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Abstract. We construct a ‘non-unital spectral triple of finite volume’ out of the Moyal product
and a differential square root of the harmonic oscillator Hamiltonian. We find that the spectral
dimension of this triple is d but the KO-dimension is 2d. We add another Connes—Lott copy
and compute the spectral action of the corresponding Yang—Mills—Higgs model. As result,
the ‘covariant coordinate’ involving the gauge field combines with the Higgs field to a unified
potential, yielding a deep unification of discrete and continuous parts of the geometry.
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1. Introduction

Unlike the compact (unital) case [9] and until now, there is for complete non-compact
Riemannian spin manifolds no proper reconstruction theorem from a spectral point of
view. Thus the question of the defining ‘axioms’ for non-unital spectral triples is not
yet fully answered. However, the basic and most important ideas of modifications
for the locally compact case are clear and appeared already in Connes’ founding
paper [7]. The case of the ordinary Dirac operator of a locally compact complete
Riemannian spin manifold manifests that one cannot assume the resolvent of the
Dirac type operator underlying a locally compact (non-unital) spectral triple to be a
compact operator. The natural replacement is to ask that the ‘localized resolvent’,
i.e., the resolvent multiplied with an element of the algebra, is a compact operator.
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Another issue, explained in depth in [18], is the choice of a unitization of the algebra.
This choice is constrained by the orientability condition, which in the unital case (and
with an integral metric dimension) is the question of the existence of an Hochschild
cycle defining a volume form through the noncommutative integral given by the
Dixmier trace. Again, commutative but locally compact examples show that this has
to be a Hochschild cycle on a specific unitization of the algebra we start with, but
not on the algebra itself. With these two main modifications (compactness of the
localized resolvent and existence of a preferred unitization), most of the conditions
for a non-unital spectral triple are easy to spell out. Only the Poincaré duality remains
unclear to formulate. To help the reader with this discussion, in the appendix we have
reproduced the modified conditions for non-unital spectral triples, as in given in [18]
with the only modification that the metric and KO-dimensions do not have to coincide,
according to the recent formulation of the standard model [8] and the Podle§ quantum
sphere [12]. Note that these conditions are not far away from those given in [31].
However, in [18], [31] there is an extra assumption of existence of a system of local
(or quasi-local) units, akin to the local structure of a non-compact manifold. These
locality assumptions have been fully removed in a more recent joint work of one of us
[3]. However, in that work, the focus is on the index theoretical side of the notion of
a spectral triple, not on the noncommutative generalization of a spin manifold. The
definition for a non-unital spectral triple given in [3] is the minimal one, ensuring a
well-posed Fredholm index problem with a numerical index computable by means
of a local representative of the Chern character in cyclic cohomology.

The present article is devoted to the study of a situation somehow in between
the compact (unital) and non-compact (non-unital) setting. Indeed, our Dirac-type
operator has compact resolvent alone, but it does not reflect the metric dimension. It
is only the localized resolvent which exhibits the correct metric dimension. We term
this weird situation as ‘non-unital spectral triple of finite volume’. This has, at least,
one very nice feature, namely that the spectral action can be defined and computed in
the usual way. The main motivation for this example comes from noncommutative
quantum field theory.

Because of easy computability, quantum field theory on the Moyal plane is the
most-studied toy model for noncommutative quantum field theories. The ultra-
violet/infra-red mixing problems arising in these models have been solved by one
of us in [23], [24] by the introduction of a modified propagator associated with the
harmonic oscillator Hamiltonian. See also [34], [28], [29] for different renormaliza-
tion proofs. From a physics point of view, the most fascinating property of this model
is the behavior of its B-function [22], [25], [15], [14], which makes it a candidate for
non-perturbatively renormalizable quantum field theory in dimension four [30], [33],
[26]. We recommend [32] for review and introduction to the literature.

In [27], one of us has sketched a possible spectral triple for Moyal space with
harmonic oscillator potential. However, it became clear very soon that working
out the mathematical details is a non-trivial issue so that the simpler commutative
case was studied first [36]. In this paper, we achieve the construction of a spectral
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triple for a suitable algebra of functions on R4 endowed with the Moyal product,
together with a Dirac operator which is a square root of the d-dimensional harmonic
oscillator Hamiltonian. Few remarks are in order. Firstly, in the same way as to find
a differential (and not pseudo-differential) square root of the ordinary Laplacian on
R? where one has to g0 ZL%J X 2L%J matrices, to find a differential square root of
the d -dimensional harmonic oscillator Hamiltonian one has to go 2¢ x 2¢ matrices —
this is the main observation in [27]. The second important remark has to do with the
choice of the function algebra with Moyal product. Indeed, there are many non-unital
Fréchet algebras of functions with Moyal product that one may use while respecting
most of the non-unital spectral triple conditions. But there is only one for which the
finiteness axiom is satisfied for a Dirac-type operator given by a square root of the
harmonic oscillator Hamiltonian, namely the algebra of Schwartz functions § (R?). A
similar phenomenon appeared in [18] where it has been shown that with the ordinary
Dirac operator of R4, there is only one choice of algebra of functions with Moyal
product for which the finiteness axiom is satisfied, namely the L?-Sobolev space
W2 (R¥). Lastly, the construction of a Hochschild cycle satisfying the orientability
axiom requires (see also [36]) two different differential square roots of the harmonic
oscillator Hamiltonian, not only one.

The paper is organized as follows. In Section 2, we introduce two spectral triples
with common algebra +, given by the set of Schwartz functions § (R¢) with Moyal
product, and two different differential square roots of the harmonic oscillator Hamil-
tonian acting densely on # := L?(R?)® C2?. The rest of the section is then devoted
to prove that these spectral triples are regular, that the metric dimension is d, the KO-
dimension is 2d and that the dimension spectrum Sd is d — N. In Section 3, we
specialize to the case d = 4 and after having proven a heat-kernel expansion result
adapted to our particular situation, we explicitly compute the spectral action for a
Higgs model.

2. The harmonic oscillator spectral triple for Moyal space

We consider two Moyal-type deformations (A, D,, #), « = 1, 2, of the (commuta-
tive) d -dimensional harmonic oscillator spectral triple introduced in [36]. In order
to implement the Moyal product, the dimension d must be even.

2.1. Anisospectral deformation. On L2(R¢), we introduce the (unbounded) boso-

nic creation and annihilation operators
=—0,+Qx,, wp=1,....d,

— O * .
ay =0, +Qx,, a,:

satisfying the commutation relations [a,,, a,] = [a};,a;] = Oand [a,,a}] = 2§5M,,.
Here, Q > Oisafrequency parameter. Itis the same as w in [36], related to €2 in [24],
[27]1by Q2 = % for a special choice of the Moyal deformation matrix, but preferred
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in the general case. On the exterior algebra /\(Cd ), we introduce fermionic partners
by, b}, which fulfill the anticommutation relations {b,,,b,} = {b;,b;} = 0 and
{b,.. by} = 8,,v. Then, on the Hilbert space
J = L2(RY) ® \(CY) ~ L2(R?) @ C2*,

these operators give rise to two selfadjoint operators

D = Ql—i-g)f, Dy = igz—l.g;, (1)
constructed out of the nilpotent supercharges

2 =a, @ b**, 1i=a, ®b", Qsi=a,®b" Q5:=a, b,

where Einstein’s summation convention is used. Indices are raised or lowered by the
Euclidean metric §*¥ or §,,, respectively. The (anti-)commutation relations imply
fore € {1,2}

D?P=HR1-(-1)'QQ X,

Ly i % w02 I * i @
H = 3{a",a,} = —0,0" + Q7x,x", X:=[b,,b"].

We identify H as the Hamiltonian of the d-dimensional harmonic oscillator with

frequency Q. Its spectrum is {4, = Q(% + n), n € N}, where the eigenvalue

A, appears with multiplicity (";fl_l) Then Tr(H~(@+9) < % Yoo on +

%)_(1“) < 00, and from the boundeness of ¥, it follows that (|D,|+ 1)7%,« = 1,2,
is trace-class for Re(z) > 2d.

Remark 1. Our choice of D, differs from [36]. One should take £, from (1) also for
the commutative case to view our spectral triple as isospectral deformation. As seen
in the next, the choice (1) is required by the orientability axiom. The commutative
version is somehow degenerate and does not detect the sign of the frequency in (2).

We now wish to implement the Moyal product * in this picture:

dy dk .
frgx)= / Y f(x+%® k) g(x+y)etther) 3)
RaxRd (27)4
parametrized by an invertible skew-symmetric matrix ®° = —©@ € M, (R). We

first need to find out which algebra 4, of functions (or distributions) with Moyal
product to use. For that aim, observe that the finiteness condition alone dictates the
choice of the topological vector space underlying the algebra #4,. Indeed, from (2)
we conclude for « = 1, 2 that
Hoo := () dom(D") = S(RY) @ \(CY) ~ S([Rd,Czd),
m=>0

which is required to be a finitely generated projective module over the algebra of the
spectral triple. Thus this naturally leads us to the choice 4, := (S(R?), »), with
even d.
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Remark 2. For the ordinary Dirac operator on the trivial spin bundle of R<, the set

of smooth spinors is isomorphic to W2 (R%) ® CZL%J . In this case, the topological
vector space underlying the choice of the algebra is the L2-Sobolev space W2 (R%).
Note that the latter is stable under the Moyal product too, and that this is the choice
made in [18].

Here are the main properties of the Moyal product we will use later on (for more
information see [18]). First is strong closedness

/f*g(x) dx = /f(x)g(x) dx = /g*f(x) dx forall f,g € L*(RY). (4)
Then we have the Leibniz rule

0u(f*xg) =0, f*g+ fx0ug (5)

and the following identities

{fix"e = xPx 4 faxt =2x" 1, X%, [l i=xtx f— fxxt =iO" 0, f,

(6)
both holding for f, g € +,. Finally, there is the (non-unique) factorization property
[20], p. 877:

for all f € A, there exist g,h € A, suchthat f = g x h. (7)

Following [18], we then specify the preferred unitization 8B, of 4., as the space
of smooth bounded functions on R? with all partial derivatives bounded. The Moyal
product (3) extends to B, and A, C B, is an essential two-sided ideal, [18],
Theorem 2.21, but is not dense. The reason why we chose this particular unitization
is that 8, contains the plane waves and constant functions (but no other non-constant
polynomials) and this is crucial for the orientability condition (see Section 2.3). Note
that the C *-completion of 8B, is

A, ={T € 8'RY) | T » f € L2(RY) forall f € L2(R%)}.

