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Quantum groups of GL(2) representation type

Colin Mrozinski

Abstract. We classify the cosemisimple Hopf algebras whose corepresentation semi-ring is
isomorphic to that of GL(2). This leads us to define a new family of Hopf algebras which
generalize the quantum similitude group of a non-degenerate bilinear form. A detailed study
of these Hopf algebras gives us an isomorphic classification and the description of their corep-
resentation categories.
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1. Introduction and main results

There are many approaches to the classification problem for quantum groups, de-
pending on what group theory aspect one wants to emulate. Our approach is based
on Tannaka—Krein reconstruction theory, which shows deep links between a Hopf
algebra and its corepresentation category. Keeping that in mind, we investigate the
problem of classifying Hopf algebras according to their corepresentation semi-ring,
a problem already considered by several authors [Wor91], [WZ94], [KP97], [Ban96],
[Ban98], [Ohn99], [Ohn00], [Hai00], [Bic03]. In the present paper, we consider the
GL(2)-case, and we classify (in characteristic zero) the cosemisimple Hopf algebras
having a corepresentation semi-ring isomorphic to the one of GL(2).

Let k be an algebraically closed field, let n € N, n > 2, and let A, B € GL, (k).
We consider the following algebra § (A, B): itis the universal algebra with generators
(xij)1<i,j<n»d,d ! satisfying the relations

x'Ax = Ad, xBx'=Bd, dd'=1=d7d,

where x is the matrix (x;j)1<;,j<n. This algebra has a natural Hopf algebra structure
and might be seen as a generalization of the Hopf algebra corresponding to the quan-
tum similitude group of a non-degenerate bilinear form. The Hopf algebras § (A4, B)
can be constructed as localizations of FRT-bialgebras [FRT88] associated to Yang—
Baxter operators constructed by Gurevich [Gur90]. When n = 2 and for particular
matrices A, B, these were considered in [EOW91] and were used by Ohn ([Ohn00])
in order to classify quantum GL,(C)’s. Let ¢ € k™. For a well-chosen matrix
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Ay € GL,(k), we have §(A44, Ag) = O(GL4(2)), the function algebra on the quan-
tum group GL,4(2). Our first result describes the monoidal category of comodules
over §(A, B) for some matrices A, B € GL, (k).

Theorem 1.1. Let A, B € GL, (k) (n > 2) such that B'A'BA = AI, for some
A € k* and let g € k* such that g*> — A~ 1tr(AB")g + 1 = 0. Then there is a
k-linear equivalence of monoidal categories

Comod(§(4, B)) ~® Comod(O(GL,(2)))

between the comodule categories of §(A, B) and O(GL4(2)) respectively.

This result is inspired by the paper of Bichon [Bic03], which gives similar results
for the quantum group of a non-degenerate bilinear form. As in [Bic03], the result
is proved by constructing some appropriate Hopf bi-Galois objects and by using a
theorem of Schauenburg [Sch96]. The Hopf bi-Galois objects we construct are part
of a connected cogroupoid [Bic10]. The technical difficulty in this approach is to
study the connectedness of this cogroupoid.

We use Theorem 1.1 to classify, in characteristic zero, all the cosemisimple Hopf
algebras whose corepresentation semi-ring is isomorphic to that of GL, (k). Recall
that ¢ € k* is said to be generic if ¢ is not a root of unity or if ¢ € {£=1}.

Theorem 1.2. Assume that char(k) = 0. The Hopf algebras whose corepresentation
semi-ring is isomorphic to that of GL, (k) are exactly the

4(A, B)

with A, B € GL, (k) (n > 2) satisfying B'A' BA = A1, for some A € k* and such
that any solution of the equation X*> — /A1 tr(AB")X + 1 = 0 is generic.

A particular case of the theorem was already known if one requires the fundamen-
tal comodule of H to be of dimension 2 ([Ohn00]). A similar classification (without
dimension constraint) was obtained by Bichon ([Bic03]) in the SL(2) case (the com-
pact SU(2) case had been done by Banica [Ban96]). The SL(3) case with dimension
constraints has been studied by Ohn ([Ohn99]). Other related results have been given
in the SU(N) and SL(NV) case by Banica ([Ban98]) and Phung Ho Hai ([Hai00]), in
terms of Hecke symmetries. It is worth to note that in principle Theorem 1.2 could
be deduced by the combination of Phung Ho Hai’s work [Hai00] and Gurevich’s
classification of Hecke symmetries of rank two [Gur90]. We believe that the present
approach, using directly pairs of invertible matrices, is more explicit and simpler.

We also give a version of Theorem 1.2 in the compact case.

Finally the following theorem will complete the classification of GL(2)-deforma-
tions.
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Theorem 1.3. Assume that char(k) = 0. Let A,B € GL,(k) and let C,D €
GL,, (k) such that B'A'BA = A1, and D'C'DC = Ay 1, for A1, Ay € k*. The
Hopf algebras §(A, B) and §(C, D) are isomorphic if and only if n = m and there
exists P € GL, (k) such that either

(C,D) = (P'AP,P'BP™!) or (C,D)=(P'B'P, P 1A P71,

We will also provide the classification of the Hopf algebra & (A4, B) up to monoidal
equivalence (Corollary 4.2).

The paper is organized as follows: in Section 2 we introduce the Hopf algebras
5(A, B) and discuss some basic properties; in Section 3, we build a cogroupoid
linking the Hopf algebra (A, B) and study its connectedness: this will prove Theo-
rem 1.1; in Section 4 we prove Theorem 1.2 and Theorem 1.3; in Section 5, we classify
9 (A, B)-Galois objects up to isomorphisms, its group of bi-Galois objects and its
lazy cohomology group; finally, Section 6 is devoted to study the GL(2)-deformations
in the compact case.

Throughout the paper k is an algebraically closed field. We assume that the
reader is familiar with Hopf algebras and their monoidal categories of comodules
(corepresentations), and with Hopf—Galois objects. See [Mon93], [Sch04].

2. The Hopf algebra § (A, B)

Let n > 2 and A, B € GLy(k). The algebra §(A, B) has been defined in the
introduction. In this section, we briefly discuss its Hopf algebra structure, its universal
property and some of its basic properties.

The following result will be generalized at the cogroupoid level in the next section,
where the proof is given.

Proposition 2.1. The algebra §(A, B) admits a Hopf algebra structure, with comul-
tiplication A defined by

n
A(xij) = Y xix ®xj, 1 <i,j<n, Ad*)=d*'®d*!,
k=1

with counit € defined by
e(xij) = 8ij, 1<i,j<n, ed®*) =1,
and with antipode S defined by
S(x)=d 'A7'x'A, S@d'F) =d'T.

We now give (and sketch the proof of) the universal property of the Hopf algebra
5(A, B):
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Proposition 2.2. Let H be a Hopf algebra with a group-like element d € Gr(H ) and
let V be a finite-dimensional H-comodule of dimensionn. Leta: V ® V — D and
b: D — VYV betwo H-comodule morphisms (where D denotes the H -comodule

induced by d) such that the underlying bilinear forms are non-degenerate. Then there
exist A, B € GLy (k) such that

(1) Vand D havea§ (A, B)-comodule structure anda andb are § (A, B)-comodule
morphisms,

(2) there exists a unique Hopf algebra morphism : §(A, B) — H such that
(idp ® ¥) cap = a and (idy ® ¥) o ay = «y, (where o and o' denote the
coactions of §(A, B) and H respectively).

Proof. Let (v;)1<i<n be abasis of V and x = (x;;)1<;,j<n be the associated matrix
of coefficients. Let A = (a@ij)1<i,j<n. B = (bij)1<i,j<n be the matrices such that
a(vi ® vj) = ajjd and b(d) = };; bijv; ® v;. Itis straightforward to check that
a and b are H -colinear if and only if x’ Ax = Ad and xBx’ = Bd. Finally, since
Gr(H) is a group, there exists  ~! € H suchthatdd~' = 1 = d~'d. The universal
property of §(A, B) gives us the result. O

The following lemma will limit our choice of matrices A, B € GL,, (k). The proof
comes directly from Schur’s lemma.

Lemma 2.3. Let H be asinthe previous proposition and assume that the H -comodule
V is irreducible. Then the composition

b®i i i b i
DRV yerver i yvep i verver i pev

is a multiple of the identity, i.e., there exists A € k* such that
(@a®id)o(id®b)o (id®a)o (b ®id) = Aidpgy.
When H = §(A, B), the relation may be rewritten as
B'A'BA = AI,.

