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Nonperturbative spectral action of round coset spaces of SU.2/

Kevin Teh

Abstract. We compute the spectral action of SU.2/=� with the trivial spin structure and the
round metric and find it in each case to be equal to 1

j�j
.ƒ3 Of .2/.0/� 1

4
ƒ Of .0//CO.ƒ�1/. We

do this by explicitly computing the spectrum of the Dirac operator for SU.2/=� equipped with
the trivial spin structure and a selection of metrics. Here � is a finite subgroup of SU.2/. In the
case where � is cyclic, or dicyclic, we consider the one-parameter family of Berger metrics,
which includes the round metric, and when � is the binary tetrahedral, binary octahedral or
binary icosahedral group, we only consider the case of the round metric.

Mathematics Subject Classification (2010). 58B34; 58J50.

Keywords. Noncommutative geometry, spectral action principle, Dirac spectrum, spectral
geometry, lens space, Poincaré homology sphere, Berger metric, 3-sphere.

1. Introduction

The spectral action is a functional which is defined on spectral triples .A; H ; D/ [3].
In this paper, we only consider the commutative case of compact Riemannian spin
manifolds.

For a spectral triple .A; H ; D/, the spectral action is defined to be

Tr f .D=ƒ/;

where f W R ! R is a test function and ƒ > 0.
A compact Riemannian spin manifold, M , may be viewed as a spectral triple by

taking A D C 1.M/, H D L2.M; †n/ is the Hilbert space of L2 spinor-valued
functions on M , and D is the canonical Dirac operator. Since we are considering
compact manifolds, the spectrum of the Dirac operator is discrete, and the meaning
of the spectral action becomes simply

Tr f .D=ƒ/ D P
�2Spec D

f .�=ƒ/:

We will be content in each case to determine the spectral action up to an error term
which is O.ƒ�k/ for any k > 0. We will use the notation O.ƒ�1/ to denote such a
term.
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There is an asymptotic expansion for the spectral action in terms of heat invariants,
valid for large values of the parameter ƒ, which is described in [4]. Since the
heat invariants are local, it follows that the asymptotic series is multiplicative under
quotients. That is, if D is the Dirac operator for a space X and D0 is the Dirac
operator for X=H , where H is a finite group acting freely on X , then the asymptotic
expansion for Tr f .D0=ƒ/ is equal to 1=jH j times the asymptotic expansion for
Tr f .D=ƒ/. In [4], Chamseddine and Connes obtain a non-perturbative expression
for the spectral action of the round 3-sphere, S3 D SU.2/. In the computation below
we obtain a non-perturbative expression for the spectral action for SU.2/=� , where
� is a finite subgroup of SU.2/ and this expression is a multiple of 1=j�j of the
expression derived in [4], and so the non-perturbative expressions satisfy the same
relation as the asymptotic expansions.

In this paper, we only consider one spin structure for each space, which we call
the trivial spin structure. In general the Dirac spectrum depends on the choice of spin
structure, so it would appear at first glance that the spectral action would also depend
on the choice of spin structure. However, the asymptotic expansion of the spectral
action does not depend on the choice of spin structure and so any such dependence
must disappear as ƒ goes to infinity.

The method used to compute the spectral action is a very slight modification to the
one used in [4]. First, one computes the Dirac spectrum and decomposes the spectrum
into a number of arithmetic progressions and finds a polynomial which describes the
multiplicities for each arithmetic progression. Then one obtains a non-perturbative
expression for the spectral action by using the Poisson summation formula.

This non-perturbative form of the spectral action of a three-dimensional space-
like section of spacetime was used in the investigation, [7], on questions of cosmic
topology. This application motivated the computations in this paper.

Up to conjugacy it is well known that the finite subgroups of SU.2/ all belong to
the following list:

� cyclic group, order N , N D 1; 2; 3; : : : ,

� dicyclic group, order 4N , N D 2; 3; : : : ,

� binary tetrahedral group,

� binary octahedral group,

� binary icosahedral group.

The main result is the following.

Theorem 1.1. Let � be any finite subgroup of SU.2/. If D is the canonical Dirac
operator on SU.2/=� equipped with the round metric and trivial spin structure, then
the spectral action is given by

Tr.f .D=ƒ// D 1

j�j
�

ƒ3 Of .2/.0/ � 1

4
ƒ Of .0/

�
C O.ƒ�1/:
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In Sections 4–7 we compute the Dirac spectrum for SU.2/=� equipped with
the Berger metric, and the trivial spin structure, and the spectral action for SU.2/=�

equipped with the round metric and trivial spin structure, where � is cyclic or dicyclic.
In Sections 2 and 3 we review the results and definitions needed to perform the
computation, following the reference [1].

In Sections 9 and 10 we compute the Dirac spectrum and spectral action in the
case where � is the binary tetrahedral group and binary octahedral group respectively.
For these two cases, we switch to the method of generating functions [2], because
the representation theoretic calculations become difficult. This method gives us the
spectrum for the round metric only. Again, we only consider the trivial spin structure.
We review the key results needed for the computation in Section 8.

In Section 11 we compute the Dirac spectrum and spectral action in the case where
� is the binary icosahedral group. We correct the expression of the Dirac spectrum
found in [7]. The expression for the spectral action derived here is the same as the
one found in [7].

There are two methods used to compute Dirac spectra, one which uses the repre-
sentation theory of SU.2/ and one which uses generating functions. It is comforting
to note that when both methods were used to compute the Dirac spectrum of a dicyclic
space, they yielded the same answer.

In [6] the Dirac spectrum for SU.2/=Q8 was computed for every possible choice
of homogeneous Riemannian metric and spin structure. Q8 is the quaternion group
of order 8, which is the same thing as the dicyclic group with parameter N D 2.

In this paper, we take the least element of N to be zero.

Acknowledgment. I would like to gratefully acknowledge Matilde Marcolli for
indicating the problem to me as well as for many helpful discussions, Branimir Cacic
for helpful discussions, and Alain Connes for corrections and a helpful suggestion.

2. Spin structures on homogeneous spaces

In this section we recall, for convenience, some facts about spin structures on homo-
geneous spaces appearing in [1].

In what follows, M D G=H is an n-dimensional oriented Riemannian homoge-
neous space, where G is a simply connected Lie group.

In this case, the principal SO.n/-bundle of oriented orthonormal frames over M

takes a simple form. Let V be the tangent space of H 2 G=H , and let

˛ W H ! SO.V /

be the isotropy representation induced by the action of H on G=H by left multiplica-
tion. If we choose an oriented orthonormal basis of V , then we obtain a representation
of H into SO.n/, which we also denote by ˛. The bundle of oriented orthonormal
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frames may be identified with G �˛ SO.n/, that is the space of pairs Œg; A�, g 2 G,
A 2 SO.n/, where one has the equivalence relation

Œg; A� D Œgh; ˛.h�1/A�; h 2 H:

Let � W G ! G=H be the projection map, and let p D �.e/. The identification of
G �˛ SO.n/ with the bundle of oriented frames is given by the formula

.g; A/ 7! dg.p/ � b � A;

where b D .X1; X2; : : : ; Xn/ is our chosen basis of V .
The spin structures of M are in one-to-one correspondence with the lifts ˛0 W H !

