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1. Introduction and Preliminaries

Let K be an arbitrary field. A quadratic algebra is a quotient of a free noncommutative
algebra K (x1, ..., x,) inn variables by an ideal / generated by elements of degree 2.
The usual commutative polynomial ring is such an example, with I generated by
xix; — x;x;. Quadratic algebras are important in many places in mathematics, and
one relevant class of such objects consists of Koszul algebras and Koszul duals of
quadratic algebras. More generally, one can consider quotients K (x1,...,x,)/I for
ideals I generated by homogeneous elements. Several algebras occur in this way
in topology, noncommutative geometry, representation theory, or theoretical physics
(see the examples and references in [7]). Such are the cubic Artin—Schreier regular
algebras C(x, y)/(ay®x + byxy + axy? + cx3,ax?y + bxyx + ayx? + xy3)
in noncommutative projective algebraic geometry (see [3]), the skew-symmetrizer
killing algebras C(xy, ..., xn)/(dezp $gn(0)Xiy ) - - - Xig,,) (the ideal we factor
out has (Z) generators, each one corresponding to some fixed 1 < iy < --- < i, <
n) for a fixed 2 < p < n, in representation theory (see [6]), or the Yang—Mills
algebras C(Vo. ..., Va)/(X; 0 €4 [Va[Vi, Vul]) (with (¢*+#)), , an invertible
symmetric real matrix, and the ideal we factor out has n 4 1 generators,as0 < v < n)
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in theoretical physics (see [14]), to name a few. More generally, one could start with
a quiver I', and define path algebras with relations by taking quotients of the path
algebra K[I'] by an ideal (usually) generated by homogeneous elements, which are
obtained as linear combinations of paths of the same length. Note that the examples
above are of this type: the free algebra with n elements can be thought as the path
algebra of the quiver I" with one vertex 1 (which becomes the unit in the algebra) and
1 arrows Xxi, ..., X, starting and ending at 1; the relations are then given by linear
combinations of paths of the same length. This approach, for example, allows the
generalization of N-Koszulity to quiver algebras with relations, see [17].

We aim to study a general situation which is dual to the ones above, but is also
directly connected to it. If I" is a quiver, the path algebra K [I"] of T plays an important
role in the representation theory of I'. The underlying vector space of the path algebra
also has a coalgebra structure, which we denote by K" and call the path coalgebra
of I'. One motivation for replacing path algebras by path coalgebras is the following:
given an algebra A, and its category of finite dimensional representations, one is
often led to considering the category Ind(A) generated by all these finite dimensional
representations (direct limits of finite dimensional representations). Ind(A) is well
understood as the category of comodules over the finite dual coalgebra A° of 4 (also
called the algebra of representative functions on A), and it cannot be regarded as a full
category of modules over aring unless A is finite dimensional. Such situations extend
beyond the realm of pure algebra, encompassing representations of compact groups,
affine algebraic groups or group schemes, differential affine groups, Lie algebras and
Lie groups, infinite tensor categories, etc.

Another reason why the study of path coalgebras is interesting is that any pointed
coalgebra embeds into the path coalgebra of the associated Gabriel quiver, see [24],
[12]. On the other hand, if X is a locally finite partially ordered set, the incidence
coalgebra KX provides a good framework for interpreting several combinatorial
problems in terms of coalgebras, as explained by Joni and Rota in [22]. There are
several features common to path coalgebras and incidence coalgebras. They are
both pointed, the group-like elements recover the vertices of the quiver, respectively
the points of the ordered set, the injective envelopes of the simple comodules have
similar descriptions, etc. Moreover, as we show later in Section 5, Proposition 5.1,
any incidence coalgebra embeds in a path coalgebra, and in many situations it has a
basis where each element is a sum of paths of the same length. We note that this is
precisely the dual situation to that considered above: for algebras one considers a path
algebra with homogeneous relations, that is, K[I'] factored out by an ideal generated
by homogeneous elements, i.e., sums of paths of the same length with coefficients.
For a coalgebra one considers subcoalgebras of the path coalgebra of I" such that the
coalgebra has a basis consisting of linear combinations of paths of the same length
(“homogeneous” elements; more generally, a coalgebra generated by such elements).

In this paper we study Frobenius type properties for path coalgebras, incidence
coalgebras and certain subcoalgebras of them. Recall that a coalgebra C is called
left co-Frobenius if C embeds in C* as a left C*-module. Also, C is called left
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quasi-co-Frobenius if C embeds in a free module as a left C *-module. The (quasi)-
co-Frobenius properties are interesting for at least three reasons. Firstly, coalgebras
with such properties have rich representation theories. Secondly, for a Hopf algebra
H ,itis true that H is left quasi-co-Frobenius if and only if H is left co-Frobenius, and
this is also equivalent to H having non-zero left (or right) integrals. Co-Frobenius
Hopf algebras are important since they generalize the algebra of representative func-
tions R(G) on a compact group G, which is a Hopf algebra whose integral is the left
Haar integral of G. Moreover, more recent generalizations of these have been made
to compact and locally compact quantum groups (whose representation categories
are not necessarily semisimple). Thus co-Frobenius coalgebras may be the underly-
ing coalgebras for interesting quantum groups with non-zero integrals. Thirdly, by
keeping in mind the duality with Frobenius algebras in the finite dimensional case,
co-Frobenius coalgebras have connections to topological quantum field theory.

We propose an approach leading to similar results for path coalgebras and inci-
dence coalgebras, and which also points out the similarities between these as men-
tioned above. It will follow from our results that a path coalgebra (or an incidence
coalgebra) is left (quasi)-co-Frobenius if and only if the quiver consists only of iso-
lated points, i.e., the quiver does not have arrows (respectively the order relation is
the equality). Thus the left co-Frobenius coalgebras arising from path coalgebras or
incidence coalgebras are just group-like coalgebras. In order to discover more inter-
esting left co-Frobenius coalgebras, we focus our attention to classes of coalgebras
larger than just path coalgebras and incidence coalgebras. On one hand we consider
subcoalgebras of path coalgebras which have a linear basis consisting of paths. We
call these path subcoalgebras. On the other hand, we look at subcoalgebras of inci-
dence coalgebras; any such coalgebra has a basis consisting of segments. In Section 2
we apply a classical approach to the (quasi)-co-Frobenius property. It is known that
a coalgebra C is left co-Frobenius if and only if there exists a left non-degenerate
C*-balanced bilinear form on C. Also, C is left quasi-co-Frobenius if and only if
there exists a family (8;);e; of C *-balanced bilinear forms on C such that for any
non-zero x € C thereisi € I with B;(x,C) # 0. We describe the balanced bilin-
ear forms on path subcoalgebras and subcoalgebras of incidence coalgebras. Such a
description was given in [16] for the full incidence coalgebra, and in [5] for certain
matrix-like coalgebras. In Section 3 we use this description and an approach using
the injective envelopes of the simple comodules to show that a coalgebra lying in one
of the two classes is left quasi-co-Frobenius if and only if it is left co-Frobenius, and
to give several equivalent conditions including combinatorial ones (just in terms of
paths of the quiver, or segments of the ordered set).

In Section 4 we classify all possible left co-Frobenius path subcoalgebras. We
construct some classes of left co-Frobenius coalgebras K[Aoo, 7] and K[A¢ o0, 7]
starting from the infinite line quiver A, and a class of left co-Frobenius coalgebras
K[C,, s] starting from cyclic quiver C,. Our result says that any left co-Frobenius
path subcoalgebra is isomorphic to a direct sum of coalgebras of types K[Ao, 7],
K[Ao,00, 7], K[Cy, s] or K, with special quivers Ao, Ag,00, Cn and r, s being certain
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general types of functions on these quivers. For subcoalgebras of incidence coalgebras
we do not have a complete classification in the left co-Frobenius case. We show in
Section 5 that more complicated examples than the ones in the path subcoalgebra
case can occur for subcoalgebras of incidence coalgebras, and a much larger class of
such coalgebras is to be expected. Also, we give several examples of co-Frobenius
subcoalgebras of path coalgebras, which are not path subcoalgebras, and moreover,
examples of pointed co-Frobenius coalgebras which are not isomorphic to any one of
the above mentioned classes. In Section 6 we discuss the possibility of defining Hopf
algebra structures on the path subcoalgebras that are left and right co-Frobenius,
classified in Section 4. The main reason for asking this question is the interest in
constructing quantum groups with non-zero integrals, whose underlying coalgebras
are path subcoalgebras. We answer completely this question in the case where K
contains primitive roots of unity of any positive order. Thus we determine all possible
co-Frobenius path subcoalgebras admitting a Hopf algebra structure. Moreover, we
describe up to an isomorphism all such Hopf algebra structures. It turns out that
they are liftings of quantum lines over certain not necessarily abelian groups. In
particular, this also answers the question of finding the Hopf algebra structures on
finite dimensional path subcoalgebras and on quotients of finite dimensional path
algebras by ideals spanned by paths. Our results contain, as particular cases, some
results of [10], where finite quivers I" and finite dimensional path subcoalgebras C
of KT are considered, such that C contains all vertices and arrows of I'. The co-
Frobenius coalgebras of this type are determined, and all Hopf algebra structures on
them are described in [10]. These results follow from our more general Theorem 4.6
and Theorem 6.4. We note that Hopf algebra structures on incidence coalgebras have
been of great interest for combinatorics, see for example [25], [1]. We also note that
the classification of path coalgebras that admit a graded Hopf algebra structure was
done in [13], see also [18] for a different point of view on Hopf algebra structures
on path algebras. In particular, some of the examples in the classification have deep
connections with homological algebra: the monoidal category of chain s-complexes
of vector spaces over K is monoidal equivalent to the category of comodules of
K[Ax|s], a subclass of the Hopf algebras classified here ([21], [8]).