The next result is part of the isomorphic classification of the Hopf algebras
Y(A, B).

Proposition 2.4. Let A, B € GL, (k) and let P, Q € GL, (k). The Hopf algebras
9(A,B), §(P'AP,P7'BP~ ") and §(Q'B~1 0, Q1A=L Q1) are isomorphic.

Proof. Considering the first case, we denote by x;;, d and d 1oy i, d and d -1
(1 < i,j < n) the respective generators of §(A4, B) and §(P'AP, P"'BP").
The defining relations

y'(P'AP)y = (P'AP)d and y(P 'BP~!")y' = (P71BP )4
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ensure that we have an isomorphism
f:8(A, B) - §(P'AP, P7'BP7!)

satisfying f(x) = PyP~!, f(d) =d and f(d™') = d~!, with inverse f~!(y) =
P~ xP, f7Y(d)=d and f~1(d™ ) =d~ L.

In the second case, denoting y;; (1 < i,j < n),d and d 1 the generators of
g(0'B71Q, Q71 A7 Q~!%), the same considerations on the defining relations

Y(Q'BTIQ)y =(Q'B7'Q)d and y(Q7'ATIQTM)y' = (Q7'ATIQTNd
together with the commutation relations in §(A, B),

(AB)x"d™! = d~'x"(AB),
give us an isomorphism

f19(A.B) > 9(0'B710.07'471071)

satisfying f(x) = Qyd~'Q7!, f(d) = d7' and f(d~') = d, with inverse
') =0""%d™1Q, fTN(d)=d " and fT(d7") =d. [

Let us note that for a good choice of matrices A, B € GL, (k), the Hopf algebra
5 (A, B) coincides with the standard quantization of the function algebra O (G L, (k)):
precisely, a straightforward computation shows that

« for A = (%) := A, and B = A,, for some ¢, p € k*, we get the two-

parameter standard quantum GL, (k),
§(Aq, Ap) = O(GLg,p(2)),

« and for 4 = (% }) and B = (%' 1) with h,h’ € k, we get the Jordanian
quantum case,

§(A.B) = 0} ,,(GL(2)).

(The defining relations of these two algebras can be found in [Ohn00] .)
Moreover, we can see that we have a surjective Hopf algebra morphism

g(A4, A7) > B(A)

where B(A) is the Hopf algebra representing the quantum automorphism group of
the non-degenerate bilinear form associated to A4, introduced by Dubois-Violette and
Launer in [DVL90]. In view of its definition, we can consider § (A, A™!) as the Hopf
algebra representing the quantum similitude group of this non-degenerate bilinear
form.
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3. The cogroupoid §

To prove Theorem 1.1 by using Schauenburg’s results from [Sch96] , we now proceed
to construct Hopf-bigalois objects linking the Hopf algebras (A4, B) and in order to
do our computations in a nice context, we put the algebras §(A, B) in a cogroupoid
framework. We recall some basic definitions and facts about these objects (for more
precise informations, we refer to [Bic10]).

Definition 3.1. A k-cogroupoid C consists of
* aset of objects ob(C);
e forany X,Y € ob(C), a k-algebra C(X,Y);
e forany X, Y, Z € ob(C), algebra morphisms

Afy: C(X.Y) > C(X.Z)®C(Z,Y) and ex: C(X.X)—>k

and linear maps
Sxy: C(X,Y) = C(Y,X)

satisfying several compatibility diagrams: see [Bic10], the axioms are dual to
the axioms defining a groupoid.

A cogroupoid C is said to be connected if C(X,Y) is a non-zero algebra for any
X,Y € ob(C).

Letn,m € N,n,m > 2,and let A, B € GL,(k), C, D € GL,,(k). We define
the algebra

§(A,B|C,D):=k(d,d " xij, 1<i<n 1<j<m|x'Ax = Cd,
xDx'=Bd, d7'd =1=dd™!)

Of course the generators x;;,d and d ™! in §(A, B|C, D) should be denoted by
AB,CD
i,J
will be no confusion and we simply denote them by x;;, d and d~!. It is clear that
9(A,B|A,B) =9(A, B).

In the following lemma, we construct the structural maps that will put the algebras
5(A, B|C, D) in a cogroupoid framework.

X ,dap.cp and dA_é cp toexpress the dependence on (4, B), (C, D), but there

Lemma 3.2. Forany A, B € GL,(k), C,D € GLy(k) and X,Y € GL,(k), there
exist algebra maps

AYpcp: §(A.BIC.D) — §(A.B|X.Y)®§(X.Y|C, D)
such that A(x;;) = Z,lex,-k x; (1 <1 <mn 1=j=<m, A(dil) =

d*' @ d*!, and
EAB: g(A,B) —k
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such that eqp(x;j) = &;; (1 <i <n, 1 < j < m), s(dil) = 1, and for any
M, N e GL,(k), the following diagrams commute:

XYy
AAB,CD

§(A,B|C,D) 5(A,B|X,Y)®9(X,Y|C, D)
AﬁdB}YCDi lA%Byxy ®id

Y(A,BIM,N)® §(M,N|C, D) ®AT-ﬁ(A,B|M,N) REM,N|X,Y)RE(X,Y|C, D),
d®An/N.cp

%(A, B|C, D)

cp
AAB,ch \

$(A,B|C.D) ® §(C, D) §(A, B|C, D),

id®ecp

$(A, B|C, D)

AB
AAB,CD\L \

S(A,B) ® §(A, B|C, D) —— §(A, B|C, D).
£4 p®id

Forany A, B € GL,,(k), C, D € GL,(k), there exists an algebra map
Sap,cp: (A, B|C,D) — §(C,D|A, B)®

defined by the formula Sag.cp(x) = A~'d~'x'C, Sap.cp (d*Y) = dT, such that
the following diagrams commute:

S(A, B) tAD k “ %(A4,B|C, D)
ASBP,ABi T’"
§(4.B|C.D) ® §(C.D|A. B) — o= 5(4. BIC.D) ® §(4. B|C. D),
$(A, B) fAB k u §(A, B|C, D)

fed)
AAB,ABi T’”

§(4.B|C.D) ® §(C. D|A. B) —;———>§(C. D|A. B) ® §(4. B|C. D).

Proof. First we have to check that the algebra maps are well defined.
Let A, B € GL,(k), C,D € GL,,(k) and X,Y € GL,(k); in order to simplify
the notations, we denote Afl{CD = A, e4p = € and Syp,cp = S. We only give

the computations for the first relation x’ Ax = Cd, the computations for second one
being similar.
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For A: 9(A,B|C,D) — §(A,B|X,Y) ® §(X,Y|C, D), we compute
A(xtAx),-j = A(Zkl Aklxkixlj)
=2 A1 (X, Xiep @ Xpi) 2o g X1g ® Xg;)
kl

= Y2 AkiXkpXig ® XpiXgj
prq kil

= Y (x! Ax)py ® Xpixy; € §(A. B|X.Y) ® §(X.Y|C.D)
pq

= prqd ®xpixqj =d® (x’Xx)ij = Cijd ®d,
prq

and the computations for ¢: §(A4, B) — k are

e((x"Ax)ij) = e(Xp; Arrxrixi;)
= % Agre(xki)e(xz;)

=) Apibribij = Aij = Aije(d).
kil

Then Af };’ cp and e4p are well defined. These maps are algebra maps, so it is
enough to check the commutativity of the diagrams of the first part on the generators
of §(A, B|C, D), which is obvious.

Recall that if ®: A — B°P is an algebra map, then ®(ab) = (®(b)' ®(a)")’ for
all matrices a, b € M,(A).

Then, for S: §(A4, B|C, D) — §(C, D|A, B)°?, we have

S(CTHd X" Ax) = (S(x)' A" S(x)d(C™H)!
— ((Ctd—lx(A—l)t)At (d—lA—lxtC)d(C—l)t)t
= (C'd 'xd A7 x'cd(Cc™hH)!
— (Ctd—ld(c—l)t)t
=1

We can check in the same way that S is compatible with the second relation, and

then S = Sap,cp is well defined. The commutativity of the diagrams follows from

the verification on the generators of §(A4, B) and the fact that A’ €, and S, are
algebra maps. O

The lemma allows the following definition.

Definition 3.3. The cogroupoid § is the cogroupoid defined as follows:
(i) ob(¥) = {(A4, B) € GLi(k) x GLy (k) | m = 2};

(i) for (A4, B),(C, D) € ob(§), the algebra §(A, B|C, D) is the algebra defined
above;
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(iii) the structural maps A_ ,, €. and S, . are defined in the previous lemma.

