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type. It turns out that this class of pointed Hopf algebras constructed by N. Andruskiewitsch
and H.-J. Schneider contains many Calabi—Yau Hopf algebras. To give concrete examples of
new Calabi—Yau Hopf algebras, we classify the Calabi—Yau pointed Hopf algebras U(D, A)
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Introduction

In [3], N. Andruskiewitsch and H.-J. Schneider classified pointed Hopf algebras
with finite Gelfand—Kirillov dimension, which are domains with a finitely generated
abelian group of group-like elements, and a positive braiding. In the same paper,
the authors constructed a class of Hopf algebra U(D, A), generalizing the quantized
enveloping algebra Uy, (g) of a finite dimensional semisimple Lie algebra g. These
pointed Hopf algebras turn out to be Artin—Schelter (AS-) Gorenstein Hopf alge-
bras. AS-Gorenstein Hopf algebras have been recently intensively studied (e.g. [6],
[71, [15], [16], [25], [26]). One of the important properties of an AS-Gorenstein
Hopf algebra is the existence of a homological integral which generalizes Sweedler’s
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classical integral of a finite dimensional Hopf algebra, cf. [15]. Brown and Zhang
proved that the rigid dualizing complex of an AS-Gorenstein Hopf algebra is deter-
mined by its homological integral and antipode [7]. He, Van Oystaeyen and Zhang
used homological integrals to investigate the Calabi—Yau property of cocommutative
Hopf algebras [12]. They successfully classified the low-dimensional cocommutative
Calabi—Yau Hopf algebras over an algebraically closed field of characteristic zero.

The main aim of this paper is to find out when a pointed Hopf algebra U(D, A) of
finite Cartan type is Calabi—Yau, and to classify those low-dimensional Calabi—Yau
pointed Hopf algebras. It turns out that the class U(D, A) of pointed Hopf algebras
contains many Calabi—Yau Hopf algebras. Most of them are of types different from
the quantum groups Uy, (g), which were proved to be Calabi—Yau by Chemla [8].
This give us more interesting examples of Calabi—Yau Hopf algebras. The paper is
organized as follows.

In Section 1, we recall the pointed Hopf algebras U(D, A) of finite Cartan type,
the definition of a Calabi—Yau algebra, the notion of a homological integral and a
(rigid) dualizing complex over a Noetherian algebra. In Section 2, we study the
Calabi—Yau pointed Hopf algebras of finite Cartan type. We give a necessary and
sufficient condition for a Hopf algebra U(D, 1) to be Calabi—Yau, and calculate
the rigid dualizing complex of U(D, A) (Theorem 2.3). In [8], Chemla calculated
the rigid dualizing complexes of quantum groups U, (g). As a consequence of the
characterization theorem, the quantum groups Uy (g) are Calabi—Yau Hopf algebras.

A pointed Hopf algebra of the form U(D, 1) is a (cocycle) deformation of the
smash product 8B(V') # kI', where V is the space of skew-primitive elements of
U(D, L), B(V) is the Nichols algebra of V' and kI is the group algebra of the group
formed by group-like elements of U(D, A). Our second aim in this paper is to study
the Calabi—Yau property of the Nichols algebra B(V'). The algebra 8(V)isan N7 *1-
filtered algebra. By analyzing the rigid dualizing complex of the associated graded
algebra Gr B(V'), we obtain the rigid dualizing complex of B3 (V). We then are able
to give a necessary and sufficient condition for the algebra B(V) to be Calabi—Yau,
which forms the main result of Section 3 (see Theorem 3.9).

In Section 4, we discuss the relation between the Calabi—Yau property of a pointed
Hopf algebra U(D, A) and the Calabi—Yau property of the associated Nichols algebra
B(V). It turns out that for a pointed Hopf algebra U(D, 1) and its associated Nichols
algebra B(V), if one of them is CY, the other one is not.

In the final Section 5, we classify the Calabi—Yau pointed Hopf algebras U(D, 1)
of dimension less than 5. It turns out that U, (sl») is the only known non-cocommu-
tative example in the classification. The other non-cocommutative Hopf algebras are
new examples of Calabi—Yau Hopf algebras.
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1. Preliminaries

Throughout this paper, we fix an algebraically closed field k. All vector spaces,
algebras are over k. The unadorned tensor ® means ®g. Given an algebra A, we
write A°P for the opposite algebra of A and A° for the enveloping algebra 4 ® AP
of A.

Let A be an algebra. Foraleft A-module M and an algebra automorphism¢: A —
A, ¢ M stands for the left A-module twisted by the automorphism ¢. Similarly, for
a right A-module N, we have Ny. Observe that Ay = 414 as A-A-bimodules.
Ay = A as A-A-bimodules if and only if ¢ is an inner automorphism.

Let A be a Hopf algebra, and §: A — k an algebra homomorphism. We write [£]
to be the winding homomorphism of & defined by

[§1(a) = 2§ (ar)az,

for any a € A.
A Noetherian algebra in this paper means a left and right Noetherian algebra.

1.1. Pointed Hopf algebra U(D, A). In this section we recall the definitions and
basic properties of Nichols algebras and pointed Hopf algebras of finite Cartan type.
More details can be found in [3]. We fix the following terminology:

* A free abelian group I' of finite rank s.

* A Cartan matrix (a;;) € 7979 of finite type, where 8 € N. Denote by
(di,...,dy) a diagonal matrix of positive integers such that d;a;; = d;a;;,
which is minimal with this property.

* A set X of connected components of the Dynkin diagram corresponding to the
Cartan matrix (a;;). If 1 <i,j < 6, theni ~ j means that they belong to the
same connected component.

* A family (qr)sex of elements in k which are not roots of unity.

* Elements g1,..., g9 € I and characters yi,..., yg € [ such that

diajj d; ..
2 G@ri(g) =q; Y, xi(g) =qy foralll <i,j<6,1eX. (1)

Let D be the collection D(T', (aij)1<i,j<0- (qr)1ex: (i) 1<i<6, (Xi)1<i<p)- A
linking datum A = (A;;) for O is a collection of elements (1;;)1<i<j<6,i~; € 10,1}
such that A;; = Oifg,-gj = lor y; xj # . We write the datum A = 0if A;; = 0 for
all1 <i < j < 6. The datum (D, A) = (T, (aij).qr.(gi). (i), (Ai;)) is called a
generic datum of finite Cartan type for group I.

Definition 1.1 ([3], Section 4). Let (D, A) be a generic datum of finite Cartan type.
Let U(D, 1) be the algebra generated by x1, . .., xg and yfcl, e, ys:IEl subject to the
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relations

+1_ . +1 _  +1_=+1 +1_ F1 __
Y Y =V Yms Ym Ym =1, 1<mh<s,

group action: ypX; = x; (yp)x;jyn, 1<j <0, 1<h<s,
Serre relations: (ad. x;)' ™/ (x;) =0, 1<i#j<0,in~],

linking relations: x;x; — x;j(gi)xjxi = Aij(1 —gigj), 1<i<j<0,i~],
where ad. is the braided adjoint representation defined in [3], Section 1.

For a generic datum of finite Cartan type (£, A), denote by ¢j; = x;(g;j). Then
equation (1) reads as follows:

gii = q¥ and qijqji = q;i,»a,;, foralll <i,j <6, I €X. )

Let V be a Yetter—Drinfeld module over the group algebra kI" with basis x; € Vg)g",
1 <i < 6. In other words, V' is a braided vector space with basis x1, ..., xg, whose
braiding is given by

c(xi ® xj) = qijxj ® x;.
It can be easily derived from the proof of [3], Theorem 4.3, that the Nichols algebra
B (V) is isomorphic to the algebra

K(x1,...,xq | (ade x))' 7% (x;) =0, 1 <i,j < 0,1 # j).

We refer to [1], Section 2, for the definition of a Nichols algebra.

Let @ be the root system corresponding to the Cartan matrix (a;; ) with{oq, ..., ag}
a set of fix simple roots, and ‘W the Weyl group. We fix a reduced decomposition of
the longest element wo = s;, ...s;, of W in terms of the simple reflections. Then
the positive roots are precisely

ﬂl = Ol,'], ﬂz = Si1 (Ol,'z), ey ﬂp = S,‘l ...sip_](a,-p).

If8; = Z?:l m;a;, then we write

gp =81 ...gg" and yp = x7"...xp7.
Similarly, we write gg, 8, = xp;(88,)-

Root vectors for a quantum group U, (g) were defined by Lusztig [17]. Up to a
non-zero scalar, each root vector can be expressed as an iterated braided commutator.
As in [2], Section 4.1, this definition can be generalized to a pointed Hopf algebras
U(D, X). For each positive root B;, 1 <i < p, the root vector xg; is defined by the
same iterated braided commutator of the elements x, ..., Xg, but with respect to the
general braiding.

Remark 1.2. If 8; = «;, then we have xXg, = Xi, that is, xy, ..., xg are the simple
root vectors.
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Lemma 1.3 ([3], Theorem 4.3). Let (D,A) = (T, (aij).qr.(gi). (xi). (Xij)) be
a generic datum of finite Cartan type for I'. The algebra U(D, A) as defined in

Definition 1.1 is a pointed Hopf algebra with comultiplication structure determined
by

A =y ®yn, A)=x®@1+g®x;, 1<h<s 1<i<o.
Furthermore, U(D, L) has a PBW-basis given by monomials in the root vectors
al a
{xﬂ1 ...xﬂ;’y},
fora; 20,1 <i < p,andy € I'. The coradical filtration of U(D, A) is given by
UD, M)y = span{xlz;l.1 XY | j <N, yeTl}.

There is an isomorphism of graded Hopf algebras GrU(D, ) = B(V) # k' =
U(D,0). The algebra U(D, A) has finite Gelfand—Kirillov dimension and is a do-

main.

In [3], degrees of the PBW basis elements are defined by
deg(xg! ...xg,':y) = (ar,....ap, 3 ", a;ht(Bi)) € NP+, (3)

where ht(f) is the height of the root 8. That is, if 8 = Z?zl m;o;, then ht(B) =
3% m;. Order the elements in (Z>°)7*1 as follows:

(@i,....,ap,ap41) < (b1,...,bp, bps1) if and only if there is some

4
1<k <p+1lsuchthata; = b; fori =k and ap_; < bg—;. @

Form € N?*1 let F,,,U(D, A) be the space spanned by the monomials xgll ... xg;’ y
such that deg(xg 11 e xj;[f y) < m. Then we obtain a filtration on the algebra U(D, 1).

Lemma 1.4. If the root vectors xg;, xp; belong to the same connected component
and j > i, then

— ai ap
[xp;»xp;1e = ae;NP Paxg ...xg". (5)
where pg € k and pg # 0 only when a = (ay. . ...ap) is such that as = 0 for s < i

ors = j. In particular, in U(D,0), the equation (5) holds for all root vectors xg,,
xp; withi < j.

