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Classification of spin structures on the noncommutative n-torus*
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Abstract. We classify spin structures on the noncommutative torus and find that the non-
commutative n-torus has 2” spin structures corresponding to isospectral deformations of spin
structures on the commutative n-torus. For n > 4 the classification depends on Connes’ spin
manifold theorem. In addition, we study unitary equivalences of these spin structures.
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1. Introduction

The different possible spin structures on a differentiable manifold were classified
in the work of Milnor [27]; for example, on a (commutative) n-torus there exist 2"
inequivalent spin structures. No such general classification of spin structures is cur-
rently known in noncommutative geometry — this amounts to classifying the possible
real spectral triple structures on a C*-algebra. In this paper we prove that there exist
precisely 2" different real spectral triples on a noncommutative n-torus, and that these
structures are isospectral deformations of spin structures on the commutative n-torus.

The noncommutative torus A('[I'é’), or irrational rotation algebra, is one of the first
nontrivial examples of a noncommutative topological manifold, given as a deforma-
tion of the usual commutative torus [17], [31], [16]. The parameter 6 is a number for a
noncommutative 2-torus, and an antisymmetric (n X n)-matrix for higher-dimensional
tori.

The analog of putting a spin structure and a metric on this algebra is to enhance it
into a real spectral triple in the sense of Connes [8], [9]. This introduces a set of extra
parameters 7, which are the analogue of the size of the torus. The noncommutative
n-torus, both topologically and with spin structure, has found many applications in
mathematical physics, for example [4], [25] and [3]. A noncommutative spin structure
can certainly be constructed by deforming a spin structure on the commutative n-
torus [13], so the question becomes whether this deformation gives all possible spin
structures on the noncommutative n-torus.

*The author thanks Gunther Cornelissen for discussions and encouragement, and the referee for perti-
nent remarks.
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In dimension 2, the problem was solved by Paschke and Sitarz [28], Theorem 2.5,
who showed that a noncommutative 2-torus admits exactly 4 different real spectral
triples (which are deformations of spin structures on the commutative torus). This
result can be reformulated as follows: any real spectral triple which is equivariant
with respect to a 2-torus action in the sense of [34] (see Section 2.1), is an isospectral
deformation of a spin structure on a commutative 2-torus. Note that an equivariant
action of n-torus is different from an n-torus action as in [11], the former is a condition
on the spectral triple, the latter is an action along which the algebra is deformed.

Our first result is that the theorem of Paschke and Sitarz holds true in arbitrary
dimension:

Theorem A. All irreducible real spectral triples with an equivariant n-torus actions
are isospectral deformations of spin structures on an n-torus.

The proof of [28], Theorem 2.5, does not generalize readily to higher dimensions.
Rather than working with the grading operator, which only gives nontrivial conditions
in the even-dimensional case, we use the reality operator first. Then we establish that
out of several possible candidate structures only one satisfies the growth condition
and compact resolvent condition on the Dirac operator. Also, our proof uses at a
crucial point Connes’ reconstruction theorem [10], Theorem 11.5. We describe the
spin structures explicitly in Theorem C.

Inacelebrated paper [1] (see also [2], Theorem 1), Adams used the classification of
independent vector fields on spheres to deduce elementary results on Radon—Hurwitz
numbers of certain classes of matrices. Similarly, our Theorem A can be used to
prove the following elementary result on Hermitian matrices, for which we do not
know an elementary proof:

Corollary 1. A set of (2% x 2b) Hermitian matrices {A4;}'_,, wheren = 2b + 1,
such that the equation

det(}_; x;A;) =0

only has the zero solution (x; = 0)7_, in R" generate a Clifford algebra if and only
if
. n
> sign(0) [ A¢qy = Aldg,
1

g€eS),

for some nonzero A € R.

Once we have obtained a classification, we study equivalences between different
real spectral triples on the same noncommutative n-torus. For a commutative n-torus,
the diffeomorphisms of a torus act affine on the set of spin structures identified with
the vector space Z%, as shown in [15]. In particular, for the commutative 2-torus
there are two orbits, one consisting of one element, and the other consisting of three
elements. In the case of the noncommutative torus the full diffeomorphism group is
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not known when n > 2. Restricting to inner automorphisms of the algebra, we can
show the following.

Theorem B. Except for a set of 0 of measure O, the different spin structures of the
smooth noncommutative n-torus A(Ty') cannot be unitarily equivalent by an inner
automorphism of the algebra.

We also compute the action of unitary transformations induced by some outer
automorphisms on the spin structures. These are the action of SL(2, Z) on the non-
commutative 2-torus and the flip automorphism on the noncommutative n-torus for
n>2.

The set of 6 of measure 0 in Theorem B is determined by some Diophantine
approximation conditions given in [5], and includes the 6 with only rational entries.

In addition to unitary equivalences of real spectral triples, one could also look at
Morita equivalences of real spectral triples [37], Chapter 7.2, even though it is not a
true equivalence since it is not symmetric in general, see [12], Remark 1.143. It would
be interesting to study Morita equivalences of spin structures on noncommutative tori,
especially since all Morita equivalences of the algebra of functions on the smooth
noncommutative tori are known [32], [20], Theorem 1.1. We hope to return to this
question in the future.

2. Definition of a real spectral triple

Since there are various, slightly different, definitions of real spectral triples, cf. [9],
p- 159-162, [37], Chapter 3, [22], Chapter 10, and we need to refer to the conditions
unambiguously, we will explicitly state the definition of real spectral triple we use.
For the definition of an equivariant spectral triple, see Section 2.1. A spin structure
on a manifold M, of dimension 7, is a nontrivial double cover of the principal SO(n)
bundle of orthogonal frames of the tangent bundle 7M [26], Chapter I1.1. After [10],
we know that a real spectral triple is the right noncommutative geometry analog of a
spin structure on a manifold.
For a real spectral triple we have the following data:

* a unital Fréchet algebra #, *-isomorphic to a proper dense subalgebra of a
C*-algebra which is stable with respect to the holomorphic functional calculus;

* aseparable Hilbert space J# with a representation of «+ acting as bounded op-
erators;

» an unbounded self-adjoint operator D, called ‘Dirac operator’;
e an antilinear isometry J of J# onto itself, called ‘reality operator’;

* aninteger n > 0, called ‘dimension’;
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« if n is even, a self-adjoint unitary operator I" of # onto itself such that I'> = Id,
called ‘grading operator’. We call the spectral triple even in this case.

These objects also satisfy the Conditions 1 to 9 in order for them to be called a real
spectral triple of dimension 7.

Condition 1 (Compact resolvent). The Dirac operator D has compact resolvent, that
is, D has finite dimensional kernel and D~! (defined on the orthogonal complement
of the kernel) is a compact operator. Furthermore, for all a € A, [D,n(a)] is a
bounded operator.

Condition 2 (Grading operator). If n is even, the Z, grading operator I" splits the
Hilbert space # into #+ and #~, where # 7 is the (£) eigenspace of I'. The
operator D is odd with respect to this operator, DI" = —I"D, and the representation
7 of A on J is even, so we can write

a 0 0 D~
”(“)_(0 a)’ D_(D+ 0)’
where DT and D~ are adjoint to each other.

Condition 3. The operators J, D and I' satisfy the commutation relations from
Table 1, and the operator J is unitary: JT = J =1,

Table 1. Signs of the spectral triple.

n mod 8 o 1 2 3 4 5 6 17
J? = 41d enN)|+ + - - - - 4+ +
JD = £DJ () |+ - + + + - + +
JI' = £I'J (ep) | + — 4 _

Condition 4 (Dimension). The eigenvalues j; of |D|~!, arranged in decreasing
order, grow asymptotically,

pie = O(k™"),
where 7 is an integer called the dimension.