We also note that the unifying approach we propose here seems to suggest that
in general for pointed coalgebras interesting methods and results could be obtained
provided one can find some suitable bases with properties resembling those of paths
in quiver algebras or segments in incidence coalgebras.

Throughout the paper I' = (I'g, I'y) will be a quiver. I'y is the set of vertices,
and I'; is the set of arrows of I'. If a is an arrow from the vertex u to the vertex
v, we denote s(a) = u and t(a) = v. A path in T is a finite sequence of arrows
p = aidz...a,, where n > 1, such that t(a;) = s(a;j4+1) forany 1 <i <n—1.
We will write s(p) = s(ay) and t(p) = t(a,). Also the length of such a p is
length(p) = n. Vertices v in I'g are also considered as paths of length zero, and
we write s(v) = t(v) = v. If ¢ and p are two paths such that t(g) = s(p), we
consider the path gp by taking the arrows of g followed by the arrows of p. We
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denote by KT the path coalgebra, which is the vector space with a basis consisting
of all paths in T", and comultiplication A defined by A(p) = Y_ qr=p 4 ® r for any
path p, and counit € defined by €(v) = 1 for any vertex v, and €(p) = 0 for any
path of positive length. In particular, the arrows x between two vertices v and w,
i.e., s(x) = v, t(x) = w, are the nontrivial elements of Py, ,, the space of (w, v)-
skew-primitive elements: A(x) = v ® x + x ® w. When we use Sweedler’s sigma
notation A(p) = ) p1 ® p, for a path p, we always take representations of the sum
such that all p;’s and p,’s are paths.

We also consider partially ordered sets (X, <) which are locally finite, i.e., the
interval [x, y] = {z | x <z < y}isfinite forany x < y. The incidence K-coalgebra
of X, denoted by KX, is the K-vector space with basis {ex , | x,y € X, x < y},
and comultiplication A and counit € defined by

Alexy) = Y exz®ezy, €(exy) =68xy.
x<z<y
for any x,y € X with x < y, where by J,,, we denote Kronecker’s delta. The
elements ey , are called segments. Again, when we use Sweedler’s sigma notation
A(p) =Y p1® p» for asegment p, we always take representations of the sum such
that all p;’s and p,’s are segments. Recall that the length of a segment ey, is the
maximum length n of achainx = zo < z; <.+ <z, = y.

For basic terminology and notation about coalgebras and Hopf algebras we refer

to [15] and [23].

2. Balanced bilinear forms for path subcoalgebras and for subcoalgebras of
incidence coalgebras

In the rest of the paper we will be interested in two classes of coalgebras more general
than path coalgebras and incidence coalgebras. Thus we will study:

* Subcoalgebras of the path coalgebra KT' having a basis B consisting of paths
in I". Such a coalgebra will be called a path subcoalgebra. Note that if p € B,
then any subpath of p, in particular any vertex involved in p, lies in 8.

» Subcoalgebras of the incidence coalgebra K X. By [16], Proposition 1.1, any
such subcoalgebra has a basis 8 consisting of segments ey ,, and moreover, if
ex,y €Bandx <a <b <y, thene,) € B.

It is clear that for a coalgebra C of one of these two types, the distinguished basis
B consists of all paths (or segments) which are elements of C. Let C be a coalgebra
of one of these two types, with basis B as above. When we use Sweedler’s sigma
notation A(p) = > p1 ® p, for p € B, we always consider representations of the
sum such that all p;’s and p,’s are in B.

A bilinear form 8: C x C — K is C*-balanced if

Y B(p2.q)p1 = Y_B(p.q1)q2 forany p.q € B. (1)



742 S. Discilescu, M. C. Iovanov, and C. Nistidsescu

It is clear that (1) is equivalent to the fact that for any p,g € B, the following three
conditions hold:

B(p2,q) = B(p,q1) for those of the p,’s and the g1’s such that p; = g2,  (2)
B(p2,q) = 0 for those p,’s for which p; is not equal to any g2, 3)
B(p.q1) = 0 for those ¢;’s for which ¢, is not equal to any p;. 4

In the following two sections we discuss separately path subcoalgebras and sub-
coalgebras of incidence coalgebras.

2.1. Path subcoalgebras. In this section we consider the case where C is a path
subcoalgebra. We note that if I" is acyclic, then for any paths p and ¢ there is at most
a pair (p1, ¢2) (in (1)) such that p; = ¢».

Denote by F the set of all paths d satisfying the following three properties:

e d =qgpforsomeq, p € B.

* For any representationd = gp withq, p € 8,andany arrowa € I',ifap € 8
then ¢ must end with a.

* For any representation d = gp withq, p € B, andany arrowb € I'1,ifgb € B
then p starts with b.

Now we are able to describe all balanced bilinear forms on C.

Theorem 2.1. A bilinear form B: C x C — K is C*-balanced if and only if there
is a family of scalars (ag)ge such that, for any p,q € 8B,

ag ifs(p)=t(q)andqp =d € ¥,
B(p.q) = .

0  otherwise.
In particular the set of all C*-balanced bilinear forms on C is in bijective corre-
spondence to K 7,

Proof. Assume that 8 is C *-balanced. If p,q € B andz(q) # s(p),then B(p,q)s(p)
appears in the left-hand side of (1), but s(p) does not show up in the right-hand side,
so B(p,q) = 0. Let P be the set of all paths in I" for which there are p, g € 8 such
thatd = gp. Letd € P andletd = gp = q'p’, p,q, p’,q € B be two different
decompositions of d, and say that, for example, length(p’) < length(p). Then there
is a path r such that p = rp’ and ¢’ = gr, and clearly r € B since it is a subpath of
q" € B. Use (2) for p and ¢’, for which there is an equality p; = ¢5 = r (and the
corresponding p, = p’ and ¢} = ¢), and find that B(p’.q") = B(p,q). Therefore,
for any d € & (not necessarily in 8) and any p, g € 8B such that d = gp, the scalar
B(p, q) depends only on d. This shows that there is a family of scalars («z)sc» such
that B(p,q) = a4 forany p,q € B withgp = d.
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Let d € & such that d = gp for some p,q € B, and there is an arrow a € I’y
with ap € B, but g does not end with a. That is, ¢ is not of the form ¢ = ra for
some path r € B. We use (3) for the paths ap € B and ¢ € B, more precisely, for
the term (ap); = a, which cannot be equal to any of the g,’s (otherwise ¢ would end
with @), and we see that 8(p,q) = 0,i.e., gz = 0.

Similarly, if d € #,d = gp with p,q € B and thereis b € '} withgb € B and
p not of the form br for some path r (i.e., p does not start with ), then we use (4) for
p and gb, and (¢b), = b, and we find that 8(p,q) = 0, i.e., g = 0. In conclusion,
oy may be non-zero only ford € .

Conversely, assume that 8 is of the form indicated in the statement. We show
that (2), (3) and (4) are satisfied. Let p,q € B be such that p; = g, = r for
some p; and ¢, (from the comultiplication ) p; ® p, of p and, respectively, the
comultiplication Y _ g1 ® g2 of ¢). Then p = rp’ and ¢ = ¢'r for some p’,q" € B.
Letd = ¢'rp’. If d € ¥, then B(p’,q) = B(p.q") = oy, while if d ¢ F we have
B(p',q) = B(p,q’) = 0 by definition. Thus (2) holds. Now let p,q € B and fix
some p, (from the comultiplication ) | p; ® p, of p) such that the corresponding p;
is not equal to any ¢». If s(p2) # t(q), then clearly B(p2,q1) = 0 by the definition
of B. If s(p2) = t(q),thend = gp, ¢ ¥ . Indeed, let r be a maximal path such that
p1 = er for some path e and ¢ ends with r, say ¢ = ¢’r. Note that e has length at
least 1, since p; is not equal to any of the g,’s. Then the terminal arrow of e cannot
be the terminal arrow of ¢’, and this shows that d = p,q = (par)q’ ¢ F. Then
B(p2,q) = 0 and (3) is satisfied. Similarly, (4) is satisfied. O

2.2. Subcoalgebras of incidence coalgebras. In this section we assume that C
is a subcoalgebra of the incidence coalgebra KX. Let D be the set of all pairs
(x, y) of elements in X such that x < y and there exists x’ with x < x’ < y and
exx'.ex,y € B. Fix (x,y) € D. Let

Ux,y ={u|x=<u<=<yand Cx,us€uy € B}

and define the relation ~ on Uy, by u ~ v if and only if there exist a positive integer
n,and ug = u,uy,...,u, = vand zy,...,z, in Uy y, such that z; < u;_; and
zi <u;forany 1 <i < n. Itis easy to see that ~ is an equivalence relation on Uy ,.
Let Uy, /~ be the associated set of equivalence classes, and denote by (Uy,,/~)o
the set of all equivalence classes € satisfying the following two conditions:

e Ifue® ve Xsatisfiesv <wuande,,, € B, then x <v.

e Ifue® ve Xsatisfiesu <vandey, € B,thenv < y.

Now we can describe the balanced bilinear forms on C.

Theorem 2.2. A bilinear form B: C x C — K is C*-balanced if and only if there
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is a family of scalars (@e)eel |, ,yec.pUs.,/sim)o SUch that, for any ey . ex ; € B,

ae Iif (x,y) €D, z =t € Uy, and the class €
,B(et,yv exz) = of z in Ux,y/"' is in (Ux,y/’”)o,
0 otherwise.