0,0’

So we have a cogroupoid linking all the Hopf algebras & (A, B). The following
result is part of the isomorphic classification of the algebras (A4, B|C, D), which
will be completed in Theorem 5.4, and this proposition will be used in the appendix.

Proposition 3.4. Let A, B, P € GL,(k), C,D,Q € GLy,(k). We have algebra
isomorphisms

9(A,B|C,D) ~ §(P'AP, P7'BP~1|0'CQ, 07 'DO™ 1),
9(A,B|C,D)~¢(B 1, A YD, Cc™h.

Proof. For the first case, let us denote by y;; (1 <i <n,1 < j <m),d, d~! the
generators of §(P'AP, P"'BP~|Q'CQ, Q"1 DQ~!") by y;;. Then the relations

x'(P'AP)x = (Q'CQ)d and x(Q'DQ ')x! = (P 'BP")d
ensure that we have an algebra morphism
Vv :8(A,B|C,D) - §(P'AP, P~'BP|Q'CQ,Q 'DQ™1)

defined by ¥ (d) = d, ¥(d~') = d~! and ¥ (x) = PyQ~'. The inverse map is
then defined by ¥ ~1(d) = d, v '(d™ ") =d ' and y 1 (y) = P"'xQ.

For the second case, let us denote the generators of §(B~!, A=1|D~!,C~1) by
yij (1 <i <n,1<j <m),d,d"'. Then the relations

y'B7 'y =D7'd and yC'y' =474

ensure that we have an algebra morphism

Vv:8(A,B|C,D) - ¢(B ', A D7t,c™h

given by ¥ (d*) = dF and ¥ (x) = yd~!. This is an isomorphism with inverse
map defined by ¥ 1 (d*) = dT and y "1 (y) = xd L. O

Now the natural question is to study the connectedness of §, which will ensure that
we indeed get Hopf—Galois objects and hence equivalences of monoidal categories.

Lemma 3.5. Let g € k* and let C, D € GL,,(k) such that tr(CD") = 1 + ¢? and
D'C'DC = ¢*I,,. Then the algebra §(Ay, A4|C, D) is non-zero.

The (technical) proof of this result is done in the appendix. We get the following
corollary.
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Corollary 3.6. Let A, ju € k*. Consider the full subcogroupoid §*" of € with
objects

ob(§*") = {(4, B) € ob(§) | B'A'BA = AI,, and tr(AB") = u}.
Then €M is a connected cogroupoid.

Proof. Let (A, B) € ob(§*"). By the relations defining those algebras, if o, 8 € k*,
C, D € GL,, (k) then

%(A, B|C, D) = §(aA, BB|aC, BD).

Choose ¢ € k* satisfying g2 — v/A~Ipug + 1 = 0 and put A’ = ~/A=14 and
B’ = gB. We have tr(A’B") = 1 + g and B"A"B’'A’ = ¢*I,,. By Lemma 3.5,
we have that §(A4,, A,|A’, B') is non-zero and so is §(v/AA4,,q ' A4|A, B). Then
we have found X € ob(€**) such that §(X |4, B) # (0) forall (4, B) € ob(§*").
According to [Bic10], Proposition 2.15, the cogroupoid g*M is connected. O

Hence by [Bic10], Proposition 2.8, and Schauenburg’s Theorem 5.5 in [Sch96],
we have the following result.

Theorem 3.7. Let (A, B), (C, D) € ob(§**). Then we have a k-linear equivalence
of monoidal categories

Comod(¥ (A4, B)) ~® Comod(€(C, D))
between the comodule categories of §(A, B) and §(C, D), respectively.

We are ready to prove Theorem 1.1.

Proof of Theorem 1.1. First, note that we have §(A4, B) = (A, fB) foralla, 8 €
k*. Letq € k* suchthat g2 — VA~ tr(AB%)g 4+ 1 = 0. Then, by the above theorem,
we have a k-linear equivalence of monoidal categories

Comod(§(A, B)) = Comod(§(vVA~14,¢B)) ~® Comod(O(GL4(2))),

and we are done. O

4. GL(2)-deformations

In this section k will be an algebraically closed field of characteristic zero. This
paragraph is essentially devoted to the proof of Theorem 1.2. We also complete the
isomorphic and Morita equivalence classifications of the Hopf algebras (A, B).
Recall that the corepresentation semi-ring (or fusion semi-ring) of a cosemisimple
Hopf algebra H, denoted by R (H), is the set of isomorphism classes of finite-
dimensional H -comodules. The direct sum of comodules defines the addition, while
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the tensor product of comodules defines the multiplication. The isomorphism classes
of simple H -comodules form a basis of R (H ). The isomorphism class of a finite-
dimensional H-comodule V' is denoted by [V].

Let K be another cosemisimple Hopf algebra, and let f : H — K a Hopf algebra
morphism. Then f induces a monoidal functor f,: Comods(H) — Comodys(K)
and a semi-ring morphism f,: RY(H) — RT(K). A semi-ring isomorphism
RT(H) ~ R (K) induces a bijective correspondence (that preserves tensor prod-
ucts) between the isomorphism classes of simple comodules of A and K.

Let G be a reductive algebraic group. As usual we say that the cosemisimple
Hopf algebra H is a G-deformation if R (O (G)) ~ R (H). Hence Theorem 1.2
classifies GL(2)-deformations.

We now recall the representation theory of GL,(2). Our references are Ohn
[Ohn00] for the generic case and the root of unity case can be adapted from the
representation theory of SL,(2) given by Kondratowicz and Podles in [KP97].

Let first assume that ¢ € k* is generic. Then O(GL,(2)) is cosemisimple and
there are two families (U, ),en and (D ®¢),cz of non-isomorphic simple comodules
(except for Uy = D®® = k) such that ((n, e), (m, f) € N* x Z)

dimg(Uy,) =n+1 and dimg(D) =1,
(U, ® D®°) ® (Up @ D®) =~ (U, ® D®) @ (U, @ D®°)

min(n,m) )
= @ Un+m—2i ® D®e+f+lo
i=0

Moreover, every simple O (GL,(2))-comodule is isomorphic to one of the comodules
U, ® D®¢ —=; U(n,e)-
Now assume that ¢ € k* is not generic. Let N > 3 be its order. Put

_JN if N is odd,
o N/2 if N iseven.

Then there exists three families (V;)nen, (Un)1<m<nN,—1 and (D®€),cz of non-
isomorphic simple comodules (except for Vo = Uy = D®° = k) such that (n €
N,m=0,1,...,Ngo— 1)
dimg (V) =n + 1, dimg (Uy,) = m 4+ 1 and dim(D) =1,
Ve @ Vi~ Vi ®Vy = Vot ® (Vo1 ® D®No),
Un® Uy =~ U1 ® Uy = Upt1 @ (Un—1 ® D).
Furthermore, the comodules V,, ® U, ® D®¢ are simple, and every simple

O (GL,(2))-comodule is isomorphic to one of these.
The comodule Uy,—1 ® U is not semisimple. It has a simple filtration

(0) - UN()—Z ®DCY C UN()—I &® Ul
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such that
UN0_1 QU/Y ~ UNO—Z ® D and Y/UN0_2®D ~ V.

Let A, B € GL,(k). We denote by VA8, UAB and D,p the simple §(A4, B)-
comodules corresponding to the simple O (GL,(2))-comodules V},, U, and D, and
sometimes we note U(‘;‘nBe) =UAB @ D§s.

The following lemma will be very useful.

Lemma 4.1. Let A, B € GL, (k) and let C, D € GL,,(k) such that B'A'BA =
Al,, D'C'DC = Al and tr(AB") = tr(CD"). Let : Comod(§(4, B)) —
Comod(§(C, D)) be an equivalence of monoidal categories.

If §(A, B) et (C, D) are cosemisimple, we have either, for (n,e) € N x Z,

QURE) ~UGH)  andihen QUGE) ~USP).

or
QURE) ~UGR,y andthen QUGE) ~USP, .