Spin.n/ satisfying
‚ B ˛0 D ˛;

where ‚ W Spin.n/ ! SO.n/ is the universal double covering map of SO.n/. One
associates ˛0 to the principal Spin.n/-bundle G �˛0 Spin.n/. The right action of
Spin.n/ is given by

Œg; ƒ1� � ƒ2 D Œg; ƒ1ƒ2�;

and the covering map onto the frame bundle is given by

Œg; ƒ� 7! Œg; ‚.ƒ/�:

In this paper we take G D SU.2/ Š Spin.3/, and for any subgroup � � SU.2/

one always has the spin structure corresponding to the identity map � W SU.2/ !
Spin.3/, which lifts the isotropy homomorphism ˛. We call this spin structure the
trivial spin structure.

3. Dirac operator on homogeneous spaces

In the case where � is the cyclic or dicyclic group, we shall compute the spectrum
of the Dirac operator for the one-parameter family of Berger metrics. The key result
that we use is the following.

Let †˛0M denote the spinor bundle corresponding to the spin structure ˛0. Let
� Spin Spin.n/ ! U.†n/ be the spinor representation. Let yG denote the set of
irreducible representations, �� Spin G ! GL.V� /, of G up to equivalence. Let g be
the Lie algebra of G. We decompose g as h ˚ p where h is the Lie algebra of H and
p is an AdH -invariant subspace of g.

Theorem 3.1 ([1], Theorem 2 and Proposition 1). The representation of the Dirac
operator on L2.M; †˛0M/ is equivalent toL

�2 yG
V� ˝ HomH .V� ; †n/:
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Here H acts on V� as the representation � forces, and on †n via � B ˛0. The
Dirac operator acts on the summand V� ˝ HomH .V� ; †n/ as id ˝ D� , where given
A 2 HomH .V� ; †n/,

D� .A/ μ �
nX

kD1

ek � A B .�� /�.Xk/ C
� nX

iD1

ˇiei C X
i<j <k

˛ijkei � ej � ek

�
� A: (3.1)

Here ei denotes the standard basis for Rn acting on spinors viaCliffordmultiplication,

ˇi D 1

2

nX
j D1

hŒXj ; Xi �p; Xj i;

˛ijk D 1

4
.hŒXi ; Xj �p; Xki C hŒXj ; Xk�p; Xi i C hŒXk; Xi �p; Xj i/:

The notation Yp denotes the projection of Y 2 g onto p with kernel h, and the angle
brackets denote the pairing of tangent vectors via the Riemannian metric.

Let Vn 2 1SU.2/ be the .n C 1/-dimensional irreducible representation of SU.2/

of complex homogeneous polynomials in two variables of degree n. When G D
SU.2/, H is a finite subgroup of SU.2/, and G=H is equipped with the Berger metric
corresponding to the parameter T > 0, (3.1) becomes (see [1], Section 5)

DnA D �X
k

ek � A � .�n/�.Xk/ �
�

T

2
C 1

T

�
:

Let D0
n denote the part

� X
k

Ek � A � .�n/�.Xk/: (3.2)

Let Pk 2 Vn be the basis polynomial

Pk.z1; z2/ D zn�k
1 zk

2 :

Now we take Ak , Bk , k D 0; 1; : : : ; n, to be the basis for HomC.Vn; †3/:

Ak.Pl/ D

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

�
1

0

�
if k D l; k is even;�

0

1

�
if k D l; k is odd;

0 otherwiseI

Bk.Pl/ D

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

�
0

1

�
if k D l; k is even;�

1

0

�
if k D l; k is odd;

0; otherwise:
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We have the following formulas for D0
n (see [1]):

D0
nAk D 1

T
.n � 2k/Ak C 2.k C 1/AkC1; k even;

D0
nAk D 2.n C 1 � k/Ak�1 C 1

T
.2k � n/Ak; k odd;

D0
nBk D 2.n C 1 � k/Bk�1 C 1

T
.2k � n/Bk; k even;

D0
nBk D 1

T
.n � 2k/Bk C 2.k C 1/BkC1; k odd:

The formulas remain valid when k D 0 and k D n, provided that we take A�1 D
AnC1 D B�1 D BnC1 D 0.

4. Dirac spectra for lens spaces with Berger metric

In this section we compute the Dirac spectrum on lens spaces equipped with the Berger
metric and the trivial spin structure. This calculation corrects the corresponding one
in [1].

To proceed, we need to determine which linear transformations f 2 HomC.Vn†3/

are ZN -linear. A C-linear map f is ZN -linear if and only if f commutes with a
generator of ZN . We take

B D
 

e
2�i
N 0

0 e
�2�i

N

!

to be our generator, and we define�
f1k

f2k

�
μ f .Pk/: (4.1)

Since we are considering the trivial spin structure corresponding to the inclusion
map � Spin ZN ! SU.2/, f is ZN linear if and only if

f B �n.B/ D �.B/ B f;

which leads to the identity

�
f1k

f2k

�
D
 

e2�i 2k�nC1
N f1k

e2�i 2k�n�1
N f2k

!
:
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It follows that HomZN
.Vn; †3/ has the following basis:˚

Ak j k D mN Cn�1
2

2 f0; 1; : : : ; ng; m 2 Z; k even
�

[ ˚
Bk j k D mN Cn�1

2
2 f0; 1; : : : ; ng; m 2 Z; k odd

�
[ ˚

Ak j k D mN CnC1
2

2 f0; 1; : : : ; ng; m 2 Z; k odd
�

[ ˚
Bk j k D mN CnC1

2
2 f0; 1; : : : ; ng; m 2 Z; k even

�
:

With the basis in hand, let us now compute the spectrum.

N even. First let us consider the case N � 0 mod 4.
In this case, mN Cn�1

2
is an integer precisely when n is odd. In particular, this

means that HomZN
.Vn; †3/ is trivial if n is even.

If n � 1 mod 4, and m is an integer, satisfying

� n � mN � 1 < n; (4.2)

then

k D mN C n � 1

2
(4.3)

is an even integer between 0 and n � 1, inclusive. Since k is strictly less than n,
AkC1 is not equal to 0. Therefore Ak and AkC1 lie in HomZN

.Vn; †3/, and span
an invariant two-dimensional subspace of D0

n. With respect to these two vectors, D0
n

has the matrix expression�
1
T

.n � 2k/ 2.n C 1 � .k C 1//

2.k C 1/ 1
T

.2.k C 1/ � n/

�
; (4.4)

which has eigenvalues

� D 1

T
˙
s

.1 C n/2 C m2N 2

�
1

T 2
� 1

�
: (4.5)

Now let us consider the case n � 3 mod 4. In this case, if (4.2) and (4.3)
hold then k is an odd integer between 0 and n � 1 inclusive, Bk and BkC1 lie in
HomZN

.Vn; †3/, and span an invariant subspace of Dn. BkC1 is not equal to 0, and
with respect to these two vectors D0

n once again has the matrix expression given by
equation (4.4), with eigenvalues given by equation (4.5).

If
mN � 1 D n; m D 1; 2; : : : ;

then B0, and Bn are eigenvectors of D0
n with eigenvalue

� D � n

T
D 1 � mN

T
:
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In the case N � 2 mod 4, the analysis proceeds exactly as when N � 0 mod 4,
except for a few minor changes which do not alter the spectrum. Namely, for n � 1

mod 4, it is Bk; BkC1 which span an invariant subspace of D0
n, not Ak; AkC1, and

for n � 3 mod 4, Ak; AkC1 span an invariant subspace of D0
n, not Bk; BkC1.

To determine the spectrum of D we just need to add �T
2

� 1
T

to D0
n, which just shifts

the eigenvalues, and then tensor with idVn
which just multiplies the multiplicities by

n C 1.
To summarize we have the following.