Indeed, according to [18], Theorem 2.21, A, coincides via the Weyl quantization
map, with the von Neumann algebra of all bounded operators on L2 (R %). Moreover,
by the Calderén—Vaillancourt Theorem [2], 8, is contained (still via the Weyl map) in
A,. But the Beals—Cordes characterization [1], [11] says that B, is exactly the set of
bounded operators which are smooth for the irreducible Schrodinger representation
of the Heisenberg group. We conclude using a result of Dixmier and Maillavin
[16], which in this context says that the set of smooth operators for the Schrédinger
representation is dense in A,.

Therefore, A, acts on # by componentwise left Moyal multiplication, that we
denote by L,:

Li: AxxH - H, (fLy@m)=(f*y)Q@m,
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for y € L2(R?) and m € /\((Ed). In particular, we have the bounds [18]:

IL«(OI = CO) [ fll2. | € Ax

[Ly(OHII=C'(©) sup [0% flleo. [ € B ®)
le|<d+1

We also define the (anti-)action R, of A, on J# by componentwise right Moyal
multiplication:

Ry: Ay x H > H, (fiv@m)—> (Y x[f)Qm.

Since the complex conjugation is an involution of the algebra A., and from the
traciality of the Moyal product (4), we get L.(f)* = L.(f), R«.(f)* = R.(f).
Moreover, this also shows that the two representations L, and R, have the same
norms:

[L+ (NI =R« forall f € A,.

To avoid too many notations, L, R, will also denote the left and right actions of .,
and B, on L2(R%).

We now check that our spectral triple (A, H, D, ), » = 1, 2, defines a non-unital
spectral triple with spectral dimension d and KO-dimension 2d, in the sense of
Definition 25 in the Appendix.

2.2. Boundedness and compactness. From (6), we obtainfor f € 8B, ondom(D,):

[D1. Lo(f)] = Lu(id, f) @ T,
[D2, Lo ()] = La(idu f) @ THH,

where T'* = (ib"* — ib*H*) — %EZ@‘“’(Z)V + b)) and [rtd = (b1 4 b*I) —
%ﬁ@’“’(ibv —ib}). As d,f € B., the commutator [D,, L.(f)] extends to a
bounded operator. It is a remarkable property of the Moyal algebra that just the
d-dimensional differential of f appears, no x-multiplication.

For the compactness condition, there is not much to say as (D, + A)~! is, for A
not in the spectrum of D,, already a compact operator on . Indeed, (D, + A)~!
is compact if and only if (D2 + 1)™! = (D, + i) H*(D. + i)~! is, and that
follows from its spectrum governed by H. Then L. (f)(D., + A)~! is compact for
any f € A, even for f € B,.

(€))

2.3. Orientability. Note first that the operators I'*, T'**¢ defined by (9) satisfy the
anticommutation relations

(D, TV} = (e Py =2 (g7, (D, T = o,

where the symmetric matrix g € GL(d, R) is defined by

1

g = (d; - 1Q%0?)~ (10)
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and plays the role of an effective metric. Note that @2 = —®’® is negative definite
so that 5
(1+ Q%101 'dg < g <1dg.

We will frequently use that ©, g, g~! commute with each other. Raising and lowering

of summation indices will always be performed with the Euclidean metric §*”, §,,,.
Thus the {T'!, ..., T4} generate a Clifford algebra of double dimension 2d . The
inverse transformation of (9) reads

iby —ib} = guu(T" + 1QOMT, 1 4), by + b} = guu(T*T +1Q6MT,).

Therefore, we can express £ in terms of {I'!, ..., FZd}, but not in terms of the half
set of operators {T'!, ..., T'?} produced by the commutator of D; with B,. Similar
comments apply for D-. In conclusion, we get

Dy =i0" ® gou(TH + 1QOMT,10) + QX" ® g (THH + 1QOHT,),
Dr=i9" ® guu (T + 1G0T + Qx” ® guu(T* + 1QOMT, 1 ).
(11)

General results for Clifford algebras then show that any element of the Clifford algebra
which anticommutes with every I'* and T**¢ is a multiple of the anti-symmetrized
product of the generators {I'!, ..., r2d }. Therefore, a grading operator commutating
with &; cannot be found in the algebra generated by L. (f), R.(f) and [D1, L+ (f)],
so that a (generalized) implementation of the orientability axiom requires both Dirac-
type operators Dj, D-.

Letu, = e *u e B,. We know from [18] that the element

i 2 4/det -
c:= Z 8(0)Tg((u1 * ook UG) '® D ®@ug1) @ ... Ug(d)

oeSy

Ldd—1)

is a Hochschild d -cycle for the algebra 8, with values in 8, ® B¢. (In the expression
of ¢, the inverse is with respect to the x-product and the scaling by /det g is irrelevant
for cyclicity.) For g, defined in the orientability definition in the Appendix, we then
obtain from (9)

Jdetg  dd=D Z £(0) ® re  po@,

y1:=7mp,(c) = T
oeSy
detg dw@—1n
y2 o= mpye) = Y S o) @ o @,

o€eSy

and they satisfy the relations

yvi=l=vi yi=vi. ri=r2 vira=EDipr.
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The Clifford algebra relations together with (9) then lead to

Tr p cay (Vo La (f0)[Das Lu(f1)] - - - [Des Lu(f2)])

._d(d=3)
17 2 d

T dlJ/detg (,;d £(0)Lx(fo * do() f1 * -+ * D5(a) fa)-

Together with the Dixmier trace formula derived later in Theorem 14 it follows that
¢ satisfies the orientability conditions. Recall that in the unital case, wg(c) is the
grading operator which anticommutes with . As explained above, this is not the
case in our example, neither in the commutative example studied in [36]. But we
can realize the grading operator in the algebra generated by both spectral triples
(A, D1, H) and (A, Do, H) by defining

T = (=) y1ys = (=) 7o, (c)mp, (c). (12)

Since y1, y» commute with every element of 4, or B,, I" does too, and the discussion
above shows that
rr=1, {HD.,.T}=0, =12

Hence, I" defines the grading operator for the two spectral triples (A, #, D.,), » =
1, 2. We stress that the necessity of the two Dirac operators D;,d-, is quite different
from conventional spectral triples [9] where a single operator is needed.

Note also that from the explicit formulae of D,, (up to a possible sign) one has the
relation ' = 1 ® (—1)"/ in terms of the fermionic number operator N r = Dbyb".

2.4. KO-dimension and other algebraic conditions. The real structure is an anti-
linear isometry J on #. We assume that for d even the KO-dimension k is even,
too. Then according to the sign table in the Appendix we have

JD, =D,J, =1,2.
This is achieved by the following non-trivial action on the matrix part of #,

JayJ7'=ay, JaiJ'=a),, JbJ' =0, JbiJT'=b,  (13)
where we have omitted tensor products with 1. In particular, conjugation by J
preserves the (anti-)commutation relations. We can view /\(Cd) as generated by

repeated action of {b;} on the vacuum vector |0) defined by 5,,|0) = 0. It then
follows that, up to a prefactor of modulus 1 which cancels in every relation of the
dimension table, J is the Hodge-# operator on A (C?%), i.e., is uniquely defined by

TI0) = bb% ... b%|0),

together with (13) and the anti-linearity J(zy/) = ZJ . In particular, J o L. (f) o
J~! = R,(f), which implements the opposite algebra and achieves the order-one
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condition:

[JL.(f1)J 7 Lo(f2)] =0,
[JL.(f)J L [D., Lu(f2)]] =0 forall f1, f2 € B..

To compute J 2 we consider, for j1; < pp < -+ < ik,

* * * 7k * Zk (ui—1) *Mtﬂk *
TS, .. % 10)) = by, .. by bib3 . b310) = (~1)Z=10=Dpx 0 prj0),
W1 fbe

The notation ... means that b s---sb , are omitted. We apply J again, to get

k(- o PLBE
J2b% . bk 10) = (===t bt T bl0))
d j — * *
= (=DXi=1UDpx b |0),

which means
dd—1)

J2P=(-1) =z .
From (9) it follows that J commutes with I'* and r#td . From (12) we then conclude

JT = (=1)TJ. Comparing these results with the dimension table in the Appendix,
we have proven:

Proposition 3. The spectral geometries (A, H,D,, T, J), s = 1,2, for the d-di-
mensional Moyal algebra A, are of KO-dimension 2d mod 8.

2.5. Metric dimension. Since D,,+ = 1, 2, squares (up to matrices) to the d -dimen-
sional harmonic oscillator Hamiltonian, we already now that (1 + D2)~¢ belongs
to the Dixmier ideal £1:°°(J#). In this subsection we are going to prove that for the
localized operators, the critical dimension is reduced by a factor of 2, that is for all

f € sA,, the operators L, (f)(1 + D2)~% belong to £1°°(J) and that any of its
Dixmier traces is a constant multiple of the integral of f. To obtain both Dixmier
traceability and the value of the Dixmier trace, we will use the results of [4]. In order
to do this, we need some preliminary Lemmas (which will also be needed to check the
regularity condition, to obtain the dimension spectrum and to compute the spectral
action).

Lemma 4. Introducing the operators on L*(R?),
V=0, + 2 Q20,ux", V=100, -2i(0)wx?), n=1,....d,
we have the following relations for f € B.:
[H. Li ()] = =Lu((87)* 9u0v f) = 2L+ (3" f) V.
(VA La()] = L@ )™ 00 1), [V* Lu()] = La(@u ),
[H,V,] =—2iQ%0,,V", [H,V,]=2i©O"),,V",
Vi Vol = i@ D, [V V] = =20, [VE V] = i(g7 ) (@71,
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Proof. This follows from the relations (2), (5) and (6). ]

Corollary 5. Let P, (@) be an element of order o of the polynomial algebra generated
by V, V. Then Py(V)(1 + H)™%/2 extends to a bounded operator.