In particular the set of all C*-balanced bilinear forms on C is in bijective corre-
spondence to KU »eoWx.y/~o,

Proof. Assume that 8 is C*-balanced. Fix some x < y such that Uy, # @. We
first note thatif x <z <¢ < y and z,¢ € Uy,y, then by applying (2) for p = e, ,,
q = ex; and p; = g2 = e;,, we find that B(e;,,.ex;) = P(ez,y,ex,z). Now
let u,v € Uy, such that u ~ v. Let up = u,uy,...,up, = v and zy,...,2,
in Uy y such that z; < u;_y and z; < u; forany 1 < i < n. By the above
Blew,_;,y-exu;_;) = Bleu,;,y,exu;) = Blez y,ex,;) for any i, and this implies
that B(ey,y.exu) = Plev,y.ex,p). This shows that B(ey,,.ex ) takes the same
value for any u in the same equivalence class in Uy, /~.

Now assume that for some u € Uy thereis v € X such thatv < u, x £ v and
ey,y € B. Use (3)for p = ey,y,q = exy and p; = e, . Note that p; # g5 for any
q2. We get B(ew,y, exu) = 0.

Similarly, if u € Uy, and thereis v € X such thatu <v,v £ y andex, € 8B,
then using (4) for p = ey,y,q = ex,, and g = ey, we find that B(ey,,, ex ) = 0.
We have thus showed that 8 has the desired form.

Conversely, assume that 8 has the indicated form. We show that it satisfies
(2), 3) and (4). Let p,q € B such that p; = ¢, for some p; and ¢». Then
p=¢e;y.9g=ex;and p; =g, =e;;forsomex <z <t <y. Clearly t ~ z,
and let € be the equivalence class of ¢ in Uy, /~. Then B(p2.q) = B(es,y.ex,) and
B(p.q1) = B(ez,y, ex,z), and they are both equal to ae if € € (Ux, y/~)o, and to 0
if € ¢ (Uy,y/~)o. Thus (2) is satisfied.

Letnow p = e; . p1 = €z, p2 = €;,, and ¢ = ey, such that p; # g, for
any g»>. Then B(p2,q) = B(es,y.exu). If u # t, thisis clearly 0. Let u = ¢. Then
x % z, otherwise p; = ¢, for some g>. We have ¢ € Uy ,, but the equivalence class
of t in Uy, /~isnotin (Uy,,/~)o, sincee; , € B,z < t,but x £ z. It follows that
B(p2,q) = 0, and (3) holds. Similarly we can show that (4) holds. O

3. Left quasi-co-Frobenius path subcoalgebras and subcoalgebras of incidence
coalgebras

In this section we investigate when a path subcoalgebra of a path coalgebra or a
subcoalgebra of an incidence coalgebra is left co-Frobenius. We keep the notation of
Section 2. Thus C will be either a path subcoalgebra of a path coalgebra KT', or a
subcoalgebra of an incidence coalgebra K X . The distinguished basis of C consisting
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of paths or segments will be denoted by 8. We note that in each of the two cases
B N C, is a basis of C,, where Co € C; C --- is the coradical filtration of C.
The injective envelopes of the simple left (right) comodules were described in [26],
Lemma 5.1, for incidence coalgebras and in [11], Corollary 6.3, for path coalgebras.
It is easy to see that these descriptions extend to the following.

Proposition 3.1. (i) If C is a path subcoalgebra, then for each vertex v of T such
that v € C, the injective envelope of the left (right) C -comodule Kv is (the K -span)
Ei(Kv)y=(peB|t(p)=v)(and E,(Kv) = (p € B | s(p) = v) respectively).

(i1) If C is a subcoalgebra of the incidence coalgebra K X, then for any a € X
suchthat e, 4 € C the injective envelope of the left (right) C-comodule Ke, 4 is (the
K-span) Ej(Kegq) = (exa | X € X, exq € C) (and Er(Keg,q) = (eax | X €
X, eqx €C)).

The following shows that we have a good left-right duality for comodules gener-
ated by elements of the basis B.

Lemma 3.2. (i) Let C be a subcoalgebra of the incidence coalgebra KX, and let
eap € C. Then (C*eyp)* = €4, C* as right C*-modules (or left C-comodules).

(1) Let C be a path subcoalgebra of KT, and let p be a path in C. Then
(C*p)* =~ pC* as right C*-modules (or left C-comodules).

Proof. (i) Clearly the set of all segments e, x witha < x < b is a basis of C*e, p.
Denote by e, , the corresponding elements of the dual basis of (C*e, 5)*. Since for
c*eC*anda < x,y < b we have

0 ifx £y,
(eZ,xC*)(ea,y) = X C*(ez,y)e;(,x(ea,z) =9 « .
a<z<y c*(ex,y) ifx =<y,
we get
eaxCt = ) c*lexyle . (5)
x<y=<b

On the other hand e, ;, C* has a basis consisting of all segments e, » witha < x < b,
and
ex,bC* = Z C*(ex,y)ey,b- (6)
x<y<b
Equations (5) and (6) show that the linear map ¢: (C*e, 5)* — e, C* defined by
¢(es ) = ex.p, is an isomorphism of right C*-modules.

(ii)Let p =ay...ap and v = s(p). Denote p; = a;...a; forany 1 <i <n,
and pg = v. Then {po, p1,..., pa} is a basis of C*p, and let (p/)o<i<n be the
dual basis of (C*p)*. Forany 0 <t < j < n denote by p; ; the path such that
Pj = PtPr,j- Then a simple computation shows that pfc* = > ;. , c*(pi,j)pj
for any i and any ¢* € C*.
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On the other hand, {p; , | 0 < i < n}is abasis of pC*, and it is easy to see
that p; ,c* =Y, ., ., ¢*(Pi,;) Pr.n for any i and any ¢* € C*. Then the linear map
¢: (C*p)* — pC* defined by ¢(p/) = pin forany 0 < i < n is an isomorphism
of right C*-modules. O

For a path subcoalgebra C let us denote by R(C) the set of vertices v in C such that
the set {p € C | p path and s(p) = v} is finite (i.e., E,(Kv) is finite dimensional)
and contains a unique maximal path. Note that v € R(C) if and only if E,(Kv) is
finite dimensional and local. Indeed, if E,(Kv) is finite dimensional and contains
a unique maximal path p = a; ...a,, then keeping the notation from the proof of
Lemma 3.2, we have that E,(Kv) = C*p and C*p,—1 =< po,..., pn—1 > is the
unique maximal C *-submodule of C * p. Conversely, if E, (Kv) is finite dimensional
and local with the unique maximal subcomodule N, then the set (8 N E,(Kv))/N
is nonempty. If p is a path which belongs to this set, E,(Kv) = C*p. Then clearly
p is the unique maximal path in {g € C | ¢ path and s(gq) = v}.

Similarly, denote by L(C) the set of vertices v of C such that E;(Kv) is a finite
dimensional local left C-comodule. Also, for each vertex v € R(C) let r(v) denote
the endpoint of the maximal path starting at v, and for v € L(C) let [(v) be the
starting point of the maximal path ending at v.

Similarly, for a subcoalgebra C of the incidence coalgebra K X, let R(C) be the
set of all @ € X for whiche;, € C andtheset {x € X | a < x,e5x € C}
is finite and has a unique maximal element, and L(C) be the set of all a € X
for which e, , € C and the set {x € X | x < a, ex, € C} is finite and has a
unique minimal element. As before, R(C) (respectively L(C)) consists of those
a € X for which E,(Ke, ) (respectively, E;(Keg,,q)) are local, hence generated
by a segment. Here r(a) = r(es,q) for a € R(C) denotes the maximum element
intheset {x | x > a, eqx € C} and I(a) for a € L(C) means the minimum of
{x|x <a,exqe€C}.

Proposition 3.3. (I) Let C be a path subcoalgebra of the path coalgebra KT'. Then
the following are equivalent.

(a) C isleft co-Frobenius.
(b) C is left quasi-co-Frobenius.

(¢) R(C) consists of all vertices belonging to C, r(R(C)) € L(C) andlr(v) =v
for any vertex v in C.

(d) Forany path q € B there exists apath p € B suchthat qp € F (for ¥ defined
in the previous section).

(L) Let C be a subcoalgebra of the incidence coalgebra K X. Then the following
are equivalent.

(a) C isleft co-Frobenius.
(b) C is left quasi-co-Frobenius.
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(¢) R(C)consistsofalla € X suchthategq € C,r(R(C)) € L(C)andlr(a) =a
foralla € X withegq € C.

(d) For any segment ey ; € C there exists y > z such that e; , € C and the class
of zin Uy y/~ lies in (Uyx,y/~)o.

Proof. (I) (a) = (b) is clear.

(b) = (c). We apply the QcF characterization of [20] and [21]. If C is left QcF
then for any vertex v € C, there is a vertex u € C such that E,(Kv) = E;(Ku)*.
Hence E, (Kv) is finite dimensional and local (by [19], Lemma 1.4),sov € R(C) and
E,(Kv) = C* pforapath p by the discussion preceding this Proposition. Let?(p) =
w. Then it is easy to see that the linear map ¢: C* p — Kw taking p to w, and any
other g to 0, is a surjective morphism of left C *-modules. Since E,(Kv) =~ E;(Ku)*,
there is a surjective morphism of left C*-modules E;(Ku)* — Kw, inducing an
injective morphism of right C *-modules (Kw)* — E;(Ku). Since (Kw)* =~ Kw as
right C *-modules, and the socle of the comodule E; (Ku) is Ku, we musthave w = u,
and thus u = r(v). By Lemma 3.2, E;(Ku) = E,(Kv)* = (C*p)* =~ pC*, so
E;(Ku) is generated by p, and this shows that p is the unique maximal path ending
atu. Hence, u = r(v) € L(X), and [(u) = v. Thus [(r(v)) = v.