Condition 5 (First order condition). For all a,b € +4 the following commutation
relations hold:

[a,Jb*JT] = 0. (1)
[[D,a], Jb*JT] = 0. ()
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We will write b° = Jb*JT. The above formulas establish that the opposite
algebra:

A° ={a® = JTa*J | a € A},

lies within the commutator of 4.

Recall that a Hochschild k-chain is defined as an element ¢ of Cx(M, A) =
M ® A®K with M abimodule over 4. A boundary map b: Cy — Ci—_; is defined
as

b= Y (-1)d,
i=0,k
dym®@a; ® - ®ag) =ma; @az--- Q a,
dm®a1 @ - Qax) =m®a1 ® - Qajait1 Q-+ ® ag,
dim®a; - Qax) =armQa, ® -+ @ ap_1.

Since b? = 0, this makes Cy (M, #) into a chain complex.
Condition 5 gives a representation of Hochschild k-chains Cy (A, A ® A°) on K
by
ap((@a®b°)®a; ®---Qar) =ab®|D,ai]...[D,ag].

Condition 6 (Orientability). There is a Hochschild cycle ¢ € Z, (A, A ® A°) such
that 7p(c) = I" when n is even, and 7p(c) = Id when 7 is odd.

Condition 7 (Regularity). For all a € #4, both @ and [D, a] belong to the domain
of smoothness (7=, Dom(8%), where the derivation 8 is given by 8(T) = [| D], T]

with |D| = /D*D.

Condition 8 (Finiteness). The space of smooth vectors X = (72, Dom(D¥) is
a finitely generated projective left 4 module. Also, there is a Hermitian pairing (1|§)
on this module given by

(1.8) = ][(ms)wr",

where f is the noncommutative integral (defined for example in [37], Chapter 5).

Condition 9 (Poincaré duality). The Fredholm index of the operator D yields a
nondegenerate intersection form on the K-theory ring of the algebra A @ A°.

Finally, we restrict our attention to irreducible spectral triples, that is, the only
operators commuting with the action of the algebra and D are the scalars. In the case
s is commutative, this is equivalent to demanding the manifold is connected, see [9],
Remark 6 on p. 163.
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2.1. Equivariant spectral triples. There are different candidates for the notion of
symmetries of noncommutative geometries. One obvious candidate is the group of
automorphisms of the algebra -4, but for noncommutative algebras this group can
be very small, while it seems that there should be more symmetries available. An
attempt to enlarge this group of symmetries in an interesting way is the notion of
equivariant spectral triples. Equivariant spectral triples were introduced in [34]. One
describes symmetries of spectral triples in the form of Hopf algebras. In this paper
we are interested in n-dimensional spectral triples which are equivariant with respect
to a Hopf algebra with n different commuting derivations. This, together with the
irreducibility condition, is the analog of a connected compact homogeneous space in
commutative geometry.

In the context of Hopf algebras, we shall use Sweedler’s notation for the coproduct:
Ah = h@a) ® h(z). See for example [24], Chapter 3, for an introduction to Hopf
algebras and some standard notation. An equivariant real spectral triple is a real
spectral triple (4, #, D, J) together with a Hopf algebra H, with multiplication u,
unit 7, comultiplication A, counit € and antipode S, and an antilinear involution *
making H into a x-algebra such that

AR* = (AR)*®*,  e(h*) =e(h), (So%)?=1d.

Recall that an H -module algebra is an algebra A with a complex linear representation
p of H on A such that A4 is a linear space, and p respects the algebra structure

p(h)(araz) = (p(hy)ar)(p(he))az)

forallh € H,a;,a> € A. When A is an H-module algebra we define an equivariant
(left, right) A-module to be a (left, right) A-module M such that

pm (h)(am) = (pa(hqay)a)(pm (h))m)
forallh € H,a € A, m € M. The objects of the equivariant real spectral triple
transform in a compatible way under the action of the Hopf algebra:
* The algebra +4 is an H-module algebra.
* There is a dense subspace V' C J such that V' is an equivariant left #A-module.

e For every h € H, the Dirac operator is equivariant, [D, 7] = 0 on the (dense)
intersection of the domain of D and V.

e The action of H is well defined on the opposite algebra A° via the equality
J~1hJ = (Sh)*.

« If the spectral triple is even, then [I", h] = 0.

In the case of equivariance with respect to a torus action, we take the universal

enveloping algebra U(t") of the familiar Lie algebra t” of the n-torus. This means
that we have a basis of derivations §;, with a representation p on J such that for
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ae€ A(Ty),ve:

8,'5]' = 8]'3,', (38.)
AGi))=6RQId+1d® 6, (3b)
p(Si)m(a)v = (w(8ia) + m(a))v, (3¢)
p(8:)Dv = Dp(8i)v, (3d)
p(8:)Jv = —Jp(8;)*v. (3e)

3. Outline of the classification

The outline of the proof of Theorem A is as follows. First in Section 4 we determine
the action of the algebra on the Hilbert space such that the equivariance condition is
met. This action is already well known, but we derive it to show that there are no other
possibilities. In Section 5 we move to real spectral triples and determine possible
forms of the reality operator J by considering the anti-isomorphism A(Tg)
(T4 )° and the equivariance condition (3e). We find several possible families of
real spectral triples, only one of which consists of isospectral deformations of spin
structures on the commutative torus. In Section 6 we determine the classes of possible
Dirac operators for each candidate family of real spectral triples using equivariance
of the Dirac operator and the first-order condition, and show that only the isospectral
deformation family is compatible with the compact resolvent condition.

In Section 7 we determine that the parameters T in the Dirac operators must be
linearly independent vectors spanning R”, using the Hochschild homology condition
and earlier results on the Hochschild homology on noncommutative tori. The last step
in the classification is done in Section 8, where we use the spin manifold reconstruction
theorem to show that the Dirac operator is really a Dirac operator in the sense of spin
geometry.

After the classification, we give in Section 9 an explicit description of the con-
structed real spectral triples on the noncommutative torus.

Finally, in Section 10, we study unitary equivalences of the real spectral triples,
and show that unitary equivalences induced by inner automorphisms of the algebra
do not change the spin structure for almost all 6. When n = 2 we show that the
known outer automorphisms do change the spin structure if the real spectral triple is
an isospectral deformation of a nontrivial spin structure. When n > 2, we show that
the flip automorphism cannot change the spin structure.

4. Hilbert space and algebra

We look for possible equivariant representations of the algebra of functions of the
smooth noncommutative torus and give a basis of the Hilbert space # for which
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equivariance is obvious. We do not use any special conditions from the definition of
areal spectral triple, except that the Hilbert space should be separable.

We denote the noncommutative torus, or more precisely, the algebra of continuous
functions on the noncommutative n-torus, by A(Tj), where 6 is an antisymmetric
real (n x n)-matrix. As Hopf algebra symmetry for which the algebra representation
must be equivariant we take the Hopf algebra generated by n independent commuting
elements 81, ...,8,.

