 1. Wegetry,, =0form>n+1andsy, =pkf0rm > n.
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@i1) If p is odd, we get

27 4 p—1  (p—D- P!
5 = :
2p 2

s

m=>0
m even

207V p—1 (p—1)-p*!
Zrm: — .

0 2p 2
m odd
If p =2, we get
Z rmo=2""1 Zrm:O.
m=>0 m>0
m even m odd

(iii) Suppose thatk = 1. Then

rm=5 (") + (D" (p=1) for0=m=(p=1),
rm =0 form> p,

am =1 for0<m<p-—1,

am =0 forp <m,

Sm=m for0 <m<p-—1,

Sm = p form=> p.
Proof. In the proof below we write /\l V instead of /\fQ V for a Q-vector space V.
(1): This follows directly from the definitions.

(ii): Suppose that 1 </ < p — 1. By rationalizing the exact sequence (1.11) we
have the short exact sequence of Q[Z/ p]-modules

0 AT'Qre - AN Qz/p] - N Qg — o.

Since /\l Z[Z/ p] is finitely generated free as Z[Z/p]-module (see proof of Lem-
ma 1.10 (1)), the following equation holds in the rational representationring R (Z/ p):

N el + N elel) = -+ (1) - izl
p

One shows by induction over [ for0 </ < p — 1,
! — . TP =1 o).
N @i = o+ (7)) e ) ey a2

Since P70 (P71) = 2771, we get

p—1 2p—1_4q . .
i Q]+ =—-[Q[Z/p]] if pisodd,
;[/\ Q[N = {[lem]l’ N (1.24)
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Since

/\*(? QR[] = (%/\*(Q[Z])

and /\Z(Q[é‘]) = 0for/ > p, we get

. k
N@EHI= Y TTIAY @I (1.25)
iz

We conclude from (1.24) and (1.25) that

k

YIN@EMHI=X( ¥ T\ @)
Jj=0 Jj=0 fbiz;zi’k_ijtzl

ko,
= X T[N @ED]

11,05,..., I i=1

0=<ly=<p-1
k
=11 ¥ @
i=10=<{;<p—1
_Jaar+ ZIJ_T;_I [@[Z/pl)* if pisodd,
[Q[Z/2]) if p=2.

Since [Q] is the multiplicative unit in Rq(Z/ p), and [Q[Z/p])} = p'~'-[Q[Z/ p]],
we obtain the following equality in Rq(Z/ p) if p is odd:

. k -1 _ i . .
Sivee =Y (1) E—— iz @

1
Jj=0 i=0 P

IRV o (D)t =)@
P o\ (1.26)

Q] + i (-1 + 297Dy [@[Z/p]]
2(p—Dk _
= @+ ———[(Z/7].
If p = 2, we obtain

S IN @EF)] =25 - [@[z/2]).

Jj=0
There is a homomorphism of abelian groups

®: Rq(Z/p) — Z, [V]+ 1kq(V ®qz/p Q).
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By (1.21) it sends Q, Q[Z/ p], and [N (Q[¢]¥)] to 1, 1, and r,, respectively. Hence
we conclude from (1.26)

2(p—Dk _ 1
Y rm="———+1 forpodd, (1.27)
m=>0 p
D rm =251 forp=2. (1.28)
m=>0

If X is a finite Z / p-CW-complex with orbit space X, then the Riemann—Hurwitz
formula states that

x(X) = L)+ 2L xziey,
P P

One derives this formula by verifying it for both fixed and freely permuted cells.
Applying Proposition A.4, the Riemann—Hurwitz formula, and Lemma 1.9 (v) to the
Z / p-action on the torus 7", one sees

> (=D™rm = x((Z/p)\T™) =0+ (p — 1) pF~1. (1.29)

m=>0

We conclude from (1.27) and (1.29) if p is odd

20k p—1 (p—1)-p*!
5 .
2p 2

’

m=>0
m even

3 2P+ p—1 (p—D-pF!
'm = - .
2p 2

m>0
m odd

If p = 2, we obtain from (1.28) and (1.29)

ot =2"1 Y =0

m=>0 m=>0
m even m odd

sincen =k-(p—1).
(iii): The first formula follows from (1.21) and applying the homomorphism & to
(1.23). The rest of (iii) is clear from the definitions. O

2. Group homology

Next we determine the group homology of the group I'. Recall that, for a Z[G]-
module M, the coinvariants are Mg = M ®z[G) Z.
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Theorem 2.1 (Homology of BI" and BT").

(i) Form > 0,
Z' @ (Z/p)m+1, m odd,
VAL m even.

Hpy(T) = {
(ii) For m > 0, the inclusion map Z" — T induces an isomorphism
H2m(ZZ)Z/p =5 H2m(F)'

(ii1)) The map induced by the various inclusions

Om - @ Hy(P) — Hp(T)

(P)eP
is bijective for m > n.
(iv) Form > 0,
zmm, m odd,
Hy(BT') = {Z'™ & (Z/p)pk_sm“, meven, m > 2,
Zv m = 0.

(v) Form > 1 the long exact homology sequence associated to the pushout (1.13)

0— Hyu(I') > Hyp(BT') = @ Hom—1(P)
(P)eP

— Hom—1(I') > Hym—1(BI') - 0
can be identified with
0= Z™m — Z72m @ (Z/ p)P* ~S2m+1

— Z/p)y" 2 @ (Z/p) — 27— 0.

Proof. (i), (ii1), (iv) and (v): Recall there is a exact sequence
0 — Exty,(H""'(X),Z) — H,(X) — Homz(H"(X),Z) — 0
for every CW-complex X with finite skeleta, natural in X. This, Theorem 1.7 and
Corollary 1.20 imply (i) (iv), and (v).
(ii): Here again we use the Hochschild—Serre spectral sequence
E}; = Hi(Z/ p: H;(Z})) = Hi ().

Then the Universal Coefficient Theorem, Lemma A.1, and Lemma 1.10 (i) imply that

ANz p Hj(Z%) = BN (Z ) p: H (Z22)*) =~ A7 (Z/p: HY (Z%)) = 0
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for i + j even. Therefore, E,zj = O wheni + j is even and i > 0. Because
A~YZ/ p; Hom(Z)) = 0, the norm map

Hom(ZM)z/p — Ham(Z")*/?

is injective. Thus Ef 5, = Ham(Z})z/p is torsion-free. Since, for i > 0, E?; is
torsion,
Hom(Z)z/p = Egam = Egom = Ham (D). O

3. K-cohomology

Next we analyze the values of complex K-theory K* on BT and BT'. Recall that by
Bott periodicity K* is 2-periodic, K°(x) = Z, and K'(x) = 0.

A rational computation of K*(BG) ® Q has been given for groups G with a
cocompact G-CW-model for EG in [31], Theorem 0.1, namely

K™ (BG)® Q
=, (1 H*+"(BG; Q) x (] [T II H*™(BCslg): Qy)).
leZ g prime (g)econy(G) leZ

where con, (G) is the set of conjugacy classes (g) of elements g € G of order q? for
some integer d > 1 and Cg(g) is the centralizer of the cyclic subgroup (g).
It givesin particular for G = T" because of Theorem 1.7 (ii) and (i) and Lemma 1.9:

K°(BT) @ Q =~ Qriez i g (@)(p—l)pk,
KYBT) ®Q =~ QXiez2+1

Recall that we have computed ) ;.7 27 and ) ;<7 72741 in Lemma 1.22 (ii).
We are interested in determining the integral structure, namely, we want to show

Theorem 3.1 (K-cohomology of BI" and BI").
(i) Form € Z,

ZXicz 2 g (Z\p)(P—l)Pk’ m even,

m ~
K7(BT) = {ZZIGZ T2i+1 m odd.

Here 7, is the p-adic integers.

(i) There is a split exact sequence of abelian groups
0= (Z,)?~ V7" - KO(BT) - K°(BZ%)?/? -0

and K°(BZ")?/P = 7>1ez 21,
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(iii) Restricting to the subgroup Z" of T induces an isomorphism
K'(BT) => K'(BZ1)*/»

and K1 (BZZ)Z/P ~ 7Xiez T2+,

(iv) We have
KO(BF) ~ Z2iez T

(v) We have
KI(BF) o~ Z2iez T2+ e T!

for a finite abelian p-group T for which there exists a filtration
T'=T!>T) DD Tz =0
such that
T TA = @/p) fori =1.2.....[(1/2) + 1]

for integers t; which satisfy 0 < t; < pk — $2i+1-

(vi) The map K'(BT') — K'(BT) induces an isomorphism
KY(BT)/ p-torsion => K'(BT).
Its kernel is isomorphic to T and is isomorphic to the cokernel of the map
K°(BT) 2, @ K°(BP).
(P)eP

The proof of Theorem 3.1 needs some preparation. We will use two spectral
sequences. The Atiyah—Hirzebruch spectral sequence (see [43], Chapter 15) for
topological K-theory

Ey’ = H'(BT: K’ (x)) = K'*/(BT)

converges since BI" has a model which is a finite dimensional CW-complex. We
also use the Leray—Serre spectral sequence (see [43, Chapter 15]) of the fibration
BZ" — BT — BZ/p. Recall thatits Ep-term is E5’ = H'(Z/p: K’ (BZ})) and
it converges to K’/ (BT"). The Leray-Serre spectral sequence converges (with no
lim'-term) by [32], Theorem 6.5.

Lemma 3.2. In the Atiyah—Hirzebruch spectral sequence converging to K*(BT),

VAL i even, j even,
g o |21 O (Z/p)i, iodd, i=>3, jeven,
oo = . .
0, i =1, even,
0, j odd,

where 0 < t] < pk — S;.
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Proof. Since BT has a finite CW-model, all differentials in the Atiyah—Hirzebruch
spectral sequence converging to K *(BT") are rationally trivial and there exists an N
so that for all i, j, E;\’/ = E&]. The E,-term of the Atiyah—Hirzebruch spectral
sequence converging to K*(BI") is given by Theorem 1.7 (i):

/AL i even, j even,
A k_g . . .
EE = (BT K () = {27 @ (Z/P)T T 10000 2 3, Jreven,
0, i =1, jeven,
0, J odd.