If (A, B) et §(C, D) are not cosemisimple, we have either, forn € N, e € Z,
m e {O,...,No—l},

QURE) ~UGH) andithen QAP ~ VP and QUGE) ~ UG,

or
QURE) ~UGP,y andihen QVAP) ~VEP @ UGR,) and
QUGE) ~USP

(m,e) (m,—m—e)"

Proof. Assume first that the algebras ¥ (A4, B) and §(C, D) are cosemisimple. Ac-
cording to the fusion rule, Ugg,1) ® U,1) = U(o,2), 50 Q(U(‘glf)) ® Q(U(‘gli)) is
simple, i.e., there exists s(2) € Z such that

AB \ . 77CD
QWU1y) = Ugs@y:

Then we have
AB N . 717CD
QUfp.e)) = Ui s@pe)

foralle € Z. Similarly, if A : Comod(§(C, D)) — Comod(§ (A, B)) is a monoidal
quasi-inverse for €2, we have

CD\ . /AB
AUg.e) = Ufo.sare)
forall e € Z. In particular,
cD  77AB - 77AB
AUgs@)) = Yswys@) = Yo

and so s(R2) € {—1, 1}.
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Next, we have U(1,0) ® Uq1,0) = Uqz,0) @ U(o,1), and, by the fusion rules, the
only simple §(C, D)-comodules W such that W ® W is direct sum of two simple
comodules are the (ng )) pez. Hence there exists p € Z such that

AB \ . 77CD
QWUG0) =Udp

We have Uq,0) ® Uq1,0) = Uz,0) @ Ulo,1), and since €2 is monoidal we deduce that
CcD CD AB CcD
Utm @ Udp = 2WUG0) @ Ug sy
On the other hand,

CcD CD ., y/CD CD
Uip ® Uap = Vazp) ® Vo2pt1):
We deduce from the uniqueness of the decomposition into simple comodules that
CcD ~ 77CD
Uap+1) = Vs and so

(p,S(Q)) € {(Ov 1)7 (_17 _1)}

By induction, for all (n,e) € N x Z, we get Q(Uﬁi)) ~ U(%e) if s(2) = 1 and
AB \ ~ 77CD : —
Q(U( ’e)) ~ U, e if s(2) = —1.

n
Consider now the non-cosemisimple case: in the same way as above, we get

AB \ ~ CD .
Q(U(O,l)) = U(O,S(Q)) with S(Q) S {—1, 1}

Also, V% is simple, so Q(Vi*?) ~ V,FP @USP S withn € N,m € {0, ..., No—1},

(n,m) # (0,0), p € Z. Similarly we have Q(U(“llf))) ~ VP ® Ugf) with k € N,
[ €{0,...,No—1}, (k,1) # (0,0), ¢t € Z. Then we have

QU @ UGG = VP @ UG, ® ViEP @ UGy,

but since VIAB ® U(‘;‘%) is still simple, we must have eithern =/ =0orm =k =

0. In the first case, we have Q(U("llf))) ~ VkCD ® U(gf). But (U(‘;lf;))‘x’NO is not

ucpb is. Sowe have m = k = 0 and

semisimple, whereas (VkCD )®No (0.1+No)

Q) ~ VP oUGh,.

By the cosemisimple case, we have (p, s(2)) € {(0,1), (—1,—-1)}, Q(VnAB) ~ VnCD
or QP ~ VP @ UGP, foralln € N.

Let Z be a simple §(A, B)-comodule such that Q(Z) ~ Ug%). We have Z ~
VAP @ ULE,) and then

m,e)

USS = VP @ Uil @ UGH,  (with p € {e,—n —e}).
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By the fusion rules we get the inequalities

dim(QUEE ) < dimQUEE ) < -+ < dim(QUAE .

(No—1,ing—1
and then if m > 1, we have dim(SZ(U(ane))) < dim(Ug?)). On the other hand, an-
other glance at the fusion rules shows that the U, g? ) Jj € Z, are the simple comodules
(which are not one-dimensional) of the smallest dimension. Hence m = 1 and Z ~

U(“lif,). The same arguments as above show us that (e, s(2)) € {(0, 1), (—1, —l)é.]

We are now able to complete the proof of Theorem 1.3 and the isomorphic clas-
sification of the Hopf algebras §(4, B).

Proof of Theorem 1.3. We have already proved that the Hopf algebras §(A, B),
G(P'AP, P 'BP ") and (Q'B~1Q, 01 A~1 0~1*) are isomorphic; see Propo-
sition 2.4.

In order to prove the converse, we denote by x;; (1 < i,j < n), d*! and Yij
(1 <i,j <m),d*" the respective generators of §(A, B) and €(C, D) and by x and
y the corresponding matrices. By construction, the elements (x;;) and (y;;) are the

matrix coefficients of the comodules UAB. and USP., and d, d are those of U(‘glf)

(1,0) (1,0)°
and U(g’ll)).

Let f: §(A,B) — §(C, D) be a Hopf algebra isomorphism and denote by
f«: Comod(§ (A4, B)) — Comod(§(C, D)) the induced equivalence of monoidal
categories. According to Lemma 4.1 and its proof, there are two cases:

If i (URR) = UGH) G, if f(d) = d), then £ (U4%) =~ USH. In this
case, n = m and there exists P € GLj (k) such that f(x) = PyP~!. Moreover we
must have f(d'A ™ 'x"Ax) = I, and so y~' = d"1(P"AP)"'y!(P'AP). But
we already have y™! = §(y) = d7'C1y’C. Since the elements y;; are linearly
independent, there exists A € k* such that C = AP’ AP. Similar computations on
the relation x Bx" = Bd, using the relations xd(DC) = (DC)dx and x'd(CD) =
(CD)dx"',leadto D = uP~YBP~!, u € k*. Since §(A, B) = §(aA, BB) for all
o, B € k*, we can drop A and u.

If f(URE) =~ UGR ) Ge, if f(d) = d7"), then fu(U4%) ~ USP,). In
this case, m = n and there exists M € GL, (k) such that f(x) = Myd 'M~!.
Similar computations lead to C = AP'B~'P and D = uP~'A~1 P~ for some
A, e k*. O

We are now ready to prove Theorem 1.2.
Proof of Theorem 1.2. First, for matrices A, B € GL,(k) (n > 2) satisfying the

conditions of the theorem, Theorem 1.1 ensures that the Hopf algebra §(A4, B) is
indeed a GL(2)-deformation.
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Let H be a Hopf algebra whose corepresentation semi-ring is isomorphic to that
of GL, (k). We denote by U (n.e)" (n,e) € N x Z, the simple H-comodules (with the
same convention as above). From the morphisms

H H H H H H
Uto)y ® Uto) = U,y and Ugyy = Ugg) ® Uit )

we deduce the existence of two matrices A, B € GL,(k) (n = dim U,
Hopf algebra morphism

a, 0)) and of a

f:6(A,B)—>H
such that f*(U0 1)) = (0 1 and f*(U(1 0)) = (1 0)> and by Lemma 2.3 there

exists A € k* such that B A BA = AI, for some A € k*. By Theorem 1.1, there is
a k-linear equivalence of monoidal categories

Comod(§ (4, B)) ~® Comod(O(GL,(2))

between the comodule categories of § (A4, B) and O (GL(2)) respectively, with g €

k* such that tr(4B") = VA(g + ¢1).
First assume that (A4, B) is cosemisimple. Using Lemma 4.1, it follows that
T (U(n e)) = UH for all (n,e) € N x Z, so f induces a semi-rings isomorphism

R (§(A, B)) ~ CR*' (H), and then, by the Tannaka—Krein reconstruction theorem
(see e.g. [JSO1]), f: §(A, B) — H is a Hopf algebra isomorphism.

Now assume that ﬁ(A B) is not cosemisimple. For (n,¢) € {0,..., No—1}xZ,
we have f*( n e)) (n ¢)- SO we get

~ H H
SeUn-1.0)® Uy = Uljo.0) ® Ulg—2,1):

but on the other hand, using the simple filtration, we have

AB N . 77H H
f*(U(N(J 10) ® U(l,())) —_ U(N0—2,1) @ f*(V]) @ U(N()—Z,l)'

This contradicts the uniqueness of the decomposition of a semisimple comodule into
a direct sum of simple comodules. Thus § (A4, B) is cosemisimple, ¢ is generic and
f is an isomorphism. O

Lemma 4.1 and the results of Section 3 gives us a Morita equivalence criterion
which, in the particular case of @(GL, 4(2)), gives Theorem 2.6 in [Tak97], at the
Hopf algebra level.