Proof. This follows from [3], Proposition 2.2, and the classical relations that hold for
a quantum group Uy (g) (see [9], Theorem 9.3, for example). It was actually proved
in step VI of the proof of Theorem 4.3 in [3]. O
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Lemma 1.5. The filtration defined by PBW basis is an algebra filtration. The associ-
ated graded algebra Gr U(D, A) is generated by xp,, 1 <i < p,and yy, 1 <h <,
subject to the relations

ViEvE = yEYEL Syt =1 1<k,

yuxg; = xg; (Yu)xpg yn, 1<i <
xﬂlxﬂ] - X,B] (gﬂl)xﬂ]xﬂl’ 1 <

m<s,

/N

p. 1<h<s,
i

| <

.
=

Proof. This follows from Lemma 1.4 and the linking relations. O

Note that the associated graded algebra Gr U(D, A) is an N?*1_graded algebra.

1.2. Calabi-Yau algebras. Following [11], we call an algebra Calabi—Yau of di-
mension d if

(i) A is homologically smooth, that is, A has a bounded resolution of finitely gen-
erated projective A-A-bimodules;

(i1) There are A-A-bimodule isomorphisms

0, i#d,

Ext'. (4, A°) = {A il

In the sequel Calabi—Yau will be abbreviated to CY for short.

In [12], the CY property of Hopf algebras was discussed by using the homolog-
ical integrals of Artin—Schelter Gorenstein (AS-Gorenstein for short) algebras [12],
Theorem 2.3.

Let us recall the definition of an AS-Gorenstein algebra (cf. [7]).

(i) Let A be a left Noetherian augmented algebra with a fixed augmentation map
g: A — k. The algebra A is said to be left AS-Gorenstein if

(a) injdimy4A4 =d < o0,
0, i #d,
1, i=d,

where injdim stands for injective dimension. A right AS-Gorenstein algebras
can be defined similarly.

(b) dim Ext)(4k,44) = {

(i) Analgebra A is said to be AS-Gorenstein if it is both left and right AS-Gorenstein
(relative to the same augmentation map ¢).

(iii)) An AS-Gorenstein algebra A is said to be regular if, in addition, the global
dimension of A4 is finite.

Let A be a Noetherian algebra. If the injective dimension of 4 A and A4 are both
finite, then these two integers are equal by [29], Lemma A. We call this common
value the injective dimension of A. The left global dimension and the right global
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dimension of a Noetherian algebra are equal [24], Example 4.1.1. When the global
dimension is finite, then it is equal to the injective dimension.

In order to study infinite dimensional Noetherian Hopf algebras, Lu, Wu and
Zhang introduced the concept of a homological integral for an AS-Gorenstein Hopf
algebra in [15], which is a generalization of an integral of a finite dimensional Hopf
algebra. In [7], homological integrals were defined for general AS-Gorenstein alge-
bras.

Let A be a left AS-Gorenstein algebra with injdim 44 = d. Then Extf;’ (uk,44)
is a 1-dimensional right A-module. Any nonzero element in Extff1 (4k,4A) iscalled a
left homological integral of A. We write [ /i for Extf1 (4k, 4A). Similarly, if A is right
AS-Gorenstein, any nonzero element in Extff1 (kg, Ay) is called a right homological
integral of A. Write [ for Extd (ka, A4).

f /i and f /; are called left and right homological integral modules of A, respectively.
CY algebras are closely related to algebras having rigid dualizing complexes. The
non-commutative version of a dualizing complex was first introduced by Yekutieli.

Definition 1.6 ([27], cf. [21], Definition 6.1). Assume that A is a (graded) Noetherian
algebra. Then an object R of D?(A°) (D°(GrMod(A°®))) is called a dualizing complex
(in the graded sense) if it satisfies the following conditions:

(i) R is of finite injective dimension over A and A°P.

(i) The cohomology of R is given by bimodules which are finitely generated on
both sides.

(iii) The natural morphisms A — RHomyg(R,R) and A — RHomygop (R, R) are
isomorphisms in D(A°) (D(GrMod(A4°))).

Roughly speaking, a dualizing complex is a complex R € D°(A°) such that the
functor
RHomy(—, R): Df,(4) — Dp,(AP) (6)

is a duality, with adjoint RHomgop (—, R) (cf. [27], Propositions 3.4 and 3.5). Here
D}’g (A) is the full triangulated subcategory of D (A) consisting of bounded complexes
with finitely generated cohomology modules.

In the above definition the algebra A is a Noetherian algebra. In this case, a
dualizing complex in the graded sense is also a dualizing complex in the usual sense.

Dualizing complexes are not unique up to isomorphism. To overcome this weak-
ness, Van den Bergh introduced the concept of a rigid dualizing complex in [21],
Definition 8.1.

Definition 1.7. Let A be a (graded) Noetherian algebra. A dualizing complex R over
A is called rigid (in the graded sense) if

RHomyge (A, 4R Q@ Ry) = R
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in D(A®) (D(GrMod(A4°))).

Note again that if A° is Noetherian then the graded version of this definition
implies the ungraded version.

Lemma 1.8 (Cf. [7], Proposition 4.3, and [21], Proposition 8.4). Let A be a Noether-
ian algebra. Then the following two conditions are equivalent:

(a) A has a rigid dualizing complex R = Ay [s], where {r is an algebra automor-
phismand s € Z.

(b) A has finite injective dimension d and there is an algebra automorphism ¢ such
that
0, i#d,

Extle (A, A%) =~
b, A {d

as A-A-bimodules.
In this case, = ¥ ' and s = d.

The following corollary follows immediately from Lemma 1.8 and the definition
of a CY algebra. It characterizes the Noetherian CY algebras.

Corollary 1.9. Let A be a Noetherian algebra which is homologically smooth. Then
A is a CY algebra of dimension d if and only if A has a rigid dualizing complex A[d].

2. Calabi-Yau pointed Hopf algebras of finite Cartan type

In this section we calculate the rigid dualizing complex of a pointed Hopf algebra
U(D, A) and study its Calabi—Yau property.

Before we give the main theorem of this section, let us recall the Koszul complex
of quadratic algebras (cf. [20]). Let V' be a finite dimensional vector space and 7'(V')
the tensor algebra of V. Suppose that A4 is a quadratic algebra, thatis, A = T(V)/{R),
where R € V ® V. The quadratic dual algebra of A, denoted by A', is the quadratic
algebra T(V*)/(R1). Let {x;};=1...n be a basis of V and {x}}i=1,...n be the dual
basis of V*. Introduce the canonical elemente = Y/, x; ® x¥ € A ® A'. The
right multiplication by e defines a complex

d;
s ARAF S ARAT 5 5 ARAT 5 A5 k>0, (D)

This complex is called the Koszul complex of A. The algebra A is Koszul if and
only if the complex (7) is a resolution of 4k.
Let K be the bimodule complex defined by

D
K> ARAF®A—DAQAF [ @A— > ARA—>0. (8
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The differentials D;: A ® A* ® A > A® A* | ® A, 1 < j < n, are defined
by D; = d} + (—l)jdj’, where d}(l Qa®l) =Y/ xi®a-x®1and
dil®@a®l) =37 1 1®x -a®x;, forany l@a®1 € A®A}*®A.
The complex X is called the Koszul bimodule complex of A. If A is Koszul, then
K — A — 0is exact.

In the rest of this section we fix a generic datum of finite Cartan type:

(D, 1) = (I, (aij)1<i,j<0- @1)1ex. (&) 1<i<o. (Xi)1<i<0. (Aij)1<i<j<b,ixj)

where I' is a free abelian group of rank 5. Let xg,,...,x By be the root vectors. Recall
from Remark 1.2 that there are 1 < j; < p, 1 < k < 6, such that xg;, = Xk-

The algebra A = U(D, A) has a natural N-filtration. It is given by F,, A =
{xgl1 . xgﬁy | 37, a;iht(B;)) < m}. In the following, we use Gr 4 to denote the
associated N-graded algebra.

Lemma 2.1. The Hopf algebra A = U(D, L) is Noetherian with finite global di-
mension bounded by p + s.

Proof. The group algebra kI" is isomorphic to a Laurent polynomial algebra with s
variables. So kI'" is Noetherian of global dimension s. By Lemma 1.4, the algebra
Gr A = U(D,0) is an iterated Ore extension of kI'. Indeed, if xg,, ..., xp, are the
root vectors of A, then

GrA =~ ﬂ(F[Xﬂl;‘El,gl][Xﬂz; ‘52,52] e [Xﬂp; Tp,Sp],

where 7;, 1 < j < p, is an algebra automorphism such that 7; (xg, ) is just a scalar
multiple of xg, fori < j, and §; is a 7;-derivation such that §; (xg,),i < j,is alinear
combination of monomials in XBiyqs--sXBj_y- By [18], Theorems 1.2.9 and 7.5.3,
we have that Gr A is Noetherian of global dimension less than p + 5. Now it follows
from [18], Theorem 1.6.9 and Corollary 7.6.18, that the algebra A is Noetherian of
global dimension less than p + s. O

Theorem 2.2. Let (D, 1) be a generic datum of finite Cartan and A the Hopf algebra
U(D,A). Then A is Noetherian AS-regular of global dimension p + s, where s is
the rank of I' and p is the number of the positive roots of the Cartan matrix. The
left homological integral module f /i of A is isomorphic to kg, where §: A — Kk is
an algebra homomorphism defined by §(g) = ([17_, xp,)(g) for all g € T and
E(xj)=0foralll <i <0.

Proof. We first show that

0, i#p+s,

EXti 4k, 4A) = .
A ) {[kg, i=p+s.
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With Lemma 1.5 and Lemma 2.1, the method in [8], Proposition 3.2.1, for computing
the group Extz,q (g)(Uq(g) k, v, (5)Uq(g)) also works in the case of A = U(D, A). The

difference is that the right A-module structure on Extﬁ“ (4k, 4A4) is not trivial in
the case of U(D,A). Let C = Gr U(D, A). We also have Extf‘i(A[k,AA) = 0 for
i # p+ sand Extgﬂ (ck,cC) = Extf;ﬂ (4k, 4 A) as right I'-modules.