Proof. From the operator inequalities (no summations on g but summation on v)

1+ H) 20,2 = ~8,,(1 + H) '8, < —0,(1 — 8,8")10,..
and
[(1 4+ H)_%x“|2 =x,(1+ H)_lxu <x,(1+ ﬁzxvx”)_lxu,

1

we see that ﬁu(l + H)™ 2 is bounded. Then the general case follows by induction

using
Via Vi, (L4 H) ' =V (1 + H) 7'V, + Y, [V, (1 + H)7Y,
and
Vi Vi, L4+ H) ' = =V (1 4+ H) 7 [V, HIA+ H)

which is bounded, too, according to Lemma 4. O

The following proposition will be crucial for the computation of the spectral
action, for the estimate we need to evaluate the Dixmier trace and to compute the
dimension spectrum and the residues of the associated zeta functions.

Proposition 6. For f € B., define Ty, 1, (f) := Tr(Lu(f)Vy, ... Vy, e H).
Then one has

D= X () [ e aase

1<j1<ja<+<j2a=<k 2 sinh(2€21)

IR

~ ~ J1---J2a
. ,—Qtanh(Q1)(z,82) —
e e Zu) Ny - Ny )

where
Z, = —Q tanh(ﬁt)zM + i§2(®gz)u,
Nuv := =1 (coth(Qt) + tanh(Q1)) (g™ ") v
— 13 coth(Q21)(0g0),1n — 1i Q% O,
J1-d2a
and . means that {Z,; ....2Zy, } are omitted in the product Z,, ...Z,.

(Remember that g is a constant metric so that /det g can also be taken in front of
the integral.)
In particular,
Tr(e 7)) = (2sinh(Q1)) 4.
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Proof. Since Ly(f)V,, ...V, e H is trace-class (because Vy, ...V, e /2 s
bounded by Corollary 5 and e~*#/2 is trace-class), the trace can be evaluated as the
integral of the kernel on the diagonal. Thus, in integral kernel representation, we
have to compute

TM],...Mk(f) = /[Rdx[R dxdy (L.(f))(x, y)(a o 4 %§2®u1v1yvl)

0 i ~ _
.. (ayﬂk + EQZ®Mkvky”k)(e ’H(y,x)).

The operator kernel of e 7*# is the Mehler kernel

= 4
e (x, y) = ( @ )26 § con(@0)llx—y1?~F anh@0)llx+y)?
27 sinh(2€2¢)

while the operator kernel of L, ( f) is readily identified to be

L.(f)(x,y) = / dz f(z) =0~ k) 421207 @) (1)

ddt@

where det ® > 0 as square of the Pfaffian of an invertible skew-symmetric matrix.
We introduceu = x — yand v = x + y and

~ Q ~ [ ~
D, (u,v) := — coth(Qt)u,, — Etanh(QZ)vM + %Qz(a,m(v“ —u%),

| KN

S - _ ™
Yuw = = (coth(§2r) + tanh(E31))8,, — 1592(9“”,

to obtain
7 = 2 : dudvd
wn () = Z (271 sinh(Zﬁt)) (Zn)d det ® / udvdz f(z)

1<j1<ja<+<j2a<k

J2
‘S);L](uvv) :DMk(u’v):yr“j]sz "'y”‘jza—lﬂjZa
e—%((u,v),Q(u,v))—((u,v),(Zi®_‘2,0)>

Q g
o Z (2nsinh(2§2z)) det®«/det /dzf(z)

1<j1<j2<+<j2a=<k

5);“(35 3,7) v Suk(ag 3,7)y,u,1mz ’ y”jza—1“12a8|5=17=0’

where & := ¢~ 2((-22071+Em),071 207 24+Em) and O € My,(C) is given by

0~ £ coth($r)1d, —ie!
0! £ tanh(Q1)ldy )
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Recalling that g=! =1 — %@2 and g® = Og, we find by writing Q as product of
triangular matrices
1 — 8 tanh(Qr) g ©2 —i
et g(det ©) ig® —% coth(Q1)g®
so that

€ = exp{— tanh(Q7)(z, gz) — Q tanh(Q1)(z, gOF) — 2i (z, gn)
+ & tanh(Gr) (£, ©OgOF) + i (£, Ogn) + £ coth(C1) (7, OgO)},

D, (1. 1) = (1%2(Og2), — D tanh(Br)z, + i L (OgOF),
— 8 coth($1)(gOn), + £ coth($r)(On)
— £ (anh(31)(08),)€.
Then the functions

ZP« = 8_1©M(ﬁv ﬁ) 8|g:=n=0’

9E° I
Nuv = Yo + D (B 4D (E 71D, (5. iD)e).
take the form given in the proposition, and the assertion follows. O

A very nice feature of the results of [4] is that both the questions of the Dixmier
traceability and of the value of the Dixmier trace of an operator of the form a G* are
reduced to the value of the Hilbert—Schmidt norm of the heat-type operator ae ™’ G~
In our context @ = L,(f), G = (1 + D?)~!, and all we need to do is to evaluate

the Hilbert—-Schmidt norm of L, ( f Ye D%

Lemma 7. If f € A, then we have

1L (f)e™ |3 = B Do o
(2921)

T2

Q _ <
/ dz /detgf * f(Z)e—SZ tanh(2SZt)(z,gz)‘
anh R4

DR IR

Proof. Since D? = H® 1 —(-1)° Q ® =, we have

D2

0< e—t . — e—tH ®e(—1) ZQZ’

and thus

|L.(f)e™ —tD; o= La(fe™ tH||2tr( -n° 2:92)2.

For the matrix trace, we have

o = LI~ d LI~
tr(eC V18T = (V12 zﬁ=l(b;bu—bub;)) — tr( [] eCV QO bu—bub]))
n=1
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In the basis |s1,...,s54) = (b%)" ... (b%)%0,...,0) of C>*, with 5; € {0, 1}, we
have
—(byby —buby)lst, ... sa) = (=)™ [s1,...,54),

and therefore, for bothe =1, 2,
tr(e(_l).’ﬁz) =29 cosh? (Q1).

The other bit, || L (f)e ™ |3 = Tr(e™" L, (f % f)e™™) = Te(L.(f % f)e M),
has been computed in Proposition 6. O

Remark 8. Sincefor f € A,, f * fis a priori not a positive function, in the previous
Lemma, one may wonder why [ dz./detg f » f(z)exp{—S2tanh(227)(z, gz)} is
positive, as it should be. This follows from the following facts: For A a positive

definite matrix commuting with ©, set g4 (x) := e~>4%)_ Then a computation gives
« g4 = (det(1 + ©' A42@))"2 with B = 24
84 x84 = 8B “1reae

It follows

expl—$2 tanh (2§31) (2, g2)} = (det(1 + O A20))2 g4 % g4
for
¢~ — (g2 — Q2 tanh(2531)20'©) 2

A= = =
Q tanh(2Q2¢) 'O

Note that g72 — Q20’0 = (1 — Q2©'©/4)? so that A exists for all 7. Using the
traciality of the Moyal product (4), we then get for the matrix A given above and up
to a positive constant:

/ dz f * f(z) exp{—Q tanh(2Q1)(z, g 7' 2)}
=C(0,0.1) / dzf = f(z)ga * g4(2)
_ C(@,ﬁ,t)/dzf_*f*gA*gA(Z)
= c(@,ﬁ,t)/dzm* f *ga(z)

- C(®,s"é,z)[dzf*gA<z>f*gA(z)
=C(0,2.0)|f *gall2 > 0.

Moreover, it explains why L, (f)e™ D? is Hilbert—Schmidt also for f in B,, since
A, is an ideal of B, and 4, C L?(R%).
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Lemma9. Forallt > 0and e« = 1,2, we have
Tr(e™'®%) = coth? (1)

Proof. This is a corollary of Lemma 7 and the remark which follows it, by letting f
going to the constant unit function. O

Lemma 10. If f € A, andt > 0, then we have the bound
ILo(F)e o < C IF + £1F max(1i=404),
where the constant depends only on Q and ©.
Proof. This is a direct consequence of Lemma 7. O

Lemma 11. There is C' > 0 such that for any f1, f> € A andt > 0 one has
d
_ 1 _
1L (f2) € PNy = €02 X N fill2 ILu @i fo)e™ O],
M:

tD,

Proof. By Lemma9, e~ ¥ is trace class for > 0. We use the identity

1 1
[eA,B]z/ dsdi(eSABe(l_s)A)z/ ds 4[4, Ble" ™4, (15)
0 s 0

to get

Lo(f)IL+(f2), e ") = —1L.(f1) /0 s PR D2, L (fy)le 10902,
Hence we have
| L (/DL (f2). e 22T
<t L. (A /0 Lds(le P, | e 0D, L (e -2
+ e D5 (D, L (fo)]e ™ CTID2 | D, 1m0,
| =

(Zet)_%. Thus, using the relation

iLe(,f) @TH,  o=1,
iL.(aufz) ® FM+4, « =2,

By spectral theory, || D,e

[D., L (/)] = {
we get, with | L. (f1)|| < C|| fill and C' := Cﬁ,ne_% suplzfl=1 [IT#]
Lo (DL A (o), e 2]

d
C' 1 ! 1 1l _ion2 P2
< ;rznflnzzfo dss™2(1—5)72 e P2L, (3, fr)e  I79D/2||
n=1
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Estimating
_ 2 .
||€_ZS°D‘2/2L*(8 fz)e—t(l—s)£3/2|ll < ||L*(3121,f2)€ to@./4”l ifs € [O, %]’
# e AL @B Il ifs € [3,1],
the result follows. [