The algebra of smooth or continuous functions on the noncommutative torus is
generated by unitary elements U, , ..., U, such that

Uek Ue] = exp(znl le)Uel Uek ’

with 0y; the component of the matrix at position (k, /). As a short-hand notation, we
will write

e(-) =exp(2mi -).
The Hopf algebra action of our basis elements on the unitary generators is [34]:

8iUe; = Ue; ifi = j,and 0 otherwise. If we interpret the ¢; as the j-th basis vector
of Z", we can write more generally unitary elements of the algebra in the form

Ux = e(5 Xks; X058 (Ue) ) (U, )2 .. (Ue, )"

forx = ) xje;. The Fréchet algebra of smooth functions on the noncommutative
torus is a dense subalgebra of this algebra.
Just as for the algebra, we will write 8 for the derivation given by

O = 6x,0x, ... Ox,.
From the definitions, it is immediate that
Sny = (X.y)U ’

where (x - y) is the standard inner product on Z”.
Now we look for a Hilbert space #y which is an equivariant left Ag-module. As
a basis of H#, we choose mutual eigenvectors e, of the derivations,

p(8i)ey = piey,

where the g form a countable subset of R”.

In order for the spectral triple to be a noncommutative torus, we demand that the
action of the algebra is equivariant with respect to a torus action, as in equation (3c).
Written out for the unitary generators Uy, we see that

7TO(Ux)eIL = Ux,u€u+x,

with uy , € C to be determined. Thus for the minimal irreducible equivariant
representation the g will lie in a translate of a lattice,

E%0: @ t%uo-i-m’ (4)

meZ"
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where each #;,+m = C. There are no restrictions yet on fo, these will be deter-
mined later.
Since the Uy should be unitary, we have that

(evaux,ueu—i-x) = (u—x,vev—x»eu) = ux,ugv,u—l—x = u—x,vgv—x,u' (5

Finally the definition of Uy in terms of U; gives the relations
Ux+y,n = e(%x OY)ux,pyUy,p- (0)

Lemma 1. Up to unitary transformations of J# any unitary equivariant representa-
tion of A(Ty) on J is given by

7o (Us)ey = e(5% - AX + X - Af)ey (7
with A any (n x n)-matrix such that A — A" = 6.

Since the representations 7, given by different matrices A such that A —A’ = 6
are equivalent, we drop the A from the notation, and just write 7 for a representation
defined by equation (7).

Proof. 1t is clear that for any matrix A the representation given above satisfies the
relations (5) and (6). Given two representations 7 and 7’ satisfying the equivariance
condition (3c) we can write any element w € J¢ as a unique sum ) __.»n Ax7(Uy)eg
with (A)xezn € £2(Z"). In other words, eq is a cyclic vector with respect to the
algebra action. Now construct an operator 7: #{ — J by setting Teg = eo and
extending by
Tw=T Y An(Uyey= Y, 6 Act'(Ux)eo.
xeZ" xeZn

This is well defined if 7 and 7" are representations of the same algebra (T ) since
they satisfy the same algebra relation (6), and it is an invertible map on # because both
7 (Uy)eo and 7' (Uy)eg span the Hilbert space if we take all x € Z". By construction
T~ 7' (Uy)T = m(Uy), and it is a unitary transformation because we can calculate

(Tv,Tw)y= >_ ixuy(n’(Ux)eo,n/(Uy)eo)
X,yeZ"

= 3 Aty (7' (Uy)eo, 7' (Uy)eo)

x—y=0
= Z Ax—x
xeZ"

= (v, w),
since (ex, ey) = 0if X # y, and the representations 7 and n’ are unitary. O

There might be more unitary equivalences of the algebra, a question which we
explore in Section 10, but for now we were only interested in possible representations
of the algebra.
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5. Reality operator

In this section, we derive conditions on the equivariant reality operator J, to give
us a real spectral triple. We will only consider conditions following from relations
between 4, # and J and the equivariance condition (3e). No use is made of the
Dirac operator in this section.

The equivariance condition for J is given in (3e):

p()Jv =—Jp(I")v ®)

for v € # and / an element of the Hopf algebra of the symmetries of the non-
commutative n-torus. For our basic derivations §;, we have §F = §;, so this just
means

SiJey = —piJey )

for all i. Since we are working with the representation given in (4), we see that J
must map an element e, of the basis to e_,.

The Tomita involution Jy(a) = a* [35] gives a commuting representation, but it
does not follow the commutation relations in Table 1, so we will have to enlarge our
Hilbert space. Define

H = P K;, (10)
jel
with each #; as in (4) and / an index set. Every nondegenerate representation of
an involutive Banach algebra is a direct sum of cyclic representations [36], Propo-
sition 1.9.17, and because of the equivariance condition (3c), we get that the only
cyclic representations we can consider are the ones given by Lemma 1. We write
basis vectors of this Hilbert space as e, ; withp € Z" and j € 1.

For different j € I, lattices spanned by u could a priori be shifted by a different
amount, satisfying (9), but we will see in Section 6 that this cannot be the case if the
spectral triple is irreducible.

We look for an antilinear operator J such that J2 = e;Id, with signs as in
Table 1, and such that, forevery a € A(Ty), Ja*J ~1 commutes with all b € A(Ty)
satisfying equation (1). The image of #4(T ) under the isomorphism a +— Ja*J -1
is denoted by A(T4)°. We write U for the image of Uy.

Firstly, equation (8) has as a consequence that J acts as follows on elements of
the basis e, ;:

Jeu,j = akj(R)e—p k- (1)

We can thus write Jey, ; = A(—p)Joey,;, with A(—p) some unitary or skew unitary
bounded linear functional and Jy an antilinear diagonal operator:

Joaey,; =a*e_y ;.
If we apply J twice, we should get € 71d, which can be written as

JJey,j = JIN=p)e—y,;j = Ap)A* (—p)e—p,;,
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and so we see that
A()A(—p)* = ey1d.

By applying J on a unitary generator Uy of #Ag we get the following condition
on A(w):

Lemma 2. The map a — Ja*J T is an isomorphism into the commutant if and only
ifforallx,y € Z":

A(x+y) = e(x- Ay +y - A)A®AO)TA().
where Jey j = A(—p)Joey,j, with Jo the Tomita involution, and
AXAX)T =1d, AX)A(—x)* = e;Id.

As a consequence we have

Uley,; = e(p - Ax + 1x - AX)A'(x)A(0) ey, (12)
where A(p) = e(p - Ap)A' (1), and N'(p)ij = cije(ij(r)) with ¢;j € C and
$ij: R" > Rsuchthat 3 ;cp cije(ij(—p))cie(—¢ij(r) = €sdik.
Proof. First we calculate U = JUSJ T using equation (11):

UPen,j = JUS I Tey
= JUI AR ey
=Je(x-Ap + %x CAX)A () e—p—x
=A(p +x)e(—x-Au — %x . Ax)A(/L)Te,H_X,j.

We compute the commutator [Uy, U]
UyUPeu,j = e(y- Al +x + 3y) —x- A(p + 5X) A + X)AT(m)eptxry )
UPUyey,j = e(—x-A( +y + 3X)
+y- AR+ SYAR +x+ VAT (L + Y)eptxty.s-

If the commutator vanishes, we see that by canceling common terms we must have
e(y - Ax)A(r + AT (p) = e(—x- Ay A (L +x + y)AT (1 +y).