Corollary 4.2. Let A, B € GL,(k), C, D € GLy, (k) such that B'A'BA = A4 g1,
and D'C'DC = Ac,plm. Put pap = tr(AB") and pc,p = tr(CD"). The
following assertions are equivalent:

(1) There exists a k-linear equivalence of monoidal categories
Comod(€ (A, B)) ~® Comod(§(C, D))

between the comodule categories of §(A, B) and §(C, D), respectively.
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(2) We have
Aa'siG s =Acpien

Proof. First, putw := Ay 'su3 g = Ac'pug pandletq € k* such that > — \/ieq +
1 = 0. Then by Theorem 1.1 and its proof, we have two k-linear equivalences of
monoidal categories

Comod(§ (4, B)) ~® Comod(O(GL,(2))) ~® Comod(§(C, D)).
For the other implication, assume that the k-linear monoidal functor
Q: Comod(§(A, B)) — Comod(§(C, D))

satisfies Q2(D4p) >~ Dcp. Let (v;“B)lsisn, dap and (UiCD)lgigm’ dcp be some
bases of V4p, Dgp and Vcp, Dcp respectively such that the fundamental colinear
maps

a:Vap®Vap — Dap, c¢:Vep ® Vep — Dcep,

b:Dyp — Vap®Vyp, d:Dcp — Vep ® Vep

satisfy

n
awf? @ v'P) = Ajjdap. b(dap) = Y ByviB @vi8
i1
and

n
c(wf? @ vfP) = Cijdcp. d(dcp) = Y. DijvfP @ vfP.
i,j=1

Since €2 is monoidal, let ¢’ and d’ be the colinear map given by the compositions

~ Q(a)
¢ Q(Vap) @ QVap) ——= Q(Vap ® Vap) —=> Q(Dap)

Vep ® Vebp Vep ® Vep

Dcp

and
Q(b) ~
d": Q(Dap) — QLVap ® Vap) — Q(Vap) @ Q(Vap)

Vep ® Vep Vep ® Vep.

Then there exists , B € k™ such that ¢/ = ac and d’ = Bd. Since S is k-linear,
we can compute the colinear map given by the compositions

Dcp

Dcp — Vep ® Vep — Dep
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and
Vep ® Dep — VES — Dep ® Vep — VES — Vep ® Dep.
We obtain
pas =afuc,p and Agp =a’BAcp,
and then we have the expected equality
’\Z,lBMi,B = AZ‘}D:“%‘,D'
If the k-linear monoidal functor 2 : Comod(¥ (A4, B)) — Comod(§(C, D)) sat-

isfies Q(Dgp) >~ DE}D, compose it with the functor induced by the isomorphism
g(C,D) ~ (D', C~1). We get an equivalence of monoidal categories

Q: Comod(€(4, B)) — Comod(§(D~',C1))

satisfying 2(D4p) ~ Dp-1 ¢-1, and then

-1 2 _ -1 2 _ -1 2
Aa.BMa.B =Ac.ple.p = Ap—1 c—1Hhp—1 c-1- 0

In particular, we obtain another proof of Theorem 2.6 in [Tak97]. Recall that
O(GL, 4(2)) = §(Ap, Ag) with Ay, 4, = pq and pua,.4, = 1+ pq.

Corollary 4.3. Let p, g and p’, g’ € k*. The following assertions are equivalent:

(1) The Hopf algebras O(GL, 4(2)) and O(GL, 4(2)) are cocycle deformations
of each other.

(2) We have pq = p'q" or pq = (p'q)™".
Proof. Assume that O(GL, 4(2)) is a cocycle deformation of @(GL, 4/(2)). Then
Comod(O(GL, 4(2))) ~® Comod(O(GL, 4(2))),

and (pq)~'(1 + pg)?> = (p'q’)"1(1 + p’q’)? by Corollary 4.2. Then pq and p’q’
are roots of the polynomial P(x) = X2 — ©X + 1, where ® = (pq)~! + pq =
(p'q" )~ + p'q’. Ttis easy to see that if x is a root of P, then the other root is x .
Thus, pg = p'q’ or pqg = (p'q’)~".

Conversely, suppose that pg = p’q’ or pqg = (p’q’)~!. Then it follows that
Comod(9(GL, 4(2))) ~® Comod(O(GL, 4(2))), and, moreover, the fibre func-
tor 2: Comod(¥(Ap, Ag)) — Comod(§(Ap, Ay) induced by §(Ap, Ay|Ap, Ag’)
preserves the dimensions of the underlying vector space. Then, according to Propo-
sition 4.2.2 in [EGO1],

G(Ap,Ay) ~ §(Ap. Ay) as coalgebras,

and there exists (see Theorem 7.2.2 in [Mon93]) a 2-cocycle 0: H @ H — k such
that
§(Ap, Ag) ~ §(Ap, Ag)o as Hopf algebras. O
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5. Hopf-Galois objects over § (A4, B)

In this section, we use the previous constructions and results to classify the Galois
and bi-Galois objects over §(4, B).

Let us first recall two results on Galois objects and fibre functors. The first one is
well known, and the second one is due to Schneider (see [Sch90], [Bic10]).

Lemma 5.1. Let H be a Hopf algebra and let F: Comod(H) — Vect(k) be a
monoidal functor. If V is a finite-dimensional H -comodule, then F(V) is a fi-
nite dimensional vector space. Moreover, we have that dim(V) = 1 implies that
dim(F(V)) = 1, and if F is a fibre functor, then dim(F(V)) = 1 implies that
dim(V) = 1.

Lemma 5.2. Let H be a Hopf algebra and let A, B some H -Galois objects. Any
H -colinear algebra map f: A — B is an isomorphism.

By work of Ulbrich [Ulb89], to any H-Galois objects A corresponds a fibre
functor 24 : Comodys (H) — Vects (k). The idea of the classification (which follows
[Aub07]) is to study how this fibre functor will transform the fundamental morphisms
of the category of comodules.

Theorem 5.3. Let A, B € GL, (k) (n > 2), such that B'A' BA = A1, for A € k¥,
and let Z be a left §(A, B)-Galois object. Then there exists m € N*, m > 2, and
two matrices C, D € GL,, (k) satisfying D'C*DC = Al,, and tr(AB") = tr(CD?)
such that Z ~ §(A, B|C, D) as Galois objects.

Proof. Let
Qz: Comodys(§(A, B)) — Vectr(k), ViV Ogu,p) Z,

be the monoidal functor associated to Z. Let V4p and Djfé denote the fundamen-
tal comodules of §(A, B), and let (v;)1<j<, and ijl be their bases such that the
fundamental colinear maps

a:Vap @ Vap — Dup, b: Dap — Vap ® Vas,

satisfy a(v; ® Uj) = AijdAB and b(d4p) = er‘l,jzl Bijvi ® v;.

Let (w;)1<i<m and d*! be respective basis of Qz(V4p) and Qz(DE}). By
construction of 7, there exists (2;;)1<i<n,1<j<m and dZil (see Lemma 5.1) such
that

n

wi =Y v ®zk, dF'=djp®d;.
k=1

Moreover, by definition of the cotensor product we have

a(zij) = Y aix ®zj, a(dF') =dE @d,
k
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where a;; and d ﬁgl denotes the generators of (A4, B).
Consider the bilinear map defined by the composition

~ Qz(a)
a:Qz(Vap) @Qz(Vap) ——————> Qz(Vap ® Vap) —2 > Q,(Dap)

~ ®id
(Vag Oga.n) Z) ® Vag Oga.p) Z) —> (Vap ® Vap) Ogu.p) Z —> Dag Ogca.5) Z,

and let C = (Cij)1<i,j<m such that a’(w; ® w;) = C;jd. Then we compute

a'(wi @ wy) =a'(QCf—1 vk ® zki) ® (X7 vi ® z17))
=Y AkidaB ® Zkizij
il

= Cijdap Q@ dz,
or in matrix form
z'Az = Cdz.
In the same way, consider the map

Qz(b) 12
b:Qz(Dap) ——> Qz(Vap ® Vap) —————> Q7 (Vap) ® Rz (Vap)

& "
DapOgu.)y Z — (Vap ®Vap) Og.B) Z —> (Vap Og.B) Z) ® Vap Og.8) Z).

Let D = (Djj)1<i,j<m be defined by bd)y=> Dijw; ® w;.
Then we have

Yl ob/(dap ®dz) =b ®id(dap ® dz) =) Bijvi ® v ® dz
i,J

and
Yyl ob (d) = v Dip (g vk ® ki) © (X v ® z15)
=Y Y vk ® v ® Djjziiziy,
i
SO
zDz' = Bdyz.

Hence we have an algebra morphism f: §(A, B|C, D) — Z defined by f(x) =z
and f(d*') = dF!