Lemma 12. Let f € A.. Then there exists a finite constant C(f) such that

LA (f)e™ D%y < C(f) max(i™%,1%)

forallt >0

Proof. Our strategy is to iterate a combination of the factorization property (7) with
Lemma 10 and Lemma 11 far enough so that we can bound e ~4* D? alone in trace-norm
(i.e., without element of the algebra on both sides).
According to (7), for all f € A, there exist f1, f> € s, suchthat f = f1 x f5,
giving
_tD2 D2 D2
Luo()e™™®* = Lu(f)e P Lu(f2) + Lua(fDILu(f2), "],
From Lemma 10 and Lemma 11 we conclude
.2
1L (F)e" 2
D2 D2 D2
< ILa(f)e " P22 e PP Lu(f2) 2 + Lo (DL (f2) e Pl
_ 1 _ 1 _d
<A+ fil} /2 * follf max(i=%. 1) (16)
1 @ p)
+C't2 3 | fill2 1L+ (@u f2)e™ P+ /41
n=1
Iterating d-times the estimate (16) with the repeated factorization
Our J2 = Sfrw* faus e Oppiy S2uur s = S ouiqn * S gy s

with f10, fous oo flpegemgsrs f2 s € oAx, We get for some constants
Co(f),...,Cq(f) depending on f and on the choice of factorization at each step:

d—1
L2 @, f)e D%y < 3 Ce( )tk 2 max(=% 1)
k=0

d d _t£2/4d
2 > L(fzpng)e 2 e
Wl seesbg =1

+ Ca ()t
Using Lemma 9 we get

—tD2/44 —tD2/44
1L (forgir o) P4 N < ML (o o) €T 2745
<C"Nfosursiall2 maX(l_d, 1),

which completes the proof. O
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Corollary 13. Forany f € ., the operator [(D2 +1)~%, L. (f)] is of trace class.
Proof. By factorization f = fi x f>, f1, f> € s, and Leibniz rule,
(D2 + 172, La(f)]
= L.(A)ID2 + )% Lo(H)] — L (D2 + D7, Lo ()",

it suffices to show that L, (f1)[(D? + 1)_%, L.(f2)] is of trace class for arbitrary
f1, f> € . By spectral theory,

1

d
ING))

Combining Lemma 11 with Lemma 12 we obtain for a finite constant depending only

on f:

L. (fOUD? + 1) %, Lu(f2)] =

/ Tdt L (e @D L ()],
0

1L (LD + % LAl < C(F) /0 die 157 0% max%.0 %),

As the integral converges, we are done. O

We have arrived at the main result of this subsection, that the spectral triple
(A, #H, D,) has metric dimension d and not 2d (remember that d is even).

Theorem 14. For f € A,, « = 1,2, the operator L.(f)(1 + i)_z)_% belongs to
1% (H) and for any Dixmier trace Tr,, we have

1

7 /dx Vdetg f(x).
E .

Tro (Lo (f)(1 + D)%) =

d
T2
Proof. We use the factorization property (7) to write f = f1 x f> with f1, f2 € A,
which gives

d
2

Lo(f)(1 + D2)
= Lo(A)(1 + DD7EL(fo) + Lo(A)IL(fo). (1 + DD)7F]

First, by Corollary 13, L,(f1)[L+(f2), (1 + 50.2)_%] is trace class, in particular it
belongs to £:°°(H). Then by Lemma 7 we get that Tr(L*(f)e_“D-ZL*(f)) <
Ct=%,forall f € +,. Thisimplies by [4], Theorem 4.4, that L, (f) € B¢(|D.|"2)
(see [4], Definition 4.2 and Proposition 4.3, for the definition of B¢ (| D, |_%)). Then
[4], Proposition 4.8, ensures that L, ( f1)(1 + 3).2)_% L.(f>) belongs to £1°(H).
Therefore, L.(f)(1 + 50.2)_% is Dixmier-trace-class too, and any of its Dixmier
trace coincides with those of L, (f1)(1 + !D.z)_% L.(f2).
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Using a polarization identity, it suffices to compute

Tro (L (/)1 + D)5 L. (/).
for f € A,. Note that

im (s = D) Tr(Lu (/{1 + D25 L.(f))

= —tD?
= hm, r(‘“)/ di e T TR(L o (f)e™ P2 Lo (/)
= lim —t,%%
s—1T I‘(Ts) 0 T2 tanhj(Qt)
/dZ /detgf* 7(2) e—ﬁtanh(ﬁt)(z,gz)
1 ~ DT d(s 1)
=L m & )d( )/d\/ﬁf « f(2).
T2 s—>1t ( S

Now [4], Proposition 5.13, which relies on Corollary 13, gives for any Dixmier trace

Vdetg f+ f(x).

Tro (Lo (/)1 + D)5 Lo(f) = ——
4

This is all what we needed to prove. O

2.6. Regularity and dimension spectrum. Our next task is to check the regular-
ity condition. For that we relate the unbounded operator §, defined by 6,(T) :=

[(D.), T], with (D,) := (D2 + 1)2 to the unbounded operator R, defined by
R.(T) = [D2, T){D.)~".

From the spectral representation of a positive operator A:

1 [ 1 A?
A=— dAA"2 ——,
n/o Az 4+ A

we get the identity

1

[(D.)%, T]m-

§.(T) = / d) /\’ H

Commuting [(D,)?, b] with ({:D,)? + /\)_1 to the left, we get after some re-arrange-
ments and using [ d A AZE(2 +0)2 = 7/2:

. _i o0 %; 2 &
5.(T) = LR.(T) ,,fo oy Doy s



956 V. Gayral and R. Wulkenhaar

This suggests to introduce the map 7, : B(H) — B(H) given by

s (D.)?
T / dAA> HT“ NS

Note that this operator is contractive. Indeed

2 [® A%
<= | —Z——ar=
| ”—n/o (14 X)2

Thus 28, = R, — 7. o R? and since 7, commutes with R, (because R, commutes
with the operators of left and right multiplications by functions of {D,)), we get

2 = Xn: (Z)(—l)kﬂ‘_k o R1Hk, 17)

k=0

As a corollary! we obtain ()72, dom(§”) D (2, dom(R"). With these prepara-
tions we prove:

Proposition 15. Forany f € 8B, ande = 1,2, both L, (f) and [D,, L.(f)] belong
to (2, dom 87, where §.(T) := [(D.), T and (D.) := (D? + 1)%

Proof. Let T = [D1, L.(f)] = T*L.(i9, f). It follows from (ad(D?))"(C'*) =
(ad(2X))"(I'*) that R} (I'*) is bounded for any n, and similarly for R} (Da+m),
Since 7, is contractive, it follows from (17) that §7 (I'*) and &7 (re +“) are bounded

Hence, it suffices to show L.(f) € (\n—, dom(R"). Since 1).2 = H-(-1)'Qx
and because X commutes with H and with L, (f), we get

RI(Lx(f)) = (D))" (@d(H))" (L« ()

Now Lemma 4 shows that (ad(H))" (L.(f)) can be written as a sum of terms of the
form VXL, ( fi) with f; € B, and k < n, where V is V or V. Then one concludes
using Corollary 5. O

In the next and in analogy with the regularity condition, we will prove that one
can determine the dimension spectrum with the operator R, instead of §,.

Proposition 16. Suppose that b belongs to the polynomial algebra generated by
8" (AL) and 8T ([D.AL]). Let Lp(z) = Tr(b(D.)™?), defined on the open half
plane Re(z) > 2d. Then, for all M € R, {3 is a finite sum of terms of the form
Tr(R! (by) ... R (Dbp)(D.)27™), nj.k,m € N, b; € A, U [D., AL, plus a
Sfunction holomorphic on the half plane Re(z) > M.

In fact one has [,y dom(8?) = (e dom(R?) = (N;2,dom(L?) with L (T) :=
(D.)~'[D2, T, see [3], eq. (2.8).
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Proof. According to (17), a typical element of the algebra generated by 6”7 (L. (f))
and 87 ([D., L«(f)]), is a finite sum of elements of the form

ko A
[T 7" o R (bj). b; € Ay U[D.. A nj <mj €N,
=1

For Re(z) > 2d, (D,) ™% is a trace class operator. Since the algebra generated by
8"(L+(f)) and 8" ([D., L«(f)]) consists by Proposition 15 of bounded operators,
b{D.,)7% is trace class for Re(z) > 2d and any b in this polynomial algebra. For the
same reason, the function

CR,T(bl,nl,ml;...;bk,nk,mk;z):=Tr(]_[ LT o R (bi){(D.)” 7)

is holomorphic on the open half plane Re(z) > 2d. Starting from the definition, we
have

koo
[T 7" o RY (b))
1

1
@/m)A2

ml G ( O\R™
— J
= [ LT i )R e i)

r;=

The next step consists in commuting for each j the Ry~ (b)) to the left of ({(D.)? +
27

m; . _ mj+1 <‘D>
k. (bf)}‘ D 1, R g

NA
— - —1)?; R™MitPj(p,; ()"
_pjz::l( 1)P/ R TP (b])((£.>2+)"j)pj+l
(=DMt mi+N;+1(p, (D.) Nj+1
AT TP (b’)((:D.PH ) '

o

(18)

Any of the resulting A-integrals is convergent, and R” (b) is bounded for all » € N.
Choosing the N; large enough, we generate as much negative powers of (D.,) as
necessary to make the product of the remainder with (£,)™* a trace-class operator
for any given z with Re(z) > M (if M gets more and more negative we need larger
and larger N;). The other terms integrate to

/ QA DI T+ py) (D)1
oo (D)2 +A)P > /aD(G + pj)
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so that, up to the remainder term, which is easily seen to be holomorphic on the open
half plane Re(z) > M, ]_[;C=1 7.7 RV (b;) is a finite linear combination of

R:”I'HII (b)) (D,) ™M R:ﬂz+t12(b2)<°@.)—nz—qz . R:”k‘HIk (bi){(D,) M~k

The final step consists in commuting the (£D,) ™/ 7% to the right. If n; + q; = 2I;
is even, we use the (A; = 0)-case of (18). If n; + q; = 2/; — 1 is odd,

(D)2, RH (b))
] m’; 7. om;
= (D) VSR (bj 1) + (D)2, R (b)) (D).

Using §, = %(R. —T.0 R.z), this case is reduced to the first one. Eventually, we
conclude that, up to a remainder term, which again is easily seen to be holomorphic on
the open half plane Re(z) > M, ]_[j-c=1 7.7 o RV (b 7) is a finite linear combination
Of ’ /

RV (bR (by) ... R™ (br)(D.) ™.
This concludes the proof. O

We can now state the main result of this section, namely:

Theorem 17. For e = 1,2, the spectral triple (A, #, D.) has dimension spectrum
Sd = d — N. Moreover; all poles of {p(z) at z € Sd are simple with local residues,
i.e., for b = 8" L,(f1)...080% L,(fx), any residue res;esalp(2) is a finite sum of
terms of the form

[ dx o @ ) o 0% i)

where a; € N¢. An analogous result holds when the L. ( fi)’s in b are replaced by
[D., L (fi)]'s.