We now give the structure of Extg (ck, ¢ C). Let B be the algebra

k{xg,,....xp, | xg,xp, = xp,(8p;)xp; Xp;» 1 <i <j < p).
Then C = B # kI'. We have the isomorphisms

RHomc (k, C) =~ RHomc¢ (kI" ®kr k, C)
=~ RHomgr (k, RHom¢ (KT, C))
~ RHomgr (k, kI') ®L RHomc (KT, C).
Let
0>B®B—>+-—>B®B*—>--—>B®B*>B >k—>0 (9
be the Koszul complex of B (cf. complex (7)). Itis a projective resolution of k. Each
B* is a left kT-module defined by
EBNCep, A AxG ) = Ble™ (h, A AXG, )
= Blg (g ) A ng T g, )

J
= . * “'/\ * .
tl;ll XBi, (g)ﬂ(xﬂil N xﬂij)

Thus, each B ® BJ!.* is a B # kI'-module defined by

(c#g)-(b®P) = (c#g)(b) ®g(P)
foranyhb®p € B® B]!.* andc#g € B#KkI'. Itis not difficult to see that the complex
(9) is an exact sequence of B # kI" modules. Tensoring it with kI", we obtain the
following exact sequence of B # kI'-modules
0>B®B QK> ...>B®B* QK — -
.+ > B B*QKI' > BRI — kI' — 0,
where the I'-action is diagonal. Each B ® BJ!.* ® kI' is a free B # kI'-module.

Therefore, we obtain a projective resolution of kI" over B # kI.
The complex

0 — Homc¢ (B ® kI', C) — Hom¢ (B ® B{* @ kI',C) — ---
-+ — Hom¢ (B ® B, ® kI, C) > 0
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is isomorphic to the complex

)
0>C—>B®C—>-—>B_8C—>B,®C—0.

This complex is exact except at Bz!i ®C, whose cohomology is isomorphic to B 1!, ®kI'.
So RHomc (KT, C) = B} ® kI'[p]. We have

(g A Axg) @ g = (T xp)(@)g (g, Ao A )@ 1)

for all g € I'. The group I is a free abelian group of rank s, so RHomgr (k, kI") =
k[s]. Therefore, we obtain

RHomr (k, kI') ®E RHomc (KT, C) = ke [p + 5],

where ¢’ is defined by §'(g) = ([17_, xp;)(g) forall g € I" and £'(xp;) = 0 for all
1 <j < p. Thatis,

0, i #p+s,

Extl (ck, cC) =~
C(C cC) {[kg:/, i =p+s.

Ext*°(4k, 4A) is a I-dimensional right A-module. Let m be a basis of the
module Extﬁ“ (4k, 4A). It follows from the right version of [19], Lemma 2.13 (1),
that m - x; = O forall 1 <i < 6. Since Ext2"*(ck,cC) = Ext] ™ (4k, 4A) as
right I'-modules, we have showed that

; 0, i#p+s,
Exty(4k, 4A4) = .
4 ) {[kg, I =p+s.

Similarly, we have

0, i #p+s,

dim Extl,(k4, A4) =
a(ka. A0) {1, i =p+s.

By Lemma 2.1, the algebra A is AS-regular of global dimension p + s. O

Now we can give a necessary and sufficient condition for a pointed Hopf algebra
U(D, L) to be CY.

Theorem 2.3. Let (D, 1) be a generic datum of finite Cartan type and A the Hopf
algebra U(D, A). Let s be the rank of T and p the number of the positive roots of
the Cartan matrix.

(a) The rigid dualizing complex of the Hopf algebra A = U(D, X) is yA[p + s],
where Vr is defined by V(xy) = Hf=1,i¢jk x8:(&r)xk for all 1 < k < 0 and
v(g) = (T17_, x8,)(g) forall g € T, where each ji, 1 < k < 0, is the integer such
that Bj, = o.

(b) The algebra A is CY if and only if ]_[f;l X, = €and Sj is an inner automor-
phism.
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Proof. (a) By [7], Proposition 4.5, and Theorem 2.2, the rigid dualizing complex of
A is isomorphic to ¢ 52 A[p + s], where £ is the algebra homomorphism defined in
Theorem 2.2. It is not difficult to see that

([E15D () = (171 x)(8)

forall g € T'. For 1 <k < 6, we have A(xg) = x¢ ® 1 + gk ® x and 83 (xx) =
Xk (g,:l)xk. If ji is the integer such that 8, = ay, then XB;, (gr) = xx(gx). So

([E18H)(xe) = xe(gic DIEN(xx)

= 1e(ec) 11 25,8000

M (a0 00

i=1,i#j

(b) follows from Theorem 2.2 and [12], Theorem 2.3. O

Remark 2.4. From Theorem 2.3, we can see that for a pointed Hopf algebra U (D, 1),
itis CY if and only if its associated graded algebra U(D, 0) is CY.

Corollary 2.5. Assume that A = U(D, A). For every A-A-bimodule M, there are
isomorphisms

HH (A, M) = HHp 45— (A, y—1 M), 0<i<p-+s,
where \r is the algebra automorphism defined in Theorem 2.3.

Proof. This follows from [7], Corollary 5.2, and Theorem 2.2. O

3. Calabi-Yau Nichols algebras of finite Cartan type

As we noted in Remark 2.4, the CY property of U(D, A1) is determined by the CY
property of U(D, 0), which is equal to the smash product B(V) # kI" of the Nichols
algebra B(V) with the group algebra kI'. It is natural to ask whether or not the
CY property of U(D, 0) depends on the CY property of B(V'). In this section, we
work out a criterion for the Nichols algebra B8(V) to be Calabi—Yau, and answer the
question in Section 4. We fix a generic datum of finite Cartan type:

(D,0) = (T, (aij)i<i,j<0. @r)1ex (gi)1<i<6, (Xi)1<i<6,0),

where I is a free abelian group of rank s. Let V' be the generic braided vector space
with basis {x1, ..., xg} whose braiding is given by

c(xi ® xj) = qijx; @ X;
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forall 1 <i,j < 6, where g;; = y;(g:). Recall that the Nichols algebra B(1V) is
generated by x;, 1 <i < 6, subject to the relations

ade(x;)! "%ix; =0, 1<i,j<0,i#],

where ad, is the braided adjoint representation.
By [3], Theorem 4.3, the Nichols algebra B(V) is a subalgebra of U(D, 0), and
the monomials in root vectors

{xgl‘...xgﬁ la; =0,1<i<p}

form a PBW basis of the Nichols algebra B(1'). The degree (cf. (3)) of each PBW
basis element is defined by

deg(xgl1 ...xZZ) = (ar,...,ap, y_a;iht(B;)) € (Z=%)P*1,

where ht(B;) is the height of §;.
The following result is a direct consequence of Lemma 1.4.

Lemma 3.1. In the Nichols algebra B(V), for j > i, we have

Xg.,Xg. e = xar . xor,
[ Bi ﬂ]]c anIN:P PaXg, Bp
where pg € k and pg # 0 only when a = (ay, ..., ap) satisfies ay = 0 fork <i

andk = j.

Order the PBW basis elements by degree as in (4). By Lemma 3.1, we obtain the
following corollary.

Corollary 3.2. The Nichols algebra B(V) is an NP+ _filtered algebra whose asso-
ciated graded algebra Gv B(V) is isomorphic to the algebra

k{xp,,...,xp, | xg;xp, = xp; (8p;)xp; Xp;» | <i < j < p),
where xg,, ..., xp, are the root vectors of B(V).
For elements {xg; ... x;;;’}, where ay,...,ap, = 0, define

a p
do(xg! ... xg") = 3 aiht(By).

i=1

Then R = B(V) is a graded algebra with grading given by do. Let R© = R. Define
d, (xgl1 . .xgﬁ) = a,. We obtain an N-filtration on R®. Let R() = Gr R be the

associated graded algebra. In a similar way, we define d, (xg : .. xgﬁ ) = ap—; andlet
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R® = Gr RM be the associated graded algebra. Inductively, we obtain a sequence
of N-filtered algebras R, ..., R(® such that R = Gr R~V for 1 <i < p and
R = Gr R.

The algebra R® has a PBW basis

a a b b
{xﬂ:...xﬂ;’®xﬂ§*~~-*xﬂ]1 |ai,...,ap, b1,..., b, =0},

[T

where “x” denotes the multiplication in R°P. Similarly, define a degree on each
element as

aj a b bl
deg()cﬂ1 ...xﬂ;’ ®xﬂ’p’ *---*xﬁl)
= (a1 +bi,...,ap + by, Y (a; + b)htp;) € (2>°)P+D),

Then R® is an N?*!-filtered algebra whose associated graded algebra Gr (R°®) is
isomorphic to (Gr R)°.

In a similar way, we obtain a sequence of N-filtered algebras (R®)©, ..., (R®)®)
such that (R)® = Gr((R®)Y V) for 1 <i < p and (R*)® = Gr R®. In fact,
(R = (RD)e for0 <i < p.

Lemma 3.3. Let R = B(V') be the Nichols algebra of V. Then the algebra R° is
Noetherian.

Proof. The sequence (R¢)©@, ..., (R°)®) is a sequence of algebras, each of which
is the associated graded algebra of the previous one with respect to an N-filtration.
The algebra (R®)® is isomorphic to (Gr R)®, which is Noetherian. By [18], Theo-
rem 1.6.9, the algebra R is Noetherian. O

Lemma 3.4. The algebra R = B(V) is homologically smooth.

Proof. Since R° is Noetherian by Lemma 3.3 and R is a finitely generated R°-
modaule, it is sufficient to prove that the projective dimension projdim ge R is finite.
The filtration on each (R®¥)¢, 0 < i < p — 1, is bounded below. In addition, from
the proof of the foregoing Lemma 3.3, each (R®)¢ is Noetherian for 0 < i < p.
Therefore, (R(i))e is a Zariskian algebra for each 0 < i < p — 1. Itis clear that each
RW 1 <i < p—1, viewed as an (R?)*-module has a good filtration. By [14],
Corollary 5.8, we have

projdimg. R = projdimg))e R©

< projdim(Rm)e RW

< projdim gmye R = projdim g,y gye Gr R.

The algebra Gr R is a quantum polynomial algebra of p variables. From the Koszul
bimodule complex of Gr R (cf. (8)), we obtain projdim g, gy Gr R = p. Therefore,
projdimg. R < p and R is homologically smooth. O
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Proposition 3.5. Let R = B(V') be the Nichols algebra of V.

(a) R is AS-regular of global dimension p.

(b) The rigid dualizing complex of R in the graded sense is isomorphic to ,R(l)[ p]
for some integer | and some N-graded algebra automorphism ¢ of degree 0.

(c) The rigid dualizing complex in the ungraded sense is just ,R[p].