This has as a consequence that A(x);; consists of e( f;; (x)) with f;; (x) a function
of the form x - B;;x 4 ¢;; (x) 4+ v;;. We see that the quadratic part must be the same
for each component, and that B;; = A. The constant part v;; can be absorbed into
by unitary transformation. We can thus write

A(x) = e(x- Ax)A'(x), (13)
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where A’(x) consists of functions ¢;je(¢;;(x)) such that A’(x) = €;A’(—x)" and
A'(x)A’(x)T = Id. If we then calculate U?, we obtain

Uley = A( +X)e(—x-Ap — %x . AX)A([L)Te‘L_H(’j
=e((p+x)-A(L +x)—x-Ap
—Ix Ax = Ap)A (4 )N (1) e, s
= ol Ax + 33 AV G+ O (1) e,
=e(p - Ax + Ix- AX)A'(x)A'(0) ey, ;-

By definition (13) of A’, we have A’(0) = A(0), so this is exactly equation (12).
O

6. Dirac operator

The remaining piece of the real spectral triple is the Dirac operator. In this sec-
tion, using the results from the previous section, the equivariance condition (3d), and
Conditions 1 and 5, we derive conditions for the Dirac operator D. We see that for
different forms of A as given in Lemma 2 only the form A’(x)? = Id can lead to
isospectral deformations of spin structures on the commutative n-torus. By apply-
ing the compact resolvent condition of Condition 1, we show that this is the only
possibility compatible with the definition of noncommutative geometry.

An equivariant Dirac operator D commutes with the basic derivations §; as de-
scribed in (3d):

— k
Deyj= 3 dy jeuk
kel

Since D should be self-adjoint, we have d ;l: i = (d ‘i )F - We will write

Dey.j = D()ey, . (14)

This means that D(p) is the operator D restricted to the eigenspace of derivations
with eigenvalue p. This is well defined due to the equivariance condition (3d).
Given an element g in a shifted lattice Z”, we define the Hilbert space #, as the
span of eigenvectors v; of the basic derivations §; such that §;v; = p,v; for each
i. As a consequence of the equivariance of the Dirac operator and the irreducibility
condition, all the x must lie in the same lattice, by the following argument.
Between two Hilbert spaces #¢, and J¢, we have an isometry if p — v € Z",
given by the unitary element U, _, of the algebra. Now consider the projector P
that is Id on #, for which p — v € Z", and 0 otherwise. This projection clearly
commutes with the algebra, and, because of (14), also with the Dirac operator. If the
spectral triple is irreducible, only scalars may commute with both the algebra and the
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Dirac operator, so Py, is the identity on the whole Hilbert space #¢, hence all lattices
are shifted by the same vector €. Because of (9), we can then conclude that € consists

of elements which are either O or %

From the first order condition in equation (2), we deduce:

Lemma 3. An equivariant Dirac operator D which satisfies the first order condition
must be of the form

D(x +y) = (N®AO) (D) - D©) + DX). (15)

Proof. To check the first order condition, it is sufficient to check it only for the unitary
generators of #Ay:

[[D,Uy], U] = DUXUYO — UxDUy — Uy DUy + UyUxD = 0
for all x,y € Z". Using Lemma 2, we write out the first order condition:
DU ey = ax.y. p)D(x +y + p)N ¥)A (0) e iniy.)
UxDUpey j = a(x.y. ) D(y + p)A' (Y)A'(0) ey xiy,
U2DUsey,; = a(x,y. p)N A 0) Dx + p)eyixty.s
UPUxDey, j = a(x,y, p)A' YA ) D(i)ep sy,
Here a(x,y, ) is the common factor
aX,y,p) =e(x-Ap + p-Ay +x- Ay + %(X-Ax+y-Ay)).
This gives the relation

(D(x+y+p) — Dy + p)A A0 = A'HAO) (D + p) — D(p)).

Since D is self-adjoint and A’(x) unitary, we can rewrite this as

(Dx+y+p)— Dy +p) =NHANONDE+p)—D@). O
Fory = x and p = 0, the solution to the defining equation (15) is
D(x) = Z(ri X)A4; + (A (x)A0)")?B + C, (16)

where the 4;, B and C are bounded operators such that Ce,, ; = ) ; cjxeyu i and
similarly for B and A;, and ker(}_; 7; - XA;) contains at least the x € Z" such that
(A’(x)A(0)T)? £ 1d. This is the unique solution, since we see from equation (15)
that D is fully determined after we choose suitable D(e;) for 1 <i < n.

If (A'(x)A(0)")2 = 1d, this gives a linear Dirac operator, familiar from com-
mutative geometry. However, at first glance it seems that there might be other spin
structures, not corresponding to commutative spin geometries. These other candi-
date geometries, where (A’(x)A(0)")2 # Id, will however drop out because they are
incompatible with the compact resolvent condition on D.
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Lemma 4. Only if (A’ (x)A(0)")? = Id can the equivariant Dirac operator D have
a compact resolvent. Hence D is of the form

Dey, ;= (Z(r,- “)A;i + C)ey ;.
12
As a corollary, we have that J is of the form

Jep,j =e(u-Ap)Ae_y j, (17

with A a constant isometry such that A*> = € ;1d.

Proof. By [29], Theorem XIII.64, we see that an unbounded self-adjoint operator D
bounded away from O has a compact resolvent if and only if the set

Fp =Y € Dom(D) [ |yl < 1, Dy < b}

is compact for all b € R. However, if (A’(x)A(0)T)? % 1d for some direction x, we
know that x € ker(}_; 7; - x4;), and then it follows from (16) that the norm of De;y
is bounded by B + C forall A € Z. When we take b > ||B + C||, Fj contains at
least ey forall A € Z # 0, so Fj cannot be compact. O

7. Grading and Hochschild homology

In this section we investigate what extra conditions on the spectral triple of the non-
commutative torus come from the grading operator and Hochschild conditions, Con-
ditions 2 and 6. We find that the parameters ' introduced in Section 6 must be
linearly independent vectors spanning R”.

We start by investigating the Hochschild cycle condition, which states that there
is a Hochschild cocycle ¢ € Z, (A, A ® A°) whose representative on  is I when
n is even, or Id if n is odd. The I operator is an isometry, with eigenvalues 1 and —1,
and so by Condition 2 and the diagonal action of the algebra on the Hilbert space, we

see that
r+ o
I' = -,
0 T
where I'"™ and '™ are unitary self-adjoint operators which have only eigenvalues + 1
and —1 respectively. Using a unitary transformation, we can assume these operators

to be diagonal, thus
_ (Id4 0
=% )

where Id+ and Id_ are the identity operators on the positive and negative eigenspaces
of I'.
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An obvious candidate for the Hochschild cycle in Z, (A, A ® #A°) is the straight-
forward generalization of the unique such cycle for the noncommutative 2-torus [28],
p. 324, which is

2 =U{0)Uo.1) ® U,y ® Un,o) = U 1y Ufl oy ® Ua,o) ® Uo,1)-

A candidate generator of the n-th Hochschild homology of the noncommutative 7-
torus is given by

Cn = Z (Sign(‘j)(.lﬁl Uea(i))* é(Ueg(i))), (18)

geSy,

with e; an orthonormal basis of Z". It is known by [22], Lemma 12.15, that this a
Hochschild cycle. Due to [38], Theorem 1.1, the n-th Hochschild homology of the
n-torus is 1-dimensional. Together with Lemmas 5 and 6 below, this means that (18)
generates the n-th Hochschild homology.

Lemma 5. For the noncommutative n-torus, only nontrivial cycles can be mapped
to " when n is even, and to Id when n is odd, by the map wp.