Theorem 4.1. If N is even, then the Dirac operator on the lens space LN equipped
with the Berger metric corresponding to parameter T > 0, and the trivial spin
structure has the following spectrum:

� multiplicity˚ � T
2

˙
q

.1 C n/2 C m2N 2
�

1
T 2 � 1

� j
n 2 2N C 1; m 2 Z; �n � mN � 1 < n

� n C 1

˚ � T
2

� mN
T

j m 2 N
�

2mN

Table 1

Note that the second row of the table corresponds to the case n D mN � 1, in
which case, n C 1 D mN , which accounts for the factor of mN in the multiplicity.

N odd. In contrast to the case where N is even, HomZN
.Vn; †3/ may be nontrivial

whether n is even or odd.
As in the case when N is even, if (4.2) and (4.3) hold, then one of Ak; AkC1, or

Bk; BkC1 spans a two-dimensional invariant subspace of D0
n, where D0

n has matrix
expression (4.4) and eigenvalues (4.5).

When n is even, k is an integer if and only if m is odd. On the other hand, when
n is odd, k is an integer if and only if m is even.

If n D mN � 1, where m is a positive integer, then B0 and either Bn or An,
(depending on whether n is even or odd) are eigenvectors of D0

n each with eigenvalue
� n

T
D 1�mN

T
.

We have shown the following.

Theorem 4.2. If N is odd, then the Dirac operator on the lens space LN equipped
with the Berger metric corresponding to parameter T > 0 and the trivial spin struc-
ture has the following spectrum:
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� multiplicity˚ � T
2

˙
q

.1 C n/2 C m2N 2
�

1
T 2 � 1

� j
.n 2 2N C 1; m 2 2Z/ or .n 2 2N; m 2

2Z C 1/; �n � mN � 1 < n
� n C 1

˚ � T
2

� mN
T

j m 2 N
�

2mN

Table 2

5. Spectral action of round lens spaces

The Berger metric corresponding to T D 1 is the round metric. By substituting
T D 1 into Theorems 4.1 and 4.2, we obtain the following expressions for the Dirac
spectrum.

If N is even, then the Dirac operator on the lens space LN equipped with the
round metric has the following spectrum:

� multiplicity˚ � 3
2

� n; 1
2

C n j n 2 2N C 1; m 2 Z;

�n � mN � 1 < n
� n C 1

˚ � 1
2

� mN j m 2 N
�

2mN

Table 3

If N is odd, then the Dirac operator on the lens space LN equipped with the round
metric has the following spectrum:

� multiplicity˚ � 3
2

� n; 1
2

C n j .n 2 2N C 1;

m 2 2Z/ or .n 2 2N; m 2 2Z C 1/;

�n � mN � 1 < n
� n C 1

˚ � 1
2

� mN j m 2 N
�

2mN

Table 4

However, these are not the simplest expressions for the spectra. In this special
case, the eigenvalues in the first row of the spectrum no longer depend on m, so we
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should count the values of m which satisfy the inequality as a function of n in order
to eliminate the dependence of the spectrum on m.

5.1. Round metric, T D 1

N even. Let us write n D kN C 2s C 1, for s 2 f0; 1; 2; : : : N �2
2

g, and k 2 N
(recall that n is always odd in this case). Then we may replace, the inequality

�n � mN � 1 < n

by the inequality

�kN � mN � kN;

where �kN and kN are respectively the minimum and maximum values of mN

which satisfy the inequalities. From these new inequalities, it is clear that there are
2k C 1 values of m satisfying them.

We now have the following form of the Dirac spectrum, which is still not quite
the definitive form.

� multiplicity˚
3
2

C kN C 2s j k 2 N; s 2 ˚0; 1; : : : ; N �2
2

�g .2k C 1/.kN C 2s C 2/˚ � 5
2

� k0N � 2s0 j k0 2 N; s0 2 f0; 1; : : : ; N �2
2

��
.2k0 C 1/.k0N C 2s0 C 2/˚ � 1

2
� mN j m 2 N

�
2mN

Table 5

The definitive form of the spectrum of the lens space LN equipped with the round
metric, with N even is obtained when one realizes that the first row of Table 5 already
completely describes the spectrum as soon as one lets the parameter k take values in
all of Z as opposed to just in N. To see that this is indeed the case, one absorbs the
third row into the second row by making the substitution m D k0 C 1. which affects
the multiplicity of the second row only in the case s D N �2

2
. Next, one shows that

when k is allowed to take values in all of Z, one combines the parts of the spectra
corresponding to s and s0, when s C s0 D N �4

2
if s and s0 are less than N �4

2
and when

s D s0 D N �2
2

otherwise. As a result we have the following corollary.

Corollary 5.1. If N is even, then the Dirac operator on the lens space LN equipped
with the round metric has the following spectrum:
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� multiplicity˚
3
2

C kN C 2s j k 2 Z; s 2 ˚0; 1; : : : ; N �2
2

��
.2k C 1/.kN C 2s C 2/

Table 6

N odd. The corresponding expression in the case N odd is only slightly more
complicated. Here, we need to divide our analysis according to whether n is even/odd,
and k is even/odd. We write

n D kN C j; j 2 f0; 1; 2; : : : ; N � 1g; k 2 N:

Suppose that n is odd. Then if k is even, one can see that there are k C 1 even values
of m satisfying the inequalities (4.2). If k is odd, then there are k such values of m.

If n is even, then when k is even there are k odd values of m satisfying the
inequalities, and if k is odd, there are k C 1 such values of m.

Therefore, we have the following expression for the Dirac spectrum in the round,
odd case.

If N is odd, then the Dirac operator on the lens space LN equipped with the round
metric has the following spectrum:

� multiplicity˚�5�4aN �4b
2

j a 2 N; b 2 ˚0; : : : N �3
2

��
.2a C 1/.2aN C 2b C 2/˚

3C4aN C4b
2

j a 2 N; b 2 ˚0; : : : N �3
2

��
.2a C 1/.2aN C 2b C 2/˚�3�.4aC2/N �4b

2
j a 2 N; b 2 ˚0; : : : N �1

2

��
.2a C 1/..2a C 1/N C 2b C 1/˚

1C.4aC2/N C4b
2

j a 2 N; b 2 ˚0; : : : N �1
2

��
.2a C 1/..2a C 1/N C 2b C 1/˚�3�4aN �4b

2
j a 2 N; b 2 ˚0; : : : N �1

2

��
2a.2aN C 2b C 1/˚

1C4aN C4b
2

j a 2 N; b 2 ˚0; : : : N �1
2

��
2a.2aN C 2b C 1/˚�5�.4aC2/N �4b

2
j a 2 N; b 2 ˚0; : : : N �3

2

��
.2a C 2/..2a C 1/N C 2b C 2/˚�5�.4aC2/N �4b

2
j a 2 N; b 2 ˚0; : : : N �3

2

��
.2a C 2/..2a C 1/N C 2b C 2/˚

3C.4aC2/N C4b
2

j a 2 N; b 2 ˚0; : : : N �3
2

��
.2a C 2/..2a C 1/N C 2b C 2/˚�1

2
� mN j m 2 Ng 2mN

Table 7

Just as in the even case, we can simplify the expression 7 by combining rows. The
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last row can be split into two parts and combined with the third and fifth rows, altering
the multiplicity in each case for b D N �1

2
. Then, the first and fourth rows, second

and third rows, fourth and eight rows, and fifth and sixth rows may be combined by
letting the parameter a run over all of Z instead of just N. The definitive form of the
spectrum in the odd case is given by the following corollary.