Proof. Let xg,,..., Xg, be the root vectors. By Lemma 3.1, we can use a similar
argument to the proof of Lemma 2.1 to show that the algebra R is an iterated graded
Ore extension of k[xg,]. Indeed,

R = k[xg,][xg,; 12,82] ... [xB,: Tp, Spl,

where 7;, 2 < j < p, is an algebra automorphism such that 7; (xg, ) is just a scalar
multiple of xg, fori < j,and §; is a 7;-derivation such that §; (xg,),i < j,is alinear
combination of monomials in xg; ..., xg;_,. Itis well known that AS-regularity
is preserved under graded Ore extension (see [30], Proposition 3.2, for instance). The
algebra k[xg, | is an AS-regular algebra of dimension 1, so R is an AS-regular algebra
of dimension p. Therefore, the rigid dualizing complex of R in the graded case is
isomorphic to ,R(/)[p] for some graded algebra automorphism ¢ and some / € Z
[27]. By Lemma 3.3, R® is Noetherian. Thus the rigid dualizing complex ,R(/)[p]
in the graded case implies the rigid dualizing complex ,R[p] in the ungraded case.

O

We claim that the automorphism ¢ in Proposition 3.5 is just a scalar multiplication.
We need some preparations to prove this claim.

If R is a I'-module algebra, then the algebra R° is also a I'-module algebra with
the natural action g(r ® s) := g(r) ® g(s) forallg e 'and r, s € R.

Lemma 3.6. Let R be a T'-module algebra such that k™ is the group of units of R.
Assume that U is an R® # kI'-module and U = Ry for an algebra automorphism ¢,
as R® # kI'-modules. Then

(a) the algebra automorphism ¢ preserves the I'-action;

(b) the R®# kI'-module structures on U (up to isomorphism) are parameterized by
Hom(T, k), the set of group homomorphisms from T" to k*.

Proof. (a) Fix an isomorphism U =~ Rg. Let u € U be the element mapped to
1 € R. Then U = Ru and we have g(ru) = g(r)g(u) forallr € Rand g € I.
To determine the I"-action on U, we only need to determine g(u) for g € I". Since
g(u) € U, there is some rg € R such that g(#) = rgu. On the other hand, we have

U =gU) = g(Ru).

So there is some s € R, such that u = g(s)rgu. Since the element u forms an
R-basis of U, the element r¢ has a left inverse. Similarly, there is some s’ € R such
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that u = reug(s’). Since U = Ry as R-R-bimodules, we have

¢(r)u =ur (10)

forany r € R. Sou = roug(s’) = rg¢(g(s’))u. Thus r, has a right inverse as
well. Consequently, 7, is a unit in R and rg € k*. We have g(h(u)) = (gh)(u)
for g,h € T, thatis, rgp, = rgry. Therefore, the I'-action on U defines a group
homomorphism from I to k*, denoted by y: I' — k*. Since U is an R® # kI'-
module, we have g(rus) = g(r)g(u)g(s), forany r,s € R and g € I'. To show that
¢ preserves the I"-action, we compute g(¢(7)(1)). On one hand, we have

g(@(u) = gur) = g)g(r) = x(Qugr) 2 x(@)(g(r)u.

On the other hand, we have

g@(ru) = g(p(r)gu) = x(8)g(d(r))u.

So g(¢(r)) = ¢(g(r)). That is, the automorphism ¢ preserves the ["-action.

(b) In Part (a) we have shown that a I"-action on U is determined by a group
homomorphism from T to £ such that U is an R® # kI"-module.

Suppose there are two I'-actions on U such that they are isomorphic. We write
these two actions as g''(u) = reu and g?(u) = sgu. Denote by U; and U, the
I'-modules with these two actions respectively. Let f: Uy — U, be an R® # kI'-
module isomorphism. Then f(u) = ru for some unit r € R. Since the set of units
of R is k*, we have r € k™. On one hand, we have

(&) = f(rgu) = reru.
On the other hand, we also have
f(ghw) = g?(fw) = g?(ru) = rg?(u) = sgru.
Therefore, rg = s¢, and (b) follows. O

If U is an R® # kI'-module, then we can define an (R # kI")°-module U # kI'. It
is isomorphic to U ® I' as vector space with bimodule structure given by

r#h(u®g)=rh(u)@hg, WRg)T#h) =uglr)®gh
foranyr#he R#Handu®ge U QT.

Lemma 3.7. Let R be a T'-module algebra with kK* being the group of units, and let
U be an R° # kI"-module. Assume that U = Ry as R® # kI'-modules, where ¢ is an
algebra automorphism. If the T'-action on U is defined by a group homomorphism
x: T — kX, thenU#KI' = (R # kI')y as (R#KT")®-modules, where  is the algebra
automorphism defined by ¥ (r # g) = x(g V) (r)# g foranyr # g € R# kI.
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Proof. The homomorphism 1 defined in the lemma is clearly bijective. First we
check that it is an algebra homomorphism. For any r # g, s # h € R # kI", we have

V((r#g)(s#h) =vy(rg(s)#gh)
= (W g™ (rg(s)) # gh
= (™' g7 (r)p(g(s)) # gh
= (™' g7 P (r)g(d(s)) # gh
= () x(g ) # Q) (P()x(h™") #h)
=Y (r#QY(s#h).

The forth equation holds since ¢ preserves the I'-action by Lemma 3.6.

Next we show that U # kI" = (R # kI')y as (R # kI')®-modules. Fix an iso-
morphism U = Ry and let u € U be the element mapped to 1 € R. We define a
homomorphism ®: U #kI' — (R# kT)y by ®(ru ® g) = y(g~Yr#g. Itis easy
to see that ® is an isomorphism of left R # kI'-modules. Now we show that it is a
right R # kI"'-module homomorphism. Indeed, we have

Pu(r#g)) = dur g)
= P(p(ru ® g)
= x(g o) #g
= Q)Y (r#g)
= Q) -(r#g). O
Now we can prove the following lemma.

Lemma 3.8. Keep the notations as in Proposition 3.5. The actions of ¢ on generators
X1,...,Xg are just scalar multiplications.

Proof. By Proposition 3.5 and Lemma 1.8, we have R-R-bimodule isomorphisms

0, i # p,

Exthe (R, R°) = ,
Ry, i =p.

The group I is a free abelian group of rank s, so the algebra kI" is a CY algebra
of dimension s. Following from [10], Section 2, R, is an R® # kI'-module and there
are (R # kI")®-bimodule isomorphisms

. 0, I #p+s,
Ext! J(R#KT, (R#KID)®) =~
Xt gaxrye ( ( )%) {(R(,,)#[kF, = pis

For the sake of completeness, we sketch the proof here. By Lemma 3.4, R is homo-
logically smooth. That is, R has a bimodule projective resolution

0— P, —---— P — Py— R—0, (11)
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with each P; being finitely generated as an R-R-bimodule.
Exty. (R, R®) are the cohomologies of the complex Hom ge (Ps, R®). The algebra
R® is an R® # kI'-module defined by

(c®@d)#g)-(a®b) = gla)d ® cg(b)

foranya ® b € R°and (c ® d) # g € R® # kI". Then each Homg:(P;, R®) is an
R® # kI'-module as well,

[(c®@d)#g)- fllx) = ((c®@d)#g)- f(x), (12)

where (c®d)#g € R°#KkI", f € Hompge(P;, R°) and x € P;. Now Hompge (Ps, R®)
is a complex of left R® # kI'-modules. Thus we obtain that Extﬁe(R, R®) = Ry is
an R® # kI'-module.

Let A = R#KkI'. Observe that A®isan R*#kI"-A°-bimodule. The left kI"-module
action is defined by

g-(a#h@b#k)=gla)ghb#kg!

foranya#h @ b#k € A°and g € I'. The left R®-action and right A®-action are
given by multiplication. Let W be the vector space kI' ® kI'. Then R® ® W is also
an R® # kI'-A®-bimodule defined by

(cd)#8) - a®bRhQk)=cg(a) ® g(b)d @ gh @ kg™

and
@RbRh@k)-(c#h @d#k') =ah(c) ® ((k“lk/_l)d)b ®hh' @ k'k.

It is not difficult to see that the morphism f': A° — R°® ® W defined by
fla#h@b#k)=a®k '(h)Qh Rk

is an isomorphism of R® # kI'-A°-bimodules.

Let P be a finitely generated projective R®-module. The kI'-A®-bimodule struc-
ture of R® ® W induces a kI'-A°-bimodule structure on Hompg: (P, R* ® W). We
define a kI'-A°-bimodule structure on Homge (P, R°) ® W by

g (fOh®k) =g fQgh®kg™"
and
(fRhRk) - (c#h @d#k') = (h(c)® (k™ 'k NYd)- f ® hh' @ k'k,
where the R® # kI'-module structure on Hompge (P, R®) is defined in (12). Now
the canonical isomorphism from Hompge (P, R°) ® W to Hompge(P, R° ® W) is a

kI'-A°-bimodule isomorphism.
Since R admits a resolution like (11) with each P; finitely generated, we have

Exthe (R, R° ® W) 2 Exth (R, R) @ W
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as kI'-A°-bimodules for all i = 0. On the other hand, we have Stefan’s spectral
sequence [23]:
Extir (k, Exthe (R, A%)) = Ext.t" (4, A°).

Thus for m,n = 0 we have

Exty (k, Ext’ze (R, A%)) = Extyp (k, Ext’ke (R, R° ® W))
=~ Extyr(k, Extke (R, R°) @ W).

Hence, ExtyT (k, Ext’z. (R, A%)) = 0 except that m = s and n = p. Therefore,

Ext{gygrye (R # kT, (R#KID)) = 0
fori # p + s and
Exth (A, A°) = Ext} . (k, Exth.(R, A%)).

Let M be a left kI'-module. One can consider it as a kI'-kI'-bimodule M, with
the trivial right kI"-module action. The algebra kI" is a CY algebra of dimension s.
From Van den Bergh’s duality theorem ([22], Theorem 1) we obtain the following
isomorphisms:

ExtS (k, M) = HH® (kI", M) = HHo(kT, M,) = TorX" (k, M).
Now we have the following isomorphisms of right A°-modules:

Exth:F* (4, A°) = Ext} (K, Exth. (R, A%))
>~ Bxtyp(k, Exth. (R, R®) ® W)
~ Exti (k. R, @ W)
=~ TorkT' (k, R, ® W)
=k ®kr R, @ W.

If we look at the kI'-A°-bimodule structure on R, ® W carefully, we obtain
k Qkr Ry ® W = R, # kI

as right A°-modules.

Since the connected graded algebra R is a domain by Lemma 1.3, the group of
units of R is k™. Following Lemma 3.6 and 3.7, we have (Ry) # kI' = (R#kI') 7,
where V¥ is the algebra automorphism defined by ¥ (r # g) = ¢(r) y(g~!) for some
algebra homomorphism y: I' — k.