A map with a torsion-free abelian group as target is already trivial, if it vanishes
rationally. Now consider (i, j) such that it is not true that i is odd and j is even.
Then one shows by induction over r > 2 that E ;j is zero for odd j and Z'"i for
even j, the differential ending at (i, j) in the E,-term is trivial and the image of
the differential starting at (i, j) is finite, and E ;j is an abelian subgroup of E i_]H of
finite index. Next consider (i, j) such that i is odd and j is even. Then one shows by
induction over r > 2 that the image of the differential ending at (i, j) in the E”-term
lies in the torsion subgroup of E i’il, the differential starting at (i, j) is trivial, the
rank of £ ;il is r; and its torsion subgroup is isomorphic to Z/p’ for some ¢ with
t < pk — Si.

This finishes the proof of Lemma 3.2. O

Lemma 3.3. (i) For every m € Z, there is an isomorphism of Z[Z / pl-modules

K™ (BZ) ~ ela H™H2L(7m);

in particular we get
K™(BZM)?/P = zx1mma,

(i)
(i Lk ~ /i . pgi+2l
H'(Z/p: K’ (BZ})) = zEeBz H'(Z/p; H' ™ (Z}))
N (Z)p)Xicz@i+21 | | + | even,
~ o, i+] odd.

(ii1) All differentials in the Leray—Serre spectral sequence are trivial.

Proof. (i): Since K*(*) is torsion-free, Lemma 3.4 below shows that the Chern
character gives an isomorphism

ch™: K"™(T") = @ H(T":K/(x)) =P H™2(T").
i+j=m 1
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Since T" is a model for the Z/p-space BZ} and ch™ is natural with respect to
self-maps of the torus, ch™ is an isomorphism of Z[Z / p]-modules.

Since H™+2! (Zg)z/ P o~ 7"m+21 by Theorem 1.7 (ii) and (i), assertion (i) follows.

(i1): This follows from Lemma 1.10 (i) and assertion (i).

(iii): Next we want to show that the differentials d;*/ are zero for all » > 2 and
i, j. By the checkerboard pattern of the E>-term it suffices to show for r > 2 that
the differentials d,o *J are trivial for r > 2 and all odd j > 1. This is equivalent to
showing that for every odd j > 1 the edge homomorphism (see Proposition A.5)

v/ : KJ(BT) — K/ (BZ")*/? = E3

is surjective. To show this we use the transfer, whose properties are reviewed in
Appendix 12.2. For j odd, H°(Z/p, K’ (Z})) = 0 by assertion (ii). Thus the norm
map N =/ o trf/ is surjective, and so ¢/ is surjective as desired. O

Let #. be a generalized homology theory and #* a generalized cohomology
theory. Dold defined (see [16] and [27, Example 4.1]) Chern characters

chy: @ Hi(X.Y;Hj(x) - Hn(X,Y)®Q,
i+j=m
ch™: H™(X,Y)— @ H(X,Y;H' ()R Q.
i+j=m
The homological Chern character is a natural transformations of homology theories
defined on the category of CW-pairs. When X = x, then ch,, = iq: Hu(x) =
Hm(x) @ Z — Hp(x) ® Q, after the obvious identification of the targets. Hence
these Chern characters are rational isomorphisms for any CW-pair. In cohomology
there are parallel statements after restricting oneself to the category of finite CW-pairs.
(If the disjoint union axiom is fulfilled, finite dimensional suffices.)
A CW-pair (X, Y) is H«-Chern integral if for all m,

iQ: Hm(X,Y) = Hu(X,Y)®Q

is a monomorphism, and ch,, gives an isomorphism onto the image of ig. There is
a similar definition of J¢*-Chern integral for finite CW-pairs.

Lemma 3.4 (Chern character).
(1) A point is H-Chern integral if and only if FH(x) is torsion-free.
(ii) If X is H«-Chern integral, then sois X x S1.
Similar statements hold in cohomology.
Proof. (i): If a point is #,-Chern integral, then #H.(*) — Hx(x) @ Q is injective,

hence . (x) is torsion-free. If Hx(x) is torsion-free, then iq is injective. Since
ch,, = iq, a point is #x-Chern integral.
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(i1): Consider the following commutative diagram with split exact columns.

0 0 0

. 1. . chm 2
L HIOXDE R (0) My o (X x D) @ @ 6 Jm(X x DY)

D

T T
\

\

\

S

® HiX

e ;ﬂj(*))m—m>5z€m(xx 1)®®<L]€m(XXSl)

i+§9=m Hi(X X (SI’DI);%j(*))%me(X x (SI,D]))(X)@&J&"(X % (Sl,Dl))

0 0 0

The columns come from the long exact sequence of a pair where D! is included in
S! as the upper semicircle. The splitting maps are given by a constantmap S! — D!.
It is elementary to see that the bottom row is isomorphic to

O Hi(X:H(4) T Jon 1 (X) ® Q < J 1 (X)),
i+j=m—1
Since X is H«-Chern integral, so are X x (D', S!) and X x D'. It follows that
X x S!is J,.-Chern integral as desired.
One may also argue by using the fact that stably X x S! agrees with X v S!v I X
and the property #x-Chern integral is inherited by suspensions and wedges. O

Proof of Theorem 3.1. (iv), (v): These assertions follow from the Atiyah—Hirzebruch
spectral sequence converging to K*(BT") using Lemma 3.2.

(i1), (iii), (vi): We first claim that for all m € Z, the inclusion ¢: Z" — T  induces
an epimorphism

™ K™(BT) — K™(BZ2)%/”

and K™ (BZR)%/P ~ 71z "m+2l We will also show that for m odd, the map ¢ is
an isomorphism. By Lemma 3.3 (iii), the Leray—Serre spectral sequence collapses,
SO Eg M= Egém. Hence the edge homomorphism (" is onto (see Proposition A.5).
The computation of K™ (BZY) is given in Lemma 3.3 (i). Now assume m is odd. For
any i > 0, E5™" = 0 by Lemma 3.3 (ii). Hence H™(BT') = E%™, so the edge
homomorphism is injective. We have now proved assertion (iii) of our theorem.

We next note that for all m € Z, the kernel and cokernel of the composite

K™(BT') — K™(BT) — K™(BZ")*/»
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are finitely generated abelian p-groups. This follows from Proposition A.4 and the
commutative diagram

BZ) =T"xS® = T"=R"/Z"

T
BT =T" xz,,S® — BT = R"/T.

By Lemma 1.9 (iv), the number of conjugacy classes of order p subgroups of I"
is pk. By the Atiyah—Segal Completion Theorem (see [8]),

Ic(Z/p) ® Z, = (Z,)?~", if m even,

K™(BZ/p) =
(BZ/p) {0, if m odd,

where Ic(Z/p) C Rc(Z/ p) is the augmentation ideal. Hence

@ K°(BP) = (Z,) V7"
(P)eP

We are now in a position to analyze the long exact sequence

0 — K°(BT) EAN K°(BT) “, @ K°BP) LR K'(BT) EAN K'(BT) >0
P)ep
" (3.5)
associated to the cellular pushout (1.13). We will work from right to left.

Since K'(BI') =~ K! (BZ;)Z/P is torsion-free, it follows that the kernel of f!
equals T'!, the p-torsion subgroup of K!(BT). By exactness of (3.5), T'! also equals
the cokernel of ¢°. This completes the proof of assertion (vi).

We showed above that ker /1 = im 6° is a finite abelian p-group. It follows
that ker §° = im ¢° is also isomorphic to (Z;)(p_l)l’k since any finite abelian p-
group A is p-adically complete, and hence a Z;—module, a Z-homomorphism from
(Z;)(P_I)Pk — A is automatically a Z,—homomorphism and Z\p is a principal ideal
domain.

Consider the commutative diagram with exact rows

0 —— K%BT) ———— K%BT) —— im¢® —— 0

f

0 VA 0 VA
0 —— K°(BZn)%/P —— KO(BZ")%/P 0 0.

We have already seen that the middle vertical map is surjective with free abelian
target, hence split surjective. Let K be the kernel of (°. Then by the snake lemma,
there is a short exact sequence

0 — K — im ¢° — coker(:’) — 0.
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As we noted above, im ¢° = (Z,)® ~DP" and coker(:) is a finite abelian p-group.
Thus K is also isomorphic to (Z;)(P ~DP* This completes the proof of assertion (ii).
(1): This follows from assertions (ii) and (iii).
This finishes the proof of Theorem 3.1. O

4. K-homology

In this section we compute complex K-homology of BI" and BI'. Rationally this can
be done using the Chern character of Dold [16] which gives for every CW-complex
a natural isomorphism

D Hpyn(X) @ Q =5KO0,(X) ® Q.
leZ

In particular we get from Theorem 2.1 (i) and (iv)
Kn(BT) @ Q =~ QXiezm+2l Kn(BT) ® Q =~ QXiez Tmra,
We are interested in determining the integral structure, namely, we want to show

Theorem 4.1 (K-homology of BI" and BT").
(i) Form e Z,

ZXiez 2 m even,

Km(BT') = {ZZIeZ nI+1 @ (Z/poo)(p_l)pk, m odd.

Here Z | p® = colim, 00 Z/p" = Z[1/ p]/Z.

(ii) The inclusion map Z" — T induces an isomorphism
Ko(BZ})z/ = Ko(BT)

and Ko(BZ")z), = ZX1<z 721,

(i) There is a split short exact sequence of abelian groups
0 — (Z/p>)P~Dr" _ K, (BT) — K{(BT) — 0.

(iv) We have
Ko(BT) =~ 7 iz gy T!,
where T is the finite abelian p-group appearing in Theorem 3.1 (v).

(v) We have
K, (BT) =~ FXiez T2+l
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(vi) The group T is isomorphic to a subgroup of the kernel of

@ Ki(BP)— K, (BI).
(P)eP

Its proof needs some preparation.

Theorem 4.2 (Universal Coefficient Theorem for K-theory). For any CW-complex
X there is a short exact sequence

0 — Extz (K« 1(X),Z) - K*(X) - Homz(K«(X), Z) — 0.
If X is a finite CW-complex, there is also the K-homological version

0 — Extz(K**1(X),Z) - K+(X) - Homz(K*(X),Z) — 0.

Proof. A proof for the first short exact sequence can be found in [6] and [46], (3.1),
the second sequence follows then from [1], Note 9 and 15. O

Proof of Theorem 4.1. (iv), (v): These assertions follow from Theorem 3.1 (iv) and
(v) and Theorem 4.2 since there is a finite CW-model for BT", namely "\ R”.