(¢) = (d). Letq € B, and let v = s(q). Since v € R(C), there exists a
unique maximal path d starting at v, and d = ¢p for some path p. We show that
d € ¥. Denote t(d) = v/, and let d = ¢q'p’ for some paths ¢’, p’ in B. Let
u = t(q") = s(p’). If there is an arrow b (in I'y) starting at u, such that ¢’b € B,
then ¢’b is a subpath of d, since d is the unique maximal path starting at v. It follows
that p’ starts with b. On the other hand, v/ = r(v) € L(C) and (V') = [r(v) = v,
so d is the unique maximal path in 8 ending at v’. This shows that if an arrow a (in
I'y) ends at u, and ap’ € B, then ap’ is a subpath of d, so the last arrow of ¢’ is a.
We conclude that d € .

(d) = (a). Choose a family (ag)ges of scalars, such that oy # 0 for any
d. Associate a C*-balanced bilinear form B on C to this family of scalars as in
Theorem 2.1. Then B is right non-degenerate, so C is left co-Frobenius.

(II) (a) = (b) is clear; (b) = (c) is proved as the similar implication in (I), with
paths replaced by segments.

(c) = (d). Letex, € C. If r(x) = y, thenclearly z < y and ey, € B, so
Uy,y = [x, y]. Then any two elements in Uy , are equivalent with respect to ~ (since
they are both > x), so there is precisely one equivalence class in Uy, /~, the whole
of Uyx,y. We show that this class lies in (Uy,y/~)o. Indeed, if u € Uy, v € X,
v <uandey,, € B,thenv € {ale,,, € B}, andsince[(y) = [(r(x)) = x, we must
have x < v. Also, ifu € Uy ,,v e X,u <vandey, € B, thenv € {alex, € B}.
Then v < y since r(x) = y.

(d) = (a) follows as the similar implication in (/) if we take into account
Theorem 2.2. O
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As a consequence we obtain the following result, which was proved for incidence
coalgebras in [16].

Corollary 3.4. If C = KT, apath coalgebra, or C = KX, anincidence coalgebra,
the following are equivalent.

(1) C is co-semisimple (i.e., T has no arrows for C = KT, and the order relation
on X is the equality for C = KX).

(i) C isleft QcE.

(iii) C is left co-Frobenius.
(iv) C is right QcF.

(v) C is right co-Frobenius.

As an immediate consequence we describe the situations where a finite dimen-
sional path algebra is Frobenius. We note that the path algebra of a quiver I" (as well
as the path coalgebra KT') has finite dimension if and only if I" has finitely many
vertices and arrows, and there are no cycles.

Corollary 3.5. A finite dimensional path algebra is Frobenius if and only if the quiver
has no arrows.

Proof. This follows from the fact that the dual of a finite dimensional path algebra is
a path coalgebra, and by Corollary 3.4. O

4. Classification of left co-Frobenius path subcoalgebras

Proposition 3.3 gives information about the structure of left co-Frobenius path sub-
coalgebras. The aim of this section is to classify these coalgebras. We first use
Proposition 3.3 to give some examples of left co-Frobenius path subcoalgebras. These
examples will be the building blocks for the classification.

Example 4.1. Let I' = A, be the quiver such that 'y = Z and there is precisely
one arrow fromi toi 4 1 foranyi € Z.

Aooi '“—)O_l—)OO—)ol—)oz_)..._
For any k < [, let px; be the (unique) path from the vertex k to the vertex /. Also
denote by pi  the vertex k. Let r: Z — Z be a strictly increasing function such
that r(n) > n for any n € Z. We consider the path subcoalgebra K[A o, ] of KA
with the basis

B=J{p|pisapathin Ay, s(p) = n and length(p) < r(n) —n}
neZ

={pks |k, l e Zandk <1 <r(k)}.



Path, Incidence coalgebras and quantum groups 749

Note that K[A o, r] is indeed a subcoalgebra since

I
Apey) = Y pri ® pig, k <1.
ik

The counit is given by
e(Pi,t) = Ol

Note that this can also be seen as a subcoalgebra of the incidence coalgebra of (N, <),
consisting of the segments e ; fork <1 < r(k).

The construction immediately shows that the maximal path starting from # is
Pn,r(n)- Note that for each n € Z, p, r@) is the unique maximal path into r(n).
If there would be another longer path p; () into 7(n) in K[Ax, 7], then [ < n.
Then, since p; (,) is among the paths in K[A, r] which start at / we must have
that it is a subpath of p; ,(y, and so r(/) > r(n). But since / < n, this contradicts
the assumption that r is strictly increasing. Therefore, we see that the conditions of
Proposition 3.3 are satisfied: pj, ,(») is the unique maximal path in the (finite) set of
all paths starting from a vertex 7, and it is simultaneously the unique maximal path in
the (finite) set of all paths ending at r(n). Therefore if [ : L(C) = Im(r) — R(C) is
the function used in Proposition 3.3 for C = K[A, 7] satisfies [(r(n)) = n. This
means that K[A, r] is a left co-Frobenius coalgebra.

K[Ao, r] is also right co-Frobenius if and only if there is a positive integer s such
thatr(n) = n+sforanyn € Z. Indeed, if r is of such a form, then K[A o, r] is right
co-Frobenius by the right-hand version of Proposition 3.3. Conversely, assume that
K[A o, r] is right co-Frobenius. If » would not be surjective, let m € Z which is not
in the image of r. Then there is n € Z such that r(n) < m < r(n + 1). The maximal
path ending at m is p,41,,. Indeed, this maximal path cannot start before n (since
then p, ;) would be a subpath of py, ,, different from py, ;,), and py 41, is a path in
K[Ax, ], as a subpath of p,11,,@u+1)- Hence r(I(m)) = r(n + 1) # m, and then
K[Aco, r] could not be right co-Frobenius by the right-hand version of Proposition
3.3, a contradiction. Thus r must be surjective, and then it must be of the form
r(n) = n + s for any n, where s is an integer. Since n < r(n) for any n, we must
have s > 0. For simplicity we will denote K[A, '] by K[Aco|s] in the case where
r(n) =n+sforanyn € Z.

Example 4.2. Let I' = Ag o be the subquiver of Ay, obtained by deleting all the
negative vertices and the arrows involving them. Thus I'g = N, the natural numbers
(including 0).
Ag,oo: o ol —5 0?2503 —....

We keep the same notation for px; for 0 < k < /. Let r: N — N be a strictly
increasing function with r(0) > 0 (so then r(n) > n for any n € N), and define
K[Ao,00, 7] to be the path subcoalgebra of KAg o with basis {pg; | k,/ € N, k <
I < r(k)}. With the same arguments as in Example 4.1 we see that K[A¢ 0, 7] is a
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left co-Frobenius coalgebra. We note that /(0) = 0, and then r(/(0)) = r(0) > 0.
By aright-hand version of Proposition 3.3, this shows that K[Ag o, 7] is never right
co-Frobenius.

Example 4.3. For any n > 2 we consider the quiver C,, whose vertices are the
glements of Z, ={0,...,n— 1}, the integers modulo 7, and there is one arrow from
itoi +1foreachi.

O<— e =<—O

We also denote by C; the quiver with one vertex, denoted by 0, and one arrowQ
and by Cj the quiver with one vertex and no arrows.

Letn > 1 and s > 0 be integers. Let K[C,, 5] be the path subcoalgebra of the
path coalgebra KC,, spanned by all paths of length at most s. Denote by diy the
path (in C,) of length / starting at k,forany k € Z, and 0 < [ < s. Also denote by
ko the vertex k. Since the comultiplication and counit of KC,, are given by

!
Algry) = _Z%)qiai ® digij—ic €@ry) = dou,
i=

we see that indeed K[C,,s] =< di | k € Z,0 <1 < s > is a subcoalgebra
of KC,. Clearly 9|5 is the unique maximal path in K [Ch, s] starting at k, so
k € R(K[Cy,s]) and r(k) = k +s. Also k +s € L(K[Cy,s]) and the maximal
path ending at k + s is also s> thus [r(k) = k, and by Proposition 3.3 we get that
K|[C,, 5] is a left co-Frobenius coalgebra. Since it has finite dimension n(s + 1), it
is right co-Frobenius, too. This example was also considered in [10], 1.6.

For a path subcoalgebra C € KT, denote by C N I" the subgraph of I" consisting
of arrows and vertices of I" belonging to C.

Lemma 4.4. If C C KT is a left co-Frobenius path subcoalgebra, then C N T" =
Ll; Ti, a disjoint union of subquivers of T', where each T is of one of types Aoo,
Ag,c0 01 Cy, n > 0, and C = @i Ci, where C;, a path subcoalgebra of KT, is the
subcoalgebra of C spanned by the paths of B contained in T';.

Proof. Let v be a vertex in C N I'. By Proposition 3.3 there is a unique maximal
path p € B starting at v, and any path in B starting at v is a subpath of p. This
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shows that at most one arrow in B3 starts at v (the first arrow of p, if p has length
> 0). We show that at most one arrow in B ends at v, too. Otherwise, if we assume
that two different arrows a and a’ in B end at v, let s(a) = u and s(a’) = v’ (clearly
u # u’, since at most one arrow starts at u), and let ¢ and g’ be the maximal paths
in B starting at u and u’, respectively. Then ¢ = az and ¢’ = &'z’ for some paths z
and z’ starting at v. But then z and z’ are subpaths of p, so one of them, say z, is a
subpath of the other one. If w = #(z), then w = r(u), so w € L(C) and any path in
B ending at w is a subpath of ¢ = az. This provides a contradiction, since a’z is in
B (as a subpath of ¢”) and ends at w, but it is not a subpath of ¢.