On the other hand, since A = R # kI’ = U(D,0), we have A-A-bimodule
isomorphisms
0, i#p+s,

Extl. (4, A%) =~
a4 4 {Aw, i=p+s,
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where i is the algebra automorphism defined in Theorem 2.3.

Therefore, we obtain an A-A-bimodule isomorphism Ay = Ay That is, ¥ and
Y differ only by an inner automorphism. By Lemma 1.3, the graded algebra A4 is a
domain; and the invertible elements of A are in kI'. The actions of ¥ and the group

actions on generators X1, . . ., Xg are just scalar multiplications. Thus the actions of v
onxi,...,Xxg are also scalar multiplications. Since ¥ (x;) = ¢(x;) foralll <i <0,
we obtain the desired result. O

Now we are ready to prove the main theorem of this section.

Theorem 3.9. Let V be a generic braided vector space of finite Cartan type, and
R = B(V) the Nichols algebra of V. Let p be the number of the positive roots of
the Cartan matrix. For each 1 < k < 0, let ji be the integer such that Bj, = a.

(a) The rigid dualizing complex is isomorphic to ,R[p], where ¢ is the algebra
automorphism defined by

p

i=jx

-
o0 = (T 7 @) T s (a0

foralll <k <6.
(b) The algebra R is a CY algebra if and only if

Jrk—1 )4
IT xx(gp) = TI xp;i(gx)
i=1 i=jr+1

foralll <k < 0.

Proof. (a) Note that Gr R is isomorphic to the following quantum polynomial alge-
bra:
k{xp,,...,xp, | xg;xp, = xp;(8p;)xp; Xp;» 1 i < j < p).

By [21], Proposition 8.2 and Theorem 9.2, Gr R has a rigid dualizing complex
¢ Gr R[pl(= Gr Rz [p]), where  is defined by

E(xﬁk) = XEkl (&p)) - -- Xlzl(gﬂkfl)xﬂkJrl (&pi) - - X8, (&Bi)Xps

foralll <k < p.

On the other hand, it follows from Proposition 3.5 and Lemma 3.8 that R has a
rigid dualizing complex , R, where ¢ is an algebra automorphism such that for each
1 < k <6, ¢(xg) is a scalar multiple of x;. Assume that ¢ (xz) = lpxg, with [ € k.

Let R ... RP be the sequence of algebras defined after Corollary 3.2. By
Lemma 3.1, and applying a similar argument to the one in the proof of Proposition 3.5,
we obtain that each RW, 0 <i < D, is an iterated Ore extension of the polynomial
algebra k[x]. Thus each of them is AS-regular. It follows from [28], Proposition 1.1,
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that each R%¥), 1 < i < p, has a rigid dualizing complex (p(i)(R(i))[p], where
9@ = Gro¥ D and ¢© = ¢. Since for each 1 < k < 6, p(xx) = lpxk, we
have ga(p) (xx) = lxxr. Because R?P = Gr R, there is a bimodule isomorphism
o) (RWP)) =~ E(G[r R). We obtain ¢(P) = ¢, as R is connected. Therefore, for each
1<k<0,

_ jk—1
teve = £ = (T 2@ T s (e
i= i=jk

where ji is the integer such that 8;, = o.

ir—1 _ —
Now we can conclude that ¢(ve) = (TT/7" 17" (¢8) (T 11 28, (€1) %k

foreach 1 <k <96.

(b) The algebra R is homologically smooth by Lemma 3.4. It follows from
Corollary 1.9 that R is CY if and only if R = ,R as bimodules. That is, R is CY if
and only if ¢ = id. Hence (b) follows from (a). Ll

Example 3.10. Let (D, A) = (I', (a;5), (q1), (gi). (xi). 0) be a generic datum such
that the Cartan matrix is of type A,. This defines a braided vector space V. Let
{x1, x2} be a basis of V. The braiding of V is given by

c(xi ®xj) = xj(8i)xj ®xi, i,j =12
The Nichols algebra R = B(V) of V is generated by x; and x; subject to the relations

XTX2 — 12X1X2X1 — ¢11912X1X2X1 + g1191,X2X] = 0,
2 2 2
X5X1 — ¢21X2X1X2 — ¢22421X2X1X2 + ¢2245;X1X5 = 0,
where ¢g;; = x;j(gi). The element 515251 is the longest element in the Weyl group
W. Let oy and a5 be the two simple roots. Then the positive roots are
Br=oa1, Br=a1+az, fB3z=oas.

By Theorem 3.9, the algebra R is CY if and only if

X8, (8 x5 (81) = (x1x3)(g1) =1
and

x2(88,)x2(88,) = 12(g3g2) = 1.

That s, 1197, = g2293, = 1. By equation (2), we have ¢7! = ¢5; = q12921-
Now we conclude that the algebra R is CY if and only if there is some ¢ € k*,
which is not a root of unity and satisfies the following relations

quu=¢qn=9¢> and q=¢n=q .
In other words, the braiding is of DJ-type. Then the algebra R is an AS-regular
algebra of type A (see [4] for terminology). This coincides with Proposition 5.4 in
[5].
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Example 3.11. Let R be a Nichols algebra of type B,. That is, R is generated by x;
and x; subject to the relations

3 2 2 2 2
X1X2 — q12X7X2X1 — ¢11412X7X2X1 + 41141, X1X2X]

2 2 2 2 2 3
—61116112(X1X2X1 — {q12X1X2X] — q11912X1X2X] + 6]116112x2x1) =0
and

2 2 2
X5X1 — ¢21X2X1X2 — §22421X2X1X2 + ¢2295;X1x5 = 0,

where ¢;; € kfor 1 <i,j < 2and q12g21 = 47 = q5,. Applying a similar
argument, we obtain that R is CY if and only if there is some ¢ € k*, which is not a
root of unity and satisfies

1

qu=9q, q2=q" qu=¢q "' and gz =q*

4. Relation between the Calabi—Yau property of pointed Hopf algebras
and Nichols algebras

We keep the notations as in the previous section. Let (D, A) be a generic datum of
finite Cartan type. In this section, we discuss the relation between the CY property
of the algebra U(D, A) and that of the corresponding Nichols algebra 8 (V). It turns
out that if one of them is CY, then the other one is not.

Lemma 4.1. Foreach 1 <k < 6, we have

p Jx=1 P
I1 Xﬂ,—(gk)=(_1:[1 X (g ) IT  xp(8k))-

i=1,i#jx i=jk+1

Proof. Letwgy = si, ... s;, be the fixed reduced decomposition of the longest element
wg in the Weyl group. It is clear that @, !is also of maximal length. By Lemma 3.11
in [13], foreach 1 < k < 6, there exists | <t < p such that

SkSiy -+ Sip_1 = Sip -+ Siy-

Thatis, wo = SkSiy -+ Si;_ySipyy - Sip- Set

B = ar, By = si(@i)), -y By = SkSiy - Siy_Sipyy -+ Sip_y (@)

Applying a similar argument to the one in the proof of Theorem 3.9, we conclude that
the rigid dualizing complex of the algebra R = B(}/) is isomorphic to , R[p]. The
algebra automorphism ¢’ is defined by

Ji—1
o' = (I 77 G T gyt

i=j/+1
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foreach 1 <1 < 6, where j/, 1 <1 < 0, are the integers such that ﬁ]’./ = ¢y. In
!
particular, we have

/o) = (1 gy

The rigid dualizing complex is unique up to isomorphism, so R = 4R as R-R-
bimodules, where ¢ is the algebra automorphism defined in Theorem 3.9. Since the
graded algebra R is connected, we have ¢’ = ¢. In particular, ¢’ (xz) = @(xx), that
is, )

(1 2080 = (TS 7 s 1T (20

i=2 i=jr+1

Both f1,...,Bp and ], ..., B, are enumerations of positive roots. We have o =
1 = Bji- Therefore,

p p
[T xg(g) =TT xp: (g0
i=2 i=1,i#jk
It follows that
. p
(H X (g H xg:(ge) = I xp(gk)- O
i=jg+1 i=1,i#jk

Proposition 4.2. If A = U(D, ) is a CY algebra, then the rigid dualizing complex
of the Nichols algebra R = B(V) is isomorphic to ,R[p], where ¢ is defined by
9(xe) = 25" (gk)xk, forall 1 <k < 6.

Proof. By Theorem 3.9, the rigid dualizing complex of R is isomorphic to ,R[p],
where ¢ is defined by

¢(xk) = ( l_[ Xi ' (g8))( n+ x8; (8)) Xk
i=Jjk

forall 1 < k < 6. If Ais aCY algebra, then [[7_, xg, = & by Theorem 2.3.
Therefore, for 1 <k <60,

(1'[ e T ale) = 1@' 16, (81) = 7 (80):
i=jr+ 1=L1FJk

where the first equation follows from Lemma 4.1. Now ¢(x) = )(;1 (g1 )xy for all
1<k<é. O

Note that yx(gr) # 1 forall 1 < k < 6. So the algebra R = 8(V') is not CY if
A=U(D,A)isaCyY algebra.
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Proposition 4.3. If the Nichols algebra R = B(V) is a CY algebra, then the rigid
dualizing complex of A = U(D, A) is isomorphic to y A[p + 5], where V is defined
by y(xx) = xg foralll <k <0 andy(g) = ]_[f’:1 x;(g) forall g € T.

Proof. If the Nichols algebra R is CY, then by Theorem 3.9 and Lemma 4.1 we have
p

i=jk

14 Jrk—1
[T xs(gi) =( .1:[1 X (gp))(

18 (8k)) =1
i=1,i%j +1

for each 1 < k < 6. Now the statement follows from Theorem 2.3. O

With the assumption of Proposition 4.3, for all 1 < k < 6, we have

e = [12p,(80) = telsi)en # .

Since the invertible elements of A are in kI" and T is an abelian group, ¥ cannot be
an inner automorphism. So the algebra A4 is not CY.

Example4.4. Let R be the algebrain Example 3.10. Assume thatI" = (yq, y,) = Z2
and g; = y;,i = 1,2. The characters y; and y, are given by the following table.

Y1 Y2
x1| ¢* | g7t
x2 | a7t | ¢*

Here g is not a root of unity.

The algebra R is a CY algebra. But the algebra A = R # kI" is not. The rigid
dualizing complex of A is isomorphic to yA[5], where ¥ is defined by ¥ (x;) = x;
and ¥ (y;) = ¢2y; fori = 1,2.

Example 4.5. Let A be an algebra with generators yfﬂ, yjcl, x1 and x, subject to
the relations

yvilyfl=1, 1<hm<2,

YiX1 = gxiy1, YyiXa =q 'x2)1,
k _k
V2X1 =(q!X1y2, Y2X2=4¢ !X2)2,

—k k.1
X1X2 —¢q "X2x1 = 1—y7y5,

where k,/ € Z* and g € k is not a root of unity.