We have to check that f is colinear. Since it is an algebra map, it is sufficient to
check on the generators which is trivial by the construction of respective coactions
and by the definition of f. Then by Lemma 5.2, f is an isomorphism.

Finally, Schur’s lemma gives the equality

(a ® ld) © (ld &® b) © (ld ® Cl) © (b &® ld) = kidDAB®VAB (A € k*)a
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which may be rewritten in matrix form as
B'A'BA = AI,.
Since the functor Q 7 is k-linear, we have
(@' ®id) o (id®b") o (id ®a’) o (b’ ®id) = Aidg, (D, x)0Q7 (Vas)
and then
D'C'DC = Al,.

Finally, we have a o b = tr(AB")idp , 5, and so, similarly, it follows that tr(4 B*) =
tr(CD"). O

Theorem 5.4. Let A, B € GL, (k) such that B'A'BA = AI,, and let C1, D €
GLy, (k) and Cy, D> € GLp, (k) such that the algebras §(A, B|Cy, D) and
S(A, B|Ca, Dy) are §(A, B)-Galois objects (n,my and mp, > 2). Then
9(A, B|Cy, D1) and §(A, B|C», D3) are isomorphic (as Galois object) if and only
if my = my := m and there exists an invertible matrix M € GL,, (k) such that
(Ca, D) = (M~UCiM~', MD M?).

Proof. We denote by 2; the fibre functor associated to §(A, B|C;, D;) and let
f:8(A, B|C1,D1) — §(A, B|C3, D3) be a comodule algebra isomorphism: it
induces an isomorphism id ® f: Q1(Ugp) — Q2(Ugp). Using the same notation
as above, we get two basis (wl.l)li,-fml and (wl.z)li,-ﬁmz of Q1(Uyp) and 2,(UgB).
In particular, we have m; = m, := m. Then there exists M = (M;;) € GL, (k)
such thatid ® f(w}) = >°; M;;w}, and hence

Yk ® f(zh) =2 v ® Z]%iji,
k k
which in matrix form gives f(z') = z2M.
According to the relations defining §(A4, B|Cy, D1) we have

(z1)'Az' =Cid and z'D(z') = Bd,
hence
F((zHY AzY)y = M (22 AZ*M
= M'C,Md = f(Cid) = C1d € §(A, B|Cy, Dy),

so M'C,M = C;. The second relation leads to
f'Di(zY)') = 22MDiM* (z%)" = f(Bd) = Bd = z°D»(z%)',

SO D2 = MDlMt.
Conversely, we already have (4, B|C, D) ~ §(A, BIM~Y"CM~', MDM?),
see Proposition 2.4. O
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According to the work of Schauenburg [Sch96], the set of bi-Galois objects
BiGal(L, H) is a groupoid with multiplication given by the cotensor product. In
particular, when H = L, the set of isomorphism classes of H -H -bi-Galois objects
inherits a structure of groups. Then we have two group morphisms

Autnopt(H) — BiGal(H), f + [H],

withkernel Colnn(H ) := {f € Autyopr(H) | there exists ¢ € Alg(H, k) with f =
(¢ oS) xidy * ¢} and we write CoOut(H ) := Autyepr(H )/Colnn(H ), and

H}(H) — BiGal(H), o+ [H(o)],

where H KZ(H ) denotes the lazy cohomology group of H; see [BC06]. From the
monoidal categories viewpoint, it is the subgroup of BiGal(H ) consisting of isomor-
phism classes of linear monoidal auto-equivalences of the category of A-comodules
that are isomorphic, as functors, to the identity functor.

We assume until the end of the section that k has characteristic zero.

Lemma 5.5. The automorphism group Autyey (§ (A, B)) is isomorphic to the group

G(A,B) = {P € GLn(k) | A= PZAP, B =P lBp o
A=P'B7'P, B=P A7t PTIN (41,

Moreover, we have
CoInn(§(A, B)) ~ {P € GL,(k) | A= P'AP, B = P"'BP~ "} /{+1],}

and
CoOut(§(A,B)) ~ 7 /27Z.

Proof. The first isomorphism comes from the proof of Theorem 1.3, and the assertion
about Colnn is easy to verify. Finally, CoOut(§(A, B)) >~ Z/2Z because for any
/. & € Autyepr (§(A, B)) \ Colnn(§ (A4, B)), f o g € Colnn(¥(4, B)). O

Theorem 5.6. For any n > 2 and A, B € GL,(k) such that B'A'BA = AI,
(A € k™),
BiGal(§(A, B)) ~ Z/27.

Proof. Let Z be a'§(A, B)-§(A, B)-bi-Galois object. By Theorem 5.3, there exists
m > 2and C, D € GL,, (k) satisfying D'C*DC = Al,, and tr(AB") = tr(CD?)
such that

Z ~%(A,B|C,D)

as a (A, B)-Galois object. Since §(A, B|C, D) is also a §(A, B)-§(C, D)-bi-
Galois object, the Hopf algebras (A4, B) and §(C, D) are isomorphic (by [Sch96],
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Theorem 3.5). Thus, by Theorem 1.3, m = n and there exists P € GL,, (k) such that
(C,D) € {(P*AP, P7'BP~ ") (P'B~'P, P71 A1 P~1")} Then we have either

Z ~ §(A, B|C, D) ~ §(A, B)

or
Z ~6(A,B|C,D)~$§(A,B|B~!1, 471

as left Galois objects. Moreover, according to [Sch96], Lemma3.11, CoOut(§ (A, B))
acts freely on BiGal(¥ (4, B)) by

f-A=A', f eCoOut(¢(4,B)), A€ BiGal(¢(4, B)).
Then we have to check that
9(A,B|B™', A7) ~ ¢(4, B)/,
where f € CoOut(§(A, B)) is non-trivial. To do so, it is easy to verify that

Q‘g(A,B|B71,A*1)(DAB) >~ D;llg ~ Qg(A,B)f(DAB)’

where €2z denotes the fiber functor induced by Z. Then, by Lemma 4.1, the functors
are isomorphic, and according to Ulbrich’s work [UIb89] the bi-Galois objects are
isomorphic. O

Finally, from the interpretation of bi-Galois objects as functor we get:

Theorem 5.7. For any n > 2 and A, B € GL, (k) such that B'A'BA = AI,
(A € k™), Hez(ﬁ(A, B)) is trivial.

In particular, according to [BC06], Theorem 3.8, §(A, B) has no non-trivial bi-
cleft bi-Galois object.

6. Hopf x-algebras structure on § (4, B)

In this section, k = C. We classify CQG algebras which are GL(2)-deformations
(or rather U(2)-deformations).

Let us recall that a Hopf *-algebra is a Hopf algebra H which is also a x-algebra
and such that the comultiplication is a *-homomorphism. If x = (x;;)1<i,j<n €
M, (H) is a matrix with coefficient in H, the matrix (xl?"j)l <i,j<n 1s denoted by X,
while x’, the transpose matrix of X, is denoted by x*. The matrix x is said to be
unitary if x*x = I, = xx*. Recall ([KS97]) that a Hopf *-algebra is said to be
a CQG algebra if for every finite-dimensional H-comodule with associate matrix
x € M, (H) there exists K € GL,(C) such that the matrix KxK ™! is unitary. CQG
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algebras correspond to Hopf algebras of representative functions on compact quantum
groups.

We begin with a lemma which gives an example of CQG algebra structure on
9(A, B).

Lemma 6.1. Let E € GL,(C) such that E'E'EE = Al, for A € C. Then
A € RY and the Hopf algebra §(E, E) is a CQG algebra for the following x-algebra
structure:

d*=d™' and ¥ = E'd 'xE™!.

The CQG algebra §(E, E) will be denoted by Az(E).