(i11): We will use Pontryagin duality for locally compact abelian groups. For such
a group G, the Pontryagin dual G is Hom(G, S!), given the compact-open topology.
A reference for the basic properties is [ 18]. These include: Gisalsoa locally compact
abelian group. The natural map from G to its double dual is a isomorphism. G is
discrete if and only if G is compact. If 0 - A — B — C — 0 is exact, then so is
0—>C—>B—>A—0. Our primary example of duality is

Z/p>® =1Z,.

Here Z/ p* is given the discrete topology and the p-adic integers Z; are given the
p-adic topology. This statement is included in [18], paragraph 25.2, but also follows
from the following assertion proved in [25], 20.8, if H; — H, — H3z — --- is a
sequence of maps of locally compact abelian groups, then

colim H, =~ lim H,
n—>oo n—>oo
We will now give the computation of K.(BZ/ p). The Atiyah—Hirzebruch Spec-
tral Sequence shows that EO(BZ /p) = 0. Vick [44] shows that K (BG) is the Pon-
tryagin dual of Ko(BG) for any finite group G. Applying these facts to G = Z/p
we get (see also Knapp [22], Proposition 2.11)

(Z)p>)P~', ifmisodd,

Z, if m is even.

Km(BZ/p) = {
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Thus the long exact K-homology sequence associated to the cellular pushout (1.13)
reduces to the exact sequence

) 3 ]
0 — Ko(BT) 2% ko(BT) 2% @ Ki(BP) Y Ky (BT) L5 Ky (BT) — 0.
(P)eP
4.3)

Note that im dy is a finite abelian p-group since it is a finitely generated subgroup of
the p-torsion group

@ Ki(BP) = (Z/p>) @7t
(P)eP

Dualizing the exact sequence
0 — imdg — (Z/pw)(p_l)pk — im @9 — 0,

we see that @) has finite p-power index in (Z,)(p_l)pk , hence is itself isomorphic
to (Z\p)(ﬁ_l)pk (compare the proof of Theorem 3.1 (iv) and (v)). Dualizing again,
we see im @g = (Z ) p>)P=1r*

The map f; is split surjective since its target is free abelian by assertion (v).

(i1): The Universal Coefficient Theorem in K-theory shows that K 0(BZZ) ~
Ko(BZ})*. In Lemma 3.3 we showed there is an isomorphism of Z[Z / p]-modules

KO(BZ’;) ~ P, H 2K(Z’;). Now we proceed exactly as in the proof of Theo-
rem 2.1 (ii), using the Leray—Serre spectral sequence

E}; = Hi(Z/p: K;(BZ})) = Kij(BI).

One shows that E&Zm = sz(BZ’;)Z/I, is torsion-free, and for i > O, Elzl has
exponent p and vanishes if i + j is even. Thus '

Kom(BZY)z/p = E§ o = E¢Sm —> Kom(BT).

By Remark A.2 and the Universal Coefficient Theorem, (Kam(BZ}p)z/p)* =
K" (BZ’;)Z/I’, which is isomorphic to Z2/<z "2 by Lemma 3.3 (i).

(i): This follows from assertions (ii), (iii) and (V).

(vi): This follows from assertion (iv) and the exact sequence (4.3). This finishes
the proof of Theorem 4.1. O

5. KO-cohomology

In this section we compute real K-cohomology KO* of BT".
Recall that by Bott periodicity KO* is 8-periodic, i.e., there is a natural isomor-
phism KO™(X) = KO™*8(X) for every m € Z and CW-complex X, and KO~ (%)
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is given form = 0,1,2,...,7by Z,7/2,7/2,0,Z, 0, 0, 0. We will assume from
now on that p is odd in order to avoid the extra difficulties arising from the fact that
KO™ (%) =~ Z/2 form = 1,2.

Theorem 5.1 (KO-cohomology of BI" and BI'). Let p be an odd prime and let m
be any integer.

)
(Diez KO™ () @ (Z)pk(p_l)/z, m even,

KO™(BT) =
(BT) {@,EZ KO™ ! (%), m odd.

(ii) There is a split exact sequence of abelian groups
0 — (Z,)?"P=D/2 _, KO>"(BT) — KO>"(BZ")?/? — 0,

and KO*™(BZ")2/? = @)z KOP™ ! (%)

(iii) Restricting to the subgroup Z" of T" induces an isomorphism
KO (BT") => KO*™ ! (BZ)%/?.

and KO2m+1 (BZZ)Z/P ~ @IEZ K02m+1—l (*)rl‘
(iv) We have
KO>™(BT) = ez KO*™ ™ (x)"".
(v) We have

K02m+1(BF) ~ (@ K02m+1—l(*)rl) fan T02m+1’
leZ

where TO*™ 1 is a finite abelian p-group for which there exists a filtration

amil 2ma1 2m+1 2m—+1 —
TO = TO7 D TO; DD TO[(n+4—(—1)’”)/4] =0

such that TOizmJrl /TOla"_’lJr L' = (Z/p)©i holds for integers to; which satisfy
0< to; < pk — S4i4(-1)m-
(vi) The map KO*"T1(BI') — KO*" (BT induces an isomorphism

KO?"*+1(BI")/ p-torsion => KO*"t1(BT).

O2m+1

Its kernel is isomorphic to T and is isomorphic to the cokernel of the map

KO*>"™(BT') - € KO*™(BP).
(P)eP
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Lemma 5.2. Let p be an odd prime. In the Atiyah—Hirzebruch spectral sequence
converging to K*(BT) after localizing at p

ZZ)), i even, j = 0mod 4,
(Ei’j)(p) ~ sz) ®((Z/p)i, iodd, i >3, j =0mod4,
o 0, i=1, j =0mod4,
0, Jj #£ 0mod 4,

where 0 <t/ < pk — 5;.

Proof. Because of Theorem 1.7 (i) the E5-term of the spectral sequence converging
to K*(BI)(p) is given after localization at p by

(ESX7) () = H (BT KO’ (%)) ()

sz), i even, j = 0 mod 4,
_)Zi e @/p)y? . iodd. i >3, j =0mod4,
— o, i =1, j =0mod 4,
0, Jj # 0mod 4.
The rest of the proof is analogous to the proof of Lemma 3.2. O

Lemma 5.3. Let p be an odd prime. For every m € Z, there are isomorphisms of
Z[Z ] p]-modules
KO™(BZ}) ® Z[1/2] = @ H'(BZ") ® KO™ ' (x) ® Z[1/2],
ieZ
KOm(BZZ) ®Z[1/p] = g}l Hi(BZZ) ® KO™™ (x) ® Z[1/ p).
1

Proof. Since KO*(X)®Z[1/2] is a generalized cohomology theory with torsion-free
coefficients, the Chern character and Lemma 3.4 give the first isomorphism.
One proves that there are isomorphisms of abelian groups

KO™(BZ}) =~ @ H'(BZ}) ® KO™ (%)
ieZ

by induction on 7 using excision and the fact that BZ" = § U'x BZ"~ 1. It follows
that the Atiyah-Hirzebruch spectral sequence E;’ = H'(BZ"; K’ (x)[1/p]) =

KO' ™7 (BZ")[1/ p] collapses. This spectral sequence is natural with respect to auto-
morphisms of Z". Hence we obtain a descending filtration by Z[1/ p][Z/ p]-modules

KO™(BZ})[1/p] = FO" > F'"™1 5 F?"=2 5.5 Fm0 5 Fril=l =g
and exact sequences

0 — piHtm=i=l _ pim=i 2 pizn) @ K™ () ® Z[1/p] — 0.
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It thus suffices to show that these exact sequences split over Z[1/p][Z/ p] for all
i. Ifm—i = 3,5,6,7mod 8, this follows from the fact that KO”* (%) =0.
If m—i = 0,4mod 8, then K" (%) = Z and H (Z) ® K™ (%) ® Z[1/ p] is
a finitely generated Z[l1/p]-torsion-free module over the ring Z[1/p][Z/ p]
= 7[1/ p] x Z[1/ p][¢], hence is projective. Finally, suppose m —i = 1,2 mod 8.
Since the Atiyah—Hirzebruch spectral sequence collapses, there is a homomorphism
of abelian groups s: Hi(ZZ) ® K™ (%) ® Z[1/p] — F¥™ P sothat w o s = id.
Define

STH(Z)®@ K" () ®Z[1/p] - FP" ™, x> 3 g-s(g'x).
g€Z/p

Then § is a homomorphism of Z[Z / p]-modules and 7 o § is multiplication by p and
hence is the identity since K™ 7" (%) = Z/2. O

Lemma 5.4. Let p be an odd prime.

(1) For every m € Z, there is an isomorphism of abelian groups
KO™(BZ2)%/? =~ @ KO™ (%)™,
leZ
(i1)
yi . ' ~ 7i . gJ+al
H'(Z/p: KO’ (BZ})) = z@z H'(Z/p; H™(Z}))

~ (Z/p)ZIGZ aj+4] ’ l + j even’
~ o, i+] odd.

(iii) All differentials in the Leray—Serre spectral sequence associated to the exten-
sion (1.1) converging to KO* (BTI") vanish.

Proof. (i): It suffices to show the isomorphism exists after inverting 2 and after
localizing at 2. Furthermore, if M is a Z[Z/ p]-module, then MZ/? @ Z[1/2] =~
(M ® Z[1/2])%/? and MZ/? @ Zo = (M ® Z(z))z/l’ since localization is an
exact functor. The assertion then follows from Lemma 5.3 and the definition of the
numbers r;.

(ii): Since Z[1/2] C Z ), Lemma 5.3 implies that

KO/ (BZ}) ® Z(p) = @ HI T (BZ7) ® Z(y).
leZ
The first isomorphism in assertion (ii) then follows since localization is an exact
functor and the Tate cohomology groups are p-torsion. The second isomorphism
follows from Lemma 1.10 (1).
(iii): First note that the Leray—Serre spectral sequence converges with no lim!-
term, see [32], Theorem 6.5.
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It suffices to prove the differentials vanish after inverting p and after localizing at
p. If we invert p, the claim follows from

Ey[1/p] = H'(Z/p; KO’ (BZp))[1/p) =0 fori = 1.