We also have that if there is no arrow in B starting at a vertex v, then there is no
arrow in B ending at v either. Indeed, the maximal path in 8 starting at v has length
zero, so r(v) = v, and then v € L(C) and /(v) = v, which shows that no arrow in
B ends at v.

Now taking the connected components of C N I' (regarded just as an undirected
graph), and then considering the (directed) arrows, we find that C N T" = | |; I'; for
some subquivers I'; which can be of the types A, Ag o Or Cp, and this ends the
proof. O

Lemmad.5. Let C C KT bealeft co-Frobenius path subcoalgebra. Letu,v € CNI’
be different vertices, and denote by p, and p, the maximal paths starting at u and
v, respectively. Then p,, is not a subpath of p,.

Proof. Assume the contrary. Then p, is a subpath of p,. We know that p,, and p,
end at r(u) and r(v), respectively. Let g be the subpath of p, which starts at v and
ends at r(u). Since p,, is a subpath of p,, then ¢ contains p,, too. Then both ¢ and
pu end at r(u), and since by Proposition 3.3 p,, is maximal with this property, we
get ¢ = py. This means that ¥ = v (as starting points of p, and g), a contradiction.

O

Now we are in the position to give the classification result for left co-Frobenius
path subcoalgebras.

Theorem 4.6. Let C be a path subcoalgebra of the path coalgebra KT, and let B
be a basis of paths of C. Then C is left co-Frobenius if and only if C N T = | _|; T},
a disjoint union of subquivers of ' of one of types Aco, Ao, 0 Cy, 1 > 0, and
the path subcoalgebra C; of KT'; spanned by the paths of 8 contained in T'; is of
type K[Aco, r]if Ti = Aco, of type K[Ao,c0, ] if Ti = Ao,00, of type K[Cy, 5] with
s >1if Ty =Cpn > 1, and of type K if I; = Cy. In this case C = P, C;,
in particular left co-Frobenius path subcoalgebras are direct sums of coalgebras of
types K[Aoo, 7], K[A0,00,7], K[C,, ] or K.

Proof. By Lemma4.4, C NT = | |; I';, and any I} is of one of the types Ao, Ag 00
orC,,,n > 0. Moreover, C = GD,- (i, so C is left co-Frobenius if and only if all C;’s
are left co-Frobenius (see for example [15], Chapter 3). If all C;’s are of the indicated
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form, then they are left co-Frobenius by Examples 4.1, 4.2 and 4.3, and then so is
C. Assume now that C is left co-Frobenius. Then each C; is left co-Frobenius, so
we can reduce to the case where I" is one of Ay, Ag oo 0r Cp,and C NI =T'. As
before, for each vertex v we denote by r (v) the end-point of the unique maximal path
in C starting at v, and by p, this maximal path. Also denote by m(v) the length of
Pv.

Case LLetI’' = C,. If n = 0,then C =~ K. If n = 1, then C =~ K[Cy,s],
since m((_)) = s > 0 because I'y C C, so there must be at least some nontrivial
pathin C. If n > 2, then m(k) < m(k + 1) for any k € Z,, since otherwise pg7
would be a subpath of pg, a contradiction by Lemma 4.5. Thus m(0) < m(1) <
ce <mn —1) <m(0),som(0) =m(l) =--- =mn — 1) = m(0) = s for some
s > 0. Since C N T" = T, there are non-trivial paths in C, so s > 0, and then clearly
C = K[Cy, s].

Case ILIfI' = A orI' = Ag o, then forany n (in Z if I' = Ay, orin N
it ' = Ag,00) m(n) < m(n + 1) holds, otherwise p,4+; would be a subpath of p,,
again a contradiction. Now if we take r (n) = n + m(n) for any n, then r is a strictly
increasing function. Clearly r(n) > n, since m(n) = 0 would contradict C NI" = T.
Now it is obvious that C =~ K[, r]. O

Corollary 4.7. Let C C KT be a left and right co-Frobenius path subcoalgebra.
Then C is a direct sum of coalgebras of the type K[Ax|s], K[Cy,s] or K.

Proof. Tt follows directly from Theorem 4.6 and the discussion at the end of each
of Examples 4.1, 4.2 and 4.3, concerned to the property of being left and right co-
Frobenius. O

Remark 4.8. (1) We have a uniqueness result for the representation of a left co-
Frobenius path subcoalgebras as a direct sum of coalgebras of the form K[A, 1],
K[Ao,00, 7], K[Cp,s] or K. To see this, an easy computation shows that the dual
algebra of a coalgebra of any of these four types does not have non-trivial central
idempotents, so it is indecomposable as an algebra. Now if (C;);ey and (Dj);ey are
two families of coalgebras with indecomposable dual algebras such that P, .; C; ~
;e D; as coalgebras, then there is a bijection ¢: J — [ such that D; =~ Cyp(;)
for any j € J. Indeed, if f: P;c; Ci — Djes D is a coalgebra isomorphism,
then the dual map f*: [[;c; Dj — [l;e; C;* is an algebra isomorphism. Since
all Cj*’s and D;’s are indecomposable, there is a bijection ¢: J — [ and some
algebra isomorphisms y; : D} — C (;‘(j) forany j € J, such that for any (d["),es €
[les D7 the map f* takes (d")jes to the element of [lie; C/ having y; (d) onthe
¢ (j)-th slot. Regarding C = (C;);ey as aleft C*-module and D = @jej Djasa
left D*-module in the usual way, with actions denoted by -, the relation f( f*(d*) -
¢) = d* - f(c) holds for any ¢ € C and d* € D*. This shows that f induces
coalgebra isomorphisms Cg(;) >~ D; forany j € J.
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(2) The coalgebras of types K[Aoo, 7], K[A0,00, 7], K[Cy, s] or K can be easily
classified if we take into account that the sets of group-like elements are just the ver-
tices and the non-trivial skew-primitives are scalar multiples of the arrows. There are
no isomorphic coalgebras of two different types among these four types. Moreover:

(i) K[Aoo,r] >~ K[A,r'] if and only if there is an integer & such that r'(n) =
r(n + h) for any integer n;

(i) K[Ao,00,7] >~ K[Ag,00, '] if and only if r = r’;
(iii) K[C,,s] ~ K[C,,,s']ifandonlyn = m and s = s’.

5. Examples

It is known (see [24], [12]) that any pointed coalgebra can be embedded in a path
coalgebra. Thus it is expected that there is a large variety of co-Frobenius subcoalge-
bras of path coalgebras if we do not restrict only to the class of path subcoalgebras.
The aim of this section is to provide several such examples. We first explain a simple
construction connecting incidence coalgebras and path coalgebras, and producing
examples as we wish.

As apointed coalgebra, any incidence coalgebra can be embedded in a path coalge-
bra. However, there is a more simple way to define such an embedding for incidence
coalgebras than for arbitrary pointed coalgebras. Indeed, let X be a locally finite
partially ordered set. Consider the quiver I with vertices the elements of X, and
such that there is an arrow from x to y if and only if x < y and there is no element z
with x < z < y. With this notation, it is an easy computation to check the following.

Proposition 5.1. The linear map ¢: KX — KT, defined by
Plex,y) = > p

P path
s(p)=x.t(p)=y

forany x,y € X, x <y, is an injective coalgebra morphism.

Note that in the previous proposition ¢(K X) is in general a subcoalgebra of
KT which is not a path subcoalgebra. This suggests that when we deal with left co-
Frobenius subcoalgebras of incidence coalgebras, which of course embed themselves
in KT (usually not as path subcoalgebras), structures that are more complicated than
those of left co-Frobenius path subcoalgebras can appear. Thus the classification of
left co-Frobenius subcoalgebras of incidence coalgebras is probably more difficult.
The next example is evidence in this direction.

Example 5.2. Lets > 2and X = {a, |n € Z} U (U,ez{bn,i | | <i < s}) with
the ordering < such thata, < b,; < an+1 for any integer n and any 1 <i <s, and
bn,; and b, ; are not comparable for any n and i # j.

Let C be the subcoalgebra of KX spanned by the following elements:
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¢ the elements ey x, x € X,
* all segments ey y of length 1,
* the segments e, angp1» N E Z,

* the segments e, withn €e Zand 1 <i <s.

n, t:bn+l ’

Then by applying Proposition 3.3, we see that C is co-Frobenius.

If we take the subcoalgebra D of C obtained by restricting to the non-negative
part of X, i.e., D is spanned by the elements ey, in the indicated basis of C with
both x and y among {a, | n > 0} U (U, o{bn,i | 1 <i <s}), we see that D is left
co-Frobenius, but not right co-Frobenius.

Now let I be the quiver associated to the ordered set X as in the discussion above.

bll bnl
apg — 02—>al—> 12—>az .. an% n2—>an+1

\/\/ N/

If¢p: KX — KT is the embedding described in Proposition 5.1, then ¢(C) is a
co-Frobenius subcoalgebra of KT". We see that ¢ (C) is the subspace of KT spanned
by the vertices of I', the paths of length 1, the paths [b, ;dn+1bn+1,;] Withn € Z and
1 <i <, and the elements ), _; _;[@nbn,idn+1] Withn € Z, thus ¢(C) is not a
path subcoalgebra. Here we denote by [by, ;dn+1bn+1,i] and [anby ;an+1] the paths
following the indicated vertices and the arrows between them. By restricting to the
non-negative part of X, a similar description can be given for ¢(D), a subcoalgebra
of KT which is left co-Frobenius but not right co-Frobenius.