Corollary 5.2. If N is odd then the Dirac operator on the lens space LN equipped
with the round metric has the following spectrum:

� multiplicity˚
3C4aN C4b

2
j a 2 Z; b 2 ˚0; : : : N �3

2

��
.2a C 1/.2aN C 2b C 2/˚

1C.4aC2/N C4b
2

j a 2 Z; b 2 ˚0; : : : N �1
2

��
.2a C 1/..2a C 1/N C 2b C 1/˚

1C4aN C4b
2

j a 2 Z; b 2 ˚0; : : : N �1
2

��
2a.2aN C 2b C 1/˚

3C.4aC2/N C4b
2

j a 2 Z; b 2 ˚0; : : : N �3
2

��
.2a C 2/..2a C 1/N C 2b C 2/

Table 8

5.2. Computing the spectral action. First we consider the case where N is even.
For s 2 f0; 1; 2; : : : N �2

2
g, define

Ps.u/ D �3 C N � 4s � 4u C 2Nu � 8su C 4u2

2N
:

Then Ps.�/ equals the multiplicity of

� D 3=2 C kN C 2s:

Moreover, we have the following identity:

N �2
2X

sD0

Ps.u/ D �1

4
C u2: (5.1)

Now to compute the spectral action, we proceed as in [4], and use the Poisson
summation formula, except here we sum over N �2

2
arithmetic progressions instead

of just one.
The Poisson summation formula [5] is given byX

Z

h.k/ D X
Z

Oh.x/;

where our choice of the Fourier transform is

Oh.x/ D
Z

R
h.u/e�2�iuxdu:
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In each instance of a spectral action computation below, we encounter the situation
described by the following lemma:

Lemma 5.3. Let f 2 �.R/ be a Schwarz function, and let P.u/ D Pn
j D0 ckuj be

a polynomial. Define g.u/ D P.u/f .u=ƒ/, h.u/ D g.a C uM/, for real constants
a and M , then

X
Z

h.u/ D 1

M

nX
j D0

ƒj C1cj
Of .j /.0/ C O.ƒ�1/;

where Of .j / is the Fourier transform of vj f .v/.

Proof. We have

Oh.k/ D
Z

h.x/e�2�ixkdx

D
Z

g.a C xM/e�2�ixkdx

D 1

M
.e

2�ia
M /k

Z
g.v/e2�i vk

M dv

D 1

M
.e

2�ia
M /k Og.k=M/:

Since f 2 �.R/, so too are the functions Of .j / and so we have the estimate as ƒ

approaches plus infinity,

X
k¤0

j Oh.k/j D X
k¤0

1

M
j Og.k=M/j �

nX
j D0

�
jcj jƒj C1

X
k¤0

j Of .j /.kƒ=M/j
�

D O.ƒ�1/:

On the other hand,

Oh.0/ D 1

M
Og.0/ D 1

M

Z
P.v/f .

v

ƒ
/dv

D 1

M

nX
j D0

cj

Z
vj f .

v

ƒ
/dv

D 1

M

nX
j D0

ƒj C1cj
Of .j /.0/:

Now one applies Lemma 5.3 and the identity (5.1) to compute the spectral action
of the round lens spaces for N even:

Tr.f .D=ƒ// D
N �2

2X
sD0

X
k2Z

Ps.3
2

C kN C s/f ..3
2

C kN C s/=ƒ/

D 1

N
.ƒ3 Of .2/.0/ � 1

4
ƒ Of .0// C O.ƒ�1/:
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In the case where N is odd, the interpolating polynomials are collected in the
following table.

Pb.u/ D �3�4bC2N �4u�8buC4NuC4u2

4N
; b 2 ˚0; 1; : : : N �3

2

�
Qb.u/ D �1�4b�8buC4u2

4N
; b 2 ˚0; 1; : : : N �1

2

�
Rb.u/ D �1�4b�8buC4u2

4N
; b 2 ˚0; 1; : : : N �1

2

�
Sb.u/ D �3�4bC2N �4u�8buC4NuC4u2

4N
; b 2 ˚0; 1; : : : N �3

2

�
Table 9

We these polynomials in hand, we obtain the identity,

N �3
2X

j D0

Pj C
N �1

2X
j D0

Qj C
N �1

2X
j D0

Rj C
N �3

2X
j D0

Sj D �1

2
C 2u2: (5.2)

Then using Lemma 5.3 and equation (5.2) we see that

Tr.f .D=ƒ// D 1

2N

�
2ƒ3 Of .2/.0/ � 1

2
ƒ Of .0/

�
C O.ƒ�1/

D 1

N

�
ƒ3 Of .2/.0/ � 1

4
ƒ Of .0/

�
C O.ƒ�1/:

We have shown the following:

Theorem 5.4. For each N D 1; 2; 3; : : : the spectral action on the round lens space
LN , with the trivial spin structure is given by

Tr.f .D=ƒ// D 1

N

�
ƒ3 Of .2/.0/ � 1

4
ƒ Of .0/

�
C O.ƒ�1/:

6. Dirac spectra for dicyclic spaces with Berger metric

Here we consider the space forms S3=� , where � � SU.2/ is the binary dihedral
group, or dicyclic group, concretely generated by the elements B and C , with

B D
 

e
�i
N 0

0 e
��i

N

!
and C D

�
0 1

�1 0

�
:

First we consider the trivial spin structure corresponding to the inclusion � W � !
SU.2/. Therefore, a linear map f 2 HomC.Vn; †3/ is �-linear, if f in addition
satisfies the conditions

f B �n.B/ D �.B/ B f (6.1)
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and
f B �n.C / D �.C / B f: (6.2)

We once again use the notation of equation (4.1), whence the equations (6.1) and
(6.2) become the set of conditions

f1k D e
i�
N .2k�nC1/f1k; (6.3)

f2k D e
i�
N .2k�n�1/f2k; (6.4)

f1k D .�1/n�kC1f2.n�k/; (6.5)

f2k D .�1/n�kf1.n�k/: (6.6)

These conditions imply that for k 2 f0; 1; : : : ; ng, f1k D 0 unless 2k�nC1
2N

is an
integer and f2k D 0 unless 2k�n�1

2N
is an integer.

When performing our analysis for the dicyclic group of order 4N , we need to
break up our analysis into the cases N even, and N odd.

N even. Suppose that
2k � n C 1

2N
D m 2 Z:

Then

k D 2mN C n � 1

2
;

k is an integer precisely when n is odd. Therefore, we only need to consider the cases
n � 1; 3 mod 4.

First, if n � 1 mod 4, one deduces from conditions (6.3) that, for each integer m

with
� n � 2mN � 1 < �1; (6.7)

v1 D Ak C An�k

and

v2 D AkC1 C An�k�1

span an invariant two-dimensional subspace of D0
n. With respect to the ordered pair

.v1; v2/, D0
n has the familiar matrix expression (4.4), which gives the eigenvalues

1

T
˙
s

.1 C n/2 C 4m2N 2

�
1

T 2
� 1

�
; (6.8)

which are slightly different from those given in equation (4.5), the difference being
due to the fact that the relationship between k and m is slightly different. When
2mN � 1 D �1, i.e., when m D 0, then

k D 2mN C n � 1

2
D n � 1

2
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and Ak C An�k is an eigenvector with eigenvalue

� D 1

T
C n C 1:

Now suppose that n � 3 mod 4. This case is very similar to the case n � 1 mod
4. In this case, for each integer m such that (6.7) holds,

v1 D Bk � Bn�k and v2 D BkC1 � Bn�k�1

form an invariant two-dimensional subspace of D0
n. Once again, with respect to the

pair .v1; v2/, D0
n has the matrix expression (4.4). When

2mN � 1 D �1;

Bk � Bn�k is an eigenvector of D0
n with eigenvalue 1

T
� .n C 1/.