If we localize at p, the proof that the differentials vanish is identical to the proof of
Lemma 3.3 (iii). Ll

Proof of Theorem 5.1. (iv): We first note that Proposition A.4 and Lemma 5.4 (i)
imply that, for all m € Z, the kernel and cokernel of the composite

KO™(BT) — KO™(BT') — KO™(BZ")%/? = @;cz KO (%) (5.5)

are finitely generated p-groups. This implies that the desired isomorphism holds after
inverting p. It holds at p by Lemma 5.2.
(ii1): As in the proof of Theorem 3.1, one shows that the map

/™ KO™(BT) — KO™(BZ")%/»

is an isomorphism for m odd and an epimorphism for m even.

(v), (vi): Since p is odd, every non-trivial irreducible Z/ p-representation is of
complex type. Hence we get from [40], Remark on p. 133 after Proposition 2.2,
that KO%F(*) >~ KO™(x) ® K™ (x) ® Ir(Z/p). The Atiyah—-Segal Completion
Theorem for KO* (see [8]) implies

IR(Z/p) ® Zp = (Z,)?~D/2, m even,

KO™(BZ/ p) ~
(BZ/p) {0, otherwise.

The cellular pushout (1.13) yields for m € Z a long exact sequence

F2m 2m o
0 — KO?*™(BI) SN KO*™(BT') £— @ KO*"(BP)
(P)eP

52m f2m+l
— KO?*"+1(BI') =—— KO*"*(BI') — 0.

Define TO?"*! to be the kernel of the surjection f2"*1. Since f2"*! is an isomor-
phism after inverting p by (5.5) and assertion (iii), TO?>"*1 is p-torsion. We next
claim f2m+1jg split. We only need verify this after localizing at p in which case it fol-
lows since K2™*t1(BI") ® Z () is free over Z () by assertion (iii) and Lemma 5.4 (i).
Finally, the stated filtration of TO?”*! is a consequence of Lemma 5.2. The com-
pletes the proof of assertion (v). Assertion (vi) is a consequence.

(i1): The proof of this is identical to that of Theorem 3.1 (ii); the only missing part
is to show the epimorphism

(>™: KO*™(BT') — KO*™(BZR)%/»
is split. At p, this follows since KO>™ (BZZ)Z/ P ® Z(p) is free over Z ). After

inverting p, the splitting is provided by composing the inverse of the composite (5.5)
with the map KO?™(BT)[1/p] — KO*™(BT)[1/ p]. O
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6. KO-homology

In this section we want to compute the real K-homology KO, of BI" and BTI". Ratio-
nally this can be done using the Chern character of Dold [16]: for every CW-complex
there is a natural isomorphism

D Hnra1(X) ® Q = KO, (X) ® Q.
leZz

In particular we get from Theorem 2.1 (i) and (iv):

KO, (BT") ® Q =~ @Zlez Tm+al
KO, (BT) ® Q =~ QXiez 'm+al

We are interested in determining the integral structure.

Theorem 6.1 (KO-homology of BI" and BT"). Let p be an odd prime and m be any
integer.

0]
Z ez m even,

KO (BI') = {221ez rait1 @ (Z/ p®) P @=D/2 i odd.

(ii) The inclusion map Z" — T induces an isomorphism
KO (BZ})z/p —=5 KOy, (BI")

and KOgm(BZZ)Z/p = @leZ KOZm_l(*)’l.

(iii) There is a split short exact sequence of abelian groups

0 — (Z/p™®)?* @D/2 _ KOppy1 (BT) = KOsy 1 (BT) — 0.

(iv) We have

KOy, (BI) = (@ KO2p—1 (%)) @ T02m+5’
leZ

where TO?>™+>

(v) We have

is the finite abelian p-group appearing in Theorem 5.1 (V).

KO2m+1(BT) = @ KOz 411 ().
leZ

(vi) The group TO*™ 5 is isomorphic to a subgroup of the kernel of

@ KO2m+1(BP) — KOzp+1(BI).
(P)eP
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Theorem 6.2 (Universal Coefficient Theorem for KO-theory). For any CW-complex
X there is a short exact sequence

0 — Extz(KOy,+3(X),Z) — KO"(X) - Hom(KOy,+4(X), Z) — 0.
If X is a finite CW-complex, there is a short exact sequence

0 — Extz(KO""3(X),Z) — KO, (X) — Homz(KO"™*(X),Z) — 0.

Proof. A proof for the first short exact sequence can be found in [6] and [46], (3.1),
the second sequence follows then from [1], Note 9 and 15. [

Proof of Theorem 6.1. (iv), (v): These assertions follow from Theorem 5.1 (iv) and
(v), and Theorem 6.2.

(ii): There are natural transformations of cohomology theories i *: KO* — K*
and r*: K* — KO™, induced by sending a real representation V' to its complexifica-
tion C ®R V and a complex representation to its restriction as a real representation.
The composite r* o i*: KO* — KO* is multiplication by two. Since the map

KO(BZ’;)Z/I, =5 Ko(BT).
is bijective by Theorem 4.1 (ii), the map
KO3, (BZZ)Z/p =5 KOy, (BI)

is bijective after inverting 2. In order to show that it is itself bijective, it remains to
show that it is bijective after inverting p. This follows from Proposition A.4.

Since we are dealing with KO-homology, the Atiyah—Hirzebruch spectral se-
quence converges also for the infinite-dimensional CW-complex BI". Because of the
existence of Dold’s Chern character, all its differentials vanish rationally. Form € Z
we have Hy,, (BI") = Z"2m by Theorem 2.1. Hence we get for an odd prime p since
KO () (p) is Z (py for m = 0 mod 4 and 0 otherwise

KO, (Bl_')(p) o~ (Z(p))Zmz ram+al

We conclude that
KOz (BT) = @ KOzpm—i ()"
leZ
holds after localizing at p. It remains to show that it holds after inverting p. This
follows from Proposition A.4 and assertion (iv).

(iii) The Atiyah—Hirzebruch spectral sequence shows that KOaum (BZ/p) = 0 for
all m € Z. The methods of [44] together with the Universal Coefficient Theorem
for KO-theory show that @2m+3 (BG) is the Pontryagin dual of KO2m (BG) for any
finite group G. Applying these facts to G = Z/ p for an odd prime p, we see that

(Z/p®)P=D/2 1 odd,

RO (52/ ) = {
0, m even.
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Thus the long exact K O-homology sequence associated to the cellular pushout (1.13)
reduces to the exact sequence
f-2m 02m
0— KOzm (BF) — KOzm (EF) Ea— @ KOZm—l (BP)
(P)er (6.3)

¥2m—1 Jam—1

_— KOzm_l(BF) E— KOzm_l(BF) — 0.

Note im 05, is a finite abelian p-group, since it is a finitely generated subgroup of
the p-torsion group

@D KOzu—1(BP) = (Z ) p>®)P—Dr /2,
(P)e®P

Thus im @35, = (Z/_poc’)(l”_l)l”k/2 (compare with the proof of Theorem 3.1 (iii)).
It remains to see that f5,,—1 splits, which we verify at p and away from p. The target
of fam—1 is free after localizing at p by assertion (v), so it splits. After inverting p,
the exact sequence 6.3 shows that f5,,—1[1/p] is an isomorphism.

(1): This follows from assertions (ii), (iii) and (v).

(vi): This follows from assertions (ii) and (iv) and the long exact sequence (6.3).
This finishes the proof of Theorem 6.1. O

7. Equivariant K-cohomology

In the sequel an equivariant cohomology theory is to be understood in the sense of [29],
Section 1. Equivariant topological complex K-theory K3 is an example as shown
in [29], Example 1.6, based on [32]. This applies also to equivariant topological real
K-theory KO3.

Rationally one obtains

Kg(EF) R Q ~ @(p—l)pk-i-Zzez "2 KIL(EF) RQ =~ @ZIEZ 241

from [32], Theorem 5.5 and Lemma 5.6, using Theorem 1.7 (iv) and Lemma 1.9. We
want to get an integral computation. Recall that we have computed ) ;.5 r>; and
Y 1ez T21+1 in Lemma 1.22 (ii).

Theorem 7.1 (Equivariant K-cohomology of ET").
(i) We have
7=V +Xiez 2 even,

m ~
Kp (ET) = {ZZIEZ 241, m odd.
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(i1) There is an exact sequence

0— K°BT) — KX(ET) - @ Ic(P)—T!—0,
(P)eP

where T is the finite abelian p-group appearing in Theorem 3.1 (V).

(ii1) The canonical maps

KL(ET) =>K'(BI), K'(BT)-=> K'(BZ2)%/”

are isomorphisms.

In the sequel we will often use the following lemma.

Lemma 7.2. (i) Let #; be an equivariant cohomology theory in the sense of [29],

(i)

Section 1. Then there is a long exact sequence

o HM(BT) SN gem(ET) L @ e ()
(P)eP
— JemH (BT S gemt (BT

where J?{D"(*) is the cokernel of the induction map indp 1 : K™ (x) — Hp' ()
and the map ¢™ is induced by the various inclusions P — T.
The map

indr—[1/p]: H™(BT)[1/ p] — Hr' (ET)[1/p]

is split injective.

Let Jf: be an equivariant homology theory in the sense of [27], Section 1. Then
there is a long exact sequence
= I (D) 2 S0 (BT) > @ JL (%)
(P)eP
dr—
o, 3L (ET) 2524 36, (BT) — -

where J?,S(*) is the kernel of the induction map indp_1: HE (¥) — Hp(*)
and the map ¢y, is induced by the various inclusions P — T'.
The map

indr1[1/p]: #,,(ED)[1/p] — Hm(BT)[1/p]

is split surjective.

Proof. (1): From the cellular I"-pushout (1.12) we obtain a long exact sequence

. — HP(ET) — HP(ET) @ @ #1(T/P)— @ H#I(T xp EP)

(P)eP (P)eP

— HETYED) — #ETUED) e @ HETN(T/P) —
(P)e»r

(7.3)
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From the cellular pushout (1.13) we obtain the long exact sequence
coe > H™M(BT) > H"(BT)D P H™(x) > @ H™(BP)
(P)eP (P)eP

— H"TY(BD) - H™THBD) @ @ H"H (%) —> - .
(P)eP

(7.4)

Induction with the group homomorphism I' — 1 yields a map from the long exact
sequence (7.4) to the long exact sequence (7.3). Recall that the induction homo-
morphism H™(I'\X) — H*(X) is an isomorphism if I" acts freely on the proper
I'-CW-complex X . Therefore the maps
@ H™(BP) = P HI(T xp EP),
(P)er (P)ep
JH™(BT) => KH['(ET)

are bijective. Hence one can splice the long exact sequences (7.3) and (7.4) together
to obtain the desired long exact sequence, after noting the commutative diagram

Jem(T/P) STl gom ()

indpﬁr‘{g ]:

Jem () 2L gom (4,

We have the following commutative diagram, where the vertical arrow are given
by induction with the group homomorphism I"' — 1:

H™M(BT)— J¢™(BZ™)

L

Jem(ET) —— Jm (T xzn EZ").