Proof. According to Proposition 16, it is equivalent to consider the functions
Tr(R" (b1) ... R (bi)(D.) 7). bi € AL U[D., Al

instead of {;(z). These functions are well defined for Re(z) > 2d, because R (b)
is bounded.
Since [H, X] = 0, we get from the definition

m;j

Ry = Y (") @) (@ @)™ ) (0.7

k=0

Since b; is either L, (f;) oriT*L,(d, f;) fore = 1and iT**4 L, (3, f;) fore = 2,
we get

) Stan; Lu (7).
@d(QX))™ % (b)) = { Q)™ *(TH)La(id, fr),
(ad(QX))™ K (CHHE)L, (10, f)).
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We may therefore assume that b; = M; L,(f;) with f; € A and M; € Mat,s(C).
Thus, the product R™!(b;) ... R™ (by) can be expressed as a finite sum of terms of
the form

(ad(H))"' (Lo (/) M1 (D)™™ ... (ad(H))"™ (L (f))Mi (D)%, nj <mj.

Using the table given in Lemma 4 we can express R”'!(by) ... Rk (by)(D,) % asa
finite sum of terms

Lo (0% f1) My Poy (VYD) ™™ ... L (0% fi) My Py (V)(D,) ™ (D)%

1 00 oy mt
= mi mi_1 Mk+Z / d[ldtk tl tk
D(ML) .. T(M=L)r (22 Jo

C Ly (0% f1)My Py, (V) eV @3HD L (0% fi) My Py, (V)e K (P2+D),

where Py; (V)is apolynomial in V, V of degree | | < m; (the j are multi-indices).
We assume here thatm; > 1 forall j, otherwise (for m; = 0) we omit the 7;-integral
and (I'(%4)) 1.

Using

1
[e—tj(i),2+1)’T] _ —tj/ dsje—t,-s,-(i),2+1)[i).2’T]e—tj(l—sj)(i),zﬂ)’
0

we commute all heat operators e %/ D241 {0 the right, producing in each step a factor
of ¢;. The commutators [H, T'] are expressed by Lemma 4 and produce in each step
at most one derivative V. In the terms with all heat operators already on the right
we then commute the derivatives V to the right of all functions /; but left of all heat
operators. The result is a finite sum of terms (with redefined f;, M;)

_ f[o,l]N ds P(s)
P(7h) .. (P ()

o) my my_1 my+z
Z148,—1 +Br_1—1 —E&—4+Br—1 _
/ dty .. .dit,? PN g 2 TR TR ()
0

My ... Mpe©) RO+=F0OTy [ avi o
e x K fOPy (@)e_(tl"l‘""f'tk)H,

with |m + B] > |y| and |8| < K (K can be chosen as big as one wishes by pushing
the expansion far enough), plus a finite sum of remainders (with redefined f;, M)

1
©T(ML).. . T(Ms=l)(mtE

0 mj / myg—1 / my+z /
= +B1-1 T e
/0 dll...dtkll N I (20)
k

, Sy, (D2+1
-[[OyuN/ dsP’(s)l_[L*(BV./fj)Mij}(V)e o (De+D),

Jj=1
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with |y’| < |m + B’| and |B’| > K, where t; are positive functions of {s},1,..., %
with Y5 5 =1 + -+ + 1.

In (19) we can use Lemma 4 to express P, (V) as a finite sum of P/ (x) P, (V).
The polynomial PJ; (x) can (under the trace) be moved into L,(f). We change the

variablest; =t ]_[;c:z(l—ul) andt; = tu; Hf:j-{-](l —uy) for j > 2 with Jacobian
k=1 H;€=3(1 —u;)!~2 and obtain

rdm= 4 p)) F( ‘) I (™)

o0 . i 1)
/ dr e 15 “resa (M ... MpeD %)

0

CTE(La (870 % 070 fi ok 07 fi0) Py (V).

(5t 48
P
The traces Tr(L.(f)V,, ... V,, e "H) are computed in Proposition 6. Accord-
ingly, they have, up to a remainder which leads to a holomorphic function in z, an
asymptotic expansion

Note that is a polynomial in z of degree B.

N//

Te(La(f)Vy - Vi e ) = Y 87180+ / dix f(x) Py (x),
a=0

where PIL)I/\(X) is a x-polynomial of degree < |y| + 2a. Inserted into (21), the z-

integral of any such term yields (together with tra (M ... Mke(_l).ﬁt %)) a linear
combination of

(|m|+2|ﬂ| 2[\)’\/2]+2a+z —d

e, 4 O
2

As afunction of z € C, the latter is trivially holomorphic in C\Z. As |m|+|8| > |y|,
this function is also holomorphic forz € Nwithz > d. Ifz = d—N for N € N, then
there is a finite number of parameters ;,m;, a, y; for which ‘m‘+2|’3|_2[|2”|/2]+2“_N

is a non-positive integer smaller than W. Precisely these parameters yield
simple poles at z = d — N. Each residue has the claimed structure.
We estimate the remainders (20) in trace norm by

”Ml” ”Mk” & +ﬂ{ 1 mk2—1 'Hgl/c—l_l mk+z+/3k 1
|F(m1) F(mk+z)| dtl dt tl ...tk_l [k
7). T

k
. ds |P/(s)|H L0 f;)e=D" 582 p {(V)e—rj(H—i-l)H .
[ T2 y 1
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By spectral theory and Corollary 5, we get for p € [1, 00):

—1; =y /2y T (H+1)(1-
|1Py (V)e 5 AV, < Clery) 7o 2 e 75 HIDUTS

Since the t; are linear in #; with Z;;l T = Z;‘zl tj, setting t = Z;?:l tj, the
Holder inequality gives

k
” 1—[ L. f;)e™D rjszzpy; (V)e—rj’.(H+l)H1
j=1

k
< [TIL@7 e T g, 1Py (D)5 AV,
j=1
k _ ,/2 ’ ~ d‘L’j ~ d‘rj
< Ce™' U [T(etp) ™2 Lo (0% f)]|(2cosh(Q1)) 7 (2sinh(Qe(1 — &)~ 7

J=1

~ k ~
_ Ce—t(l—s—Qsd)( H(stj)_y-}/2||L*(8)’f/‘ fj)”)( cosh(Q2¢) )d’

e sinh(Qz (1 — g))efte

where results of Proposition 6 and Lemma 7 have been used. Hence for g =
(1 — e — Qed) > 0 the remainders (20) are bounded in trace norm by

C/
|F mp T mg+z |
F) ... TET)

[ m-}—ﬂ/—l—ﬁ mk+z+ﬂ/_1_i 4 ,
/ dll---d[ktlz ! Y k 2 (t1+--+1)” e_g(t1+”‘+tk).
0

k

Remember that |y’| < |B’| + |m| and |8’| > K and that K can be chosen as big
as one wishes (by pushing the expansion over and over). So given M < 2d, by
choosing K > M/2 + d, we see that the remainder terms are well defined as trace-
class operators for Re(z) > M. A similar analysis involving the z-derivative of
the remainders can be done, showing that by pushing the expansion far enough, the
remainders yield holomorphic contributions for Re(z) > M, with M € R arbitrary.

O

3. The spectral action

3.1. Generalities. For a unital spectral triple with real structure (4, #, D, J), ac-
cording to the spectral action principle [7], [S], the bosonic action should depend only
on the spectrum of the fluctuated Dirac operator

D> Dy =D+ A+ JAT L,
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where A = ) ai[D,b;i], a;,b; € A (finite sum), is a self-adjoint one-form and
¢ = =1 depending on the KO-dimension of the triple. Ideally, such an action
functional (of D and of A) should be defined as the number of eigenvalues of J)j

smaller than a given scale A > 0:
Sa(Da) = §{An € Spec(D) | An < A?}
or akin to the same and with y the characteristic function of the interval [0, 1]:
SA(Da) = Tr(x(DF/A?)). (22)

Then the diverging part of SA(D,4) in the limit A — oo should give access to
an effective action describing low energy physics. The problem is that with the
characteristic function, the expression (22) may not have a well-defined power series
expansion in the limit A — oo. To overcome this difficulty one uses, instead of the
characteristic function, a smooth one approximating it and being the inverse Laplace
transform of a Schwartz function on R” . By Laplace transformation one then has

o0
Sa(Da) = / di Te(e " PA/N) (),
0

where j is the inverse Laplace transform of y. Assuming that the trace of the heat
kernel has an asymptotic expansion

o0
Tr(e ' Pi) = Y ar(D2) ik, neNl,

k=—n
we obtain
ad o0
SA(Da) = Z ak(@i)A—Zk/ i 5 5. @3)
k=—n 0

One easily finds

/Oo dt t*3(1) = rem Jo dss™* y(s) fork ¢ N,

0 (_l)k)f(k)(o) for k € N.

If one only wants to keep the non-vanishing terms in the power-A expansion as
A — o0, it is therefore sufficient to identify the non-vanishing terms in the power-¢
expansion of Tr(e_’gofzt) ast — 0.

If the spectral geometry (A, #, D, J) is non-unital, then the expression (22)
becomes ill-defined. There are different ways to ‘regularize’ the spectral action in
this case. For instance one may consider instead

Sa(Da) := Tr(x(DF/A?) — x(D*/A?)).
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But the problem is then that one loses a lot of physical information since one cannot
access in this way the Einstein—Hilbert action. Another possibility, used in [19], is to
introduce a supplementary (adynamic) scalar field p € # and to define

Sa(Da. p) 1= Tr(px(D3/A?)).

The advantage of this scheme is that one keeps the physical interpretation by per-
forming on the field equations the adiabatic limit p — 1 and that one can choose
the one-form A coming from the unitization of 4 and not necessarily from 4 it-
self. However, in the case of the Moyal spectral triple with ordinary Dirac operator,
treated in [19], the full computation with the real structure was not possible; only the
spectral action for partially fluctuated Dirac operator D +— D + A was evaluated.
To our knowledge and up to now, there is only one situation of noncommutative
spectral triple (excluding the almost commutative spectral triples) where the spectral
action with fully perturbed Dirac operator has been computed. This is in the work of
Essouabri-lochum-Levy-Sitarz [17] for noncommutative tori.