The only remaining case is when

n D 2mN � 1;

in which case k D n, and Bn � B0 is an eigenvector of eigenvalue �n
T

As in the lens space case, to determine the spectrum of the Dirac operator, we
simply shift the spectrum of D0

n by �T
2

� 1
T

and multiply the multiplicities by n C 1.
Therefore we see that if N is even, then the Dirac operator on the dicyclic space

S3=� equipped with the Berger metric corresponding to parameter T > 0, and the
trivial spin structure has the following spectrum:

� multiplicity˚ � T
2

˙
q

.1 C n/2 C 4m2N 2
�

1
T 2 � 1

� j
n 2 2NC1; m 2 Z; �n � 2mN �1 < �1

� n C 1

˚ � T
2

C n C 1 j n 2 N; n � 1.4/
�

n C 1˚ � T
2

� .n C 1/ j n 2 N; n � 3.4/
�

n C 1˚ � T
2

� 2mN
T

j m 2 N
�

2mN

Table 10

N odd. Now let us consider the case where N is odd. Unlike the case of lens spaces,
the expression for the spectrum is the same whether N is even or odd. As in the case
where N is even, k is an integer only when n is odd, which means that Hom�.Vn; †3/

is trivial unless n is odd. So suppose that n is odd. For every integer m such that (6.7)
holds either fAk CAn�k; AkC1 CAn�k�1g or fBk �Bn�k; BkC1 �Bn�k�1g span an
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invariant two-dimensional subspace for D0
n, when k is even or odd respectively. The

eigenvalues of each two-dimensional subspace are given once again by expression
(6.8). Exactly as in the case when N is even, for each n � 1.4/,

A n�1
2

C A nC1
2

is an eigenvector of eigenvalue 1
T

C n C 1, and for each n � 3.4/,

B n�1
2

� B nC1
2

is an eigenvector of eigenvalue 1
T

�.nC1/. For each m 2 N, Bn�B0 is an eigenvector
of eigenvalue 1

T
� nC1

T
. These eigenvectors form a basis of Hom�.Vn; †3/, and we

see that the spectrum has the same expression as when N is even.

Theorem 6.1. Let � be the dicyclic group of order 4N . The Dirac operator on the
dicyclic space S3=� equipped with the Berger metric corresponding to parameter
T > 0, and the trivial spin structure has the following spectrum:

� multiplicity˚ � T
2

˙
q

.1 C n/2 C 4m2N 2
�

1
T 2 � 1

� j
n 2 2N C 1; m 2 Z; �n � 2mN � 1 < �1

� n C 1

˚ � T
2

C n C 1 j n 2 N; n � 1.4/
�

n C 1˚ � T
2

� .n C 1/ j n 2 N; n � 3.4/
�

n C 1˚ � T
2

� 2mN
T

j m 2 N
�

2mN

Table 11

7. Spectral action of round dicyclic space

7.1. Round metric, T =1. Substituting T D 1 into Theorem 6.1, we obtain the
spectrum for dicyclic space equipped with the round metric.

Now we may write n 2 2N C 1 uniquely as

n D 2kN C 2s C 1; k 2 N; s 2 f0; 1; 2; : : : N � 1g:
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� multiplicity˚ � 3
2

� n j n 2 2N C 1; m 2 Z; �n � 2mN � 1 < �1
�

n C 1˚
1
2

C n j n 2 2N C 1; m 2 Z; �n � 2mN � 1 < �1
�

n C 1

f1
2

C n j n 2 N; n � 1.4/
�

n C 1˚ � 3
2

� n j n 2 N; n � 3.4/
�

n C 1˚ � 1
2

� 2mN j m D 1; 2; 3; : : :
�

2mN

Table 12

Then the inequality (6.7) becomes

�2kN � 2s � 1 � 2mN � 1 < �1;

�2kN � 2s � 2mN < 0;

�2kN � 2mN < 0;

�k � m < 0;

whence we see that there are k integer values of m satisfying the inequality. Therefore
we may rewrite the spectrum as follows:

� multiplicity˚
3
2

C 2kN C 2s j k 2 N; s 2 f0; 1; : : : ; N � 1g� .2kN C 2s C 2/k˚ � 5
2

� 2kN � 2s j k 2 N; s 2 f0; 1; : : : ; N � 1g� .2kN C 2s C 2/k˚
1
2

C n j n 2 N; n � 1.4/
�

n C 1˚ � 3
2

� n j n 2 N; n � 3.4/
�

n C 1˚ � 1
2

� 2mN j m D 1; 2; 3; : : :
�

2mN

Table 13

In order to find the definitive form of the spectrum, we must first analyze the rows
into commensurable parts. To do the analysis we need to consider the cases where
N is odd and N is even separately.

N even. In this case, the third and fourth rows of Table 13 may be decomposed into
N=2 parts and written as
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� multiplicity˚
3
2

C 2kN C 2s j k 2 N; s 2 f0; 1; : : : ; N � 1g; s eveng 2kN C 2s C 2˚ � 5
2

� 2kN � 2s j k 2 N; s 2 f0; 1; : : : ; N � 1g; s odd
�

2kN C 2s C 2

Table 14

The fifth row of Table 13 can be combined with the case of s D N � 1 in the
second row. Combining the rows together yields the following expression for the
spectrum in the even case.

� multiplicity

f3
2

C 2kN C 2s j k 2 N; s 2 f0; 2; : : : ; N � 2gg .2kN C 2s C 2/.k C 1/

f3
2

C 2kN C 2s j k 2 N; s 2 f1; 3; : : : ; N � 1gg .2kN C 2s C 2/k

f�5
2

� 2kN � 2s j k 2 N; s 2 f0; 2; : : : ; N � 2gg .2kN C 2s C 2/k

f�5
2

� 2kN � 2s j k 2 N; s 2 f1; 3; : : : ; N � 3gg .2kN C 2s C 2/.k C 1/

f�1
2

� 2kN � 2N j k 2 Ng .2kN C 2N /.k C 2/

Table 15

At this point it is easy to check that the first two rows of 15 describe the entire
spectrum if k takes values in all of Z, in which case the second row accounts for the
third row, and the first row accounts for the fourth and fifth rows. Writing s alternately
as 2t and 2t C 1, to get rid of the condition that s by either even or odd, we obtain
the following definitive form of the spectrum in the even case.