By Theorem 2.3, the algebra A is a CY algebra of dimension 4. Let R be the
corresponding Nichols algebra of A. The rigid dualizing complex of R is isomorphic
to ,R[2], where ¢ is defined by ¢(x1) = g % x1 and p(x2) = gFx,.
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5. Classification of Calabi—Yau pointed Hopf algebra U(D, A) of lower dimen-
sions

In this section we assume that k = C. We shall classify CY pointed Hopf algebras
U(D, L) of dimension less than 5, where (D, A) is a generic datum of finite Cartan
type. In a generic datum (T, (a;;). (g1). (gi). (xi), (A;j)) of finite Cartan type, (q7)
are determined by (y;) and (g;). In the following, we will omit (¢;) for simplicity.

Let (D, A) = (I, (aij), (gi). (xi). (Ai;)) be a generic datum of finite Cartan type.
Then y;(g;) are not roots of unity for 1 < i < 6. Hence, in the classification, we
exclude the case where the group is trivial. If the group I' in a datum (D, 1) =
(', (aij), (gi). (xi). (Ai;)) is trivial, then the algebra U(D, 0) (in this case, U(D, 0)
has no non-trivial lifting) is the universal enveloping algebra U(g), where the Lie
algebra g is generated by x;, 1 < i < 6, subject to the relations

(adx;)'™ix; =0, 1<i,j<0,i#]

We have tr(ad x) = 0 for all x € g. Therefore, U(g) is CY by [12], Lemma 4.1. We
list those of dimension less than 5 in the following table.

CY Lie algebra
Case|dimension| Cartan matrix | basis |relations
1 1 A] X
2 2 A x Aq X,y |abelian Lie algebra
3 3 Ay x Ay x A1| x,y,z |abelian Lie algebra
4 3 A, x, 9,z |[x,y] =z, [x,z] =[y,z] =0
5 4 Ay x---x Ay |x,y, z, w|abelian Lie algebra
= = = O
i | 4 s v, y] =z, [x.2] = [y,2] = 0,
6 PxeA2 S W ) = [y w] = [z w] = 0
7 4 B X, ,Z’w[x,y]zz,[x,z]=w,
2 Y5 w] = [y.2] = yow] = [z.w] =0

Remark 5.1. The Lie algebra in case 4 is the Heisenberg algebra. In [12], the authors
classified those 3-dimensional Lie algebras whose universal enveloping algebras are
CY algebras. Beside the algebras in case 3 and case 4, the other two Lie algebras are

* The 3-dimensional simple Lie algebra sl,;

¢ TheLie algebra g, where g hasabasis {x, y, z} suchthat [x, y] = y, [x,z] = —z
and [y, z] = 0.

Now let

(D, A) = (I, (aij)1<i,j<6: (&i)1<i<6, (Xi)1<i<6> (Aij)1<i<j<b,ixj)
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and
(D, V) = (T, (@;)1<irj<0rs (8h<i<or,» (X 1<i<or» (Ajj)1<i<j<orin))

be two generic data of finite Cartan type for groups I and T/, where T and T are
both free abelian groups of finite rank.

The data (D, A) and (D’, 1) are said to be isomorphic if 6 = 0’ and if there exist
a group isomorphism ¢ : I' — I/, a permutation o € $¢, and elements 0 # «; € k
for all 1 <i < 0 subject to the relations

w(gi) = gé(i) foralll <i <9,
Xi = Xoyp foralll <i <9,

Aij = %% Ao o) if o (i) <o()),
—0;0 X (85 oy i) >0 (),

foralll <i < j <0 andi ~ j. In this case the triple (¢, 0, (&;)) is called an
isomorphism from (D, 1) to (D', 1).

If (D, A) and (D', 1) are isomorphic, then we can deduce that a;; =
forall 1 <i,j <6 [3].

The following corollary can be immediately obtained from the definition of iso-
morphic data.

/
A5 (iyo ()

Corollary 5.2. Suppose that (D, 0) is a generic datum of finite Cartan type formed
by (T, (aij). (gi). (xi), 0). Assume that ¢: T' — T is a group isomorphism and o is
a permutation in S¢. Then (D, 0) is isomorphic to (D’,0), where D’ is formed by
(I, (ag—1Gyo-1 (7)) @(&€o=1))s Wo=11y9H)-

Let (D, A) be a generic datum of finite Cartan type. By [3], the pointed Hopf alge-
bra U(D, 1) is uniquely determined by the datum (D, A). Let Isom((D, 1), (D', 1))
be the set of all isomorphisms from (D, 1) to (D', /). For A, B two Hopf algebras,
we denote by Isom(A, B) the set of all Hopf algebra isomorphisms from A to B.

Lemma 5.3 ([3], Theorem 4.5). Let (D, ) and (D', A") be two generic data of
finite Cartan type. Then the Hopf algebras U(D,A) and U(D’, A') are isomor-
phic if and only if (D, A) is isomorphic to (D’,A'). More precisely, let x1, ..., xg
(resp. x7,. .. ,x(;) be the simple root vectors in U(D, L) (resp. U(D’, 1)), and let
g1.....80 (resp. g, ..., gy) be the group-like elements in D (resp. D'). Then the
map

Isom(U(D, A1), U(D', 1)) — Isom((D, 1), (D', 1)),

given by ¢ — (¢, 0, (o)) where ¢(g) = ¢(g), ¢(8i) = &,y P(Xi) = ix ;) for
allg € T, 1 <i <0, is bijective.

The following lemma is well known.
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Lemma 5.4. If I' is a free abelian group of rank s, then the algebra kI" is a CY
algebra of dimension s.

If T is a free abelian group of finite rank, we denote by |I"| the rank of T".

Proposition 5.5. Let A be the algebra U(D, 1), where (D, A) is a generic datum of
finite Cartan type for a group U. Then

(a) Ais CY of dimension 1 if and only if A = kZ,

(b) Ais CY of dimension 2 if and only if A = kI', where T is a free abelian group
of rank 2.

Proof. (a) is clear.

(b) It is sufficient to show that if A is CY of dimension 2, then A is the group
algebra of a free abelian group of rank 2. By Theorem 2.2, if the global dimension
of A is 2. Then the following possibilities arise:

(1) |I'| =2, A = kI is the group algebra of a free abelian group of rank 2;
(i) |T'| = 1 and the Cartan matrix of A is of type A;.
Let A be a pointed Hopf algebra of type (ii) and let the datum

(D. 1) = (I, (gi). (x)- (@ij), (Aij))
be as follows:
s ==z
e g1 = y’l‘ for some k € Z;
* y1 € T is defined by x1(y1) = ¢, where ¢ is not a root of unity;
¢ the Cartan matrix is of type A;;
e A=0.

Observe that in this case, the linking parameter must be 0. In addition, there is only

one root vector, that is, the simple root vector x;. Since g # 1, we have y; # ¢. So
the algebra A is not CY by Theorem 2.3.

Therefore, if A is CY, then A is of type (i). Hence, the classification is complete.

O

Proposition 5.6. Let A be the algebra U(D, 1), where (D, L) is a generic datum of
finite Cartan type for a group U'. If A is CY of dimension 3, then the group T" and the
Cartan matrix (a;j; ) are given by one of the following two cases.

Case |I'| Cartan matrix

1 3 trivial
2 1 Al X Al
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The non-isomorphic classes of CY algebras in each case are given as follows.

Case 1: The group algebra of a free abelian group of rank 3.

Case2: (I) The datum (D, 1) = (', (g1, &2), (1, x2). (@ij)1<i,j<2. A12) is given
as follows:

s =)=z

s g1 =g =y forsomek e 77,

o x1(»1) = q, where q € K is not a root of unity and 0 < |q| < 1, and y» = y7";

* (aij)1<i,j<2 is the Cartan matrix of type Ay X Ay;

e A1 =0.

(D) The datum (D,A) = (I (g1.82). (X1. X2). (@ij)1<i,j<2: A12) is given as
follows:

s I'=()=1Z;

s g1 =g2=yk forsomek e 77,

s x1(y1) = g, where q € K is not a root of unity and 0 < |q| < 1, and y» = y7%;

* (aij)1<i,j<2 is the Cartan matrix of type Ay X Ay;

e Aip =1

Proof. By Remark 2.4, it is sufficient to discuss the graded case and consider the
non-trivial liftings. We first show that the algebras listed in the proposition are all
CY. Case 1 follows from Lemma 5.4. Now we discuss case 2. The root system of the
Cartan matrix of type A7 x A; has two simple roots, say «; and . They are also
the positive roots. First we have x> = &. Since $5(x;) = xi(g; )xi, i = 1,2,
g1 =g = y’f, we have §2(x;) = y1Kx;y1* fori = 1,2. It is easy to see that
$3(y1) = y1. It follows that §3 is an inner automorphism. Thus the algebras in
case 2 are CY by Theorem 2.3.

Now we show that the classification is complete.

If A is of global dimension 3, then the following possibilities for the group I" and
the Cartan matrix (a;;) arise:

(1) |T'| = 3, A is the group algebra of a free abelian group of rank 3.
(i1) |T'| = 2 and the Cartan matrix of A is of type A;.
(iii) |I'| = 1 and the Cartan matrix of A is of type A1 x Aj.

Similar to the case of global dimension 2, A cannot be CY if A is of type (ii).

Now let A be a CY graded algebra of type (iii). Then we have y»(g1) x1(g2) = 1
(cf. equation (1)). In addition, we have y;y» = € by Theorem 2.3. It follows that
1 = x2(g1)x1(82) = x7'(€1)x1(g2). Let T = (y1) and assume that g = yf,
g2 = y{ for some k,/ € Z. Then Xl(y{_k) = 1. Since y1(y1) is not a root of unity,
we have k = [, that is, g1 = g, = y]f. Therefore, A =~ U(D, 0), where the datum
D is given by



Calabi—Yau pointed Hopf algebras of finite Cartan type 1133

s I'=Mm)=z

« g1 =g> = yk, forsomek € Z;

* x1(y1) = ¢, where ¢ € k is not a root of unity, and y, = Xl_l;
* (aij)1<i,j<2 is the Cartan matrix of type A; x A;.

Let D’ be another datum given by

=) =7

. g\ =g, =yk¥ forsome k' € Z;

s 11(»})) = q', where ¢’ € k is not a root of unity, and y5 = x| !;
¢ (a;j)1$i,j<2 is the Cartan matrix of type A; x Aj.