It is possible to embed some of the co-Frobenius path subcoalgebras in other path
coalgebras as subcoalgebras which are not path subcoalgebras.

Example 5.3. Consider the quiver Ay, with vertices indexed by the integers, with

the path from i to j denoted by p; ;. Consider the path subcoalgebra D = K[A|2],
with basis {p; i, pi.i+1, Pi.i+2|i € Z}. We also consider the quiver I’

AVANERVAN

ap ————dn+1
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Then Ao is a subquiver of I if we identify a; with 2i and b; with 2i + 1 for
any integer i. Thus KA is a subcoalgebra of KT in the obvious way, and then so
is D. However, there is another way to embed D in KT'. Indeed, the linear map
¢: D — KT defined by

¢ (p2i2i) = ai,
¢(pai+1,2i+1) = bi,
¢ (p2i2i+1) = [aibi],
¢(p2it+1,2i+2) = [biai1],
¢ (p2izi+2) = [aiai+1] + aibiait1],
P (P2i+1,2i+3) = [bidi+1biy1]
for any i € Z is an injective morphism of coalgebras. Here we denote by [a;b;],
[a;b;a; 1], etc., the paths following the respective vertices and arrows. We con-
clude that the subcoalgebra C = ¢(D) of KT, spanned by all vertices a,, by,
all arrows [a,an+1], [anbn], [bnan+1] and the elements [a,byan+1] + [andn+1] and
[bnan+1bn+1], is co-Frobenius. Note that D is not a path subcoalgebra of KT'. This

can be also seen as the subcoalgebra of the incidence coalgebra of Z with basis
consisting of segments of length at most 2.

Note that in the above example, we can also consider a similar situation but with
all segments e, ,4; of the incidence coalgebra of Z which have length less or equal
to a certain positive integer s (i < s); the same properties as above would then hold
for this situation.

Example 5.4. We consider the same situation as above, but we restrict the quiver I"
to the non-negative part:

NN LN

ap ————dn+1

Equivalently, we consider the subcoalgebra of the incidence coalgebra of N with
a basis of all segments of length less or equal to 2 (or < s for more generality). This
coalgebra is left co-Frobenius but not right co-Frobenius, it is a subcoalgebra of an
incidence coalgebra, and it can also be regarded as a subcoalgebra of a path coalgebra,
but without a basis of paths.

Now we prove a simple, but useful result, which shows that the category of
incidence coalgebras is closed under tensor product of coalgebras.

Proposition 5.5. Let X, Y be locally finite partially ordered sets. Consideron X XY
the order (x,y) < (x',y") if and only if x < y and x’ < y'. Then there is an
isomorphism of coalgebras K(X xY) =~ KX @ KY.
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Proof. Ttis clear that X x Y is locally finite. We show that the natural isomorphism
of vector spaces ¢: K(X xY) — KX ® KY, ¢p(e(x,y),(x",y)) = €xx’ ® ey y,isa
morphism of coalgebras. This is well defined by the definition of the order relation
on X x Y. For comultiplication we have

Z‘p(e(x,y),(x’,y’))l ® (e(x,y),(x’,y/))Z = Z Z ex,a@eyp Qeqx Qexp

x<a<x'y<b<y’

= 2 ¢le@y)@b) ® ¢€wb),(.y))
(x,Jz);(a/.)h)
=",y

= @((e(x,y),(x,y))1) ® ¥((e(x,),(x",y))2)

and it is also easy to see that ex x@ky © ¢ = k(X xY)- Ll

Example 5.6. Consider the ordered set (Z x Z, <), with order given by the direct
product of the orders of (Z, <) and (Z, <). Thus (i, j) < (p,q) ifandonly ifi < p
and j < g. We know from Proposition 5.5 that : KZ @ KZ — K(Z x Z),
V(ei,p ®ejg) = €, j).(pq) 1S an isomorphism of coalgebras.

With the notation preceding Proposition 5.1, the quiver I associated to the locally
finite ordered set (Z x Z, <) is

coo——>0p—1k+1 —>Adnk+1 ——An+1,k+1 —> -+

-e—dp—1,k an .k apt1,k — -

o ——=lp—1k-1 —>An k-1 —>=Ap+1,k—1 —> - -~

where we just denoted the vertices by a, i instead of just (n,k). Let ¢: K(Z x
Z) — KT be the embedding from Proposition 5.1. If we consider the subcoalgebra
K[Ax|1]of KZ,then K[Aoo|1] ® K[Aso|1]is a subcoalgebra of KZ ® KZ, so then
C = oY (K[Ax|1]® K[Ax|1]), which is the subspace spanned by the vertices of T,
the arrows of I', and the elements [a, xdyn+1 kqn+1.k+1] + [@nkGn k+1, Gnt1 k+1],
is a subcoalgebra of KT'. Since K[A|1] is co-Frobenius, and the tensor product
of co-Frobenius coalgebras is co-Frobenius (see [21], Proposition 4.15), we obtain
that C is a co-Frobenius coalgebra. Alternatively, it can be seen that ¥ (K [Ax|1] ®
K[Ax|1]), which is the subspace spanned by the elements e, k), (1,k)» €(n.k),(n+1,k)>
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€(n,k),(n,k+1)» €(nk),(n+1,k+1) With arbitrary n, k € Z, is co-Frobenius by applying
Proposition 3.3. C can be seen as both a subcoalgebra of an incidence coalgebra
and of a path coalgebra, but not with a basis of paths. We note that C is not even
isomorphic to a path subcoalgebra. Indeed, if it were so, it should be isomorphic to
some K[A|s], since it is infinite dimensional and indecomposable. But in C, for
any group-like element g there are precisely two other group-like elements 4 with
the property that the set of non-trivial (%, g)-skew-primitive elements is nonempty,
while for any group-like element g of K[A|s] there is only one such /4.

With similar arguments, we can give a more general version of the previous
example, by considering finite tensor products of coalgebras of type K[Ax|s], as
follows.

Example 5.7. Let D = K[Awo|51] ® K[Aco|52] ® -+ ® K[Aoo|Sm], where m > 2
and 51, ..., S, are positive integers. Then D is co-Frobenius as a tensor product of
co-Frobenius coalgebras, and D embeds in the m-fold tensor product KZ ® K7 &
---® KZ. But this last tensor product is isomorphic to the incidence coalgebra of the
ordered set Z™ = Z x Z X --- x Z, with the direct product order. The image of D
via this embedding is the subcoalgebra £ of K(Z x Z x --- x Z) spanned by all the
SEEMENts €, ,....nm),(k1,.... k) Withny < ki <ny+s1,....0nm <k <t + S

Now if we consider the quiver I" associated to the ordered set Z x Z X --- x Z
as in the beginning of this section, we have an embedding of K(Z x Z x --- x Z)
in KT'. Denote the vertices of I" by ay,,....n,,- The image of E through this em-
bedding is the subcoalgebra C of KT spanned by all the elements of the form
ST, (n1,....0m), (k1,...,km)), with nq,... . nm, k1,...,k, integers such that
ny <ky<ni+si,....,0m <k < ny+ sy, where we denote the sum of all paths
in I starting ata,, ... »,, andending atag, . ,, by S(I', (n1,....nm), (ki, ... . kn)).
Thus C is a co-Frobenius subcoalgebra of KT", which is also isomorphic to a sub-
coalgebra of an incidence coalgebra. However, C is not a path subcoalgebra, and
not even isomorphic to a path subcoalgebra. Indeed, for any group-like element
g of E there are precisely m group-like elements 4 for which there are non-trivial
(h, g)-skew-primitive elements, while in a co-Frobenius path subcoalgebra for any
group-like element g there is at most one such .

Remark 5.8. We note that the co-Frobenius coalgebra C constructed in Example 5.2
is not isomorphic to a coalgebra of the form K[A oo |51]Q K [A o |52] ®- - ® K[A oo |Sm]-
Indeed, if g = by, ; there exists exactly one group-like element 4 of C such that there
are non-trivial (%, g)-skew-primitive elements (thisis 4 = a,+1), and if g = a,, there
exist s such group-like elements £ (these are by 1, ..., bn,s). On the other hand, in
K[Aw|51] ® K[Awo|52] ® - -+ ® K[Axo|$m] for any group-like element g there exist
precisely m such elements /.

We end with another explicit example, which shows that there are co-Frobenius
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subcoalgebras of path coalgebras that are isomorphic neither to a path subcoalgebra
nor to a subcoalgebra of an incidence coalgebra.

Example 5.9. Let I" be the graph

X0 X1 X2 Xn
OO O

and let C be the subcoalgebra of the path coalgebra of I' having a basis the elements
an, Xn, Yn and y, + X, y,. This s, in fact, isomorphic to K[C1|1] ® K[As|1], soitis
co-Frobenius. By the classification theorem for co-Frobenius path subcoalgebras and
the structure of the skew-primitive elements of C, we see that C is not isomorphic to
a path subcoalgebra. We note that it is not isomorphic either to a subcoalgebra of an
incidence coalgebra because in an incidence coalgebra if g is any group-like element,
there is no (g, g)- skew-primitive element, while in C for each group-like g = a,,
Xn is a (g, g)-skew-primitive.

6. Hopf algebra structures on path subcoalgebras

In this section we discuss the possibility of extending the coalgebra structure of a
path subcoalgebra to a Hopf algebra structure. First of all, it is a simple application
of Proposition 3.4 to see when a finite dimensional path coalgebra has a Hopf algebra
structure.

Proposition 6.1. If the path coalgebra KT is finite dimensional, then it has a Hopf
algebra structure if and only if it is cosemisimple, i.e., I has no arrows.