Proof. First, notice that because of the relations defining (£, E) and the condition
on E, we also have ¥ = E ' xd ' E*. Then we can verify that our structure is well
defined: for the first relation, we compute

E~'Ex = (Ex)"(E~'xh))!
— ((E_Etd—le—lt)t (ETI(E—ltxd—IEt)t)t)t
— ((E_ld_IXtEEt)(E_lth_l Et E—lt))t — d_l,
and for the second one we get
E~YxEx! = (Ex)' (E™'x)H)!
— ((E(Etd—le—lt)t)t(E—l E—ltxd—IEt)t)t
— ((Etd—le—ltEt)(Extd—lE—IE—lt))t — d_l.
Let us show that we have a *-structure and that x is unitary: first
¥=E'd 'xETV" = E'XdE™" = E'"E"Y"xd 'E'dE™" = x,
and then we have
x*=x'=(EVxd'E"Y = Ex'"d 'E7' = (E'd 'xE™") = E"1d7X'E.
According to the relations defining §(E, E) we have x*x = xx* = I,,, d*d =

dd* = 1o that §(E, E) is CQG by [KS97].
Finally, we have E'E'EE = Al, = (E'E"™)(EE*) andso A € R O

The terminology As(E) follows from the recent paper [BBCC11], where O,
denotes the subgroup of U, (C) generated by O, (R) and T - I,,.
As a special case of the lemma, we get the following result from [HMO98]:
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Corollary 6.2. The Hopfalgebra O(GL4 3(2)) is a CQG algebra for the *-structure

given by
% el a* b*\ _ dD™! —gcD™!
b =D and (c* d*) - (—q_lbD_1 aD™! |-

In particular, O(GL4(2)) is CQG for g € R*.
We can state and prove the main theorem of this section:

Theorem 6.3. The CQG algebras whose corepresentation semi-ring is isomorphic
to that of Up(C) are exactly the

As(E),
where E € GL,(C), n > 2, satisfies E'E'EE = Al for A € RY..

Proof. First of all, the algebra A5(E) are indeed U(2)-deformations, according to
the previous lemma and to Theorem 1.1.

Let H be a CQG algebra such that Rt (H) ~ R*(O(U(2)). Denote by d, d ;!
and x = (Xjj)1<i,j<n (2 < n) the matrix coefficients of U 1), U(qo,—1) and U ),
respectively. Since H is a CQG algebra, we have dj; = d I;l, and we can assume

that the matrix x is unitary. Lemma 4.1 and its proof give us that U(Ii{ 0 = U(lil’ =

U({)I,—n ® U(I1{,o)v hence there exist F, G € GL,(C) (n = dim¢ U(If,o)) such that

x=FxdF™", x=GdxG™' and xx* =1, = x*x,

where X = (x})1<i,j<n and x* = X’. We have

= G FxFG,

=1

X =

hence we get 3
FG =vl, forsomev e C*,

and using the relations xx* = I, = x*x we get
xF'x' =dF' and x'G Yx=dG™".

We put E = F' and using the universal property of A5(E) = §(E, E), we get a
Hopf *-algebra morphism
f: Ag(E) — H
such that
fd)=du, fd™)=dg', f(x)=xn

Since H is cosemisimple, the matrices F and G must satisfy GV FIG™'F = ul,
with © € C*. Then E satisfies E‘'E'EE = Al, = (E'E™)(EE*) for A €
R% . So we know from Theorem 1.1 that the corepresentation semi-ring of A5(E) is
isomorphic to that of U(2), hence f induces an isomorphism of semi-ring between
R+ (As(E)) and R (H). We conclude by Tannaka—Krein reconstruction techniques
that f: A5(E) — H is a Hopf *-algebra isomorphism. O
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Appendix: Proof of Lemma 3.5

This section is devoted to the proof of Lemma 3.5. The strategy of our proof is to
write a convenient presentation of the algebra §(A4,, A4|C, D) so that we can apply
the diamond lemma (Bergman, [Ber78]) to get some linearly independent elements.
This will imply that § (A4, A4|C, D) is non-zero.

Recall that §(4, B|C, D) and §(P'AP, P"'BP~1|Q'CQ, Q0 'DQ ) are
isomorphic by Proposition 3.4. Combining this fact with the following well-known
lemma, we can assume that D,,,, = 0.

Lemma 1. Let M € GL,(k), n > 2. Then there exist a matrix P € GL, (k) such
that (P*MP),, = 0.

Let us now study in detail the algebra M (Ay, A4|C, D): itis the universal algebra
with generators x;;, 1 <i <2,1 < j <m and d, and relations

x'Agx = Cd, (A)
xDx' = A4d. (B)
We can write these relations explicitly:
X2ix1; = q '(x1ix2; — Cyjd), 1<i <2, 1<j<m, (1)
m
Y Duxikxy =d, 2
k=1
m
Y Drixigxy =0, (3"
k=1
m
Y Diixogxz =0, )
ki=1
m
Y Drixoxxy =qd. (5"
k=1

Using the fact that )", Cx1Drs = 1 4 ¢*, we see that relations (1') and (2)
imply relation (5"). We will also need to get commutation relations between d and
the x;;: note that relations (A) and (B) imply that

x'dA} = CDdx', xdDC = Aldx,
which gives us
m
xijd = —q Y} (CT'D™V)gjdxyk, 1<j<m,
k=1

m
xo;d = —q7 'Y (CD)jrdxyy, I<j=<m.
k=1
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Letus order the set {1,2} x {1, ..., m}lexicographically. Take (u, v) the maximal
element such that Dy, # 0. Since the matrix D is invertible, we have u = m, and
since Dy = 0, we have v < m. Now we see that M (A4, A4|C, D) is the universal
algebra with generators x1;, 1 < j <m, x2;,1 < j < m and d, and relations

x2ix1j = ¢~ (x1:x25 — Cijd), )
Xim¥2o = (Dmo) "' (d = Y. Dirxiexa), (2)
(kl)<(mv)
XimX1y = _(Dmv)_l( Z Dklxlkxll), (3)
(kl)<(@mv)
XomX2y = _(Dmv)_l( Z Dk[szle), 4)
(kl)<(mv)
m
xi;d = —q 3 (CT'D™Vg;dxg, (5)
k=1
x2;d = —q~ Y (CD)jxdx. (6)
k=1

We now have a nice presentation to use the diamond lemma (Bergman [Ber78]). We
use the simplified exposition in the book Klimyk and Schmiidgen [KS97] and freely
apply the techniques and definitions involved. We endow the set {x;; | (i,j) €
{1,2} x {1,...,m}} with the order induced by the lexicographic order on the set
{1,2} x{1,...,m}, we putd < x;; and we order the set of monomials according to
their length, and finally two monomials of the same length are ordered lexicographi-
cally. It is clear that the presentation above is compatible with the order. Hence we
have:

Lemma 2. There are no inclusions ambiguities, and we have exactly the following
overlap ambiguities:

(X2i X1ms X1mX1v), (X2iX1m»X1mX2y) foralll <i <m,
(X1mX2ps X2vX1j),  (XomX2y, X2pX1j) forall1 < j <m,
(x2ix15, X1;d) foralll1 <i,j <m,
(X1mX2v, X20d),  (X2mX2v, X20d),

(X1mX10, X10d).
These ambiguities are resolvable.
Proof. Let us first note some identities:
(CD)ij = ¢*(C7'D7™ ),

Z Clekl = 1""Iz_cvamv
(kl)<(mv)
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m
Y. DpCirdxip = Y (CD)ijdxi; — DipCimdxiy
(kl)<(mv) k=1

foralll <i <m,
> (CTID™YuDii(CD)y = Dji — (CT D711y Dy (CD)
(kl)<(@mv)

foralll <i,j <m.

Let us show that the ambiguity (X2; X1, X1mX1v) is resolvable (the symbol “—”
means that we perform a reduction).

First we have

g (x1iX2mX10 — Cimdx1y)
- q_l(q_l(xlixlmeU — mvxlid) - Cimdxlv)

— ¢ '@ ((Dmy) "(x1id — Y. Drixiixikxar) — Cmpx1id) — Cimdx1y)
(kl)<(mv)

= —q¢ " Dm) '@ ((—x1id + Y. DrixiixixXxar)
(kl)<(@mv)

+ Dmvauxlid) + DmvCimdxlv)

=—q¢ 'Dmv) '(¢7" X Duxiixiexa
(kl)<(mv)

- q_l(l = DiyCry)x1id) + Dy Cimdxyy)

- _q_l(Dmv)_l(q_l Y. Drixiixigxy
(kl)<(mv)

—q72(1 = Dy Comp) (Y. (CD)ixdx1k)) + Dy Cimdx1y).
k=1

On the other hand:

—(Dmy) ' Y Drxaixiexu)

(kl)<(@mv)
= —¢ '(Dmp) "' (Y Dri(xuixax — Cird)x11)
(k1) <(mv)
m
= _q_l(Dmv)_l( Z Dyyx1ixorxy — Z (CD)irdx1; + Dy Cimdxiy)
(kl)<(mv) k=1
—1 -1, —1
— =4 (Dmv)~ (g Y. Drixii(x1xx2 — Crid)