Proof. Since the Hochschild cycle consists of polynomial expressions, it is enough
to prove the result for individual homogeneous polynomials because any cycle can
be written as the sum of homogeneous polynomials. Define

¢ =Uo®Uy @Ug ® - ® Uy € Zp11(h, AR A°),
with x¢, y € Z". As in [37], Chapter 3.5, we see that
ap(be’) = (—=1)"[7°(Uy)n (Uyo)[D, 7 (Ug1)] ... [D, 7 (Uxn)], 7 (Ugn+1)].  (19)

Since [D, Uy] = CyUy with Cy some operator depending on x, 7p (bc¢’) is propor-
tional to

Cyt . xn T (Uyo)®(Uy)w(Ugr) . .. t(Uxn) T (Ugn41).
When 7 is even, I maps e, ; to ey, ;, the total sum y + Z:’;LOI x! must be 0. If
A(Tg) and A(Tg)® have a trivial intersection, Uy must have total degree 0. The

total Z:’;Lol x' is 0, and since Uy and U_, commute, the commutator (19) vanishes.
When 7 is odd, the argument goes the same.

If A(T') and A(T/)° have nontrivial intersection, there are y for which Uy Uy =
UyUx forall x € Z". In that case, by the same arguments as for the trivial intersection
case above, the Uy must lie entirely within the intersection of 4(T/') and A(Ty)°,
and since x"T! = —y — >""_ ' x', the commutator (19) vanishes:

[U;le e Ugn, U] = UyO[le oo Usn, Ugn1]
=Up(1—e(x"*1- 037 x'))
=Up(1—e(x" - 0(—y —x"T1))) =0.

Since x"*1 - 9x"*! = 0 and Uy commutes with Uygn+1. O
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Lemma 6. The Dirac operator given in Lemma 4 satisfies the Hochschild condition
only if the vectors T* are linearly independent. The Dirac operator is

D=Y(t-8)4; +C,
i

where the A; are bounded operators such that

> sign(0) [[ 46y = det(z'z?...7"l (20)

o€eS,

when n is even, and det(t't? ... t")Id when n is odd.

Proof. In order to deduce the representative of the Hochschild cycle (18) on the
Hilbert space #, we calculate

[D, Usley,j = De(x-Ap + %X “Ax)eptx,j — Ux(Q g Tk - L Akep. ;)
=e(x-Ap + 1x-Ax) (X, Tk - XAkeptx,))-

We suppress the e(x - A + %X - Ax) factors, since these are canceled from the left
by the Ue*:, factors, and expand (18):

mp(c) = 7p (Zaesn (sign(a)(]_[?zl Ueam)* ®;’1=1(er(1‘))))
= > (Sign((f)(l_[7=1 Uea(i))* n:l=1[D’ Uea(i)])

o€eSy,

= Y (sign(0) Y4 [Ti=; T - ey Ar)-

o€eSy,

This expression should be some constant times I" or Id, depending on the dimension.
Due to [10], Proposition 4.2, we can write this as

ap(c) =det(t1t2...74) Y. sign(o) ]_[ As i),

g€eSy,

where we view (7173 ...T,) an (n X n)-matrix with t; as the columns, from which
it is immediately clear that the vectors must be linearly independent. O

8. Dimension, finiteness and regularity

Here we establish, using the conditions of dimension, regularity and finiteness (Con-
ditions 4, 7 and 8), that the real spectral triple must be an isospectral deformation of
a spin structure on a noncommutative torus. The result follows from Connes’ spin
manifold theorem. In the course of proving this, we find a proof for an elementary
fact about Hermitian matrices generating a Clifford algebra, for which we do not
know an elementary proof.
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Lemma 7. If the T; span R", for arbitrary a; € R and all ¢ > 0, thereisat € R
and a finite set of pj € Z", with Z" a shifted lattice as in Section 5, such that

Ylai — i Lyl <.
J

1

Proof. Every vector p € Z" can be written as a sum of at most two vectors it; €
7", By Dirichlet’s theorem of simultaneous Diophantine approximation [33], The-
orem IL.1B, for all N > 1 and (a;) € R” we can find integers ¢, py, ..., p, With
q < N such that
lqa; — pi| < N7'/"

forl <i <manda; € R.

Since the 7; span R”, there is a transformation R € GL(R, n) depending only on
the 7; such that (Rp); = 7, - p. Seta, = (R™'a);. Call the eigenvalue of R with
the maximal absolute value t,,x, then clearly we have

lga; — ;i - Zﬂj| = |q(Ra/)i — (Rp)i| < |Tmax||qa; — pil < |Tmax|N_1/n'
J

Choosing N such that 11|t [N 1" < &, we get the desired result. O

Lemma 8. In order for D to be satisfy the compact resolvent condition of Condition 1
and the dimension condition of Condition 4,

inAi,
1

needs to be invertible for all x; € R except when all x; vanish. In particular, all A;
should be invertible operators.

Proof. 1f ), x; A; is not invertible at a point where x; = 7; - u for all 7, then clearly
this is also the case for u’ = Ap with A € Z. Thus the kernel cannot be finite
dimensional in this case.

If }°; x; A; is not invertible for some non-trivial x;, but x; # 7;-p forall p € Z"
we have the following.

Since the 7; span R” by Lemma 6, by Lemma 7 we have for every ¢ > 0 a set
of vectors u; € Z" such that ) ; | Zj T; - .j — x;| < &. Take an element y in the
kernel of ) ; x; A;. Then ||(Zi,j T; - ; A;) - y|| < ellyll. Hence there is at least one
eigenvalue of Zi’j T; - j; A; smaller or equal to &. But this means that the spectrum
of | D|~! is unbounded, hence D~! cannot be compact. O

We have so far assumed nothing about the size of the Hilbert space # compared
to the basic irreducible representation of the algebra, #y as defined in equation (4).
By construction, J is a left 4 (Tj)-module. According to Condition 8, a certain
submodule #° of J should be a finitely generated projective left 4(T /' )-module.
This has the following consequence:
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Lemma 9. The spectral triple (A, J, D) only satisfies the finiteness condition of
Condition 8 if the Hilbert space ¥ is a finite direct sum of copies of #y. If we assume
the algebra 4 to be closed under the collection of seminorms |8 (- )| defined in
Condition 7, it is given by

A(TY) = {2 xezn aX)Ux | a(x) € S(Z™)},
where §(Z") is the set of Schwartz functions over Z":

S(Z")={a: 7" - C| sup (1+ I1x[12)¥|a(x)|? < oo forall k € N}.
xeZ"

Proof. By the arguments in [7], Lemma II.6.«.2, we know that the intersection
of the domain of the §¥ is stable under the holomorphic functional calculus. The
collection of seminorms [|§% ()| is equivalent to the collection of seminorms gy =
sup_c5, (1 + x|2)*|a(x)| because of the following argument.

We can write ||§%(a)|? = i D oxezn | 4; [|%* |7 - x||?*|a(x)|?. Because of
Lemmas 6 and 8, we know that Y, ||4;]|**||z; - x||?* can be bounded between
c1.x|1x]|%* and ¢, 4 ||x|?* for constants ¢; x, s & > 0. Thus the family of seminorms
6% (a)]| is equivalent to the family of seminorms qi(a) = D ezn [1x1%* |a (x)|?.
Now if an element a of the C*-algebra A has a finite norm in all q,’{, then clearly
supyezn (1 + [Ix[?)¥|a(x)|? < oo for all k € N. Conversely, if a € A(T7), we can
write

ar(@ = 2 IxIPla@)P? = X 1+ [xI)7 1+ IxI?) 77 Ix]* |a ()],

xeZ" xeZ"

and this last sum converges if p is big enough since (1 + ||x||?)?|a(x)|? is by as-
sumption less than some finite constant ¢, and Y, .7 ¢, [|X[|2* (14| x||) 7 converges
when p > n/2 + k.