Proof. If the finite dimensional KT' has a Hopf algebra structure, then it has non-
zero integrals, so it is left (and right) co-Frobenius, and KT is cosemisimple by
Proposition 3.4. Conversely, if there are no arrows, then KT' can be endowed with
the group Hopf algebra structure obtained if we consider a group structure on the set
of vertices. O

Next, we are interested in finding examples of Hopf algebra structures that can be
defined on some path subcoalgebras. At this point we discuss only cases where the
resulting Hopf algebra has non-zero integrals, i.e., it is left (or right) co-Frobenius.
Thus the path subcoalgebras that we consider are among the ones in Corollary 4.7.
We ask the following general question.

Problem. Which of the left and right co-Frobenius path subcoalgebras (classified in
Corollary 4.7) can be endowed with a Hopf algebra structure?



Path, Incidence coalgebras and quantum groups 759

In the rest of this section we solve the problem in the case where K is a field
containing primitive roots of unity of any positive order, in particular K has charac-
teristic zero. We will make this assumption on K from this point on. We just note
that some of the constructions can be also done in positive characteristic, if we just
require that K contains certain primitive roots of unity and the characteristic of K is
large enough.

Proposition 6.2. (I) Let s > 0 be an integer. Let q be a primitive (s + 1)-th root of
unity in K. Let G be a group such that there exist an element g € Z(G) of infinite
order and a character y € G* such that y(g) = q. Also let « € K which may be
non-zero only if y>*! = 1. Consider the algebra generated by the elements of G (and
preserving the group multiplication on these elements) and x subject to relations

xh = y(h)hx foranyh € G, x*t! =a(g*t —1)

(that is, the free or amalgamated product K [x] * K[G], factored out by the above
relations). Then this algebra has a unique Hopf algebra structure such that the
elements of G are group-like elements, A(x) = 1 @ x + x ® g, and e(x) = 0. We
denote this Hopf algebra structure by Hoo (s, q, G, g, ¥, ®).

(ID) Letn > 2 and s > 0 be integers such that s + 1 divides n. Let q be a primitive
(s + 1)-th root of unity in K. Consider a group G such that there exist an element
g € Z(G) of order n and a character y € G* such that y(g) = q. Alsoleta € K
which may be non-zero only if x**! = 1. Consider the algebra generated by the
elements of G (and preserving the group multiplication on these elements) and x
subject to relations

xh = y(h)hx foranyh € G, x*T! =a(g*t!1 —1).

Then this algebra has a unique Hopf algebra structure such that the elements of G
are group-like elements, A(x) = 1 ® x + x ® g, and e(x) = 0. We denote this Hopf
algebra structure by H, (s, q,G, g, x,®).

Proof. We consider an approach similar to the one in [4]. For both (I) and (II)
we consider the Hopf group algebra KG, and its Ore extension KG[X, ¥], where
X is the algebra automorphism of KG such that (k) = y(h)h for any h € G.
Since g € Z(G), this Ore extension has a unique Hopf algebra structure such that
A(X)=1® X + X ® gand e(X) = 0, by the universal property for Ore extensions
(see for example [4], Lemma 1.1). Since (1 ® X)(X ® g) = ¢(X ® g2)(1 ® X), the
quantum binomial formula shows that A(X**1) = 1® X5 ™1 + X5t ® g5+ 50 the
ideal I = (X**! —a(g*t! — 1)) is in fact a Hopf ideal of KG[X, ¥]. Then we can
consider the factor Hopf algebra KG[X, ¥]/1, and this is just the desired Hopf algebra
Hy(s,q,G, g, x,a) in case (I) and H,(s,q, G, g, x,«) in case (II). The condition
that « = 0 whenever y*™! # 1 guarantees that the map G — KG[X, ¥]/I taking
an element i € G to its class modulo / is injective, thus G is the group of group-like
elements of this factor Hopf algebra. O
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In the following example we give examples of co-Frobenius path subcoalgebras
that can be endowed with Hopf algebra structures. Moreover, we don’t only introduce
one such structure, but a family of Hopf algebra structures on each path subcoalgebra
considered in the example.

Example 6.3. (i) K[Ax|s] can be endowed with a Hopf algebra structure for any
s > 1. Indeed, let ¢ be a primitive (s + 1)-th root of unity in K, and let @ € K. We
define a multiplication (on basis elements, then extended linearly) on K[A|s] by

ju (U+v
q]u( ) Pi+ji+j+u+tv ifu+v =<s,

. L. — jiu (U+v—s—1)4!
PiituPjj+v = aq Zon=rn (i jts+1utvtitj = Pitjutvtitj—s—1)

fut+v>s+1,

where(”+v)q denotes the g-binomial coefficient. Then this multiplication makes
K[As|s] an algebra, which together the initial coalgebra structure define a Hopf
algebra structure on K[A|s]. Indeed, we can see this by considering the Hopf
algebra Hoo (s, g, Coo, €, x, ), Where Co is the (multiplicative) infinite cyclic group
generated by an element ¢, and the character y is defined by y(c¢) = ¢. Thus
Hoo(s,q,Cxo, C, x, o) is generated as an algebra by the elements ¢ and x, subject to
relations x¢ = gcx and x*! = a(c**! — 1), and with coalgebra structure such that
Alc) =c®c,e(c) =1, and A(x) =1 ®x +x ®c. Since (1  x)(x ®c) =
q(x ® ¢)(1 ® x), we can apply the quantum binomial formula and get

A(x") = Z (Z) x4 @ Uyt
0<h=<u 4

and then

1 1 U= —h L i+u—h_h
A((u) ) 2 Wi —h>q ¢

0<h=<u

for any 0 < u < s and any integer i. Therefore if we denote ﬁq, cix* by Piivu,
this means that A(P;i1u) = Y g<p<y Pii+h ® Pithi+u, showing that the linear
isomorphism ¢ : K[Ax|s] — Hoo_(s,_q, Coo, C, X, o) taking p; j 4y to P 4y for any
0 <u <sandi € Z is an isomorphism of coalgebras. Now we just transfer
the algebra structure of Hu(s,q, Coo.C, ). ) through ¢~! and get precisely the
multiplication formula given above.

(i1) Let us consider now the coalgebra C which is a direct sum of a family of copies
of (the same) K[A|s], indexed by a non-empty set P. Then C can be endowed with
aHopf algebra structure. To see this, we extend the example from (i) as follows. Let G
be a group such that there exist an element g € Z(G) of infinite order and a character
x € G* for which ¢ = y(g) is a primitive (s + 1)-th root of unity, and moreover
the factor group G/(g) is in bijection with the set P (note that such a triple (G, g, )
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always exists; we can take for instance a group structure on the set P, G = Co, X P,
g a generator of Coo, and y defined such that y(g) = ¢ and y(p) = 1 forany p € P).
For simplicity of the notation, we can assume that P is a set of representatives for
the (g)-cosets of G. Consider the Hopf algebra A = Hy(s,9, G, g, x, ), where o
is a scalar which may be non-zero only if y*T1 = 1. Then the subalgebra B of A
generated by g and x is a Hopf subalgebra isomorphic to K[A|s] as a coalgebra, and
A = D,cp pB is adirect sum of subcoalgebras, all isomorphic to K[Ac|s]. Thus
A is isomorphic as a coalgebra to C, and we can transfer the Hopf algebra structure
of Ato C.

(iii) Assume that n > 2 and s + 1 divides n. Then K[C,, 5] can be endowed with
a Hopf algebra structure. Indeed, we proceed as for K[A  |s], but replacing the Hopf
algebra Hyo (5, ¢, Coo, ¢, X, @) by Hy(s,q, Cy,c, x,a), where Cy, is a cyclic group of
order n with a generator ¢ (we have the same relations for ¢ and x as in (i), to which
we add ¢ = 1). Thus the multiplication of K[A|s] is given by

ju (U+v :

- = Jju Utv—s—1)4! o
9iud jlv g’ e s st ilutv—s—1 ~ 4T lutv—s—1)

ifu+v>s+1.

Also, as in (ii), a direct sum of copies of the same K[C,, 5], indexed by an arbitrary
non-empty set P, can be endowed with a Hopf algebra structure isomorphic to some
H,(s,q.G, g, x,a) for some q, G, g, x, @, where g is a primitive (s + 1)-th root of
unity, G is a group, g € Z(G) is an element of order n, G/(g) is in bijection with
P, x € G* is a character such that y(g) = ¢, and @ € K is a scalar which may be
non-zero only if yS*! = 1.

The examples given in (iii) appear (for finite sets P) in [10].

Now we can prove the main result of this section.

Theorem 6.4. Assume that K is a field containing primitive roots of unity of any
positive order (in particular, K has characteristic 0). Then a co-Frobenius path
subcoalgebra C # 0 can be endowed with a Hopf algebra structure if and only if it
is of one of the following three types:

(D) A direct sum of copies (indexed by a set P) of the same K[A|s] for some
s > 1. In this case, any Hopf algebra structure on C is isomorphic to a Hopf algebra
ofthe form Hx (s, q, G, g, x, &) for some q, G, g, y, &, where q is a primitive (s + 1)-
th root of unity, G is a group, g € Z(G) is an element of infinite order, G/{g) is in
bijection with P, x € G* is a character such that x(g) = ¢, and « € K is a scalar
which may be non-zero only if y**! = 1.

(II) A direct sum of copies (indexed by a set P) of the same K|[C,, s] for some
n>2ands > 1 suchthat s + 1 divides n. In this case, any Hopf algebra structure
on C is isomorphic to a Hopf algebra of the form Hy(s,q, G, g, x, ) for some q, G,
g, X, o, where q is a primitive (s + 1)-th root of unity, G is a group, g € Z(G) is
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an element of order n, G/(g) is in bijection with P, y € G* is a character such that
x(g) = q, and o € K is a scalar which may be non-zero only if y*T1 = 1.