(kl)<(@mv)

m
- Z (CD),‘]Xml + Dmvcimdxlv)
k=1
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=—q 'Dm) g Y Drxuxikxa—q ' Y DyCrixiid)
(k1)<(mv) (k1) <(mv)

m
— > (CD)j1dx1; + DmyCimdx1y)
=1

= _q_l(Dmv)_l(q_l Z Dyix1ixikxo — q_l(l + 6]2 — Cy Dimy)x1id)
(kl)<(@mv)

m
- Z(CD)ildxll + Dy Cimdx1y)
=1
g _q_l(Dmv)_l(q_l Z Dyyx1ix1kxo — q_l(l + qz — Cinyv Dmv)
(k1) <(mv)

m m
(=g Y (CT'D ™ Midxyx) — Y. (CD)ijdx1; + DimyCimdx1y)
k=1 =1

=—q 'Dm) " ¢7" X Drxiixiexu—gq
(kl)<(mu)

m
(1 + q2 = Cinv Do) ( Z (CD)ixdx1x)
k=1

-2

m
- Z (CD)irdx1; + Dy Cimdxiy)
k=1
=—q¢ " '(Dmy) "' (¢7" Y Dpxuixigxa
(kl)<(mv)

m
- q_z(l - Cvamv)( Z (CD)ikdxlk) + Dmvcimdxlv)-
k=1

Similar computations show that the ambiguity (x2,,X2y, X2yX1;) 1S resolvable,
using the relations (1), (6) and (2).

Let us show that the ambiguity (x1,,X2y, X2yX1,) is resolvable.

On the first hand we have

(Dmp) '(dx1j — Y. Drixigexaxij)

(kl)<(@mv)
— (Dmy) 'dx1; —q7" Y Drxik(xuxzj — Ci;d))
(kl)<(mv)
= (Dmy) "dx1; —q7'( Y Dpxuxuxzj— Y DixixCid))
(kl)<(mv) (kl)<(mv)
= (Dmy) 'dx1; —q ' (Y Dpxigxuxzj— Y DriCrixikd))
(k1)<(mv) (k1) <(mv)
= (Dmy) "dx1; —q7'( Y Dpxiuexuxzj
(kl)<(mv)

- kZ (Dc)ijlkd - Dmvajxlmd))
=1



Quantum groups of GL(2) representation type 135

— (Dmy) " Ndx1; —q7'( Y Dpxiexuxzj
(kl)<(@mv)

m
+q Y (DC)(C'D™Y);dx1; — Dy Cojximd))
k=1

= (Dmv)_l(d-xlj _q_l( Z DklxlkxllXZj + qulj - Dmvcvjxlmd))
(kl)<(mv)

=—¢ '"Dmy) ' (Y Drxiexuxzj + DmyCojXimd).
(kl)<(mv)

On the other hand we have

-1
g (XimX1vX2; — CyjX1md)

- _q_l(Dmv)_l( Z Dklxlkxllxzj + Dmvajxlmd)).
(kl)<(mv)

Similar computations shows that the ambiguity (x2; X1, X1mX2y) iS resolvable,
using the relations (4) and (1) .

Let us show that the ambiguity (x2;x1;,x1;d) is resolvable.

On the first hand, we get

m
g ' (x1ix25d — Ci5d*) — ¢ (—q~" Y. (CD)jgx1;dxo — Cijd?)
k=1

— ¢ (X (CD)jp(CTID™ Y idxy Xk — Ciyd?)

k,l=1
and on the second hand
m
—q Y (CT'D Ny jxpidxy
k=1
m
— Y (CT'DTY(CD)jrdxyx ik
k=1

m
—q~ ' Y (CTIDT)(CD)yyd(x11x2% — Cried)
ki=1

=q '( X (CTID™Y;(CD)jydxyxar — Y. (CD)iCii(CTID7Y);d?)
k=1 k=1

=q '( X (CT'D™ Y (CD)jrdxy ok — Ci;d?)
k=1

m
=q¢ '( Y (CD)(CTID™ Y idxyxon — Cijd?).
k=1

Let us show that the ambiguity (x1,,X2y, X2yd) is resolvable.
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First we have

(D) Md*— Y Dpixixxad)
(kl)<(mv)

m
= D) 'd*+4¢7" Y > Dui(CD)jjxikdxay)
(k)<(mv) j=1

g (Dmv)_l(d2 - Z Z?fj:l(c_lD_l)ikal(CD)ljdxlixzj)

(kl)<(mv)
m m
= (Dmy) ' (d* = Y Dijdxiixz;) + Y. (CT1D7Y);n(CD)yjdx1ix2)
ij=1 Q=1

m
— 2 (CT'D™)im(CD)yjdx1ixa;
ij=1

because

m
(Dmy)~1(d?* = Y. Dijdxiixa))
ii=1

= (Dmv)_l(d2 - Z DijdxliXZj + DpmypdX1mXx2y) — 0.
@ij)<(mv)

Secondly,

m m
—q7' Y (CD)yjximdxzj — Y. (CD)y; (C' D™V imdx1ixa;.
Jj=1 i,j=1

Let us show that the ambiguity (x2,,X2y, X2yd) is resolvable.

First we have

—Dmy) ' Y Drixarxyud)
(kl)<(@mv)

m
=4 Dmy) (Y X (CD)ii Dii(CD)jdxzixa))
(kl)<(mv)i,j=1

m
= (Dmv)_l((kl)ig . ZI(C_lD_l)ikal(CD)ljdXZiXZj)
<(mv)i,j=

m m
= (Dmy) ' (Y Dijdxzixzj) — Y. (CTID™1);u(CD)yjdxzixa;
ii=1 Q=1

m
—— > (C'D™iu(CD)yjdxzixz;.
i =1
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Secondly,
1 < 2 &
—q~ Y (CD)yjxomdxzj = —q~ = Y (CD)yj(CD)pmidxzixom
Jj=1 i,j=1

m
= — Z (C_ID_I)im(CD)UjdXZiXZJ'.
ij=1

Let us show that the ambiguity (x1,,X1y, X10d) is resolvable.
First we get

—(Dmy) ™" Y Dixixxud)

(kl)<(mv)
m
= q(Dmy) (Y D (X (CT'D™Y)jix1kdxy)))
(kl)<(mv) j=1
2 _1 m m
= —=¢*Dmy) ' Y Dir(X(CT'D™Y; (X (CT' D™ Yydxyixyy)))
(kl)<(mv) j=1 i=1

m
=—¢*(Dmy) ' Y X (CT'D Ny D (CTID™Y) jydxyixy;)
(kD)<(mv)i,j=1

m
= —(Dmv)_l((kl)ig g Zl(c_lD_l)ikal(CD)ljdxlixlj)
<(mv)i,j=

m m
= —(Dmy)™" Y Dijdxiixi; + Y (C7ID™Yin(CD)yjdxixy;
i=1 i=1

m
—>q2 Z (C_lD_l)im(C_lD_l)jvdxlixlj
i j=1
because
m
Z Dijdxlixlj = Z Dijdxlixlj + Dmvdxlmxlv.
L,j=1 @ij)<(mv)

Secondly,

m m
—q Z(C_ID_l)jvxlmdxlj —q> Y. (CT'D™H;(CTI D™ imdx1idxy

= i,j=1

m
=q> X (CT'DNim(CT' DT jpdxyidxyj. O
i,j=1
Using this result, we can apply the diamond lemma and state:
Corollary 1. The set of reduced monomials is a basis of M(Agq, A¢|C, D). In par-

ticular, the elements x;; are linearly independent, and the algebra M(Ay, A4|C, D)
is non-zero.
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In order to complete the proof of Lemma 3.5, we would like to add an inverse to d,
and a good way to do this would be to localize M (A,, A4|C, D) by the multiplicative
set § = {d" | n € N}. By the presentation, we already have M(Ay, A4|C, D)S =
SM(Ay. A4|C, D), and we need to know that d is not a zero divisor (see [Dix96]).

Lemma 3. d € M(Ay,, A¢|C, D) is not a zero divisor.

Proof. According the above lemma, the set of reduced monomials (denoted by P)
form a basis of M(Ag, A4|C, D). A glance at the presentation show us that a reduced
monomial is of the form

d'x, ieN, xisa“good” product of Xij.

The important thing to note is that if M is a reduced monomial, so is d M. Finally,
letx =) e @ M be an element of M(Ay, A¢|C, D) such that dx = 0. Then if

dx = ) aydM =0

Med
implies that
oM = 0
for all M reduced monomial, it follows that x = 0. O

Corollary 2. §(Ay, A4|C. D) = M(Ay. Ag|C, D)/S is non-zero.
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