Assume that (D', 0) is isomorphic to (D, 0) via an isomorphism (¢, o, (¢;)). Then
¢ is a group automorphism such that ¢(y1) = y} or ¢(y1) = y;~!. Since o € S,
we have 0 = id or 0 = (12). From an easy computation, there are four possibilities
for k' and ¢':

e k'=kandq =gq;

e k'=—kandq' =q;
e k=kandq' =q7%;

e k' =—kandq' =q .

This shows that A = U(D, 0) is isomorphic to an algebra in (I) of case 2. In addition,
every pair (k, g) € Z* xk suchthatO < |¢| < 1 determines anon-isomorphic algebra
in (I) of case 2. Each algebra in (I) of case 2 has only one non-trivial lifting which is
isomorphic to an algebra in (I).

Thus we have completed the classification. O

We list all CY Hopf algebras U(D, A) of dimension 3 in terms of generators and
relations in the following table. Note that in each case ¢ is not a root of unity.

CY algebras of dimension 3

Case Generators Relations
1. +1 1,41 ,+1.,F1
-1 Vi Ym =Ym Yy Yy Y =1
Case 1 Y Yy 1 <h<3 1Sh’j1ms3m
yort =yt =1 yx = gxn,
Case 2 (I) ylil,xl,xz V1X2 =q_1x2y1,0< lg| <1,
X1X2 —q *xx1 =0,k e Z*t
yivit =y =1 oyixn = gxapn,
Case 2 (I yEL X1, X2 y1xX2 =q 'x2y1,0 < |q| < 1,
X1X2—q Kxoxy = (1—y¥), ke z*t
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Proposition 5.7. Let A be the algebra U(D, 1), where (D, A) is a generic datum of
finite Cartan type for a group I. If A is CY of dimension 4, then the group I and the
Cartan matrix (a;j) are given by one of the following two cases.

Case |I'| Cartan matrix
1 4 trivial
2 2 Al X Al

In each case the non-isomorphic classes of CY algebras are given as follows.

Case 1: The group algebra of a free abelian group of rank 4.

Case2: () The datum (D, A) = (I, (g1, &2), (X1, X2), (@ij)1<i,j<2, A12) is given
by

« T'=(y.y2) =7%

s g1 =g2 =y forsomek e 77,

* 11(y1) = q1, x1(y2) = g2, where q1,q2 € k with 0 < |q1| < 1 and g is not

a root of unity, y» = x4

* (aij)1<i,j<2 is the Cartan matrix of type A1 X Ay;

e A2 =0.

(D) The datum (D, A) = (T, (g1, &2), (X1, X2). (aij)1<i,j<2. A12) is given by

« T'=(y.y2) =7%

c g1=gr= y’l‘forsomek ezt

* 1) = q1, x1(y2) = g2, where q1,q2 € k with 0 < |q1| < 1 and g, is not

a root of unity, x» = )(1_1;

* (aij)1<i,j<2 is the Cartan matrix of type Ay X Ay;

e Aip =1

Let A and B be two algebras in case (1) (or (I1)) defined by triples (k, q1,q2) and
(', q7,q5) respectively. They are isomorphic if and only if k = k', g1 = q} and
there is some integer b such that ¢y = q%q» or ¢, = qbq5".

() The datum (D, A) = (T, (g1, &2). (X1, X2) (@ij)1<i,j<2, A12) is given by

« T=(yi.y2) =7%

s g1 =k g2 =yl forsomek,1 € Z*;

c x101) =4, x102) = q% where q € K is not a root of unity and 0 < |q| < 1,

_ -1
X2 - Xl ’
* (aij)1<i,j<2 is the Cartan matrix of type A1 X Ay;
b /\12 =0.

(IV) The datum (D, A) = (T, (g1, 82). (X1, x2), (@ij)1<i,j<2, A12) is given by
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* ['=(y1.y)=2%
« g = y’f, g2 = yéforsome k,leZt,

* xy101) =¢q, xy102) = q% where q € K is not a root of unity and 0 < |q| < 1,

_ 1.
X2 - Xl D)
* (aij)1<i,j<2 is the Cartan matrix of type A1 X Ay;
d /\12 =1.

(V) The datum (D, 1) = (I, (g1, 82). (X1, x2), (@ij)1<i,j<2, A12) is given by
o T = (y1,y2) = 7%
o g1 =y5 g = yI"y2 forsome k. 1y [, e Zt, k £ 11,0 <1y < Iy;

=
* x101) =¢q, x1(32) =q 2 , where q € k is not a root of unity and 0 < |q| <

Lx=xh
* (aij)1<i,j<2 is the Cartan matrix of type Ay X Ay;
hd /\12 =0.

(VD) The datum (D, 1) = (I', (g1, &2). (X1, x2). (@ij)1<i,j<2. A12) is given by
o = (y1,y2) = 7%
s g1=y o= yi‘yézforsome k.li,l, eZ%, k #1yand 0 < | < Iy;

k=11
c x101) =¢q, xy1(32) =q 2 , where q € k is not a root of unity and 0 < |q| <

Lxa=xh
* (aij)1<i,j<2 is the Cartan matrix of type Ay X Ay;
® /\12 = 1.

Proof. We first show that the algebras listed in the proposition are all CY. That the
algebra in case 1 is a CY algebra follows from Lemma 5.4. In case 2, we have
X1x2 = € and Sj is an inner automorphism in each subcase. Indeed, Sj(x,-) =
gr'xig1and $3(y;) = g7 vig1 = yi, i = 1,2. Thus the algebras in case 2 are CY
by Theorem 2.3.

Now we show that the classification is complete and the algebras on the list are
non-isomorphic to each other.

If A is of global dimension 4, then the group I' and the Cartan matrix (a;;) must
be one of the following types:

(i) |T'| = 4 and A is the group algebra of a free abelian group of rank 4.
(i) |I'| = 3 and the Cartan matrix of A is of type A;.
(iii) |T'| = 2 and the Cartan matrix of A4 is of type A; x A;.
(iv) |T'| = 1 and the Cartan matrix of A4 is of type A; X A; X Aj.
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(v) |T'| = 1 and the Cartan matrix of A is of type A5.

Let A be a CY algebra of dimension 4. Similar to the case of global dimension 2,
A cannot be of type (ii). We claim that A cannot be of type (iv) and (v) either.

Assume that 4 is of type (iv), put I' = (y1), gi = y| ' forsome 0 # m; € Z and
xi(y1) = gi forsome g; € k,1 <i < 3. Theng;; = q;"i for1 <i,j < 3. Because
each g;; is not a root of unity, each g; is not a root of unity either. Since ¢;;q;; = 1,
we have

q;”l2qg’l] — 1’ q’1713q;71] — 1’ q;nSq;nZ =1.
Then ¢;">"* = 1. But ¢, is not a root of unity. So A cannot be of type (iv).

In the case of type (v), there are three positive roots in the root system. They are
oy, 0 and o + op, where o) and a; are the simple roots. If A is CY, then X% X% =¢
by Theorem 2.3. So we have qflqgl =l and q%zqu = 1. However, ¢21912 = ql_l1
(equation (2)). Thus ¢3, = 1. But g2, is not a root of unity. So A cannot be of type
(v) either.

Now to show that the classification is complete, we only need to show that if A
is a CY pointed Hopf algebra of type (iii), then A is isomorphic to an algebra in
case 2. Each algebra in (I), (IIT) and (V) of case 2 has only one non-trivial lifting,
which is isomorphic to an algebra in (I), (IV) and (VI) respectively. By Remark 2.4,
it suffices to show that if A4 is a graded CY pointed Hopf algebra of type (iii), then 4
is isomorphic to an algebra in (I), (II) and (V) of case 2.

Let ' = (y1,y2) be a free abelian group of rank 2. We write y;(y1) = 41,

— _ ki k2 _ yhh _ ki ko
x1(y2) = g2 and g1 = y;' y,%, &2 = y1' ¥y, where x1(g1) = ¢; ' ¢,” is not a root
of unity, and kq,k5,1l1,l, € Z. Following Theorem 2.3, we have y;y2 = €. So
gr1 = qi‘qéz and g1, = ql_k‘qz_kz. We also have ¢12¢>1 = 1 (equation (2)). Thus
qi‘_k‘ qéz_kz = 1. Therefore, A == U(D, 0), where the datum D is formed by
o = (y1,y2) = 7%

* (a;j) is the Cartan matrix of type A; x Ay;
ki _k I 1
C &1 =012 =0 kuk b eZ;

* x1(y1) = q1, x1(y2) = q2, where y1(g1) = qlflqlz€2 is not a root of unity and
li—ky lLh—ky __ 1 d _ -1
q1 q, =L, and 2 = X{ .

In the above datum £, we may assume that k; > 0 and k, = 0. Then ¢ is
not a root of unity. We show that there is a group isomorphism ¢: I' — T/, where
I = (y].»5) is also a free abelian group of rank 2 such that (p(yf‘ ygz) = y'* and
k > 0.

The integers k; and k, cannot be both equal to 0. If k; = 0 and k; > 0, then it is
done. If k = 0 and k1 < 0, then ¢(y1) = y; ! and ¢(y,) = y5 ! defines a desired
isomorphism.

Similarly, we can obtain a desired isomorphism when k1=0 and ko # 0. _

If k1, ko # 0, then there are some k, k1, ky € Z such that ky = kk, ky = kak,
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k > 0 and (lgl,lgz) = 1, that is, 151 and lgz have no common divisors. We can find
integers a, b such that ak; + bk, = 1. Let ¢: I' — I'/ be the group 1somorphlsm

ra_;—ka 1b sk

defined by p(y1) = y;*y5 ™ and p(y2) = y;"y5¥1. Then p(yy'y5?) = y{* and
k > 0. In conclusion, we have proved the claim.

If [, = 0, then we have qil %1 — 1. Since g1 is not a root of unity, we have

[1 = k;. Applying a similar argument to the one in case 2 of Proposition 5.6, we find
that A is isomorphic to an algebra in (I) of case 2.

Next we consider the case when [/, # 0. In case [; = 0, like what we did for k;
and k,, we may assume that [, > 0. If 0 < |g1| < 1, then A is isomorphic to an
algebra in (II) of case 2. Otherwise, the datum (D, 0) is isomorphic to the datum
given by

* I'= <J’13y2) %ZZ;
* 8 —Y1 ’gz—)’2 Lk, lbeZt,

-
c X0 =a; 2 X0 =art xh = A
* (a;j) is the Cartan matrix of type A; x Ay;
e Ai2=0

via the isomorphism (¢, (12),¢; = az = 1), where ¢ is the algebra automorphism
defined by ¢(y1) = y» and ¢(y2) = y1. So A is isomorphic to an algebra in (III) of
case 2 as well.