The upper horizontal arrow is split injective after inverting p by Proposition A 4.
The right vertical arrow is bijective since I' acts freely on I' xz» EZ". Hence
H™(BT') — H[(ET) is injective after inverting p.

(i1) The proof is analogous to the one of assertion (i). This finishes the proof of
Lemma 7.2. O

Proof of Theorem 7.1. Recall that K2(I'/P) =~ Rc(P) and K{(I'/ P) = 0. Hence
we obtain from Lemma 7.2 (i) the long exact sequence

0— K°(BT) > KXET) > @ Rc(P)— K'(BT) — KL(ET) — 0, (7.5)
(P)eP

where Rc(P) is the cokernel of the homomorphism Rc(1) — Rc(P) given by
restriction with P — 1. Notice that the composite of the augmentation ideal
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Ic(P) — Rc(P) with the projection Rc(P) — Rc(P) is an isomorphism of
finitely generated free abelian groups
Ic(P) => Rc(P) (7.6)

and that I¢ (P) is isomorphic to Z?~!,

(iii): It was already shown in Theorem 3.1 (iii) that the map K'(BI') =>
KI(BZ’;)Z/I’ is bijective and that K'(BT") = ZXi<z"+1_ Hence it remains to
prove that the composite

K+ (ET) — KL(ET) = K'(BT)
is bijective. We obtain from (3.5) and (7.5) the following commutative diagram with
exact rows

@D pycp Re(P) —— K'(BI) —— KL(ET) ——0

J |

D (pyep K°(BP) —— K'(BI') —— K'(BI') ——0.
By the five lemma it suffices to show that the map
ker(K'(BT') — K{(ET)) — ker(K'(BT) — K'(BT))

is surjective. We conclude from Theorem 3.1 (vi) that the kernel of K!(BI') —
K (BT) is the finite abelian p-group T'! appearing in Theorem 3.1 (v). Hence it
remains to show for every integer / > 0 that the obvious composite
@ Rc(P)— @ K°BP)—( @ K°(BP))/p'-( @ K°(BP))
(P)eP (P)e® (P)eP (P)eP
is surjective. By the Atiyah—Segal Completion Theorem the map R¢c(P) — K°(BP)
can be identified with the map

idei:Ze1(Z/p) - Z & (1(Z/p) ® Z,)
Hence it suffices to show that the composite
Z—~17,~17,/p'Z,

is surjective. This is true since the latter map can be identified with the canonical
epimorphism Z — Z/ p*.

(i1): This follows from Theorem 3.1 (vi), the long exact sequence (7.5), the iso-
morphism (7.6) and assertion (iii).

(i): We have shown that K®(BT') =~ ZXi<z"2 in Theorem 3.1 (iv). We have

1(Z/p) = Z@»~Y/2_ The order of £ is p* by Lemma 1.9 (iv). Hence we conclude
from assertion (ii) that

KIQ (ET) =~ Z(P—l)pk-f-Zzez ra

The computation of K 11 (ET) follows from Theorem 3.1 (iii) and assertion (iii). [
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Remark 7.7 (Geometric interpretation of 7'!). The exact sequence appearing in The-
orem 7.1 (ii) has the following interpretation in terms of equivariant vector bundles.
Since I is a crystallographic group, I" acts properly on R” such that this action re-
duced to Z" is the free standard action and R” is a model for ET". Hence the quotient
of Z™\R" is the standard n-torus 7" together with a Z / p-action. There is a bijection

P Es (T)2/P

coming from the fact that (R”)? consists of exactly one point for (P) € . In
particular (T”)Z/ ? consists of pk points (see Lemma 1.9 (v).) Hence for any complex
Z | p-vector bundle £ we obtain a collection of complex Z/ p-representations {& |
X € (T”)Z/p} satisfying dimc (§x) = dimc(§y) = dim(§) for x,y € (T”)Z/p.
This yields a map
B: Ky, ,(T") > @ Ic(P)
Pe(P)
sending the class of a Z/ p-vector bundle £ to the collection {[£x] — dim(§) - [C] |
x € (TM)Z/P}. Let
a: K°((Z/p)\T") — Kg,,(T")

be the homomorphism coming from the pullback construction associated to the pro-
jection T" — (Z/p)\T". We obtain the exact sequence

0 KO(Z/p\T") % KS, (T 5 @ Ie(P) > T' >0,
(P)eP?
which can be identified with exact sequence of Theorem 7.1 (ii).

Thus the group T'! is related to (stable version of) the question when a collection
of Z / p-representations {Vy | x € (T")%/?} with dimg (Vy) = dimc (Vy) forx,y €
(T™)Z/P can be realized as the fibers of a Z/ p-vector bundle £ over T" at the points
in (T™)Z/P.

Moreover, a Z/ p-vector bundle over T" is stably isomorphic to the pullback of
a vector bundle over (Z/p)\T" if and only if for every x € (T")%/? the Z/ p-
representation £, has trivial Z/ p-action.

8. Equivariant K-homology

In the sequel equivariant homology theory is to be understood in the sense of [27],
Section 1. Equivariant topological complex K-homology K is an example (see [14],
[33], Section 6). The construction there yields the same for proper G-CW-complexes
as the construction due to Kasparov [21]. It is two-periodic. For finite groups G the
group K8 (%) is Rc(G) for even m and trivial for odd m.

We obtain from [28], Theorem 0.7, using Lemma 1.9 an isomorphism

KnBD[}]e © Kn(o)® fe(P)}] = KEED[)
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and hence from Theorem 4.1

K§(ED)[5] = @1/ p) = Dr 4 X KT (ED)[ 5] = (@[1/ ph > 72+,
We want to get an integral computation.

Theorem 8.1 (Equivariant K-homology of ET").

(i) We have
ZP—=Dr"+ ez even,

r ~
Kon(ET) = {ZZlez 2141 m odd.
(i) There is a natural isomorphism

KL (ET) =5 Homz(K*(ET), Z).

(iii) The map K f (ET") — K1(BT) is an isomorphism. There is an exact sequence

0—> @ Rc(P)— KF(ET) - Ko(BT) — 0,
(P)eP

where Rc(P) is the kernel of the map Rc(P) — Rc(1) which sends [V] to
[C ®cp V. It splits after inverting p.

Its proof needs some preparation.

Lemma 8.2. Let G be a finite group. Then there is an isomorphism of Rc(G)-
modules
Rc(G) = Homz(Rc(G), Z)
which sends [V] to the homomorphism Rc(G) — Z, [W] + dim¢ (Homgg (V, W)).
Here Rc(G) acts on Homz (Rc(G); Z) by ([V]- )W) := ¢([V*] - [W]).
In particular we get for any Rc (G)-module M a natural isomorphism of Rc(G)-

modules _
Extz(6)(M, Re(G)) =5 Exty(M,Z) fori > 0.

Proof. See [35], 2.5 and 2.10. O

Theorem 8.3 (Universal coefficient theorem for equivariant K-theory). Let G be a
finite group and X be a finite G-CW-complex. Then there are for n € Z natural exact
sequences of Rc(G)-modules

0— Extre(6)(KS_ (X), Re(G)) — K&(X)—Homge 6)(KE (X), Re(G)) =0
and
0—Extre (6)(KET(X), Re(G)) — K% (X)—Homgc ) (K% (X), Re(G)) — 0.
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Proof. The first sequence is proved in [10]. The second sequence follows from the
first by equivariant S-duality (see [35], [45]). ]

Proof of Theorem 8.1. (ii): Since Z" acts freely on ET, induction with I' — Z/p
induces isomorphisms

Ky (ET) => KE/P(Z"\ET), K3, (Z"\ET) => K}(ED).

Since Z"\ ET is a finite Z/ p-CW-complex, we obtain from Lemma 8.2 and Theo-
rem 8.3 the exact sequence of Rc(Z/ p)-modules

0 — Exty (K57 (Z"\ET). Z) — KZ/?(Z"\ET)
— Homyz (K},,(Z"\ET), Z) - 0.

(Another construction of the sequence above is given in [20].) Hence we get an exact
sequence of Rg(Z/ p)-modules (see also [35], Proposition 2.8)

0 — Exty (KETY(ET), Z) — K[ (ET) — Homz (K}(ET), Z) — 0.

Since Kl'iH(EF) is a finitely generated free abelian group for all n € Z by Theo-
rem 7.1, we obtain for n € Z an isomorphism of Rc(Z/p)-modules

K, (ET) =5 Homgz (K}(ET), Z).