By Condition 8, we have that #° is a finitely generated projective left A(Tj')
module. We already knew that J must be a direct sum of copies of #( due to the
discussion following (10). The finiteness condition then ensures that the sum must be
finite. All conditions stated in Conditions 7 and 8 are then easily seen to be fulfilled.

O

Remark 1. The choice of smooth structure is not unique even in the commutative
case, given just the algebra C*-algebra A of the noncommutative torus. See for
example [23]. However, given the equivariance condition of the Dirac operator and the
assumption that the smooth algebra consists of all elements such that [|§%(-)| < oo
for all k € N, the algebra is uniquely determined by the above argument.

The number of generators of J# in terms of ) is still undetermined, but a lower
bound is given by [2], Theorem 1. This theorem states that for complex Hermitian
k x k matrices, with k = (2a+1)2°, there exists at most 2b + 1 matrices satisfying the
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non-invertibility property of Lemma 8. So in order to have at least # such matrices, k
should be at least 21"/2), Hermitian matrices generating an irreducible representation
of a Clifford algebra Cl, o are an example of a set of matrices attaining this lower
bound.

Remark 2. It does not follow from Lemma 8 that the algebra generated by the
matrices 4; is a Clifford algebra. What remains to be shown is that (}_; x; 4;)? lies
in the center of the bounded operators on # forall x € R”. The condition of Lemma 8
alone is not enough to show this.

Consider a set of self-adjoint matrices {B; } generating a Clifford algebra. These
satisfy the invertibility condition of Lemma 8, and the Hochschild condition (20).
Since they are self-adjoint, we can diagonalize B; by B; = UAUT, with A a diagonal
matrix with real elements. If we rescale the elements of A each by a different nonzero
amount to A’, the set {UA’UT} U {B;};>, still has the invertibility property, but not
necessarily the Hochschild property, as a calculation for any case n > 4 will show.
If n = 2, 3, the invertibility property does imply the Hochschild property however.

However, a weaker form of Connes’ reconstruction theorem [10], Theorem 11.5,
implies the following result:

Lemma 10. In order for the candidate structure (A(Ty), #, D, J) to satisfy both
the Hochschild condition of Condition 6 and the dimension condition of Condition 4,
the matrices A; of Lemma 4 must generate a Clifford algebra.

Proof. If we look at our conditions on A('[I'é’), ¢, D and J, we see that none of them
depend on the antisymmetric matrix 6. Also, the action of the Dirac operator on the
Hilbert space is independent of 6. This means that we can just set 8 = 0, where we
have the real spectral triple (g, #, D, J) of smooth functions on the n-torus. Due
to the results of Connes’ spin manifold theorem (see for example [22], Lemma 11.6,
[10], Remark 5.12), this implies that the 4; generate a Clifford algebra. ]

Because the size of the maximal set of matrices which satisfy the invertibility
condition of Lemma 8 is odd, due to [2], Theorem 1, we have as a corollary:

Corollary 1. A set of (2% x 2°) Hermitian matrices {Ai}?_,, where n = 2b + 1,
such that the equation
det(z x;A;)) =0
i

only has the zero solution (x; = 0)7_, in R" generate a Clifford algebra if and only
if
. n
> sign(o) ]_[ Agy = Aldg
1

o€eS,

for some nonzero A € R.
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If we assume the spectral triple to be irreducible, we need that the matrices generate
an irreducible representation of the Clifford algebra. This restricts the size of the
matrices to be exactly 217/2],

From the results in Sections 4, 5 and 6 it now follows that the remaining conditions,
the Poincaré duality of Condition 9 and the Hermitian pairing of Condition 8 are also
satisfied, since they are satisfied by isospectral deformations.

This completes the proof of Theorem A:

Theorem A. All irreducible real spectral triples with an equivariant n-torus actions
are isospectral deformations of spin structures on an n-torus.

9. Description of the real spectral triples

Finally, we show that given a Dirac operator D that satisfies all conditions so far, the
reality operator J is uniquely determined, and list all the ingredients that constitute
all real spectral triples of the noncommutative n-torus. Also, we show in some low-
dimensional cases what freedom still exists in the definition of the Dirac operator.

Recall that the Clifford algebra Cl, ¢ is the algebra over R generated by R”, 1
and a positive definite quadratic form ¢ subject to the relation v - v = —¢g(v)Id. The
Clifford group is defined as the group generated by the image of an orthonormal basis
of R” together with —1.

Lemma 11. If D is given by ZJ- (z7 - 8)A; with A; representatives of the Clifford
group of Cly o there is a unique J operator for each n, up to multiplication with a
complex number of norm 1.

Proof. If d = 1, 2, 3 or 4 this can be done for example by calculations, see Re-
mark 3 below. We proceed by induction. First we prove existence. Recall that there
are isomorphisms Cl, 420 =~ Cly, ® Cly9 and Cly 4,42 =~ Cl,,0 ® Clp by [26],
Theorem 1.4.1. Let d > 4, and assume that the lemma has been proven for n — 4.
The operator J, = J,—4 ® J4 acting on Cl,; o = Cl,—4,0 ® Cly o has precisely the
right commutation relations, except for n = 1 mod 4, as can easily be calculated by
looking at Table 1 and taking into account the periodicity mod 4 of the table, except
for the first row, where we use J, 42 = —1. In case n = 1 mod 4, we can achieve the
same by setting J, = J,—4 ® ['4J4.

Now we prove the uniqueness. Write . for the representation of the i-th basis
vector of R” in Cl, 9. An explicit isomorphism Cl, 9 = Cl,—4,0 ® Cls,o can be
chosen, for example,

Yo =l s @vyifori <4, yi =yt ®vivavivs fori >4,

The operators y,!y2 and y.2y;} commute with y. fori > 4 and anticommute with y,},

yZ and y;2, v}, respectively. They square to —1, so the operator

Pr =11 +iylyHA+ivivh
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is a projection, which commutes with y}; for i > 4. The projection P* does not
commute with J,, but does commute with y,y3J,. Also, the projection P T projects
onto a subspace of dimension 1/4 times the dimension of the irreducible representa-
tion of Cl, o, and the operator y,y3J, has the same commutation relations with y,’;
fori > 4 as J,, and since (y2y3J,)? = —J2, it has the right signs for an (n — 4)-
dimensional J operator. This means that P T projects onto a Hilbert space belonging
to an (n — 4)-dimensional spectral triple, where we have a unique J operator by the
induction hypothesis. On the complement of the P T eigenspace we have the unique
J4 operator with the right commutation relations with y;, i < 4. O

Stated more elaborately, we have the following result:

Theorem C. The following give all 2" irreducible real spectral triples on the smooth
noncommutative n-torus A(Tg):

* A Hilbert space # constructed as follows:

aln/2l .
J( = @ Jfl, ng = @ Ca
i meZ" +€
withe = (€1,...,€5) € R" and ¢; € {O,%}.

e An involutive algebra A with unitary generators Uy withx € Z",
A(Tg) = {4 =2, a®)Ux |a € S(Z")},
with Uy acting on a basis vector ey ; € J' by
Uxep,i = e(%x “AX + X Ap)ey i
for any matrix A such that A — A" = 6.
* An unbounded, densely defined, self-adjoint first order operator
n .
D=3 (t/-8)4; +C, 20
j=1
acting on K with C a bounded self-adjoint operator commuting withithe algebra
satisfying JCJ™' = epC, and TC = —CT ifn is even, for T/ n linearly
independent vectors in R", n matrices A; of size 21n/2] s 2ln/2) generating
an irreducible representation of the Clifford group Cl, o, and § the derivations
Siey = piey.
* Ifn is even, the grading operator T is given by ) s sign(o) [[; Asq), with
A; the matrices given above.
* A unique (up to multiplication with a complex number of modulus 1) antilinear
isometry J that acts by