Corollary 7.1. If N is even then the Dirac operator on the dicyclic space SU.2/=� ,
where � is the dicyclic group of order 4N , N � 2, equipped with the round metric
and trivial spin structure has the following spectrum:

� multiplicity˚
3
2

C 2kN C 4t j k 2 Z; t 2 ˚0; 1; : : : ; N �2
2

��
.2kN C 4t C 2/.k C 1/˚

7
2

C 2kN C 4t j k 2 Z; t 2 ˚0; 1; : : : ; N �2
2

��
.2kN C 4t C 4/k

Table 16
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N odd. By writing k alternately as 2a, and 2a C 1, and also by writing s alternately
as 2t and 2t C 1, the first two rows of 13 may be written respectively as

� multiplicity˚
3C8aN C8t

2
j a 2 N; t 2 ˚0; : : : ; N �1

2

��
.4aN C 4t C 2/.2a/˚

7C8aN C8t
2

j a 2 N; t 2 ˚0; : : : ; N �3
2

��
.4aN C 4t C 4/.2a/˚

3C8aN C4N C8t
2

j a 2 N; t 2 ˚0; : : : ; N �1
2

��
.4aN C 2N C 4t C 2/.2a C 1/˚

7C8aN C4N C8t
2

j a 2 N; t 2 ˚0; : : : ; N �3
2

��
.4aN C 2N C 4t C 4/.2a C 1/˚�5�8aN �8t

2
j a 2 N; t 2 ˚0; : : : ; N �3

2

��
.4aN C 4t C 2/.2a/˚�1�8aN �4N

2
j a 2 N

�
4a.1 C 2a/N˚�9�8aN �8t

2
j a 2 N; t 2 ˚0; : : : ; N �3

2

��
.4aN C 4t C 4/.2a/˚�5�8aN �4N �8t

2
j a 2 N; t 2 ˚0; : : : ; N �3

2

��
.4aN C 2N C 4t C 2/.2a C 1/˚�1�8aN �8N

2
j a 2 N

�
4.1 C a/.1 C 2a/N˚�9�8aN �4N �8t

2
j a 2 N; t 2 ˚0; : : : ; N �3

2

��
.4aN C 2N C 4t C 4/.2a C 1/

Table 17

We have separated out the case t D N �1
2

from the fifth and eighth rows and given
them their own rows to make it clear how this case combines with the other rows.

Next we analyze the third and fourth rows of 13 each into N arithmetic progres-
sions, and then separate each set of progressions into two groups. Doing this we
obtain the following table:

� multiplicity˚
3C8aN C8t

2
j a 2 N; t 2 ˚0; : : : ; N �1

2

��
4aN C 4t C 2˚

7C8aN C4N C8t
2

j a 2 N; t 2 ˚0; : : : ; N �3
2

��
4aN C 2N C 4t C 4˚�9�8aN �8t

2
j a 2 N; t 2 ˚0; : : : ; N �3

2

��
4aN C 4t C 4˚�5�8aN �4N �8t

2
j a 2 N; t 2 ˚0; : : : ; N �3

2

��
4aN C 2N C 4t C 2˚�1�8aN �8N

2
j a 2 N

�
4aN C 4N

Table 18

Again, we separated out the case t D N �1
2

from the fourth row so that the rows
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combine simply.
The fifth row of Table 13 can be decomposed into two parts yielding

� multiplicity˚�1�8aN �4N
2

j a 2 N
�

4aN C 2N

vf�1�8aN �8N
2

j a 2 N
�

4aN C 4N

Table 19

At this point, the rows have been decomposed into commensurable parts. Rows
with the same value of � can be combined by summing the multiplicities together.
Once this is done, it is easy to check that rows coming from the positive spectrum
combine perfectly with rows coming from the negative spectrum just as in the case
of lens spaces. One checks this by making the variable substitutions a D �a0 � 1,
t C t 0 D N �3

2
(with the case t D t 0 D N �1

2
being a special case which is also easy

to check), and allowing the variable a to run through all of Z.
We now have the definitive form of the spectrum in the odd case.

Corollary 7.2. If N is odd then the Dirac operator on the dicyclic space SU.2/=� ,
where � is the dicyclic group of order 4N , N � 2, equipped with the round metric
and trivial spin structure has the following spectrum:

� multiplicity˚
3C8aN C8t

2
j a 2 Z; t 2 ˚0; : : : ; N �1

2

��
.4aN C 4t C 2/.2a C 1/

f7C8aN C8t
2

j a 2 Z; t 2 ˚0; : : : ; N �3
2

��
.4aN C 4t C 4/.2a/˚

3C8aN C4N C8t
2

j a 2 Z; t 2 ˚0; : : : ; N �1
2

��
.4aN C 2N C 4t C 2/.2a C 1/˚

7C8aN C4N C8t
2

j a 2 Z; t 2 ˚0; : : : ; N �3
2

��
.4aN C 2N C 4t C 4/.2a C 2/

Table 20

7.2. Computing the spectral action. To compute the spectral action, in the even
case, one observes that the two rows of Corollary 7.1 can respectively be interpolated
by the polynomials

Pt .u/ D 1

2
� 3

8N
� t

N
C u � u

2N
� 2tu

N
C u2

2N
;

Qt .u/ D �7

8N
� t

N
� 3u

2N
� 2tu

N
C u2

2N
:
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One has the identity

N �1
2X

tD0

Pt .u/ C Qt .u/ D �1

8
C u2

2
: (7.1)

In the odd case, the rows of Corollary 7.2 are interpolated respectively by the
polynomials

Pt .u/ D 1

2
� 3

8N
� t

N
C u � u

2N
� 2tu

N
C u2

2N
;

Qt .u/ D �7

8N
� t

N
� 3u

2N
� 2tu

N
C u2

2N
;

Rt .u/ D � 3

8N
� t

N
� u

2N
� 2tu

N
C u2

2N
;

St .u/ D 1

2
� 7

8N
� t

N
C u � 3u

2N
� 2tu

N
C u2

2N
:

We have the identity

N �1
2X

tD0

Pt .u/ C
N �3

2X
tD0

Qt .u/ C
N �1

2X
tD0

Rt .u/ C
N �3

2X
tD0

St .u/ D �1

4
C u2: (7.2)

Therefore using identities (7.1) and (7.2), and Lemma 5.3 we have:

Theorem 7.3. The spectral action for round dicyclic space with the trivial spin
structure is given for each N � 2 by

Tr.f .D=ƒ// D 1

4N

�
ƒ3 Of .2/.0/ � 1

4
ƒ Of .0/

�
C O.ƒ�1/:

8. Generating function method

When � is the binary tetrahedral, binary octahedral, or binary icosahedral group,
it becomes difficult to determine HomH .V� ; †n/, so we turn to another method to
compute the Dirac spectrum, which we presently review. The key results, taken from
[2], are presented here for convenience. A similar discussion was presented in [7].

In this case, we only consider the round metric on Sn. Let � be a finite fixed point
free subgroup of SO.n C 1/, acting as usual on Sn � RnC1. The spin structures of
Sn=� are in one-to-one correspondence with homomorphisms

	 W � ! Spin.n C 1/

which lift the inclusion

� W � ! SO.n C 1/
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with respect to the double cover

‚ W Spin.n C 1/ ! SO.n C 1/;

that is, homomorphisms 	 such that � D ‚ B 	.
Let M D Sn=� , equipped with spin structure 	. Note that we may assume that

n is odd, since when n is even, the only nontrivial possibility for M is RPn, which is
not a spin manifold. Let D be the Dirac operator on M . The Dirac spectrum of Sn

equipped with the round metric is the set

f˙.n=2 C k/ j k 2 Ng:
The spectrum of D is a subset of the spectrum of Sn,and the multiplicities of the
eigenvalues are in general smaller. Let m.a; D/ denote the multiplicity of a 2 R of
D. One defines formal power series FC.z/, F�.z/ according to

FC.z/ D
1X

kD0

m

�
n

2
C k; D

�
zk;

F�.z/ D
1X

kD0

m

�
�
�

n

2
C k; D

��
zk :

Using the fact that the multiplicities of D are majorized by the multiplicities of the
Dirac spectrum of Sn, one may show that these power series converge absolutely for
jzj < 1.

The complex spinor representation of Spin.2m/ decomposes into two irreducible
representations �C, ��, called the half-spin representations. Let 
˙ be the characters
of these two representations. The key result is the following.