(1): Apply Theorem 7.1 (i) and assertion (ii) to get the concrete identification of
KI'(ET)
. (ET).
(ii1): From Lemma 7.2 (i) we obtain a long exact sequence

0— K{(EF) — K{(BT') > &P EOZ/”(*) — Kg(EF) — Ko(BI') — 0.
(P)eP

where Eoz/p(*) is the kernel of the map KOZ/p (*) — Ko(*) coming from induction
with Z/p — 1. Since KI'(ET) and K;(BT) are finitely generated free abelian

groups of the same rank by assertion (i) and Theorem 4.1 (v) and P pc» EOZ /p (*)
is torsion-free, the map K f (ET) — K (BT) is bijective and we get a short exact
sequence

0> @ K&7(x) > KI(ET) — Ko(BT) — 0. O
(P)eP

9. Equivariant KO-cohomology

Recall that equivariant topological real KO-theory KO3 is an equivariant cohomology
theory in the sense of [29], Section 1. It is 8-periodic. Recall also that equivariant
topological real K-homology KO? is an equivariant homology theory in the sense of
[27], Section 1. It is 8-periodic.
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We first give some information about KOg (*) and KOY; () for finite G. We have
KOSl (x) = KOgG" () If G is a finite group, then we get

KOgG" () = KOZ (%) = K,n(RG)

for m € Z, where K,,,(RG) is the topological K-theory of the real group C*-algebra
RG. Let{V; | i =0,1,2,...,r} be a complete set of representatives for the RG-
isomorphism classes of irreducible real G-representations. By Schur’s Lemma the
endomorphism ring D; = Endgrg(V;) is a skew-field over R and hence isomorphic
to R, C or H. There are positive integers k; fori € {0, 1, ..., r} such that we obtain
a splitting
r
RG = [] Mk, (D).
i=0

Since topological K-theory is compatible with products, by Morita equivalence we
obtain for m € Z an isomorphism

Kn(RG) = [T Km(Dy).
i=1

The real K-theory of the building blocks are given by KO,, (R) = KO, (), KO, (C) =
K, (%), and KO, (H) = KOy, 44(x). If G = Z/ p for an odd prime p and we take
for Vy the trivial real Z/ p-representation R, then r = (p — 1)/2, D¢ = R and
D; =Cfori €{1,2,...(p — 1)/2}. This implies that

KOZ/? (%) 2 KOp (%) @ Kp(%)?~V/2, 9.1)
KO, , () 22 KO (%) ® K_pn ()P~ V/2. (9.2)
Let f(\(jﬁ/ ?(x) be the kernel of the map KO,Z,/ P(x) — KO,,(*) given by induc-
tion with Z/p — 1. This corresponds under the isomorphism (9.1) to the obvious
projection of KO,, () & K, (*)®~Y/2 onto KO, (). Let KO%F(*) be the cok-
ernel of the map KO™ () — KO% /p(*) given by induction with Z/p — 1. This

corresponds under the isomorphism (9.2) to the obvious inclusion of KO_,, (x) into
KO_, (%) ® KO_,, (%)?~1/2_ Hence we get

/I-(\O/fl/p(*) ~ Km(*)(p—l)/Z’ E%/p(*) ~ K_m(*)(p—l)/z_
This implies that

KOZ/? () =~ KO (9.3)

Z/p 0, m odd.

ZP=D/2 1y even,
(%) =
We conclude from [29], Theorem 5.2, using Lemma 1.9 (i) for m € Z that
KO%’" (ET) @ Q =~ @pk(P—l)/2+Zzez T2m+al
KO%’”H(EF) ® Q =~ QLiez2m+1441

Again we seek an integral computation.



The topological K-theory of certain crystallographic groups 415

Theorem 9.4 (Equivariant KO-cohomology). Let p be an odd prime and let m be
any integer.

@
K- —i .
Korl!:l (ET) = 7p"(p 1)/;_6? GB;EZ KO™ i (%), m even,
Dicz KO™ ()", m odd.

(i) If TO>™* is the finite abelian p-group appearing in Theorem 5.1 (v), then
there is an exact sequence

0 — KO*™(BT') — KOZ¥"(ET) — (Pe)aJ K077, () — TO>"*! — 0.
GO

(iii) The canonical maps

KOZ"+1(ET) =5 KO*"*1(BI),
KO>™+1(BI) => KO 1 (BZ)*/P

are isomorphisms.

Proof. (iii): Lemma 7.2 (i) together with (9.3) implies that there is a long exact
sequence

0 — KO*"(BT') - KOf"™(ET) — @ KO}, (%)
(P)e» 9.5)
— KO*™*1(BI') — KO¥t1(ET) — 0,

and that the kernel of the epimorphism KO*”*1(BI') — KO%’”+1 (ET) is a finite
abelian p-group.
For m € Z the composite

KO>"+1(Br) % Ko2"*+1(£T) & K0?+1(BT)

is surjective and has a finite abelian p-group as kernel by Theorem 5.1 (vi). Hence
the map B is surjective for all m € Z. Since « is surjective by (9.5), the map
ker(B o @) — ker(p) is surjective and hence the kernel of § is a finite abelian p-

group.
The following diagram commutes:

2-id
m
KOP" ! (ET) —— K§™ " (ET) —— KOp" " (ET)
KO?"+1(BI) —— K2m+1(BI') —— KO*"*+1(BI).
\—//

2-id
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Here the left horizontal maps are given by induction with R — C, the right horizontal
maps by restriction with R — C and the middle vertical arrow is an isomorphism by
Theorem 7.1. Hence the kernel of the epimorphism KO%,erl (ET) — KO?>™*1(BI)
is an abelian group of exponent 2. We have already shown that its kernel is a finite
abelian p-group. Since p is odd, we conclude that

KOZ"t1(ET) =5 KO*™*+!(BT)

is an isomorphism.

The bijectivity of KO>"*!(BT') =>KO>"*1(BZ")%/P has already been proved
in Theorem 5.1 (iii).

(1): Since kernel of the epimorphism KOZ’”“(BF) — KO%-’"'H(EF) is a fi-
nite abelian p-group and @ p)c» KOF}, () is isomorphic to 7P (P=D/2 by Lem-
ma 1.9 (iv) and by (9.3), we conclude from the exact sequence (9.5) that

KOf™(ET) =~ KO*"(BT') & 7P (p-1/2

Since we have already computed KO?”(BI") and KO?>”*!(BI") in Theorem 5.1,
assertion (i) follows using assertion (iii).

(ii): The kernel of the epimorphism KO?"+!(BT") — KO?>"*!(BT) is isomor-
phic to TO*"™*! by Theorem 5.1 (v) and (vi). Since KOF" ! (ET) =>KO*"*!(BI")
is bijective by assertion (iii), the claim follows from the long exact sequence (9.5).

O

10. Equivariant KO-homology
We obtain from [28], Theorem 0.7, using Lemma 1.9 isomorphisms

KOg (E) @ Q =~ @pk(p_l)/2+Zlez rai+om

m

Kogm—{—](EF) ® Q =~ QXiczTai+2am+1,

We want to get an integral computation.

Theorem 10.1 (Equivariant KO-homology). Let p be an odd prime and m be any
integer.

@
zP (p-D/2 g (B7_o KOpm—i(%)'7), m even,

KO (ET) =~
n(ED) {EBLOKOm—i(*)”, m odd.

(i) Form € Z the map KOgmH(EF) =5 KOy, +1(BT) is an isomorphism.



The topological K-theory of certain crystallographic groups 417

(iii) There is a short exact sequence

0—> @ KOZ/”(x) — KO (ET) — KOsy (BT) — 0,
(P)eP

where /K\éfn/f () is the kernel of the map K Ozzrflp (%) = KOy, () coming from
induction with Z | p — 1. It splits after inverting p.

Proof. Lemma 7.2 (i1) implies that there is an long exact sequence

0 — KOS, (ET) = KOzm41(BT) — @ KO3.” (%)
(P)ep (10.2)
— KO, (ET') — KOy (BT) — 0.

m
and that the map
KO} (ED)[1/p] — KO:(BI)[1/p]
is split surjective for i € Z. The cokernel of KO£m+1(EF) — KOz 4+1(BT) is a

finite abelian p-group. Since ’K\(jzzrflp (=) is a finitely generated free abelian group by
(9.3), the long exact sequence (10.2) reduces to an isomorphism

KO3, 1(ET) =5 KOsy 41(BT)

and a short exact sequence

0—> @ KOZ/P(x) — KO (ET) — KOs (BT) — 0. (10.3)
(P)eP
which splits after inverting p. We have proven assertions (ii) and (iii).
Since the composite

KO! (ET) — K[ (ET) — KOJ (ET)

is multiplication with 2 and Kl.F (ET) is a finitely generated free abelian group by
Theorem 8.1, the torsion subgroup of the finitely generated abelian group KOIr (ET)
is annihilated by 2 fori € Z. Since, by Theorem 6.1 (iv),

@ KOZP(x) = zP*(P~1/2,
(P)eP

n
KOy (BT) = (D KOzm—i (%)) & TO>"*>
i=0
for a finite abelian p-group TO*"™*> and the torsion in @}_, KOy,—;(¥)" is an-
nihilated by multiplication with 2, we get from (10.3) an isomorphism of abelian
groups
n
KOL (ET) = 77" P=V/2 g (@) KOam—i (+)71).
i=0
This is the even case of assertion (i). The odd case of assertion (i) follows from
assertion (ii) and Theorem 6.1 (v). O
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11. Topological K -theory of the group C *-algebra

In this section we compute the topological K-theory K,(C}(I")) of the complex
reduced group C*-algebra C*(I") and the topological K-theory KO, (C*(T"; R)) :=
K, (C}(I'; R)) of the real reduced group C*-algebra C,*(I"; R).

The Baum—Connes Conjecture (see [9], Conjecture 3.15 on p. 254) predicts for a
group G that the complex and the real assembly maps

K7 (EG) <> Kn(C}(G)), (11.1)
KOS (EG) =5 KO, (C}(G; R)) (11.2)
are bijective for n € Z. It has been proved for G = I' (and many more groups) in
[19].
11.1. The complex case. We begin with the complex case.

Proof of Theorem 0.3. Because of the isomorphism (11.1) all claims follow from
Lemma 1.9 (i), Lemma 1.22 (ii) and Theorem 8.1 except the statement that

Ki(CF(D) = Ki(CHZp)*/?
is bijective. Induction with ¢: Z" — T yields a homomorphism
Ki(C(Z") — Ki(CF (D))
and restriction with ¢ yields a homomorphism
K1 (CH(T) = Ki(C(Z™)).

Since an inner automorphism of I" induces the identity on K;(C(I")), these homo-
morphisms induce homomorphisms

i K((CHZ)z/p — Ki(CHI)). 1*: Ky(CF(T)) > K(CHEZR)HP.
By the double coset formula the composite t* o 4 is the norm map
N: Ki(CHZp)zsp — Ki(CHZp)*IP.
The cokernel of the norm map is H %Z/p; K1 (C} (Z})). Note that
H°(Z/p: K\(C}(Zh)) = H*(Z/p; K1(BZ%))  (the BC Conjecture for Z")

~ 0 el
~H (Z/p; K (BZZ)*) (the UCT for K-theory 4.2)
~ fi-1 .l
~H " (Z/p;K (BZZ)) (Lemma A.1 proven below)
=0 (Lemma 3.3 (i1)).

This implies that the norm map N and hence*: K1 (C*(I')) =>K;(C} (Z’;))Z/P
are surjective. Since source and target of ¢* are finitely generated free abelian groups
of the same rank by assertion (i) and Lemma 3.3 (i), ¢* is an isomorphism. ]
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11.2. The real case. Next we treat the real case.