The last possibility spelled out in [6] is to replace the scale A by a dilaton field.
That is, one performs the replacement

Arse®  ¢* =¢c s,
and one leaves (22) as it was:
S4(Da) := Tr(x(e? D3e?)).

Although this expression is analytically well defined and conceptually perfect, the
explicit computation of such a functional seems to be fairly inaccessible, except for
the commutative (manifold) case.

In our setting of a spectral triple for Moyal plane with harmonic propagation, the
question of the definition and the computation of the spectral action is way more easy.
This is because although the spectral triple (Ax, #, D.), » = 1, 2, is non-unital, the
heat operator e’ D? s trace-class for all £ > 0 (see Lemma 9). This means that the
definition (22) of the spectral action for unital spectral triple is still adapted to our
situation.

In the next subsections we will perform a complete computation of the spectral
action for a U(8B,)-Higgs model for d = 4. Before this, we will derive a generic
heat kernel type expansion when one tensorizes (., #, D,) with a finite spectral
triple.

3.2. Heat kernel expansion in dimension four. We derive here a short-time heat-
kernel expansion for the semi-group generated by the square of a fluctuated harmonic
Dirac operator, for the algebra of Schwartz functions with Moyal product. We start
with preliminary results on Schatten norm estimates, using the estimate of Lemma 12
together with complex interpolation methods. Here we specify to the case d = 4.
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Proposition 18. Let f € A,. Thenforalll < p <ooandt € (0, 1] we have
1L ()™ D2, < @) V2| £l PC( )P p2/r 2Ir,

where C(f) is the constant appearing in Lemma 12 and C () is the one appearing
in (8).

Proof. For f € A,,t € (0,1]and 1 < p < oo, consider on the strip S := {z € C |
Re(z) € [0, 1]} the operator-valued function

Fp:zr> L.(f)e P73

The function F}, is continuous on S, holomorphic on its interior and by Lemma 12 it
satisfies for y € R:

15 @) < COfll2. NF(1+in)li = C(fH)(p) ™

Then by standard complex interpolation methods (see for example [35]) we have
Fp(z) € £YRG(J) forall z € S with

1Fp ()11 ke(z) < 1 Fp(0) 257 || Fyp (15
< CO)! @ £, C() D (pry R,

Applying this for z = 1/ p, we get
L.( )e—t'@.2 < C(@)l—l/p 1-1/p C( )1/17 ~2/p=2/p,
| P 2 p

as needed. O

Remark 19. For f € +4,, making a recursive choice of factorization as follows:

f=fix fa,

Iy 2 = Srwy * faurs - Oug fomipans = Fiwiponsms * S2unomanas

the constant C( f) appearing in Lemma 12 (for d = 4) and Proposition 18 is a finite
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multiple (depending only on Q and ®) of

_ 1 1
I f1 *f1||12||f2*f2||12
4 _ 1 1
+ 1Al 2 U frun * frw 1 2 * o lIF
1

wi=
L7 L7 )
+ 1 llz 22 W fwims * fromualli 12000 * S lli
m2=1
Lo L7 )
Sl AWy P Zl(”fl,muzm * Sl uonsli 12,01 0203 * f2einanslli
3=
‘Loz )
+ 1 /1 mansll2 Zl(”fl,mu«zusm * [l monsmgllg
Hha=

_ 1
: ||f2,M1M2M3M4 * f2=M1M2M3M4“12 + ||f1,M1M2M3M4”2||f2,//«1M2M3M4||2))))‘

Lemma 20. Let f € A., 1 < p <o0o,t € (0,1] and k € N. Then there exists a
finite constant Cp i ( f) such that

— 2 _ _
ILe (DT Pl < Cpue( 727742,

Proof. By spectral theory, we have ||i)f‘e_’°(o-2|| = (k/2et)*/2, so the proof is a
consequence of Proposition 18. O

The next Lemma will explain why there is a major difference in the spectral action
when perturbing O by 4 + JAJ ! or simply by A.

Lemma 21. For f, g € A, the operator L, (f) R.(g) is of trace class on K.
Proof. By factorization, we can find f1, f>, g1, g2 € +» such that

f=hAxfr, g=g1*g.

Hence

Li(f) Ru(g) = Lu(f1 * f2) Ru(g1 * 82) = L+(f1)Lx(f2) Ru(g1) R4 (g2).

But since the left and right regular representations commute (by associativity of the
Moyal product), we get

L.(f) Re(g) = Lu(f1)Ru(g1) L+ (f2)Ru(g2),

so that it suffices to show that L, (f) R.(g) is Hilbert—-Schmidt for all f, g € A..
From the operator kernel formula (14) of L.(f), and a similar one for R,(g), one
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easily deduces the operator kernel for the product L, ( f) R.(g), and after a few lines
of computations, we get for a suitable constant depending only on det(®):

IL.(f) Ru(2) ]2 = / dx dy|[L.(f) Re(g)]x )P = CILf 12 g2

This completes the proof. O

Corollary 22. Let V4, i = 1,...,4, be the operators on L?>(R*) given by

Vi =iy +auxt, a € My(R).

Then for f,g € Ay, t € (0,1] and Py (%) a polynomial of order « in the operators
Vi, there exists a finite constant C( f, g, &) such that

IL+(f)R(8) Pa(V)e ™ H |ly < C(f, g, 00) 172,

Proof. From Lemma 21, it suffices to show that ||Pa(@)e_’H | < Ct=%/2, which
will follow by spectral theory if Py, (V)(1 + H)™%/? is bounded. But this is a slight
generalization of Corollary 5. O

We can now deduce the germ of the asymptotic expansion formula we need.

Proposition 23. Let (As, Hr, Dx, Jr) be a finite spectral triple. Let D := D, ® 1 +
I' ® O, « = 1,2, be the Dirac operator of the product spectral triple
(AQ AL H @ H, D.®1+T @ D). Letalso Dy .= D+ A+ JAJ ! be
the fluctuated Dirac operator. Here J := J ® J¢ and A is a self-adjoint one-form,
thatis A = A* 1= ), a;i[D, b;], where the sum is finite and a;, b; € A ® As. In
terms of the decomposition D? = D?> + Fo+ Fy + J(Fo+ F1)J ' +24J AJ 7,
where Fy is a bounded operator and F is linear in the operators V}, of Corollary 22,
the following holds:

Tr(e™"PA) = Tr({1 — 2t(Fo + F1) + t2(F2 + F1 Fo + FoFy + F?)
- %(Fo[i)z, Fi] = [D*, FilFo + Fi[D*, Fil + FoF{ + FiFo Fy
+ F2Fo + F) + S(FI[D2,[D2, Bl + 2F2 [D?, Fy]
+ Fi[D2 R Fy + File %) + 0(V).

) . D2 . .
Proof. First, it is clear that e 1D is of trace-class for all z > 0. Indeed, since

the eigenvalues of O, behave like n? with multiplicity which behaves like 13, its
resolvent belongs to the Schatten ideal £37¢(H#) for all ¢ > 0. From the relation

1 1
Di+i D1+

1
1 —-(A+JAJ ' +T QD )
( (A + +TI'® f)£A+i
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and the fact that A + J AJ ~! + ' ® D is bounded, we see that the resolvent of Dy
belongs to £31¢(H ® Hy) for all & > 0 too. Accordingly, e™* D3 is of trace-class for
allt > 0.

Note also that the bounds of Lemmas 10, 12, 20, Proposition 18 and Corollary 22
remain valid with O instead of D,. Indeed, since {D,,'} = 0 and I'> = 1, we get
D?=D?®1+1® D? and thus

Dke1D? _ Z Crj Fk—j@.je—ti).z ® J)!C_je_"@?.
j=0
This implies for f,g € B, a,b € Arand 1 < p < o0,
IL.()®alLu(g) ® DT DF P,
< 3 Gy 1RO R b DT 17,
j=
Thus, we may assume without loss of generality that there is no finite spectral triple

in the picture.
We are going to deduce the expansion from the Duhamel principle:

1
o—1(A+B) _ ,—14 —t/ o—StA+B) p,~(1-9)14 g
0

We write D2 = D2 + Fo + Fy, with Fy := Fo + J FoJ ™' +24J AJ and Fy :=
Fi+JFJ7. The operator Fy is bounded, whereas F; is unbounded but relatively
D-bounded. The Duhamel expansion allows us to write (formally first)

P = 3 (1) E;(0), (24)
j=0
where Eo(f) := e'P” and, for j > 0,

. —sotD? 7 ,—s1tD? T ,—s;tD? jj
Ei@t):= > fA/_e SOI DT Fy eV L Fy e d s,
il,...,ijG{O,l} ‘

and A; denotes the ordinary j-simplex,
Aji=1{s e RIH |5 >0, ) _ s = 1}

We first show that the sum (24) converges in the trace norm for small values of ¢ > 0.
We only treat the case j > 1, the case j = 0 being covered by Lemma 10. For that
we use the Holder inequality (since Zi—o s = 1):

_ £2~ _ D2 D2
IEOL< Y / €707 By 12 | Frpe ™22
i1,...,ij €{0,1}

s —s;tD? J
Ny e ad s,
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Then we use the estimate of Proposition 18 and Lemma 21 fork = 2, ..., j (see the
Remark 19 for the precise value of the constants):

4||F||2Cy (F)Skt25k ifiy =0,

f' e_Skf:Dz < — N
1 s = 2| F||Co(F)* =25k (t53)~%  ifiy = 1.

For the case iy = 1, we need to use the factorization property of the algebra of
Schwartz functions with Moyal product (as in the proof of Lemma 12), to expand 4
as a finite sum of products of elements in 4, ® M16(C), and then we can proceed
as for the other factors. Taking into account that there are 2/ such terms and that

J L .
[ [[si°a’s<2.
Aji=o
we get, since Zli:o sg = 1, the rough estimate
IE;j (D)l < 2/ (4C1(F)| F|? 4 2C,(F)| F )/ t=71>72.