Jepj =e(n-Ap)Aey ;.
with A a bounded linear operator such that AAY = 1d and DA = —ep AD*.
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In lower dimensional cases we can explicitly calculate what form C in (21) can
take. In [28], Lemma 2.3, Theorem 2.5, it is proven that C = 0ifn = 2. Forn =3
and 4 we have the following:

Proposition 1. I[fn = 3 the constant matrix C must have the form qld, where g € R
arbitrary. If n = 4, the matrix C must have the form

0O 0 a b
0 0 —b a
a -b 0 0l
b a 0 0

where a,b € C.
Proof. If n = 3 it follows from Theorem C that

J=e(p-Ap) Y ajre—pk,
kel

with I = {1, 2}. We choose a particular form of D, given by the particular represen-
tation of the Clifford group Cl;3 ¢ known as the Pauli matrices. We see that

J=e(n-Ap) ((1) _(1)),

just as in the n = 2 case in [28], Theorem 2.5. Using the appropriate values for €y
and ep found in Table 1, we see that the defining equation is JCJ = C and by a
calculation this shows that C = gId with ¢ € R arbitrary. Similarly for n = 4, we
can just check what the conditions are for C to satisfy the equations I'D = —DT and
JC = CJ, and this leads to the possibilities given in the proposition. It is trivial to
calculate similar conditions for higher dimensions. Due to the increase in the size of
matrices, and relaxation of the commutation relation with I" when going fromn = 2k
ton = 2k + 1, the number of parameters will increase when n grows. O

Remark 3. If we choose a representation for Clj g, Clz,0 and Clp all Clifford
algebras Cl,, ¢ can be constructed by the basic isomorphisms, [26], Theorem 1.4.1,

Cl,,0 ® Clgs = Clg 42,
Cl(),n ® Clz’o = C1n+2’() .

We choose a representation

0 i 1 0 0 —1 i 0
Cho=1 Clo= (—i 0) , (O _1) , Clop = (1 0) , (0 —i) :
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The (unique up to multiplication with a complex number of norm 1) matrix part of
the J operator can easily be calculated:

0 1 —
J2=J3=(_1 O)’ Ja =

In this representation, we also see that for all n the matrix component of J has
precisely one nonzero element in each column or row.

0

| 5=

- o O O
oS = O O
- o O O
SO O
SO = O

1
0
0
0

SO = O

10. Unitary equivalences

After establishing that all real spectral triples on the noncommutative n-torus are
isospectral deformations of spin structures on the commutative n-torus, we show that
there is a big difference between their groups of symmetries. In the commutative case,
a diffeomorphism acting from the torus can transform a spin structure into another
according to the action of the diffeomorphism group as calculated in [15]. Here we
show that in the noncommutative case when n = 2 most spin structures, except the
isospectral deformation of the trivial spin structure, are equivalent. When n > 2
the result is less conclusive, due to insufficient knowledge of the full automorphism
group of the C*-algebra in that case.
Recall the definition of a unitary equivalence between two spectral triples:

Definition (Unitary equivalence). A unitary equivalence between two spectral triples
(A, H,D,J,(T")) and (A, H, D', J’,(I"")) is given by a unitary operator W acting
on the Hilbert space H such that

Wr(a)W™! = n(o(a)) foralla € A, (22a)
WDW~! = D', (22b)
wIw=t =7y, (22¢)
wrw—! =1, (22d)

where ¢ is a *-automorphism of the C*-algebra A such that the algebra - is mapped
into itself.

We first recall what is known about the automorphisms of the C*-algebra A(Tj).
The main tool for understanding the automorphism group of a general noncommuta-
tive n-torus is [5], Theorem I, which tells us that for 6 in a set which has full measure
in the space of all antisymmetric matrices, the algebra A(Tj) is an inductive limit of
direct sums of circle algebras. This results allows one to generalize a lot of results
on noncommutative 2-tori to higher-dimensional tori.
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For a noncommutative n-torus which is an inductive limit of direct sums of circle
algebras, the automorphism group fits in the following exact sequence [21], Theo-
rem 2.1:

1 — Inn(A(T})) — Aut(A(TY)) — Aut(K(A(TY))) — 1.

Here an automorphism of Ko(A(Tj)) & K1(A(Ty)) should preserve the order unit
[LacTz] and the order structure (Ko(A(T§)) ® K1(A4 (THN™.

The left side of the exact sequence can be further specified by [21], Corollary 4.6,
which states that for algebras which are inductive limits of direct sums of circle
algebras H(A("[I'g”)) = Inng(4 (T4)). This means that an inner automorphism of a
noncommutative torus can only give a unitary equivalence of two spin structures if the
identity automorphism gives a unitary equivalence between the two spin structures.

By [30], Theorem 6.1, the order structure (Ky (a%("ﬂ'é’)))+ consists precisely of
those elements for which the normalized trace is positive, and by [18], Theorem 3.1,
the image of this trace on Ky is equal to the range of the exterior exponential of 6:

exp\NO=180®1OA0)S---: N""Z" > R

For noncommutative 2-tori with 6 irrational, this means that all automorphisms of
K(A("[I'ez)) must be the identity on KO(A("I]'OZ)) = Z 4 0Z. The K;-groups for
noncommutative n-tori are also known to be isomorphic to Z?""". Forn =2a
partial lifting of Aut(Z2?) = GL(2,Z) is known [6], and given by the action of
SL(2, Z) on the lattice Z? of unitary generators Uy. In [19] it is proven that in fact
the whole automorphism group of the smooth algebra eA)('I]'é%) for irrational € with
certain extra Diophantine conditions is given by a semidirect product of this action,
the canonical torus action: U, — A;U,, and the projectivized group of unitaries of
A("I]'g) in the connected component of the identity:

PU(A(TZ))? x (T2 x SL(2, Z)).

For n > 2 the situation is less clear, since the action on the K(-group need not
be trivial anymore. When n > 2, if 6 is a matrix such that all ;; are independent
over Z, one can easily calculate that an outer automorphism cannot simply map
basic unitaries to other basic unitaries. An automorphism o of this form must satisfy
e(o(x)-0o(y)) = e(x-0y) forall x,y € Z". If the 0;; are independent over Z, we
see that 0'(X) = 11X + a2y and o (y) = 21X + anpy with (31! 912) € SL(2, Z).
When n > 2 the only solution for all x and y is 0(x) = £x with sign the same for
all x.

With this knowledge of the automorphism group, we can proceed to our main
theorem of this section.

Theorem B. Except for a set of 0 of measure 0, the different spin structures of the
smooth noncommutative n-torus A(Ty') cannot be unitarily equivalent by an inner
automorphism of the algebra.
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In the case n = 2 the theorem was proven in [28], Theorem 2.5.

Proof. While for the proof of Theorem B it is only necessary to consider inner au-
tomorphisms, we get Corollary 2 if we also consider automorphisms induced by an
action of SL(2, Z) on the algebra.

By [21], Corollary 4.6, and [5], Theorem I, we have that for almost all noncommu-
tative tori Inn(A (T§) = Inng (A(Tg)). This means that if an inner automorphism
changes the spin structure, than so does the identity automorphism. We will assume in
the following that the components of 6 in the upper right corner are independent over
Z. The set of 6 all of whose components in the upper right corner are independent over
Z is of full measure, and so is the set of 6 for which H(A('[]’é’)) = EO(A('[I'(Q)),
so their intersection also has full measure.