Proof of Theorem 0.6. Because of the isomorphisms (9.3) and (11.2) all claims fol-
low from Theorem 10.1 except the claim that

KO2m41(C (L5 R)) <=5 KOst 1 (C(Z; R))Z/P

is bijective. As we have natural transformations of cohomology theories i *: KO, —
Ky and r*: K, — KOy with r* oi* = 2-id, Theorem 0.3 (iii) implies that the map
is bijective after inverting 2. Since p is odd, it remains to show that it is bijective after
inverting p. Because of the bijectivity of KOz +1(C,*(I'; R)) => KOz+1(BT),
the fact that K02m+1(BZ';)Z /p — KOz, 41(BT) is bijective after inverting p (use
Proposition A.4), the fact that norm map is always bijective after inverting p, and the
isomorphism (11.2) for Z”, the claim holds. O

12. The group I'satisfies the (unstable) Gromov-Lawson—Rosenberg
Conjecture

In this section we give the proof of Theorem 0.7, after first providing some back-
ground.

12.1. The Gromov-Lawson—-Rosenberg Conjecture. For a closed, spin manifold
M of dimension m with fundamental group G, one can define an invariant

a(M) € KOn(C(G): R),

which vanishes if M admits a metric of positive scalar curvature (see [37]). The (un-
stable) Gromov—Lawson—Rosenberg Conjecture for a group G states thatifa (M) = 0
and dim M > 5, then M admits a metric of positive scalar curvature. The (unstable)
Gromov-Lawson—Rosenberg Conjecture is known to be valid for some fundamental
groups, for example, the trivial group (see [41]), for finite groups with periodic coho-
mology (see [11] and [23]), some torsion-free infinite groups, for example, when G
is a fundamental group of a complete Riemannian manifold of non-positive sectional
curvature (see [37]), and some infinite groups with torsion, for example, cocompact
Fuchsian groups (see [15]), but not in general — there is a counterexample when
G = Z* x Z/3 due to Schick [39].

There is a weaker version of the conjecture which may be valid for all groups.
Suppose that B® is a “Bott manifold”, that is, a simply-connected spin 8-manifold
with ff—genus equal to one. We say that a manifold M stably admits a metric of
positive scalar curvature if M x (B%)7 admits a metric of positive scalar curva-
ture for some j > 0. The stable Gromov—Lawson—Rosenberg Conjecture formu-
lated by Rosenberg—Stolz [38] states that, for a closed spin manifold M with funda-
mental group G, M stably admits a metric of positive scalar curvature if and only
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if (M) = 0. Since the Baum—Connes Conjecture implies the stable Gromov—
Lawson—Rosenberg Conjecture (see [42], Theorem 3.10, for an outline of the proof)
and I" satisfies the Baum—Connes Conjecture, we know already that I" satisfies the
stable Gromov—Lawson—Rosenberg Conjecture.

There are two definitions of the invariant o, one topological and one analytic.
Let KO be the periodic spectrum underlying real K-theory, and let p: ko — KO
be the 0-connective cover, that is, it induces an isomorphism on 7; for i > 0 and
7; (ko) = 0 for i negative. Then the topological definition of «(M) is the image of
the class [ far : M — BG] where f3s induces the identity on the fundamental group
under the composite

Q5 (BG) 2> kom(BG) 22% KOm(BG) 2> KOW(CH(G)),

where D is the ko-orientation of spin bordism, ppg is the canonical map from con-
nective to the periodic K-theory, and A is the assembly map. The analytic definition
of a(M) is the index of the Dirac operator. These two definitions agree (see [37]).
Furthermore if M has positive scalar curvature, then the Bochner-Lichnerowicz—
Weitzenbock formula shows that the index is zero so that a(M) = 0.

Finally, we mention one more result in our quick review, and that is the gen-
eralization of the Gromov—Lawson surgery theorem of due to Jung and Stolz [38],
3.7.

Proposition 12.1. Let M be a connected closed spin manifold with fundamental
group G and dimension m > 5. Let [f: N — BG]| € Qf,f)m(BG). (Note that N
need not have fundamental group G.) If D[ fyr: M — BG] = D[f: N — BG] €
ko, (BG) and N admits a metric of positive scalar curvature, then so does M .

12.2. The proof of Theorem 0.7. The proof of Theorem 0.7 needs some preparation.
Lemma 12.2. Let p be an odd prime. Then the map

D: 3™ (BZ/p) — kom(BZ/ p)
is surjective for all m > 0.

Proof. If M is a Z[Z / p]-module, then H; (Z/p; M)[1/p] = 0 fori > 1 and hence
the canonical maps

H;(BZ/p; M) = H;(BZ/p; M)(p) => H;(BZ/ p; M))
are bijective for i > 1. We conclude from the Atiyah—Hirzebruch spectral sequences

that the vertical maps in the commutative diagram

G (BZ ) p) ———— kom(BZ/ p)

\g F

Qf,f (BZ/p)(p) — kom (BZ/ p)(p)



The topological K-theory of certain crystallographic groups 421

are bijective for m > 0. Hence it suffices to prove the surjectivity of the lower
horizontal map. Since p is odd, Q?pln(*)( p) is zero for j # 0 mod 4 and Q]S.pm(*)( »)
is a finitely generated free Z,)-module for j = 0 mod 4 (see [7]). The same is
true for ko; (*)(,) by Bott periodicity. Hence there are no differentials in Atiyah—

Hirzebruch spectral sequences converging to QISSL“; (BZ/p)p)y and koj + i(BZ/p)p
and we get for the £°°-terms

EX S (BZ/ p)py) = Hi(Z/p) ® 2™ (%)),
EfS (koi1j (BZ/ p)(p)) = Hi(Z/p) ® koj (+)(p)-

It suffices to show that the map on the E°°-terms is surjective for all i, j. Hence it
is enough to show that the map

Soi
D(py: Q™" (%) (p) — koj () (p)

is surjective for all j. Since ko (*)(p) is a polynomial algebra on a single generator

in dimension 4, it suffices to prove D(,) is onto when j = 4. In this case both

Qipln(*) and ko4 () are infinite cyclic with the former generaied by a spin manifold

of signature 16, for example the Kummer surface K. The A-genus of K is 2 and

the index of the real Dirac operator is A (K)/2 (see [24], Theorem I1.7.10). Hence
D Q3P (%) — kog () is an isomorphism. O

Theorem 12.3 (ko-homology). Let p be an odd prime and let m be any integer.
1)

@?:0 kom—i (*)ri ) m even,

tom (BT) @& (B} _g kom—i (¥)"), m odd,

where to,, (BT) is a finite abelian p-group defined for m odd.

ko (BT') = {

(ii) The inclusion map Z" — T induces an isomorphism
kOZM(BZZ)Z/p i) k02m(BF)

and kozm(BZR)z)p = @B} =g Koam—i (%)

(iii) There is a long exact sequence

Fam dom ~
0 = kozm (BT) 222 koom(BT) 222 @ Kosm—1(BP)
(P)eP

P ommo1(BT) 272 Kogm_1 (BT') — 0.

Hence ko, (BT")[1/ p] — ko, (BT')[1/ p] is an isomorphism for m € Z.

(iv) We have
2m+1

koom+1(BT) = @ koopmy1-i(*)".
i=0
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(v) Let toy(BT') = imday, and togm—1(BT') = im@a,—1. These are finite
abelian p-groups. There is an exact sequence

0 — kog;, (BT") = k02, (BT") — to2,(BT) — 0

and an isomorphism

n

k027 +1(BI) = t02/m4+1(BT") ® @ kozm41-i (%)
i=0

Proof. (iii): The Atiyah—Hirzebruch spectral sequence implies that 1262,,, (BZ/p)
vanishes and that Koy, 1 (BZ / p) is a finite abelian p-group. Now the claim follows
from the long exact sequence associated to the cellular pushout (1.13).

(i1): The proof is similar to that of Theorem 2.1 (ii). We analyze the Leray—Serre
spectral sequence associated to the extension (1.1)

E}; = Hi(Z/ p:koj(BZ})) = koi j(BI).

One can show analogously to the proof of Lemma 5.3 that there are isomorphisms of
Z[Z ] p]-modules

koy (BZ") ® Z[1/2] = @ Hy/(Z%) ® ko;_(+) ® Z[1/2]. (124
=0

koj (BZZ) ®Lp) = @ H,; (ZZ) ® kOj_[(*) ® Z ). (12.5)
=0

Since ko, (%) (p) 18 Z () when m is divisible by 4 and vanishes otherwise,
H @/ pixoy(BZY) = @ H*'Z ) pi Hy-au(Z)).

This anct, the Universal Coefficient Theorem, Lemma A.1, and Lemma 1.10 (i) imply
that H'*1(Z/ p; ko, (BZ})) = 0 when i + j is even.
Thus Eg,zm = kopm(BZ})z/p maps injectively to kozpm (BZZ)Z/I’ and hence is

p-torsion-free, and for i > 0, El2 ; has exponent p and vanishes if i + j is even.
Thus

koom(BZ3)z/p = E§ o = E§Sm —> koom(BT).
By(12.4), (12.5) and Theorem 2.1 (i), (ii),

n
k02m(BZZ)Z/p = @ Hl (ZZ)Z/p ® kOZm—l(*) = @?:0 ko2m—l (*)rl-
=0

(iv): We will compute the group koz.,+1(BI') after localizing at p and after
inverting p. We will begin with localizing at p. We use the Atiyah—Hirzebruch
spectral sequence

E}; = Hi(BT:Kk0j (%) (p)) = koi+,(BT)(p)
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for the generalized homology theory ko,,(—)(p). Note also that when i is odd, The-
orem 2.1 (iv) states that H; (BT") = Z"i. In particular, when i + j is odd, E2j is
finitely generated free over Z ). Since the differentials in the Atiyah—Hirzebruch
spectral sequence are rationally trivial, E["; - El2 ; and has finite p-power index
whenever i + j is odd. Hence

k02m+1(Br)(p) = @ E, 2m+1—i = @(kOZm-H—i (*)ri)(p)~

Now we invert p. For any integer j > O,

ko; (BT)[1/p] <= ko;(BZ", »)z/p[1/P] (Proposition A.4)
~ @ Hi(BZ})z/p ® koj—i(x)[1/p] (isomorphisms (12.4), (12.5))

= @ (koj—i (*))[1/p]. (Theorem 2.1 (i), (i))

(v): The group to,,,(BT") is a subgroup and the group to,,,—1 (BI") is a quotient
group of the finite abelian p-group KO2m(BZ / p), hence are finite abelian p-groups
themselves. To complete the proof of assertion (v), by assertions (iii) and (iv) we
only need prove that f_2m+1 is a split surjection. This follows since ko +1(BT")(p)
is free over Z,) and fam+1 ® idz[1/p] is an isomorphism.