Thus the sum Z;‘;O(—t)j E;(t) converges absolutely in the trace-norm for small
values of ¢. These estimates also show that

| X (0] TE )] = 06h). 10,
P

and accordingly, we only need to consider the terms (—¢)’ Tr(E;(¢)) for j = 0,1,2,3
and 4.
Note first that

1
Tr(—tE1 (1)) = / Tr(—te™0! D (Fy + Fp)e~(1=50)D%) g5,
0
= Tr(—t(Fy + F)e™'D%).

For j = 2,3 and 4, we use the relation (15) to collect the heat operators as follows:
Es (1) = / 501 D? (Fo + ﬁl)e_sltg)z(ﬁo + fl)e_s2t@2ds0ds1ds2
Y3
1 I—S() 2~ ~ 2 o~ ~ 2
= / dSO/ dSle_soti) (Fo + Fl)e_slt'fo (Fo + Fl)e—(l—so—sl)t.fl)
0 0
1 1-s0 > ~ - ) 1 1=s0
= / ds()/ dsie 0P (Fy + Fp)2e~ (1750107 _ t/ ds()/ s1dsy
0 0 0 0

1
[ drle—SQIQZ(fO+ﬁl)e—rlslte‘oz[@Z’(ﬁO_i_]’;v'l)]e—(l—so—rlsl)t{l)z
0
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1 1—s0
= / dSo/ dsye™ 0D ((Fy + Fy)? — 151 (Fo + F)[D2 (Fy + F)l
0 0

1 1-s0 1 1 5 3
. e~ (1=50)1D? +t2/dsof sfdsl /rldrl /drze_soti)z(Fo + Fy)
0 0 0 0
X e—rlrzsltﬁ)z [@2’ [@2’ (ﬁO + ﬁl)]]e—(l—so—rlrzs])tﬂz

1 1—s0 - - - - - -
- / ds(,/ dsle_sowz{(Fo + F1)* —ts1(Fo + F1)[D?, (Fo + Fy)]

1‘2
_SI(FO + F)[D. [D2. (Fy + Fy)|je= (15010

1—s0 ~ ~
—t /dsO/ sldslf rlzdrlf rzdrzfdr3e_sot°©2(Fo+F1)
0

—rlr2r3s1ti) [@2 [1)2 [G(D2 (F()+F1)]]]€_(l S0— r1r2r3s1)t.1)2

Since the principal symbol of D? is scalar, we see that [D2, [D?, [D?2, F,]]] has order
4 in V}j. Thus, Lemma 20 shows that the last integral (multiplied by its t? global

prefactor) gives rise to a trace-class operator with trace of order 12, Taking the trace
and using that Fj is of order j in V&, we find up to terms that vanish when ¢ — 0:
Tr(r2Ex (1) = Tr((5 (Fo + Fi)? — 2 (Fo[02, Fy] + Fi[D% Fo) + Fi[D% F))
+ 5 FD2.[D% Fillle ™) + 0(V).
It will be more convenient to write Tr(Fy [D2, Fole'P?) = Tr(—[D2, Fi]Foe'9?).
By similar arguments one finds
Te(—13Es(t)) = Tr(—2 (Fo F2 + F\FoFy + F2Fo + FP)
4~ ~ ~ ~ .~ D2
+ GQF D% P+ F[D% FB]F)le ™) + 0(Vh),
and lastly
Tr(t* E4(t)) = Tr(4g Fe %) + O(V1).

In summary, we have

Tr(e™'P4) = Tr({1 — 1 (Fo + Fy) + S(F} + F Fy + FoFy + F?)
- %(ﬁo[@{ Fi] - [D?, Fi]Fo + Fi[D?, Fi] + ﬁoﬁlz
+ R o By + F2Fo + FY) + L(Fi[02,[92, Fi])
+2F2(D% Fi] + Fi[9% F)F + FHie ™) + 0(V).

(25)

Now we can take into account the result of Lemma 21, which says in this context that
mixed products F;J F; J~! are already trace-class. Since JL,(g)J ™! = R.(3),
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with R, the right regular representation, we see by Lemma 4 that all terms in (25)
with products of F; and J F; J ! are (up to matrices) of the form

4o,
L.o(f)R«(2) 1_[1 (V/L) e H,
M:

with || not exceeding the number of F; plus the number of commutators by 2.
This argument also relies on the fact that J commutes with ﬁu according to (13).
Thus, Corollary 22 shows that the cross-terms, i.e., the terms with powers of both F;
and J F; J1 resulting from products of fo =Fy+JFyJ ' +2F (JF_;J 'and
ﬁl = Fy + JF;J™!, where F_; := A, give rise to vanishing contributions in the
limit ¢ — 0. Thus, only the terms with either powers of F; or powers of J F;J -1
do contribute to the diverging part of this asymptotic expansion. Since moreover
J commutes with O (we are in even KO-dimension), the trace property shows that
both terms (with only A or only J AJ 1) give the same contribution and we get the
announced result. O

Remark 24. A very important feature of Proposition 23 is that if the heat-trace of
the partially fluctuated Dirac operator D4 := D + A, A = ), a;[D, b;], has an
asymptotic expansion

~ 4
Tr(e_"’(oi) =apt™ + Y aptK2 £ O(V),
k=1

then the heat-trace of the fully fluctuated Dirac operator Dy := D + A + JAJ !
has the asymptotic expansion

4
Tr(e_t"(oi) =apt™ +2 Y apt™2K2 L 0(JV1),
k=1

for the same coefficients ay, . .., ag. Also, this shows that the asymptotic expansion
of the heat-trace of the fully fluctuated Dirac operator is independent of the choice
of the real structure J; of the finite spectral triple (¢, #r, Dr). This fact holds for
Moyal spectral triples with harmonic propagation in any (even) dimension.

3.3. Application: the spectral action for the U(8,)-Higgs model. Inthe Connes—
Lott spirit [10] we take the tensor product of the 4-dimensional spectral triple
(A, H,D,, T, J),s= 1,2, with the finite Higgs spectral triple (C®C, C2, Mo, J;),
where M > Oand J; is any real structure. The Dirac operator O = D, ®1+I'®@ Mo,

of the product triple becomes
D, MT
D= (Mr D, ) '
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In this representation, the algebra is /A, @ 4« > (f, g), which acts on H @ J by
diagonal left Moyal multiplication. The commutator of & with (f, g) is, in case that
D is chosen, according to (9) given by

_(iTFL,@,f) MTL.(g— f)

(If we choose 9, instead, then I'* has to be replaced by I'**# everywhere.) This
shows that the selfadjoint fluctuation A = ), a;[D, b;] of the fluctuated Dirac
operators Dy = D + A+ JAJ ', J = J ® J;, is of the form

- (TMLa(4)  TL.(9)
“\ TL.@) THL.(Bw)’

for two real one-forms A4,,, B;, € 4, and a one complex field ¢ € +4,. Again, this
holds for Dy; for D, we have to replace I'* by [# T4,

In terms of the connection introduced in Lemma 4 and using (11) we identify the
relevant operators arising in the expansion D2 = D2 + M2 + (Fo + F1) + J (Fo +
F1)J 7! +2AJ AJ ™! of Proposition 23 as follows:

Fo (L*(m)l + 5[0 TYILL(FL) iTATL, (D) )
iTHTL,(Dug) L.(VBg)l + §[T* TVIL.(F2)
Flz(ziL*(AM)vM 0 )
0 2iL.(B")V,
where

Vag i=¢*¢+ M@ +¢)+ (g )84, + Ay » Ay),
Vag i =¢xd+ M@+¢)+ (g7 (i0.By + By x By),
Fi = 0uAy — 0, Ay —i(Ay * Ay — Ay x Ay),

F2 :=0,B,—0,B,—i(B,xB,— B, * By,

Dyp =0, —iA, xdp+idp* B, —iM(A, — B,).

We have used
DiT° Ly (Ag) + Ly(Ag)D1 T

= —T9[D1, Lo(A)] +2i (g H* L4(3,A4)) + 2i L (AM)V,,.

According to the general asymptotic expansion we have obtained in Proposition 23,
the only further commutators we need are [D?, F;] and [D?, [D?, F]]. Their expres-
sion will easily result from the following computation which relies on the relations
in Lemma 4:

[D2,2i L. (A")V,]
= —2iL.((g71)P? 8,0, AM)V,, — 4i L. (3" AV, V,, + 4Q%0,,, L, (AM)V",
[D2, [D?,2i L, (A")V,] = 8iL.(3°3" A*)V,V,V,, + lower order terms.
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We have already computed the matrix trace of e **% in Lemma 10, and the result

is 16 cosh*(21). Using
i S = (iby — 105 (B + b") = g (T + 20T 4)g" (Tota + 204, T),
the other matrix traces follow from the Clifford algebra:
treis (5[0, T e79%) = 800"t + 0(),
treia(§IP, T S[02 10 18%) = (g e (g
—4gH* (e + 0,
tre1e(TAT T T - e85 = 16(g™ )™ + O().

In terms of the functionals T, .., (f) 1= Trr2gay (La(f/)Vy, ... Ve ) on
A, introduced and computed in Proposition 6 and the similar functional

Tov () i= Trpogay(La(f)Vu Ve )

2
—tDy

we obtain from Proposition 23 the trace Tr(e ) as follows:

Tr(e "P4) = e ™7 {16 cosh* (1) Tr(e ™ H) — 26T (16Vig) — 2t T, (32i AM)
+ 12T (16Vap * Vagp +16(g7 ) Do x Dy + 8(g~ (71"
F F 4+ 32i(g7 ) Ay % 0,Vag + 16QOM Fil)
+ 12T (32i A" * Va g + 32i Vg x A" — 64(g7 )P A x 0,AM)
+ 2T (64 A% % AY) — DT, (—4i (Vag % 0 A" — 8" A" % Vi )
+ 644" (g71)P70,0, A" + 1284,(g7 )P 0,0 A”
— 64(VA’¢ * A% % AV + A® % Va,p * AY + A" % AV * VA’¢)
—128i(g7 1P (Ap % (35 A") x A” + Ap x A" x (354")
+ A" % Ay * (054%)) — £ Tunp(1284% + 3” A°
— 128iA" « AY % A7) — 5, (128i 207" A" % A,)
T po (256 A % 3V 37 A% + 512i A" x A" % 3°A°
+ 256i A% % (0¥ AP) x A% + 256 A" x A” x AP x A%)}
+{Au > By, Fi, > F5. Vag > Vpg. Dud < D¢}

+ O (V). (26)

The relevant traces have been computed in Proposition 6. A similar procedure gives

~ Q 2 . _ -
Fol) = (—2 V[ dz Jaotg £) (Wt 2y 2 e~ Bumn@nizez)
w1 = (sramaan) /[R Vaetg f) (Wt 2,2,
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with Z, := —2i(©7'z), — 2Q tanh(Q1)(gz), and N, = 2i(©7 g +
iQ%(g®) 0w — Q tanh(Qt)SW This shows that the contribution of J,w (f) is sup-
pressed with @(¢). Inserting these traces into (26) we arrive at

Dy 2 e 2MZ o (MP 8 N, (MO 8M?Y L,
Tr(e™™™4) = 54! Q4 (94 + 392) (3524 * 35”22)t
( M3 4M4) _2—-2M?%
= -  —
1284 ' 302 2
/ Aotg (§  §+ M@+ §) + O ((Xa. gXa)s — x.g3))
+oxd+ M +¢)+ Q2 (Xp.gXp)s — (x,8x)0)}
+ 2 [d4eEetg 27 Dup + Df
+ (@ xd+ M@+ )+ Q%(Xa, gXa)u)? — (2% (x, gx)4)?
+(p*d+ M+ )+ Q*(Xp, gXp)w)? — (2%(x, gx).)?
+ (YT — g7 + Q20g0) (g7 + 220g6)")
(FA *Flo + F2 « FE)L + O(WV1), 27)
where

Xy (x) =" + O A4, (X, gY)ei=gu X" x Y.