Theorem 8.1 ([2], Theorem 2). With the notation as above, we have the identities

FC.z/ D 1

j�j
X
�2�


�.	.�// � z � 
C.	.�//

det.I2m � z � �/
;

F�.z/ D 1

j�j
X
�2�


C.	.�// � z � 
�.	.�//

det.I2m � z � �/
:

One may identify SU.2/ with the set of unit quaternions and choose f1; i; j; kg to
be an ordered basis of R4. Then via the action of � on SU.2/ by left multiplication
one may identify the unit quaternion

a C bi C cj C dk 2 �

with the matrix 0BB@
a �b �c �d

b a �d c

c d a �b

d �c b a

1CCA
in SO.4/.
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8.1. The double cover Spin.4/ ! SO.4/. The text in this section is reproduced
with slight modification from [7].

Let us recall some facts about the double cover Spin.4/ ! SO.4/. Let S3
L '

SU.2/ be left isoclinic rotations,0BB@
a �b �c �d

b a �d c

c d a �b

d �c b a

1CCA ;

where a2 C b2 C c2 C d 2 D 1. Similarly, let S3
R ' SU.2/ be the group of right

isoclinic rotations, 0BB@
p �q �r �s

q p s �r

r �s p q

s r �q p

1CCA ;

where
p2 C q2 C r2 C s2 D 1:

Then
Spin.4/ ' S3

L � S3
R;

and the double cover
‚ W Spin.4/ ! SO.4/

is given by
.A; B/ 7! A � B;

where A 2 S3
L and B 2 S3

R. The complex half-spin representation �C is just the
projection onto S3

L, where we identify S3
L with SU.2/ via0BB@

a �b �c �d

b a �d c

c d a �b

d �c b a

1CCA 7!
�

a � bi d C ci

�d C ci a C bi

�
:

The other complex half-spin representation �� is the projection onto S3
R, where we

identify S3
R with SU.2/ via0BB@

p �q �r �s

q p s �r

r �s p q

s r �q p

1CCA
t

7!
�

p � qi s C ri

�s C ri p C qi

�
:

In this paper, when � is the binary tetrahedral group, binary octahedral group, or
binary icosahedral group, we choose the spin structure corresponding to

	 W � ! Spin.4/; A 7! .A; I4/;
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and we call this the trivial spin structure. It is obvious that 	 lifts the identity map,
and hence that it corresponds to a spin structure.

9. Dirac spectrum of round binary tetrahedral coset space

Let 2T denote the binary tetrahedral group of order 24. Concretely, as a set of unit
quaternions, this group may be written as˚˙ 1; ˙i; ˙j; ˙k; 1

2
.˙1 ˙ i ˙ j ˙ k/

�
; (9.1)

where every possible combination of signs is used in the final term.
Theorem 2 of [2], provides formulae for generating functions whose Taylor co-

efficients about z D 0 give the multiplicities for the Dirac spectra of spherical space
forms. Using these formulae we obtain the following generating functions for the
Dirac spectra of S3=2T :

FC.z/ D �2.1 C z2 � z4 C z6 C 7z8 C 3z10/

.�1 C z2/3.1 C 2z2 C 2z4 C z6/2
;

F�.z/ D �2z5.3 C 7z2 C z4 � z6 C z8 C z10/

.�1 C z2/3.1 C 2z2 C 2z4 C z6/2
:

The k-th Taylor coefficient of F˙.z/ at z D 0 equals the multiplicity of the eigenvalue

� D ˙
�

3

2
C k

�

of the Dirac operator of the coset space S3=2T .
The Taylor coefficients of a rational function satisfy a recurrence relation. Using

this recurrence relation, one may show by induction that the multiplicity of

u D 3=2 C k C 12n; n 2 Z;

is given by Pk.u/, where Pk , k D 0; 1; 2; : : : ; 11, are the polynomials

Pk.u/ D 0 if k is odd;

P0.u/ D 7

16
C 11

12
u C 1

12
u2;

P2.u/ D � 7

48
� 3

12
u C 1

12
u2;

P4.u/ D �11

48
� 5

12
u C 1

12
u2;
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P6.u/ D 9

48
C 5

12
u C 1

12
u2;

P8.u/ D 5

48
C 1

4
u C 1

12
u2;

P10.u/ D �23

48
� 11

12
u C 1

12
u2:

Let

FC.z/ D
1X

kD0

akzk

be the series expansion for FC about z D 0. Clearly,

Pk.3=2 C k C 12n/ D akC12n

for each n if and only if

Pk.3=2 C k C 12.n C 1// � Pk.3=2 C k C 12n/ D akC12.nC1/ � akC12n

for each n and
Pk.3=2 C k C 12n/ D akC12n

for some n. Now let
PX

j Dm

bj zj ;
MX

j D0

cj zj

be the numerator and denominator respectively of the rational function FC.z/. Then
for each k, one has the recurrence relation

bk D
MX

j D0

ak�j cj :

In particular, for each k > P , we have

MX
j D0

ak�j cj D 0;

and hence also
MX

j D0

.akC12�j � ak�j /cj D 0:

We do not need to worry about the smaller values of k since we can simply check
those by hand. Therefore to verify that

Pk.3=2 C k C 12n/ D akC12n
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for each k and n, one simply checks that the values Pk.3=2 C k C 12n/ satisfy the
same recurrence relation as akC12n and checks that these two values are equal for
small values of n. The recurrence relation is given by

PŒk�.3=2 C k C 12.n C 1// � PŒk�.3=2 C k C 12n/

D �1

c0

MX
j D1

.PŒk�j �.3=2 C k C 12.n C 1/ � j / � PŒk�j �.3=2 C k C 12n � j //cj

for each k from 0 to 11, and this can be checked by direct evaluation of the polyno-
mials. Once one also verifies that the polynomials interpolate the spectrum for small
eigenvalues then by induction (twelve inductions in parallel) she has shown that the
polynomials interpolate the part of the spectrum in the positive reals. Here Œa� is the
integer from 0 to 11 to which a is equivalent modulo 12.

The polynomials Pk also interpolate that part of the spectrum in the negative reals.
To verify this, one checks a recurrence relation much like the above except derived
from F� instead of FC. Namely, if the numerator and denominator of F� are given
respectively by

PX
j Dm

bj zj ;
MX

j D0

cj zj :

Then the recurrence relation for the polynomials Pk that must be checked is

PŒk�0.�3=2 � k � 12.n C 1// � PŒk�0.�3=2 � k � 12n/

D �1

c0

MX
j D0

.PŒk�j �0.�3=2 � k C j

� 12.n C 1// � PŒk�j �0.�3=2 � k C j � 12n//cj ;

which again can be checked by direct evaluation. Here Œa�0 is the number between 0

and 11 such that Œa� C Œa�0 C 3 is a multiple of 12. This ensures that we have the set
equality

f�3=2 � k0 � 12n j n 2 Zg D f3=2 C k C 12n j n 2 Zg;
which is clearly the condition we need to have in order for the polynomials Pk to
interpolate the entire spectrum.

By this procedure we have:

Proposition 9.1. For the round binary tetrahedral spacewith the trivial spin structure
the spectrum of the canonical Dirac operator D is contained in the set f˙.3=2Ck/ j
k 2 Ng. The multiplicity of 3=2 C k C 12t , where k 2 f0; 1; : : : 11g and t 2 Z, is
equal to

Pk.3=2 C k C 12t/:
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Now observe that
11X

kD0

Pk.u/ D 1

2
.u2 � 1=4/:

Therefore by Lemma 5.3 we have computed the spectral action of the binary tetrahe-
dral coset space.