(1) This follows from assertions (ii) and (v). O

Now we are ready to prove Theorem 0.7.

Proof of Theorem 0.7. Let M be a closed m-dimensional manifold with m > 5 and
fundamental group 71 (M) = I". Suppose that «(M) = 0. We have to show that M
carries a metric with positive scalar curvature.

The following commutative diagram with exact rows is key to the proof.

@B e Kom(BP) —— ko (BT) ——— ko, (BT)

AOPBI‘J/ J/pBF

KOy (C;(I'; R)) —— KO, (BT)

Here the bottom map is the composite of the inverse of the Baum—Connes map
KO! (ET) — KO (C*(T'; R)) (which is an isomorphism by [19]) and the map
KO,I,; (ET) — KO, (BT') coming from induction with I' — 1. The top row is
exact by Theorem 12.3 (iii). The square commutes since the map p z- o 8 equals the
composite B

ko (BT') — KO,,(BT") = KO (ET') — KOV (ET') — KO,,(BT).

Since by assumption a(M) = 0, the image of D[ fyr: M — BI'] € ko, (BI')
under the composite pgp o B is zero, where fyr: M — BT is the classifying map
of M associated to w1 (M) = T.
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Next we show that the map pg[1/p] is injective. Because of Proposition A.4,
it suffices to show kom(BZZ)Z/prl/p] — KOm(BZ})z/p[1/ p] is injective. Since
p divides the order of Z/p it suffices to show that ko,,(BZ") — KO, (BZ") is
injective. This follows from the commutative square

B o (ko () () —=— ko, (BZ")
@?:o(p*)(’;) \ |PBZ”
By (KO, () (D) —=— KO, (BZ")

since p«: ko, (%) — KOy, (*) is injective for all m € Z. This finishes the proof that
the kernel of the map p g consists of p-torsion. Hence B(D[fy: M — BT]) €
ko, (BT) is p-torsion.

Now we can finish the proof in the case that m is even. Then the map f§ is
injective and its domain is a finitely generated abelian group without p-torsion by
Theorem 12.3 (ii) and (iii). Hence D[ fa: M — BT'] € ko,,(BT) is trivial and we
conclude from Proposition 12.1 that M carries a metric with positive scalar curvature.

Hence we will now assume that m is odd. Then the target of 8 is a finitely
generated abelian group without p-torsion by Theorem 12.3 (iv). Hence the image of
D[fu: M — BT'] € ko, (BI") under 3 is zero. We conclude from Theorem 12.3 (iii)
that there is an element

(xp)(pyep € D kom(BP)
(P)eP

which is mapped under P pcp Kom(BP) — ko, (BT) to D[fyu: M — BI].

Combining this with Lemma 12.2 yields elements [Np — BP] € Qf,fi“(BZ/ )
such that the image of [Np — BP](p)es under the composite

D I(BP) > Q"(Br) 2 kow(BT)
(P)eP

agrees with D[fyr: M — BI']. By surgery we can arrange that the map Np —
BP is 2-connected and in particular a classifying map for Np. Since m is odd,
KO, (C}(P;R)) = 0 (see the beginning of Section 9). Hence since the Gromov—
Lawson—Rosenberg conjecture holds for manifolds whose fundamental group is odd-
order cyclic [23], each Np admits a metric of positive scalar curvature. Recall that

D[fM: M — BF] = D[(Hpe(f)Np) — (Hpe(g))BP) — BF] S kOm(BF).

Hence, by Proposition 12.1, M admits a metric of positive scalar curvature.

Now we just need to show that the last sentence of Theorem 0.7 is valid.

Let M be a closed spin manifold with odd dimension m > 5 and fundamental
group I'. Suppose that its p-cover M associated with the subgroup ¢: Z" — T
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admits a metric of positive scalar curvature. Then 0 = oe(M ) = *a(M) €
KO, (C}(Z";R)). Hence by Theorem 0.6 (iii), (M) = 0. Hence by our argu-
ment above, M admits a metric of positive scalar curvature. O
Appendix

Tate cohomology, duality, and transfers

Here we collect facts concerning duality in Tate cohomology, transfers in general-
ized (co)-homology theories, and edge homomorphisms in the Leray—Serre spectral
sequence.

Recall that H *(G; M) denotes the Tate cohomology (see [12], VI.4) of a finite
group G with coefficients in a Z[G]-module M, that ﬁi(G; M) = H'(G; M) for
i > 1, that Fli(G;M) = H_;j_1(G; M) for i < —2, and that there is an exact
sequence

0— ANG: M) - Mg X M® — A°(G:; M) — 0.

Here MG are the invariants of M, Mg = M ®Qzg Z = M/{gm — m)geGmem
are the coinvariants of M, and N[m] = deG gm is the norm map. Note M¢ =
H°G;M)and Mg = Ho(G; M).

For a abelian group M, define the dual M* = Homgz (M, Z) and the torsion
dual M™ = Homz(M,Q/Z). Note that if M is a finitely generated free abelian
group (respectively a finite abelian group) then there is a non-canonical isomorphism
M =~ M* (respectively M =~ M"). If M is a left ZG-module, give M* and M "
the structure of left ZG-modules by defining (g@)(m) := ¢(g~'m) for g € G and
meM.

Lemma A.1 (Tate duality). Let G be a finite group and M be a finitely generated
Z G-module which contains no p-torsion for all primes p dividing the order of G.
Then for all integers i there is an isomorphism of abelian groups

H(G; M)~ H(G; M*).
Hence for all integers i > 0,
H'YY(G; M) = Hi(G; M*).

Proof. The Tate cohomology group Hi (G; M) is a finitely generated group of expo-
nent |G|, hence is a finite abelian group. Thus there is a non-canonical isomorphism
of abelian groups HI(G:M ) = Hi(G; M)". Duality in Tate cohomology shows
that

HY(G: M) ~ H7Y(G; M™)
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(see [12], VI.7.3; duality holds for any ZG-module). Let FM be M modulo its
torsion subgroup. Then (FM)* — M* and (FM)" ® Z(g)) = M" ® Z g are
isomorphisms and

0 — Homz(FM, Z) - Homz(FM,Q) - Homz(FM,Q/Z) — 0
is a short exact sequence. Thus
H7YG: M =~ H7YG; (FM)") ~ H™/(G; (FM)*) =~ H™(G; M*),
as desired. O

Remark A.2. Here is a related remark. Let G = (g) be a finite cyclic group and M
be a ZG-module. Then by dualizing the exact sequence

MEL M Mg >0

one obtains the exact sequence

—1_
0— (Mg)* — M* 5% M~
Hence (Mg)* = (M*)C.

Let 7: E — B be a regular G-cover of CW-complexes. Let #, a generalized
homology theory and #¢* a generalized cohomology theory. There are transfer maps
trf . and trf* switching the domain and range of 7, and 7 *. Their definition is given
in [2], Chapter 4, when B is finite and in [26], Chapter IV, §3, in general. All four
maps are G-equivariant with respect to the induced G-action on #«(E) and the trivial
G-action on #,(B) and #*(B). Hence we have maps

st Hx(E)g —> Hy(B),
trfy: Ho(B) — Ho(E)C,
% H*(B) —> H*(E)C,
trfy: H*(E)g — H*(B).

The basic theorem connecting the two is this special case of the double coset formula
[26], Corollary 6.4, p. 206.

Theorem A.3. Both trf omry and w* o trf* are given by the norm map, i.e., multipli-
cationby . 8-

For ordinary (co)homology theory, 7, o trf and trf* ozt * are both multiplication
by ¢ = |G|. This has the consequence that 7, and 7 are isomorphisms after invert-
ing ¢. These last composite formulae are no longer true for generalized (co)homology
theories, but one can say something.
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A generalized homology theory is 1/g-local if H«(X) @ Z — H.(X) ® Z[1/4q]
is an isomorphism for all X and m. For example, for any generalized homology
theory, #«(X) ® Z[1/q] is a 1/g-local generalized homology theory. There is an
analogous definition and remark for generalized cohomology theories.

Proposition A.4. Let G be a finite group of order q. Let #« and H* be 1/q-local
(co)homology theories. Let X be a G-CW-complex and w: X — X the quotient
map.

Q) 7t Hm(X)g => Hm(X) is an isomorphism for allm € Z.

(i) If X isafinite CW-complex, thenw™ : H™(X) =>H™(X)C isan isomorphism
forallm € Z.

Proof. We give the argument only for homology, the one for cohomology is analo-
gous.
Given a G-CW-complex X, we obtain a natural map

et Ho(X)g — Hio(G\X).

Since the functor sending a Z[1/¢][G]-module M to Mg is an exact functor, the as-
signment sending a G-CW-complex X to #«(X)g and to #«(G\ X ) are G-homology
theories and j is a natural transformation of G-homology theories. One easily checks
that j, is a bijection when X is G/H for any subgroup H C G. A Mayer—Vietoris
argument implies that j, is a bijection for any finite G-CW-complex, and, since
homology commutes with colimits, j. is a bijection for any G-CW-complex. O

Atiyah’s computation of K°(BZ/ p) shows that a finiteness hypothesis is neces-
sary for a generalized cohomology theory.

At several places in this paper we use a property of edge homomorphisms in
spectral sequences and we review this now. Let # and #* be (co)homology theories.
Let F — E — B be afibration. Assume that B is path-connected with fundamental
group G. There are Leray—Serre spectral sequences

EX = H'(B: ¥/ (F)) = ¥/ (E).

These spectral sequences have coefficients twisted by the action of G on the (co)ho-
mology of the fiber, in particular

E§; = Ho(G: ¥ (F)) = #;(F)g.
EY = HYG: 3t/ (F)) = 3/ (F)°.
The spectral sequences give maps
Hj(F)g = E§ ; > E§S —> H;(E),
HI(E) >E% »> EY' ~ HI (F)C;
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the composites are called the edge homomorphisms.

The proof of the proposition below follows the proof in the untwisted case [43],

p. 354.

Proposition A.5 (Edge homomorphisms). The edge homomorphisms

ij(F)G - ij(E),
HI(E) — H7(F)°

equal the maps on (co)homology induced by the inclusion of the fiber F — E.
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