(IIT) A direct sum of copies of K. In this case, any Hopf algebra structure on C
is isomorphic to a group Hopf algebra KG for some group G.

Proof. By Example 6.3 we see that a coalgebra of type (I) or (II) has a Hopf algebra
structure. Obviously, a coalgebra of type (III) is a group-like coalgebra K X for some
set X, so then it has a Hopf algebra structure, obtained if we endow X with a group
structure.

Conversely, let C be a co-Frobenius path subcoalgebra which can be endowed
with a Hopf algebra structure. By Corollary 4.7, C is isomorphic to a direct sum of
coalgebras of types K[Aso|s], K[Cy,s] or K. We have that G = G(C), the set of
all vertices of C, is a group with the induced multiplication. We look at the identity
element 1 of this group and distinguish three cases.

Case 1. If 1 is a vertex in a connected component of type K[A|s], denote the
vertices of this connected component by (v, ),ez such that vy = 1. Also denote by a,
the arrow from v, to v, 4+ foranyn € Z. If g = v, then A(a;) = 1®a;+a; @g and
ay ¢ Co. Then A(gay) = g ® gay + gay ® g2, and ga; ¢ Co, 50 Py2 ,(C) Z Co.
Since theonly 4 € G suchthat Py, o (C)isnottrivial (i.e., # K(h—g), orequivalently,
not contained in Cp) is 1 = v, we obtain v, = g2. Recurrently we see that v,, = g”
for any positive integer n, and also for any negative integer n.

Let us take some & € G. Then A(hay) = h ® hay + ha; ® hg and ha, ¢ Cy,
s0 Ppg n(C) # K(hg — h). Hence there is an arrow starting at 4 and ending at g in
C; as before, inductively we get that there are in C arrows

se—> 0 —>0—> 0 —> 0 —>---
hg—1 h hg hg?

’

which shows that the vertex & belongs to a connected component D of type K[Aso|s']
forsomes’ > 1. Moreover, A(a1h) = h®aih+a1h®gh, wealsohave Pgp, 5 (C) #
K(gh — h), so there is an arrow from % to gh in C. This shows that hg = gh, so
then g must lie in Z(G).

If we denote by pj, ,ij the unique path from £ to g'h,forany h € G andi > 0,
then

A(p1gs) — 1 ® prgs — Prgs ® g’ €Cm1 ® Cs
and py,gs ¢ Cs—1. Then

A(hpl,g"‘) -h® hpl,g“' - hpl,gS ® hgs € Cs—1 ® Cs—1

and hpj gs ¢ Cs—1. But it is easy to check that in the path coalgebra KT (whose
subcoalgebra is C) the relation A(c) —h ® ¢ — ¢ ® hg® € (KT)s—1 ® (KT')s—1
holds if and only if ¢ € (KT')s_1 + Kpp ngs. Applying this for ¢ = hp; gs ¢ Cs_1,
we obtain hpy gs = ¢’ + ypp pgs for some ¢’ € (KT')s—; and y € K*. This shows
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that pj pes must be in C, so it also lies in D, which implies that s’ > s (otherwise D
cannot have paths of length s).
Similarly, since

A(h_lph,hgs’) —1 ® h_lph,hgf/ — h_lph,th/ ® gs/ € Cs’—] ® Cs/—l

and h_lph’hgsx ¢ Cy—1, we obtain s > s’. In conclusion s’ = s, and C is a direct
sum of coalgebras isomorphic to K[A|s]. Moreover, this direct sum is indexed by
a set in bijection with G/(g).

In order to uncover the Hopf algebra structures on C, we use the lifting method
proposed in [2]. Since Cy = KT is a Hopf subalgebra of C, the coradical filtration
Co C C; C --- of C is a Hopf algebra filtration, and we can consider the associated
graded space grC = Cp & g—(‘) @ ..., which has a graded Hopf algebra structure.
Denote H = KT, the degree 0 component of gr C, and by y: H — gr C the inclu-
sion morphism. The natural projection 7 : gr C — H is a Hopf algebra morphism.
Then the coinvariants R = (gr C)°°# with respect to the right H-coaction induced
via 7, i.e.,

R={zegC|(UQn)A(z) =z 1}
is a left Yetter—Drinfeld module over H, with left H-action defined by & - r =
Y y(h)rS(y(hy)) forany h € H,r € R, and left H-coaction 8(r) = Y r1 ®
roy = (mr ® I)A(r). Moreover, R is a graded subalgebra of gr C, with grading
denoted by R = @, R(n), and it also has a coalgebra structure with comultipli-
cation Ag(r) = Y. rM @ r@ =Y ryn(S(r)) ® r3, and these make R a braided
Hopf algebra in the category Z Y D of Yetter—Drinfeld modules over H. The Hopf
algebra gr C can be reconstructed from R by bosonization, i.e., gr C >~ R# H, the
biproduct of R and H. The multiplication of this biproduct is the smash product
givenby (r#h)(p#v) = > r(hy - p)#hyv, while the comultiplication is the smash
coproduct A(r #h) = Y. (rM # r@)_1yh1) @ (rP) (o) # ha.

Since in our case C; is the span of all paths of length at most i in C, if z =
¢ € R(n), then ¢ = ), ; p;, a linear combination of paths p; of length i, and
Yiwipi @t(pi) = D, aipi ® 1. Then o; = 0 for any i such that 7(p;) # 1,
showing that R(i) is spanned by the classes of the paths of length i which end at 1.
We conclude that R(i) has dimension 1 forany 0 < i < s, and dim(R) = s + 1.
By [2], Theorem 3.2 (see also [9], Proposition 3.4) R is isomorphic to a quantum
line, i.e., R >~ R,(H, v, y) for some primitive (s + 1)-st root of unity ¢, an element
v € G and a character y € G™ such that y(v) = ¢, and y(h)hv = y(h)vh for
any h € G, ie., v € Z(G) (we use the notation of [9], Section 2). As an algebra
we have Ry (H,v, y) = K[y]/(»**1), and the coalgebra structure is such that the

elementsdg = 1,d; = y,dr = #zq!, e #Sq, form a divided power sequence, i.e.,
A(di) = Y o<j<idj ® di—j forany 0 < i <s. The H-action on Ry(H, v, y) is
suchthat i -y = y(h)y forany & € G, and the H -coaction is such that y — v ® y.

By [9], Proposition 3.1, there exists a (1, v)-skew-primitive z in C, which is not
in Cy, such that vz = gzv, C is generated as an algebra by z and G, and the class
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Z in g—(‘) corresponds to the element y # 1 in R, (H, v, ) # H via the isomorphism
grC ~ R,(H,v, x)#H. It follows that v must be g~!. Since for 2 € G both zh and
hz are (h, g~ 'h)-skew-primitives, we must have zh = Ahz + B(g~'h — h) for some
scalars A and 8. But zhg = (Ahz + B(g~'h — h))g = gAhgz + B(h — hg), and
on the other hand zgh = qgzh = gAghz + qB(h — hg), showing that 8 = 0. Thus
zh = Ahz, and passing to gr C, this gives Zh = AhZ. Butin R, (H, v, x)# H wehave
(1#h)(y#1) = y(h)(y#1)(1#h),s0A = y(h). Therefore zh = y(h)hz. Replace the
generator z by x = gz, which is a (g, 1)-skew-primitive. By the quantum binomial
formula we see that A(x**!) = 1@x T+ x5t @g5 T, sothenx*T! = a(g*t!1-1)
for some scalar . Since x*T1h = y(h)*T1hxst!, we see that if y*T! # 1, then
must be zero. Now it is clear that C ~ Ho(s,q~ ', G, g, x, o).

Case 2. If 1 is a vertex in a connected component D of type K[Cy, s], with
s > 1, then let x be the arrow from 1 to 1, which is a primitive element, i.e.,
A(x) =x®14+1Q®x. Then gx ¢ Cp and A(gx) = gx ® g + g ® gx for any
g € G, so there is an arrow from gx to gx. This shows that C must be a direct sum
of coalgebras of type K[C1, s'] (for possible different values of s"). Then looking at
A(x') —x* ® 1 — 1 ® x', it is easy to show by induction that x’ lies in D for any
i > 1. Since x is a non-zero primitive element, the set (x'); is linearly independent,
a contradiction to the finite dimensionality of D. Thus this situation cannot occur.

If 1 is a vertex in a connected component of type K[C,, s], with n > 2, the proof
goes as in case 1, and leads us to the conclusion that C is a direct sum of coalgebras
isomorphic to K[C,,, s], and that C is isomorphic as a Hopf algebra to one of the form
Hy(s,q,G, g, x,). The only difference is that instead of using the paths pj, ,ij,, we
deal with paths denoted by pj;, and meaning the path of length / starting at the vertex
h. Also, since y(g) = ¢, a (s 4+ 1)-st root of unity, and g” = 1, s + 1 must divide .

Case 3. If 1 is a vertex in a connected component of type K, then proceeding as
in case 1, we can see that there are no arrows in C, so C is a direct sum of copies
of K. Thus C is a group-like coalgebra, and Hopf algebra structures on C are just
group Hopf algebras. O

We note that the above theorem completely classifies finite dimensional Hopf
algebras whose underlying algebras are quotients of finite dimensional path algebras
by ideals generated by paths, or whose underlying coalgebras are path subcoalgebras.
These are the algebras KG, H,(s,q, G, g, x,«) and their duals, because a finite
dimensional Hopf algebra is Frobenius as an algebra and co-Frobenius as a coalgebra.
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