Theorem 9.2. The spectral action of the binary tetrahedral coset space is given by

1

24

�
ƒ3 Of .2/.0/ � 1

4
ƒ Of .0/

�
C O.ƒ�1/:

10. Dirac spectrum of round binary octahedral coset space

Let 2O be the binary octahedral group of order 48. Binary octahedral space is the
space SU.2/=2O. It consists of the 24 elements of the binary tetrahedral group, (9.1),
as well as the 24 elements obtained from

1p
2

.˙1 ˙ i C 0j C 0k/

by permuting the coordinates and taking all possible sign combinations.
The generating functions are

FC.z/ D �2.1 C z2 C z4 � z6 C 2z8 C 2z10 C 10z12 C 4z14 C 4z16/

.�1 C z2/3.1 C 2z2 C 3z4 C 3z6 C 2z8 C z10/2

and

F�.z/ D �2z7.4 C 4z2 C 10z4 C 2z6 C 2z8 � z10 C z12 C z14 C z16/

.�1 C z2/3.1 C 2z2 C 3z4 C 3z6 C 2z8 C z10/2
:

We define polynomials Pk.u/, k D 0; 1; 2; : : : ; 23, where

Pk.u/ D 0 if k is odd;

P0.u/ D 15

32
C 23

24
u C 1

24
u2;

P2.u/ D � 7

96
� 1

8
u C 1

24
u2;

P4.u/ D �11

96
� 5

24
u C 1

24
u2;

P6.u/ D � 5

32
� 7

24
u C 1

24
u2;

P8.u/ D 29

96
C 5

8
u C 1

24
u2;

P10.u/ D �23

96
� 11

24
u C 1

24
u2;
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P12.u/ D 7

32
C 11

24
u C 1

24
u2;

P14.u/ D �31

96
� 5

8
u C 1

24
u2;

P16.u/ D 13

96
C 7

24
u C 1

24
u2;

P18.u/ D 3

32
C 5

24
u C 1

24
u2;

P20.u/ D 5

96
C 1

8
u C 1

24
u2;

P22.u/ D �47

96
� 23

24
u C 1

24
u2:

One uses the procedure of Section 9 to show the following.

Proposition 10.1. For the round binary octahedral space with the trivial spin struc-
ture the spectrum of the canonical Dirac operator D is contained in the set f˙.3=2C
k/ j k 2 Ng. The multiplicity of 3=2 C k C 12t , where k 2 f0; 1; : : : 11g and t 2 Z,
is equal to

Pk.3=2 C k C 24t/:

The sum of the polynomials is

23X
kD0

Pk.u/ D 1

2
.u2 � 1=4/:

By Lemma 5.3, we have the following.

Theorem 10.2. The spectral action of the binary octahedral coset space is given by

1

48

�
ƒ3 Of .2/.0/ � 1

4
ƒ Of .0/

�
C O.ƒ�1/:

11. Dirac spectrum of round Poincaré homology sphere

When � is the binary icosahedral group the space SU.2/=� is known as the Poincaré
homology sphere.

This case was discussed in [7]. Unfortunately, the expressions for the generating
functions FC.z/, F�.z/ and the interpolating polynomials Pk in [7] are incorrect.
They are necessarily incorrect because they imply that the spectrum of the Poincaré
homology sphere is not a subset of the spectrum of binary tetrahedral space, which
is a contradiction, since the binary tetrahedral group is a subgroup of the binary
icosahedral group. However, the expression for the spectral action in [7] is correct,
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which was the only thing that was used in the rest of [7], and so the rest of the paper
is unaffected. The correct expressions are found below.

Let S D SU.2/=� be the Poincaré homology sphere, with the spin structure 	

described here above. The generating functions for the spectral multiplicities of the
Dirac operator are

FC.z/

D �2.1 C 3z2 C 4z4 C 2z6 � 2z8 � 6z10 � 2z12 C 12z14 C 24z16 C 18z18 C 6z20/

.�1 C z2/3.1 C 2z2 C 2z4 C z6/2.1 C z2 C z4 C z6 C z8/2

(11.1)
and

F�.z/

D �2z11.6 C 18z2 C 24z4 C 12z6 � 2z8 � 6z10 � 2z12 C 2z14 C 4z16 C 3z18 C z20/

.�1 C z2/3.1 C 2z2 C 2z4 C z6/2.1 C z2 C z4 C z6 C z8/2

(11.2)
In order to compute the spectral action, we proceed as in the previous cases by

finding interpolating polynomials. Using the procedure of Section 9 we obtain the
following result.

Proposition 11.1. There are polynomials Pk.u/, for k D 0; : : : ; 59, so that Pk.3=2C
k C 60j / D m.3=2 C k C 60j; D/ for all j 2 Z. The Pk.u/ are given as follows:

Pk D 0 whenever k is odd;

P0.u/ D 39

80
C 59

60
u C 1

60
u2;

P2.u/ D � 7

240
� 1

20
u C 1

60
u2;

P4.u/ D � 11

240
� 1

12
u C 1

60
u2;

P6.u/ D � 1

16
� 7

60
u C 1

60
u2;

P8.u/ D � 19

240
� 3

20
u C 1

60
u2;

P10.u/ D � 23

240
� 11

60
u C 1

60
u2;

P12.u/ D 31

80
C 47

60
u C 1

60
u2;

P14.u/ D � 31

240
� 1

4
u C 1

60
u2;

P16.u/ D � 7

48
� 17

60
u C 1

60
u2;

P18.u/ D �13

80
� 19

60
u C 1

60
u2;
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P20.u/ D 77

240
C 13

20
u C 1

60
u2;

P22.u/ D � 47

240
� 23

60
u C 1

60
u2;

P24.u/ D 23

80
C 7

12
u C 1

60
u2;

P26.u/ D �11

48
� 9

20
u C 1

60
u2;

P28.u/ D � 59

240
� 29

60
u C 1

60
u2;

P30.u/ D 19

80
C 29

60
u C 1

60
u2;

P32.u/ D 53

240
C 9

20
u C 1

60
u2;

P34.u/ D � 71

240
� 7

12
u C 1

60
u2;

P36.u/ D 3

16
C 23

60
u C 1

60
u2;

P38.u/ D � 79

240
� 13

20
u C 1

60
u2;

P40.u/ D � 37

240
C 19

60
u C 1

60
u2;

P42.u/ D 11

80
C 17

60
u C 1

60
u2;

P44.u/ D 29

240
C 1

4
u C 1

60
u2;

P46.u/ D �19

48
� 47

60
u C 1

60
u2;

P48.u/ D 7

80
C 11

60
u C 1

60
u2;

P50.u/ D 17

240
C 3

20
u C 1

60
u2;

P52.u/ D 13

240
C 7

60
u C 1

60
u2;

P54.u/ D 3

80
C 1

12
u C 1

60
u2;

P56.u/ D 1

48
C 1

20
u C 1

60
u2;

P58.u/ D �119

240
� 59

60
u C 1

60
u2:
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Proof. These are computed directly from the Taylor coefficients of the generating
functions of the spectral multiplicities (11.1) and (11.2).

Notice that
59X

j D0

Pj .u/ D 1

2
u2 � 1

8
:

Once again, using Lemma 5.3 we obtain the non-perturbative spectral action for the
Poincaré homology sphere.

Theorem 11.2. Let D be the Dirac operator on the Poincaré homology sphere S D
S3=� , with the trivial spin structure and round metric. Then the spectral action is
given by

Tr.f .D=ƒ// D 1

120

�
ƒ3bf .2/.0/ � 1

4
ƒbf .0/

�
C O.ƒ�1/:
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