We label the basis of the Hilbert space for the different spin structures by the same
labels m, so 4 = m + €. We see that for a spin structure € the operator J, written as
in equation (17), acts by

Jeem,i = Ajje((m +€) - A(m + €))e_moe, ;-

We consider a unitary transformation W induced by an automorphism o €
SL(2,Z), we write

Wepi =) ) wk,ijex,;
K7

for the action on the ey ;, and write o (x) for the obvious action of the automorphism
o (either an element of SL(2, Z) when n = 2, or the action X > £x when n > 2)
on the vector x € Z”.

We first show that the action of the unitary transformation W on the Hilbert
space is fully determined by the action on the different ¢p;. Next we show that
the condition (22c) implies that the action of the unitary transformation on the basis
vectors must be such that a basis vector eg; is mapped to a linear combination of
vectors e ; with k = € — o (€), where € is the original spin structure and € the new
spin structure. If o(e) = =e, this means that the spin structure is unchanged, since
k must lie in Z". For the noncommutative 2-torus, we have ¢ € SL(2,7Z), and
we see that if € € Z2, the spin structure is unchanged. All spin structures on the
noncommutative 2-torus for which € ¢ Z? are unitarily equivalent.

Consider a unitary transformation W that maps a spin structure € to €. Since
exi = Uxe(—x - Ax/2 — x - A€)ey,; and using (22a) we can write

Wemi = WUpe(—m-Am/2 —m - A€)ey;

= Usmye(—-m-Am/2 —m- Ae)(Zk,j W,ij €k, ;)

=Y e(o(m)-A(k + &) + ;0(m) - Ao (m)
k.j

—m-Am/2 —m- A€)Wy,;jek+o(m),) -
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So the action of W on the Hilbert space is fully determined by the action on the e;.
Requirement (22c) gives the following equations:

Wicemi = Ajje((m+€) - A(m + €))We_mi0¢
=Y Ajje((m+€)-A(m+€) + o(—m+2€) Ak + € + 1o(-m
k.l

+2€))) - e(—(2¢ —m) - A(€ + 3 (26 — M)Wy, j/€kto(—m-+2¢),]
=) Ajje(e -A(—3€ +2m) + o(€) - A(2(€ + k) + 0(2¢ —m)))
k,!

-e(m-A(3e + %m) +o(m)-A(—€—-k
+ 0(3m — €)Wy, ji€kto(-m+26).0»

JeWemi =) e(o(m)-A(K + €+ 0(m)/2) —m - A(€ + m/2)) Wy ij€k+o(m).;
k’j

=) Ajie((k+o(m) +€)-Ak + o(m) + €)) - e(—o(m)
k,j

. A(k + € + 0(m)/2) +m- A(€ + m/2))wlt’ij€_k_0(m)+zg’j
=Y Aje((€ +Kk)-A@ +k + o(m)) + m- A(e +m/2))
Kk,j

. e(%o‘(m) . AO’(m))wlt’ije—k—a(m)-FZE,j :

Collecting the vectors with the same indices and in the same Hilbert space #/ we
see that for indices k + o (—m + 2¢) = —k' —o(m) + 2€, ork/ = —k + 2€ — 20 (¢):

e(o(—m+2€)-A(k + € + 2o(—m + 2€)) — (2¢ —m) - A(€ + (26 —m)))wy ;s
= Ajie((€ +k)-A(€ + Kk + o(m)) + m-A(e + m/2) + 30 (m) - Ao (m))wy ;.

Since A™! = AT and > 7 Ajj A;'.‘i = =4§;; with §;; the Kronecker delta, this implies
that

Wk, ij
= te(2e - A(3e —2m) + 3¢ - A(3¢€ — k + 0(—2¢€ + m)))
ce(k-A(—3€ + k+ 0(2€ —m)) + o(€) - A(—4€ + 4k + 30(2¢ —m)))
e(o(m) A€ +Kk+o0(e) —2m-A)w™y oz 5o yii

(23)

Applying this same formula again for wfk +2e—20(e).ij» W€ get

Wk 4 2e—20(e).ij
=e(e-A(Be —2m) — (€ + k) - A(€ + k + o(m)) — m - A(4€ + m)) (24
~e(o(€)-A(6€ —2k —0(2¢ —m)) +0o(m) - A(3e — K — o (e +m)))wy .
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Filling in the expression of (24) in (23), we see

W, jk = e(2€ - A(4€ — 2k + o(m — 3¢)) + 2k - A(0 (¢ —m) — 2¢€))
-e(20(e) - A(Bk — 5€ + 0(4€ —m)) 4+ 20(m) - A(k — € 4 0 (€)))wy, jk-

Collecting all terms which contain m we observe that these add up to 20 (m) - 0(k +
o(€) — €). Since the equality above should hold for all m, this means that either
wg,ij =0,orm-0(k + o(e) —€) = 0 for all m.

If all components of 6 in the upper right corner are independent over Z this can
only be the case if kK + o (¢) — € = 0, hence k = € — o (¢). Since k must lie in Z”,
we see that if 0(€) = =€ the spin structure cannot change. O

From the proof it also follows:

Corollary 2. Let 0 € SL(2,Z). The automorphism o of Z? induces an automor-
phism of the noncommutative 2-torus of the form Uy > Uy ().

This automorphism induces a unitary equivalence of real spectral triples which
maps a spin structure € to € = o(€). In particular, real spectral triples on the
noncommutative 2-torus which are not isospectral deformations of the trivial spin
structure on the commutative 2-torus are unitary equivalent to each other, via the
unitary map W, defined by

Weyp = eq(u)
WUW ™ = Uy,
D'= (07 (zj)-8)®4;,
J =1,

composed with an additional unitary map given by Lemma 1 that maps the represen-
tation 7" with A = o' Ao to the original .
Proof. The statement about the spin structures follows from the statements at the end
of the proof of Theorem B. Since 0 € SL(2, Z) is an automorphism of the lattice
Z?, it cannot map an € ¢ Z? to one in Z2 and vice-versa. On the other hand, set
€10 = (1(/)2),6()1 = (1(/)2),611 = (:Z), and M = (_% (1)), N = ((1) _%) in SL(2, Z) We
see
€11

// \\\
M1 / N N
/ / N\
/// /Al h

AN
\ AN
/ N N
NM——1 \
//—\
€10

€01,

MN—!
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where the matrices M and N act by left multiplication, so there exist o € SL(2, Z)
such that the € ¢ Z? are mapped to one another. Given a unitary operator We,, =
eq(u)> We can calculate its action on the Dirac operator by using the definition (22b):

D'eyr = WDW e, &
= WDeG_]([L),k
=W (rj- (071 (m) ® Ajeo—1(u) k
J

=207 T r) @ Ajeuk.
J

The action of the automorphisms o € SL(2, Z) on the Dirac operator when € = 0
was also determined for € = 0 in [37], Section 7.1. with the change in notation that

our 7 is given there by (;,0,) and our 75 is there (3! ,). O

Some questions left unanswered by these results are the effects of the outer auto-
morphisms for n > 2 and Morita equivalences of noncommutative tori, as described
in [32] and [20], on the spin structure. Also, the definition of an equivariant spec-
tral triple can be generalized to allow [D, k] # 0, but bounded. This was used to
construct equivariant U, (SU(2)) spectral triples in [14]. It would be interesting to
investigate what possibilities this would open up for the noncommutative torus. We
hope to return to these questions in the future.
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