To reduce (26) to (27) we have used

the traciality (4) of the Moyal product and the resulting cyclicity under the
integral,

— integration by parts where appropriate,
— xtxf = l{x”“ fie+ [x“ fle = {x“, f}++i®*Y9, f where appropriate,

symmetries and antisymmetries in the indices.

The matrix g~ 4+ Q2©g® appearing in front of the curvature term in (27) can be
equivalently written as

g+ Q%00 =g +4g(1—g ) =g (1 —29)%

Since g~ > 1 according to (10), hence 0 < g < 1, we have 0 < g~! + 20g0 <
g1, showing that the matrix in front of the curvature term in (27) is strictly positive.
It is minimal for g = %, ie., §2(®t®)uv = 46,,,. The curvature F,, can also be
expressed in terms of the covariant coordinates, [X', X}]. = i ©*" +i @*P @ F [;‘(‘,.

With the moments y_, = fooo ds s""1x(s) of the “characteristic function” and
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xo = x(0), we identify the spectral action (23) as

2A8 2M?2A® M*4A* A4
SA(Da) = S T 5 —)X—z

At [ ——— + —=
A3 ( L
MOA2Z  8M?2A2 52 M3 aAM*

_( 35t T age )X_l <_ )XO

5 e e

+ 25 [ a4 Jaetg2e ) Dug « D + (@ 6+ M+ )

+ Q% (X4, gXa)w + M? — LLA%)” — (Q%(x, gx)0 + M7 — L2LA?)?
+ (@ * ¢+ M@+ )+ Q% (Xp. gXp)u + M? — LLA?)?

= (@(x, gx)s + M? = LLA%)? + (3(g7)" (g™

—4(g7 + Q%050 (g7 + Q%0g0)")

C(Fify % Fpo + Fiiy % Fpo)} + O(ATY), (28)

[og

The final result (28) for the spectral action agrees, up to typos, with the result obtained
in [27]. We recall that with the cuambersome computational method of [27] it was only
possible to identify the part of the spectral action at most bilinear in the gauge fields
A, B. By gauge-invariant completion it was argued that the total spectral action has

to be (28). In [27] the ®-matrix was chosen as ® = 9(“’2 0 ) Interms of Q2 := ?

0 iop
this choice leads to (g71)*¥ = (14+Q2)8*" and /detg = m Up to the global
factor of 2 due to the real structure, the few differences in the prefactors® are easily

identified as typos in [27]. We finish by a brief discussion of the spectral action:

* The square of covariant coordinates X4, Xp combines with the Higgs field ¢
to a non-trivial potential. This was not noticed in [13], [21]. We observe here
a much deeper unification of the continuous geometry described by Yang—Mills
fields and discrete geometry described by the Higgs field than previously in
almost-commutative geometry.

* The coefficient in front of the Yang—Mills action is strictly positive for any real-
valued Q. In the bosonic model of [13], [21] there was only the analogue of the
negative part, which leads to problems with the field equations.

Unlike the scalar model renormalized in [24] where 2 = 979 can by Langmann—
Szabo duality be restricted to Q2 € [0, 1], the full spectral action (28) does not

have a distinguished frequency parameter 2 > 0.
* The action (28) is invariant under gauge transformations

¢+ Mi>ugx(p+ M)x*upg, XAMHMA*XAM*W,
XBu > up * Xp, *x UB,

—0O2)2 —02)4 . .
) versus ((l ;2 " 3((11 +%2))2) in [27] in front of F,;,, F*V and

14+92)2 1-Q2)4
These are (( +2 > _ 6((1+522))2

U£9) versus L in [27] in front of (D)2,
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where u4, up € U(B,) are unital elements of the preferred unitization.
2 . . .
* For any value of the free parameter II\WZXXOI , the action contains (A, B, ¢)-linear
terms which lead to a complicated vacuum which is not attained at vanishing
A, B, ¢. Since A, B, ¢ are Schwartz functions, the formal vacuum solution
X4 =0=Xpandop + M = 1/XX;O‘A is excluded. An enlargement of

Schwartz class function to e.g. polynomially bounded functions does not help
— tanh(Q1) (x,gx) »

either, because then we are not allowed to expand the GaufB3ian e
in ¢, making the spectral action different from (28).

» If we formally regard ¢ + M, X4, Xp as dynamical variables of the model, then
(28) can be viewed as translation-invariant with respect to

dx)+ M= ¢p(x+a) + M, Xq(x)—~ X4(x+a), Xp(x)—~ Xp(x+a).

This would clear away a frequent objection against the renormalizable ¢2—
models, breaking of translation invariance. However, this transformation aban-
dons the space of Schwartz class functions for A, B, ¢, so that translation
invariance remains broken in the consistent spectral action.

* The vacuum part of the spectral action is finite. In general, the heat kernel
expansion for non-compact spectral triples is ill-defined, so that a spatial reg-
ularization of the operator trace is unavoidable. See e.g. [19]. The oscillator
potential is one of many possibilities. We want to advertise the point of view
that if one takes the spectral action principle serious, the spatial regularization
is part of the geometry. The removal of the spatial regularization must be care-
fully studied. In general, we should expect that other limiting procedures such
as those of quantum field theory make it impossible to remove the regularization
(UV/R).

Appendix: Locally compact noncommutative spin manifolds

Definition 25. A non-compact spectral triple is given by the data
(A, B, H,D,J, T c)

satisfying conditions (0)—(6) given below. The data consist of a non-unital algebra
A acting faithfully (via a representation denoted by ) by bounded operators on the
Hilbert space #; a preferred unitization 8 of #4 acting by bounded operators on the
same Hilbert space; and an essentially self-adjoint unbounded operator O on J such
that [, m(a)] extends to a bounded operator for any a € 8. The spectral triple is
said to be even if there exists a Z,-grading operator I" on J satisfying I'? = 1, for
which B is even and D is odd. The spectral triple is said to be real if there exists an
antiunitary operator J on J which satisfies conditions (4) and (5) below.
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Compactness. The operator (a)(D — A)~! is compact for all @ € 4 and A in
the resolvent set of D.

Regularity. For any a € 8, both 7(a) and [D, 7 (a)] belong to ()=, dom("),
with 8(T) := [(D), T] and (D) := (D? + 1)=.

For any element b of the algebra Wo(+) generated by 6" (w(4)) and
8" ([D, 7 (A)]), the function &p(z) = Tr(b(D) %) is well defined and holo-
morphic for Re(z) large and analytically continues to C \ Sd for some discrete
set Sd C C (the dimension spectrum). Moreover the dimension spectrum is
said to be simple if all the poles are simple, finite if there is k € N such that all
the poles are order at most k and if not, infinite.

Metric dimension. For the metric dimension d := sup{Re(z), z € Sd}, the
operator 7(a)({D)~¢ belongs to the Dixmier ideal £°°(H#) for any a € 4.
Moreover, for any Dixmier trace, the map 44 3 a +— Try((a)(D)™?) is
non-vanishing.

Finiteness.®> The algebra + and its preferred unitization B are pre-C *-algebras,
i.e., each one is a x-subalgebra of some C *-algebra and stable under holomor-
phic functional calculus.

The space of smooth spinors J> := (7o, ¥ k. with #* := dom(D¥) com-
pleted with norm ||[|2 := [|£]|> + [|D¥&||%, is a finitely generated projective
s-module pA™, forsomem € N and some projector p = p? = p* € M, (B).
The composition of the Dixmier trace with the induced hermitian structure
(, Y 1 H® X H® — A coincides with the scalar product (, ) on H°,

(1) =Tro((E.ma (D)), EneH™.

Reality. The operator J defines a real structure of KO-dimension k € Zg. This
means
J?=¢ JD=¢DJ, JT =¢'T'J (evencase)

with signs &, ¢/, &” € {—1, 1} given as a function of kK mod 8 by

[k]Jo 1 2 3 4 5 6 7]
e[1 1 -1 -1 -1 -1 1
{1 -1 1 1 1 -1 1 1
|1 -1 1 -1

Additionally, the action m of B on J satisfies the commutation rule
[r(f),n°(g)] = O forall f,g € B, where 7°(g) = Jm(g*)J ! is the action
of the opposite algebra B°.

3This is a simplified version of those in [18], as in there the authors are forced to use a third algebra
which possesses quasi-local units.
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(5) First order. [[D,7(f)], 7% (g)] = O0forall f,g € B.

(6) Orientability.* Whenever the metric dimension d is an integer, there is a
Hochschild d-cycle ¢ on 8 with values in B8 ® B?, i.e., a finite sum of terms
(ap®@bo)®a; ®---Ray. Its representation w o (¢) with mgp ((ap ® bo) ®a; ®
®ag) = w(ag)J (b)) J D, w(ar)]...[D, w(ag)] satisfies o (c)* = 1
and defines the volume form on A, i.e.,

pe(for .- Ja) = Tro (o ()7 (f)[D, (/)] .. [D, 7 (f)|(D)™)

provides a non-vanishing Hochschild d-cocycle ¢, on 4.
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