If /; # 0 and [, > 0, then there is an integer ¢ such that 0 < [y + ¢l < I5.
Let I = (y1,y5) be a free abelian group of rank 2, and ¢: I' — I the group

e,/

isomorphism defined by ¢(y1) = y| and ¢(y2) = y*»5. Then (p(yll) = y’k] nd

o1 yy) =yt

If /; # 0 and [/, < 0, then there are integers I1, I, such that [; = lll I, = byl,
[ > 0and (11, lz) = 1. Sol, < 0. We can find integers a, b such that al, +bly = 1.
Since for any integer d, (a + dlz)ll + (b - dll)lz =aly+bl, = 1, we may assume
that0 < a < —/[». LetI” = (y], y5) beafreeabelian group of rank 2, and¢: I' — I'/

)=z

be the group isomorphism defined by ¢(y1) = y;“y5 2 andp(y2) = y} yéll Then

k Lk A )
o(yFy =y Ry 7k and () = 1l

In summary, by Corollary 5.2, we may assume that /[, > 0and 0 < /; < [. If
[; = 0, then we go back to the case we just discussed. If /1 # 0and 0 < |¢1| < 1,
then A is isomorphic to an algebra in (V). Otherwise, (D, 0) is isomorphic to the
datum given by

« T = (y1,y2) = Z%

e gy =yl g, = yaklyé”l2 Iy,l, € Z* are the integers such that [[; = I,

ll_z = /> and (ll,lz) = 1,a,b € Z are the integers such thatal_l +bl_2 = 1 and
0<a<ly;
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_kil aky—!
I} I} —
XD =q; Z o) =q, 7 xh =N
* (aj;) is the Cartan matrix of type A; X< Aj;
e Ai2=0

via the isomorphism (¢, (12), 1 = o = 1), where ¢ is the isomorphism defined by
o(y1) = yfyéz and ¢(y2) = y{’yz_ll. It follows that A is isomorphic to an algebra
in (V) as well.

It is clear that the algebras from different cases and subcases are non-isomorphic
to each other. It is sufficient to show that the algebras in the same subcases in case 2
are non-isomorphic. Each algebra in (II), (IV) and (VI) is a lifting of an algebra in
(D, (IIT) and (V) respectively. So it is sufficient to discuss the cases (I), (IIT) and (V).

First we discuss the case (I). Let D and £’ be two data given by

« T'= () =2%
s g1 =g = ykforsomek € Z+;

* x1(y1) = q1, x1(y2) = q2, where q1,g> € k satisfy that 0 < [g;] < 1 and g,
is not a root of unity, and x» = y7';

* (aij)1<i,j<2 is the Cartan matrix of type A; x Ay

« ['=(y.p) =2Z%
g1 =g = y{(/ for some k' € Z+;

* x1(y1) =41, x1(»2) = ¢5, where g1, g5 € k satisfy that 0 < || < 1 and ¢}
is not a root of unity, and x» = y7';

* (aj;)1<i,j<2 is the Cartan matrix of type A x Ay,

respectively. Assume that (¢, o, @) is an isomorphism from (D, 0) to (D', 0). Say

ra_rc b s d

e(y1) = yi"y5" and @(y2) = yi"y;". Since g1 = gz and g} = g3, we have
(p(yll‘) = yik/. Moreover, k, k' > 0. Soa = 1,¢ = 0 and d = £1. Consequently,
we have k = k/, q1 = ¢}. If 0 = id, then ¢, = g7°q,. Otherwise, g5 = qbq;!.
We have identified the isomorphic algebras in (I).

Similarly, it is direct to show that each triple (k,/,q) € Z* x Z* x k such that
0 < |¢| < 1 determines a non-isomorphic algebra in (III).

Now we show that the algebras in (V) are non-isomorphic. Let O and D’ be the

data given by
« T'=(y1.y2) =2%
e g1 = y’f,gz = yi‘yéz suchthatk,/i,l, €e ZT and 0 < [; < I5;
* x1(y1) = ¢, where g € k is not a root of unity, 0 < |¢| < 1, and y1(y2) =

k=11

g 2 and yo = 7%
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* (aij)1<i,j<2, the Cartan matrix of type A1 x 4
and
e I'" = (y}, y5) is also a free abelian group of rank 2;
. g = yik/, gh = yil{yélé such that k', /1,15 € Zt and 0 < I] < I};
* x1(»}) = ¢', where ¢’ € k is not a root of unity, 0 < |¢’| < 1, and x}(y5) =
Ly
d 7 and gy =7
* (aij)1<i,j<2, the Cartan matrix of type Ay X Ay,

respectively. We claim that (D, 0) and (£’, 0) are isomorphic if and only if ¢ = ¢/,
k=K, =1]and [, =1].
Assume that (D, 0) is isomorphic to (£’,0) via an isomorphism (¢,0, a1 =
ra_sc

a2 = 1). Suppose that ¢(y1) = y1“ 5" and ¢(y2) = y’lbyéd,with a,b,c,d €eZ.
Either 0 = id or o = (12). If 0 = id, then ¢(g;) = g;,i = 1,2. So

rak sck rali+bly jcli+dl, /li
1

k’ 4
iy =y and y V5 =y 52

2
Since ¢ is an isomorphism, we have ad — bc = =£1. Because k,k’, 15,1, > 0,
0</ly <lpand 0 <] <[}, itfollows thath = ¢ = 0 anda = d = 1. Therefore,
k=K, =11, =1} and g = ¢q'. Namely, (D, 0) = (D’,0)

If o = (12), then ¢(g;) = g5_;, i = 1,2. This implies that

rak jck

11 rali+bly jcli+dlr 1 k7
Yio Yo =yi'yx? and y; V2 :

=M

We can find integers I; and [, such that Iy = [11, 1, = I,1,] > 0 and (1_1,1_2) = 1.
Since ad —bc = :I:l,wehave_(c,d) = 1. Fromck =1} > O0andcly +dl> =0,

it follows that c = [ and d = —I;. If ad — bc = 1, we have

k' = aly + bl, = l(aly + bly) = —l(ad —bc) = —1 <0,

a contradiction!
If ad — bc = —1, we have
- I I -Lk
g = X100 = r207 1) = 2 ¥2) =g 2.
But 5, k,l, > 0and 0 < |¢],|q’| < 1. We get a contraction as well. In summary, we
have proved the claim. O

Now we list all pointed CY Hopf algebras U(D, A) of dimension 4 in terms of
generators and relations in the following table. Note that ¢; and ¢ are not roots of
unity.
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CY algebras of dimension 4

Case Generators Relations

1,41 _ +1,+1 _+1 F1 _
Case 1 J’h,ygl,lShS4 i}h<%mm_<im Vi Vi Y =1

yiElyE = yE i yiEy T =1,

L <hm<2, y1x1 = q1x1y1,
Case 2 (I) yELYEL x1,x2 yixs = gy ' X2)1, Y2X1 = q2X1)2,

VaXp = 612_1X2Y2’ 0<|q1l <1,

X1X2 —ql_kxle =0,k e z*

vt = vttty =1,

1 <hm<2, y1x1 = q1x1)1,
Case2(ID)  yi'y3' xn, X2 yixa = g7 x2y1, y2x1 = g2x1y2,

YaXa =q5 ' x2y2,0 <|q1| < 1,

xix2—qrFxoxy =1—y* kez*

Virtva = vty ity =1,

L<hm<2, y1x1 =qx1)1,
_ 1 _ K
Case 2 (IIT) Jﬁil’ ygd, X1, Xa YiXxa = q_;czyl, Ya2X1 =41 XxX1y2,
YaXa =4q 1X2Y2,
X1X2 —q *xox1 =0,k 1 e ZT,
0<|gql <1

Virtvw = vty ittt =1,

1<hm<2 yix1 =gx1)1,
_ -1 _ kK
Case2(IV)  yEl, yFl xp,x, Y1274 e rx=qiar,
YV2Xo =(q TXx2)2,
X1X2 — ¢ Fxpxy = 1— ykyl,
k,leZt,0<|q| <1

Virtvw = vty ittt =1,

L <hm<2, yix1 =gxiy,
k—1I
_ -1 5
X2 = X ) X1 = 2 X .
Case2 (V)  yiIL oyl x1, x2 YiX2 =4 Xayi, y2Xi =g 12

V2Xa =q 2 X2y,
x1X2 —q *xoxy =0,k 11,1, € Z7,
0<lh<h0<|q|l <1

yirlyEl = yElyEt, yiEly =1,

1<hm<2, y1x1 =gx1)y1,
1 k=11

=q — I
Case2 (VD) yFL yEl x1, x2 YiXa =47 Xay1, yaX1 =q 2 X1)2,

YVaXpy = CI_TXZJ’L el 1
x1x2 —q Kxoxy =1 —y7 Ty,
k,ll,lz €Z+,0<ll <12,0< |q| <1
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Let g be a semisimple Lie algebra and Uy, (g) its quantized enveloping algebra.
By [7], Proposition 6.4, the global dimension of the algebra U, (g) is the dimension
of g. Thus, if U, (g) is of global dimension less than 5, then U, (g) is isomorphic to
U, (sl2), which is of global dimension 3. That is, among the algebras of the form
U, (g), only U, (sl>) appears in the lists of Propositions 5.5, 5.6 and 5.7. The algebra
U, (sl5) is isomorphic to U(D, A) with the datum given by

e ' = (g), a free abelian group of rank 1;

* the Cartan matrix is of type A1 x Ay;

* 81 =82=8;
* x1(2) = q72, y2(g) = g2, where g is not a root of unity;
hd /\12 = 1.

It belongs to (IT) of case 2 of Proposition 5.6.

The family of pointed Hopf algebras U (D, A) provide more examples of CY Hopf
algebras of higher dimensions. From the classification of CY pointed Hopf algebras
U(D, 1) of dimensions less than 5, we see that the Cartan matrices are either trivial
or of type Ay x---x A;. The following example provides a CY pointed Hopf algebra
of type A, x Ay of dimension 7.

Example 5.8. Let A be U(D, A) with the datum (D, A) given by

e I' = (y1, ¥2, y3), a free abelian group of rank 3;

¢ the Cartan matrix is

X1 9 |4 q
X2 | 4 9 |qa
X3 | 4 q q

* A=0.

In other words, A is the algebra with generators Xx;, y]-il, 1 <i,j < 3, subject to the
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relations

yEE = yEyEL T =1 1<ij <3,
yi(xi) = xi(y)xiy;, 1<i,j <3,
XTx2 — gxX1X2x1 — @2 X1X2%1 + @2 X2x] = 0,

2 3

—2 -1 - 2
X5X1—q “X2X1X2 —¢ X2X1X2 +¢ “x1x5 =0,

X1X3 = X3X1.

The non-trivial liftings of A are also CY.
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This work forms part of the first author’s PhD thesis at the University of Hasselt.
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